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Solution to the gradient problem
of C.E. Weil

Zoltan Buczolich

Abstract

In this paper we give a complete answer to the famous gradient
problem of C. E. Weil. On an open set G C R? we construct a
differentiable function f : G — R for which there exists an open set
01 C R? such that Vf(p) € @ for a p € G but Vf(q) € Q for
almost every q € G. This shows that the Denjoy-Clarkson property
does not hold in higher dimensions.

1. Introduction

The gradient problem of C. E. Weil is the following question: Assume n > 2
and G C R" is open, f : G — R is a differentiable function. Then Vf
maps G into R™”. Assume © C R" is open. Is it true that (Vf)~1(Q) =
{p € G: Vf(p) € Q} is either empty, or of positive n-dimensional Lebesgue
measure?

When n = 1 then the answer is positive and is the so called Denjoy-
Clarkson property of the derivative functions [8], [7]: If f : (a,b) — R is
a differentiable function and (o, 3) is an open interval then (f")~!(a, 3) is
either empty, or of positive (one dimensional) Lebesgue measure. In [12] it
was shown that the kth Peano derivatives and the approximate derivatives
also have the Denjoy-Clarkson property.

The gradient problem was one of the well-known and famous unsolved
problems in Real Analysis. It was around since the paper [12] appeared in
the 1960s. I have learned it in 1987 and have worked on it since then. In 1990
at the Fourteenth Summer Symposium on Real Analysis it was advertised
and appeared in print in [13].
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In this paper we answer this question by giving a two dimensional coun-
terexample. We show that there exists a nonempty open set G C R?, a differ-
entiable function f : G — R and an open set ; C R? for which there exists
a p € G such that Vf(p) € Q; but for almost every (in the sense of two
dimensional Lebesgue measure, \y,) q € G the gradient V f(q) is not in €.

The result in [2] which was reproved by different methods in [10] shows
that in the above example, although Ao ((Vf)~1(Q4)) = 0, if H' denotes the
one dimensional Hausdorff measure then H'((Vf)~(€)) > 0. The results
in [10] imply more than this. It turns out that any projection of (V f)~1(2;)
onto a line is of positive A; measure, (Vf)71(£2;) is non-o-porous and is
porous at none of its points. The results in [5] also show that if v is an

interior point of
def

Ri=M N {Vf(p) pc G}
then HY((Vf)~(v)) > 0, which implies that (Vf)~!(Q) is of non-o-finite
H! measure. Furthermore, the range R, satisfies a certain interesting con-
vexity /concavity property. Actually, this convexity/concavity property is
behind the construction of the counterexample given in this paper. These
results from [5] show that our counterexample function has some strange
properties.

On the other hand, [3] shows that if V f % (0,0) on G (this will be true
in our counterexample) then the level set structure of f is relatively simple,
f~*({y}) has components which are homeomorphic to differentiable arcs and
there are no bifurcation points on these components. Related to our work
on the gradient problem in [6] a pathological C'-function, with “too many
tangent planes” was constructed. This result pointed in the direction that
maybe the counterexample function of this paper exists.

In [11] G. Petruska verified that if ' : R — R is a differentiable function
of one variable and f = F' then f takes each of its values on Ay, where Ay
denotes the approximate continuity points of f. In [4] we showed that if
F : R" — R is differentiable and i € {1,...,n} then f = 0,F takes each
of its values on A;. On the other hand, there exists a continuous function
F : R? — R such that f = 0F/0x, exists everywhere and f does not
take each of its values on A;. In Theorem 3 of [4] a differentiable function
f : R? — R is constructed such that Vf does not take each of its values
on AV f-

Assume f : R"™ — R is a differentiable function. We call a point y € R"
a regular value of V f if there is an x € Ay such that V f(x) =y. Denote
the set of regular values by REG(V f). Our question in [4] about the density
of REG(V f) in the range of V f receives a negative answer by the negative
answer to the gradient problem. On the other hand our question about the
characterization of REG(V f) remains open.
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There is a new question related to the gradient problem: Assume that
G C R" is an open set, f : G — R is a differentiable function and 2 C R"
is such an open set that (Vf)~'(Q) # 0. Then what can we say about the
Hausdorff-dimension of (Vf)7!(€). The results discussed above imply that
(VF)7HQ) is of Hausdorff dimension at least one, and our counterexample
in this paper shows that it is possible that Ao((V f)~1(Q2)) = 0.

2. Main Result

This section is devoted to the proof of our main result, Theorem 1.

We put G=(—1,1)x(—1,1) and Qy=[—2, 1] x [0, 2], Q; =(—0.49,0.49) x

202
(0,1.99), and Qy=[—0.51,0.51] x [0, 2.01].
Theorem 1. There exists a differentiable function f : G — R such that
V£(0,0) =(0,1) and Vf(p) & for almost every p € G.

The construction of f is quite complicated and is done in Subsection 2.2.
Here is an informal plan of what we are doing. We start with a function
h_i(z,y) = y. Then Vh_; = (0,1) everywhere on G. Now our aim is to
choose a sequence of functions h,, so that

satisfies Theorem 1. Each function h,,, can be regarded as a perturbation of
the previous partial sum » ,_ | hg. Our aim is to push Vf(p) outside of
), for almost every p € . In the construction we will have a nested se-
quence of open sets GG, such that for almost every p outside of G,, we will
have Vf(p) € ;. We use a “stopping time argument” by not perturb-
ing the function at almost every point, p any more, once V f(p) & Q. For
these points Y 2 hu(x,y) = >0 | hy(z,y) for a suitable ng. We will
show that \o(G,) — 0. The main difficulty is to show that f is differ-
entiable at those points p € N2 G, which are subject to infinitely many
perturbations. To handle this difficult case an argument which originates
from dynamical systems is used, I learned the heuristic behind this argument
when I worked on the proof of [1]. This important argument is discussed first
in Subsection 2.1. Reading this subsection one should think that p is a given
point in G and the trajectory z,, is the first coordinate of V(37— hy(p))
(apart from some vanishing error term) and y, is the second coordinate
(again with some vanishing error term). A sequence {g,} of concave down
auxiliary functions is also defined. These functions will determine the way
we move in the gradient space and the motivation for the introduction of
these functions originates from the convexity/concavity result in [5].
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2.1. Trajectories in the gradient space, the dynamics behind our
construction

Set 29 =0, yo =1, a(0,1) =0, kg = 1, Ay = {0}, go(z) = 1 — Fa.

Suppose n > 0 and the trajectory x, € [—1,1], for k = 1,...,n is given
together with another sequence y;, € R. This second sequence is computed
based on the trajectory {zy}.

We also have a set A, ={a(n,j) : j = 1,..., k,} which gives the indices of
the so called active points of the trajectory: xq(n,1), - - . s Ll VVE ASSUME
that a(n,j) < a(n,j+1),j=1,...,k,—1and agx,) = n. The point zo = 0
will always be regarded to be active. Hence a(n,1) = 0 for all n. We also
have a collection of functions g, k = 1,...,n which are concave down and
gi(x) = yp. We also assume, ;41 —z; # 0 for j =0,...,n — 1. Suppose
that the next term z,,1 # x, of the trajectory is given. Denote by 7(x)
the tangent of g, at the point (z,, g,(x,)). Set Y11 = 7(2,41). Since g, is
concave we clearly have y, 11 > ¢, (z,11). See Figure 1.

g:vg,yg) Ml‘)

T1=Ta(1,2) X2 0= = Te(1,1)
FIGURE 1: The functions g,.
If the trajectory at step n + 1 is not changing direction, that is,

(Xn — Tp—1)(@pg1 — ) >0

then z,, becomes inactive and this means that it will not belong to A, 1.
(At the first step, by definition, we do not change direction.)

If the trajectory at step n + 1 is changing direction, that is,

(Tn, — Tpo1)(@Tpg1 — ) <0

then z,, stays active, that is, x, € A, .1, provided it is not decativated by
the “passing over” rule given below.
The last point of the trajectory x, 1 is always active, so

n+l=an+1kys1) € Api.
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Inactive points cannot become active but some active points might get
deactivated when z, is “passing over” them, or over their predecessors.
This means that if x4nj) € (Tn, Tnga] for a j € {1,...,k,} then all x4, ;1
with j < j" < k,, j/ # 1 become inactive and these a(n, j')’s will not belong
to Ayp1. If 0 = 29 € (x,,2,41] we say that we are resetting the active
trajectory, and A, 1 = {0,n + 1} in this case.

The elements of A,, which are not deactivated by the above process will
belong to A, ;1.

The only way x,, can survive step n + 1 as an active point is by being a
turning point of the trajectory. Hence, all active points are (some earlier)
turning points, that is,

(Ta(n.g) = Ta(nj—1) (Ta(nj+1) = Ta(n,g)) < 0.
Assuming Z,(n2) < Tan,1) = 0 the “cancellation by passing over” rule im-
plies that we have xa(n,Q(j—l)) S xa(n,gj), xa(n,?j—l) Z xa(n,gjﬂ) and xa(n,2j) S
Tp < Tamay—1) for all j, 5 for which the arguments of a(n,.) are defined.
See Figure 2. In case Tq(n2) > Tam,1) = 0 we have a mirror image and all
inequalities are reversed.

La(n,2) Ta(n,4) Tn = Ta(n,k,) La(n,3) 0= Ta(n,1)
FIGURE 2: Active points at step n.

If a,b € R we denote the closed interval with endpoints a and b by [a, b]
irregardless whether a < b, or b < a, we adopt similar convention for other
type of intervals as well.

Next we show how g, is defined. We define its derivative g/, on R and
assume that it also satisfies the initial condition g, (z,) = yx.

We still assume z,(n2) < Tom,1) = 0, the case Typn2) > Tam1) = 0
is similar, the case @yn2) = Tam1) = 0 is trivial, we set ¢, (z) = —a.
On [24(n,1), +00) and on (—00, Ta(,2)] We put g, (z) = — (& — Tam1))* = —2°.
This also defines ¢, (Za(m,2)) = —(Za(n,2) — Ta(n,1))*. Assume
g;(xa(n,j)) = _(xa(n,2)_xa(n,l))g_(xa(n,3)_xa(n,2)>3_' : '_<xa(n,j)_xa(n,jfl))3'

Foraje {2,...,k, =1} on [Zamjt1), Ta(n,j—1)) We put g,,(x) = g, (Ta(n)) —
( — @q(n,z))?. Which implies
g:l (xa(n,j—l-l)) == _<xa(n,2) - xa(n,l))?) - (xa(n,?)) - xa(n,2))3
— = (Ta(ng) = Tani-1)° ~ (Ta(nj+1) = Ta(n))’-
Finally, on the interval (Za(mk,—1); Ta(mk,)) Put g,(x) = g, (Tamk,)) — (@ —

xa(n,kn))g' Since g;('ra(n,kn)) - g;('ra(n,kn—l)) - (xa(n,kn) - xa(n,kn—l))g the
function ¢/, is continuous at Ta(nkn—1)-
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We set g,(z) = yn +/ g (z)dx.

Observe that g, is continuous at the points x4, j = 1,...,k, and is
monotone decreasing on the intervals determined by these active points.

Hence g, is concave (down) on R.

We will only be interested in g, when the trajectory, {z,}, is in [—1,1]
and with this assumption we also have |¢/,(x)| <1 for x € [-1,1].

Lemma 2. For allz € R andn =0,1,... we have g,41(x) > gn(x).
Proof. We separate three cases.

Case I: There is no cancellation of active points and at step n + 1 the tra-
jectory is not turning its direction. This implies k, 1 = k,,.

Case II: There is no cancellation and at step n+ 1 the trajectory is changing
its direction. Then x,, stays active and x,,; becomes active. Thus
kn—l—l = k?n +1> kn

Case III: There is some cancellation of active points. Then k,; < k, and
kn.+1 = k, is possible only when k, .1 = k, = 2 and at step n+1 we
reset the trajectory.

During the whole proof we assume Z4(,2) < Ton,1) = 0, the case Tq(n,2) >
Tq(n,1) = 0 is similar, the case To(n2) = Ta(n,1) = 0 is trivial.

Case I: Without limiting generality we can also suppose that Udg%(n,knq)
= La(n+1,knt1—1) < Ty < Tpy1 < W= Ta(n,kn—2) = Ta(n+1,kni1—2) < Tg(n,1), SCE
Figure 3. By using the definition of the functions g, and g/, , on (—oo,u]
and on [2,41,+00) we have g/, = g/, ,, this might not completely clear on
(Zn41,w) but on this interval ¢/, (z) = g, (x) = g,,(u) — (x — u)*. Thus it
is enough to show g,41 > g, on [u, T,11].

U= To(n,k,—1) ITn = Ta(n,k,) LTn+l W = Ta(n,k,—2) 0= Ta(n,1)

F1GURE 3: Case 1.

On [z, n41] we have g, (z) = g;,(u) — (z —u)® and g, (¥) = g1 (Tni1) —
(il? - xn-&-l)g = g;z(u) - (ajn—i-l - U)3 - (il? - ajn-i-l)g- So

Ini1 (@) = gp(@) = = (@1 — u)* = (@ = 201)* + (2 — w)’
= —((Tps1 — @) + (2 — 1))’ + (Top1 — 2)° + (z —u)® <0,
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therefore, using = < x,,+; we infer

T

Gnt1(T) = gnt1(Tnt1) = (Gn(®) = gn(Tnt1)) = (Q;L+1<t) - g;(t))dt >0,

Tn+1

which based on Y1 = Gos1(@ns1) > ga(Tnsr), yields guur(2) > gu(z) for
all z € [z, x,11]

On [u, z,| we have
(@) = gh(@n) = (z = 2a)* = g, (u) — (w0 — u)’ = (z — z,)°
and

97/1+1 (I) = g:1+1<xn+1) - (17 - xn+1)3 = g;z+1(u) - (mn—l-l - u)3 - (x - xn+1)3

= g%(“) - (:CTL+1 - u)g - (:C - xn+1>3'

Now,
g;z—i-l(x) - g;(x) = _(xn—i-l - u)3 - ("L‘ - xn+1)3 + (xn - u)3 + ("L‘ - xn)Sa
Gni1(w) = gp(u) =0,  and
Inia () = gn(x) = =3(x = 2p11)* + 3(z — ) < 0.

Thus ¢, — g, <0 on [u,x,]. Hence, again

In11() = Gni1(Tn) = (gn() — gn(20)) = / m(g;+1(t) — g,,(t))dt > 0.

Since we have already verified that ¢, 41(x,) > gn(x,,) this implies g,+1(x) >
gn() on [u, z,].
Case II. Now k1 > k.

Again, without limiting generality, we assume Z,41 < T, < Tg(n,1) =
Ta(n+1,1) = 0 and setting

def def
U=To(nkp—1) < Tntl and W=k, —2)

we have u < 7,41 < T, < w < Tgn,1), see Figure 4. Now, by our assumptions
Tn = Ta(n+1,kn) and Tpnt1l = Ta(n+1,kn+1)-

U= Ta(n,k,—1) Tn+1 Ln = Ta(n,k,) W = Ta(n,k,—2) 0= Ta(n,1)

FIGURE 4: Case II.
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On (—o0,u] and on [w, 4+00) by our definitions we have g, = g/, ;.
On [z,,w] we have

P = 9;+1(33)-

(@) = g,(u) = (z = u)* = g, 4y (u) — (2 — v)
On [u, z,,1] we also have ¢/, (z) = ¢/, (z,) — (z — x,)* and
In1(@) = gr (20) — (2 — 2a)° = gp(2).
On [ 41, Tnl,

g;z+1<l’> = g;wrl(xn-&-l) - (ac - xn+1)3 = g;(xn) - (xn—irl - xn>3 - (x - $n+1)37

and g, (z) = g, (n) — (¢ — z)*.

Hence
Q;L+1<x) = gn(7) = —(Tp1 — In)g — (- xn+1)3 + (2 — In)3
= (20 — @) + (@ = 2241))° = (2 = 2n11)’ = (20 —2)° > 0
and
In1(T) = Gni1(Tni1) = (Gn(T) = Gn(Tn11)) = /I (9;+1(t) - g;(t))dt > 0.

Tn41

This, together with y,+1 = gni1(Tny1) > gn(zne1), implies again that
gn+1(x) = gn(z).

Case III. Now k, ;1 < k, and there are some deactivated points of the
trajectory.

First we assume that the trajectory at step n+1 is not changing its direc-
tion, this is called Case IIla. Without limiting generality we can assume
Tn < Ta(n1), Tn < Tny1 and, due to the cancellation, u; = Ta(mk,—25) €
(@p, Tpqa] for j = 1,...,jo with some jo > 1. Set w; = Za(nk,—2j+1),
j=1,...,50. Then wj, < -+ <wy <wy <z, < U < -+ < Ujy < Ty,
see Figure 5.

Wijp+1 Wiy W2 W1 Tn U Uz Uj, Tn+1

FIGURE 5: Case IIla.
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For t € [z, x,11] we define some auxiliary functions g, ;.

For t € [zn,u1) set gn4(t) = gn(t) and g, ,(v) = g, () for + < w; or
x > wuy. For o € [t,uy) set

gé,t(m) = g;z,t<w1) —(z — w1)3 = gp(w1) — (v — w1)3 = g ().

See Figure 6. This implies g, +(x) = g,(x) for all z > ¢. For x € (wy, 1] set

9na(@) = g4 (1) = (x = 1)* = g, (w1) = (t —w1)* = (2 = )",

common tangent of g, and g, ¢

gn,t(z)

wq T t Ui
FIGURE 6: The functions g, and gy .

Observe that the definition of g, is exactly the same what we would
have obtained in Case I if we had x,,; = ¢t and y,+1 = gn(t). So, as in
Case I, one could see that g, (z) > g,(z) for all x € R. (See Figure 6.)

Furthermore, taking ¢,t' € (x,,u;), t < t' and thinking of ¢ as being the
next point of the trajectory, z, 11, and t' as T,12, Ynt1 = gn(t), Ynie = gu(t))
one could see like in Case I that g, v (z) > gn+(z).

Set g, ,-(x) = lim,_ - gne(x). Then ¢/ _(z) = lim,_ - g;,(z). Set
’ n,ul )
ny = a(n, k, — 2), then u; = x,,, and next we show that ¢ _(z) = g, ()
n,U;
which shows that after the cancellation at u; we are “dropping down” to a

function which is a vertically shifted copy of g,,. Indeed, for x & (w1, u;)
we have ¢ _(x) = g),(v) = g,,,(x). For x € (wy,u;) we have
n,u]

3 3

T (2) = gn(u1) = (z —w1)” = g, (ua) — (2 —wa)”.

It is also clear that g, ,— () = gn().

Again we want to reduce our argument to Case I. Here is the idea of what
we are planning to do: Due to cancellation we can forget the trajectory x,
for n > n; and when studying g¢,,; for t € [uy,us) we can use the argument
from Case I with y,, = g, ,~(¥n,); Tpy1 =1t and yp, 41 = g, (1).
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Furthermore, like in the earlier case, we can also obtain the monotonicity
property
(2.1) Gnp () > gne(x)  for all t,¢" € [ug,uz), t <t and x € R.

So assume ¢ € [u1,uz) and set g, (t) = g,, - (t) = ga ().
For x > t, or for x < w, set

It () = G, - (¥) = gu(2) = gy, ().
This again implies ¢,,+(z) = ¢, () for x > t. For wy < z <t set

Ine(®) = g1, (1) — (2 = 8)° = g, () — (v = 1)°.

Now, as earlier, by using an argument similar to Case I (now applied
for g,,(t)) one could see that g,¢(x) — ¢gni(t) — (gn, () — gn,(t)) > 0 for
wy < x < t and hence g, (x) > Gnur (z) for all x € R. The monotonicity
property (2.1) can be established as well. Then one can define g, —(z) and
continue the argument on [us, u3). By induction we can prove (2.1) for all
intervals [u;_1,u;) for [ = 2,..., jo and setting n; = a(n, k, — 2l) we have
G- (2) = g1y (z) o0 R

Hence we can define Inu, () and

/ 3 3

g”?“j} (l‘) = g;(ujo) - (33‘ - ujo) = g;jo (ujo) - (:C - ujo)

on (wjm ujo) while g; uy, (l’) = g;‘io (JJ) = g;(x) for x ¢ (wjov Ujo)'
’ O . .

Set Wio+1 = La(n,kn—2j0—1) if k?n — 2]0 -1 > 1.

If k, —2jo — 1 < 1 then z4p,1) =20 =0 € (Zn, Tny1] and at step n + 1
we reset the trajectory. In this case u;, = 0 and we put wj,;1 = 0. We also
have g/ (v) = go() = —2* and g, .- (0) = Gnu;, () = gn(0)-

%40

Now we return to the proof of this lemma and no longer assume wu;, =0.
For ¢ € [ujy, Tns1] we define gn.(t) = ga(t) and g, (z) = g, (x) = gp(2)
when @ & (wjo41,t). When z € (wjy41,1) set g, (z) = g;,,(t) = (x —t)°. The
monotonicity property (2.1) can be established as before. Hence

Gnnsa (T) 2 gnt(¥) 2 Gy (¥) 2 -+ 2 gn(z)  forallz € R.

Now, gni1(Tnt1) > Gn(Tni1) = Qn,xn+1($n+1) and g;H—l = gfmnﬂ implies
In+1 > Gn-
In the proof of Lemma 4 we need the following estimate for the case
when u;, = 0, that is, when we reset the trajectory:
7

(22)  gnr1(®) Z g () = g, (0) + / —t*dt = g,,(0) — vy
0 Jo 0

(we remark that this inequality holds in Case IIIb as well, provided that
ujo == 0)
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Case IIIb. Now we assume that at step n+1 the trajectory is changing
direction. The other cases being similar we assume x, < Zq(n,1), Tn < Tpi1,
Tp < Tp_1. Set UL = Ta(nk,—1)- NOW Zp_1 € (T, u1] and due to cancellation
Uj = Ta(nkn—2j41) € (Tn,Tni1] for j = 1,..., 79 with some jo, > 1, see
Figure 7. Set w; = Tq(nk,—2j+2), J = 1,...,Jo+1. When k, —2jy < 1 which
corresponds to the case when wu;, = 0, that is, we reset the trajectory, we
put wj,+1 = 9 = 0. Observe that w; = .

Wijo+1Wjy W2 W1 = Ty Tn—1 Uy Uz Uj, Tpt1

FIGURE 7: Case IIIb.

For t € [z,,u1) we define g,; exactly as it was defined in Case Illa.
To verity ¢,; > g, now we need to use an argument similar to Case II
instead of Case I. To show the monotonicity property (2.1) for ¢,t' € (x,,u;)
for the first point ¢ < ¢’ an argument similar to Case II, and then for ¢/

the argument of Case Illa, referring to Case I can be used. Now we have
/

g _(z) =g, (z) withn; = a(n, k, —1) and we “drop down” to level n;. On
n,uy

the intervals [w_1,w;), | = 2,...,jo and on [uj,, T,41) We can argue exactly

like in Case Illa, that is, Case I can be used. [ |

Lemma 3. If z, € [—1,1] and x,, — z* then there exists y* € R U {400}
such that y, — y*.

Proof. Set g,(z*) = y;. By Lemma 2, y} is monotone increasing and
hence there exists y* € R U 400 such that y* — y*. Since |¢/,| < 1 we also
have [y, — yn| = [92(2") = gn(@s)| < [ — @p[. This implies |y* — yn| <
ly* — y| + |z* — x| — 0 as n — oc. |

Lemma 4. If z, € [-1,1], liminfz, = z. < limsupz, = z* and ¢ =
(x4 + 2%)/2 then g,(c) — oo. This, by the uniform Lipschitz property of gn,
implies y,, — 0o as well.

Proof. First we assume x, < z* < 0. By definition of x, and x* we have
infinitely many “zig-zags” between x, and z*. Using the cancellation law of
active points we can choose infinitely many ng < n; < my such that setting
U= Tpy, V= Ty, and w = x,, we have u,v,w <0, v =12,, <z, <u=1T,,
and x,, < w = x,, for all ng < n < ny, furthermore, |u—x*| < 0.01|z* —z,|*,
v — x| < 0.01]z* — z,|*, Jw—2*| < 0.01]z* — z,|*, and ng € A,,.
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Then, as x, moves between u and v all points xz,, with ng<n’<ny
are deactivated by the time g,, is defined. Hence a(ny,k,,) = n; and
a(nl,k‘nl — 1):77,0 Now

9oy (@) = gy, (v) — (z —v)°

for all x € (u,v], therefore

(c—v)*
1

G (€) = gy (0) + / g (D)t = gun (0) + g (0) (c — v) —

similarly
(u—v)*

s () = g () g, () = 0) =

by the Lipschitz property of g,,, we also have
9ny (w) > 9nq <u> - ’u - U}‘ > 9nq (u) - 001‘33'* - LIZ'*’4.

As x, moves between v and w all points x,, with n; < n’ < ny are
deactivated by the time g,, is defined. Hence

a(ng, kn,) = na and a(ng, kn, — 1) < ny.
First we suppose that the active point u = x,, is not deactivated at
step ng, that is, a(ng, kn, —1) = ny and w = x,, < u = x,,. Therefore,

Gy (W) = g1, (V) = (w = v)" = g, (v) — (w — v)°

and

Tny (@) = gp,(w) — (2 — w)?

for all = € (v, w], hence

s(©) = g0+ [ 61,0 = g + g w)e — ) — 5
> g ) + g, (0) (e —w) — E)
> gy (1) = 001" — .4+ g, )(e — ) - =
= g (0) 4 gl )= 1) — C e

+ (g, (v) = (w —v)*)(c —w) — %.
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RV
> g, (v)(u—v) — % —0.01)z* — z,|*+
c—w)* c—v)!
(g @) — =) e ) - C g (e +
RV
= g, (V)(u —w) — % —0.01]z" — z,|*
ol oN3( _(c—w)4 (c—v)*
(w—v)°(c —w) 1 1
RV
:(w—c)(w—v)3+g;1(v)(u—w)—0.01|x*—x*|4_¥
_ 4 _ )4
L 4w) Ll 4U) > 0.49]2* — x| - 0.98]z" — x,*
1.0242* — 2.t 0.51%2* — !
—0-02|1’*—1‘*|4—0.01‘1’*—1’*|4— 0 ’334 $| _05 |334 :L"

> 0.1]2" — .|
Using that g, (c) is monotone increasing as n — oo and it increases infinitely
often by 0.1|z* — z.|* we obtain g,(c) — oo.

Suppose now that the active point u = z,,, is deactivated at step ns.
This implies a(ng, k,, — 1) < ng < nq, that is, u = z,, < w = x,,. From
Tny,—1 < u < 0 it follows that v = z,, € A,,—1. Now, using the notation of
Case III in Lemma 2 one can show that

Tna—10(W) = Gy _1,4(v) = (= 0)* = g, (v) = (u—v)°
and ¢}, 1 ,(x) = g, 1,(u) = (z—wu)® for all z € (v,u). The above argument
used now with g,, replaced by g¢,,—1, and w replaced by u shows that
Gny—1,u(C) > gn, (¢) +0.1]x* — x,|*. Since
In2(€) = Gnz—1,u(€) > gy (€) + 012" — . [*
this completes the proof of the case z, < x* < 0.

The case 0 < x, < x* is similar to the previous one.

So assume z, < 0 < z*.

Without limiting generality we can suppose z, < 0. If there are only
finitely many times when the trajectory is being reset then z* should equal 0
and x, < 0 for all n > N for some N. In this case the argument used for
the case x, < 2* < 0 works. So finally we assume that the trajectory
is being reset infinitely many times. Then we can choose infinitely many
ng < my < ng such that z,,,x,, > 0, 7, < 0, |z, — x| < 0.001]z,[*,
Ty, <y <0 for ng < n < ng.
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This means that the trajectory is being reset at steps ng+ 1 and ny but is
not being reset for steps ng+1 < n < ng. From z,,, <z, for n =ng,...,no
it also follows that z,, € A,,—1 and due to cancellation A4,,, = {0,n;}.
Now (2.2) implies

Iy (Tny) > Ino+1 (Tn,) > Ing (Tn,) = Gng (0) -

3

n, and

By our construction we also have g, (z,) = —x

9nq (0) = Gny (xm) +/ g?”Ll ("L‘)dl‘ = Gny (xm) +/ (g:’Ll (xm) - (1’ - xm)?’)dx

1 1

Ty,

= gn1 (xnl) + (_xnl)(_l‘il) - 4
xt A

> gno(0) + —21 > G, (0) 4+ 0.4]z,|*.

Hence
s (0) > gn, (0) > gy (0) + 0.4, |*.

Since ¢g,(0) is monotone increasing as n — oo and increases infinitely often
by 0.4|z,|* we obtain g,(0) — oco. By the Lipschitz property of g, we have
gn(c) — oo as well. [

2.2. Construction of the example

We start with a function h_q(z,y) = y. At step n, (n = 0,1,...) we are
choosing some disjoint open squares B, j, called perturbation blocks. For
each perturbation block we choose a perturbation function ¢p,, such that
this function is zero outside B, ;. This way the sum

hn(LC, y) = Z ¢Bn,k (l‘, y)

converges everywhere.
Our function f will be defined as

For the partial sums we use the notation

k=-1

Assume n = 0,1,..., is fixed. We will fix a constant ¢, > 0 so that
¢, — 0 as n — oo.



SOLUTION TO THE GRADIENT PROBLEM OF C.E. WEIiL. 903

Next we define our perturbation blocks, B and functions ¢z. Assume
that the open square B is centered at op and its sides are parallel to the
perpendicular unit vectors vg and wp, see Figure 8.

: P4
|
VB B : Bmain
I e Op
P1 : P2
|
wpB : Ps3 B

FIGURE 8: The perturbation block B.

The first vector v is called the direction vector of the block and the angle
between this vector and and (0, 1) will be in [—7/4, 7/4] and we choose w so
that its first component is positive. We assume that B = {op + avp + fwp
for |o|, |B] < B}

The differentiable perturbation function ¢5 used at level n will have the
following properties:

It will be continuously differentiable on B. For p € B we have

dist(p,0B))?
(2.9 6(p)] < P OB
and ¢p = 0 outside B (in the displayed equation, B denotes the boundary
of B). We assume |Vop| < 2¢, everywhere. The main region of B is
defined as

Binain = {0 + avp + fwp for |a| < (1 —27""2)ig, 18] <Ip}

and Birans = B\ Bpain is called the transitional region. If p € Buin we
choose ¢p so that Vg (p) is parallel to wg (this gradient can be zero). In
fact, the cross section of ¢ in the direction of wg will consist of piecewise
linear parts with some sanded corners, see Figure 9.

v section OB
| 51 P4
wp section OB
P1 P2

FIGURE 9: The wp and vp sections of ¢p.
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All these wp cross sections are the same in B,,.;, and by choosing a
sufficiently large number of zig-zags one can ensure that (2.3) holds. We
choose ¢p so that the linear parts dominate. This means that there exists
a set Bgood C Bain such that

A2(Bgood) Z (1 =27")A(B)  and  [Ow,d5(p)| = [IVes(P)|| = cn

if p € Byood, that is, By,q consists of those points where the cross section
of ¢ in the direction of wp is linear and of slope +c¢,,, these points are marked
by a solid line on the segment [p1, ps] of Figure 9. Denote by B..,, the set of
those p € B for which V¢g(p) = (0,0). We also assume that Ao(B.ero) = 0,
in fact, one can choose ¢p so that B,.,, is the union of finitely many line
segments pointing in the direction vp.

If p € Byyans We assume that

0.001
24) 00 05(0)| < iy

What we want to use is the wg component of V f, the small transitional
component 0y ,¢p(p) estimated by (2.4) just gives a small error in the end.
Restriction (2.4) is again a restriction on the heights of the amplitudes of
the wp sections, but this just means that we might need more zig-zags.

It is not difficult to see that given a perturbation block the function ¢pg
satisfying the above assumptions can be chosen.

Since the perturbation blocks are nonoverlapping at level n any point
p € G can belong to at most one perturbation block, which will be de-
noted by B,(p) and the corresponding perturbation function will be ¢p, (p)-
In case p is not belonging to a perturbation block at level n then we set
B,(p) = 0 and ¢p,p) will be the identically zero function. This will also
imply by the rules we follow in our construction that for any & > n the
point p will not belong to any (nonempty) By (p) and we will have ¢p, (p) = 0

everywhere. Now

ha(P) 65, ) (D)

and we will show that
(2.5) VIP) =(0,1)+> Vop,m{P) = > Vhi(p).
n=0 n=-—1
It is clear that
V() = (0,1) + Y Vop,m(p).

k=0
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In order to do our estimates later we will have to introduce “reduced sums”.
This means that we are not considering the “error term” coming from the
transitional components, that is, we consider

Vefa®) = (0, 1) + Y sy )08, (0) ()W (o)
k=0

and

vrf<p) = (Oa 1) + Z aan(p)gan(P) (p)an(p)
n=0

In Section 2.1 we were talking about trajectories in the gradient space.
To generate these trajectories assume that B, (p) # 0. This implies that
Bi(p) # 0 for k < n and hence the center op, (p) is given. We define the
“reduced centered sum” at level n as:

n—1

Vienf(P) = (0,1) + Z aWBk(p) ¢Bk(p)(OBk+l(P))WBk(p)'
k=0

Now set zo(p) = 0 and z,(p) = m(Vienf(P)), (by 7, we denote the pro-
jection onto the z-axis). Our construction will imply that yo(p) = 1 and
Yn(P) = Ty(Vienf(p)). In case B, (p) # 0 for all n € N then we can define
the infinite reduced centered sum

Vrcf(l)) = (07 1) + Z aan(p) ¢Bn(p) (OBnJrl(p))WBn(p)-
n=0

Finally, during the definition of the perturbation blocks by induction we will
need a “modified reduced centered sum” at level n + 1 which is

vmrc,nJrlf(p) = Vrc,nf(p) + aan(p) ¢Bn(P) (p)an(P)

Observe that if p = o0p,,,(p) then Vyyeni1f(P) = Viens1f(P), actually
the modified reduced centered sums are used to define the centers of the
perturbation blocks at level n + 1.

Next we show by mathematical induction how the perturbation blocks
at level n are defined.

We set ¢y = 0.004. We will use four perturbation blocks at level 0, these
are: By; = (0,1) x (0,1), B2 = (—1,0) x (0,1), Byz = (—1,0) x (—1,0),
and Byy = (0,1) x (—1,0). We have vg,, = (0,1) and wg,, = (1,0) for k =
L,...,4. We choose the functions ¢p,,, k¥ = 1,...,4. By our assumptions
about the functions ¢p,, the set Zg = UpB.cropk is of measure zero and is
relatively closed in Uy By ;. so setting Gy = Ui By ;. \ Zp we define an open set
and G\ Gy is of measure zero. For p € Gy set zo(p) = 0 = m(V,eof(P)),
and gop(z) =1— %. Clearly, V fy is continuous on Gj.
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Assume n > 0, the constant ¢, and the open set G, are given and
for all p € G, the trajectory {zo(p),...,z.(p)} C [—1,1], the perturba-
tion blocks By(p), ..., B,(p) and the functions g, , are defined, furthermore
|95, p(7)] < 1 forall x € [-1,1] and V f, is continuous on G,,.

Set
G ={peG,:Vf.(p) € N}

We use Vitali’s covering theorem to select the centers of the perturbation
blocks. (The version of Vitali’s covering theorem we need is Theorem 2.8.17
in [9]. This theorem is applicable if we take fine coverings of sets by squares
which are of sides not necessarily parallel to the coordinate axes and the
measure we use is Ay.) So we need to define a Vitali cover first.

For p € G} we define vp,41 as the “upward” normal vector of g, p
at the point with z coordinate . ,(P) = To(Viwent1f(P)). The vector
Wp n+1 Will be the unit vector which has positive z-coordinate and which is
perpendicular to vy, 1. The assumption that |g), | < 1 on [~1,1] implies
that the angle between (0,1) and vp 4 is in [—7/4,7/4]. Similarly the
angle between (1,0) and wp 11 is in [—7/4,7/4]. We choose 6y p+1p > 0
such that for any ¢ € (0, g ,+1,p) the square

Q&,n-ﬁ-l(p) = {p + avp,n-ﬁ-l + ﬁwp,n-i-l : |CY|, ‘ﬁ‘ < 5}

is a subset of G, N B,,(p), furthermore for any q € Qs,+1(p) we have

0.001
(2.6) V6.0 (P) = Vér,m) (D < S
and
0.001
(2.7) IV fu(P) = Vi@l < S

The squares Qs,+1(p) form a Vitali covering of G}, and hence by Vitali’s
covering theorem we can choose a disjoint system of these squares denoted
by Buyix = Qspn+1(Prn+1) such that setting Grio5 = UpByi1x almost
every point of G, belongs to Gy105. Clearly, op, .., = Prnt1-

We choose the perturbation functions ¢p, ., , on the perturbation blocks
Bpiig Now Z,11 = UpB.eront1,k 1s of measure zero and is relatively closed
in G,105. Hence if we put G,,11 = G105 \ Zni1 We obtain an open set.

Furthermore G, \ Gy1 = F,11 U E,, 11, where F, .1 is of measure zero
and Vf,(p) € Qo forp € E,11.

It is also clear that V f,, 11 is continuous on G,,,1 and from (2.7) it follows
that V f,11(p) € Qs for all p € G, 11.
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Set ¢p41 = 0.001X2(Gpy1). Now for p € G,,11 we denote by B, 1(p) the
unique block of the form B, which contains p. We set

Tny1(P) = T2(Vient1 f(P))

and define g,41p by using the trajectory {zo(p),. .., Zn+1(p)} and the func-
tions gop,---,gnp as it was explained in Section 2.1. Observe that by our
definition of V,.,41f and by the definition of the functions g, we have

?Jn-‘rl(p) = gn—l-l,p(xn-&-l(p)) = Wy(VTC,n—i-lf(p))'

Now Lemmas 2-4 can be used.
Next we show that \y(G,) — 0 as n — oc.
Proceeding towards a contradiction assume \y(G,) > v > 0 for alln € N.

Then G, good = Uk Bgood,n,i satisfies
)\Z(Gn,good) Z (1 - Qin)AQ(Gn)

Hence AN, Gy good) > /2 and there exists p € NS, Gy gooa- This implies
Vfu(p) € Qs and 7, (Vf,(p)) € [-0.51,0.51]. Since ¢, 4 0 one can see that

the x coordinates of the vectors

j:cnwp,n = 8an<p) ¢Bn(p)<p)an(p) = th(p)

are bounded away from zero and hence by (2.6), z,,(p) diverges. This implies
by Lemma 4 that g, (p) — oco. By using the estimate (2.6) with p := op,,,(p)
and q := p this would imply 7, (Vf.(p)) — oo which contradicts that
V fn(p) € Qy for all n.

Now we show that f is differentiable on G.

If p & ne,G, then let ng(p) = min{k : p € G} — 1. This means
f(P) = faop)(P). Since p € G, for all n > ng, for any q, by using (2.3) we
obtain |h,(q) = hn(p)| < [lq — p|[*/2", which implies Vf(p) = V fu,p) (P)-
Especially, we have V f((0,0)) = (0,1). Since \y(N9°,G,) = 0 almost every
p € G belongs to Uy E,, and for these p we have

VIP) =V (P) € 2o D Q.

Now assume p € N2 ,G,. This implies that V f,,(p) and hence z,(p),
yn(p) are bounded. Then there exists 2* such that z,(p) — z*. Otherwise
by Lemma 4, y,(p) — oo which is impossible. By Lemma 3 there exists y*
such that y,(p) — y* and

vrc,nf(p) — (2%,y") = V.o f(P).
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If op,.\(p) € Bmainn(P) then

OW B, (p)PB,(p) (0B, 1) WB,(p) = VOB, () (05,11 (p))-

If o, (p) € Biransn(P) then Vop ) (0p, ., p)) has a small component
pointing in the direction of v, (p) and we can estimate this by using (2.4).
So,

0.001
(2.8)  [|10WB,(p)?B.(0) (08,11 (0))WB.(p) = VOB, (p) (0B, 1 (p))|] < ontl "

Next by the choice of B, 1(p) and (2.6) we have

0.001
(2'9) ||V¢Bn(p)<p) - v§an(p)(OBn+l(p))|| < STESE
From (2.8) and (2.9) it follows that
— 0.002
(210) van<p) - vrc,n-ﬁ-lf(p)H < Z W < 0002)
k=0

furthermore, one can also see that Vf,(p) forms a Cauchy sequence and
hence converges to V f(p) defined in (2.5). Next we verify that V f(p) is
indeed the gradient of f at p. From (2.8) and (2.9) we can also deduce that
for all p € G,

0.001
(2.11) 1(Vf(P) = Vful(p)) = (Veef(P) = Vienr DI < =
Given € > 0 choose N such that for all n > N we have
€ 0.001 €
||v7’cf(p) - Vrc,n+1f(p)|| < g and on < g
Then
2
(2.12) IV £(p) — V£u(p)|| < 36 for all n > N.

To show that f is differentiable at p we need to estimate

fla) = f(p) = Vf(p) (a—p).

Assumen > N, p € G,,, p,q € Bi(p) for k <n,and q € B,+1(p). Then
by (2.3) used for all £ > n + 1 and added together

1£(@) ~ £(0) — (Fule) — Ful))]| < 2550 la — p P



SOLUTION TO THE GRADIENT PROBLEM OF C.E. Wei. 909

By (2.12),
2¢
IVf(p) = ViuP)ll - lla = pll < < lla - pll
Using ||Vh,|| < 2¢, and the Mean Value Theorem
hn(@) = hn(P) = Vha(p) - (= P)I| < 4enlla - pl|-

By (2.7) used with n — 1 and by the Mean Value Theorem

0.001

1fn-1(@) = far(P) = Vfur(P) - (@ = P)I| < 7= la — pl|.
Hence,

0.001

[1/n(@) = fa(P) = Vfulp) - (@ = P)I| < (4 + ) lla — Pl

and
0.001 2 0.001

(@)= fP) =V f(p)-(a=p)ll < (4eat— +§E)Hq—pH+2 i1 la—pl[*

Since ¢, — 0 as n — oo this implies that f is differentiable at p. This
concludes the proof of Theorem 1.

References

[1] Brucks, K. M. AND BuczoLICH, Z.: Trajectory of the turning point is
dense for a co-o-porous set of tent maps. Fund. Math. 165 (2000), no. 2,
95-123.

[2] BuczoLicH, Z.: The n-dimensional gradient has the 1-dimensional Denjoy-
Clarkson property. Real Anal. Exchange, 18 (1992/93), no. 1, 221-224.

[3] BuczoLicH, Z.: Level sets of functions f(x,y) with nonvanishing gradient.
J. Math. Anal. Appl., 185 (1994), no. 1, 27-35.

[4] BuczoLicH, Z.: Approximate continuity points of derivatives of functions
of several variables. Acta Math. Hungar. 67 (1995), no. 3, 229-235.

[5] BuczoLICH, Z.: Another note on the gradient problem of C. E. Weil. Real
Anal. Exchange, 22 (1996/97), no. 2, 775-784.

[6] BuczoLicH, Z.: Functions of two variables with large tangent plane sets.
J. Math. Anal. Appl., 220 (1998), no. 2, 562-570.

[7] CLARKSON, J.A.: A property of derivatives. Bull. Amer. Math. Soc. 53
(1947), 124-125.

[8] DENJOY, A.: Sur une proprieté des fonctions dérivées. Enseignement
Math. 18 (1916), 320-328.



910 Z. BuczoLicH

[9] FEDERER, H.: Geometric measure theory. Die Grundlehren der matema-

tischen Wissenschaften 153. Springer-Verlag, New York, 1969.

[10] HorickY, P., MALY, J., ZAJICEK, L. AND WEIL, C. E.: A note on the
gradient problem. Real Anal. Exchange, 22 (1996/97), no. 1, 225-235.

[11] PETRUSKA, G.: Derivatives take every value on the set of approximate
continuity points. Acta Math. Hungar. 42 (1983) no. 3-4, 355-360.

[12] WEIL, C. E.: On properties of derivatives. Trans. Amer. Math. Soc. 114
(1965), 363-376.

[13] Query 1. Real Anal. Exchange, 16 (1990/91), no. 1, 373.

Recibido: 29 de noviembre de 2002

Zoltan Buczolich
Department of Analysis
Eotvos Lorand University
Pazmany Péter Sétany 1/c
1117 Budapest, Hungary
buczo@cs.elte.hu

Most of this work was completed while the author visited Department of Mathematics
of Michigan State University. Later, this research received partial support from the
Hungarian National Foundation for Scientific Research Grant no. T049727.



