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Compact embeddings
of Brézis-Wainger type

Fernando Cobos, Thomas Kithn and Tomas Schonbek

Abstract

Let Q be a bounded domain in R"™ and denote by idq the restric-
tion operator from the Besov space le;; n/p (R™) into the generalized
Lipschitz space Lip"—® (©2). We study the sequence of entropy num-
bers of this operator and prove that, up to logarithmic factors, it
behaves asymptotically like ey (idg) ~ k=7 if @ > max (1 + 2/p —
1/q,1/p). Our estimates improve previous results by Edmunds and
Haroske.

1. Introduction

A famous result by Brézis and Wainger [2]| states that every function f in
the (fractional) Sobolev space HyP (R™), 1 < p < o0, is almost Lipschitz
continuous in the sense that

[f(2) = F)| < clle =yl Nlog | = yll[*" [ | HY™/P(R™)]|

forall z,y € R with 0 < ||z —y|| < 1/2, where the constant c¢ is independent
of z,y, and f and, as usual, p’ is defined by 1/p+ 1/p' = 1.

Motivated by this result, Edmunds and Haroske [8, 9] introduced the Ba-
nach spaces of Lipschitz type Lip» = (R™), o > 0, consisting of all complex
valued, continuous functions on R™ such that

. —a n n ‘f(x)_f(y)’
If| Lip®™™ ) (R")|| = || f |Loo(R™) ||+ sup 1 =
0<|lz—yl|l<1/2 |z — | log ||z — |||

is finite. Similarly, they introduced the spaces Lip~*(Q) for bounded do-
mains 2 in R”, and studied embeddings of Sobolev and Besov spaces into
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these Lipschitz spaces. In the context of Besov spaces they showed, in par-
ticular, that if 0 < p, ¢ < oo, then there exists an embedding By, n/p (R") «—
Lip" = (R") if and only if o > max (1 — 1/¢,0). If R" is replaced by a
bounded open domain 2 C R™ with smooth boundary, then the correspond-
ing embedding is compact if and only if @« > max (1 — 1/¢,0). Moreover,
they gave two sided estimates for the entropy numbers of these compact
embeddings, which are often called “limiting,” meaning that the differen-
tial dimensions of the domain and target space coincide. The differential
dimension of B; (R") is s —n/p , in our case it is equal to 1.

In a previous paper [7] the first two of the present authors improved the
upper estimates of Edmunds and Haroske [8, 9] for the Banach space case,
that is, for p,q > 1. Our aim here is to deal with the quasi-Banach space
case, where p and/or ¢ are less than 1. Some of the techniques used in [7]
do not work in this case.

In this paper we establish first a new lower entropy estimate and then
we improve the upper entropy estimates to the effect that, up to logarithmic
factors, the exact asymptotic behavior of the entropy numbers of the em-
bedding turns out to be like (k~/?) if &« > 1+2/p—1/qand 1/q < 1+1/p,
orifa>1/pand 1/q > 1+ 1/p. The organization of the paper is as follows.
In Section 2 we review some known facts on entropy numbers and function
spaces, and state a few preliminary results. In Section 3 we establish an es-
timate for entropy numbers in sequence spaces that shall be used in the last
section. Finally, the lower and upper entropy bounds for the embeddings in
function spaces will be proved in Sections 4 and 5, respectively.

2. Preliminaries

In what follows, all the quasi-Banach spaces under consideration are defined
over the field C of complex numbers, except if otherwise noted. Let X,Y
be quasi-Banach spaces and let T' € £(X,Y’) be a bounded linear operator
from X to Y. For each k € N, the k-th (dyadic) entropy number e(T") is
defined by

2k—1

ex(T) =inf{e >0 : T(Bx) C U (y; + eBy) for some yy, ..., yoe-1 € Y},

j=1
where By, By denote the closed unit balls of the spaces X and Y, respectively
(see [14] or [10]).Then clearly

T > ei(T) > ex(T) >--- >0,

and T is compact if and only if limy_., ex(T") = 0. Hence, the asymptotic de-
cay of the sequence (ex(T")) can be considered as a measure of the “degree of
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compactness” of the operator T'. Moreover, there is a close relation between
entropy numbers and eigenvalues, which is the basis of many applications.
If T'e L(X,X) is compact, let (Ag(T")) be the sequence of eigenvalues of T,
counted according to their multiplicities and ordered by decreasing modulus.
Then, by the celebrated Carl-Triebel inequality (see [3], [5] and [10]),

IA(T)| < V2e,(T), keN.

Entropy numbers are multiplicative and additive, meaning that if XY, Z
are quasi-Banach spaces and S, T € L(X,Y), R € L(Y, Z), then

€k+m71(R © T) < ek(R)em<T)7 k,m € N,
and, if Y is a Banach space, then
€k+m—1(5 + T) S ek<S) + €m<T)7 k,m e N.

We shall frequently use these properties in the next sections.

Let Q C R™ be a bounded domain. Let 0 < ap < aq, 0 < 0 < 1 and put
o = (1 —0)ag + fay. It is easy to check that for any f € Lip=20(Q) we
have

1£] Lip" = (@) < |1 f | Lip®e(@)| ' [|f | Lip™ (@))%,

whence, according to an interpolation property of the entropy numbers (see
[14, Proposition 12.1.12], or [10, Theorem 1.3.2],) we obtain:

Lemma 2.1 Let X be a quasi-Banach space. Let 0 < ag < ag, 0 < 6 < 1
and set o = (1 — 0)ag + Oay. Assume T € L(X,Liph=)(Q)). Then, for
all k,m € N,

Ehtm—1 (T X — Lip(l’_o‘)(Q)>

1-0 0

< 2eg, (T X — Lip(l’*O‘O)(Q)) em <T X — Lip(l’*o‘l)(Q)> :

To state another interpolation property of the entropy numbers, we first
recall the definition of the real interpolation method. Let (Xg, X;) be a
compatible couple of quasi-Banach spaces, let 0 < ¢ < ocand let 0 < 6 < 1.
The real interpolation space (X, X1)g,, consists of all z € X+ X; that have
a finite quasi-norm

ol Xmall = ([ (K@) )

(modified as usual if ¢ = 00), where K (t,z) is the K-functional of Peetre,

1/q

K(t,ﬂ?) = mf{HxO |X0 || +t HLUI ’Xl H LT =X + .flfl,.ilfj c XJ}
(see [1], [16]).
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Lemma 2.2 Let (Xo, X1) be an interpolation couple of quasi-Banach spaces
and let Y be a Banach space. Let 0 < 0 <1, 0 < q < oo and assume that
T: Xo+ X1 — Y is a linear operator whose restrictions to Xy and X, are
continuous. Then the restriction of T' to (Xo, X1)a,, is also continuous and
we have for all k,m € N,

ersm—1(T (X0, X1)gg — Y) < 2ex(T : Xo — V) e, (T : X, — V)P

For more details on entropy numbers we refer to the monographs by
Pietsch [14], Konig [11], Carl and Stephani [4], Edmunds and Triebel [10],
and Triebel [17].

We denote by %v the space CV with the quasi-norm

N 1/p
P k=1
SUP1<k<N lzk| i p=oo.

Given a sequence of quasi-Banach spaces X; and a sequence of positive
real numbers w;, indexed by j € Ny := N U {0}, we denote by ¢,(w;X;),
0 < p < o0, the weighted vector-valued space consisting of all sequences
x = (z;) such that z; € X; and

00 1/p
ey, ) || = (Zw§ e Hp) < o
=0

(with the usual modification if p = oo). If X; = C for all j, we denote this
space by £,(w;). If w; = 1 for all j, we write ¢,(X;). The case in which
ijﬁé\/[j with 0 < ¢ < 00, M; € N and w; = (j + 1) for some a > 0, will
be of special interest to us.

We shall find the following result useful. It is an easy consequence of [16],
Theorem 1.4.2, and Minkowski’s inequality (see [6, Lemma 1]).
Lemma 2.3 Let (X;,Y;),7 € Ny, be compatible couples of quasi-Banach
spaces. Assume that 0 < qo,q1 < 00, 0 <0 <1, 1/¢g=(1-0)/q +0/n
and 0 < ¢ < p < oo. Then £,((X;,Y;)op) is continuously embedded in

(qu (X]) ) Elh (}/}))G,p'

Next we recall the classical Fourier analytical definition of the Besov
spaces. Let ¢ be a C* function on R" with suppy C {y € R" : |jy| < 2}
and p(z) = 1if ||z]| < 1. Set ¢y = ¢ and for each j € N set p;(z) =
p(277z) — p(277H ).
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If 0 < p,g < oo, s €R, the Besov space B, (R") is the space of all
complex valued tempered distributions f satisfying

[e.o]

1/q
Hf}B;q(Rn)H = (Zstq H}—_l@j"fpr(Rn)Hq) < o0

=0

(modified as usual if ¢ = 00). Here F,F~! stand for the Fourier trans-
form and the inverse Fourier transform, respectively. There are many other
equivalent descriptions of Besov spaces; we shall use the so-called subatomic
decompositions, which are due to Triebel, see [17, Chapter 14].

Logarithms are taken mostly in base 2, only occasionally in base e; we
use the notation log = log, and In = log,, respectively.

Given two sequences (ax) and (bg) of positive real numbers we write
ap = b if there exists a constant ¢ > 0 such that a, < cb; for all £ € N,
and ay ~ by if ap < by and by < a,. Moreover, since we shall often neglect

1
logarithmic factors, we define ay f)<g b to mean that there exist constants
¢ >0 and p € R such that

ar, < c(1+logk)’b, forall k€ N.
log log . log
If a, < by and b, < ay, then we write a; ~ by.

3. Entropy numbers and sequence spaces

We start with another auxiliary result.

Lemma 3.1 Let 0<p < co. Then there is a constant n = n(p) >0 such that

Zr‘jp < U for allr > 2.
i=1 r
Proof. For any r > 2 we have
rZr‘jp:1+Zr1_jp§1+/ = dr =
j=1 j=2 1
1 (o] 1 e.)
=1+ —/ rrt(1+ )P ar < 1+ —/ 2711+ 1)/l dt < o
P Jo PJo
The lemma is proved. [ |

Moreover we shall use the following result, which is due to Schiitt [15] in
the Banach space case. The extension to the quasi-Banach space case was
given in [10, Proposition 3.2.2] and [12].



310 F. CoBos, T. KUHN AND T. SCHONBEK

Lemma 3.2 Let 0 < p < oo, then (for real spaces)

1 if 1<k<logm
og( ™ 1/
e (id 1 I — 1) ~ (M) " logm<k<m
o=t m1/p if k> m.

The formula remains valid for complex spaces, if on the right hand side m
15 replaced by 2m.

Next we establish an estimate for entropy numbers in sequence spaces
which will be crucial for our later results in Section 5. It extends a result
of [13] from the Banach space case to the case of quasi-Banach spaces.

Theorem 3.3 Let 0 < p < oo and let w; = (log(j + 1))Y/? for j € N. Then
the entropy numbers of the embedding id : (,(w;) — ls satisfy

(3.1) ep(id) ~ k1P

Proof. We prove the result only for real sequence spaces, then the complex
case follows easily by identifying C with R2.

The lower estimate can be proved in the same way as Theorem 3 of [13],
except that the Theorem in [12], which extends the lower estimates of [15] to
the quasi-Banach case, needs to be used. Givenm € N, let P, : £,(w;) — (o
be the projection onto the coordinates 7 = 1,...,m. Then the properties of
entropy numbers yield

er(id 1 £y (w;) — loo) > ex(Pr : £p(w;) — log) > w;,Pey (id: " —12)
and choosing m = k? we obtain from Lemma 3.2 the desired estimate
er(id : £y (w;) — Log) = k1P,

Now we turn to the upper estimate. For A > 0 and N € N, consider the set

N
Sn(A) = {x = (z;) € Z" : ijp|xj|13 <A Tys1 = Tyie = =0}

=1

and let
on(A) :=card Sy()).

We claim that it suffices to prove that there exist constants ¢ > 0 and d € N
such that

(3.2) on(A) < eN%2* forall Ne N, A>0.
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In fact, choosing N = 2% and A\ = k € N, inequality (3.2) implies
(3.3) oo (k) < 2 DR,
Let y = (y;) € £,(w;) with ||y |¢,(w;) || < kYP. Define x = (x;) € ZV by

sy ll] i 1< <2

j 0 if > 2k,
where [-] is the greatest integer function. Then |z;| < |y;| for all j € N,
whence x € Sy (k). In addition, we have |z; —y;| <1 for j =1,...,2% and

L .
2 — 5] = |y;] < — < <1 for j>2F.
wj Wak 41

Thus ||z —y|ls]| < 1, showing that the balls in ¢, of radius 1 centered
at the points of Syr(k) cover k:l/png(wj). By an obvious scaling argument,
taking (3.3) into account, we obtain

E(arDhrko (id : Gp(w;) — Log) < k7P

where ko € N is chosen such that ¢ < 2%~ This proves (3.1).
It remains to prove (3.2). To this end, we show that for each N € N
there exists a constant vy such that

(3.4) on(A) < w2t for all A >0,

and determine the value of vy. We proceed by induction. Since oi(\) =
1+ 2[A\Y7], we can take

1+ 2)\/P
Y1 = Sup ——5—— < 0.
A>0 2

Let N > 2 and assume yy_; has been determined. We see that z € Sy (A) if
and only if z = (2/, 2y,0,0,...), where 2’ = (x1,...,2nx_1) € ZN"Y 2y € Z,
lzn| < vy = AP /wy and

(2,0,0,...) € Sy_1 (A — whi|an|?).

Recalling that wh, = log(N + 1), letting xx range over all integers j with
—ry < j <ry, we get the recursive formula

ov(\) = D onoa(A— [P log(N + 1))

l71<r N

= onai(N)+2 > oni(A— P log(N +1)).

1<j<rn
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By the induction hypothesis, we obtain

on(A) < v (1+2 Z 2—jplog(N+1))2>\ < Yy (1+QZ(N+1)—]

1<j<ry j=1

By Lemma 3.1 we have, with n = n(p),

0o - n
;(N+1)] §N+1 forall N eN.

Consequently, we derived (3.4) with constant

2n
=14+ — 1.
YN <+N+1)7N1

Finally, using the inequality 1+ x < e” for x € R, we get by induction

N
W <M H 21/ D) = oy, 21T La 1/ GHD) < oy 2N — ) 20,
j=2

)2

This establishes (3.2) with ¢ = v, d = [2n] + 1, and completes the proof in

the case of real sequence spaces.

4. Lower estimates

Let © be a bounded domain in R". It is shown in [9], Theorem 2.1, that the
restriction map idg : B;;rn/p(R") — Lip®~(Q) defined by idg(f) = fla, is
bounded if & > max (1 —1/¢,0). In this section we determine lower bounds

for the entropy numbers of idq.

Theorem 4.1 Let 0 < p < 00, 0 < ¢ < 00, and a > max (1 — 1/q,0).

Assume that Q CR"™ is a bounded domain with [—1,1]" C €, and let

idg : B "/P(R") — Lip™"~(Q)
be the restriction map described above. Then

ex(idg) = max (k_l/p(log k)/r=e, k) .
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Proof. We shall use Triebel’s subatomic decompositions of functions in the
Besov space, referring to [17, Chapter II1.14], for details. Let ¢ € C*°(R")
be such that supp ¢ C @ := [-1,1]" and ¢¥(z) =1 if z € [-1/2,1/2]". Fix
j € N and define for k € (2Z)",

Up(z) = (22 — k).
Let I be the set of multi-indices k¥ € (2Z)" for which supp ¢ C [—1,1]".
There are M; := (27 — 1)" such functions ¢, and any two of them have

non-overlapping supports. Figure 1 illustrates these functions for the case
n=1,j5=2.

(U Yo (0

1 -3/4 -1/2 -1/4 0 1/4 12 3/4 1

Figure 1
Let A : 6% — BLI™P(R") be the linear operator assigning to every
A= (Mp)ger € Eéwj the function
AN =27 " Nty

kel
Since Q C Q, we also can consider the linear operator B : Lip®=%(Q) — 035
defined by
Bf =2 (f(my) = f(ri)rer »
where m;, = 277k is the midpoint of the cube of side length 2 - 277 and
= 279(1 + ky, ko, ..., k,). According to [17, Chapter II1.14], there is a
constant ¢ independent of j such that

[AX| By PR || = (127> At | Bog /P (R™)

kel
that is, ||A|| < c¢. On the other hand, since ||my — ry| = 277, we have

f|Lip® @) 2-7 5

)| < elrG

|Bf 655 ]| =2 sup |f(m) — fr)] < 27

proving || B|| < j*.
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Since Yy (my) = Oge and Yp(ry) = 0 for all k,¢ € I, we can factorize
the embedding id : £, — €57 as id = B o idg oA, obtaining the following
commutative diagram

e ey
A B
Bunigry___ e pipeeg)

Consequently,

en(id) < [[Allen (ido)[| Bl < cj%em(ida).
Taking m = j (so log M; ~ j = m) and using Lemma 3.2 we get
(4.1) em(idg) = m™7.
If instead we choose m = \/M (thus logm ~ log M; ~ j), we get
(4.2) em(idg) = (logm)Y/P=em=1/p,
In conclusion,

max (m~P(logm)YP=% m™) < e, (idg).

Remark. The lower bound (4.2) improves the estimate
ex(idg) = k™7 (log k)™,

which was established by Edmunds and Haroske via different proofs (see
[8, Theorem 4.10] and [9, Theorem 3.11]).

Remark. The lower bound (4.1) is new. It shows, in particular, that if
0 < q <1, the map

idg : B/"/P(R") — Lip"?(Q)

is not compact because limy_, ex(idg) > 0.
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5. Upper estimates

The restriction operator
idg : Bj"/P(R") — Lip™"~(Q)

is compact if and only if & > max (1 —1/¢,0) (see [9, Proposition 2.5]). In
this section we determine new upper bounds for the entropy numbers of idg,
which improve earlier results in [9] and [7]. The main emphasis will be on
the case of quasi-Banach spaces.

Theorem 5.1 Let 0 <p < oo and 0 < g < oo with1/qg <1+ 1/p. Set
ap = ap(q) =max (1—1/¢,0) and oy =a1(p,q) =1+2/p—1/q.
Then, for any bounded domain 2 in R™, the entropy numbers of the operator
idg : B;;"/p(R”) — Lipt=(Q)
satisfy the upper estimates

(id )10<g E~VPif o> o,
cklida k70 f ag<a<a and 0= (a—ap)/(a; — ap).

Proof. The first step of the proof consists in reducing the problem to
the setting of sequence spaces, which can be done in the same way as
in [7, Theorem 3] (and the references cited there) via subatomic decom-
positions of functions in By "/? (R™) (see [17]); therefore we shall not repeat
the arguments. Let us only point out that it suffices to prove the entropy
estimates for the embedding

(5.1) id, : 0, (0M5) — ¢, (<j>1/f’—a£gj)

instead of idg. Here (j) = j + 1 for j € Ny, M; ~ 2/ and r is an arbitrary
exponent in the range 1 < r < oo, which is at our disposal. In fact, in our
later considerations, we shall only work with » = 0o or r = 1.

In view of Theorem 4.1, the best possible estimate for the entropy num-
bers of id, would be

lo

(5.2) ex(idy) Z max (k=P k™),

The assumption on the parameters p,q yields that a; > 1/p, so that for
o = a; we have max (k=P k=) = k=17,
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Our first objective will be to establish (5.2) for the case a = a;. Then,
of course, the optimal estimate (5.2) is valid for all @ > a4, due to the

embedding
Lip=2)(Q) — Lip=(Q).

Finally, to deal with the case a € (ayg, ), we shall use interpolation in
the Lipschitz spaces.

We proceed to prove (5.2) for v = oy, distinguishing three cases depend-
ing on the values of p and q.

Case 1. g =p.

Taking r = oo in (5.1), we have 1/r" — a3 = —1/p, so let us consider the
embedding
ida, : €, (035) = oo ((j)1/7025) .

Let
Ujk:<j>_1/p for je Ngand 1 <k < M,.

The non-increasing rearrangement of the doubly indexed sequence o = (o)
satisfies
o*(m) ~ (log(m +1))'/7,

hence, setting
Wy, = (log(m + 1))Y/?,

we arrive at the desired estimate
er(ida,) ~ ex(id : €, (wn) — o) ~ k717
where the last equivalence is due to Theorem 3.3.
Case 2. ¢ > p.
We take again r = oo so that the embedding (5.1) becomes
ida, : £y (35) — b (()VI72/P000) .
For N € N consider the projections Py, Qx defined on sequences z = (z;)
with z; € 0" by
Pyx = (xg,...,2n-1,0,0,...), Qnx=(0,...,0,2N,ZN11,-..).

Then
PN + QN = idal .

The norm of Qy as an operator from ¢, (E,]ij) to Lo ((j)l/q—z/wﬁj) can easily

be estimated by
||QN|| < (N + 1)1/q_2/P < N—l/p.
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To deal with Py, we factorize it in the form Py = id;oidy, obtaining
the commutative diagram

N (gMj) Py N (< ~>1/q—2/ngj)
q \*p oo \\J o0

idl 1d2

4)\7 <j>1/q71/pg11)\4¢)

Applying Holder’s inequality, we obtain that
lidy || < e(log NP~/
while, by Case 1, we have e, (idy) < £7/7. Thus, the choice N = k yields
ex(Py) < |id, [|ex(idz) = (log k)P~ 1ag=1/,
Consequently,
ex(ida,) < ex(Pr) + [|Qxll < (log k)P~ Hag=1/e,

Case 3. ¢ <p.

We use interpolation to deal with this case. Taking now r =1 in (5.1),
we start estimating the entropy numbers of the embedding

idg s 0y (1) — 0, ()70

where 0 < s < co. We use again the decomposition id, = Py + Qn. This

time we have
N-1=s f s <1,

=<
HQNH—{ N2/ if 1<s<o0.
Factorizing Py by the diagram

Py

&' (&)

(e

6 () e)

[\

we have, by Case 1, e,(id;) < K=/,
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Clearly ||ids || < log N so that taking N = k we get
(5.3) ex(ids) < ex(Py) + ||Qxll < E7*1og k.
Estimate (5.3) will be one of the endpoints for our interpolation.

Let =14+ 1/p—1/q, then 0 < 6 < 1; set s = Op. If Xy = el(eé‘ﬁj),
X, = 68(<j>1“/5€yj), then (X, X1) is a compatible couple of quasi-Banach
spaces for which we can set up the following interpolation diagram:

NA
idy

XO = 61 (ggj)

(Xo, X1)ap 0 (63)
Xy = £, (()Te) h
Since
1:1__94_?7 1:1—_9—1-?,041:(1—(9)'0—0—9' (14_1) ,
q 1 s p 00 s s

it follows from Lemma 2.3 that £, ((j yer g2t 7) is continuously embedded in
(Xo, X1)s,p- In consequence, we obtain from Lemma 2.2 and from (5.3) that

er(iday 1 £y (6,7) = 0 (G) 1)) =
= e (idg l, ((j)alféwj) — (Egj))
< ¢f|ido ||'~%ex(idy)’
= c(log k)K=
= ¢(log k)1+1/p—1/qk—1/p'

To complete the proof of the theorem, it remains to establish the case
ap < a < aj. Let 0 € (0,1) be such that a = (1 — 0)ag + 0y and consider
the interpolation diagram

y
idg

idQ71 Lip(l,—al)(Q)

Lip(l’_a(’)(Q)

By P(R™) Lip"~(Q)
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Applying the estimates established in cases 1 to 3 for «;, and using
Lemma 2.1, we obtain

lo
€L <1dQ : B;;-n/p(Rn) — Lip(l’_a)(Q)> S 2“ idQ7[) ||1_66k(id971)6 -<g k_e/p.

Since # = (o — ap) /(a1 — ayp), this finishes the proof. [

We want to single out two special cases of the theorem. If 0 < p=¢q < 1,
then g =0, a3 = 1+ 1/p, and we have 6/p = «/(1 + p). Writing down the
result in this case, we get the following improvement of the upper estimate
obtained by Edmunds and Haroske in [9, Theorem 3.11].

Corollary 5.2 Let 0 < p = q < 1 and let 2 be a bounded domain in R™.
Then the entropy numbers of the map

idg : B)"/P(R") — Lip™"~(Q)
satisfy

) log k_l/p ’Lf @21+1/p7
er(idg) < { E=/0+P) if 0<a<141/p.

Suppose now that ¢ > 1. Then the additional condition 1/¢ < 1+ 1/p
is satisfied for all p € (0,00), and we have 0/p = (o — 1/¢’)/2. Thus we get
the following result, which extends Theorem 3 of [7] to the range 0 < p < 1.

Corollary 5.3 Let 1 < g < o0, 0<p< oo and let 2 be a bounded domain
in R™. Then the entropy numbers of

idg : Bj"/P(R") — Lip™"~(Q)
satisfy

NN if a>2/p+1/q,
er(idn) < { kY2 G 1/g < a <2/p+1/q.

Remark. If we take into consideration also the logarithmic factors which
are hidden in Corollary 5.3, it turns out that the proof of Theorem 5.1 yields,
in the case ¢ > pand a > 1+2/p—1/q,

ex(idg) < k™17 (log k)P
which improves the estimate
er(idg) < k~YP(log k)'/P
obtained by Cobos and Kiihn in [7, Theorem 3].
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Next we turn our attention to the case that has not yet been covered.

Theorem 5.4 Let 0 < ¢ < p < oo with 1/q > 1+ 1/p, and let 2 be a
bounded domain in R™. Then the entropy numbers of the map

idg : B,/ ™P(R") — Lip"~*(Q)
satisfy

g [ kP if a>1/p
ex(ida) < { k=e/(4e) if 0 <a<1/p,

where € > 0 is arbitrary.

Proof. Assume first & > 1/p. Then
2 1
1+5—a<l+-,
p p
whence there exists a number r € (0, 00) with

2 1 1
Il+-——a<-<1+-.
p r p
On one hand, this implies 7 > ¢, thus there is an embedding Bpy ™/ (R") —
By "P(R™). On the other hand, since o > a1 (p,r) = 1 + 2/p — 1/r, Theo-
rem 5.1 applies, and by the multiplicativity of entropy numbers we obtain
the desired estimate

ex(idg : B;;"“’(]R") — Lip(l’*o‘)(Q)) <
lo.
< ex(idg : BEP(R) — Lip=)(Q)) < k7.

Suppose now 0 < a < 1/p. Given any € > 0, set § = (1 + ¢)/p and
0 = «/3; obviously € € (0,1). Now we use the interpolation property of the
entropy numbers stated in Lemma 2.1. From the diagram

///Egp//vhﬁmmn
B;;—n/p(Rn) ldQ Llp(l’_a) (Q)
idq,1 Lipt—9(Q)

and the estimate we just established (note that 8 > 1/p), we derive

. . _ . . log  _ —a
ek(ldQ) S 2 || 1d970 ||1 eek(1d971)6 j €k<ldQ71)6 =< k’ 0/p = k’ /(+e) .

The proof is complete. [ |
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Using Theorems 4.1, 5.1, and 5.4, we can determine, up to logarithmic
factors, the exact asymptotic behavior of the entropy numbers of idg for a
large range of parameters.

Corollary 5.5 Let 0 < p < 00, 0 < g < 00, and let 2 C R" be a bounded
open domain. Then the entropy numbers of the restriction operator idg :
By "P(R™) — Lip"=(Q) satisfy

ex(ido) < kP

in the following cases

(a)
(b)

1/g<1+1/p and a>1+2/p—1/q;
1/g>1+1/p and o>1/p .

Moreover, if 1/qg > 1+1/p and 0 < o < 1/p, then the almost sharp estimate

lo lo
o X ep(idg) =< k=/(+)

holds, where ¢ > 0 s arbitrary.
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