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The Poisson’s problem for the Laplacian
with Robin boundary condition in

non-smooth domains

Loredana Lanzani and Osvaldo Méndez

Abstract

Given a bounded Lipschitz domain 2 C R™, n > 3, we prove that
the Poisson’s problem for the Laplacian with right-hand side in L” ,(Q),
Robin-type boundary datum in the Besov space B;_l/ p-tp (092)
and non-negative, non-everywhere vanishing Robin coefficient b €
L"=1(99Q), is uniquely solvable in the class L5 _,(Q) for (¢, %) e V.,
where V. (e > 0) is an open (€,b)-dependent plane region and Vj is
to be interpreted ad the common (optimal) solvability region for all
Lipschitz domains. We prove a similar regularity result for the Pois-
son’s problem for the 3-dimensional Lamé System with traction-type
Robin boundary condition. All solutions are expressed as boundary
layer potentials.

1. Introduction

In this article we use layer potentials to obtain optimal regularity results for
the Poisson’s problem for the Laplacian with Robin boundary condition and
for the 3-dimensional Lamé system with traction-Robin boundary condition,
on a bounded, non-smooth (Lipschitz) domain. Specifically, given a bounded
Lipschitz domain 2 C R™ and a non-negative, non-everywhere vanishing
scalar function b, we study the Poisson’s problem for the Laplacian with
Robin boundary condition

Au=f €L’ () inQ

(1 : 1) ou 1-1-tp

— +bu=ge B, ” "(9Q) on IN

aN g p ( ) Y
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and, for n = 3, the Lamé System with traction-Robin boundary condition

Lu=f €L”,,(Q) inQ,
Ju

ov

(1.2) o
tbhu=geB, " (09) on 9.

Here L% () stands for a suitable variant of the usual potential spaces de-
fined via the Fourier transform (see Section 2 for the relevant definitions).
For a three-dimensional vector field u defined in Q2 and p > 0, A > —2?“, the
differential operator in (1.2) is defined by

(1.3) Lu = pAu+ (A + p)Vdivu.

The boundary condition in (1.2) with b = 0 has been extensively studied in
the literature due to its importance in elasticity theory (see [4], [3], [17]). Our
main results are Theorems 4.5 and 5.2 for problem (1.1) and Theorems 6.4
and 6.5 for the Lamé system (1.2).

We aim to expressing the solutions as the sum of a Newtonian potential
(for Problem (1.2), elastic potential) and a single layer potential on the
boundary. To this end, we solve first the homogeneous versions (f = 0)
of (1.1) and (1.2) and show that the (unique) solution can be expressed in
the form

(1.4) u(X) = ST H(g)(X),

where 7 is an operator acting on an appropriate function space (Section 4)
and S is the single layer potential on 9 (see (1.7)). In both cases we first
establish L?(02) and Hardy-Space type results for the invertibility of the
solution operator 7. Then, via interpolation, we extend the invertibility
of T to Besov spaces B;?(0) for p and s ranging throughout an (optimal)
region U,, where the positive number ¢ depends on the Robin coefficient b
and the Lipschitz character of 2. The solution for the non-homogeneous
problems is then obtained by adding the Newtonian potential of f to (1.4),
see (5.3).

The paper is structured as follows: In Section 1, we briefly present the
notation and terminology to be used throughout the article; in Section 2
we introduce the function spaces needed for the proper formulation of (1.1)
and (1.2). In Section 3 we investigate the Fredholm index of the solution
operator 7 on various function spaces; Section 4 is devoted to the study of
invertibility of the boundary operator associated with (1.1) on suitable func-
tion spaces; the solvability of (1.1) is presented in Section 5. The invertibility
and solvability results for Problem (1.2) are given in Section 6.
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Given a Lipschitz domain @ C R" with boundary 09, (v(P))peyq de-
notes a fixed family of two-sided non-tangential cones (see [23]). As usual,
+7(P) C Q and —y(P) C R™\ Q symbolize the interior and exterior part of
v(P) respectively. For u:Q — C, P € 0, let

(1.5) M (u)(P) = sup{|u(X)|, X € (P)}

denote the ((7(P)) peso-dependent) non-tangential maximal function. As is
customary, X stands for a generic point in R" \ €, while the notation P
or () is reserved for points on 0f2; surface measure will be written as do.
The (do-a.e defined) exterior unit normal vector at a point P € 02 will be
denoted by N(P).
Let I' be the fundamental solution of the Laplacian, i.e.,
1

(2 = nwn| X["2
where w,, (n > 3) stands for the surface measure of the unit ball in R". Let
L£(09) denote the space of Lipschitz functions on 99 and let £ (9Q) stand
for its dual. In preparation for Section 4, we define the single layer potential
with density A € £'(9Q) as

(1.6) T(X) = X e R\ {0},

(1.7) SA(X)=(AT(X—-")), XeR"\ 0.

The boundary trace is written as

(1.8) S(A)(P)=(A\,T(P—")), Peo.

In particular, if f € LY(99),

(1.9) S(HIX) = , FQI(X —Q)do(Q).

The double layer potential with density f : 02 — C is defined as
0

(1.10) D(f)(X) = - f(Q)aN(Q)F(X — ) do(Q);

these potentials are well defined and harmonic in X € R™\ 9€2. As a conse-
quence of the L2-boundedness of the Cauchy integral operator on Lipschitz
curves ([1]), the singular integral operators

0

(1.11) Kf(P)=p.v. ., f(Q)aN(Q)F(P_ ) do(Q)
and its formal transpose
D) KA =pe [ @y P - ) dol@)

are bounded on LP(992) for 1 < p < oco. Furthermore, K* is bounded on
H?(99) (the atomic Hardy space, defined on 9, see ([2])) for 2=+ < p < 1.
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We refer the reader to Section 2 for the definition of the Besov spaces
B;? on 0f); meanwhile we state the trace properties of the layer potentials:
for a detailed discussion, see [23].

For 1 < p < oo and f € LP(09), the following trace formulae hold:

1
(1.13) iy(Plg;(—me(X) = iif(P) + Kf(P)do — a.e. P
and
0 :
DoSUNP) = Jim (VS(X), N(P)
(1.14) zqiéf(P)—i-K*f(P) do — a.e. P,

where (a,b) denotes the Euclidean scalar product in R™. For 1 < p < o0,
0<s<Tland f € ByP(09Q), (1.13) takes up the form

(1.15) TrDf = i%f(P) + Kf(P),

where Tr stands for the trace operator (see [12]). For f € B *P(0f), the
“Interior” statement in (1.14) is to be understood in the following weak sense
(see [8] for the details): for arbitrary ¢ € By4(0%) (¢ = ;£7) extended to €2

as a function in L™/ 9(02), the equality

(VS Vo) = (51 + KV, 6)

holds.

2. Function spaces and potentials

In this section we introduce the various spaces that naturally arise in the
study of the regularity problems under consideration here. Once again 2 C
R™ n > 3, will stand for a bounded, Lipschitz domain with connected
boundary 9€2. For 0 < p,q < oo, let A34(R") denote either the Besov space
Bya(R™) or the Triebel-Lizorkin space F;4(R") (e.g [21] for the definition
and a complete survey on these spaces). For s > 0 the corresponding spaces
A29(082) are defined by localization, whereas for t > 0 and 1 < p,q < oo,
we define

AZH(09) = (A (09))7,

where p’ and ¢ stand for the Holder-conjugate exponents of p and ¢ re-
spectively. The spaces A57(Q2) are defined as spaces of distributions (in €2)
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obtained by restriction to {2 of distributions in A}%; more precisely, for s € R
and p, q € (0, 00], we let

A39(Q)) = {f eD(Q): f=Flo,F e A;’q(]R”)} .
These spaces are Banach when endowed with the quotient norm

/]

Furthermore, for s, p and ¢ as above, we let

az(a) = inf {||Fllasomny, Flo=f}.

(2.1) A(Q) = {f e D'(R") : supp f C Q} .

For s e R, 1 < p,q < oo, the following equalities hold for the dual spaces:
(2.2) (A;vm)) — 437 (Q)

and

(2.3) (A39(Q))" = (A;;Q’(Q)) .

See [11] for a proof of (2.2). The identity (2.3) was proved in [8] for p = ¢;
a slight modification of the arguments presented there makes both proofs
work also for p # gq. We recall that for p € (0, 0c], the embedding

F'2(D) — F**(D)

is well defined and compact for any smooth, bounded domain D (see [5]).
Based on this observation and using a customary localization and duality
argument it is not hard to prove that for a bounded Lipschitz domain the
embedding

(2.4) i F)2(00Q) — FX2(09)

is well defined and compact.
For real s, let LP(R™) denote the potential spaces defined via the Fourier
transform (see [11]), i.e.,

LER") = {(I = A)"2(g) : g € L"(R")},

with
[fllze = I(1 = A)2(f)]| o
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It is well known (see [21]) that the Triebel-Lizorkin scale (F;?),, contains
both L? (which coincide with the classic Sobolev spaces when s is a non-
negative integer) and the atomic Hardy spaces H?, 0 < p < 1. More pre-
cisely, for s € R and 1 < p < oo, we have

(2.5) F*(R") = LY(R™),
whereas, for 0 < p <1,
(2.6) F*(R") = Hp (R),

where the right hand side stands for the inhomogeneous spaces (no vanishing
moment condition is required for the corresponding atoms (see also [9])). In
the sequel, we will freely use (2.5) and (2.6). Occasionally, we will write
L% 4() instead of F;”Q(Q) (see (2.1)). In closing this section we recall a few
results (see [8, Lemma 9.1] and preceding Remark) that will be needed in
Section 5.

Lemma 2.1 For0<s, 1 <p<ooand k=1,2,...,n the partial deriva-

tive operator
O+ LE(Q) — Lg_4(2)

s well defined and bounded.

Lemma 2.2 If0<s<1,1<q<oo,%+%:1and—s+%§0, then

0= (@)

whereas if —s + % > 0, we have

L a@-(r,.0)

Finally, with the same notation used in Lemma 2.2, given % <t< 1+% and
an n-dimensional vector field F' € L} _,(Q) ( % + % = 1) whose divergence has
a continuous extension to L{(Q) (i.e., if div F € L”,,(Q)), we identify the

normal component F' - N of F' with the linear functional in B;fl/ Pty (09)
(which depends on the aforementioned extension), defined via:

(F-N,¢)=(divF, ¢)+ (F, Vo)

for every ¢ € Bf_l/q(é?Q) extended to ¢ € LI(Q). Notice that the normal

component does not depend on the particular extension gg Furthermore,

IF Nl , ooy < O, ) (Il + 11 div Fllzsgey )
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2.1. The Newtonian Potential

We now define the Newtonian potential and investigate its main features
as an operator on the Sobolev and Besov scales. Let n > 3, w, and T’
be defined by (1.6). Consider the restriction operator Rq (from R” to 2)
acting on distributions; let £ () stand for the space of compactly supported
distributions in 2, and let N denote the convolution operator

(2.7) N:E =D
defined by
(2.8) N(A) =T *A.

We define the Newtonian potential on €2,
Na : E(Q) — D(Q)

as

(2.9) Na(f) = RaN(f),

where f denotes a compactly supported distribution in R™, which is defined
via the identity

(. 0) = (f Ra(9)).
The Sobolev-Besov regularity of Ng, was studied in [§]:

Theorem 2.3 Let 1 < p,q < 00, %—i—% =1and 1 < s < 3. Then the
Newtonian potential defined by (2.9) is bounded as a linear operator

NQ : Lpfs,O(Q) - Lgfs(Q)
Moreover, if 1 < s < 3, N is bounded as an operator
NQ : Bgs,O(Q) - Bg—s(Q>

For a distribution f € L} () and —1 < s — + < 2, the vector field

—s—1,0 p

VNa(f) € ¥ . ()

s+5

has normal component (denoted %} in the space BY (0N2).

Proof. See Proposition 2.1 and 9.7 in [8]. |
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2.2. Mapping properties of the boundary layer

We conclude this Section by recalling the following mapping property of the
single layer potential on the scale B *P(92) (with 0 < s < 1). See [8] for
further details.

Theorem 2.4 For0 < s <1 and 1 < p < oo, the single layer potential
—sp 1—s+%,p P
S: B, P(08)) — By Q)N L173+%(Q)

18 a bounded linear operator. Here, the intersection is endowed with the
norm

il = ma ] .
L L Potren [ Py,
P

3. Fredholm analysis of the solution operator

In this section we investigate the Besov-space regularity and the invertibility
of the operator that gives the solution of the Poisson’s problem (1.1) namely
the operator 7 in (1.4). More precisely, we define 7 as (see (1.8) and [14]):

(3.1) T:—%I+K*+b5

and we show that under certain conditions on s and p (involving the Lipschitz
character of 2), 7" is invertible on the Besov scale B, *?(JQ2) (Theorem 4.5).
To this end, we show that 7 has vanishing Fredholm index on appropriate
Besov spaces (indeed, 7 is a compact perturbation of the solution operator
for the Neumann problem). We start with a Lemma that plays a central
role, both in this Section and in Section 5, where it is crucial to justify the
weak formulation of the Robin boundary condition.

Lemma 3.1 Let Q C R" denote a bounded Lipschitz domain with connected
boundary. Assume that b € L™ 1(0Q), 1 < g<oo,n >3 and 0 < s < 1.
Let T, denote pointwise multiplication times b, namely

(3.2) Ty(¢) = b.

Then Ty is bounded as an operator

(3.3) T, : B;~>9(0S2) — B, *9(09).
Moreover, for ¢ < n —1, Ty is bounded as an operator

(3.4) Ty : LI(09Q) — LU(O).
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Proof. For ¢ < n—1, assertion (3.4) follows from the Sobolev’s embedding
Theorem: for ¢ € L{(02), we have

109 Lacan) < [|0]
< |||

Ln—1(8%) HwHLZ@:; (59)

=100 || L1 a0 -

We next claim that for n > 3, T, maps B, > () boundedly into By ®'(99).
To see this, select s = (n — 1)(; — 1) and let a denote an L' — F,}*-atom for
1 <t <n—1,so that there exists a ball B(r) of radius r > 0, with

e supp a C B(r) N o<,

o llall g2, < r"E.

On account of well-known embedding theorems, we have that

FM(09) C LT (09),
whence

ball o200y < Illn100) lall 22 ony < ellbllnsonyr™ DG,

where c is a positive constant independent on a.
Therefore, ba is an L' — F7*(09)-atom (see [9]) and it follows that Tj, is
bounded as an operator

(3.5) T, : F)?(0Q) — F*(0Q)

with norm bounded by a constant times [[b||zn-1(50) (here that F(99)
denotes the Triebel-Lizorkin space, see Section 2). Before completing the
proof, we recall some functional-analytic tools from [17]. For a given quasi-
Banach space X, let X denote the Banach envelope of X, i.e. X is the

“minimal” Banach space that contains X (see [17] for the precise definition of
the “hat” operation). Any continuous linear operator 7" on X has a natural
linear and bounded extension 7' to X. We recall that the hat operator
preserves isomorphisms and compactness. More precisely,

(3.6) 1T 5y < 1T lsexx)

and if 7" is an isomorphism (or is compact) on X, so is T on X. Moreover,
it was proved in [17] that the following identifications hold for 0 < p < 1:

(n 1)(1 1),

F0%(09) = 109)

and
1 (n—1)(3-1),1

Fl*(09Q) = (09).
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Therefore, it follows from (3.5) that the “hat” extension of Ty, which, as it
is easily verified, is still multiplication times b, maps F?(9Q) = B, *'(09)
boundedly into FO2(9Q) = B> (9Q). It is now easily verified that Tj, is
self-adjoint. Thus, T}, is bounded as an operator

Ty, : BS°(9Q) — B1°(0Q).

Standard interpolation arguments now yield the rest of the proof. We remark
that the norm of 7T} as defined above satisfies the bound

(37) HTb||B(le)75’p(aﬂ),Bz:S’p(8Q)) S C’Hb“Lnfl(aQ)

for some positive constant C' = C'(€2, p, s). [ |

Recall now that for 0 < s < 1 and 1 < p < oo, the embedding
(3.8) ByP(09Q) — B;_l’p(ﬁﬁ)

is compact (see [5]). Next, on account of Lemma 3.1 and results in [23] we
claim that for 0 < s <1 and 1 < p < 0o, the operator

(3.9) TyoS: By '7(0Q) — By '7(09)

is also compact. Indeed, for smooth b it is clear that bS maps B;fl’p((?Q)
into ByP(0€2) (recall that S is a bounded operator from B;~'*(0Q) into
ByP(09) for 0 < s < 1, see [8]); this observation and the bound (3.7) allow
us to use a standard approximation argument to complete the proof of the
claim. We now compute the Fredholm index of the operator 7 (see 3.1) on
the Besov scale By~'P(09) for 0 < s < 1. On account of (3.9), T has the
same Fredholm index as the operator —%I + K*. The latter is studied in
the following Lemma.

Lemma 3.2 There ezists 0 < € = ¢(§2) depending on the Lipschitz character
of Q such that the operator R = %I — K is Fredholm and has index 0 when
acting on the following spaces:

(i) L*(09)
(ii) L3(9Q)
(iii) By ®'(99) for 0 < s < e.

Also, for s as in (ii1), R* is Fredholm and has indez 0 as an operator acting
on B521°(9Q), and closed range and index 0 as an operator on Fy*(99).
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Proof. The proofs of (i) and (i7) are essentially contained in [23], whereas
(771) was established in [2]: for the sake of completeness we sketch these
proofs here. Let qu(afz) stand for the elements in (the space of distri-
butions) A%9(02) which vanish on constants. It is well known (see [23])
that as an operator on L*(0Q), R* has closed range; moreover, range(R*) =
L}09) = F?*(09), and ker(R*) = (fo), where [, fo = 1 and S(fo) is
a non-zero constant. Thus, the index of R on L*(0f) is 0 and, further-
more, R* is invertible as an operator on I)Q(E)Q). The following topological
decomposition is easily verified:

L2(09) = (fo) ® L*(09),
whence
(3.10) L*(09) = *({fo)) ® (1) = range(R) & (1).
Now R is bounded as an operator acting on L%(99), (see [23]). Let g €
L*(09) and R(g) = f € L}(09). Write

utx) = sy (s - (

Integration by parts in €2 yields

51 fda) fo) (X).

Q

u(X) = Dlulan) (X) ~ 5( ) (x).

In particular, there exist a constant ¢ and a function h € L?(99) such that
R(h) =c+ f =c+ R(g),

from which it follows that ¢ = 0 and g € L}(99), hence the closedness
assertion in (ii). We also note that the above argument shows that the
range of R as an operator on L3(9f2) has codimension 1 (see( 3.10)), from
which we obtain
L}(09Q) = (1) @ range(R).
The kernel of R on L?(99) is the subspace generated by the constant 1.
Thus, the Fredholm index of R on L3(9Q) is 0, as claimed. We note in
passing that these observations imply that the range of R* as an operator on
L2 ,(09) is closed and equal to L?(9€2), whence, as an operator on L? | (99),
ker(R*) = (fo).
Finally, it was proved in [8] that for 0 < s < € = €(2), the operator

(3.11) R: B ~'(09Q) — By *'(09)

is bounded and has closed range in B;*'(9Q), and that the single layer po-
tential operator, S (which is self-adjoint) is an isomorphism from B; **(9Q)
onto B ~*'(99), hence also from B 1>°(9Q) onto B%>®(0N).



192 L. LaNzANI AND O. MENDEZ

Since
Li(09) = B,*(0) € By (99),
the unique function gy € B3 1>°(9€2) with S(go) = 1 is a non-zero multiple
of the generator of the kernel of R* in L? ;(02). Thus, when R* is considered
as an operator on B5:1°°(9Q), we have

(3.12) ker(R*) = (fo).

It is easy to see that the range of R* on the above space also coincides with
B51°(9Q) (since R* is an isomorphism there). We now proceed to prove
the last statement in Lemma 3.2. The closedness of the range of R* as an
operator on F\"*(99) follows from [2]; indeed, it is shown there that the
range of R* coincides with the space of functions in F["*(9€) which have
vanishing integral. Recall that L*(0Q) = Fy?(9Q) C F*(99Q) (see [19]).
Selecting f € F*(9Q) with R*(f) = 0, integration by parts in Q (which is
legitimate since M (f) € L'(09), see(1.5)) in conjunction with the fact that
S : FY*(0Q) — F!*(0Q) is an isomorphism (see [2] and [17]) easily yields
that f is a multiple of the generator of ker(R*) and from this, it follows
immediately that the index of R* is 0. |

4. Invertibility of the solution operator

Throughout this section we fix b € L"~1(9€). The solution operator to the
Poisson’s problem (1.1) (with f = 0) was defined in (3.1).

Lemma 4.1 If b> 0, b > 0 on a set of positive Surface measure and n > 3,
the operator T is invertible on F)"*(09).

Proof. Let f € F*(0Q) with 7(f) = 0. Since M(VS(f)) € L'(09)
(see [2]), we may integrate by parts and obtain

(4.1) / VS F(X) e = - /d UPIS(FP(PYio(P)

from which it can be easily seen that 7 is injective on F\"*(9Q) (see [14]).
Next, we show that

(4.2) bS : F?(09) — FY2(0Q)

is compact. To this end we recall the atomic decomposition of the above
spaces: we refer the reader to [9] and [17] for further details. Let A be an
LP — F*(09Q) atom | i.e., there exists a number r, 0 < r < €(9Q),

e supp A C B(r) N o

_1yi-1
° HAHFZ}’Q((?Q) <c(rmThe
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Choosing 1 < p < n—1, Holder’s inequality and the Sobolev Embedding

Theorem grant
[bAllzr00) < [lbllr1 00 14Nl @one
n_1)(1_
< 1]l 100 1Al 20y < N8l n1 ooy r™ VY.

Thus bA is a p-atom for F"*(09) (see [9]) and the boundedness of the

operator in (4.2) follows at once. Since the operator (4.2) can be approxi-

mated (in the operator norm) by b;S, for smooth (Lipschitz) functions b;,

the compactness statement will follow once it has been established for Lips-

chitz b. Indeed, multiplication by a smooth b defines a bounded operator on

F?(0Q), thus for such a b the compactness result is a direct consequence of

the compact embedding (2.4). This, in conjunction with (i7¢) in Lemma 3.2

and the above injectivity result, yield the invertibility of 7 on F?(99), as

claimed. ]

Lemma 4.2 The operator T has index 0 on B;"*(0Q) for n > 3. For
n =3, T has index 0 on By **(0Q) for 0 < s < 1, and index 0 on By "*(9Q)
if we assume b € L"(02) for some r > 2.

Proof. On account of (i) in Lemma 3.2, the claim will follow once we
show that bS is compact as an operator on B; "*(9Q) = L?,(09). To this
end we first consider the case n > 3 and show the bound

(4-3) HbS’|B(L31(8Q),L31(8Q)) < HbHL“*(@Q)HSHB(L%l(aQ),L%l(aQ)),
where b € £(9). To prove (4.3), note that for A € L*,(99Q) we have,
sup [(bS(A), )| = sup [(S(A), by,

|17Z]| L%ZI ’IZI L%Zl
and also

[(S(A), b)) 1S (M)l 200 09| 200

1Sz 1] n-2 [D]] 2

n=3(0Q)

[VANRVAN

IA

1S TA) |22 0 1b]] L o) [ 2 0 -

We now recall that for b € L>(912), the operator defined by pointwise
multiplication times b is bounded on L?(9€2). Thus, for such a function b,
bS is compact on L?(9f). Since any b € L"1(9f) can be approximated
by Lipschitz functions (in the L™ 1(9Q)-norm) the estimate (4.3) yields
the compactness of the operator bS on L?,(9f2). The case n = 3 follows
from Lemma 3.1 and the fact that 17 — K* has index 0 on By *2(99)
(see [8], (3.11) and (3.12) in Lemma 3.2)). |
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Lemma 4.3 The operator T has index 0 on L*(0Q) forn > 3. If n = 3,
then T has index 0 on L*(09Q) provided b € L™(9S) for some r > 2.

This result was proved in [14], Corollary 2.4. Here we recall the main steps
in the proof. Clearly, bS = T, o S is compact if b € L>*(0Q). For n > 3,
be L"100) and f € L*(09), we have:

1oS ()l 2200y < 116llLr-1(00) 1S ()]l 220 -

A similar argument holds for n = 3 and b € L"(02) for r > 2. It follows
that bS can be approximated in the L?(9€) operator norm by compact
operators. Thus, 7 is a compact perturbation of an operator of index 0 (see
Lemma 3.2, (7)). The proof is concluded. |

Lemma 4.4 Let 0 < b e L"1(09Q), b > 0 on a set of positive Surface mea-
sure. Then, if n =3, T is invertible on By*(092) = L2(9Q) for —1 < s < 0.
Ifn > 3, the operator T is invertible on By*(9Q) = L2(9Q) for —1 < s < 0.

Proof. We first deal with the case n > 3. Since for f € L?(92), one has

LSt = | (=514 K)ND@S(DQr(Q),

o0

it follows at once from Lemma 3.2 and Lemma 4.3 that 7 is invertible on
L?(99Q). Next, we show that 7 is injective on B, "*(9Q) = L?,(dQ). If
feL?,(00) and T(f) =0, then

1 i} o 2 _. . 2 an
(—3 1K) = =bS(f) € L3OQ) = {f : f € L(09) d/m

fdo = 0}.

Since S(f) € L*09) (see [23]), it follows from Holder’s inequality that
for p = 21 one has bS(f) € LP(8Q) C L2,(09). Since s — K* is an

n+1
isomorphism on L§(092), there exists g € LH(0€2) such that

(57~ K) @) = (57~ K°) ).

Let fo € L*(02) C LP(92) be such that fo € ker(31 — K*), and [, fo # 0.
Then S(fo) is a non zero constant on 9€2. Assume f; is normalized so that
S(fo) = 1. Since the index of 37 — K* as an operator on L2,(9Q) is 0, it
follows that f — g = ¢fo. Thus, 7(g) = —cb. But 7 is invertible on L?(052),
so g = —cfy. Hence f = 0. It follows from Lemma 4.2 that 7 is invertible
on B; "(0Q) for n > 3. Lemma 4.4 is now obtained for n > 3 by (complex)
interpolation.
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Concerning the case n = 3, we know from Lemma 4.2 that for —1 < s < 0
the Fredholm index of 7 on By?*(99) is 0. Choosing p = T2 < 2t is easy
to see that

LP(0Q) C By*(09).
If f € By*(09) is in the kernel of 7. it follows from Sobolev’s Embedding
Theorem that bS(f) € LP(09Q), as S(f) € By™'?(9Q). As in the case
n > 3, this implies that 7 is injective, hence invertible on By?(99). Notice
that, as observed in [17], the invertibility results just proved yield a number
€ > 0 depending only on b and the Lipschitz character of ), such that 7 is
invertible on L?(99) and on B, '*(992) for 2—e < p < 2+e¢. This concludes
the proof. [ |

In view of the functional-analytic remarks recalled in the proof of

Lemma 3.1, the operator 7, (which coincides with 7 on smooth functions)
“n(io1),
is an isomorphism on B, b 1(39) for 1 —€(Q2) < p < 1. Moreover, for

s>rand s — 22+ >r— (n— 1), we have the embedding (see [20])
B32(0Q) C By (09).
Thus, for ¢, p > 0 such that 0 < ¢+ p < 1, we have
B> (09) € By (09),

and 7 must be injective on B**°(9€). Since 1] — K* has index 0 on
B >°(0Q) for t close to 1 (Lemma 3.2), it follows that 7 is also invertible
on B *°(0Q) for t close to 1.
Next, for € > 0, let U, denote the plane region determined (in the (s, %)—
plane) by the conditions —1 < s < 0, 0 < % <1 and
1 % —€ 1 % —€

4.4 = — <-<
(44) 2 €+1—€S p 1l—e

(s+e€) +1.

That is, U, is the interior of the hexagon with vertices (0,1), (—¢, 1),
(1,5 +€), (=1,0), (=1 +¢,0) and (0,3 — €). We are now in a position to
prove our main invertibility result:

Theorem 4.5 Let ) € R", n > 3 be a given bounded Lipschitz domain with
connected boundary 0Q, 0 < b € L"1(0Q) with b > 0 on a set of positive
Surface measure. Then there exists a positive number € depending only on b
and the Lipschitz character of ) such that the operatorT = —%I+K*+b5 18
an isomorphism on B3P (0Q) for (s, %) €U. Ifn >3, T is an isomorphism
on L1(0Q) for 1 < g < 2+ €. The region U, is optimal, in the sense that
given any (s, 110) ¢ U, there exists a Lipschitz domain €, such that the
associated T is not invertible in ByP(0S2).
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Proof. The proof follows from the invertibility results in Lemma 4.4 and
complex interpolation (see [17]). Although interpolating the invertibility of
an operator requires some care (see [6] for a counterexample), all difficulties
in the present case were overcome in [8]. It was also proved there that U, is
sharp (in the above sense) for the invertibility of —37+K* on B;:p(aQ) in the
class of Lipschitz domains. The corresponding assertion for the invertibility
of T follows easily from there; for example, let (s,%) ¢ U, eg. p > 2
—1 < s < 0. If 7 were an isomorphism on B;?(9Q) for such s and p, it would
follow that (—3I + K*) has index 0 as an operator on B5?(92) C L2,(99).
Since the range of —%I + K* has codimension at least 1, it is immediate
that ker(—2/ + K*) C< fo > (in the notation of Lemma 4.4) must have
dimension one, whence (—3I 4+ K*) must map B5?(9Q) onto B;’p(é?Q). In
particular, it would follow that —%I + K* is an isomorphism on B;vp (092).
But it is well known that if (s, }3) ¢ U, a Lipschitz domain can be found

for which (=17 + K*) is not an isomorphism on BP(99). The case p < 2 is
handled similarly. [ ]

5. The Poisson’s Problem

In this section we discuss the solution of problem (1.1). The first order of
business is to properly formulate the boundary condition, which we do in
Definition 5.1. We then obtain existence and a-priori estimates for the solu-
tion, which, in particular, grant uniqueness in the Sobolev class. Note that
we obtain a strong solution, for which we exhibit an explicit representation
as the sum of a Newtonian potential and a single layer potential.

Definition 5.1 Let 1 <p<oo, t+l=11-1<t<2-1 fel” (),

be L"1(0Q) (n>3) and g € By PT(9Q). A function u € LE_,(Q) is a
solution of the boundary value problem

Au=f in
ON Ulor = 9

if for every ¢ € BEV9U00) extended to ¢ € LI(SY), one has

(5.2) (Vu, Vo) + (Tru, Tro) = (g, Tro) + (f, ¢).

We observe that all pairings above make sense, on account of Lemma 2.2
and the remark thereafter, and Lemma 3.1.



THE POISSON’S PROBLEM FOR THE LAPLACIAN 197

Theorem 5.2 Let 2 C R, n > 3 denote a bounded Lipschitz domain with
connected boundary. Let 0 < b &€ L™ ' b > 0 on a set of positive Surface
measure. Then there ezists a positive number € (depending only on b and the
Lipschitz character of Q) such that whenever (t, %) belongs to the hexagon V.
with vertices (0,1),(¢,1),(3 —€,54¢€), (2,0), (2—¢,0) and (5+¢,5 —¢), the
problem (5.1) has a unique solution in Lh_,(?) for any f and g as specified
in Definition 5.1. Letting No denote the Newtonian potential (2.9), S the

single layer potential (1.7) and T the operator (3.1), the solution is given by
(5.3) u(X) = No(f)(X) + ST (g — T(Na(f)))(X)

and is subject to the a priori estimate

||u||L1237t(Q) S C (Hf”Lpt(Q) + ||g||B;%t(8Q)) )

where C' is a positive constant depending only on p, b, t and the Lipschitz
character of §2.

Proof. It is easy to verify that (t, %) €V, if and only if (1 -t — zlv’ %) e Uu.,
(see (4.4)). The existence and representation statements follow then imme-
diately from Theorem 2.3, by reducing (5.1) to a homogeneous problem with
non-zero boundary data in By~ /P?(92), combined with the invertibility
results in the previous section, from which a solution of the form (1.4) is

obtained. Indeed, recall that

(5.4) ANa(f) = f.
From Theorem 2.3 and Theorem 4.5, we have that
ONg
1
(5.5) h=T ( ot bTrNQ(f))

P
is well defined as an element of B; ' »"(5). In light of formula (1.14) and
Theorem 2.4, it is now clear that

(5.6) S(T7(g) - 1) (X).

is a solution to problem 5.1 with f = 0 and boundary datum g — 7 (h)
(see (1.4)). Thus, we obtain the representation 5.3. It remains to prove
uniqueness. For (t,%) €V, let u € Lh_,(2) be a solution of (5.1) with

f=0and g = 0. Then, Tr(u) € Bo P7"(9Q). Let now w € LI(Q)
stand for a solution to (5.1) with f = 0 and an arbitrary boundary data

g € B;/ert_Q’q(@Q). It can be readily concluded from (5.2) that Tru €
ker g. Uniqueness now follows from the corresponding result for the Dirichlet
problem with boundary data in By /P~"7(99Q) (see [11]). |
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6. The 3-dimensional Lamé System

As a further application of the functional-analytic ideas outlined in the pre-
vious chapters, we present here a version of the Poisson’s Problem for the
3-dimensional Lamé System of elastostatics. The dimensional restriction is
due to the fact that the endpoint result corresponding to F 10 2 is only known
for n = 3 (see [3]). In this Section, the terminology associated with the
domain {2 has the same meaning as before and 3-dimensional vector valued
functions on 2 will be denoted by boldface. To simplify the notations, we
continue to use A}? for the space of vector-valued functions with compo-
nents in A7 For p > 0 and A > —2pu (called the Lamé constants), the

Lamé operator is defined as
L= pAu+ (A + p)Vdivu.

Of particular interest in applications is the (Neumann-type) Traction bound-
ary condition, namely

ou (
o
where the superscript ¢ indicates the usual transposition of matrices. We

state Lemma 6.1, whose proof can be obtained by slightly modifying the
arguments in Lemma 3.1 for n = 3.

AdivuN + u[Vu + V'u|N),

Lemma 6.1 Letb € L*(09) be a scalar function, 1 <p < oo and0 < s < 1.
Then the map Ty, defined on smooth vector fields as the pointwise product
times b (componentwise), maps B,~*?(9Q) boundedly into B, *"(0%2).

Next, we let g € B;_rt’p(ﬁ(l), 1 <p< oo, }D—i- % =1 and % <t<1l+ %.
By a solution to the Poisson’s problem

Lu=f €L”,,(Q) inQ
(6.1) ou

“Z -
v + u|89 g,

we mean a vector-valued function u € Li_,(Q) such that for every @ €
BLY%9(5Q)) extended to 9 € LI(€2), the equality
(£,9) + p(Vu+ (Vu)', Vo + (Vah)') + Mdiv u, divep) + (bu,9) = (g, ).

holds. We point out that the above expression is well defined on account
of Lemma 6.1 and (a suitable version of) Lemma 2.2. The matrix of fun-
damental solutions for the 3-dimensional system of elastostatics is given

1 /1 1 1 /1 1 X; X
6.2 T(X)=—(—4+— )+ —(~— iy
(6.2) 5(X) 87T(u+2u+)\) ]+87r<u 2u+)\) |.X |3
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In analogy with the terminology in Section 2, we define the Elastic Potential
of a density f, Nqo(f) via the analogue of formula (2.9), where I' stands for
the matrix with entries given by (6.2). The Elastic Potential bears mapping
properties analogous to those of the Newtonian potential in Theorem 2.3.
This can be proved by carrying out the minor obvious modifications to fit
the present setting. We also define the single, double and boundary layer
potential operators with density f respectively as

(6.3) SH)(X)={T'(X—), X eR?

for f € £'(09), and, for
f:00—C,

we let

60 KOE) =po [ (Gesr-))1@d0@

o0 \O(Q)
and
D(E)(X) = /m (aV?Q)F(X - .)> £(Q)do(Q) , X € B\ 0.
The corresponding boundary traces are given by
6 55 O00 -
= 5410) - po [ (G050 0] Q) do@)
= FLf(P) + K*(F)(P)
and
(6.6) lim D(f)(X)

X—P,Xexv(P)

— i) e [ (o)) r@ (@

_ %f(P) + K(£)(P).

In (6.5) and (6.6), the conormal derivative a% is applied to every column

vector of I'. As in (1.13) and (1.14), if f € B;?(09) formulas (6.5) are to
be interpreted in the trace sense.
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Furthermore, for 1 < p < 0o, 0 < s < 1 and density f € B *P(9€),
the identity (6.5) is to be interpreted in the following weak sense: for any

Y € B21(09Q) extended to P e Lg+1/q(§2), the equality

(VU + (V) Vb + (Vb)) + Adiv u, div g) = ((—%I + KYE(P), )

holds.
Next we state the analogue of Theorem 2.4, namely:

Theorem 6.2 For 0 < s < 1 and 1 < p < oo, the elastic single layer
potential

—s 1—8-‘1—%,[)
S: B, *P(08)) — By Q)N Lisﬁ’p(ﬁ)
and the elastic double layer potential

S s+%,p
D:B"(0Q) — B, "N L, (Q)

%
are bounded linear operators. Here, the intersection of two Banach spaces X
and Y 1s endowed with the norm

[ ey = maxd[| £l [[ ]y}

Let ¥ be the (six-dimensional) vector space of R3-valued functions ¢ = (¢;);
defined on €2 and satisfying

ai,’vbj + aﬂbi
and for any space x(0€2) of distributions on 052, let
Xw(092) = {A € x(99) : (A, ) =0Vep € x(0)}.

The following is the analogue of Lemma 3.2, with K now defined by (6.4) :

Lemma 6.3 The operator %I — K s Fredholm and has index 0 as an
operator on L*(0R); on L2(9Q), and on B, *'(0Q), for sufficiently small
positive s. Moreover, %[ — K* 1s Fredholm and has index 0 as an operator
on F?(09).

Proof. It was shown in [4] that 1/ — K* (and hence 31 — K) is Fredholm
and has index 0 on L?(992). The kernel of 17 — K* as an operator on L?(9<2)
is precisely the space of restrictions to 92 of functions in ¥ (see above),
which from now on we denote W(0f2). Proceeding as in Lemma 3.2, one
easily concludes that

(6.7)  L*(09Q) = ¥ (0Q) @ range(%] — K*) = range(%] — K) ® ¥ (09).
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The argument presented in Lemma 3.2 to show the closedness of range(3/-K)
(as an operator on L?(9)) now follows along the same lines once it is real-
ized that for a 3 x 3 matrix B and a column vector function u, we have

[ -pea = [ Glu- 55

Now the range of 31 — K as an operator acting on L3(99) consists of those
functions in L?(09) whose integral against elements of W(92) vanishes. This
can be proved via (6.7) and the aforementioned integration by parts. Also,
ker(11 — K) is W(0Q) = (L%(09))*. Therefore, 3 — K* is Fredholm and
has index 0 on L? | (992). The results in [3] allow us to show (via the methods
in Theorem 3.2) that %I — K™ and %I — K are Fredholm and have index 0
both on F{*(9Q) and on By *'(99) (for small positive s). By duality, and
since ker(3/ — K*) = ¥ on B3 1>(99) (note that B () C L2,(99)
and that all functions in ¥ are smooth), it follows at once that the index of
(31 — K*) as an operator on B 1>°(99) is zero, which finishes the proof. W

We recall from the H' theory established in [3] that
S FY2(00) — F2(090)

is an isomorphism, and that if f € F{"*(99), then the non-tangential maxi-
mal function M (S(f)) is in L'(99Q)

Theorem 6.4 Let Q C R? be a bounded Lipschitz domain with connected
boundary 09, b € L*(0Q), b >0, b > 0 on a set of positive Surface measure.
There ezists a positive number € depending only on the Robin coefficient b
and Q such that the operator T = —1I + K* + bS s invertible on B3P (08)
when the point (s, 119) lies in the interior of the hexagon U, with vertices
(—€,1), (0,1), (0,5 —¢€), (~1+¢,0), (—1,0) and (=1, % +€). Moreover, the
hexagon U, is optimal in the sense described in Theorem 4.5.

Proof. The proof goes along the same lines as in the scalar case for n = 3.
We know from Lemma 3.2 that %I — K™ is Fredholm and has index 0 as an

operator on By?(9Q) for —1 < s < 0. Using Lemma 6.1 we conclude that
for b € L*(09), 1 < p < oo and 0 < s < 1, the operator

bS : BiMP(99) — B (90)

is compact. Next, we observe that for —1 < s < 0, L2(9Q) C By*(09) C
By "?(99); an argument similar to the proof of Lemma 4.4 shows now that
as an operator on B3?(99Q), ker T = {0}. Hence, T is an isomorphism on
By*(09) for —1 < s < 0. Writing

u(X) = S(f)(X)
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for f € F*(99Q), the identity (see [4])

8_u - . 2, H 12
(6.8) /muay do—/Q<)\(d1vu) +u - (vay?) ax

(which is proved via integration by parts) allows then to proceed along the
same lines as in Lemma 4.1 and obtain that —%I + K* + bS is invertible

on F*(9Q). Proceeding now as in the remarks following the proof of
Lemma 4.4, one concludes that for small positive s, the operators

T : B;*'(09) — B;*'(09)

and
7 Bio_l’oo(éQ) — Bjo_l’oo(é(l)

are isomorphisms. The counterexamples presented in [17] in conjunction
with an argument similar to the one presented in the proof of Theorem 4.5
yield the optimality claim. |

To conclude, we observe that as in Section 5, Theorem 6.4 yields:

Theorem 6.5 Let QO C R3 denote a bounded Lipschitz domain with con-
nected boundary, b as in Theorem 6.4. Then there exists a positive number €,
which depends only on b and the Lipschitz character of ) such that whenever
(t, }D) belongs to the hexagon V. described in Theorem 5.2, Problem (1.2) has

a unique solution w(X) in L5_, (), which is given by
u(z) = No(f)(X) + ST (g — T(Na)(f))(X),

and is subject to the following a priori estimate:

fallig o < € (e o+ el )

Here, C s a positive constant, which depends only on p, b, t and the Lipschitz
character of ).
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