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Arithmetic properties of positive

integers with fixed digit sum

Florian Luca

Abstract

In this paper, we look at various arithmetic properties of the set
of those positive integers n whose sum of digits in a fixed base b > 1 is
a fixed positive integers s. For example, we prove that such integers
can have many prime factors, that they are not very smooth, and
that most such integers have a large prime factor dividing the value
of their Euler ¢ function.

1. Introduction

Let b > 1 and s > 1 be fixed integers. Let A, be the set of all positive
integers n which are not multiples of b and whose sum of digits in base b is
precisely s. That is, A consists of all the positive integers which can be
written under the form

n=ag+ab+---+ ab

with aga; # 0, a; € {0, 1,..., b—1}fori=1, ..., t and Z;Oai:s.

In this paper, we study the arithmetic properties of the positive integers n
belonging to A, . Notice that the arithmetic properties of these integers
reflect the arithmetic properties of all the positive integers n (multiples of b
or not) whose sum of digits in base b is precisely s, because every such
positive integer n can be written in a unique way as n = b*m with u > 0
and m € Ay ;.

A result of Senge and Strauss (see [21]) says that if b, s, by, and s; are
positive integers (larger than 1) with b and b; multiplicatively independent,
then A, N Ap, s, is finite. An effective version of this result was given by
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Stewart (see [23]). That is, Stewart used Baker’s theory of lower bounds for
linear forms in logarithms to show that there exists an effectively computable
constant ¢; = ¢(b, s,b1,s1) depending on b, s, by, and sj, such that if
n € ApsNAp, s, then n < ¢;. Throughout this paper, we shall use ¢, co, . ..
for computable positive constants which are either absolute or depend on
our initial data (usually b and s). We also use the Vinogradov symbols >
and < as well as the Landau symbols O and o with their usual meanings.
There are many papers in the literature dealing with arithmetic prop-
erties of the set of positive integers characterized by some digital property
(see, for example, [3], [7], [10], [11], [12], [15], [16]). In fact, the paper [16]
whose title is very similar to the title of our present paper deals indeed with
the arithmetic properties of the set of positive integers n whose sum in base
b is s, but for the purpose of the results of [16] the number s is not fixed
(uniformly in n) but is taken to tend to infinity is a rather special way with

respect to the number n (either a lot slower than logn or is taken to be

(b—1)logn
2logb

for an arbitrary positive integer n).

The type of questions which are addressed in the above papers is the
following. Let P be some digital property related to the base b (such as
the fact that the sum of digits is a fixed number s, or the fact that all the
digits are allowed to belong to some fixed proper subset of all the possible
digits {0, 1, ..., b — 1} satisfying some mild technical assumptions which
are meant to avoid trivialities, etc.). Then in the above papers, the authors
investigate the average value of the functions w(n) and £2(n) over the set of
positive integers n characterized by the property P. They also show that
there exist such n which have many prime factors, or few, or that such
sets contain smooth numbers, etc. A key tool that has been used in every
single one of the above papers is an appropriate extension of a Theorem
of Gelfond asserting the fact that such numbers are uniformly distributed
in residue classes modulo a fixed number m. That is, let = be a large real
number and let Wp(x) denote the set of all positive integers n < = having
the digital property P. Then there exists a function f(z) defined on the set
of positive real numbers x and which tends to infinity with  (and which is
made explicit in the above papers for every one of the digital properties P)
such that for every positive integer m which is, say coprime to b(b — 1) and

precisely s = \_ J which is, roughly speaking, the expected value of s

every non negative integer a < m there are roughly about W numbers
n < x having the property P and n = a (mod m) and this property holds
uniformly in m and a when m < f(z).

We start with an elementary result which, in particular, shows that such
an argument cannot be applied in order to investigate the arithmetic prop-
erties of the sets Ay ;.
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Proposition 1.1. Let k > 1 be any fized integer. There exists an infinite
set of positive integers S having the following properties:

(1) If m € S, then m is coprime to b.
(2) If mq # my are distinct members of S, then my and mo are coprime.

(3) If m € S and n is any non zero multiple of m, then n has at least k
non zero digits when written in base b.

The set S appearing in the statement of the above Proposition 1.1 will
be chosen to be a subset of all numbers of the form (6" —1)/(b—1) for n > 1.

Taking k = s+ 1 in the above Proposition 1.1, it follows that there exists
an infinite set of positive integers m which are coprime to b and for which
the equation z = 0 (mod m) has no positive integer solution x € A, and
moreover this infinite set of positive integers can be chosen in such a way
that any two members of it are coprime (this is in order to avoid trivialities;
in fact, if the equation x = 0 (mod m) has no positive integer solution
x € Aps, then obviously the equation x = 0 (mod m;) will have no positive
integer solution x € A, ¢ either with m,; being any non zero multiple of m).
The proof of the above Proposition 1.1 is elementary and is based on an idea
employed previously in [13].

We now address the question of smooth numbers. For a positive integer n
we write P(n) for the largest prime factor of n with the convention that
P(1) =1 and we recall that a number n is called smooth is P(n) < n®.

Proposition 1.2. For every € > 0 there exist infinitely many positive inte-
gersn € Ay, with P(n) < n°.

Once one knows that a certain infinite set of positive integers contains
infinitely many smooth numbers one can ask two types of questions. One of
them is, say how many smooth numbers are there in our infinite set? Here,
we can show that for a fixed € there exists a subset of n € A, of positive
lower logarithmic density such that the inequality P(n) < n® holds for n in
this subset. Unlike other authors, by positive lower logarithmic density here
we mean that there exists a number § > 0, which can be computed in terms
of s alone and another computable constant ¢, depending on b, s and ¢,
such that for every large positive real number x the set of numbers n < z
in Ay, for which P(n) < n holds is of cardinality at least cy| Ay ,()]°. Here
and in what follows, we use A, (x) to denote the set of all n < x which
belong to A, 5. If one wants very smooth numbers in Ay 5, then we can show
that there exists a computable constant c3 depending only on b and s such
that the inequality P(n) < nf™ holds for infinitely many positive integers

c3

n € Ay with e(n) = T Here and in what follows, for any positive
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integer k£ and any positive real number x we define recursively the function
log, « as being max{log(log,_, =), 1}, where log;(z) = max{logx,1} and
log denotes the natural logarithm function. Clearly, if x is large with respect
to k, then log, x is nothing else but the composition of the natural logarithm
function log with itself k-times evaluated in x.

The proof of Proposition 1.2 above is elementary in nature and is based
on the properties of the cyclotomic polynomials. This idea has been em-
ployed previously in [2] and [9] in the context of constructing long strings of
smooth consecutive integers.

While Proposition 1.2 and the remarks following it assert that one can
find infinitely many smooth numbers in A, ; the next proposition points out
that there is a limit to how smooth one can make the numbers from A .

Proposition 1.3. There exists a positive computable constant ¢y depending
only on b and s such that the inequality

cylogy nloggn

(1.1) P(n) >

log,n
holds for allm € Ay .

The proof of the above Proposition 1.3 uses Baker’s method of lower
bounds for linear forms in logarithms.

We now turn our attention to the functions w(n) and Q(n) when n € A ;.
The next two propositions show that there exist integers n € A, having
many distinct prime factors but that there are not too many positive integers
n € A, having a very large Q(n).

Proposition 1.4. There exists a computable constant c; depending only on
s and b such that there exist infinitely many positive integers n € Ay s having

cslogyn
logsn )

(1.2) w(n) > exp (

We point out that the inequality
log *x
w< I n> L
log, x
neAy s(x)

has been proved to hold for large values of the positive real number = in
the recent paper [22] provided that s > 4, where « is any constant in the
interval (0,2) such that the inequality s > 4o~ — 3 holds.
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Proposition 1.5. The estimate
(1.3) Q(n) = o(logn)
holds when n tends to infinity through positive integers in the set Ay .

Proposition 1.5 tells us something very interesting about the numbers
n € Ay ,. Indeed, without any digital restrictions we know that the inequality
Q(n) > logn holds infinitely often and in [16] it is shown that a similar
type of inequality holds infinitely often when n is allowed to run only over
all the integers which are not multiples of b and whose sum of digits lies
in a fixed congruence class » modulo a fixed positive integer m. So, we see
that Proposition 1.5 tells us that such an inequality cannot happen infinitely
often when n € A, . The proof of this result uses the Subspace Theorem
of W. M. Schmidt. While Proposition 1.4 above tells us that A, contains
numbers with many prime factors, what is in doubt is the maximal order
of w(n) when n € A,,. That is, without any digital restrictions we know

that the inequality
logn

w(n) >

holds for infinitely many n but our inequality (1.2) is only a logarithmic
version of the above inequality. So, we would like to propose the following
problem:

log, n

Problem 1. Prove or disprove that

1
(1.4) i “Wlogn o
7?67‘0;5 logn

We conjecture that formula (1.4) does hold but have no idea how to
attack this problem.

Another question that is usually of interest for thin subsets of positive
integers is to ask how many of them are powers.

Proposition 1.6. Let x be a large positive real number. Then the number of
positive integers n < x with n € A, s which are perfect powers is o(| Ay s(2)])-

Notice that there is no reason why A, should not contain infinitely
many perfect powers if s > 4. Indeed, b* + 2b° + 1 is a perfect square for
all t and the sum of its digits is precisely 4 for all t > 0 and b > 2. It
would be interesting to encounter a sharp (close to the truth) estimate for
the dependence o(| A4, s(7)|) appearing in Proposition 1.6. In fact, it is very
likely that the intersection between A, and the set of all perfect powers
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consists of a union between finitely many positive integers n and finitely
many parametric families of integers of the form y* where y = ag + a,b™* +
oo+ b’ with k, t, ag, a1, ..., a; fixed and ¢y, ..., 4, variables in such a
way that the number y* = (ag+a1b" +- - - +a;b")* has, in a “canonical way”,
the sum of its digits s in base b. For a fixed exponent k proving this might be
even doable using the technique employed by Corvaja and Zannier in [6] and
particular manifestations of this are already known (see, for example, the
recent paper [24] of Szalay, where it is shown, among other things, that the
equation 2™ + 2" + 1 = 2?2 has only finitely many positive integer solutions
(m,n,x) aside from the infinite family n = ¢t and m = 2t — 2 for which
2m 4 2m 1 = 22t-D 4 9t + 1 = (2! + 1)2), but it seems hard to get an
absolute bound on & (depending only on b and s) although the existence of
such a bound k is implied by a Generalized ABC Conjecture. Note also that
for fixed k, b and s there are some simple congruence conditions which, if not
fulfilled, guarantee that there are no perfect kth powers in A, ;. For example,
if s =2 (mod 3), then an immediate congruence modulo 3 shows that A,
contains no perfect squares. On the other hand, if say £ > 1 is fixed and
s = sk holds with some positive integer s, then it is not hard to show that
there exists a positive constant § (depending on s and k) such that for large
values of the positive real number z the set Ay () contains at least | Ay, ()]°
positive integers n which are kth powers.

Finally, we look at the numbers ¢(n) when n € A, where ¢(n) is the
Euler function of n and we show that most of these are not very smooth.

Proposition 1.7. There exists a positive computable constant cg depending
on b and s such that the inequality

(1.5) P(o(n)) > ¢ logé/6 n logé/?’ n
holds for almost all positive integers n € Agy,.

By “almost all” in the statement of the above Proposition 1.7 we mean
that for a large positive real number x the number of numbers n < x in
Ay s for which inequality (1.5) fails is o(|Aps(x)|). Notice that it is prob-
ably impossible to replace “almost all” by “all but finitely many” in the
above statement. Indeed, there is no reason why there shouldn’t be infi-
nitely many primes of the form n = 3-2f + 1 = 271 + 2 + 1 and if there
are infinitely such, then P(¢(n)) = 3 will hold for all such integers n and in
particular an inequality like (1.5) will fail for infinitely many positive inte-
gers n € Ay 3. The proof of the above Proposition 1.7 is rather technical and
uses, among other things, Baker’s theory of lower bounds for linear forms in
logarithms of algebraic numbers as well as Schlickewei’s quantitative version
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of W.M. Schmidt’s Subspace Theorem (see [20]). This idea has been em-
ployed before in the context of giving a lower bound for P(¢(|u,|)) which is
valid for almost all positive integers n, where (u,),>o is a binary recurrent
sequence of integers satisfying certain technical conditions.

Acknowledgments. I thank the referee for valuable suggestions and Eu-
genio Balanzario for an enlightening discussion concerning the behavior of
the tail of the series (8.30).

2. The Proof of Proposition 1.1

We fix k and b and let ¢ be a large positive integer. Take the number

ot —1

ne=b""4+b"+ 4 b+1= T

Observe that n, is coprime to b. Now assume that

m = ag+ab™ +---+ab", apa; #0, t <k—1landa; €{0, 1, ..., b—1}
is a non zero multiple of n, which is not a multiple of b and which has at
most k non zero digits in base b. For every exponent i; with j = 1,...,¢
we let a; € {0, 1, ..., £ — 1} be such that i; = o; (mod ). Since b* =1

(mod ny) and n, | m, we get that n, | m’ where
m' = ag + a;b™ + - - - + a,b™.

Thus, m’ = eny and since 0 < m’ < (b — 1)(t + 1)b*1 < (b — 1)kb*! and
ng > b1 we get that ¢ < ¢; where ¢; = (b — 1)k is independent on /.
We may now assume that c is any fixed positive integer below c; and rewrite
the equation m’ = cny as

(2.1) (b—1)m" =ag(b—1)4+a;(b— 1) + -+ + a,(b— 1)b™
=c(b—1Dny = c(b* —1).

By looking at the number appearing in the left hand side of equation (2.1),
we see immediately that the number of its non zero digits in base b is at
most 2(¢t + 1) < 2k. However, by looking at the number appearing in the
right hand side of (2.1) and writing it as

e —1)=cb' —c=c(b— 1"+ (" —0¢),

we recognize that this number has at least £ — cg non zero digits in base b

where one can choose cg = \Jocg7bJ + 1. Thus, if £ > ¢9 where ¢y = 2k + ¢,

then equation (2.1) is impossible.
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The set S claimed by Proposition 1.1 can be chosen to be simply S =
{n, | p > ¢y and prime} and it is clear from what we have said that all the
numbers n € S satisfy 1 and 3 of Proposition 1.1. The fact that they also
satisfy 2 follows from the well known fact that the relation

ng(bu — 17 bU _ 1) — bng(u’v) _1

holds for all positive integers u and v. In particular, when p and ¢ are
distinct primes, we then have

P —1 b1 -1
ged(np, ng) = ged (m7 - 1) =1

3. The Proof of Proposition 1.2

Let z be a large positive parameter to be fixed later and let p; < py < --- <
pr < z be all the prime numbers less then or equal to z. Clearly, t = 7(z2).
Let X\ be any positive integer. Write u = Ap; ... p; and consider the number

b — 1

n=1+0"+b* ... Fpl~r = .
b — 1

It is clear that n € A, . For any positive integer d let
eu(x)= ] (X - e”é”“) € Z[X]

1<k<d
ged(k,d)=1

be the dth cyclotomic polynomial. Since

X" —1=]]®uX),
dlm

we get that
b — 1
(3.1) n=o——r = [T 2av).
d|sp
dfu

From (3.1), we get immediately that for all d > 1 we have

(3.2) da0) = [] ‘b—e”;’k
1<k<d
ged(k,d)=1

< (b+1)°@.
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From (3.1) and (3.2), we certainly get that

(3.3) P(n) < maxgs, P(®q(b)) < (b+ 1)t
dfu

The above inequality (3.3) is the key in order to get smooth numbers n €
Aps. To get very smooth such numbers n, set A = 1 and take a large z (for
example, such that z > P(s)). Then obviously

(3.4) P(sp) _ D) < C10

Sqt po logy p

and the right most inequality (3.4) holds with any constant ¢y strictly larger
than ¢;; = €7 provided that z is large (see [17]) where + is the Euler constant.
In particular, we get that the inequality

(3.5) P(sp) <

CloSH Ci2SH
logy pu logy(sp)

holds with any constant c;9 strictly larger than ¢y provided that z is large.
Since
PETIE 14 4 TR <y

we get that |
ogn
(s =1Du < %,
therefore
(3.6) sp < ciz3logn
where we can take ci3 = m.

Since the function y — logy2y is increasing for y > e¢, it follows, by (3.5)

and (3.6), that the inequality

CroSH cialogn
log, sp logsn

(3.7) o(sp) <

holds where one can take ¢4 to be any constant larger than c¢ygci3 provided
that z is large. Finally, from (3.3) and (3.7), we get

c1gqlogn

P(n) < (b4 1) osn = ps®

where
( C15

- logsn

with Ci5 = C14 log(b + 1)
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This is what concerns very smooth numbers. To see that for a fixed
value of € we can get a set of positive lower logarithmic density of numbers
n € Ay s we argue as follows. Write p; = p;...p; and choose a value of z
large enough such that the inequality

log b

d(sp1) < (s — 1)M15m

holds for this value of z. The reason that such a value of z exists for a fixed

value of ¢ is a consequence of inequality (3.5). We now get that

log b - logn
log(b+1) 6log(b +1)

(3.8) d(sp) = d(shun) < Ap(sp1) < A(s — 1)me

where the last inequality in (3.8) is an immediate consequence of the fact

that
b(s—l)u _ b)\(s—l)ul < n.

With (3.3) and (3.8) we get
(3.9) P(n) < (b4 1)%t1 < pf

and the above inequality (3.9) holds uniformly in A.

All is left is to do the count. Let x be a large positive real number.
It is not important for our purposes to understand the exact value of | Ay s(z)|
but only the precise order of magnitude. We claim that there exist two
computable constants c16 and c¢y7 such that the inequality

(3.10) ciglog® ' < |Aps(z)| < cr7logt

holds. This is almost obvious. Indeed, let us get an upper bound on the
number of numbers

n=ay+abt+---+ab* <z

such that a; € {1,...,0—1}fori =0, 1, ..., ¢t,0< i <--- < i and for
which ZZ:O a; = s. Clearly, t < s—1 and there are only finitely many choices
for the number ¢ < s—1 and the t+1-uples (ag, a1, . . ., a;) of positive integers

less than b for which 3~!_ a; = s. For each one of these fixed choices, we get
that 0 < iy < --- <4, and 44 < 112?1: Hence, there are only O(log’ x) choices
for the t-uple of exponents (iy,...,4;) and since t < s — 1, we get the right
half of (3.10). To prove the other half of (3.10), notice that A, contains all

the numbers

n=1+0b"4. .. bt
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where

1
(3.11) 0<¢1<¢2<---<¢S_1<{0ng—1

log b

and the number of s — 1-uples of positive integers satisfying (3.11) is

log z
(\Joibj - 1) > logsflx

s—1
which proves the other half of (3.10).

We now get a lower bound on the number of positive integers n < z in
Ay ¢ satisfying (3.9). From the above arguments, it follows that if 2 is a fixed
number which is sufficiently large such that inequality (3.8) holds, then any
number of the form

(3.12) 14 b p2n oy pls=Dam
where A is an arbitrary positive integer satisfies (3.9). But there are at least
log
3.13 S = Re—— |
1) {(8 — D log bJ

such numbers A for which the number shown at (3.12) is < x and it is clear
that the number shown at (3.13) is > logz > |A,(x)]° where § = 2
(see (3.10)).

—_

Remarks In the above proof, we have showed that if € is fixed, then there
are a number > |Ay,(z)[Y/¢~Y numbers n < z in Ay, having P(n) < n°
where the constant understood in the symbol > above depends on €. When s
is not prime, we can do slightly better by a similar argument. Namely, we
can show that the number of numbers n < x in A, , satisfying P(n) < n®
is at least > |4, |~/ where the constant understood in > above
depends again on . Of course, this is better than the previous argument
only when s is not a prime. To get such a better inequality, notice that the
number u = Q(s) — 1 is the maximum positive integer k for which there
exists a representation s = dyds...d; with integers d; > 1. Pick such a
representation s = dyds .. .d, and for i € {1,... u} let

n; = 14 bH 4 p2hik .o g pldi=DAip

where \; are some arbitrary positive integers and p is again of the form
o= Hp .. With fixed ¢ we can find again a value of z such that the
inequality P(n;) < n{ holds independently on A;. Finally, set

(3.14) n = ﬁnz
i=1
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It is clear that, generically, the sum of digits of n in base b is precisely
[1;_, d; and that all its non zero digits are 1. Indeed, the only case when
this might not be so is when there exist two disjoint non empty subsets J;
and Jy of {1,...,u} and two functions j; : J; — N and js : Jo — N such
that j1(i) € {1,...,d; — 1} and j2(¢) € {1,...,d; — 1} hold for all i € J; or
1 € Jo, respectively, and such that furthermore

(3.15) S i =" i)
i€y i€J2

It is now easy to see, by arguments similar to the previous ones, that the
number of u-uples (A, ..., \,) of positive integers for which the number n
given by (3.14) is < x is

Q(s)—1
s—1

U1 g | Ay ()

> log" © = log

and it is also easy to see that most such u-uples of positive integers do not
satisfy any one of the finitely many linear relations (3.15) (mainly because
anyone of the finitely many linear relations (3.15) will “cut down” on the
degree of freedom u of the generic u-uple (Ay,...,\,)), which finishes the
argument.

4. The Proof of Proposition 1.3

Let p1 < pa < --+ < pi be the first £ prime numbers and assume that
n=pi"...pF

holds with some a; > 0 for s = 1,...,¢ where

n=ag+ab™ + -+ a;b"

is such that a; € {1, ..., b—1}fori=1,... t and Zfzoai = 5. We assume
that i1 < iy < --- < i; and we write
X =14 and Y =max{e, o; |i=1, ..., k}.

It is easy to see that the inequality
X s > 9

holds, therefore Y < ¢;5X holds for large X with ¢35 = 2logb (notice
that 2 > log2). In what follows, we shall assume that X is large enough.
We use the following lower bound for linear forms in p-adic logarithms due

to K. Yu (see [25]).
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Lemma 4.1. Let p be a prime number, ri, ..., rp be rational numbers
having both numerators and denominators coprime to p and ny, ..., ng
be positive integers. Write A; > e for the maximum between the height of
the rational number r; (i.e., the mazimum between the absolute values of its
numerator and denominator when written in reduced form) and e. Write
also N = max{e, |n;| | i = 1, ..., k}. Then there exists an effectively
computable constant c19 which is absolute such that if the rational number

R |
18 non zero, then
ord, (1" .1} — 1) < iy log Ay . log Aylog N

where for a rational number r we write ord,(r) for the exponent at which
the prime number p divides the numerator of r.

We use the above Lemma 4.1 to bound recursively iy, 4o, ..., 4 in terms
of t and X. Write

(4‘1) bz’l <a1 + a2bi2—i1 S atbit—h) — p?l . 'ka — ap
= ag(ag 'pPt ... ppr —1).

Let p be an arbitrary prime number dividing b. The above equation (4.1)
implies

(42) i1 < ordy(b") = ord,(ag) + ord, (ag 'pi* ... pp* —1).

Let g0 be such that ¢y > ord,(ag). We use Lemma 4.1 to bound the second
term appearing in (4.2). Clearly,

(4.3)  ord, (ag'pft...ppt — 1) < cfylog Aglog Ajlogps ... log pylog Y

where Ay = max{|ao|,e} and A; = e = max{p;,e}. Notice that we are
entitled to apply Lemma 4.1 because with the index j such that p; = p
we may replace a;' by ay 1p§” and if this rational number does not have
both its denominator and numerator coprime to p, then inequality (4.2) is
simply i1 < ¢go (i.€., the second term in the right hand side of (4.2) is zero)
while if ay 'p® has both its numerator and denominator coprime to p, then
a; = ord,(ag) and the height of ay'p® is less than or equal to the height
of ap (and in this case the factor depending on p; shouldn’t even appear in
the right hand side of (4.3)). Set

k
Q=1logA;...logpr <exp ( Z log, pk) < exp (co1k log, k)

i=1

where c5; some absolute constant.
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Inequality (4.2) becomes
(4.4) iy < co9 + chglog Agexp (corklogy k) log Y < exp (cook log, k) log Y
where c55 can be chosen to be such that
o2 > dmax{log cq, log c19, log, A, €1}
We now use induction on the parameter j to show that the inequality
(4.5) ij 4+ 1 < 37exp (capjk log, k) (log Blog Y'Y

holds for all j = 1, ..., t where B = max{b,e}. The step j = 1 follows
immediately from inequality (4.4). Assume that inequality (4.5) holds for
some j <t with 7 > 1 and write

cj:a0+albi1+---+ajbij.

Obviously, A

¢ < sz+1,
therefore
(4.6) logc; < (i; +1)log B.

Notice also that since j > 1 we have ¢; > b+ 1 > e. Write

77 Ti1o—1; it —14 _ (51 (758
bJ“rl (a]+1 + a]+2b J+27+1 _.I_ e + atb t ]“rl) — pl . pk J— C]

¢ (cj_lp?1 Y 1) )

We get
ij41 + 1 <ord, (bml) +1 =1+ ord,(c;) + ord, (Cj_lp?l L — 1) '

Clearly,
log c;

Ordp(cj) S logp
and by Lemma 4.1 we also get

ord, (¢ 'pi" .. Pt — 1) < cfyQ(loge;) log Y,

therefore

. 1
(4.7) i1+ 1 <1+ (loge;) <@ + & Qlog Y) :
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So, with (4.6), (4.7) and the induction hypothesis, we get

‘ , 1
ijy1+1 <14 (i;+1)log B (@ + c]fQQlogY)

. . . 1
< 1+ 3 (log BY ™ (log Y exp (copjk log, k) (@ + ckQlog Y)

< 3 (log Blog Y Y™ exp (¢22(j + 1)k log, k)
where the last inequality above is obvious. This finishes the induction step.
Evaluating (4.5) at j =t we get
X <41 < 3lexp (cpotklog, k) (log BlogY)",
therefore
log X < co3 + cogklogs k + co5log, YV

where co3 = t(log3 + logy B), o4 = teog and o5 =t (recall that ¢t < s —1).
Since Y < ¢13X we get that the inequality

log X

Coak 10g2 k > 10gX — Co93 — C25 10g2(018X> >

holds when X > co where co6 is computable and depends on b and s. Thus,
for X > cog we get
klogs k > co7log X

1
with co7 = 2o therefore the inequality
24

log X
logs X

holds with some computable constant ceg provided that X > cy6. Since for
large k we also have p, > klogk (see [18]), we get that the inequality

log X log, X
logs X

holds for all large enough values of X. All it remains to notice is that

X > c30logn holds for all large enough values of n where c3g can be taken
1

to be any constant slightly smaller than Togh provided that n is large enough,

and now inequality (4.8) tells us that the inequality

k > cog

(4.8) pr > klogk > cog

1 1

log, n
holds for all n > c35. We may now replace the constant c3; by a smaller
constant and conclude that indeed an inequality like the one asserted at (1.1)

holds for all n € Ay ;. [ |
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5. The Proof of Proposition 1.4

Here, we use the argument employed in the proof of Proposition 1.2. Let z be
a large real parameter and let s < p; < --+ < p; < z be all the prime numbers
larger than s and smaller than or equal to z. Take u = p;...p; and look at
the number

b —1
(5.1) n,=1+4+b"+0*+ - b0 =

D4(b).
dlsp
dfu
It is clear that the number of divisors d | sy such that d f p is equal to 7(sp)—

7(p) = (7(s) = 1)7(u) > 7(u) = 2. Here, for a positive integer k we use 7(k)
for the number of divisors of k£ and we also made use of the multiplicativity of
the function 7; i.e., the fact that the formula 7(su) = 7(s)7(1) holds because
s and p are coprime. In particular, there are at least 2 factors of the form
®,(b) appearing in the right hand side of formula (5.1). We now use the fact
well known fact that for & > 12 the number b* — 1 has a primitive divisor;
i.e., the above number is divisible by a prime number p such that p does not
divide anyone of the numbers b* — 1 for any positive integer £ < k (see [5]).
It is also well known that the existence of a primitive divisor for the number
b* — 1 is equivalent to the existence of a prime divisor p of ®;(b) such that p
does not divide ®,(b) for any positive integer ¢ < k. This argument together
with (5.1) tells us that w(n,) > 2* — 12. It remains to get a lower bound
on t in terms of n,. But this is easy. Clearly, the inequality

sp < exp(2tlogt)
holds for all sufficiently large values of z and since n, < b we get, by
applying the double logarithm in the above inequality, that
log, n, < log(su) + log, b < 2tlogt + log, b,

therefore the inequality
cszlogyn, < tlogt

holds for large values of z where ¢33 can be taken to be 1/3. The above
inequality implies that the inequality

log, n,

C34
10g3 n,
holds with some absolute constant c34 provided that z is large enough, there-
fore the inequality
log 2 1 .
wn.) > 28 =12 > (V2)! = exp ( O§ t) > exp (035 o821 )

10g3 ny

holds for all sufficiently large values of z with c35 = %“Toﬁ which finishes
the argument. [ |
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6. The Proof of Proposition 1.5

We start with the following presumably well known lemma concerning the
structure of positive integers n with a large Q(n).

Lemma 6.1. (1) The inequality

holds for all positive integers n.

(2) Let K be any positive real number in the interval (O, @) and let Ak
be the set of all positive integers n such that Q(n) > Klogn. Then Ak
s infinite and there exist two computable positive constants L and o
with § < 1 depending only on K such that if n € Ay, then there
exists a prime number p < L such that if we write n = p*»m where

ged(p,m) =1, then logm < dlogn.

Proof. Part 1 is well known. Notice that the inequality asserted at 1 is
sharp and equality is obtained for all positive integers n which are powers
of 2. We shall now prove part 2. Write

n= Hpo‘?’.
pln
If n € Ak, then
(6.1) Zap:Q(n) >Klogn:KZaplogp:Zozp(Klogp).
pin pln pln

Let 2 = p; < py < ... be all the prime numbers and let £ be the maximal
positive integer such that the inequality K logpr < 1 holds. Notice that k
exists and k > 1 because K < @. Write ¢ = py. and rewrite (6.1) as

(6.2) Z(l — Klogp)a, > Z a,(Klogp —1).
pln p|n
p<q p>q

Set

a=max{a, | p| nandp <q},
K1:Z(1—Klogp)>0.

p<gq
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Inequality (6.2) implies

(6.3) oy > ) oyl = Klogp) > Y oy (Klogp — 1).
pln pln
p<q P>q
Set
1
Ky=K —
log pry1

and notice that Ky > 0. Moreover,

Ky, <K - holds for all p > ¢,
logp

therefore
(6.4) Klogp—1> Kylogp holds for all p > q.
With (6.3) and (6.4) we get
(6.5) Kia > K, Z a, log p.

pn

p>q
Finally, set

Kj = Z log p
P=q

and notice that (6.5) implies
(K1 + Ko K3)a = Kja + Ky(Kza) > Ko Z alogp + Ko Z a,logp

pln pn

p<q p>q
ZKQZaplogp: Kslogn.
pln
Hence, the inequality
a > Kylogn
holds with Ky = K1+[§?2K3' Now let n € Ag and let p < ¢ be the prime

number p | n for which o, = a. We then have
n=p*m
where
logm =logn — alogp < logn — K logplogn
= (1 - Kylogp)logn < (1 — K log2)logn
which proves part 2 of the above Lemma 6.1 with L = ¢gand 6§ = 1— K, log 2
(it is clear that § is positive because K3 > log2, therefore K; + KoK3 >

Ky log2 which is equivalent to the fact that K4log2 is smaller than 1).
Lemma 6.1 is therefore proved. [ |
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We can now embark in the proof of Proposition 1.5. Assuming that (1.3)
does not hold we deduce the existence of a positive constant K such that the
inequality Q(n) > K'logn holds for infinitely n € A,,. We may, of course,
assume that K is as small as we want and so we take it such as K < 1022.
We now use Lemma 6.1 to conclude that there exist two positive constants
L and ¢ such that for every n € A, for which Q(n) > Klogn we have
n = p®*m with ged(p,m) = 1 and logm < dlogn. In particular, for every

such n we get a relation of the type

(6'6) n=ag+ albil 4+ .4 atbit = p®m

where a; € {1, ..., b— 1}, 2221 a; = s, p < L, p fm and the inequality
logm < dlogn holds with some fixed value of § < 1. There are only finitely
many possibilities of choosing t < s—1 and the ¢+ 2-uple of positive integers
(ag,aq, . ..,asp) such that a; € {1, ..., b—1} with Zﬁzoai =sandp< L
is a prime number and since we are assuming that we have infinitely many
values of n satisfying a relation of the type (6.6), we may assume that
t, ag, ..., a;, p are fixed and that (6.6) holds for infinitely many values
of the t + 2-uple of positive integers (iy,...,%,a,m). In order to get a
contradiction, we shall show that an equation like (6.6) has only finitely
many solutions (iy,...,4;, a,m). To achieve this, we shall prove something
slightly more general, namely the following.

Let b > 1 be a fixed positive integer. Let t > 1 and Ay, Ay, ..., A; be
fixed non zero integers and p be a fixed prime. Let § < 1 be a fixed real
number and consider the Diophantine equation

(67) AO + Albil + -+ Atbit = pam

in integer unknowns (iy,...,%,«) with i; > 0 for j = {1, ..., t}, a > 0,
m # 0, p and m coprime and log|m| < §log|n| where we use n to denote
the common value of the integer appearing in either side of equality (6.7).
A solution (i1, ..., a,m) will be called non degenerate if

> A £0

jel
holds for all proper non empty subsets I C {0,1,...,t} where we use iy = 0.
It suffices to show that an equation of the type (6.7) has only finitely many
non degenerate solutions (i, ..., o, m). Notice that our equation (6.6) is
a particular type of an equation of the type (6.7) and it is non degenerate
because all the coefficients a; for i = {0, 1, ..., t} in (6.6) are positive.
Notice that what we are about to prove is a slight generalization of the
well known result concerning the finiteness of the number of non degenerate
solutions of a linear S-unit equation.
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To prove this, we shall apply the following particular case of the Subspace
Theorem which we recall as a lemma (for a proof see [20]).

Lemma 6.2. Let S be a finite set of absolute values of Q including oo
(and normalized such that |p|, = p~ holds for every prime number p) and
let N € N. Forve S letLi,,...,Ly, be linearly independent forms in
N wariables with rational coefficients and let p > 0. Then the solutions
X = (x1,...,2y5) € (Z*)N of the inequality

I 12wl < (max{|z;| | i=1,...,N})7"

veS i=1
are contained in finitely many proper subspaces of Q.

To prove the statement about the finiteness of the number of non degen-
erate solutions of (6.7) we use induction over the parameter ¢ > 1 and the
above Lemma 6.2. To see how this works let ¢ = 2. Then (6.7) reduces to

(68) Albil + AO = pam.

Since alogp > (1 —¢)log|n| and Ay # 0, it follows that the only interesting
case to consider is when p does not divide b (otherwise, we obviously have
only finitely many solutions (i1, a,m) of (6.8)). We apply Lemma 6.2 with
S = {p, oo, ¢ | for all prime divisors q of b}, N = 2, x = (z1,23) and the
linear forms Ly ,(x) = z; for all v € S, Ly, = Ajxy — x5 for v € S\{p} and
Ly, (x) = z2 when v = p. It is clear that L;,(x) and Lo ,(x) are linearly
independent for all v € S. We assume that x; = b and x5 = p*m is a
solution of

(69) AlIl — X9 = —A().
Let us compute the double product
2
H H | Li o (%)]o
veS i=1

for our particular problem. Clearly,

H |L1,v(x)|v = H [z1]p =1

veS veES

H |L2,’U(X)|’U: H |—A0|UZA

veS\{p} veS\{p}

and
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where A is a constant. Finally,
1 (- (-
| Loplp = |22lp = E < In| (1=0) — |Ayzy 4 A =9,

Thus, the inequality

2
TTTT L)l < AJAiz + Ao < max{|a: |, [x2]}

veS 1=1

holds with p = @ > 0 provided that max{|z1|, |z2|} is large enough. By
Lemma 6.2 it follows that all but finitely many solutions of equation (6.9)
are contained in finitely many proper subspaces of Q2. In particular, there
exist finitely many pairs of rational numbers (B;, B2) not both zero so that
Bz + Byxs = 0. Thus, B1b" 4+ Byp®m = 0 which means that « is bounded
and since alogp > (1 — §)log|n|, we get that n is bounded as well. This

takes care of the case in which ¢ = 1.

We now treat the general case. Assume that ¢ > 1 and that equation (6.7)
does have only finitely many non degenerate solutions for any ¢’ < ¢t and any
choice of the non zero coefficients Ay, ..., Ay. We may assume that i; are
distinct because if two of them are equal, say i; = i5, we can then group
them and rewrite equation (6.7) as

Ag+ (Ay + A2 + - + At = p™m

which is an equation like (6.7) but with fewer (i.e., ¢ — 1) terms in the
left hand side and it is still non degenerate (notice that A; + Ay # 0 if
11 = 19 because we are treating only the case of the non degenerate solutions
of (6.7)). The same argument shows that we may assume that i; > 0 for all
jeA{l, ..., t} and we may now order them in such a way that 0 < i; < iy <
-+ < 1;. We may also assume that i is as large as we want for if not, i.e., if 7;
remains bounded, we may then assume that 4, is fixed and replace Ag+ A;b%
by Aj and obtain again an equation like (6.7) but with fewer terms in the
left hand side. Since we are assuming that ¢; can be large, it follows that the
only interesting case is again when p does not divide b. We apply Lemma 6.2
with S = {p, oo, ¢ | for all prime divisors q of b}, N =t+1, L; ,(x) = z; for

alli=1, ..., tandallv € S, Li11,(x) = A1z +Asxo+- - -+ Ayry — 2444 for
allv € S\{p} and L;}1 p(x) = x441. It is clear that L;, fori =1, ..., N are
linearly independent for all v € §. We look at the solutions of the equation
(6.10) Ay + Aszo + -+ Ay — 20 = — Ao

with z; =% for j =1, ..., ¢t and 2,41 = p*m where

log |m| < dlog |n| = dlog|Ag + Ajxy + -+ - + Ayl
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We now compute again the double product

H H |Li,v(x)|v'

veS i=1
Let 7 <t. Then

(6.11) 112,690 = [Tl = T 1871 = 1.

veES vES vES

Let now 7 =t 4+ 1 and notice that

(6.12) II 1Zeol= 1] [—cl.=4

veS\{p} veS\{p}

where A’ is a constant while
1 (-
(6'13) |Lt+1,p(x)|p = |xt+1|p = |pam|p = E < |A1x1 +oeee Atxt| (1=0),

Multiplying (6.11)—(6.13) we get that the inequality

N
TITT L)l < AlAuw) + -+ Ay 09
i€S i=1

< max{|z||j=1, ...t +1}7"
holds with p = @ provided that i; — i, is large enough (we may assume
that this is so for otherwise, if 7, — 4, 1 is bounded, we may then assume
that ¢ — ¢, is fixed and then equation (6.7) becomes again an equation
with fewer unknowns in the left hand side of it which has only finitely many
non degenerate solutions by the induction hypothesis). With Lemma 6.2
it follows that there exist finitely many non zero vectors (By, ..., Bii1)
in Q' such that every solution of (6.10) satisfies

(614) lel + -+ tht + Bt+1$t+1 =0.

Assume first that B,y ; = 0 and let 7 be the maximal index < ¢ for which
B; # 0. Then equation (6.14) implies that

— / / .

where B] = —% and the above equation is a pure S-unit equation. It is

J
then known that 7; — ¢;_; is bounded and so we may assume that i; —¢;_;
is fixed and now equation (6.7) becomes an equation with fewer than ¢
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unknowns in the left hand side of it which by the induction hypothesis has
only finitely many solutions. Assume now that B;,; # 0. Expressing x;;

versus ry, ..., x; both from (6.14) and from (6.10) we get an equation of
the form

(6.15) Ajxy + -+ Ay + Ag = Biog + -+ + By

where B! = _B?Jil fori =1, ..., t. The above equation (6.15) is an equation
of the form

(616) Cll’l + 4 Ctl’t —+ Co =0

with C; = A; — Bl for alli =1, ..., t. If (6.16) is non degenerate, then it
has only finitely many solutions with z; = b for j =1, ..., ¢ (notice that

Ap # 0 is fixed). If it is degenerate, let I be a set of minimal cardinality of
{1, ..., t} for which

iel

Then equation (6.17) is non degenerate and as such it has only finitely many
solutions x; = b for which j € I. In particular, since I is non empty, every
one of the exponents i; for j € I is bounded which means that we can reduce
equation (6.7) again to an equation with fewer unknown terms in the left
hand side of it. The induction is therefore complete which finishes the proof
of Proposition 1.5. [ |

Remarks With a known value of § it is an immediate application of lower
bounds for p-adic logarithms that an equation like (6.7) with ¢ = 1 has even
finitely many effectively computable solutions (i1, a,m) and these may be
computed from knowledge of ¢y, ¢1, b, 6 and p. However, the value of ¢
comes from the Lemma 6.1 and it is computable only if we assume that we
do know a constant K such that ©(n) > K logn holds with some n € A,
which has exactly two non zero digits in base b. We have avoided to mention
the words lower bounds for linear forms in logarithms at this stage mainly
because we wanted only to prove an estimate of the type (1.3) which means
that we wanted to show that for every K > 0 the inequality Q(n) > Klogn
can hold only for finitely many positive integers n € A, ;. However, with our
method one can employ a lower bound for a linear form in p-adic logarithms
to find an effective upper bound on % which tends to zero with n when n
tends to infinity in the set of all positive integers which are not multiples of
b and which have only two non zero digits when written in base b.
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7. The Proof of Proposition 1.6

By the arguments used in the proof of Proposition 1.2, it follows that for a
large positive real number z we have cjglog® ' v < |Ay ()| < ci7log™ ' 2.
We thus find it easier to measure the cardinality of | Aj s(2)| in the logarithmic
scale. That is, for a large positive real number = we shall count the number
of numbers n € A, of the form

(7.1) n=ag+ab™ + -+ ab"

where a; € {1, ..., b—1}, 3! ja; =sand 0 < i; < --- < i; < x. This
is “almost” Ap4(b") and therefore the number of such numbers n is =< 5L,
We have to show that the number of such numbers n which are also per-
fect powers is o(z*~1). First of all let us notice that most numbers of the

form (7.1) have t = s — 1 and a; = 1 for all i = 0, ..., ¢. Indeed, suppose
that ¢ < s — 1. For each such ¢ there are only finitely many choices for the
coefficients a; € {1, ..., b— 1} such that >.'_ a; = s and for each one of

these choices of the coefficients the exponents iy < i5 < -+ < iy < x can be
chosen in at most z* < 2°72 ways. In particular, the number of numbers n
given by (7.1) with t < s — 1 is O(z*72?) = o(z*'). Thus, most numbers
shown at (7.1) have t = s — 1 and therefore a; = 1 for all i =0, ..., t. Let
us assume now that

(72) 1+ hi 4.+ his—1 — mY

holds for some positive integers m > 1 and y > 1. We may assume that y
is prime and since m > 2, we get that y < c3gx. Thus, the number of ways
of choosing y is m(czez) < 037$. Since 0 < iy < --- < i,_1, we also observe
that we may assume that ; > @ for if not, then the number of numbers

n of the form (7.1) with iy < @ and iy < i3 < --- < i, < x is, of course,

O(f;;;) = o(z*~1). In particular, since i; > 0, we read that the number
shown at (7.2) is coprime to b, therefore m is coprime to b. We now fix the
exponents 7; < 7s--+ < 75_9 < x. The number of such choices is, of course,
O(x*7%). We write

c=1+0" 4 -+ b=,

And it thus suffices to count the number of exponents j = i, 1 < x with
j> lozm and j =is 1 & {i1, ..., is_2} and for which the relation

(7.3) V+c=m"

holds with some positive integer m > 1 coprime to b and some prime number
y > 1. We need to show that the number of such exponents j is o(x). For this
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we start with the exponent y. Since y is prime, we write it as y = p. For any
fixed p < 362 equation (7.3) can have no solutions (j,m) with j < x or
one such solution or more than one such solution. Thus, the total number
of solutions (j,m,y) of equation (7.3) over all those values of y = p < 36
for which equation (7.3) has at most one solution (j,m) when p is fixed is
at most m(czer) = O(IO‘;:B) = o(x). We now fix a value of p < ¢3¢z and we
assume that equation (7.3) has more than one solution (j, m) with this fixed
value of y = p.

We distinguish three instances.
Case 1. p > max{b, 3}.

Let (j,m) and (j',m’) be two solutions of equation (7.3) with j* > j
corresponding to the same value y = p. Taking the difference between these
two equations (7.3) we get

. m/p —mP
7.4 VY 7 -1)=m"Y—-—mY=(m—-m)———.
(7.4) (7 - 1) (! =)
Let d = ged(m’,m). Notice that d is coprime to b. Write m’ = dm/ and
m = dmy with coprime positive integers m; and m). Equation (7.4) is of
the form

p p
o mi{ —m
7.5 V' —1) =dP(m), — my) ———.
(75) ' 1) = )
It is now clear that every prime divisor of Zl,p:mp is either p (and this happens

1~ m1
if p | (m} —my)), or is congruent to 1 modulo p. Since p > b, we get that
'p_ P .
L — s coprime to b’ and therefore
1 1
p p
— <V -1

If d > 1, then d is also coprime to b and therefore d? divides »/'~7 — 1. In this
case, it follows, by (7.5) and the above remarks, that m} — m; must be a
multiple of & and therefore

We thus get
: m,p — mp -/ ’
Y < (m) —my )Pt < 2 L<p' 7 1<,

therefore

(7.6) i > jp.
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Since j > 10295 and j' < x, we first read that p < logx. Secondly, assume
that j; < jo < --- < ji are all the possible indices j € (logm, z) for which

b + c¢ is a pth power. Inequality (7.6) tells us that j, > pji, then that
js > pja > p?j1, ete., therefore

Jrk > pkjl-

Since j, < x and j; > , we read that p* < logz, therefore k < csglog, x

where ¢33 = ﬁ Thus, the number of numbers y = p is at most O(logz)
and for each such fixed prime number p the number of indices j for which
W + ¢ can be a pth power is O(log, z). The totality of all these instances is

O(log xlog, ) = o(x) which settles this case.

Case 2. 3 < p < max{3,b}.

In this case, we have only finitely many prime numbers p under consideration
so we may assume that p is fixed. Let again (j,m) and (j',m’) be two
solutions of equation (7.3) with j* > j corresponding to the same exponent
y = p. With d = ged(m’,m), m' = dm} and m = dm, we arrive again at
equation (7.5), namely

o mP — mP
7.7 V(7 —1)=d’(m — e S
(7.7) ( ) = =)

Since both m’ and m are coprime to b, it follows that d is coprime to b and
so b7 divides m” — m?. In particular,

m? > mP —mb > > /s,

therefore
, x
(7.8) my > exp nglogx
with ¢39 = m;}‘ff 3 Since p > 3 is fixed and m} > m; are coprime, it follows

by a result of Bugeaud (see [4]) that the inequality
(7.9) P(m? —mb) > cy0log, m)

holds with some computable constant cy9. It then follows, from the above
estimates (7.8) and (7.9), that the inequality

(710) P(mllp — m?) > Cq0 10g (039 ) > Cyq logm

x
log x

holds with ¢y; = 4% provided that z is large enough.
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If = is so large such that cqlogz > b holds, we then get, by (7.7)
and (7.10), that the largest prime divisor of m” — m? must divide b7 — 1
and therefore

V> — 1> P(m? —mb) > ey log .
Thus, the inequality
j' = > cplogyx

must hold with ¢4 = ﬁgb provided that x is large enough. The above
gap principle tells us that if p is fixed and % < <jp<--<jp<cw

are all the possible exponents in the interval (@, z) for which &’ + ¢ is a

pth power, then k = O(log’”ﬁ) = o(x). Since p can take only finitely many
values, it follows that the total number of exponents j < x for which &’ + ¢

can be a pth power is again o(z) which takes care of this case.
Case 3. p=2.

None of the above techniques can deal with the case p = 2 so here we

will employ a different argument. We let = be large and write z = \_logwj.

With 5 > @ every positive integer solution (j,m) of the equation

4 +c= m?
leads to a solution of the congruence
(7.11) m?>=c (mod b*).
Let b = qub q“e. Equation (7.11) implies that
(7.12) m?=c¢ (mod ¢*)

and for every fixed ¢|b the above equation (7.12) has precisely two solutions
m (mod ¢**) (when g = 2 the above equation has only two solutions mod-
ulo 2°2*71 and so that it has at most 4 solutions modulo 2°2?). Here, we
implicitly used the fact that ¢ is coprime to b. The above argument shows
that the system of congruences (7.12) has, with varying ¢ and by the Chi-
nese Remainder Lemma, at most cy3 = Qu(b)+1 integer solutions m in the
interval (0,b%). So, it suffices to count the number of exponents j such that
b 4+ ¢ = m? holds with m in a fixed congruence class modulo b*. Assume
that this fixed congruence class is ¢/, where ¢’ is an integer in the interval
(0,b%) which is coprime to b and suppose that (j,m) and (j',m) are both
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solutions of equation (7.3) with y = 2 and m’ = m = ¢’ (mod b*). We write
m =ub®+ ¢, m' =vb®* 4+ ¢ with v > u > 0. We now get

V(' 7 —1)=m? —m?=(m' —m)(m' +m)
=b*(v — u)(b*(v +u) + 2d),
therefore ‘ .
V27— 1) = (v —u) (b (v +u) + 2¢).
It is now clear that ged(b, b*(v + u) + 2¢’) | 2 and therefore

z / z
bj,j_lzb(v+g)+2c >b§_

We thus get

j—7> @ (zlogb —1log2) > 6441021‘
where we can take cyy = % provided that x is large enough. The above ar-
gument shows again that equation (7.3) can have at most O(logz) solutions
(j,m) with p = 2 and j < x such that m is in a fixed congruence class mod-
ulo b and since we have only finitely many such congruence classes, we get
that the number of numbers j < x for which ¢/ + ¢ can be a perfect square is
O(logz) = o(z). This case is therefore settled as well which completes the
proof of Proposition 1.6. [ |

8. The Proof of Proposition 1.7

The proof of this proposition follows closely the proof of the main result
in [14] although some of the details of the argument in [14] must be slightly
modified for our present purposes. We work again in the logarithmic scale as
in the proof of Proposition 1.6. That is, we assume that x is a large positive
real number and that n is a number of the form

n=ag+ab™ + -+ ab"

where a; € {1, ..., b—1}fori=0, ..., t, > ja;=sand 0 <i; < --- <
1y < x. We want to show that but for a set of such positive integers n of
cardinality o(z*~!) the inequality asserted at (1.5) holds. As we have seen in
the proof of Proposition 1.6 most such positive integers n have t = s —1 and
a; =1 for all i = 0,...,t and therefore we may assume that the numbers n
that we will work with are of this type. We may also assume that the
inequality 751 — is > cy5 logix holds where c45 is a computable positive
constant which we will fix later. Indeed, the reason is that the number of
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s— 1-uples of positive integers (i1, ...,is_1) for whichi; < --- < i, 1 < x but
lg—1 — o < Cu5 logiw where ¢,5 is some fixed constant is O(li;;) = o(z* 1)
and the total number of numbers n under consideration is ~ z*~!. As in the
proof of Proposition 1.2 we shall assume that 7; < --- < i,_5 are fixed and

we write

c=14b" 4. b2

We will again assume that iy > @. Thus, the number n we are looking at
is of the form
(8.1) n==>V-+c
where
v T
(8.2) log (—) >
c log,
and where —*= < j <z and we want to show that with fixed ¢ and vari-

logx
able j in the zbove interval such that inequality (8.2) holds, inequality (1.5)
also holds for all such j except, eventually, for a number of o(x) of such j.
From now on, we shall always use j and n with the meaning that they are
related via formula (8.1). We use f(z) to denote some function of x which
is increasing for large values of x and tends to infinity with x. We shall
try to find the best (i.e., “largest”) such function f which comes out of our
arguments and for which the inequality

P(p(n)) < f(z)

holds only on a set of positive integers j belonging to the interval (lo“"; x,:c)
of cardinality o(z). As the conclusion of the Proposition 1.7 suggests our
best f is a constant multiple of log!/ 6:clog§/ %2, In fact, up to modifying
the lower bound on ¥/ /c suggested by formula (8.2), we can prove that a
stronger inequality than (1.5) holds for almost all positive integers n € Ay,

namely that the inequality

P(o(n)) > e(n) logé/6 n logg/6 n

holds for almost all n € A, ; where €(n) is any function defined on the set of
positive integers and which tends to zero arbitrarily slowly when n tends to
infinity. We shall resume ourselves to give the proof of (1.5).

We also notice that we may assume right away that s > 2. Indeed, for if
s = 2, then the numbers n we are looking at are of the form

n==>4+1.
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It is well known that for j > 12 the number &’ + 1 has a primitive divisor;
i.e., there exists a prime number p | &/ + 1 such that p does not divide b*+ 1
for any positive integer ¢ < j. It is known that such a prime satisfies the
congruence p = 1 (mod 7). In particular, for all but finitely many values of
J the inequality P(n) = P()’ +1) > P(j) holds and we may now use a result
of de Bruijn (see [8]) which asserts that the inequality P(j) > 2"® holds

for all positive integers j < x except for a set of cardinality O(log%w) where
we can take n(x) = 31(1)024;:6. We thus get an even better inequality than the

one asserted at (1.5) for P(¢(n)) which holds for almost all positive integers
n € Aps when s = 2. From now on we assume that s > 2.

For the moment, we shall work with an unknown function f. Pick a large
positive real number zq such that f(xg) > be(b — 1)(c + 1), let z > x¢ be
a large positive real number and let j be a positive integer in the interval
wez < J < for which the inequality P(¢(n)) < f(x) holds. Assume that
P < p2 < - <p < f(x) are all the prime numbers less that f(z) and
set S = {p*...p{" | a; > 0} to be the set of all positive integers m with

P(m) < f(x). Notice that for large z we have t = w(f(x)) < 102{;2))' Since

o(n) € S, we may write

p*|n
where
A= H pa and B = Hp
iy i
Clearly,
6n) = i Hrad(4)6(B)

where for a positive integer k we write rad(k) =[], p. Since p|¢(n) when-
ever p|A, it follows that A € S. We now bound the size of A. We claim that
with any function f(z) such that f(x) = O(log, x) the inequality

(8.3) a, <plogz

holds for all p < f(z) and for all j < z except for a subset of j of cardinality
o(z). To see why this is so notice first of all that since i; > ez > U, 1t follows
that n is coprime to b. Hence, it suffices to prove that inequality (8.3) holds
for most values of j < = and for all p < f(x) such that p is coprime to b.
For every such prime p let u(p) be the order of apparition of p* in the
Lucas sequence of general term (b™ — 1),,>9. That is, u(p) is the smallest
positive integer m such that 8™ — 1 =0 (mod p?). This number u(p) exists
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because p is coprime to b and by Euler’s Theorem it is a divisor of p(p — 1).
Let v(p) = ord,(b"®) — 1); that is, v(p) is the order at which p appears in
the prime factorization of “") — 1. Clearly, v(p) > 2 and v(p) < p(p—1) <
f(x)2. Suppose now that j < x is such that there exists some prime number
p < f(x) for which inequality (8.3) fails. Fix such a number p and let j, < x
be minimal such that with ng = /° +c¢ we have p®»|ng where vy, is larger than
plogx. If for every prime number p there exists at most one such positive
integer jo, then the number of such numbers is <t = 7(f(z)) = o(x) and we
are done. So, we now fix p and we assume that there is more than one index
j < z for which p*|n with a,, > plogx. In this case, with 8, = |plogz]
we get that p” | b/ — b/, Since j > jy and p is coprime to b, we get that
p% | V790 — 1. Let us notice that plogz > f(x)? > p(p — 1) > v(p) > 2
and this inequality holds uniformly in p < f(z) and for large = when f(x) =
O(log, z). Moreover, let us also notice that

(8.4) B, —v(p) > plogx — 1 — f(x)* >2logz — 1 — f(x)* > logx.

From the well known divisibility properties of the Lucas sequence (6™ —1),,>0
it follows that

(8.5) j=jo (mod u(p)p®v®).

Congruence (8.5) together with inequality (8.4) puts j into an arithmetic
progression modulo u(p)p®~"®) and the number of such numbers up to x is
at most

T x
- < C46
(86) {u(p)pﬁp“(mJ LS g <2
where ¢4 = 1 — log2. Summing up the above inequality (8.6) over all

the values of p < f(x) we get that the number of numbers j < = for which
inequality (8.3) fails for at least one prime number p < f(z) is O(z® f(x)) =
o(z). Thus, from now on we shall assume that all inequalities (8.3) hold for
all p < f(z). Hence,

log A = Z aplogp < logx Z p < f(x)*log .

p<f(z) p<f(z)

pP|In
Since certainly

logn >
log x
it follows that the inequality
(8.7) log B =logn —log A > S f(z)?logz >
log x 2logx
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holds for any large enough positive real number = provided again that our
function f(z) satisfies f(z) = O(logy ). Since our function f(x) will ulti-
mately be given by what is shown in the right hand side of formula (1.5),
we may assume that inequality (8.7) does hold. In particular, B > 1.

From now on, we write u; = »/ + ¢ for all j > 0. Notice that (u;);>0
is simply a non degenerate binary recurrent sequence whose characteristic
equation has roots b and 1 and the numbers n under consideration are simply
the numbers which can be members u; of the sequence (u;);>o with some
j < x. Now let p > f(x) be any prime number which divides some member
of the sequence (uy)g>o. For this p we set r = r(p) to be the minimal non
negative integer k for which p|uy and set d = d(p) to be the minimal positive
integer k for which p divides the kth term of the Lucas sequence (Li,)m>0
of general term

pm

b—1
We claim that d exists, that r < d and that p|u; if and only if j = r (mod d).
To see this, notice that since (u;);>¢ is periodic modulo p, it follows that
infinitely many positive integers j exist such that p|u;. Pick jo > j; to be
such that pluj,, plu;, and the difference j, —j; = k is minimal. In particular,

L, = for m > 0.

v —1

Ujy = Uji+k = bjl(b_ 1) b—1

+ (0" + ) =0 (b~ 1)Ly + uy,

and since p divides both wuj, and u; and p > be(b — 1)(c + 1), we read
that p|Ly. From the well known divisibility properties of Lucas sequence
(Lm)m>0, it follows that d|k and now the same argument as above shows
that if p|u;, then pluji, as well. Hence, by the minimality of k, we get
d = k. Further, by the minimality of r, we get that the number r is less
than d, that it is the unique number [ < d for which p|u; and finally that
any positive integer j for which p|u; must be congruent to r modulo d and
conversely, if j = r (mod d), then plu;. The fact that » > 0 follows from
the fact that p > c+ 1 = wy.

We now pick ¢ to be the smallest divisor of B for which d(q) > z/*.
We show that this ¢ exists and we find an upper bound on it. To show that ¢

exists, let
C(z) = H p.

p, d(p)<al/t?

Certainly,

cw) | I fa

1<d<zl/¥*
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therefore
88 logC) <tog ([ Li)= ¥ lgli X d-00)
1<d<z1/t? 1<d<gl/t? 1<d<zl/t?
Set
D = ged(B,C(2))
and write
B=DFE
where obviously
E = H P
p>f(z), pln
d(p)>a'/**

By (8.8), we get
(8.9) log D < log C(z) < cyga®t
with some constant ¢s7 and by (8.7) and (8.9), we get that the inequality

log E =log B —log D > ‘ R A ’
2logx 3logx

holds for sufficiently large x. In particular, such a prime number ¢ exists
and we write it as ¢ = ¢(j) and set d(j) = d(q(j)). To get an upper bound
on ¢, write

E=qq. .. q
where ¢ = ¢1 < g2 < -+ < gy are distinct primes. Certainly, £ < ¢(n) <n
and therefore

2F < E <n.
Thus,
klog2 < logn < x
and hence,
(8.10) k<.

In fact, using the fact that E is square free one can even infer that the
inequality k < @ holds, but inequality (8.10) suffices for our purposes.

Now write F' = AD, therefore n = FF with E and F coprime. Hence,
¢(n) _ ¢(F) ¢(E)

n F F
S(E) F o¢n) n—gzmén) = zmen) +ec
(8.11) - FE =1- H(F) n d)n B d)bj—l—c '
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To get an upper bound on ¢, we use a lower bound depending on ¢ on the
left hand side of (8.11) and an upper bound depending only on = (and f(x))
on the right hand side of (8.11). For the left hand side of (8.11) we write

(8.12) 1—@:1—1%(1—;).

i=1 i
In light of the inequality
k k
(8.13) L-J[a =) <D
i=1 i=1
which holds for all £ > 1 and all real numbers z; € (0,1) fori =1, ..., k and

which can be immediately proved by induction on k we get, from (8.12), (8.13)
and (8.10) that

k k
o(F) ( 1 ) 1 =z
8.14 l—-——=1- 1-—) < — < —.
(8.14) 11 ”
We now need a lower bound for the right hand side of (8.11). We look at
the expression

, F
8.15 V¥ — ———o(n).
(8.15) S
Assume first that the expression appearing at (8.15) is zero. In this case,
we get
, F

57 O = FoE)

therefore F|c. Since F|(V + ¢), we read that F|V/ and since ged(V,c) = 1,
we get F' = 1. Thus, equation (8.15) becomes

c=¢(E)
and formula (8.11) becomes
¢(E) c
1— 2 <
E n <

we get
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Using (8.2), we get that the inequality

C48T
q1 > exp ( e )
log, x

holds for all x sufficiently large where the constant c4s can be chosen to
be €2, So
2 )

k
2bz>n:EZC]]f>exp( 648];)
log, x

which implies that k < c49log, x. We now write

c=E—-9¢(E)=qq...q— o),

or

k
816)  c=[Ja-D+D-oE) = > J[@-1.
i=1 Ic{1,2,...,k} i€l
TA{1,2,... k}

Assume that £ = 1. In this case, equation (8.16) becomes ¢ = 1 meaning

s = 2 which is a case already treated.

Assume now that k£ > 1. We fix k such that £ < c49log, z. Recalling
that ¢; — 1 € S, equation (8.16) is a particular case of an equation of the

type
C = Z Ir
Ic{1,2,...k}
I1£{1,2,...k}

in 28 — 1 > 3 indeterminates xz; = [[,.,;(¢; — 1) for a proper subset I of
{1,2,...,k} (including the subset I = () for which x4y = 1). Since x; > 0 for
all I, it follows that the above equation is non degenerate in the sense that
no proper sub sum of the form xz, +-- -+ z, vanishes. We now use a result
of Schlickewei (see [19]) on the number of non degenerate solutions of S-unit
equations. That is, if 71, ..., 7, are fixed non zero rational numbers, then
there exists at number of at most

(8.17) ¢ < exp (27t log(8t))
non degenerate solutions (xgj), e xﬁf)) with j =1, 2, ..., £ of the equation

(8.18) Z%xi:o withxz; € Sfori=1, ..., m

i=1
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such that for any other non degenerate solution (x1, ..., z,,) of equa-
tion (8.18) there exists a number p € S and a number A < ¢ such that
(X1, ooy Tm) = p(xg’\), e xﬁf‘)). Let us notice that from the above re-
sult it follows that equation (8.16) can have at most ¢ solutions j where ¢ is
bounded above as in (8.17) with m = 2F < 2¢91%81%_ Indeed, we can label the
indeterminates xy for I C {1, ..., k} such that 1 = zy = x1, so that if equa-
tion (8.16) has more than ¢ solutions, then there must exist two solutions
(w1, ..., ) and (2, ..., ;) and a rational number p # 1 composed
only from the primes py, ..., p; such that (z7, ..., x},) = p(z1, ..., 2r).
In particular, 1 = 2 = pzy = p forcing p = 1 which is a contradiction. This
is for a fixed k£ and now letting k& run from 2 to cy9log, z we get that the
number of solutions of (8.16) with j < x is at most

(8.19) cag(log, x) exp (g(z)t® log(8t))

with g(z) = 272" and it is enough for our purposes to check that the
number appearing at (8.19) is smaller than ez~ But this will be so provided
that

g(x)t%log(8t) < logx — logy & — logs © — log c49

holds and this last inequality will hold provided that
1

og - log x ‘
29(z)  logyx

The right most inequality asserted at (8.20) will hold provided that c49 (i.e.,
c45) 1s chosen in such a way that

(8.20) t9log(8t) <

37.9c49 logg @
2 < logy x

which will hold provided that c49 (i.e., ¢45) is chosen to be small enough.
Now the remaining inequality (8.20) is fulfilled provided that

log x >1/6

(8.21) t < 05()(—2
log;

and in order for (8.21) to hold for large x it suffices that the inequality

f(zx) log x 1/6
(822) 710gf<x) < Cs1 (—log§x>

holds with, say c5; = c50/2. Clearly, inequality (8.22) holds provided that
one chooses

(8.23) f(x) = es0log'® logé/?’ x

as stated in the conclusion of Proposition 1.7.
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From now on, we may therefore assume that the expression (8.15) is non
zero. In this case, we can find a lower bound on the expression appearing
at (8.15) by using a linear form in logarithms (see [1]). That is, write

o(uy) = pit ... p}"

and r »
o S R A, N Al
'b] 3(F) W‘ b]‘ ()t ot
Since
d(n) <n < b*,
we get that

max'_, {3} < z.

For any rational number w let H(w) be the maximum of the absolute values
of its numerator and denominator when written in reduced form. Since
F/¢(F) is arational number which written in reduced form has its numerator
greater than its denominator and the numerator is square free and composed
of primes less than z!/ t2, we get that

(8.24) log <H (%)) < Y logp <t/

p<al/t?

Let .
Q= H log p;
i=1

and notice the following upper bound
(8.25) Q <log" f(z) = exp(tlogy(f(x)) < exp(2tlog,t)

which is valid for large values of x.

With the estimates (8.24), (8.25) and a classical lower bound for lin-
ear forms in complex logarithms (like in [1]), we deduce the existence of a

constant cs3 > 1 such that
F : F
1—(—— ) p7 . pPb7| > exp (—tc53t log (H (—)) Qlogj)
(¢<F>) L o(F)
> exp (—xl/tQ (log j) exp (cs3tlogt + 2t log, t))

holds for large enough values of j. Let us observe that

(8.26) exp (csstlogt + 2tlog, t) < A

holds for large enough values of x.
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Indeed, inequality (8.26) is implied by
(8.27) csst® (tlogt + 2tlog, t) < logx

which obviously holds for large values of « because t = 7(f(z)) < f(z) and
f(z) is given by (8.23). Thus, with (8.26) and (8.27) we get that

F ,

We now show that the expression appearing at (8.15) is positive. Indeed,
assuming that the expression appearing at (8.15) is negative, then from
formula (8.11) and the fact that the left hand side of (8.11) is positive we
get that

> exp(—ycz/t2 log 7).

> b exp " log 7).
o(F) ( )

The above inequality implies, after rearranging it, taking logarithms and
recalling (8.2) that

c>%ﬂ——£—(m

X

v
2%/% log x> log (—) >
c log, x

which is impossible for large enough values of x. This shows that for large
enough values of = the expression appearing at (8.15) is positive. In par-
ticular, the numerator of the expression appearing in the right hand side
of (8.11) is at least as large as

v exp(—J(:Q/t2 logj) +c>b exp(—J(:Q/t2 log j).
Since u; < ¥, it follows that

(bj—%qﬁ(n))%—c
b +c

(8.28) > exp(—2%" log j).

Combining estimate (8.28) with (8.14) we get ¢ = ¢, < x exp(z?/*’

the inequality

log x), so

(8.29) ¢ =q < exp(a®/?)

holds for large enough values of x. Since ¢ — 1 € §, it follows the number of
numbers ¢ that can fulfill (8.29) is certainly no more than

O(z%") = o(x).
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We now return to the values of j. From what we have said but for o(x) pos-
itive integers j in the interval (@, x) for which ¢(n) € S a prime number
q = q(j) exists such that ¢ > f(z), d(j) = d(q(j)) > z"/* and ¢ is mini-
mal with this property. Moreover, this number ¢ satisfies inequality (8.29)
and the number of such numbers ¢ is o(z). Fix such a number ¢. Since
qlu;, this means that j is in the arithmetical progression r(g) (mod d(q))).
The number of such numbers j < x is certainly at most % +1. So the total
contributions when d(q) > z are at most twice the number of such numbers ¢
which as we have seen is o(x). Thus, it remains to find an upper bound for

1

S

J2s @)
xl/t2<d(q)<:v

In particular, Proposition 1.7 will be proved provided that we can show that

(8.30) > L o(1).

S2s da)
xl/t2<d(q)<x

Set
D ={d | d=d(q) for some ¢ with ¢ — 1 € S}.

In order to prove (8.30), we first need to understand an upper bound for the
multiplicity of an element d € D. That is, given d € D how many primes ¢
with ¢ — 1 € S are there such that d = d(q)? Denote this number by T'(d).
We shall later show that the inequality

(8.31) T(d) < (3t)ld* =1/

holds for large enough values of x and uniformly in d. Assume, for the
moment, that we have proved (8.31). Then we can bound the expression
appearing in the left hand side of (8.30) by saying that

1 1
Loy S L
qZGS dla) deZD e
xl/t2<d(q)<x 2/ <d

Finally, let us notice that from the way d = d(q) was defined we get that
for every prime number g which divides u; for some j the number ¢ is a
primitive divisor of Lg). That is, q|Lg(g) but ¢ does not divide L, for any
positive integer m < ¢. From the well known properties of the primitive
divisors we get that d(q) | ¢ — 1. So, in particular, when ¢ — 1 € S, we get
that d(q) € S.
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We thus have
1 1
Z m < Z PG
q des

q—1€eS8 2
:El/t2<d(q)<:1: at/t"<d

It remains to show that

(8.32) > m =0 (@) .

desS
:Bl/t2<d

But obviously the series

1
(8'33) Z dl/(t+1)
desS

is convergent and the sum of the above series is precisely

¢ 1 -1
i=1 P
We now find an upper bound on h(t). Notice that with fixed p we have

. 1\ 1
- pl/(t+1) - Z pi/(tJrl)

>0

| 1 1\
= Zﬁ)(Z—) <(t+1) (1—‘) )
so that the inequality

(8.34) Mﬂg(ﬁ+hﬂi(1—l)

- p
i=1
< exp (tlog(t+ 1) + csalogy t) < exp(2tlogt)

holds for large enough values of x. To estimate the tail of the series (8.33)
appearing in left hand side of formula (8.32) we let d € S be such that
d > 2z'/* and assume that o denotes the maximum of the exponents at which
the prime numbers dividing d can appear in the prime factor factorization

of d. Then obviously

log

tlog f(z)a > logd = —3=,

so that the inequality
o> log x S log x
~ t3log f(x) — 2t3logt

holds for all large enough values of x.

(8.35)
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By separating the prime power of maximal exponent « from d and then
summing up over all the primes p € § and over all the powers o which are
at least as large as shown in (8.35) we get that the sum appearing in the left
hand side of (8.32) is bounded above by

log =
‘7_2153 logt ‘]_2153 logt

. —1
log x log p; 1
< h(t —_— 11— ———

t
| 1 i 1 log 2
<<h(t)tzexp< w) < hWeXp( &)

C23(t + 1) logt C263(t + 1) logt

1 1 ! 1
Z pj/(t+1) ; dl/(t+1) S h(t) ; Z pj/(t+1)

< tlogt + 2logt log
ex (0] (0] __-— .
P & 8T 2B 1 1) logt

Since 1/(3t)% = o(1/(3t)!), it follows, with (8.36) that in order for (8.32) to
hold it suffices that

2tlogt + 2logt log @ <
ex 0, (0] —
p=tos YT 9Bty 1)logt) (30

which is implied by

log x

6tlog(3t) < —77—~7—
0g(3¢) 2t3(t + 1) logt

which is fulfilled provided that

(8.37) 12t4(t + 1) log?(3t) < log

and (8.37) obviously holds for large values of x because t = 7(f(z) < f(x)
and f(xz) is given by formula (8.23).

Thus, Proposition 1.7 is proved once we are able to show that inequal-
ity (8.31) holds. To prove (8.31) assume that ¢ is large, pick a number d € S,

set T = T(d) and write
T

bd>>Ld:HQi

i=1
where ¢; < ¢o < -+ < gr are distinct primes with ¢; —1 € §. Then certainly

(8.38) o> (@ —1).
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To get a large T" we have to assume that all the ¢;’s are as small as possible.
But how small can we make the product on the left? Well, discarding the
fact that ¢; have to be primes we will certainly want to first put ¢ — 1 = p;
fori=1,2,...,¢, then for the next numbers we will want to put ¢—1 = p;p;
for 1 <i < j <t and soon. The above argument shows that in order to get
an upper bound on 7" we should write

t t+1 t+u
T = N
t—l—u-l—l)

where u is the unique positive integer such that 0 < N < ( ., ) and
by (8.38) the maximal value of T will certainly be bounded above by those
u and N for which the inequality

(8.39) G)+2(t;1>+---+(u+1)(t+u)+(u+2)N<<d

t—1

holds. Inequality (8.39) together with the obvious lower bound

AN

uniformly in ¢, shows that

and since

holds uniformly in ¢ and u, we get
u < (t+ 1)),

In particular, using now the fact that the inequality

(Hi) < (i+1)t

t—1
holds uniformly in i, we get
u+1 . u+2
t+1
T < <Y TN <t(u+2)t
RAGHE SRS

t—1
(8.40) < t(t 4 DD /D) (1 + 3) < (3t)ld"" @,
u



ARITHMETIC PROPERTIES OF POSITIVE INTEGERS WITH FIXED DIGIT sSUM 411

where in the last step of (8.40) we used the fact that

2

t—1
t((t + D))= D/EHD <1 + E) < t((t + D)NH)ED/EDZIT — 6((3¢)1)

which holds for large ¢ (by Stirling’s formula, for example).

Proposition 1.7 is therefore proved. [ |
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