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Potential Theory for Schrodinger

operators on finite networks

Enrique Bendito, Angeles Carmona and Andrés M. Encinas

Abstract

We aim here at analyzing the fundamental properties of positive
semidefinite Schrédinger operators on networks. We show that such
operators correspond to perturbations of the combinatorial Lapla-
cian through 0-order terms that can be totally negative on a proper
subset of the network. In addition, we prove that these discrete op-
erators have analogous properties to the ones of elliptic second order
operators on Riemannian manifolds, namely the monotonicity, the
minimum principle, the variational treatment of Dirichlet problems
and the condenser principle. Unlike the continuous case, a discrete
Schrodinger operator can be interpreted as an integral operator and
therefore a discrete Potential Theory with respect to its associated
kernel can be built. We prove that the Schrédinger kernel satisfies
enough principles to assure the existence of equilibrium measures for
any proper subset. These measures are used to obtain systematic ex-
pressions of the Green and Poisson kernels associated with Dirichlet
problems.

1. Introduction

In the last years, a considerable amount of works that extend properties and
results in elliptic boundary value problems on Riemannian manifolds to the
graph framework have been published. Frequently, the discrete structure
allows to obtain the fundamental features without the technicalities that
darken the results. Moreover, the simplicity of the discrete setting enables
to use successfully tools that do not seem to have a continuous counterpart.
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In this paper we analyze the fundamental properties of a general class
of Schrodinger operators on networks that includes those whose associated
quadratic form is positive semidefinite but it is not a Dirichlet form. Specifi-
cally, we study the monotonicity properties of this kind of discrete operators,
the variational treatment of Dirichlet problems and the properties of their
resolvent kernels. Besides, we take advantage of considering the Schrédinger
operator as an integral operator and then we build a Discrete Potential
Theory for the (signed) kernel of such integral operator.

A Schrodinger operator on a finite network is an operator of the form
L, = L + q, where L is the combinatorial Laplacian of the network and ¢
is a function on the vertex set. So, a Schrodinger operator can be seen as
a perturbation of the combinatorial Laplacian. It is well-known that the
quadratic form associated with this operator is a Dirichlet form if and only
if ¢ is non-negative, [8]. Conversely, any Dirichlet form over a finite space,
V', can be seen as the Dirichlet form associated with a Schrodinger opera-
tor with non negative 0-order term on a network that has V' as vertex set.
Here, we study under which condition the quadratic form associated with
a Schrodinger operator is positive semidefinite and we show that this con-
dition guarantees that an important family of contractions operates with
respect to it.

The monotonicity properties of Schrodinger operators are well-known in
the case ¢ > 0, see for instance [14, 20]. In this paper we extend the above
results to the case when £, is only positive semidefinite. We also prove a
version of a discrete Hopf’s minimum principle, that has not a continuous
counterpart when ¢ is non positive.

The Potential Theory associated with Dirichlet Forms has been exten-
sively treated in the literature, see for instance [2, 14, 20]. Alternatively, for
the standard case in which ¢ > 0, the authors developed a Potential Theory
with respect to the kernel associated with the operator £, when it is seen
as an integral operator, see [4]. Here we extend these techniques when £, is
positive semidefinite. This tool, that has not a continuous equivalent, allows
to obtain systematically explicit expressions of the resolvent kernels.

The paper is organized as follows. In Section 2 we give the basic concepts
and notations on networks and we analyze the functions that can be used to
perturb the combinatorial Laplacian in such a way that the corresponding
Schrodinger operator be positive semidefinite. In particular, we show that
for any proper subset we can consider functions of this type that are totally
negative on it. Moreover, we prove that the lower bound of such functions
depends only on the network geometry.

The properties of the quadratic form associated with positive semidef-
inite Schrodinger operators are studied in Section 3. We show that they
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are characterized for being non increasing with respect to a transformation
determined by the ground state, that is, the positive eigenfunction asso-
ciated to the minimum eigenvalue of the Schrodinger operator. Moreover,
we obtain that each quadratic form of this type takes the same values as
the Dirichlet form associated with a Schrédinger operator on a new network
whose conductances are given by the conductances of the original network
and by the value of the ground state.

In Section 4 we show that the monotonicity property is equivalent to a
version of a general minimum principle under the hypothesis of positive semi-
definiteness of the Schrodinger operators. As a consequence, we establish a
generalization of the well-known Condenser principle where the prescribed
value at the positive plate is given by the ground state.

In Section 5 we study the Green and Poisson kernels associated to Dirich-
let problems. We determine the relation between them and we show that
their properties are similar to the ones verified by the analogous kernels in
the continuous case. We also build the generalized Green kernels associated
with a singular Schrédinger operator. In addition we show that, in this fra-
mework, an elementary discrete version of the Schwartz’s Kernel Theorem
makes sense, which allows us to consider the kernel associated with a pos-
itive semidefinite Schrédinger operator. In the last section, we investigate
the properties of these kernels in the context of the Discrete Potential The-
ory. We prove that the Schrodinger kernel satisfies the equilibrium principle
which, in particular, enables us to obtain explicit expressions of the Green
and Poisson kernel in terms of equilibrium measures.

2. Preliminaries

Let I' = (V,E,c) be a finite network, that is, a finite connected graph
without loops nor multiple edges, with vertex set V' and edge set F, in which
each edge (z,y) has been assigned a conductance c(x,y) > 0. Moreover,
c(x,y) = c(y,x) and c(x,y) = 0 if (z,y) ¢ E. We say that = is adjacent to
y, x ~y, if (z,y) € F and for all x € V, the value

k() = cla,y)

yeVv

is called total conductance at x or degree of x. A path of length m > 1 is a
sequence {1, ..., Tm1} of vertices such that ¢(z;, z;11) > 0, or equivalently
i ~ Tiv1, ¢ = 1,...,m. That I' is connected means that any two vertices
of V' can be joined by a path. More generally, a subset F' of V' is said to be
connected if each pair of vertices of F' is joined by a path entirely contained
in F. If x # y, we denote by d(x,y) the minimum length between the paths
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joining x and y. Defining d(z, x) = 0, the application d determines a metric
on V whose associated topology is the discrete one. For this reason we
will prefer to use geometric concepts instead of topological ones. So, given
F C V, we denote by F° its complementary in V and we call interior, vertex
boundary, closure and exterior of F' the subsets

}?’:{mGF:yGFforaHywx},
(F)={x€V:d(z,F)=1},
F={xeV:dxF)<1} and
Ext(F)={x €V :d(z,F) > 2},
respectively. Observe that when F # () unlike the topological case,

S(F)NS(F)=0 and F=For F=Fiff F=V

However, the following relations, which are similar to the topological ones,
are satisfied:

F=FU§F), F=0F)UF,
S(FNF=0,  6(F)C6(F°) and Ext(F)=V\F.

Moreover, when F is connected then F is also connected, but F is not
connected, in general.

The set of functions on V', denoted by C(V'), and the set of non-negative
functions on V', C*(V), are naturally identified with R™ and the positive
cone of R™, respectively, where n = |V|. If u € C(V'), its support is given by
supp(u) = {z € V : u(z) # 0}. Moreover, if F' is a non empty subset of V,
we consider the sets

C(F)={ueC(V):supp(u) C F},
CHF)=C(F)nC*(V) and
C*(F) ={u € C"(F) : supp(u) = F'}.
For each F' C V, the characteristic function of I’ will be denoted by 1,.

When F =V we will omit the subscript, whereas when F' = {z}, its char-
acteristic function will be denoted by ¢,.

Throughout the paper dr will denote the counting measure on V' and

hence for all u € C(V),
/ udr = Z u(z).

v zeV
In the sequel, we suppose that C(V) is endowed with the Hilbert space
structure induced by dz and for each u € C(V') we will denote by |lu||, the
associated norm.
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The combinatorial Laplacian of I is the linear operator L: C(V) — C(V)
that assigns to each u€C(V') the function

£(u)(x) = / () (ulz) — uly)) dy.

If F'is a proper subset of V, for each w € C(V) we define the normal
derivative of u as the function in C(§(F)) given by

(%) (z) = /Fc(a:,y)(u(:v) —u(y))dy,

for all x € 0(F'), see for instance [4, 9]. The relation between the values of
the combinatorial Laplacian on F' and the values of the normal derivative
at 0(F') is given by the Second Green Identity, proved in [4]

ov ou -
/F (Uﬁ(u) - uE(v)) dx = /6(F) (ua —v a) dx, for all u,v e C(F).

When F =V the above identity tell us that the combinatorial Lapla-
cian is a self-adjoint operator and that [, £(u)dz = 0 for any v € C(V).
Moreover, since I' is connected £(u) = 0 iff v is a constant function.

A Schrédinger operator on I' is a linear operator £, : C(V) — C(V)
that assigns to each u € C(V') the function

Ly(u)(w) = L(u)(2) + q(z)u(z),

where ¢ is an arbitrary function in C(V'), see [11]. In an equivalent manner,
a Schrodinger operator on I' is nothing but a 0-order perturbation of the
combinatorial Laplacian.

Observe that if w € C(V) and F = supp(u), then L, (u) = L(u) on F*.
Moreover, if u € CT(V), then £,(u) < 0 on §(F) and L,(u) = 0 on Ext(F).
On the other hand, a Schrodinger operator is self-adjoint in the sense that

/ v L,(u)dr = / uly(v)dx  forall u,v € C(V).
v v

For fixed ¢ € C(V') and for each non empty subset F' of V', we consider
the following boundary value problem: given f € C(F) and g € C(6(F)) find
u € C(F) such that

L,(u)(x) = f(z), if z €F, } BVP)
u(z) =g(x), if x € §(F).

When F' # V this problem is known as Dirichlet problem on F, whereas if
F =V it is called Poisson equation on V.
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It is clear that when F' = V', the Dirichlet problem on F' is equivalent to
the following semi-homogeneous Dirichlet problem

Ly(u)(x) = f(x) = L(g)(x), ifzek

[BVP],
u(z) =0, if z € §(F).
So, for each non empty subset F' C V, the study of existence and uniqueness
of solution for [BVP] is reduced to the study of existence and uniqueness of
solution of the following problem:

Given f € C(F) find u € C(F') such that £,(u) = f on F. [P]

Clearly, [BVP] or equivalently [P], is a self-adjoint problem since

/vﬁq(u)dx:/uﬁq(v)dx for all u,v € C(F).
P P

When ¢ € C*t(V) these boundary value problems have been extensively
treated, see for instance [3, 4, 10, 15, 20]. Moreover, the authors have proved
in [4] that the analysis of self-adjoint boundary value problems with general
boundary conditions, namely Neumann, Robin or mixed boundary condi-
tions, can be reduced to the study of a boundary value problem like [BVP]
on a suitable network. For this reason, although in this paper we only
consider Dirichlet problems and Poisson equations, all the results that will
be obtained here concerning Schrodinger operators are in force for general
boundary conditions.

To begin with, if o € C*(V'), then for each u € C(V') and for each z,y € V
it is verified that

o(2) (u(e) - uly)) = o) o(y) (M - M) T (o) - o(y)) ulx).

o(z) o(y)
Therefore, considering the function ¢, = —% L(0), we obtain
(2.1)
£a0)(0) = s [ cleaot@iotn (45 - 0 dy+ (a(0) 00 0) )
! o(x) Jy o(z) o(y) ’ ’

for each u € C(V) and for each x € V. As we will see in the following
section, from this expression it follows easily that £, is positive semidefinite
when ¢ > ¢, for some o € C*(V'). This condition turns into ¢ € C* (V') when
o is constant. Before we go on, let us show some properties of the g,-type
functions.
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Lemma 2.1 If o, € C*(V) then q, > q, iff ¢ = qu and this occurs iff
o = ap, for some a > 0.

Proof. The first claim follows straightforwardly from the identities

/V(Clo — qu)opdr = /V (cfﬁ(u) — uE(a))dx =0.

Moreover, it is obvious that ¢, = ¢, when o = au, a > 0. Conversely, if
¢o = qu then for all x € V' we get that

0= o)) (10(0) = 0.(0)) = [ el (@) (s) = o)) dy

= /VC(x,y)u(x)u(y) <% - %) d

If we consider the network I' = (V, E,¢), where &(x,y) = c(x,y)u(z)u(y),
then I is connected and if £ denotes its associated combinatorial Laplacian,
then E_(%) = 0 and hence 0 = ayu, a > 0. [

The above result establishes that the function ¢, determines o € C*(V)
up to multiplicative constant. In the most part of the paper, this lack
of uniqueness will not be relevant. However, when it be suitable we will
determine uniquely o from ¢, throughout a normalization criterium. On the
other hand, we also conclude that when ¢, # g, ¢, determines a family of
functions ¢ for which £, is positive semidefinite that is essentially different
of the family determined by g,,.

When ¢ is not a constant function, g, takes necessarily negative and

positive values, since
/ 0q,dr = —/ L(o)dx = 0.
v v

Therefore, the condition ¢ > ¢, allows ¢ to take negative values keeping the
semipositive definiteness of £,. Next, we show throughout examples some
aspects about the behavior of function q,. Firstly, we get upper and lower
bounds for such a function. Since for each = € V/,

4o (2) = % /V (. 9)(0(y) — o(x)) dy,

if ,, = I;lél/l{d(l’)} and oy = 1;163‘3({0'(1‘)}, then

R@) (2 1) < gp(@) S k(@) (2L 1), zeV.

OM Om

In particular, this implies that ¢,(z) > —k(z), for all z € V.
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The function o can be chosen in such a way that ¢, be a rapidly oscillating
function. Specifically, consider a sequence of proper subsets of V', {F;}™,,
such that F; C Fj.q foralli=1,...,m —1 and take I, = () and F,,,; = V.
Fixed t € (0,1), we define o4(x) = 1 if © € F; where ¢ is odd and o4(z) = t,
if x € F; when i is even. Then, for all z € Fj,

wla) =ai [ a)dy

i—1UFi41

where a; = (t — 1), if 7 is odd and a; = (7 — 1), if 7 is even. In particular
when m = 1, letting F' = F}, we obtain ¢,,(x) < 0 if x € §(F°), ¢,,(x) > 0
if z € 6(F) and ¢,,(z) = 0, otherwise.

Next we also show that for any proper subset F' C V, there exists o €
C*(V) such that ¢,(x) < 0 for all x € F. The key tool is the equilibrium
measure for F', with respect to the kernel £. Specifically, let v € C*(F)
be the unique measure such that £v = 1 in F. The existence of such a
measure was proved in [4], but it can be also deduced from the results we
will obtain throughout this paper. Letting

C. = max/ c(z,y)dy,
P L (z,y) dy

we define 0 = v + a1, where 0 < a < C’;l. Then,

Fc

( 1 . o
—F )’ if v €F,
1
— 1—a c(x,y)dy ), if x € 0(F°),
Io(7) = VF($)< 6(F)< ) ) ()
1
[y (e @)y it csF),
a 5(F°)
0, if x € Ext(F).

\

So, ¢, (x) < 0 for all z € F. To end this section, we build a function of
this type for a subset F' of a distance-regular graph of degree k, such that
|F|=n—1. Fixedy € V, let F =V \ {y}. In this case,

d(z,y)—1 " — ‘B’
v (z) = —2 zeV,
jzo 0]
where B; = {2 € V : d(z,y) < j} and 0B; = {(z,y) € £ : v € Bf, y € By},
(see [4].)
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Moreover, C,, = 1 and therefore if 0 < a < 1 then

( d(z,y)—1 -1
n — |Bj|) :
_ S bt Al , it d(z,y) > 2,
(X o
pr— k
7o () - (1-a), if d(z,y) =1,
—1
n — K, if v =y.
\  a

3. Bilinear forms associated to Schrodinger operators

In this section we start obtaining the expression of the bilinear form, &,
associated with the Schrédinger operator £,. Clearly, for u,v € C(V) we
get that

61 &)= [ [ et =) (o) ~ o) dedy
+/Vq(a:)u(x)v(a:) de.

It is well-known that when ¢ € C*(V), the quadratic form associated with &,
satisfies important properties. Our aim in this section is to study both
the properties that are in force and the new ones when we eliminate the
constraint on ¢ of being non negative. So, to compare the general case with
the non negative one, it will be suitable to summarize the known properties
for the case in which the operator £, has associated a Dirichlet form, see
1, 2,8, 14].

A transformation T C(V') — C(V) is called contraction if for allue C(V),

T (u)(2) = T(u)(y)] < [u(z) —uly)| for all z,y € V.

Moreover, a contraction T is called normal contraction if |T(u)| < |u|, for
all w € C(V). The three fundamental normal contractions are:

a) The null contraction, T'(u) = 0, for all uw € C(V').
b) The modulus contraction, T'(u) = |u|, for all u € C(V).
¢) The unit contraction, T(u) = u™ A1, for all u € C(V).

If£:C(V)xC(V) — Ris a symmetric bilinear form we say that a trans-
formation 7" : C(V) — C(V') operates with respect to € if E(T(u), T(u)) <
E(u,u), for all u € C(V). Clearly, the null contraction operates w.r.t. & iff
£ is positive semidefinite and the modulus contraction operates w.r.t. & iff
E(eg,ey) <0, forall z,y eV, z #y.
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A symmetric bilinear form £ : C(V) x C(V) — R is called a Dirichlet
form if the unit contraction operates w.r.t. £, that is if E(u™ AL, u™ A1) <
E(u,u), for all w € C(V). The following result is well-known, see [1].

Proposition 3.1 A symmetric bilinear form & is a Dirichlet form iff any
normal contraction operates w.r.t. £. Moreover, this condition is equivalent
to the following ones:

E(es,ey) <0, forallz,yeV,x#y and
/ E(erey)dy >0, forallzeV.
v

As E(ep,8y) = —c(x,y), for all z,y € V, x # y, and ¢(z fv (€2,6y) dy,
for all x € V, from the above proposition it follows that &, is a Dirichlet
form iff ¢ € CT(V).

Next we tackle the study of £, when it is not necessarily a Dirichlet form.
Since for arbitrary ¢ € C(V') the modulus contraction operates w.r.t. &,
we are interested in identifying those ¢ € C(V') for which the null contraction
operates w.r.t. &, Firstly, note that if o € C*(V), by identity (2.1), the
bilinear form &, can be re-written as

(
=2 e (G5 55) (565 -0

4 /V (4(2) — (@) ul@)o(z) d.

So, &, is positive semidefinite when ¢ > ¢,. Moreover, the above expression
motivates the following concepts.

Definition 3.2 If 0 € C*(V), we say that T : C(V) — C(V') is a o-con-
traction if for all u € C(V),

uz) — uy) ' , forall x,y € V.

= o@ " o)

A o-contraction T is called normal o-contraction if |T(u)| < |ul, for all

uecC(V).

Note that the null and the modulus contractions are normal o-contractions
for all o € C*(V)). Moreover, when ¢ is constant then the o-contractions
are exactly the contractions. More generally, T' is a o-contraction (normal
o-contraction) iff there exists T a contraction (normal contraction) such that
T(u) = O'T(%), for all uw € C(V).
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The properties of the quadratic forms associated with Schrédinger oper-
ators are gathered together in the following result.

Proposition 3.3 Let &, be the bilinear form associated with the Schrodinger
operator L,. Then the following statements are equivalent:

(1) The bilinear form &, is positive semidefinite.
(i) There exist o € C*(V') and a > 0 such that ¢ = q, +al.
(i1i) There exists o € C*(V') such that ¢ > q,.

(iv) There exists o € C*(V) such that any normal o-contraction operates
w.r.t. &,.

(v) There exists o € C*(V) such that E,(ut Ao, ut ANo) < E,(u,u), for any
uelC(V).

Proof. If &, is positive semidefinite, then the matrix associated with &,
is a symmetric positive semidefinite matrix with non positive off-diagonal
entries, i.e., a symmetric M-matrix. In addition, it is irreducible since I'
is connected. Then, its lowest eigenvalue, a, is non negative and has an
eigenvector, o, whose entries are strictly positive, (see [6, Th. 4.16]). So,

L(o)+qo=a0,

which implies that ¢ = ¢, + a 1.

Clearly, (ii) implies (iii) and (iii) implies (iv) by expression (3.2). More-
over, (iv) implies (v), since T'(u) = u™ A ¢ is a normal o-contraction.

At last, if (v) holds then to prove (i) it is enough to show that g > ¢,.
So, for each z € V and t > 0 consider u; = o + te,. Then, u;” Ao = 0o
which implies that 0 < 2&,(o,¢,) + t& (e, e,) for all ¢ > 0 and hence 0 <

&y(0,82) = (4(x) = go(2)) o (). u

Observe that if ¢ is such that &, is positive semidefinite then the function
¢, and the value a obtained in part (ii) of the above proposition are uniquely
determined, since if ¢, +a = ¢, +b and a > b, then g, — g, > 0 which implies,
by Lemma 2.1, ¢, = ¢, and hence a = b. Therefore, if we define

CH(V) = {UEC*(V) ; %/Vadle},

U {¢o +a:a >0}

oceCx(V)

then the set

is a partition of the set of functions ¢ such that &, is positive semidefinite.
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Corollary 3.4 Let &, be the bilinear form associated with the Schrodinger
operator L,. Then the following statements are equivalent:

(i) There exists o € C*(V') such that any o-contraction operates w.r.t. &,.
(i1) The bilinear form &, is positive semidefinite but not strictly definite.
(i1i) There exists o € C*(V') such that ¢ = q,-.

Proof. If (i) is satisfied, &, is positive semidefinite and hence
gq(U7 U) Z 07

since any normal o-contraction is a o-contraction by Proposition 3.3. On
the other hand, since the transformation 7'(u) = u 4 o is a o-contraction,

4&(0,0) = &(T(0),T(0)) < &(0,0),

which implies that £,(o,0) = 0.

If (ii) is satisfied, then by Proposition 3.3, there exists o € C*(V') such
that ¢ > ¢,. In addition, since &, is not strictly definite there exists non-zero
u € C(V) such that &,(u,u) = 0 and then

0=3 [ [etemotertn (53 - %)zdxdy: [ at0) =l wtoar

Since I' is connected, the first equality implies that u is a non-zero multiple
of o and therefore ¢ = q,, from the second equality.
Finally, it is clear that (iii) implies (i). [

From the expression (3.2) it is clear that, if for each o € C*(V') we define
the network I' = (V, E,¢- 0 ® o) then &,(u,v) = g(%, 2), where £ is the
bilinear form associated with the Schrodinger operator L+ (¢ — ¢,) and
where £ is the combinatorial Laplacian of [. The above results show that
&, is a positive semidefinite form iff there exists o € C*(V') such that Eisa

Dirichlet form.

We conclude this section observing that we have proved that the Schro-
dinger operator £, is positive semidefinite iff there exists o € C*(V') such
that ¢ > ¢,. In addition if ¢ # ¢,, then £, is invertible, whereas if ¢ = ¢,
then £, is singular. In this case, the eigenvalue 0 is simple and its eigenvector
subspace is generated by o. These properties allow to obtain the following
results about the existence and uniqueness of solution for [BVP] and about
its variational formulation.
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Proposition 3.5 (Dirichlet principle) Let F' be a non empty subset of V,
and suppose that there exists o € C*(V') such that ¢ > q,. Given f € C(F)
and g € C(6(F)), consider the convex set Cy = {v € C(F) : v =g on §(F)}
and the quadratic functional J,: C(V) — R determined by the expresion

%(u):%/F/Fc(x,y)(u(:p)—u(y))QdmdynL/Fq(x)u(:zc)2 dm—2Lf(x)u(x) dx.

Then u € C(F) is a solution of [BVP] iff u minimizes J, on C,. Moreover,
if 1t is not simultaneously true that F' =V and q¢ = q,, then J, has a unique
minimum on Cy. Otherwise, Jy has a minimum iff [.f(x)o(z)dz=0. In this
case, there exists a unique minimum u € C(V) such that [, u(z)o(x)dx = 0.

Proof. Observe first that C; = g + C(F) and that as
Ty(v) = &E,(v,v) — 2/ fodx, for all v € C(F),
F

then by Proposition 3.3, J, is a convex functional on C(F') and hence on Cj.
Moreover, by Corollary 3.4, it is an strictly convex functional iff it is not
simultaneously true that F' = V and ¢ = ¢, and then J, has a unique
minimum on Cj.

On the other hand, when F' =V and ¢ = ¢, simultaneously the minima
of J, are characterized by the Euler identity:

E,(u,v) :/ fodz, forallveC(V).
v

Since in this case &;(u,0) = 0 for all u € C(V'), necessarily f must satisfy
that fv fodx = 0. Moreover if this condition holds and V denotes the
vectorial subspace generated by o, then v € V* minimizes 7, on V* iff
u minimizes J, on C(V) and the existence of minimum follows since J; is
strictly convex on V*.

In any case, the equation described in [BVP] is the Fuler-Lagrange iden-
tity for the corresponding minimization problem. [

The above proposition establishes that when ¢ = ¢, the Poisson equation
Ly(u) = f has asolution iff [, f o dz = 0. Observe that under this condition
if v is a solution, then the set of solutions is given by {v +ao : a € R} and

hence
= c / dx
u=v——— | vo
o]z /v

is the unique solution such that / wodr = 0.
1%



784 E. BENDITO, A. CARMONA AND A. M. ENCINAS

4. Monotonicity of the Schrodinger operators

It is well-known that when ¢ > 0, the Schrodinger operator £, satisfies the
weak minimum principle which is equivalent to the monotonicity property,
see for instance [19, 20]. Essentially, this is the discrete analogous of the
weak minimum principle for second order elliptic operators (see [13].) In this
section, we start by showing the monotonicity property of a Schrédinger
operator when its associated bilinear form is positive semidefinite. We will
also deduce some relevant consequences of this fact. Unlike the continuous
case, in the discrete framework there is not difference between classical and
weak solutions of Dirichlet problems. Therefore, we will prove a discrete
analogue of the Hopf’s minimum principle. To our knowledge, up to now this
property has not been analyzed in the discrete case, even in the case ¢ > 0.
An important consequence of Hopf’s minimum principle is a generalization
of the condenser problem for the Schrodinger operator £,. In addition, the
solution of this problem allows us to extend the concept of effective resistance
between two subsets of V.

If it is not mentioned otherwise, in the rest of this section we will assume
the following hypotheses:

H1: There exists 0 € C*(V) such that ¢ > ¢,.

H2: It is not simultaneously true that F' =V and q = q,, that is F' is any
non empty subset of V' except when ¢ = ¢, in which case F'is a proper
subset.

The following result establishes the monotonicity of the Schrodinger op-
erators, under the above-mentioned hypotheses.

Proposition 4.1 IfueC(V) is such that L,(u)>0 on F and u > 0 on F*°,
then uw € CT(V).

Proof. If we denote v = u/o, then to conclude it is enough to prove that v €
C*(F). Indeed, if z € F is such that v(z) = min,cr{v(z)} it suffices to prove
that v(x) > 0, or equivalently that if v(z) < 0 then necessarily v(z) = 0.

Suppose that v(x) < 0. Then v(z) < v(y) for all y € V and therefore,
from expression (2.1) we deduce that

0 < £,(u)(x) =

- % /v c(z,y)o(z)o(y) (v(z) = v())dy + (¢(z) — go(x)) o (2)v(x) <0,

which implies that v(z) = v(y) for all y € V such that x ~ y. Hence v = a1,
with a € R, since I' is connected.

When F' # V', necessarily v(x) = 0, since v > 0 on F*°, whereas if F =V,
as ¢ # ¢, and 0 = L,(u) = a(q¢ — ¢») 0, then a = 0. [ |
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Observe that when ¢ = ¢q,, then
/ (@) Lo(u)(@)dz = 0, for all u € C(V).
1%

Therefore, if u € C(V) is such that £,(u) > 0, then £,(u) =0 and u = a0,
a € R. This result can be obtained by reasoning as in the above proposition.

Corollary 4.2 Letp € C(V) be such that p > q. If u,v € C(V) satisfy that
L,(u)>L,(v)>0o0nF andu>v>0on F° thenu>v>0 onV.

Proof. By the above proposition, we have that v € C* (V). On the other
hand, since £, = £, — (p — q), the function w = u — v satisfies that
Ly(w)=Ly(u)—L,(v)+(p—q)v>0o0n F and w > 0 on F°. So, the result
follows from the above proposition. [ |

Now, we obtain a new proof of the existence and uniqueness of solution
for problem [P], which includes a property of the support of the solution.

Corollary 4.3 For each f € C(F) there ezists a unique u € C(F) such
that L,(u) = f on F. In addition, if f € CT(F) then v € CT(F) and
supp(f) C supp(u).

Proof. Consider the endomorphism F: C(F) — C(F) given by F(u) =
Lq(u),. By Proposition 4.1, F is monotone which implies that it is an
isomorphism and that v € C*(F) when f € CT(F). Moreover if u(z) = 0,
then

@) = £4(00(a) = = [ elay)ut) dy <0
and hence f(z) = 0. |

The monotonicity property of the operator £, showed in Proposition 4.1,
can be interpreted as, and in fact is equivalent to, a weak minimum principle
for the difference operator £,. We next show that such property is in fact
a strong minimum principle. Before describing the results we must point
out that, unlike the continuous case, in the discrete setting concepts such as
interior, boundary and closure of a set have geometrical nature. So, we can
consider two types of boundaries associated with a set F', its vertex or exte-
rior boundary d(F') and its interior boundary, §(F°). Both boundaries have
been considered in the literature, depending on which set plays the role of
open set. The first case correspond to consider F' as an open set, see for

instance [4, 9], whereas in the second one this role is played by F', see for
instance [12, 15]. The Second Green Identity and the fact that FN§(F) = ()

whereas F' UJ(F') # F in general, are some of the reasons why we prefer
the exterior boundary formulation. However, in the following results both
types of boundaries will be considered.
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Proposition 4.4 (Minimum principle) Suppose that ¢ = q, and let F' be a
proper connected subset. If u € C(F') is such that L,(u) >0 on F, then

Moreover, the first inequality is an equality iff u coincides on F with a mul-
tiple of o.

Proof. To prove the first inequality, let

mzﬁsﬁ){%}

and consider w = v —mo|,. Of course, L,(w) = Ly(u) >0 on Fand w > 0
on F° which implies w > 0 on V', by Proposition 4.1. Therefore,

m=min<{ —= 5.
vl | o(x)
Repeating the same argument for the set H =F" and for the function uj,

and keeping in mind that F' = 0(F°)U F and that 6(F) C 6(F€) we get the
second inequality.
On the other hand, if we consider
woou

V= —=—=—m,
o o

then v > 0 on F. Moreover, if 2* € F is such that m = Zgg, it follows
v(z*) = 0. Reasoning as in Proposition 4.1, we get v(z) = 0 for each z € F
such that z ~ z*. Iterating this argument, we conclude that v = 0 on F,

since F' is connected. [ |

Of course an analogous result is satisfied for the maximum values of
functions u € C(V') such that £,(u) < 0 on F. The following result combines
both cases and it is a discrete analogue of the maximum and minimum
principles for functions such that £,(u) = 0.

Corollary 4.5 Suppose that ¢ = q, and let F' be a proper connected subset.
If w e C(F) is such that L,(u) =0 on F, then the following properties hold:

(i) For all z € F, Zg(lsi(%) {ZE?} < % < ZI&%{) {%} and either of the

two inequalities is an equality iff u coincides on F with a multiple of o.

3 o Ju u(x) u(z)
(i) For allx €F, min, {a<z>} = o =0 {0<Z>}'
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We must observe that the minimum principle for discrete Schrédinger op-
erators, studied in the above proposition, is sharper than its continuous
analogue, since in the continuous case the 0-order term must vanish whereas
in the discrete setting the condition is ¢ = ¢,. In particular, when F' # V we
know that there exists o € C*(V') such that ¢, < 0 on F. So, the minimum
principle in the discrete case can be verified for Schrodinger operators with
suitable negative 0-order terms.

Now, we prove the minimum principle when ¢ > ¢,. We remark that
although the results are analogous to those of the continuous case, we can
not employ the same techniques that in [13], because they are based on
continuity arguments.

Proposition 4.6 (Hopf’s minimum principle) Consider F' a non empty
connected subset and w € C(F) such that L,(u) > 0 on F and suppose
that there exists x* € F' such that

wa) = min _u(x) .

o(z*)  aecF |o(2)

Then u coincides on F with a non positive multiple of o, L,(u) =0 on F
and either u =10 or q =q, on F.

u(z*) <0 and

Proof. Taking in mind the expression (2.1) for £,, we have that
Ly(u)(z”) <0
and therefore, £,(u)(z*) = 0. This implies that

)
uly) _ u(z)

a(y)
(

and either u(z*) = 0 or ¢(z*) = ¢,(2*). The result follows by reasoning as
in Proposition 4.1. [ |

for all y ~ x*

Under the above conditions, when F' = V', hypothesis H2 implies that
© = 0. On the other hand, by applying the Hopf’s minimum principle to —u,
it is easy to conclude the Hopf’s maximum principle, that is if u € C(F) is
such that £,(u) < 0 on F, then the maximum value of % on F can not be
attained at F if it is positive, except when u is a non negative multiple of o.

The general minimum principle can be obtained as a consequence of
Hopf’s minimum principle. Before proving it, we show that the sets of
supersolutions and subsolutions of the equation L£,(u) = 0 are closed by
taking min and max respectively.
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Lemma 4.7 Given u,v € C(V'), consider the sets

Fyr={z eV :Ly(u)(x)ALy(v)(x) >0} and
Fy={z eV :Ly(u)(z)V Ly(v)(z) <0}

Then, Ly(uAv)(z) >0 for all x € Fy and Ly(uV v)(x) <0 for all x € F.
Proof. It suffices to note that when u(z) < v(zx), then

Lunv)(z)>Ly(u)(z) and L,(uVo)(r) < Ly(v)(x). [

Corollary 4.8 Let F be a proper subset of V, u € C(F) such that L,(u) > 0
on F. Then,

~ [uAn0 (U . [uAnO (U
min < min {—} and min < min {—} .
3(F) o F (o 5(F°) o o Lo

F

Proof. If v = u A0, then from the above lemma we get that £,(v) > 0
on F'. Since v < 0 on V, by applying the Hopf’s minimum principle to each
connected component of F we obtain that

. v . v . U . v . v . U
mln{—} < mln{—} < mm{—} and min {—} < mm{—} < mm{—},
sy Lo F o F o s(Fe) Lo 5 \o s \o
where we have also used that u A0 < u. [ |

Of course when £,(u) < 0, an analogous property holds for the maximum

value of v on F and on F replacing u A 0 by ut. Moreover, the result is
more accurate for solutions of the equation £,(u) = 0.

Corollary 4.9 Let F be a proper subset of V and u € C(F) such that
L,(u) =0 on F. Then,

ul ul [u]
max < max < max .
2 o S(Fe) | o s(F) | o

Proof. Since |u| = —u V u and uw and —u are both subsolutions, then
applying Lemma 4.7 we get that £,(Ju|) < 0 on F. Since |u| € C*(V), the
result follows from Hopf’s maximum principle. [ |

In the following result we show that the minimum principle implies the
monotonicity of £,. Moreover, we can also precise the last conclusion of
Corollary 4.3.
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Proposition 4.10 ConsiderueC(F) such that Ly(u) > 0 on F. Ifu(z)> 0
forallz € §(F), thenwu € CY(F). In addition, if H is a connected component
of F, either u =0 oru >0 on H.

Proof. The case F' =V follows straightforwardly. So, we suppose that F
is a proper subset. Applying Corollary 4.8, we get that v € CT(F) and
therefore u € C*(F). Moreover when H is a connected component of F,
if u(z*) = 0 for some z* € H, then v = 0 on H by applying the Hopf’s
minimum principle to H. [

We conclude this section obtaining a generalization of the well-known
Condenser principle, that in its classical version is closely related to the
theory of Dirichlet Forms. The case when o is a constant function, that is
when ¢ € CT(V), was studied in [5].

Proposition 4.11 (Condenser principle) Let F be a proper subset of V,
{A, B} a partition of 6(F) and u € C(F) the unique solution of the following
boundary value problem

Ly(u)(x) =0, if xeF,
u(z) =o(x), if x €A,
u(z) =0, it z € B.

Then, 0 <u <o onV, L,(u) >0 on A and L,(u) < 0 on B. Moreover,
if H is a connected component of F, then uw > 0 on H when §(H) N A # (),
uw=0 on H when §(H)NA =10, u <o on H when either 6(H) N B #
or ¢ # q, on H and w = o on H when 6(H)NB =0 and ¢ = ¢, on H,
simultaneously.

Proof. When A = () necessarily u = 0 since F'° # (), and then the result
follows. Suppose now that A # 0 and consider f = —Ly(0,)),- Then,
u = v+ 0], where v € C(F) is the unique solution of the equation £,(v) = f
on F'. Since for all z € F,

fa) = / () o(y) dy.

it follows that f € CT(F) and hence v € CT(F'), which implies that u > 0.
On the other hand, consider w = ¢ — w. Then, w > 0 on F*, L, (w) =
(¢ — ¢») o >0 on F and hence v < 0. On the other hand, we have

L,(u)(x) =— /V c(x,y)uly) dy <0, for all z € B,
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whereas
Ly(u)(z) = /VC(% y) (o(y) —u(y)) dy + (¢(z) — go(2)) o(x) >0

for all # € A, by equality (2.1).

Finally, if H is a connected component of F', then applying the above
proposition it follows that either u =0 or v >0on H. If u =0 on H, then
for all x € H we get that

L(u)(z) = — / () o(y) dy,

which implies that necessarily 6(H) N A = (). That u < o on H when either
d(H)N B # 0 or q # q, on H, is deduced in the same way considering now
the function v =0 — u. |

Under the hypotheses of the above proposition, F' is called condenser
with positive and negative plates A and B, respectively and the boundary
value problem is called the condenser problem corresponding to F. More-
over, we say that the condenser is connected if F' is a connected subset.
Observe that in the conditions of the condenser principle, when x € A, then
Ly(u)(zx) = 0iff ¢g(z) = ¢y(x), d(z,B) >1landu=con{y € F :y ~ z},
whereas when z € B, then L (u)(z) = 0 iff d(A,2) > 1 and v = 0 on
{y € F:y~ x}. Also, it is true that if H is a connected component of F,
then £,(u) > 0on §(H)NA when §(H)NB # () and L£,(u) <0on o(H)NB
when 6(H) N A # (.

Corollary 4.12 If F is a connected condenser and w is the solution of the
corresponding condenser problem, then 0 < u < o on F, Ly(u) > 0 on the
positive plate and L,(u) < 0 on the negative plate.

Next we introduce a concept that is closely related with the condenser
problem in the case ¢ = q,, namely the effective resistance between two
non empty subsets. Fixed o € C*(V), consider A, B two disjoint nonempty
subsets of V' and u the unique solution of the boundary value problem

L, (u)(x)=0, if zeV\{A, B},
u(z) =o(x), if z€ A,
u(z) =0, if x e B.

Observe that when §(V '\ {A, B}) = AU B, then V is a condenser with
plates A and B. In this case, the positive plate, A, is called source and
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the negative plate, B is called the sink. In any case, the same arguments
that in the proof of the condenser principle show that 0 < u < o on V|,
L, (u) > 0on Aand £, (u) <0 on B. Moreover, if H is a connected
component of V'\ {A, B}, then u > 0 on H when §(H)N A # 0, u =0 on
H when 6(H)NA=10,u < oon H when §(H)NB # () and u = ¢ on
H when §(H) N B # 0. In addition, when x € A, then £, (u)(z) = 0 iff
d(z,B) >1and u =0 on {y € V\{A,B}:y ~ z}, whereas when z € B,
then £, (u)(z) =0iff d(A,z) > 1landu=0on {y € V\{4,B}:y ~ x}.
It is also true that if H is a connected component of V' \ {A, B}, then
L, (u)>0o0nd6(H)NAwhen 6(H)NB # () and £, (u) <0on o(H)NB
when 6(H) N A # ().

The effective conductance between A, B, with respect to o, is defined as
the value C,(A, B) = &,, (u,u). Clearly, C,(A, B) > 0, otherwise, u = ac
and hence u can not verify u = 0 on B and v = ¢ on A simultaneously.
The effective resistance between A and B, w.r.t. o, is defined as the value
R, (A, B) = C,(A, B)~!. The effective conductance, and hence the effective
resistance, is a symmetric set function, that is, C,(A, B) = C,(B, A) since
& (u,u) =&, (0 —u,0 —u). So, it is irrelevant which set acts as the source
and which set acts as the sink.

On the other hand, applying the Dirichlet principle we obtain that

CU(A,B):min{ng(v,v):v:a on A and v=0 on B}

and moreover,

CU(A,B):/u[,qo(u) da::/a[,qg(u) dz = —/Bac%(u) dz.

Vv A

The special case ¢ = 0, that is when ¢ = 1, and both A and B consist
of a single vertex has been extensively treated in the literature. Now, defin-
ing R,: VxV — (0,400) as R,(x,y) = R,({z},{y}) when = # y and
R,(z,x) = 0, it follows that R, is a symmetric function. Moreover, if u is
the unique solution of the boundary value problem £, (u) =0 on V' \ {z,y},
u(z) = o(x) and u(y) = 0, then

1= o(z) Bo(2,y) Ly, (u)(2)

and hence )
R, (z,y) Ly, (u) = p (€x — €y) onV.

We conclude this section with a generalization of a classical result, see for
instance [7].
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Proposition 4.13 Consider z,y €V and v € C(V) any solution of the Poisson
equation

1
Ly, (v) = s (€2 — 5y)-
Then
R, (z,y) =&, (v,0) =

Proof. Clearly, v = R,(x,y) u+ao with a € R, where u satisfies £, (u) =0
on V\ {z,y}, u(x) = o(x) and u(y) = 0. This implies that

& (v,v) = Rg(x,y)2€qc(u, u) = Ry(z,9).

Moreover, since u(y) = 0 and u(z) = o(x), necessarily a = % and hence

P )

o(z) o(y) _

5. Green and Poisson kernels associated with Schro-
dinger operators

In this section we assume that hypothesis H1 is always satisfied and then,
we build the kernels associated with the inverse operators which correspond
either to a semihomogeneous Dirichlet problem or to a Poisson equation. In
the same way that in the continuous case, such operators will be called Green
operators and we will show that they are integral operators. In addition,
for any proper subset, we will also consider the kernel associated with the
inverse operator of the boundary value problem in which the equation is
homogeneous and the boundary data is prescribed. Such integral operator
will be called Poisson operator.

Here, we study the properties of the above-mentioned integral operators.
Firstly we establish the basic notions about integral operators and their as-
sociated kernels. Then, we prove the existence and uniqueness of Green and
Poisson operators for each proper subset F', we show some of their prop-
erties and we build the associated Green or Poisson kernels. On the other
hand, under hypothesis H2 we make an analogous study for the Green op-
erator for V. Moreover, we extend this work to the singular case, that is,
when F' = V and ¢ = ¢, simultaneously and we construct all the Green
operators that represent generalized inverses of the problem. In particular,
we concentrate on the so-called orthogonal Green operator. Finally, we ex-
tend the results on monotonicity of Green kernels with respect to monotone
variations of the 0-order term proved in [20] by M. Yamasaki.
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We start introducing some concepts about kernels and integral operators.
We remark that if F7 and F, are non empty subsets, C(F} x F,) denotes the
set of functions K € C(V x V) such that K(z,y) = 0if (x,y) ¢ Fy x F.

If F'is a non empty subset of V, any function K € C(F x F') will be
called a kernel on F. Of course, if ' C H, then each kernel on F' is also a
kernel on H.

If K is a kernel on F', for each z,y € F' we denote by K* and K, the
functions of C(F') defined by K*(y) = K,(z) = K(z,y). Moreover, when F
is a proper subset and K is a kernel on F, for each x € §(F) and each y € F,

we denote by
0K 0K,
(%) (x,y) the value ( o ) (x),

whereas for each x € F' and each y € 6(F) we denote by

(g_i) (z,y) the value <8;§x> (y)-

If K is a kernel on F, we define the integral operator associated with K
as the endomorphism K: C(F) — C(F’) that assigns to each f € C(F'), the
function

K(f)(z) = /FK(x,y)f(y) dy  forallze V.

The relation between kernels, integral operators and endomorphisms of
C(F) is given by the following result. Its first part can be seen as a discrete
version of the Schwartz’s Kernel Theorem, because the natural identification
between C(F') and its dual space.

Proposition 5.1 (Kernel Theorem) Each endomorphism of C(F) is an in-
tegral operator associated with a kernel on F' which is uniquely determined.
Moreover, if K is an integral operator on F', K 1is its associated kernel and
A is a non empty subset of F, then the following statements hold: K 1is
self-adjoint iff K is symmetric, that is K(x,y) = K(y,z) for all z,y € F,
Img KL CC(A) iff K e C(AxX F) and C(F\ A) C ker K iff K € C(F x A).

Proof. It is clear that if K is the integral operator associated with the
kernel K then K, = K(g,) for all y € F. Conversely, if K is an endomor-
phism of C(F') and we consider the function K: F x F — R given by
K(z,y) = K(gy)(x) for each z,y € F, then K is a kernel on F' and K is
the integral operator associated with it. In addition, if K is a self-adjoint
operator, then for all x,y € F' it must be satisfied that

K(z,y) = K(gy)(2) =/ ex K(ey) dz =/ ey K(ez) dz = K(e)(y) = K(y, @)

F F
and hence, K is symmetric.
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Conversely, if K is symmetric, then for all f,g € C(F) it is verified that

/glC da:—// f(y)dyda
//f dxdy_/flc

and hence K is self-adjoint.

On the other hand, let K be an endomorphism of C(F'), K its associated
kernel and A a non empty subset of F. If K € C(A x F), then for each

fecC(r),
:/K(:my)f(y)dy:O, forallz ¢ A
F

and hence K(f) € C(A). Conversely, if ImgKC C C(A), then K(x,y) =
K(ey)(x) =0 for all y € F and = ¢ A which implies that K € C(A x F).

Finally, if K € C(F x A), then
:/K(:c,y)f(y)dy for all z € F
A

and f € C(F) and hence K(f) = 0 when f € C(F \ A). Conversely, if
C(F\A) C kerK, then K(z,y) = K(gy)(x) =0forallx € Fand y ¢ A
which implies that K € C(F x A). |

Observe that since C(A) C C(F) when A C F, the Kernel Theorem
implies that each linear operator : C(F) — C(A) is identified with an
integral operator whose kernel K satisfies that K € C(A x F'). In addition,
if £: C(A) — C(F) is a linear operator, then defining IC(f) = K(f),) for
all f € C(F), the operator has been extended to an endomorphism of C(F'),
that we continue calling K, such that C(#\ A) C ker K. Therefore K is an
integral operator whose kernel K satisfies that K € C(F x A).

Now we are ready to introduce the concepts of Green and Poisson opera-
tors and kernels. Firstly, we consider the case in which F'is a proper subset
of V. Recall that in this situation, hypothesis H1 implies that for each
f € C(F) and each g € C(§(F)) there exists a unique function u € C(F)
such that £,(u) = f on F' and u = g on 6(F). In particular, for each
f € C(F) there exists a unique function u € C(F') such that L,(u) = f
on F', whereas for each g € C(6(F)), there exists a unique function u € C(F)
such that £,(u) =0 on F and v = g on §(F).
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Definition 5.2 Let F' be a proper subset of V.. We call the endomorphism
G of C(F) that assigns to each f € C(F) the unique function G¥'(f) € C(F)
such that L,(G"(f)) = f on F the Green operator for F.

We call the linear operator P¥: C(6(F)) — C(F) that assigns to each
g € C(6(F)) the unique function P¥(g) € C(F) such that L,(P¥(g)) = 0
on F and P¥(g) = g on §(F) the Poisson operator for F.

Of course, the Green operator for F' is an isomorphism of C(F') whose
inverse is £,. In the following result we investigate formal properties of the
Green and Poisson operators.

Proposition 5.3 If F' is a proper subset of V, then the Green and the
Poisson operators for F are formally self-adjoint in the sense that

/ 9G¥ (f)dy = / fG (g)dy, forall f,geC(F),
F F

/ gP (Ndy= | fPF(g)dy, forall f,geC(O(F)).
S5(F) 5(F)

In addition, if N¥': C(6(F)) — C(F) is the linear operator given by

NT(g) = L(9)),

then P =T — GF o N, where T denotes the identity operator on C(6(F)).

Proof. Given f,g € C(F), consider u = G¥(f) and v = G¥(g). Then
u,v € C(F) and Ly(u) = f and L,(v) = g on F. In addition since [P] is
formally self-adjoint we get that

[ a6 y= [ut,in= [ veway= [ 16" @y

On the other hand, P is self-adjoint since it coincides with the identity
operator on C(6(F)). Finally, if g € C(6(F)) and we consider u = PF(g),
then w is the unique solution of the boundary value problem L,(u) = 0
on F' and w = g on 6(F). This problem is equivalent to the semiho-
mogeneous one L,(v) = —L,(g) on F with v € C(F) and hence u =
g—G*(L4(g))). The result follows taking into account that £,(g)|, = £(9)|»
since supp(g) C 6(F). ]

By the Kernel Theorem and the subsequent remark, the Green and Pois-
son operators for F' are integral operators on F' and F', respectively, so we
can introduce the following concepts.
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Definition 5.4 If F is a proper subset of V', we call the Green and Poisson
kernel for F' the kernels associated with the Green and Poisson operators
for F, respectively. They will be denoted by G¥ and PF.

It is clear that the last conclusion of the Kernels Theorem implies that
GY € C(F x F) and PF € C(F x 6(F)). Moreover, if f € C(F) and
g € C(6(F)), then the functions given by

u(z) = / G (2,y) f(y)dy and v(z) = /6(F)PF<x,y>g<y>dy, reF,

are the solutions of the semihomogeneous boundary value problems £,(u) =
fonF,u=0o0nd(F)and L,(v) =0o0n F and v = g on 6(F), respectively.
In particular, for each g € C(6(F')) we have that

g(z) = / P (x,y) g(y) dy for all z € §(F).
5(F)

So, 1 = f&(F) PE(z,y)dy for all z € §(F) and o(z) = fé(F) P (z,y)o(y) dy
for all x € F when ¢ = q,.
Now, the relation between an integral operator and its associated kernel

enables us to characterize the Green and Poisson kernels as solutions of
suitable boundary value problems.

Proposition 5.5 Let F be a proper subset of V and G € C(F x F) and
PF € C(F x§(F)) the Green and Poisson kernels for F. Then for ally € F,
the function G} is characterized by Ly(G]) =, on F and for all y € §(F),
the function P, is characterized by Ly(P,") = 0 on F and P} = ¢, on 0(F).

Moreover, G is symmetric on F,

LY) = gy(2) o (x,y) forallz € F and y € 0(F)

PF

on

is symmetric on §(F), that is

(%i:) (2.1) = (aai:) (y,2)  for all z,y € 5(F).

Proof. The symmetry of G follows directly from the Kernel Theorem.
Moreover, for each y € F, G = G (g,) and hence L,(G}) = €,. In the same
way if y € 0(F), then P = P¥(g,) is the unique solution of the boundary
value problem Ly(Pf) =0 on F' and P = ¢, on 6(F). Fixed z,y € 6(F)

and
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if we consider the functions u = P} and v = P[’, then L,(u) = Ly(v) = 0
on F' and applying the Second Green Identity

opPF ou ov oOPF
( o ) (x,y) = /S(F)v%dz = /J(F)u%dz = (W) (y,x)

F

and hence is symmetric on §(F).

On the other hand, the last part of Proposition 5.3 implies that PyF =
e, — G (L(gy)), for all y € §(F). Since for all z € F,

£(e,)(x) = / (. 2) (2y(x) — 2y(2)) dz = —c(, 1),
we get that for all z € F', and all y € 6(F),
GF(L(2)),)(2) = - / Pz, 2) ez, y) dz

= [ e(y,2) (GF(z,y) — GF(z,2)) dz = 0cT (7).
froa -t (L)en.

The relation between the Green and Poisson kernels given in the above
proposition was obtained in [4], for the case in which ¢ is non negative by
using the same technique.

It will be useful to extend the Poisson operator for F' to the linear oper-
ator KI': C(F¢) — C(V') that assigns to any g € C(F°) the unique solution
of the boundary value problem £,(u) =0 on F and u = g on F*°. Of course,
K is an integral operator which kernel satisfies K € C(V x F¢). Now for
all y € F°, K[ is characterized by equations L(K)) =0on F and K" = ¢,
on F°. Therefore, K| = P! for ally € §(F) and the solution of the previous
boundary value problem is given by

w(z)= | K"(x,y) g(y) dy=g(x) 1, (2) +/5(P)F(x,y)g(y) dy, for all z € V.
Fc F

In the sequel we will identify X" and K*', with the Poisson operator and the
Poisson kernel for F, and we will use the notations P¥ and P¥ for them,
respectively.

Next, we define the concept of Green operator and Green kernel when
F =V both in the case q¢ # ¢, and ¢ = q,. For this, we will consider the
vectorial subspace V = ker(L,) and 7 the orthogonal projection on it. Of
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course, V) is trivial and hence m = 0, when ¢ # ¢q,. Otherwise, V is the
subspace generated by o, and hence

w(f) = 2 /Vafdx.

o2

Recall that in any case, £, is an isomorphism of V*. Moreover, for each
f € C(V) there exists u € C(V') such that £,(u) = f —n(f) and then u+V
is the set of all functions such that £,(v) = f — 7 (f).

Definition 5.6 We call any endomorphism G of C(V') that assigns to each
f e C(V) a function G(f) € C(V) verifying that L (G(f)) = f —x(f) a
Green operator for V. Moreover, we say that G is orthogonal if §(f) €V,
for all f € C(V).

We call the kernels associated with Green operators for V' the Green
kernels for V.. They will be generically denoted by G.

It is clear that in any case there exists a unique orthogonal Green oper-
ator for V. It will be denoted by G and it is an isomorphism of V*, inverse
of £,. In particular, when ¢ # ¢, there exists a unique Green operator
for V' and therefore it coincides with the orthogonal Green operator for V.
Since in this case ¥V = {0}, the Green operator is an isomorphism of C(V').
The kernel associated with the unique orthogonal Green operator for V' will
be called the orthogonal Green kernel for V and will be denoted by G.

Proposition 5.7 Ifg 1s any Green operator for V', then
/gé(f)dxz / fG(g)dx  forall f,g € V"
1% 1%

Moreover, the orthogonal Green operator for V' is self-adjoint, that is

/gg(f)dwz/fg(g)dw for all f,g € C(V).
174 1%

Proof. Let f,g € V* and consider v = G(f) and v = G(g). Then
L,(u) = f, L,(v) = g and since L, is self-adjoint, then

/Vggg)dx:/vuﬁq@)dx:/Vvﬁq(u)dx:/‘/fg(g)dx.

Consider now f,g € C(V), u = G(f) and v = G(g). Then u,v € V*,
L4w) = f = 7(f), Lq(0) = g - 7(g) and hence

/Vgg(f)dx:/v(g—ﬁ(g))ud:c:/v uﬁq(v)d:c:/vvﬁq(u)dx

=/V(f—w<f>>vdx= [ ratg)ax
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If G is a Green kernel for V, then G € C(V x V) and if f € C(V) then

the function given by

u(z) = /V@(:c,y) fly)dy forallz eV

is a solution of the Poisson equation £,(u) = f—n(f). In addition, if G=aG,
then wu is the unique solution in V*. The relation between an integral op-
erator and its associated kernel enables us again to characterize the Green
kernels for V' as solutions of suitable boundary value problems.

Proposition 5.8 For all y € V, the function G, is characterized by equa-
tions

L,(G,)=¢,—ao(y)o and a/ oGydr =0,
v

where a = 0 if ¢ # ¢ and a = ||o||,;? if ¢ = q,. Moreover, G is symmetric
and G is a Green kernel for V iff there exist T € C(V') such that

G=G+o®T.
In addition, G is symmetric iff T is a multiple of o, that is iff
G=G+bo® o,
where b € R.
Proof. In any case, for all yeV, éy :Q~(€y) and hence Eq(éy) =e, — m(gy).
When g # q,, then 7 = 0, whereas when ¢ = ¢,, then

o o(y)
m(ey) = —=| og,dxr = —5 0.
) = e, 7o = ol
When G = G, it must be also satisfied that G(e,) € V1, that is
/aGyd:E:(] forally e V.
1%

Moreover GG is symmetric since G is self-adjoint.
Suppose that ¢ = ¢, and consider G any Green kernel for V. Then, for
all fecC(V)
| (e - Ga) sy e v.
1%

In particular, taking f = ¢, for each z € V', we get that there exists 7(z) € R
such that G(z,2) = G(x,2) +7(2) o(z) for all z € V. Since G is symmetric,
it results that G is symmetric iff o(z) 7(y) = o(y) 7(x) for all 2,y € V, that
is iff 7 is a multiple of o. [ |
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Now, we are going to establish new relations between Green and Poisson
kernels. With this aim, if F' is a nonempty subset, it will be useful to consider
for each y € F the set F, defined as follows:

(1) If F is a proper subset and y € 0(F), F, is the set of vertices of F' that
are in the connected component of F'U {y} containing y.
(2) If y € F, F, is the connected component of F' containing y.
Observe that in both cases, (1) and (2), §(F,) C 6(F) for all y € F. More-
over, in case (1), F), is not necessarily a connected set but y € §(H), for any

connected component H of Fy. On the other hand, when F' is connected,
then F,, = F for all y € F'.

Proposition 5.9 For all y € 6(F) it is verified that
o
a(y)
Ly(P)) <0 ond(F)\{y}  and  Ly(P))(y)>0,

0< P/ < onF,,  PI'=0 onF\F,

except when F' = V\{y} and q = q, simultaneously, in which case Pf = @

and hence Eq(PyF)(y) = 0. In addition, if H is a connected component of F,
and either |0(H)| > 1 or ¢ # q, on H, then PyF < =% on H, whereas if

a(

0(H) ={y} and q = q, on H simultaneously, then P} = sy on H.

|

Proof. Lety € §(F) and consider the sets A = {y} and B = 6(F)\{y} and
the function u = o(y) P)". Then u is the unique solution of the condenser
problem for F' with plates A and B. Therefore, 0 <« < o on F,, u =0 on
FA\ By, £,(u)(y) = 0, L,(u) <0 on §(F)\ {y} and £,(u) < 0 on 6(F,)\ {}
since §(H) N A # () for any connected component of F,. Moreover,

SHYNB#0 iff [5(H)| > 1,

so the last conclusion follows from the condenser principle.
Finally, since

@mwdwzﬁgwmm:&mw

we get that £,(u)(y) = 0 iff either u = 0 when ¢ # ¢, or v = ao when
q = ¢,. Since u(y) = o(y) > 0 and u = 0 on F°\ {y}, it results that
L,(u)(y) > 0 except when ¢ = ¢, and F' =V \ {y} simultaneously. |

For the sake of completeness, the Green kernel for V' will be denoted
by GV in the following proposition.
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Proposition 5.10 Let F' be a non empty subset of V and suppose that
hypotheses H1 and H2 are in force. Then, for all y € F it is verified that

e o
F pF\yy = v d 0<GF<GF(y) — F.
G,(y) >0, P, G W) and 0< G, <G, (y) o on

Y

ag

Moreover, G5 = 70w iff F =V and ¢ = acy + q, with a > 0, simultane-
ously. Otherwise, Gg =0on F\F, and

F F o
0<G, <Gy(y)@ on F,\ {y}.
Proof. From the characterization of Gg and Corollary 4.3, we obtain that
0 <G} on F and moreover, GJ'(y) > 0, for all y € F.

For fixed y € F', the function u = % G} satisfies that u(y) = 1, u =0
on 0(F) and L,(u) = ¢, on F, which implies that £,(u) = 0 on F\ {y},
u=0ond(F\{y}) \{y} and u(y) = 1 and therefore u = phw}

Finally, keeping in mind that if H = F\{y}, then §(H,) = {y} if F =V,
the rest of claims are deduced directly from the properties of the Poisson
kernel given in the above proposition. [ |

Corollary 5.11 Consider F' a non empty and connected subset and suppose
that hypotheses H1 and H2 are in force. Then, for ally € F, G5 18 strictly
positive, %G; takes its mazimum value at {y} and such a mazimum is
strict except when F =V and q = q, on V' \ {y} simultaneously, in which
case %GF 1S constant.

We finish this section by proving the announced monotonicity properties
of Green kernels w.r.t. to the 0-order term, which generalize those obtained
in [20]. Of course, these properties can be easily reformulated in terms of
Poisson kernels since both types of kernels are related by the expressions
given in Proposition 5.10.

Proposition 5.12 Let F' be a non empty subset of V and suppose that
hypotheses H1 and H2 hold. Then

F
/‘/qudxgl forally e F,

with strict inequality when F' # V. In addition if {qx}32, satisfy that qx | q
(respectively qr T q with ¢ > ¢, and q1 # q» when F =V ) and for all
k € N*, GI denotes the Green kernel for F associated with the operator L, ,
then GE 1 GT' (respectively GE | GT').
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Proof. Fixed y € F, if v = G, then v € C*(F). Therefore, if F is a
proper subset then £,(v) < 0 on F° and necessarily £,(v)(z) < 0 for some
x € 6(F). On the other hand,

/FGgq dr = /F(ey—ﬁ(v)) dr = 1—/‘/E(v) d$+/5(F§(U) de =1+ 6(F§<U> dx

and the first claim follows observing that the value of |, 5(F) L,(v)dz is zero

when F' =V and strictly negative otherwise.
Now, for each k € N* consider v, = G}, and take u = GZ for fixed
x € F. Then applying the Second Green Identity, we obtain that

vk(x):/Fﬁq(u)vkdz:/Fuﬁq(vk)dz:/Fuﬁ(vk)dz—l—/Fquvkdz,

u(y):/Fﬁqk(vk)udz:/Fﬁ(vk)udz—k/qukudz.

F

Taking into account that
u(y) = G (y.x) = G"(z,y) = v(x),

from the above identities we obtain that
v(x) —vp(z) = / (g — q) v udz.
v

When g, | ¢, Corollary 4.2 assures that v > vpi1 > vg. Moreover, if
a > 0 is such that GF < o, then u,v < a and hence

0 <v(z) —vp(z) < a? /V(q;€ —q)dz,

which implies that v, T v.

When g T ¢, then hypothesis ¢1 > ¢, with ¢ # ¢, if FF =V, ensures
that GI" makes sense for all k. Moreover applying again Corollary 4.2 we
obtain that v < v, < vi_;. Therefore, if o > 0 is such that Gf < a, then

0< ue) ~ o) <o [ (400
v
which implies vy | v. |

The first claim in the above proposition is also true for any Green kernel
when F' =V and ¢ = ¢, simultaneously, since in this case

/éngdxz/ <€y—Ly)20) dx—/ﬁ(éy)d:pzl—U(yl/adx<1.
14 14 ol 14 el Jv
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6. The kernel associated to a Schrodinger operator

As we have shown the discrete Schrodinger operators are difference operators
verifying analogous properties to those satisfied by self-adjoint second order
elliptic operators. In particular, they have associated quadratic forms and
resolvents or Green kernels. The aim of this section is to treat the discrete
Schrodinger operators from another point of view, which does not seem
to have a continuous counterpart. Since any Schrodinger operator, £, is
an endomorphism of C(V), from the Kernel Theorem it can be seen as an
integral operator whose associated kernel is given by L,(z,y) = L,(ey)(2)
for all z,y € V. Therefore, L,(z,y) = —c(z,y) if v # y and Ly(z,z) =
k(z) + q(x) and hence

L,(u)(x) = /‘/Lq(:c,y)u(y) dy forall wecC(V).

By considering the kernel L, we build a Potential Theory with respect to
it. Of course the kernel L, must satisfy some properties that justify this
new point of view. For that, we assume again that hypothesis H1 holds.
In particular, the principles satisfied by L, will allow to build the so-called
equilibrium measures. The fundamental result of this section consists of ob-
taining systematically explicit expressions for the Green and Poisson kernels
by means of equilibrium measures. Therefore, the obtained results appear
as a generalization of those given by authors in [4, 5] when ¢ € CT(V).

To develop a Potential Theory w.r.t. the kernel L,, we next introduce
some concepts and notations within this framework. Here we will make
an extensive use of the natural identification between functions and Radon
measures on V', since the underlying space, V, is finite. So, for each u € C(V)
we call mass of u the value

|ul| = / udx
1%

and for each non empty subset F', we denote by
MY(F) ={ueC™(F): |u] =1}.

In addition, we call potential and energy of u (w.r.t. L,) the function and
the value given respectively by

Eq(u)(x):/qu(x,y)u(y) dy and /Vﬁq(u)udx.

Clearly, for each u € C(V'), the energy of u coincides with the value &,(u, u).
Now we investigate on the properties satisfied by the potentials and by the
energy w.r.t. the kernel L.
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Proposition 6.1 (Energy principle) The energy is an strictly convez func-
tional on M (V).

Proof. Observe that the verification of the energy principle is equivalent
to the property &,(u — v,u — v) > 0 for each u,v € M (V), with equality
iff w = v, that is, it is equivalent to the positive definiteness of &, on the
subspace of functions with null mass.

From Corollary 3.4, &, is positive semidefinite on C(V') and positive def-
inite when ¢ # ¢,. Moreover, when ¢ = ¢,, &,(w,w) = 0 iff w = a0 with
a € R and hence a = 0 when ||w|| = 0. |

By applying Corollary 4.3 to the case f = 1,., we get the following result.

Proposition 6.2 (Equilibrium principle) Let F' be a non empty subset of V
and suppose that hypothesis H2 is also verified. Then, there exists a unique
vl € CT(F) such that L,(v") =1, on F. In addition, supp(v’') = F.

Under the hypotheses of the above proposition, v will be called the equi-
librium measure for F (w.r.t. L,) and it is clear that &,(v*,v") = ||v7]].
Observe that each proper subset of V' has an equilibrium measure w.r.t. L,
whereas V' has an equilibrium measure only when ¢ # ¢q,. Moreover, it is

easy to verify that

0 =1, ([t wan) 1,

for any proper subset F'.

Next, we calculate the equilibrium measure for some simple cases. If
F = {x}, then its equilibrium measure must be a positive multiple of &,.
Moreover, since L,(e,)(x) = k(x) + ¢(z) we get that

1

{l‘}_
v =
k+q

Eq.

On the other hand, if ¢ # ¢,, then the equilibrium measure for V' is a positive
multiple of o, say vV = ao, iff ¢ = ¢, + #, because L,(0) = (¢ — ¢») 0.
In particular, the equilibrium measure for V' is constant iff ¢ is a positive
constant and in this case, vV = 1. Other not so elementary examples as
the equilibrium measures for proper subsets of cycles, paths and complete

graphs when ¢ = 0, can be found in [3].

We pay special attention at the equilibrium measures for sets with cardi-
nality n — 1 because they are important in applications. So, for each x € V
we will denote by v, the equilibrium measure for F' = V' \ {z}. Sometimes,
we can determine the explicit value of v,, for instance this is the case of
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distance-regular graphs which has been used at the beginning of this paper.
In any case, we have that for all x € V,

o+ (£4(0)(2) 1) o (2) :/V/;q(yz) o dy :/V.cq<a) Ve dy :/Vyma(q—qg) dy
and therefore,

L) =1= 1 ([ veota=ayds + ol <.

o
In particular, when ¢ = ¢,, we have that

ol

qu(yx) =1- 7€I'

The last property of kernel L, we analyze here is related to the maxi-
mum value of its potentials. We emphasize that this property must not be
confused with the maximum principle for £, as an operator (Corollary 4.5).

Proposition 6.3 (Frostman’s maximum principle) For all non-zero u €

C*t(V), we have

max{Ly(u)(z)} = max {Ly(u)(@)}.

eV z€Esupp(u)

Proof. Consider a non-zero u € CH(V). If x ¢ supp(u) we get that
L,(u)(xz) <0, since v is non negative. On the other hand, if x* € supp(u) is

such that .
) e (0]
O'(ZE*) yEsupp(u) O'(y)

then £,(u)(2*) >0 from expression (2.1) and therefore, the result follows.

In the framework of Potential Theory, the equilibrium principle is often
obtained as a consequence of the verification of the energy and the Frost-
man’s maximum principles (see for instance [3].) Moreover, both principles
can be used to obtain the equilibrium measures from the solution of either
a quadratic and convex programming problem or of a linear programming
problem. Specifically, we have that

min {&,(u,u)} = min max{L,(u)(x)} = min at.
wemin A&(uu)}h = min max{L(u)(z)} il {a}
qu‘FiaF

If " is the unique solution of the above problems, then the value ca p,(F) =
E,(uf' uf)~! is called the Wiener capacity of F (w.r.t. L,). In addition,
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the equilibrium measure for F satisfies v* = cap,(F)u", which implies
that ||| = cap,(F). Therefore, if F is a proper subset of V' then 0 <
cap,(F) < +oc. On the other hand, if ¢ = ¢, then " = |lo[| !0 and hence
cap, (V) = 400, whereas if ¢ # ¢, then cap, (V) < +oco. In particular, when
¢ = ¢o + =5 we get that cap, (V) = allo| and cap, (V) = 7 when ¢ is a
positive constant.

We must note that the Wiener capacity w.r.t. kernel L, is not the ca-
pacity usually associated with Schrodinger operators, that is the capacity
w.r.t, the associated Dirichlet form. There exist great differences between
both types of capacities. For instance, the capacity associated with Dirichlet
forms is subadditive and in fact strongly subadditive, whereas the Wiener
capacity is not subadditive since it is associated with a signed kernel. In con-
trast, the Wiener capacity w.r.t. L, retains geometric information on the
subsets of V', in the sense that it takes into account the adjacency between
subsets as the following results show.

Proposition 6.4 Let F' C V' and suppose that hypothesis H2 is also verified.
If H is a proper subset of F, then v < v¥. Moreover, if v+ € H then
v = vF on F, when F, C H and v < v¥ on F,, otherwise.

Proof. If u = v¥ — v then u € C(F), L,(u) = 1— L,w") > 0on F
and u = 0 on §(F). Therefore, by applying Proposition 4.10 we get that
u > 0 on F and for all x € H either u = 0 on F, or u > 0 on F,. When
F,N(F\ H) # 0, the result follows since u > 0 on F'\ H. When F, C H,
then for each z € F, we get that ¢(z,y) = 0 for all y € F'\ F,. Therefore,
for all z € F,

Ly(uyy, )(2) =1L (7)(2) = Ly(v™)(2)
s ey [ e @)y =0,
F\F, H\Fy
which implies that ©w = 0 on F. [ |

Corollary 6.5 Let F' C V and suppose that hypothesis H2 is also verified.
If Fy, Fy is a partition of F, then v™' + v < v and the equality holds iff
d(Fl, Fg) > 1.

Corollary 6.6 The Wiener capacity is an strictly increasing set function.
Moreover, if Fy, Fy is a partition of F, then cap,(F1) + cap,(F2) < cap,(F)
and the equality holds iff d(Fy, Fy) > 1. In particular, for each subset F,

1
2wy v ey = PlE)

zeF

with equality iff no two vertices in the subset F' represent an edge.



POTENTIAL THEORY FOR SCHRODINGER OPERATORS ON FINITE NETWORKS 807

Now, we are going to obtain the expression of the Green and Poisson
kernels associated with the Schrodinger operator £, by means of equilibrium
measures. For the moment and until otherwise be specified, we suppose that
hypotheses H1 and H2 are true and again we denote by G" the Green kernel
for V.

Proposition 6.7 Let F' be a non empty subset of V. Then the following
properties hold:

i) The Green kernel for F is given by the expression

GF(z,y)=||vf ="\~ () (VF(:E)—I/F\{y}(a:)>, for all z,y € F.

ii) If F' is a proper subset and it is not simultaneously true that |F| = n—1
and g = q,, then the Poisson kernel for F' is given by the expression

PE(z,y) = (I/FU{y}(y))f1 (I/FU{y}(a:) — yF(a:)), for all z,y € V.

Proof. (i) We know that for all y € F', G| is characterized by L,(G]) = ¢,
on F and G = 0 on §(F).

Consider now K € C(V x V) the function given by K(x,y) = v (x) —
MU (z) for all 7,y € V. Since K, = K* = 0 on F° because supp(v’),
supp(v"\W}) € F and v"" = v\ when y ¢ F, it follows that K is a kernel

on F. Moreover
0, if :
Ly(Ky)(z) = L, (x) - Eq(z/F\{y})(x) — { TFY
1— L, (), ifz=y

and the value of 1 — £, (¥~ })(y) can be obtained by applying the Second
Green Identity to M} and v* in the following manner

HVF\{y}H :/VF\{y}Eq(yF) dz :/Eq(yF\{y})yF dz
14 14

= [vFll = vF () (1= £,07 D w)).
(i) Since for all y € F, GE'(y) = [|vF — v M9 |71 ()%, we obtain that
GE -1
v _ <,/F(y)) <UF _ VF\{y})
Gy (y)
So, for (xz,y) € F x §(F), the result follows from the relation between P,
and G;U{y} given in Corollary 5.10.
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We conclude the proof observing that when y € F, F U {y} = F, which
implies that v} = ¥ whereas when y € Ext(F), v} = pF 4 v},
Hence the value of the given expression for Pf is 0 when y € F' and it is

v} ()
y{y} (y

when y € Ext(F). |

= &y(z)

~—

Observe that the expression for G given in part (i) of the above propo-
sition implies that G5 < vF(y) for all y € F. In addition, this formula for
the Green kernel remains true for x € V, since v'(z) — v \¥}(2) = 0 when
x € F°, but it can not be extended to y € F¢, since |[v' — v\ ¥} || = 0.
However, we can give an alternative expression for G¥ which is valid for
x,y € V. Specifically, from the proof of above proposition and taking into
account that

L, (y) = —/ cly, 2) v\ (2) dz <0, forall y € V,
v
we obtain

1

(6.1) G (z,y) = (1 + /Vc(y, 2) M () dzj(up(x) — v\ (),

for all z,y € V.

We have just proved that for any nonempty subset F', its Green kernel
can be expressed by means of equilibrium measures. Conversely, the equi-
librium measure for a subset can be obtained by means of its Green kernel.
Specifically, we have that

v (z) = / GF(z,y) dy, forall z € V
P

and hence
cap,(F) = / GF(z,y) dx dy.
FxF

This fact, together with the symmetry of the Green kernel, allows us to
deduce monotonicity properties of the equilibrium measures w.r.t. the 0-
order term from those verified by Green kernels given in Proposition 5.12.

Corollary 6.8 Consider F' a nonempty subset of V' and a sequence {qx}32,
in C(V') such that qx | q, (respectively, qx T q with ¢1 > ¢, and q1 # ¢, when
F =V). If for each k € N* we denote by vi the equilibrium measure for
F w.r.t. the kernel Ly, then vi 1 v¥ and cap,, (F') T cap,(F) (respectively,

vi | v and cap,, (F) | cap,(F)).
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In addition, from the properties of the Green kernels contained in Propo-
sition 5.10, we can deduce some relations between the equilibrium measures
v and v\ when y € F.

Corollary 6.9 Let F' be a non empty set. Then, for all y € F we get that

F
SO < F < P\ V)
- a(y)

Moreover, vE=W} = v on F\ F, and

Ay _ o F R, VW)
v <v' <v +WU on F,\ {y},
g

except when F' =V and q — ¢, = agy, a > 0 in which case

In particular, if F' is connected, then

F
A S A —UJ(SJ)) o on F\{y},

except when F' =V and q — ¢, = agy, a > 0.

Of course, we can obtain an analogous relation between v* and v"“} for
y € O(F), considering the expression for the Poisson kernel obtained in
the above proposition. The above corollary reaffirms that the equilibrium
measure contains global information on the connectivity between vertices
of F. So, if we connect or disconnect a single vertex to a fixed connected
set, then the equilibrium measure of the new subset takes at each vertex a
different value.

The expression of the Green kernel for F' that appears in the Proposi-
tion 6.7 is analogous to that obtained in [4] for the case in which o is a
constant function, that is, when ¢ € CT(V). Moreover, in the mentioned
work the equilibrium measures of subsets with cardinality n — 1, that is
the measures v,, x € V, allowed us to obtain a formula for the orthogonal
Green kernel for V' in the case ¢ = 0. Now, we are concerned with the
general singular case, that is when F' =V and ¢ = ¢, simultaneously for
arbitrary o € C*(V). Our aim is to express all Green kernels for V, and
in particular the orthogonal Green kernel for V' by means of equilibrium
measures and the eigenfunction o.
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Proposition 6.10 Suppose that ¢ = q, and consider for eachy € V', u, the
unique solution of the Dirichlet problem L, (u) = o on V \ {y}. Then, any
Green kernel for V' is given by the formula

~ 1

G(z,y) = _W uy(z)o(y) +o(z)1(y), with 7€ C(V)

and hence éy <& éy(y) on V\{y}. In addition, the orthogonal Green
kernel for V is given by the expression

o
G(z,y) = ;y) (HauyH o(x) — ||0quy(x)) , forall z,yeV

and hence any symmetric Green kernel for V is given by the expression

~ b+ |lou 1
G(x,y):%g(x) o) = o () o), bE R, forallay € V.

Proof. By Proposition 5.8, if G is a Green kernel for V', then for all y € V,
G, must satisfy that

~ o(y)

0 (Gy) =&y — EIE o, forall y € V.
2

Given y € V consider now u, the unique solution of the Dirichlet prob-
lem £, (u) = 0 on V' \ {y} and u(y) = 0. Then, u, € C*(V \ {y}) from
Corollary 4.3 and applying the Second Green identity we obtain that

0= /V y Lo (0) d = /V 0 Ly, () dr = Ly, (1)) oy) + |02 — o(3)?

2
and hence £, (u,) =0 — Hi“; gy. Therefore, the function
oy
G( 7y):_O_L)uy($)a T,y € Vv

is a Green kernel for V. Moreover, G is another Green kernel for V iff for

alyeV, G, =G, + 7(y) o, where 7(y) € R and hence

@N —NI :U(y)ux or xr
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Therefore, (Niy <& (N;’y(y) on V' \ {y}. In addition, the orthogonal Green

kernel for V' is obtained by choosing 7(y) = o(y) ||o||;*||o u,|| and the char-
acterization of symmetric Green kernels follows from the last claim of Propo-
sition 5.8. [

Observe that the formula given in the above proposition for the Green
kernels for V' associated with £, does not depend on the choice of o € C*(V)
such that ¢ = ¢,. In fact, if p € C*(V) is such that ¢, = ¢,, then p = ao,
a > 0 and hence for all y € V' the unique solution of £,(v) = g on V' \ {y},
v(y) = 0 is v, = au,. Therefore,

ﬁiﬂi (o uyllo(2) = o} uy(x)) = ﬁiiﬁi (vl () = llpll v )

and both expressions determine the orthogonal Green kernel for V.

On the other hand, when o is a constant function, and hence ¢ = 0,
then u, = o v, for all y € V and therefore the function G(z,y) = —= v, (),
z,y € V determines a Green kernel for V', associated with the combinatorial
Laplacian. Moreover any Green kernel for V' has the expression G(z,y) =
—+yy(x) + 7(y) for all z,y € V where 7 € C(V) and the orthogonal Green
kernel for V' associated with the combinatorial Laplacian is given by

1
G(r,y) = — (Il =nvy (@), forall z,yeV.

This formula was obtained in [4].

After the above proposition, to express the orthogonal Green kernel for V'
in terms of equilibrium measures for the sets with cardinality n — 1, it is
enough to express each function wu, by means of this type of measures. Since
forally e V,

uy(x):/VGV\{y}(x,z) o(z)dz

and from identity (6.1),
GO e, 2) = (1= L, (@) T (o) =0 @),

for all z,y,z € V, it is enough to express vV \{¥2} by means of equilibrium
measures for the sets with cardinality n — 1. For that we prove a more
general result: if ¢ = q,, the equilibrium measure for each proper subset F
can be expressed as a linear combination of ¢ and the equilibrium measures
for the sets F' U {y} with y € 6(F). So, iterating the argument it follows
that the equilibrium measure for F' can be obtained by means of a suitable
linear combination of o and {vy}yes(r).-
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Proposition 6.11 Suppose that ¢ = q, and consider F' C V such that
1 <|F| <n—2. Then,

-1
JF (/ o(y) dy) (/ o(y) L Fu{y} dy — a> 1-
sry VEVH(y) sry VEYH(y) g

In particular, for each x,y € V such that x # y, it is verified that

pV\ o} :(a(:c)ym(y)—i—o(y)vy(iC))_1<U<5U)Vz(y) Vy+o(y>vy(x)vx—vx(y)vy@)ff)-

Proof. As |F*¢| > 2, then for each y € F°, FFU{y} is a proper subset and
hence there exists the equilibrium measure for FU{y}. Consider now {A, B}
a partition of F'° in such a way that A and B are non empty subsets. Also
consider u,v € C(V) the solutions of the following boundary value problems

Ly (u)=0 on F L, (v)=0 on F
u= o0 on A and v=0 on A
=0 on B v= o0 on B,

respectively. Then, from definition of the Poisson kernel for F', we have that
ue) = [ PP,y = [ PPapa)dy
ow) = [ Prawanwidy= [ PPy o) dy
e B

Keeping in mind the expression for P¥" obtained in part (ii) of Proposition 6.7
we have that

_ a(y) FU{y} o(y) F
v iy = g )
_ o(y) FU{y} 7. o(y) F
= gy =, oy )
On the other hand, since £,, (¢) = 0 it is clear that v + v = ¢ and hence
_ a(y) FU{y} a(y) F
o= o = ([, i )

Observe that when y ¢ §(F) then vV} = v + W} which implies that

o(y) FUu{y} (/ o(y) ) F
— dy — — 7~ dy | VT =0 lggr
/Ext(F) vl (y) Ext(F) vl (y) i
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and therefore,

1
VF:(/ o(y) dy) (/ o(y) VFu{y}dy_ﬂ)'
sry VI () sry VI () r

In particular, when F' = V' \ {z,y}, then FU{y} =V \{z}, FU{z} =
V'\ {y} and hence

e = (2 2(8))_1 (e )
s (20, o, )

@) va(y) + o) my(@) \vely) = vy @)

Proposition 6.12 If ¢ = q,, then for all x,y,z € V we have the following
eTpressions

GV \y} (z,2) =

(o) (@) + o(2) () — o) val) ).
PR () = (o) 4oy (2)) (o) +o@)(2) -0 (2w (1),

P .2)=(a () +0 W (2)) (W) +o(av. )=o),

Proof. First, applying the above proposition, we have that for all y, 2z € V
with z # vy,

v, — v\t = <a(z) v.(y) + o(y) Vy(z))_luy(z) (U(y) (vy —vs) + v.(y) O’)

and keeping in mind that £, (v,)(z) =1 — (ﬂ‘(’Z”) and L, (v,)(z) =1,

: oly -
1= £, (70 E) = T ol (o) w2 0) + o) 1)) ()
Finally, we obtain the formula for GV\¥} by replacing the above identities
in (6.1) and the formulae for the PV\M¥#} by applying the relation between
the Green and Poisson kernels given in Proposition 5.10. |

The symmetry of the Green kernel for each set of the form V'\ {y} leads
to the following result about the relation between the values v, (z) and v, (y).

Corollary 6.13 When q = q,, then
o) vily) = o(y) (1) + o o) o) (Il = 1) Tor all .y € V

In particular, o(x) v,(y) = o(y) vy (x) iff cap, (V' \ {z}) = cap,, (V \ {y}).
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Proof. For fixed y € V, by applying the formula for G¥\¥} given at the
above proposition, for all z € V' we get that

Vy\T )= V\{y}xz Z=Vy\T LL o\z)\o\x )V —0 1Z¥4 z
(@)= @02z @)+ s [ o) (ot —olwr@))a

which implies that
/V o(2) (o) () — o (w) 2)) dz = 0.

On the other hand, applying the symmetry of G¥\¥} we obtain that

o(2) (o) vy (@) = o(2) o))
= o(x)o(y) (1(2) = va(2)) +0(2) (o 9) v2(x) = o () 12(v) )

and hence the result follows by integrating with respect to z. [

Observe that when o is a constant function, then the above formula
becomes

1
ve(y) = vy(x) + - (HVIH — Hyy||) for all z,y € V.

Of course, this identity can be directly obtained from the expression of the
orthogonal Green kernel for V' associated with the combinatorial Laplacian.

Proposition 6.14 When q = q,, the orthogonal Green kernel for V is
given by

G(z,y) = ao(z)o(y) / o(2)vy(2) dz — [lo]| "o (y) vy (2)

1%
+a0(y)/‘/02(z) I/Z(:E)dz—ﬁa(:p)a(y)/‘//‘/JQ(z)a(w) v,(w)dz dw,
where o = [lo| o2 and 8 = [lo] o ;%

Proof. From Proposition 6.10, we know that

louy |

G(z,y) = o] o(x)o(y) — %uy(x),

where u,(z) = / GVMY (2, 2) 0(2) dz, for all 2,y € V.
v
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Applying the formula for GV\M¥} obtained in the above proposition we
have that

ol

[l

vV, (X L@ 1% O'ZQZ—L VZEO'ZQZ
J(2) + /Vz<y><>d (2) o (2)%dz,

lofl o(y) loll Sy

uy, () =

_ leli3 ol

1 2 4.
oyl = 78 [ ni@) o) dz+ 108 — /V v.(y) o(2)?d
—ﬁ/‘//‘/yz(w)a(zfa(w)dzdw

and the expression for G follows by replacing u, and ||o u,|| in the formula
given at the beginning of the proof. [

The above formula allows us to obtain an expression of the effective
resistance in terms of equilibrium measures. Recall that when talking about
effective resistance we need to consider ¢ as the unique normalized function
such that ¢ = ¢,. From now on, we consider that function o € C(V') and
we suppose that ¢ = q,.

Proposition 6.15 For all x,y € V,

Rtou =L (0 52

n\aoy) ofx)

Proof. Given z,y € V, if we consider u = o(z) Py """ then L, (u) =0on
V\{z,y}, u(x) = o(z), u(y) = 0 and hence C, (z, y) =0 (x)2Ly, (P ") ().

Taking into account that

pYMew) = <a(x) ve(y) + o(y) Vy(a:)) - (a(y) vy +ovy(y) —o(y) z/z),

we obtain that

Ly (PVE) = n(o@) valy) + o) @) 00) 7 (22 2,),

which implies that C,(x,y) = n(a(m) ve(y) + o(y) Vy(x))_l o(y)o(z). N

The above formula for R,, generalizes the one obtained in [5], when ¢ = 0.
On the other hand, we next obtain a generalization of the so-called Foster’s
Theorem, whose proof is obtained directly from the expression of the effective
resistance. For other type of proofs, see for instance [17, 18].
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Corollary 6.16 (Foster’s Theorem) If ¢ = q,, then it is verified that

t//ﬁzxy (e, y) o(x) o(y) ddy = 2 (n — 1),

Proof. First, observe that

| [e@vwewdray = [ ocwn@ ey,

since ¢ is a symmetric function. Taking into account that

By (z,y)o(@)(y) = n~ (o(2) o) + o(y) ().

we obtain

/‘//‘/Ra(x,y) c(z,y)o(z)o(y)dedy = %/Va(x) (/V Va(y) ez, y) dy) do.

On the other hand, since

/ ve(y) e, y) de = —Lg, () () =
Vv (33)

the right hand side of the above identity equals 2 [, (n — =2(n—1).
|

Let z,y,z € V, then we say that z separates x and y iff the set V'\ {z} is
not connected and x and y belong to different connected components of it.
The following formula enables us to express the Green kernel for subsets with

cardinality n — 1 by means of effective resistances. In its standard version,
it can be found in [16, 17, 18].

Corollary 6.17 If g = q,, then for all x,y,z € V it is verified that
1
G a,y) = 5 0(@) 0(y) (Rolw,2) + Ro(w,9) = Rolz,9)).

In particular, R, defines a distance on V. Moreover R,(x,y) = R,(x,z) +
R, (z,y) iff =z separates x and y.

-1,

Proof. From Proposition 6.12 we know that

G\ (2, y) = %U(x) o(y) (Vz(ai) + Vy((z) B z;y((a:)) |

olx) o
GV\E (y, ) = %a(x) a(y) (VUZ((;J)) + lj((;)) - l::(y))

and the first claim follows adding both sides of the above equalities and
taking into account that GV \t*} is symmetric.
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On the other hand, the symmetry of R, and the nonnegativity of the
Green kernels imply that the effective resistance is a distance on the vertex
set. Moreover R,(x,y) = R,(z,2) + R,(z,y), that is the triangle inequality

is an equality, iff Gy \{Z}(a:) = 0. From Proposition 5.10, this condition is
equivalent to the fact that x and y are in different connected components

of V'\ {z}. |
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