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Estimates in Besov spaces for transport
and transport-diffusion equations with

almost Lipschitz coefficients

Raphaél Danchin

Abstract

This paper aims at giving an overview of estimates in general
Besov spaces for the Cauchy problem on ¢t = 0 related to the vector
field 9;+v-V. The emphasis is on the conservation or loss of regularity
for the initial data.

When Vv belongs to L'(0,T; L>) (plus some convenient condi-
tions depending on the functional space considered for the data), the
initial regularity is preserved. On the other hand, if Vv is slightly less
regular (e.g. Vv belongs to some limit space for which the embedding
in L fails), the regularity may coarsen with time. Different scenarios
are possible going from linear to arbitrarily small loss of regularity.
This latter result will be used in a forthcoming paper to prove global
well-posedness for two-dimensional incompressible density-dependent
viscous fluids (see [11]).

Besides, our techniques enable us to get estimates uniformly in
v > 0 when adding a diffusion term —vAw to the transport equation.

Introduction

This paper is concerned with estimates in Besov spaces for transport-diffusion
equations:

of+v-Vf—vAf =g,
{ Ji=0 = Jfo, (Ij)

where v > 0 stands for a constant diffusion parameter.
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Such equations appear as the result of linearization in a number of PDE’s
coming from fluid mechanics and have been extensively studied. In the case
v = 0, existence and uniqueness theory in L* has been studied under very
weak assumptions on v (roughly v € Wbl (or even BV) with dive € L™,
see e.g [13], [7], [8] and the references therein).

As our work is motivated by the study of nonlinear models, we aim at es-
timating the fractional derivatives of the solutions to (7,). It is well known
that such estimates are available when v has enough regularity. Roughly
speaking, the regularity of the initial data is expected to be preserved as
soon as Vv belongs to L'(0,T; L>) (plus some convenient assumption de-
pending on the number of derivatives to be transported). When v = 0, this
qualitative result has been proved in a number of functional frameworks:

e Sobolev spaces H® with 0 <s< % provided that Vv ELl(O,T;H% NL>®),

e Holder spaces C7 if |r| < 1, Vv € LY(0,T;L>) and dive = 0 (see
e.g. [3]),

e General Besov spaces By with 1 < p,r < +00 and —% <s < % +1
N
(or [s| < &+ 1if dive = 0) if Vo € L'(0,T; Byy N L) (see e.g [10]).

In section 2 of the present paper, we state estimates in By . for (7,) whereas

Vo belongs to some different Besov space BI‘,’;M and is bounded. The main

novelty is that p, may differ from p and that the estimates do not depend
on v. The reader is referred to proposition 2.1 for more details.

On the other hand, when Vv fails to be in L*(0,T; L>), the initial reg-
ularity is unlikely to be preserved. Nevertheless, if v is “almost” lipschitz
with respect to the space variables then the solution f may be estimated
in spaces whose regularity index coarsens with time. This fact has been
observed several times by different authors.

In the case of Besov spaces with third index r = 400, H. Bahouri and
J.-Y. Chemin proved a linear loss of regularity under the hypothesis that v
is log-lipschitz:

et |v(y) — v(z)]

[y = sup

< +00.
0<|z—y|<e—1 ‘y - l“(l - lOg ’y - ‘T’)

Assuming that |o| < 1, they prove the following inequality in [1]:
t
1£Ollgs, <2(1llng, + [ 19l a7)
’ 0

t
whenever o; £ o — C’/ lo(T)||, dm > —1.
0
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This result has been improved in [6]. Moreover the regularity assumption
on the right-hand side g may be somewhat weakened (see [9]).

Let us mention in passing that results in the same spirit have been used
by M. Vishik for solving incompressible Euler equations in limit Besov spaces
(see [19]), and by F. Planchon to improve the Beale-Kato-Majda blow-up
criterion ([17]).

Section 3.2 of the present paper is devoted to the proof of similar es-
timates for (7,) uniformly in v in general Besov spaces (see theorems 3.2,
3.4, 3.9 and 3.10 below.)

It has also been observed that if v is better than log-lipschitz, e.g

[v(y) —v(z)]
(0.1) 0<|:cs—lzl/I\)<e*1 [y — 2|(1 = (log[y —x)%)

< +00.

for some v € (0, 1), then the loss of regularity is arbitrarily small.

In [5], J.-Y. Chemin and N. Lerner noticed that the flow associated
to a vector-field v whose gradient belongs to a space slightly larger than
LY0,T; H%) remains in C'7¢ on [0, 7] for € arbitrarily small despite the
fact that H> is not embedded in L. The proof lies on the fact that v
satisfies an inequality of type (0.1).

In [15], B. Desjardins stated an even more accurate result in the frame-
work of the two-dimensional torus T?. Here the flow to a vector-field v €
L?(0,T; H?) is shown to remain in W?2? for all p < 2. In the case of a
bounded N-dimensional domain, if the symmetric part of Vv belongs to

LP(O,T;W%’p) with 1 < p < 400, and fy € W' then f € C([0,T]; Wh)
for all ¢ < r (see [14]).

Theorem 3.12 of the present paper implies the following result:

N
Theorem 0.1 Assume that Vv € L'(0,T; Bp2,,) for some 1 < py < 400
and ro € (1,+00). Let 1 < p,r < +oo. Let p' be the conjugate exponent
of p, and o be such that

1 1 1 1
U>—Nmin(—,—,) <0>—1—Nmin(—,—/> if diVUZO)
b2 p b2 P
N
and o<1+ —.

D2

Let € > 0 and let [ solve (7,). There exists C = C(N,€,p,pa,1T9,0) such
that the following inequality holds true on [0, T] uniformly in v:

1Ol < (Wallag + [ Va0 g ar) exw {190y ar)”}

p2,:7r2
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We intend to use the above result to prove global well-posedness for the in-
homogeneous incompressible Navier-Stokes equations in T? or R? (see [11]).

Remark 0.2 As our results strongly rely on the use of Fourier analysis
(namely the Littlewood-Paley decomposition), we restricted ourselves to the
case of TV or RN with N > 1. In the case v = 0 however, we expect our
results to be true in any smooth domain € if v is tangent to the boundary.
As a matter of fact, in the case of a Lipschitz vector-field v, estimates in
certain Besov spaces have been proved in [16].

Remark 0.3 In order to simplify the statements, we did not track system-
atically the gain of derivatives induced by the diffusion operator —v/A. This
work has been done in proposition 2.1 and leads to uniform estimates for v f
in a space very close to L'(0,t; BJ1?) whereas fo is in BY,. A careful reading
of our proofs should enable us to get a similar gain of two derivatives in the
theorems of section 3.

Our paper is structured as follows. The first section is devoted to a basic pre-
sentation of Littlewood-Paley decomposition and Besov spaces. In section 2,
we state general estimates in Besov spaces in the case when v is Lipschitz.
Section 3 is devoted to the study of the case when v is not Lipschitz. We
focus on the study of “abstract” coupled inequalities from which general uni-
form (with respect to v) estimates for (7,) may be inferred. We then give
several examples with either linear loss of derivatives or arbitrarily small
loss of derivatives depending on the assumption made on Vv. An appendix
is devoted to the proof of technical estimates pertaining to a commutator.
Notation: In order to have more concise statements, we shall adopt the
convention that ¢ > [—1] — ay means that ¢ > —a; has to be satisfied
for a general vector-field v, and that this condition may be weakened into
o> —a;—1ifdive =0.

1. Besov spaces and Littlewood-Paley decomposition

The proof of the results presented in the paper is based on a dyadic decom-
position in Fourier variables, the so-called (inhomogeneous) Littlewood-Paley
decomposition. For the sake of conciseness, we only treat the case of RY.
The reader is referred to [10] for a similar construction in T%.

Let (x, ) be a couple of C* functions with

4 3 8
Supp x C{Ifl < 5}, Supp ¢ C{Z < ¢l < 5},

Ve eRY, x(€) + ) p27%) = 1.

qEN
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Denoting ¢, (&) = ¢(27%), h, = F ', and h = F 'y, we define the dyadic

blocks as

Agu= (27 D)u = / he()u(z —y)dy if ¢ =>0.

RN

We shall also use the following low-frequency cut-off:

u Z Apu = x(27D)u.

k<qg—1

One can easily prove that

(1.1) Vue S (RY), u=> Agu.

qEZ

Littlewood-Paley decomposition has nice properties of quasi-orthogonality:
(1.2) ApAju=0 if |k—q| >2 and Ap(S—1ulAgu) =0 if |k—q| > 5.
Let us now define the (non-homogeneous) Besov spaces:

Definition 1.1 For s € R, (p,r) € [1,400]? and u € S'(RY), we set

1
def rs r " def s
= (Z 7 quuHm) i <400 and [ull 5, 2 sup 27 | Aqull,
q=—1

We then define the Besov space By, as the set of temperate distributions
B, NOTT.

The definition of B does not depend on the choice of the couple (x,¢).
One can further remark that H* coincide with Bj,, and that C" = Bf
if r € RT\N.

The reader is referred to [18] for a complete study of Besov spaces. Let
us just recall some of their most basic properties.

Proposition 1.2 The following properties hold:

i) Derivatives: we have ||Vul

ii) Sobolev embeddings:

o Ifp1 <py andry < ry then B?

p1,71
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o Ifs1>syand 1 <p,r,ry < +oo, then Bl — B

p,r1 p,r2”
N
e [f1<p<+oco then By} — L>.
iii) Algebraic properties: for s >0, By N L*> is an algebra.

iv) Real interpolation: (B3l B2 )g . = Bﬁsjﬂl_msl.

We aim at proving estimates for (7,) in spaces L°(0,T; By, ). Taking into
account the definition of Besov spaces, it is natural to localize the equations
through Littlewood-Paley decomposition. We then get estimates for each
dyadic block and perform integration in time. But, in doing so, we obtain
bounds in spaces which are not of type L?(0,T; B; ). That remark naturally
leads to the following definition (introduced in [4]):

Definition 1.3 Let s e R, 1 < p,r,p < 400 and T € [0,4+00]. We set
def T % T % %
g, ™ ([ 18ty ) 3oz ( [ 1auon, a)")
’ 0 N 0

and denote by EQ(B;’T) the set of distributions of 8'(0,T x RN) with finite

H'HEQ(BE,T) norm.

Let us remark that by virtue of Minkowski inequality, we have
lellzg sy, < lelligsy,) o<

and
HUHLPT(B;,T) < HUHE;)T(B;T) if p>r.

2. A priori estimates with no loss of regularity

We first concentrate on the case when Vv belongs to L'(0,T; L*). In this
case, the initial Besov regularity is conserved:

Proposition 2.1 Let1 < p,py,7 < +00 andp’ & (1—1/p)~t. Assume that

o>[-1]— Nmin(i, l/)

P2 P

Denote f1F o f—A_1f. There exists a constant C' depending on N, p, ps
and o but not on v and a universal constant k > 0 such that the following
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estimates hold:

(2.1) ||fHLoo Bt /w( > )HfHFHL1 -
< (Wollag, + | % ONgtr)lgg, ar ),

P=1\, cury _ CZ(t)
(2:2) (/11505 —i—m/( = ) T g merey < (HfoHBg’T+HgHLg(Bg,T))e :

with

N
/||Vv N dr if o<1+ —,

P
Bpi eoNL>® P2

N N
:/ IVo(T)|| g1 dT if > 1+ — or {0:1+— and 7421}‘
0 p2,7T p2 p2

If f =wv then for allo >0 (0 > —1 if dive = 0) estimates (2.1) and (2.2)

hold with .
= [ IVe)l dr
0

Proof: Applying the operator A, to (7,) yields

{ (O + Spnv - V)AL f —VvAA,f = AJF + R,
Aqflt:() = Aqf()a

with Ry = Sppv - VALf — Ay(v- V).
As S v is smooth, one readily gets in the case v = 0:

t 1 .
180 f )l < Aol + / (1B o+ i Spav (D)l 180 (7)., )

ey o+ A, dr

where it is understood that 1/p = 0 if p = +o0.

Let us now focus on the case v > 0 and ¢ > 0.

1. Case 1 < p < +o0.

After multiplying (7;) by |A,f[P~!sgn(A,f), the new term we have to
deal with is

—V/AAqf|Aqf|p_1 sgn(A, f) dzx
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As ¢ > 0 (hence FA,f is supported in C(0, %2‘1, §2q)), lemma A.5
in [12] ensures that, for some universal constant > 0,

(2.4) —/AAqf|Aqf|1H sen(A,f) dz > /@(pp;zl)QQq/\Aqﬂpdx,
hence
-1 t
180 O+ (20 )22 [N d <
t 1
< 18ufollis + [ (IRt i Syt |8 (D)

(2.5) n / |AE (@), dr

2. Case p = 1.

The same estimate holds true. Indeed, introduce the function
T.(z) € 2 /Ve + a2,

From a straightforward integration by parts, the following inequality
is inferred:

, VA, ul?

Hence, multiplying equation (7;) by T.(A, f), integrating in space and
in time and using Lebesgue dominated convergence theorem to pass
to the limit € — 0 eventually yields inequality (2.5).

3. Case p = +00. It stems from the maximum principle.

That the term induced by —vAA, f is also non-negative in the case ¢ = —1
is left to the reader. This entails that

¢ 1
AL ()]0 < ||A—1fo||Lp+/ (HR-A () = lidiv Sou() | ol A1 £ (7)) 7
0 p

(2.6) n /0 1AL F(),, dr

Let us admit the following lemma, the proof of which is postponed in ap-
pendix:
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Lemma 2.2 Let 0 € R and 1 < p < py < 4o00. Let py = (1/p—1/ps) !
There exists a constant K = K(N) such that

(2.7)
207 ||Rq||ms4'”'f<( > (18190 + 1Sy 10l )27 A
lg’—q|<4
+ 3 2002 A fll 1Ay Vol
q'>q—3
+ Y 202 A f ], 27 (| AVl
lq’ —q|<4
q''<q'—2
1 1
+ Z 2 q—q)(a—l—Nmm(p— ?)) %
’> q—3
Iq—q"\<1

<25 (277 8y Vel + 18 div ol )28, ).
Besides, the third term in the right-hand side may be replaced by
(2.8) 67K [Vl Y 277 20Vl s -

lg' —q|<4

def def

Let ki, & k(p—1)/p?, f, = 20 1A fl;» and g4 = 297 ||Aggl|,,- Assume that
0 <14 N/py and denote for a suitably large K = K(N)

dof

0 2 K (A1 V) e + 118,90

/N
29) F e 2 AVl + Sy ya 275 180V, ).
def def ' N
Wq = 2q = KZ\q’fq|§4 27 [Ag V|| by -
Further denote

N N
o—l—mm(— —/) if dive #0,
b2 P

€ N €
d—fl—i-——a and o] = &

(2.10) o -

N N\ .. .
l+o+min| —, — if dive =0.
p2 P

Then inserting inequality (2.7) into (2.5) and (2.6) yields

fo() + Ky 8,02 /Otfq(r) dr < f,(0) + /gq )dr + Z / Vg () fy (T

lg'—q|<4

(2.11) +Z/201(qu, 7)o (T d7+2/202(qq ) fy(7)dr

q'>qt4 q'<q¢H4
with 0_y =0 and §, = 1if ¢ > 0.
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With our assumptions on Vv, we have for a suitably large K:
max(vy, wy, z) < a 2 K||Vo| « :
BPQOOQLOO

Moreover f,(t) may be replaced by sup, (o4 fo(7) in the left-hand side.
Hence, taking advantage of oy, 09 > 0 for using convolution inequalities
and applying, where needed, Minkowski inequality, one ends up with

Hf”i;xmBg’T) +“pVHfHFHZt1(Bg,t2) <
t 91z s,
S . +/a T Too(RBo d
1follag, + ) oIz s5,.) { Jila()lgy, dr

so that Gronwall lemma completes the proof of proposition 2.1 in the case
o <1+ N/p..
The case 0 > 14+ N/py or {o = 14+ N/py and r = 1} is left to the reader.
N
It is based on inequality (2.8) and embeddings BY, " — B3 — L.
The additional estimate in the case f = v is inferred from remark A.1. W

3. Losing estimates

The key point in the proof of proposition 2.1 is that Vv belongs to

N

LY0,T; Bi2 oo N L™).

In the present section, we make slightly weaker assumptions on v. The price
to pay is a possible loss of derivatives in the estimates.

Throughout this section, the regularity index o for f satisfies (2.10)
(hence in particular |o| <14 N).

3.1. A general statement

Note that no regularity assumptions on v are needed to get (2.11). This in-
duces us to study the following type of coupled inequalities (we set s, to 0
to simplify the presentation):

(31)  f,(t) < £,(0)+ /gq d7+/ S () (e

lg—a|<No
# (X i) ar+ a0 (gp 200 (7)) dr,

whenever ¢ € Z and t € [0,T]. Above, Ny, M and P belong to N.
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We further assume that

Vg(t) S ug(8) +vg(t),  w(t) < wy(t) +wy(t), 2(t) < 2(t) + 2 (1)

for some measurable and nonnegative functions vé, w;, etc. on [0,T7.

Before stating estimates pertaining to (3.1), let us introduce a few nota-
tion:

t t t
Vi = /0 vi(r)ydr, W)= /0 wi(r)ydr, ZMt) = /0 2i(r)dr.

For R € Z, let v®(t) & SUp,<p V2 (t) and VR() = [foR(r)dr. Further
denote v>°(t) d:Cfsupqezv (t) and Voo (t) £ fo

Define in the same way the functlons wh and WR (resp. 2T and Z%)
pertaining to w? (resp. 2?). Finally, let a A b stand for max(a, b).

For (f,)qez satisfying the coupled inequalities (3.1), we have:

Proposition 3.1 Let kK > 0 and A > Ao > 0. Assume that the following
conditions are fulfilled for all t € [0,T]:

1. There exist Ry, Ry and Ry in Z U {400} such that

if R < oo, fo Hr)dr <A1 for q> Ry,
if Ry = +oo, V™(t) < 4oo,

and similar conditions for wfl with Ry, and for zg with Rs.

2. There exist ()1, Q2 and Q3 in Z such that

vi(t) < wh, (1) for ¢ < Qu,
wy(t) < wh,(t) for q < Qo
z,(t) < ZbS (t)  for q<Qs.

def

def — r
3. Let Ap, Vl/\Q1+W /\Q2+Z1 AQ3? A;\,Q’ (t) = SUP~¢(o,4 (eA(Aq ot ))’

K} (t) = max (sup Z o1(a ), sup Z o1 )),

T g>qrM 7 M

K3(t) = max|( sup Z 9720~ A’\ ), Sup Z 972004 A’\ ))

d q'<q—P ¢eq'+P

Then we assume that

(3.2) 2(K§(t) + K2(t) + 2(2N, + 1)) < No.
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4. For all (q,q") such that |q — ¢'| < Ny, we have
AMAy (t) — Ay (t)] < klog2.

Let
def

BYyR ke ZR3, E(T) def e—A(Aq'i‘B)(T)fq(T)

and
~ def _ T
g)\(T):e MAAB)( )gq(T)-

q

The following estimate holds true for all r € [1,400] and t € [0,T]:

(Z e, 7o) ) =525 (S0 )3 (S ) ) )

Proof: According to (3.1), we have for all ¢ € [0,T7:

(3.3) AR FA (1) < £,(0) + / t AR (1) dr
0
! 1/ A/+B A dT ! 2/ T A/+B A

+HZN(/< R [ BN )
+ 322000 [ (et 90 Pir) e [ (e 0 ) )
S [ |

o2(q"—q) A(Ay+B)(T) £A dr tZ2 e Ay+B)( ) )
Dy (/ e f()+/0q() OPi(r)d

According to assumption 2, we have for all ¢ € Z and t € [0, T,

(t) < quQl(t) (t) < quQz (t) and z;(t) < quQS (1),
whence
AMAAB) (D)

t
1/ AA AB)(T) dr < ———
/0 vy (T)e e T < X )

(3.4) A +B) (1)

t
/ wh (1) ArB 4 < %
0
On the other hand, we have for ¢’ < ¢ — P,
t

t
(3.5) / 2 (1) X AHBIO) g < / 2L, (1) NAHBID M Ay =40(0) g7
0 0

S )\_16)‘(Aq+B)(t)A:I\7q/ (t)
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By mean of explicit integration, we get

t
(3.6) /02/(7')6)\<Aq/( ot )> dr <
0

q

1 (A, 1B if ¢ <R,

(fot v2(T) dT) e <Aql(tHB(t)> if ¢>R;.

¢
Similar inequalities hold for / w§/<7') exp (M(Ay(7)+ B(7)))dr, and
0

A A 0B ()
t )\(A/T B(T )\_1 <q ) f <R7
(3.7) /23(7')6 v ()>d7'§ ‘ ( ) b=
A (tHB
0 (0 2(r )dT) O] e s Ry

Let F)(t) = sup ey f) (7). Plugging (3.4), (3.5), (3.6) and (3.7) in (3.3)
and using 1 yields

O < h0)+ /Dt@';mdw% > AL 0B

lg’—q|<No

~ 2 / ~
+ 3 2nen ) )F‘IA’(tHX > 2nWIER ()AL (1),

q '>qtM q'<¢-P

Clearly, ¢ may be replaced by any ¢ € [0,¢] in the left-hand side so that
f(;\(t) may be replaced by Fq’\(t). Now, Schur’s lemma yields

(qu(ﬁth))T)i < (qu(fq<0>)’”>i+ (Z ) +
/2\<(2N0+1)2“+K/\ ) + K2(t )(Z( ) >

q

=

which entails the desired inequality. |

Proposition 3.1 may be applied to (2.11). We end up with the following
general losing estimates:

Theorem 3.2 Let 1 < p,py,r < 400 and

11 N
o€ ([—1] —Nmin(—,—/>,1+—).
b2 p D2

There exists a \g > 0 and K = K(N) such that if v,, w, and z, are defined
as in (2.9) and satisfy

1,2 1 2 1 2
Vg S v tvy, wy Sw, +wy, Zg < 2+ 2,
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for some sequences of functions

(Ué)qGZh (wé)qGZ and (Zé)qEZ (i € {1,2})

verifying conditions 1, 2, 3 and 4 of proposition 3.1 with M = Ny = P = 4,
o1, 09 defined in (2.10), some k > 0 and some A > Xy, then we have

|:Z( Sl[lo%] (e—)\(Aq(‘r)-i-B(T))Qqa HAqf(T)HLp>) :|
q 7€|0,

t i
< <||foHBv ([ ez g, i) | )

q

1
T

Remark 3.3 Let us mention in passing that in the case where

N
Vo € LN0,T; B2 NL®) and o<1+ N/py

then theorem 3.2 leads back to the inequalities of proposition 2.1 (up to a
multiplicative constant in the right-hand side).

Indeed, it is only a matter of taking

vg=w, =z, =0, v2=K|Vv| » , and w] =z)=K|[Vu| ~

! B,f’;oomLoo B2 oo
Assumption 1 is fulfilled with Ry = Ry = R3 = 400, one can take kK = 0
in 4 and we clearly have K} (t) = K3(t) = 1.

3.2. Linear loss of regularity

In this part, we aim at extending the results [1] and [6] to general Besov
spaces. In the former paper, the vector field v is only log-lipschitz in the
space variable (which amounts to assuming that ||S,Vu(t)||, . <(q + 2)u(t)
for some ueL'(0,T)) and estimates in Holder spaces C? with aE(O 1) are
investigated. The authors point out a loss of derivatives of order fo T)dr
at time ¢.

In the latter paper, the functional framework is more general: Besov
spaces By  with o € (0,1), and the assumption on v is somewhat weaker:

1 T
iC Z 0, Vq € N, m \/0\ ||quv<7_)HLoo dr < C.

We here aim at getting estimates in the same spirit in a more general frame-
work. Our most general result reads:
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Theorem 3.4 Let o, > 0 and o0 € ([-1] — min(N/p2, N/p') + o, 1 +
N/ps— ). Let a1,09 be defined as in (2.10). Assume that the following two

conditions are satisfied on [0, T] for some nondecreasing bounded functions V'
and W and all q,q¢' > —1:

. / (153190 e = 1Sg4:V0(D) e ) dr| <l = @IV (),

2.

/ (2% 18, V00l o =25 184003 )

0
There ezists K = K(N) and Ao = Xo(«, 5, N, p,p2) such that the following

inequality holds true for (7,) uniformly in v with oy - KXV +W)(t):

1

(38) (3 (sw 27 187 (0)I,) )" <

< g =W (1).

T€[0,t]

1

2 (1lag, + (S ([ 2 18006 mar) )]

q

whenever
(3.9) o — AK(V4W)(t) > a and oo — AK(V+W)(t) > 5.

Proof: It stems from theorem 3.2 with an appropriate choice of v, wh
and z;: let

1 def
v & <Z2 184+ V0l e + > 9905 1A, W||Lp2)
lg'—ql<4
def def =
w, = zp = K Z 275, [Ag Vol and v} =w? =22 =0.
lg'—q|<4
Choosing large enough K = K(N) yields v, < v + v , Wy < w; + wg and
2 < z; + zg.
Now, condition 1 of proposition 3.1 is trivially satisfied. So does 2 with
Q1 = @2 = Q3 = —1. Next, defining A, as in proposition 3.1 and taking
advantage of hypotheses 1 and 2, we have (up to a change of K),
| A4q(t) — Ay (t)] < Klog2 lq—q'[(V(t) + W (1)).
Hence,
K/\ Z 92— m(o1—AK(V4W)(t)) and K}\ < Z 9—m (o2—=AK(V4HW)(t ))
m>4 m>4
Choosing £ = 4 min(o; — o, 02 — ) / log 2, hypothesis (3.9) ensures that con-
ditions 3 and 4 of proposition 3.1 are satisfied for some \g = \o(cv, 5, N, p, p2).
Then theorem 3.2 yields the desired inequality. [ |



878 R. DANCHIN

Remark 3.5 Hypothesis 1 above may be replaced by the stronger follow-
mg one:

‘/Otolsqw(ﬂHLw—||Sq,vu(7>||Lw)dT < —qlV(D.

. N
Corollary 3.6 Assume that Vv € L:(Bp2). Then inequality (3.8) holds
true with

op=0—K\|Vv|_ «~

LI(BPQ o)

whenever

)\KHVUH~ N >a and o9 — /\K||Vv||~ N > [

(B:DQOO) (BPQOO)

Proof: We just have to use the following inequalities (if ¢’ > ¢):

t
A CRZCIP T,

¢t q+i-1

+oo

< ZQ‘Z/ Z 1A, VU(T)|[ oo dT < 22 (@ = D)IVvllz s
i=0

<2(qd - q)||Vv||Z%<ng),

and, of course, for all ¢,¢ > —1,

<Ivel,

Li (Bp3,0)

[ B 18T — 2% 1A Vo))

Remark 3.7 In the case py = +0o0, theorem 3.4 entails the result stated

in [0].

Remark 3.8 One can also allow for a linear growth of the dyadic blocks
of the source term g (like in [9], lemma 2.5). This growth will entail an
additional (linear) loss of reqularity. The details are left to the reader.

. N
Actually, in the case where Vv belongs to Li(Bj2s) and
N
2102 HAqvv”LlT(LPQ)

is suitably small for large ¢, only the growth of ||S,Vv||; . is responsible for
the loss of regularity:
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Theorem 3.9 Let o, 5 and o satisfy the assumptions of theorem 3.4. As-
N

sume that Vv belongs to Ly(Bi2o). There exists Ao = Ao(cv, 3, N, p, pa) and
K = K(N) such that if A > Ao and if there exists some R € N such that

LP2) < )\_1 fOT q > R>

N
(3.10) K27 || A,V

then the following inequality holds true for (7,) uniformly in v:

(Z( sup eAWR<T>2W|rAqf<T>uLp)r) ;

T€[0,]

A t R r %
< —AMWE(T)oqor
< 525 (g, + (S ([ e Oz iagol, ar)) ),

q

with t
Wh(t) = / sup 2"%||AqW(T)||L1T<LP2>dT
0 g<R+3
and
00 = o= KN|Volza ) =@
whenever

(3.11) o1 — )\KHVUHFT(B& >a and oy — AKHVUHElT(BgO =6

o)

N

If Vv € L'Y(0,T; Bp2) then condition (3.10) is useless provided that W%

has been replaced by [|Vv|
Ll

1 (Bp3 o)

Proof: Choose wy=z; =0,

v;:K(Z 1Ay V| o + Z 27" ||AQH-VU||LOO)
7'<q

€N

and

<

Zouwl=2=K ) 2755 | Ay Vol s -

q q
lg’—ql<4

Taking advantage of the above assumptions and choosing K = K(N) large
enough, one can easily check that

<l 2 < ol 2 <1 2
vy < v, tuy,  wg <w, +wy and 2 < 7y + 2.
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Besides, condition 1 of proposition 3.1 is satisfied with R; = Rg Rs = R+3

(with the convention that R = +oo if Vv € LY(0,T; Bﬁ,f,oo)). So does
condition 2 with ()1 = Q2 = ()3 = —1. Moreover,

t
Vg >, /0 (v = v (1) dT < K (¢ = )| Vollzpo ).

so that choosing k = 4min(o; —«, 09— 3)/log2 and using (3.11) ensures
conditions 3 and 4. Applying theorem 3.2 completes the proof. |

In the case where the growth assumptions on the blocks are made be-
fore time integration, one can exhibit more explicit sufficient conditions for
having losing estimates:

Theorem 3.10 Let o > 0 and o € ([—1] —min(N/pe, N/p') +a, 1+ N/ps).
Assume that there exist two integrable functions u and w such that the fol-
lowing conditions are satisfied on [0,T):

1.¥g = =1, [[SVo(t)| o < (¢ + Du(t),

2. Vg > —1, 2% ||A, w<t>rlm < (g+2u(t),

Let V = f T)dr and W = f T)dr. There exist \g = Ao(a, 0, N, p, p2)
and K = K(N) such that whenever )\ > N and oy — AK(V + W)(t) > a,
we have:

(Z( sup 2q0T||Aqf<T>||Lp)T)i

4 T€[0,¢]

< 2 1k + (S ([ 21800l ar)) |

q
with oy = 0 — KXV 4+ W)().

, 2 _ 2 _ 2 _ : —
Proof: Take v; = w; = z; = 0 and, for conveniently large K = K(N),

1 11
v, = K(g+2)(u+w) and w, =z, = K(q+2)w

Then one can easily check that with the hypotheses above, we have v, <
vy + 02, wy < wy +w; and z, < z; + z2. Now, conditions of proposition 3.1
are satisfied with @; = —1 and xk = 4(0; — «)/log2 and theorem 3.2 may
be applied once again while oy — AK(V + W)(t) > a (note that A, is a
nondecreasing sequence so that Aé g () =1for g >¢'). |

Remark 3.11 Note that the case p = py = r = 400 leads back to result
treated in [1].
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3.3. Limited loss of regularity

We now make the additional assumption that Vo € L1(0,T; B2, .. ) for some

00,12
re € (1,400). The new result we get in this case is the following one:

. N
Theorem 3.12 Assume that Vv belongs to LL(Bp2o0) N LY(0,T; B ,) for

o0, T2

some ry € (1,+00). Let 0 € ([—1] — min(N/ps, N/p'),1 + N/p2) and € €
(0,01/2) where oy has been defined in (2.10). There exist \g = Ao(071,02)
and K = K(N) such that if A > \o and if there exists some R € N such that

N _
(3.12) K2%% HAqVUHLlT(Lm) <\X' for ¢>R,
then the following inequality holds true:

(3-13) [[flzee (o) <

ANNWIT) g (IT Vo) d7>
S )\_—)\O e ¢ o—1 0 Boo,ry <||f0||B;T + HgHE;(Bg'T)>

2

def pt

with WR(t) = fD SUPy<R+3 Qq% HAqv/U@-) dr.

HLlT(Lm)

N
If VoeL*(0,T; Bj2 o) then condition (3.12) may be removed and WE(T)
has to be replaced by ||Vl N

L3(BjZ o)
Proof: Once again, this is a corollary of theorem 3.2. Indeed, according to
Holder inequality,
19Vl e < (g + 1)’7||V1)||ng2 with n=1-—1/ry

so that one can choose

/ ' N
o= K(eh) | Voll L 2=5 (3218, Vol ot 3 2755 8,V ,,).
a'>q lg'—q|<4
'U}l = Zl = 0, ’UJ2 = Zg =K Z 2q/% HAQ/VUHLPQ .
la'—q|<4
Condition 1 is satisfied with Ry = Ry = R3 = R+3. As (v;)qz_l is a
nondecreasing sequence of functions, condition 2 is fulfilled for any ¢, (that

we shall merely denote by Q). Next, asn € (0,1), for all @ € N and ¢’ > g,
the following inequality holds:

(3.14) ((AQ+1)"— (qgAQ+1)" < n(d — ¢)(Q+1)"".
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Let Y (t) £ fo IVu(7) go. . dr. Up to a change of K, A,(t) = Klog2Y(t)
(gN@Q + 1)’7. Hence, accordlng to inequality (3.14), we have for ¢’ > ¢,

A AKY (t)(¢' —q)(Q+1)7!
Ad () < 2™ )(¢' =) (Q+1)

)

hence
(315) Ki(t) < Z 2(4—11/)(01—nAKY(t)(Q+1)n—1)‘
q'>q+4

From now on, assume that

01

(3.16) 0+1> (M)l‘

Then easy computations show that Ki(t) < 3 _, 2773 =275% /(1-277).
As A, is nondecreasing, we readily get K%(t) < 27572 /(1 —2772).

Now, if we take k = 201/log2, inequality (3.14) and the above compu-
tations show that conditions 3 and 4 are fulfilled for some Ay = A\o(071, 02).
Hence, theorem 3.2 yields

|iz (sup <€7K)\WR(T) 2q67[(q/\Q)+1]’7K)\Y(T) 2(1(0{) HAqf(T) HLP)) :|
q

[0,¢]

t 1
o @fouBa {Z(/ ORI O g 1), )| )
0

Now, getting the desired inequality in theorem 3.12 amounts to making a
convenient choice of Q. Indeed, denoting C' = nAKe 'Y (T), we have

1 1
C\t*n/ n Cn"\ =0
Vo > 0, e(x+1)—Cx”25+(_n) (77171_7717;>26_<_77>
€

S =

en
Therefore
(3.17) ge — KXY (t) (1 +qAQ)" >

e (LY” )T if ¢> Q.

3

en

—e—KAXY#t)1+Q)" if -1<¢<Q.

Assuming that 0 < € < 07/2 and choosing

i)
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condition (3.16) is fulfilled on [0, T, and we have, according to (3.17)
92~ (@A QKXY (T) < 225 <1+(Ae—1Y(T))17_">.

This implies inequality (3.13). [ |

Actually, estimates with limited loss of regularity may be proved un-
der the weaker additional assumption that Vv € Ly .(BY,,,) for some ry €
(1, +00):

~ N ~
Theorem 3.13 Assume that Vv belongs to Li(By2)NLA(BY, . ) for some

oQ0,T2
ry € (1,400). Let o € ([—1] — min(N/pa, N/p'), 1+ N/p3) and € € (0,0y).
There exist A\g = A\o(01,02) and K = K(N) such that if X\ > Ao and if there
exists some R € N such that (3.12) is fulfilled, then the following inequality
holds true:

(3.18)
2NMWID) gy Q1) 72 | vol;
1 e By < T ¢ P ery) (HfOHBg,T + HgHZ;(Bg’T))
with @ such that sup,sq HVAqU”LlT(Loo) < ¢/KX\ and WE(t) defined as in
N
theorem 3.12 (with the usual change if Vv € LY(0,T; Bp2oo)).

def
Proof: Define v, w2, 22, w,, z; as previously, and v, = K g 1AV} .
q'<qg—1

As for ¢’ > ¢, we have (up to a change of K)

T
/O(U;,(t)—v<))dt<f<log2<q =) S 18,90 1 1

we easily get by choosing ()1 = @,
Vg > q, Ay, <2909

Hence condition 3 is satisfied. So does 4 with k = 207/log2. Therefore
the general mequahty stated in theorem 3.2 holds true with B(t) = WE(¢)
and A,(t) = K [} 30 v<q0-1 18¢VU(T)|| o dT. Now, according to Hélder in-
equahty and the definition of (), we have

K log2 A/ D> ANV e dT
p<gQ—1
1
< Klog2 M(Q+1)" 72 IVllzs o, Bha emax(0,q — Q),
whence for all t € [0,7] and ¢ > —1,

s
>\Aq(t)2—q€ < eK)‘(QJ’_l) 2 HVUHZ%(BQQ,TQ)

This yields inequality (3.18). [ |
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A. Appendix

We here give the proof of lemma 2.2. In order to show that only the gradient
part of v is involved in the estimates, it is convenient to split v into low
and high frequencies: v = A_jv + v. Obviously, there exists a constant C'
such that

(A1) vrell,+od], [[AVol|, < CfVol, and Vo], < CfVoll, .

Since there exists a R > 0 so that for all ¢ € [0, T, Supp Fo(t)NB(0, R) = 0,
Bernstein inequality holds true for A v even for ¢ = —1, namely

(A.2) Vg > —1, HAqVWm ~ 21 HAQ@/HLP'
Let us define the paraproduct between two distributions according to
J.-M. Bony in [2]:
def
Trg =D Seo1fAg.

qeIN

Denoting
R(f,9) = > AgfAyg with Agg = (A1 +A,+Ag1)g,
q=—1

we have the following so-called Bony’s decomposition:

f9=Tig+Tof + R(f,9).
Now, we have
Ry = Sgrav-VAf — Aq(p -Vf),
= [P A A A AJDS + (Spav — ) - VAL,

where the summation convention on repeated indices is understood.
Hence, taking advantage of Bony’s decomposition, we end up with R, =

Si_, R} where

R, = [Tw,A0;f,

R = Tya, 0,

R = —ATy, £,

RE = O,R(,A.f) — 6,0,R@, f),

R> = A R(divo, f) — R(divo, A, f),

Ry = (Sgav—v)- VA,

RT = [A_1v7,A,]0;f.

In the following computations, the constant K depends only on N.
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Bounds for 299 HR;

HLP:

By virtue of (1.2), we have

R; - Z [Sy—107, Ag)0; Ay f.
lg—q'|<4

On the other hand,
[Sya®, A0 Ay f () = / BY) | Spa® (2)= Sy a ¥ (2=271y) |0, 80 F (a—2""y)dy

so that applying first order Taylor’s formula, convolution inequalities and (A.1)
yields

(A.3) 27 |RY|, < K 3 (1Sp-a Vol 277 [Ag £l

lg—q|<4

Bounds for 2 HREHLP:

By virtue of (1.2), we have
RI= )" Sy 10;0f Ay
q'>q-3

Hence, using inequalities (A.1) and (A.2) yields
A9 2B, <K Y 27 2 A, Ay Vol

q'>q-3
Bounds for 2% || R}
One proceeds as follows:
(A.5) R = =3 gt DSy, qu,aﬁ),
(A.6) — _Z;%;glf;‘ Ay (A0, qu@j).

Therefore, denoting 1/p;=1/p—1/p, and taking advantage of (A.1) and (A.2),
297 HRE)HLP < K Z 29 ||Aq”ajf||LP1 HAQ’,ﬁjHLPw

lg'—q|<4
qIISqI_Q

—d"V(oc—-1-N " I N
(A.7) < K> 2ol e AL f|LL 297 | AV, -

lg’—q|<4
q'<q' -2

Note that, starting from (A.5), one can alternately get
(A8) 27 ||RY||,, <16 K D IVSyifllm 27V |Ay Vol s

lg'—q|<4
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Bounds for 2 HR;*HLP:

> 0HAGTANG) = D AT f).

lg’—q|<2 q'>q—3

2 S/

-

Ri! R;"2
For the first term, we merely have (by virtue of (A.2)),
(A9) 2[Ry, 4T Y 1Ay VOl 27

lg’—ql<2

For R}?, we proceed differently depending on the value of 1/p + 1/p,.
First case: 1/ps = 1/p+1/py < 1:

o R < K Y utge(3) |aga ,
q'>q—3 L
N ~
<K Z 20049)9%0 || Ay 1 :
q¢>q-3
<k Y 2 (5) ot v a, 7], 200
q'2q-3

Second case: 1/p+1/py > 1:
Taking p; = p’ in the above computations yields

2 R < kS 20 i)t oA, 20
9'29-3
<k Y 2 () o' B v, g, 20
q'>q-3
In view of (A.1) and (A.9), we conclude that
(A.10) 2 ||R;

Zq/fHLp

||LP S
<Pl Y gl (N D) ol A, 200

q'>q—3

Bounds for 299 HR;’HLP:

Similar computations yield

(A1) 2[R, <

< 4lelg Z 2(q—q’)(0+Nmm(pL ) )2q vz (| Ay div ]|, 9d'c

q'>q-3
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Bounds for 2 HRS

Since RS =—> ¢>qr1 Dgv- VA, f, we have, by virtue of Bernstein inequality
(note that ¢' > 0 in the summation),

HLP:

(A.12) 297 || RS, S K Y 277 [ Ay Vol 297 [ A £l -
q'2q
Bounds for 29° HRZHU:
As Ry =30 g<1lBg: A1v] - VA f, the first order Taylor formula yields

(A.13) 2 |RI||, < 271K > VA w1 277 | Ay fll -

lg'—q|<1
Combining inequalities (A.3), (A.4), (A.7) or (A.8), (A.10), (A.11), (A.12),
and (A.13), we end up with the desired estimate for R,. [

Remark A.1 Straightforward modifications in the estimates for R}, Ry, R;
show that in the special case where f = v, the following estimate holds true:

2| Roll1p S D 1S Voll oo 277 1A 0]l 1) - 277 2% Al A0Vl

lq'—q|<4 7>¢3
(A.14) +3 2l (2q—q 1A, Vol ,H Ay diquLm)zq A, -
q'>q-3
lg'—q"|<1
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