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The existence of positive solution to
some asymptotically linear elliptic

equations in exterior domains

Gongbao Li and Gao-Feng Zheng

Abstract

In this paper, we are concerned with the asymptotically linear
elliptic problem —Au + Au = f(u), v € H}(Q) in an exterior do-
main Q@ = RM\O (N > 3) with O a smooth bounded and star-shaped
open set, and limy—, 4 @ =1,0 <l < +00. Using a precise defor-
mation lemma and algebraic topology argument, we prove under our

assumptions that the problem possesses at least one positive solution.

1. Introduction

In this paper, we are concerned with the existence of positive solution to
some asymptotically linear elliptic equations

—Au+ Au = f(u) in Q
(1.1) u>0 in Q
u=20 on 0,

where \g > 0 is a constant, @ = RV \ O (N > 3) is an exterior domain
with O a smooth bounded and star-shaped open set.

Problem (1.1) is a special case of the following more general elliptic
problem

—Au= f(x,u) in Q
(1.2) { u=>0 on 0f,

where € is a bounded or unbounded smooth domain in RY(N > 2).

2000 Mathematics Subject Classification: 35J20, 35J25, 35J65.
Keywords: Asymptotically linear elliptic, exterior domain, algebraic topology argument,
positive solution.



560 G. L1 AND G.-F. ZHENG

Assuming f(x,0) = 0, the existence of nontrivial solutions or positive
solutions to (1.2) has been studied extensively. Solutions to (1.2) can be
viewed as critical points of the functional

(1.3) I(u) = %/Q|Vu|2dx—/QF(x,u)dx,

u

defined on H} (), where F(x,u) = / f(z,s)ds.
When 2 is bounded, the Sobolev (i)mbedding

HY(Q) = LYQ)(1< g < 25)
is compact. So if f(x,u) is of “subcritical” at u = o0, i.e.,
(1.4) |f(z,u)] < C(1+ |ul?),V(z,u) € QxR 2< g < 2
and “superlinear” for u at 0 and +o0, i.e.,

f(z,1)

(1.5) lim = 0,
t—0 t
L Sl t)

(1.6) tE+moo . = +o0,

then I(u) satisfies the so-called Palais-Smale compactness condition (see [1]
for the definition) provided that we have the Ambrosetti-Rabinowitz condi-
tion: 360 € (0, %),uo > 0, such that

(1.7) F(z,u) < Ouf(z,u), Yu > up,x € Q.

And then, the critical point of (1.3) can be obtained by Mountain-Pass
theorem of Ambrosetti and Rabinowitz (see e.g. [1]). (1.7) guarantees that
every (PS) sequence of I(u) is bounded, which is important in verifying
the (PS) condition. In the mean time, (1.7) implies (1.6).

A extreme case is the “critical” case, i.e., ¢ = 2°(N > 2) in (1.4).
H. Brezis and L. Nirenberg [6] established a framework to deal with the
problem.

Another extreme case is the so-called “asymptotically linear” case, i.e.,

lim f(z,t)
t

t—o0

=1, 0<l < +o0.

For this type of problems, a typical feature is that Ambrosetti-Rabinowitz
condition (1.7) does not hold any more. Generally, it is not clear whether
any (PS) sequence is bounded or not. For bounded €2, (1.2) in asymptotically
linear case has been studied by many authors, see e.g. [3, 7, 13, 16, 18, 19|
and the references therein.
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When € is unbounded, say 2 = RY, problem is more difficult, due to the
loss of compactness of Sobolev imbedding caused by the invariance of R¥
under the translations and rotations. In the “superlinear” and “subcritical”
case, if f(z,u) = f(u) or f(z,u) = f(|z|,u), the existence of a nontrivial
solution to (1.1) could be obtained by using radially symmetric Sobolev
spaces H(RY) together with constrained minimization (see e.g. [23], [5]).
For general case, the Concentration-Compactness theory by P.L. Lions [21]
makes it possible to find at least one nontrivial solution to (1.2) provided
some extra conditions about f(z,u) are imposed. A nontrivial solution
could be obtained by either “natural constrained minimization” (see [21])
or Mountain-Pass theorem (see [26]). For “asymptotically linear” case when
Q) = RY we mention that there are a series of works, see [10], [11], [14], [17],
[20], [24], [27].

When Q = RY \ O where O is an open bounded domain, problem (1.2)
is much more complicated. Because there are no so-called ground state
solutions with least energy even if

flz,u) = |u|"%u—du (2<q<2X>0).

In fact, the infimum

inf {/ (Vul? + \u? : / |ultdx = 1}
Q Q

is never achieved if Q2 = RV \ O (O is a bounded open set ). V. Benci and
G. Cerami [4] studied the case for

floouw) = |ul"%u—du (2 < qg< 22> 0),

and obtained the existence of a positive solution provided that O is of small
size. A. Bahri and P.L. Lions studied the case for general exterior domain
and got the existence of a positive solution to (1.2) when

N+2
flz,u) =b(x)uP — Nou, Ao > 0,1 <p< ﬁ,]\f > 2
by using mainly the topological method. Their works were known for the
specialists although they were published much later [2]. Using the similar
method as [2], G. Citti generalized the result of [2] to more general f(x,u) =
g(x,u) — Au, where g(x,u) is “subcritical” and “superlinear” at 0 and +o0
(see [9]).

A natural problem would be as follows: Could one get the existence of a
positive solution for problem (1.2) if @ = R¥\ O, and f(x,u) = g(x,u) — \u
where g(x,u) is asymptotically linear at 400 ?
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In this paper we try to answer this question for g(x,u) = f(u), i.e., we
want to get the existence of a solution to (1.1). We assume that the function
f(u) satisfies the following conditions:

(H,) f:R — Risa convex function of C' class and f(t) = 0 for all ¢ < 0;
o fM) S :
(HQ) tl—l>%}i-T —O,tEEFHOOT =1 (O<l<+OO),

f(t)
t
/@)

e is decreasing in ¢t € R™ for some p > 1;

H, is strictly increasing in t € R, and
y g )

(Hy) For anyM > 0 large enough, there exists a € (0,p — 1) such that
tf'(t) — (1+«)f(t) = 0 for all ¢ € [0,2M].
Our main result is the following

Theorem 1.1 Assume that (Hy)—(Hy) hold with | > Xy and the equation
at infinity associated to (1.1)

—Au+Xu= f(u) in RY
(18) { = Hl(RN>

has a unique positive solution, then (1.1) has at least one solution.

Using the uniqueness theorem for positive solutions to (1.8) by Kwong
and Zhang [15] and the method of [9], we have

Corollary 1.2 Assume that (Hy)-(Hy) hold, and let 6 > 0 be such that
—Xou + f(u) <0 in (0,0) and —XNou + f(u) > 0 in (0, 4+00). If

—Aou + uf'(u)
—Xou + f(u)

is decreasing in (6, +00),

(1.9)

then (1.1) has at least one solution.

A typical example of f(u) satisfies (H;)—(H,) and the other assumptions
in Corollary 1.2 is given by
It

f() 1-{—75’ 0,1 > 0

with p =2 in (Hj3).
To prove our main theorem, we use the argument of contradiction as

in [2] and [9]. First of all, we establish a representation theorem (see Propo-
sition 2.1) for the Palais-Smale sequences related to the functional 7. This
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theorem analyzes the behavior of a (P-S) sequence and states that such a
sequence either converges strongly to its weak limit or it differs from it by
one or more sequences which after a suitable translation converges to a so-
lution to (1.8). Hence the only obstructions to global compactness in the
usual sense are the solutions to (1.8). Because our case is of “asymptotically
linear”, the standard method, which can easily prove that (P-S) sequences
are bounded, can not be applied here. However, we can adapt the method
of [17] to prove that any (P-S) sequence is bounded. Then we construct
a precise deformation lemma (see Lemma 2.4 ) as in [2, 9] under the as-
sumption that (1.1) has no solution and equation (1.8) has a unique positive
solution w. This lemma shows that the energy level-set pair (W,,, Wi,,—1)
of the functional I retracts to the pair (W? _,, W,, ;) (see Section 2 for
the definition of W, and W? _,). Therefore, we can get the relationship
between the homologies: H,(W,,, Wy,_1) =& H,(W? | W,,_1). Further-

more, by the excision property of relative homology group, H,(W,,, W,,_1) =
H,(W?  NV(m,e),W,_1NV(m,e)) and the induced homomorphisms

it Ho(W2 0V (m, &), W1 NV (m,e)) — H,(Wp, Wp_1)

are isomorphisms (for definition of V' (m, ) see Section 2 below).
Next, by virtue of the properties of the domain 2, similar to [2, 9] we
define a map h from 5™ x A,y to M™, where S is an (N — 1)-dimensional

sphere in Q, A,,_; is an (m — 1)-simplex, 0, is a group of permutations of
{1,2,...,m}, S™ & Am 1 is the quotient of S™ x A,,_; under the action

Om, and MT = {u €M : u > 0} with

M= {u € Hy(Q)\ {0} : /<|vu|2 + Nt )dr = / uf(u)da;} :
Q Q
such that, there exists a p € N with

(1) bS5 2 AL = Wi,
(2) h(Sg" A” (55" ¥ Ape1)) © (Vi(m, 1), Wina) © (Win, Won1),

m—1»
where 1 < m < p, S* and A] | are the appropriate subsets of S™ and
A,,—1 respectively. This is a key step for the whole argument. Following [9],
it is clear that we need only to define a map h : S™ x A,,_; — M™. For the
“superlinear case” as in [2, 9], it is trivial to show that Yu € H}(Q), there
exists a unique k& € R* such that ku € M. Hence

k(gpitiw —A\z;)) ngtw —\z;) e M+
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for any ¢, m and A, where ¢ is a cut-off function such that 0 < ¢ < 1,
and ¢ = 0 in RV \ ©Q, ¢ = 1 in the neighborhood of infinity. But for
“asymptotically linear” case, the above statement is not true in general. So
we need be more careful. We find that for fixed p, 1 < m < pand A > 0
large enough, there does exist a k(¢ > ", tiw(- — Ax;)) € Rt such that

k(e Ztiw(- —Az;))e Ztiw(- — ;) € M
i=1 i=1
(see Lemma 3.2 below). We can then define
T o T i k(goZtiw(- - /\xi))gpzmw(- —A\z;) € MY,
i=1 i=1

for any (z1,...,Zm, t1, ..., tm) € S™ X A,,_1. Hence, using (H;)—(H,), we
can verify that the map h satisfies the properties (1) and (2) mentioned
above.

Finally, using algebraic topological arguments, we obtain that the fol-
lowing diagram is commutative

Z = Huna(S§ 3 D0, (S 3 A1) =25 Hya(8) = Zs
J/h,uNfl J{thl
Hyn—1(Wy, W) - Hy-1(Wh)

-1 1
"uN-1 IN-1

Hon (W OV (). Woea NV () 2% By (WE N V(L)

and that 0d,, is an isomorphism, where i_! are isomorphisms which we have
mentioned above. On one hand, by (1) we know that h,y_; = 0, then
hy-1 = 0 by the commutative diagram. On the other hand, there is a
function s : V(1,e) — S such that s is a left inverse of h, hence hy_; can
not be zero. Thus we show that (1.1) has at least one solution.

Throughout this paper, we always use the standard notations, for in-
stance, H}(Q) is the closure of C§°(2) under the norm

1
3
foll = ([ 07u 4 mtyae)
Q
HY(RY) = {u e L*RY) : Vu € L*(R")} is a Hilbert space with the norm

1
2

I ( [ v+ Aou2>dx)
]RN
We denote Rt ={x€R : z>0}.
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2. Preliminaries

It is well known that the solution to (1.1) is a critical point of the functional

I(u) = %/qu? + Aou2)dz — /QF(u)d:c

constrained on the Finsler manifold

M= {u € HNQ)\ {0} : /Q(|Vu|2 +au2)da = /Quf(u)dm} |

where F(u) = [} f(t)dt (sce [8] and [17]).
Similarly, the solution to the problem (1.8) at infinity is a critical point
of the functional

Io(u) = %/}RN (IVul® + Aou?) dx — /RN F(u)da

constrained on the Finsler manifold

M, = {u c H*(R™)\ {0} : / (|Vul* + Nou?)dx = / uf(u)dx} :
RN RN
It is easy to see that

. ' > i .
(2.1) 1]‘114f I(u) > ]1‘2101: Io(u)

By Theorem 1.1 in [17], Ji\/rllf I (u) is achieved by some positive ug € H*(RY),

which is a ground state solution to (1.8). From now on, we assume (1.8)
has a unique positive solution w. And by the result of [12], we see that
w € C®(RY) is spherically symmetric about some zy € RY and if we assume
xog = 0, then w(x) = w(r) satisfies

(2.9) w(r)r'z exp(vAor) — >0 asr — +oo,
' w’(r)r¥ exp(vAor) — —cv/Ag as r — +oo.

Since Palais-Smale condition may not be valid in general, we now give a
precise compactness result which is similar to [2].

Proposition 2.1 Let {u,} be a nonnegative sequence in M such that
I(up) — ¢ and dI|p(u,) — 0 as n — oo, where ¢ = 0. Then there ezist a
number m € NU {0} and m sequences {y? }nen in RY(j = 1,...,m) such
that |y2| — +oo, for everyi # j, |y’ — y?| — +00 as n — oo and

un () = u’(2) + ) wlz =)+ ¢ale)
i=1
where u® satisfies dI(u®) = 0,u" € H}(Q),v, — 0 in HY(RY) as n — o
and I(u,) — I(u®) + mIy(w).
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To prove Proposition 2.1, we need a “Vanishing” lemma. The following
“Vanishing” lemma was proved by A. Bahri and P.L. Lions (see Lemma A.1
in Appendix of [2]).

Lemma 2.2 Let
Qx(t) = sup / |wk|2dx
y+By

yeRN

for all t > 0,{w,} be bounded in H'(RY) and assume that for some ty > 0,
Qi(to) — 0. Then wy, — 0 in LYRY) for all 2 < ¢ < 2. If in addition wy
satisfies I'(wy,) — 0 in H-YRYN), then wy — 0 in HY(RY) as k — oo.

Proof of Proposition 2.1 To be concise, we denote subsequences of a
sequence by the sequence itself.

First of all, we should prove that {u,} is bounded in H}(2). Here we
use the argument of [17]. If it were not true, we could assume ||u,| — +o0

(we always denote
%
Jull = </ (IVuf? + Agu?) d:c)
Q

the equivalent norm of u € Hj (), and we denote

|lu|| = (/ (|Vu|2 + /\0u2) dx)
]RN

for u € HY(RY) if there is no confusion).

There are two cases: (1) ¢ > 0; (2) ¢ =0.

Case (1) ¢> 0.

Denote v,, = Q‘f““". So ||v.|| = 2¢/c. Now we set p, = v2. If “Vanishing”

occurs, i.e. for any 0 < R < 400, as n — o0,

RN

Sup/ pn(x)dr — 0.
y+Br

By virtue of Vanishing Lemma 2.2 (see also [21]),

(2.3) vnHOinLa(RN)asnﬁoo,2<a<N 5

Assumption (Hy) implies that Ve > 0,3C. > 0 such that

N +2
N-2

(2.4) |f(t)] < elt| + Clt|™, |F ()] < elt]? + CJt|*tH 1 < a <
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Then (2.3), (2.4) imply that

/ U f(vp)dr — O,/ F(v,)dz — 0 as n — oo.
RN RN

So

(2.5) I(v,) = %anHz - /RN F(vy)dx = (Q\ga +o(1) =2c+o(1).

On the other hand, for any t > 0,

Then ,
t
I(tuy,) = —/ U f (uy)dx —/ F(tuy,)dx.
2 RN
Set h(t) = %sf(s) — F(ts). It is easy to see that
fo<t<1l,s>0

ift>1,s>0
—0 ift>0,5<0,

=0
R (t)=tsf(s)— f(ts)s< <0

which means that A (

< h(1), Vt > 0. Then
I(tu,) <
RN

t)
%/ i f ()t — /RN Flun)de = I(u).

Therefore I(v,) = I(t,u,) < I(u,) = ¢+ o(1). This is impossible by (2.5).
Hence, “Non-vanishing” occurs, i.e. there exists n > 0,R > 0,{y,} C RV
such that

(2.6) lim vidr > n > 0.

= Jy,+Br

We distinguish two cases : case (i) y, — yo € RY as n — oo; case (ii)
|yn| — +00 as n — oo.

In case (i), we know that there exists R’ > R such that

(2.7) / vidr > n
B 2

R/
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Since ||v,|| = 24/¢, there exists a v € H () such that
v, — v weakly in H}(Q),

(2.8) v, — v strongly in L¢.(),2 < o < 2,
v, — v >0 a.e. in ).

(2.7) implies v # 0. On the other hand, since dI|y(u,) — 0, we have

/v%v¢+%%¢:/jm0¢+mmm
Q Q

Furthermore,
f(2y/cu, o
[ vene+ranp = [ LB o vp € o).
Q o lual
Set f)
B e, i, #0,
Pu() = { 0, if uy=0.
Then
(2.9) /anV¢+onnso = /pn(x)vnso, Vo € C° ().
Q Q

Since 0 < p,(z) < I, there exists h € L () such that

loc

pn(x) = h(z) weakly* in L5 ().

loc

So Yo € CP(Q), Jora(@)vn(z)p(z)de — [, h(x)vedr, which combined
with (2.8) and (2.9) implies

(2.10) / VoV + Avp = / h(z)vp, Yo € CP(R2).
Q Q

Denote A = {x € Q : v(z) > 0}. Then p,(z) — [ a.e. in A as n — oo.
So h(z) =1 in A. Therefore, Vo € C§°(£2),

/QVUVQD—%)\pr = /Ah(x)vgo—l—/ h(x)ve

Q\A

_ /A h(a)op = 1 /A vp =1 /Q h(z)vp.

Since \g < I, we see that —A has an eigenvalue in HJ(€2). But the Pohozaev
type identity shows that —A has no eigenvalue in H}(f2) since Q = RV \ O,
where O is a smooth bounded and star-shaped open set (see Theorem 2.12
in Chapter 1 in [22]).
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In case (ii), we set v, (z) = vp(x + y,). Then ||v,]] = [Jvn||. There exists
some v € H}(RY) such that
U, — U weakly in H'(RY),
0, — 0 strongly in L§ (RY),2 <a < 22,
U, — 0 =0 ae. in RV,

(2.6) implies v=#£0. Since |y,| — 400, we may assume that supp p(- — y,,) C€Q,
Vo € C(RYN). So by I'(u,) — 0 in H71(Q) we have

/Q (Vetn Vol — ) + Aotinp(z — g)) d = / F(unole — ya)de + o(1).
Then Vi € C°(RY),

/ (Vu, Vo + Atnp) do = f () edr 4 o(1),
RN RN
where U, (x) = up(x + yn). So

AC)

RN  Up

/ (VU,Vo + A\gUnp) de = Uppdx + o(1).

RN

Therefore, we can deduce the contradiction similar to case (i). The only
difference is that we need Pohozaev type identity on RY (see [21], [22]) in
this case. Hence, {u,} is bounded in H}(Q) if ¢ > 0.

Case (2) ¢=0.
In this case, I(u,) — 0,I'(u,) — 0 in H1(Q). For any fixed o > 0,
let t,, = Hua—nu’w" = tyu, = aﬁf‘f). Set pn(x) = w?. Tt is easy to rule out

“Vanishing” case by a similar argument as in case (1) ¢ > 0. So “Non-
vanishing” occurs, i.e. there exist n > 0, R > 0 and {y,} C RY such that

(2.11) lim widr = n > 0.
7% Jy,+Br
Set Wp(x) = wp(x + yy,), then ||, || = ||wn|| = a. Then there exists some

0 € H'(RY) such that
@, — & weakly in HY(RY),
@, — @ strongly in L2 (RY),

Op — @ =0 ae. in RV,

By (2.11), we know w # 0.
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For n large enough, we have

e (0,1), f(tnun) < f(un)

t. =

Hence,

ol = [ Stomonde =& [l = [ Hd ]

tnun

>t {Hun”2 - Muidm} = 0.
u

RN n

Hence, by Fatou’s Lemma, we have

M) = gl = [ Flen = [ [5fenen - P
(212) = /R ) B F@)E, — F(&n)] > /R ) B F@)5 - F(CD)] +o(1).
But I(wn) = I(tatn) < I(uy) — 0. This and (2.12) imply
0< /R ) E F@)5 - F(&)} dz < 0.

Then @ = 0. A contradiction.

Now, we have proved that {u,} is bounded in H}(Q). Hence there exists
u € H () such that

u, —u weakly in H}(Q),

(2.13) u, — u strongly in L{ (Q),2 < a < 2%,

Uy, — U a.e. in )

and f(u,) — f(u) a.e. in Q. Since |f(t)] < I|t],

[ ftuas) < ([ |f(un>|2dx)%( [ se)
<1 [aar) ([o) <o [on)

for any » € C3°(RY) and any measurable set E C RY | Vitali’s convergence
theorem implies

N

(2.14) f(up)pde — f(w)edr, Yo € CO(RY).

RN RN
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Therefore, by (2.13), (2.14), it is easy to check that u solves —Au+\gu =
f(u) in © and v > 0. By the assumptions on f, we can easily deduce that
for any ¢ € C5°(12),

/N [F(up) — F(u) — F(u, —u)]dx — 0,
(2.15) N

[ tw) = £@) = Fan = )] e = .

By (2.14), (2.15), we see that we may always assume that u converges
weakly to 0 replacing if necessary {u,} by {u, — u}.

Next, in view of Lemma 2.2, either u;, — 0 in H'(R") and the proof
is over or there exists an a > 0 such that we have (up to a subsequence)
Qr(tg) = a > 0 and thus there exists {yx} C RY such that

Qr(to) £ / lug|?dz > o > 0.
Yr+ Bt

Therefore, U, = uy(- + yx) converges weakly in HY(RY) to some @ # 0
due to Rellich-Kondrakov theorem. Since uy — 0 in H'(RY), we deduce

(2.16) lyr| — +oo.

But by (2.14)-(2.16), we deduce that @ solves —Au+ Aot = f(u) in RY,
u € HYRY) and —Avg + Mvr, = f(vg) + o(1) in H'(RY) where v, =
Uy — u. By the uniqueness of the solution to (1.8), we may assume u = w.
Furthermore, we have

/ |Vuk|2dx—/ |va|2dx—/ Vor2dz = o(1),
RN RN RN

/ |uk|2dx—/ |ﬂ|2dx—/ lvg|*dz = o(1).
RN RN RN

To conclude, we just iterate the above argument and this iteration procedure
has to end in a finite number of steps since we have

m Widr < liminf/ uidaz.
RN

RN n—00

Thus m can not go to oo because of w # 0. We can easily verify that all
results of the proposition hold. That completes the proof. [ |



572 G. L1 AND G.-F. ZHENG

Corollary 2.3 If (1.1) has no solution, and {u,} satisfies the assump-
tion as in Proposition 2.1, then there exist a number m € N U {0} and
m sequences {y) bnen in RY(j = 1,...,m) such that |yJ| — +oo, for every
i # J, [yh — vl — +oo as n — oo and

un:iw(-—y;)—i-o(l) asn — oo

](un)zi mls(w) as n — oo.
Following [2], [9], we define

Wy ={ue Mt :I(u) < (m+1)g(w)}

and

Vi)~ fuear® a3t )

1 .. .
<&, |yl > g,|yz'—yj| > 27VZ7£]}

where Mt ={u€eM :u >0 a.e. in Q}. From now on, we assume that (1.1)
has no solution. So I(u) > i]\n4f I(u), Yu € M. This and (2.1) imply Wy = @.

For any ug € W,,, we consider the Cauchy problem

: Iy (u)
u'(t) = — T

g (1 + ]y (w)]?)?
U(O) =Ug € Wm.

By the standard argument we know that this problem has a unique solution
u(t,ug) for all t € R and u(t,ug) € M*. Denote

Ty (ug) = inf{s > 0: I'(u(s,up)) < mlo(w)+9d}

o0 +o00, if the set is empty.
Then Ts(ug) is continuous as a function of ug, for every 6 > 0 and if (1.1)
has no solution, T5(ug) < +oo for all § > 0. Next we define T'(ug) =
min{Ts(uo) + V3, To(uo)}, W2 _, = {u(T(u),ue) : up € Wy} and r :
0,1] x W,,, — W, given by r(t,ug) = u(tT(ug),up). From Corollary 2.3,
the following lemma holds (See [2], [9]).

Lemma 2.4 If (1.1) has no solution, then (W,,, W,,,_1) retracts by defor-
mation through r on (W2 |, Wy._1), and for every e > 0,1 € (0,¢) such

m—1)

that W2\ W1 C V(m,e) and V(m,g,) C W2 _,NV(m,e).
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3. Proof of Theorem 1.1

We will prove the theorem by contradiction as in [2], [9]. Assume that (1.1)
has no solution, then the previous arguments are valid.

Let S be an (N —1)-dimensional sphere embedded in §2 such that AS C Q
for A > 1. Without loss of generality, we assume that S is a sphere of
radius 1. Let o, be the group of permutations of {1,2,...,m},

D, ={(x1,xa,...,2m) € S™: Ji # j such that z; = z;} ,

ﬁm and lA?m be o,,-invariant tubular neighborhoods of D,,,, such that ﬁm CC

ﬁm and they retracts by deformation on D,,. Denote SJ* = S™ \ lA?m. We
denote

Am—l = {(tl,,tm) eR™: th = 1,tz >O,V’L: 1,...,m}
1=1

and .
AL, = {(tl,...,tm> € A s sup [t — 1< n}.
1<i<m m

We will denote the quotient of S™ x A,,,_; and Si* x A,,_; under the action
om respectively by S™ & Ap,—1 and S§° iy A_q.

Let ¢ be a cut-off function which is a fixed function of class C'* and
identically zero in R™ \ €, 1 in a neighborhood of +00,0 < ¢ < 1 in R¥Y,

By the definition of Si* for every m € N, there exist 7, > 0 and 7 > 0
such that

(3.1) rzr17£1j1r1|acZ — T Z Ym, YV (x1,...,Tm) €SP
T

3.2 min |x; — x| < —=, VYV (21,...,2,) € 05"

( ) i;ﬁj‘ ]’ 2\/>\70 ( 1 ) 0

And we may assume 7 < /) as long as ﬁm is close enough to D,,. We claim
that there exists p € N such that
.

3.3 min |z; — 2| < ——, V (21,...,2,) € SK.

( ) vy | ]| 2\/>\70 ( 1 M) 0

Indeed, if by contradiction, Vi € N, 3(xy,...,x,) € S§ such that |z; —z;| >
7, Vi # . then

SQQ(SmB(%ﬁ)).

It is easy to see that the (N — 1)-measure of S N B(x;, ﬁ) is independent
of z;, we may denote it by C'(7). Then |S|ny_1 = pC(7) which is impossible
for p large enough.
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The following lemma is important in proving our main result. It can be

found in [2], [9].

Lemma 3.1 Let ¢ € C(RY) be radially symmetric and assume that there
exist a, 3 > 0, C € R such that

pla)esplalel)lel® — € as Ja] — oo
[ 1wt explalel)(1 + fof?)ds < o

Then
(/RN o(z + ?J)?D(x)dx) exp(aly))|yl? — C/RN b(2) exp(—aly, 2))dz

as ly| — +oo, for an arbitrary v € RY,|y| = 1 (the right hand side is
independent of v since 1 is a radial function).

Now, we denote

= {QPZQW( — )\il?l) : (1'1,... ,Z’m,tl,...,tm) e s x Aml}
i=1

for m < pu,m € N and A > 0;

m

U for X > 0.

It is obvious that Q(m, ) C Q(\) C HJ ().

Lemma 3.2 There exists A > 0 such that, for all X > X and u € Q(N),
there is a unique number k(u) € R™ such that k(u)u € M.

Proof. We only need to show that for any m € N, there is \,, > 0 such
that for all A > A, and u € Q(m, \) there is a unique number k(u) € RT
such that k(u)u € M.

Define G : Hy(Q2) — R and H : S™ x A,,_1 — Hy(Q) by
G(u) = /(|Vu|2 + Aou?)dx — l/ u*dr, Yu € Hy(Q)
Q )
and ¥V (21,...,Zm,t1, ... tym) €™ X Ay,

H(zy, ... Tyt .. @thw — Az;).

Clearly, G and H are continuous.
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m
Now, for any (x1,...,Tm,t1, ... tm) € S™ X A1,

GOH(.CL’l,"',xm,tl,...,tm>:
— ||¢thw(- — Axy)||? — l/ (@Ztiw(x — \1;))%dx
; RY o

- Z tit; V (pw(z — Azy))V(pw(z — Az;))

+ ()xo — l)go w(x — Azy)w(x — A\x;)dx

Z tit; Vw (x — Az;)Vw(xz — Azj) + Aow(zr — Az;)w(r — Az;j)

2,j=1

—lp*w(z — A\ry)w(z — Axj)dr + / |Apl( Zt w(z — A\r;))2de

< Z tit; - flw(r — Azy))w(x — Az;) — lw(z — Az;)w(z — Axj)dx

ij=1

/(|A4P|+l1— th — \1;))%dx.
RN

Since ¢ = 1 in the neighborhood of infinity, we may assume that there exists
a ball B such that ¢ = 1 in RN \ B. By (2.2), for ) large enough,

/RN(|Acp|+l1— (thwx—)\xz) dx

< C’((p,m)/ ZwQ(x — A\x;)dx
B =1

< C(p,m) / |z — Az Y exp{—2v/No|z — Az | Vo
B

<Cem) [ (= fal) D exp{~2y/Aa(r = fa)}do
B

= 0<1>’
where limy ., o, o(1) = 0 uniformly with respect to (x1,...,Zm,t1,...,tm) €

S™ x A1 and C(p,m) is a positive constant which depends only on ¢
and m.
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Therefore, for any (z1,...,Tm, 1, tm) € S™ X A1,

= Z tit /RN(f(w(x —A\z;)) — lw(r — Az;))w(x — Az;)dr + o(1)
<308 [ () = tohade +o1) - (by (1), (1).

It is easy to see that

1
/RN(f(w)—lw)wdx<0 and ;t?} e

So, there exists A,, > 0 such that for any (z1,...,Zmp,t1, ..., tm) € S™ X
A,_1and A > A\,

GoH(xy,...,Tm,t1,...,ty) <0,
ie.,

(3.4) G(u) <0 forallu e @Q(m,\) and A > A, .
For any u € Q(m, \), A > \,,, we define
g(t) = /(|Vu|2 + Nou?)dzr — / Mualx, t>0.
Q o t
It is obvious that g : [0, +00) — R is continuous and
g(0) = lim g(¢t) = /(|Vu|2 + Aou?)dz > 0,
t—0+ Q

lim ¢(t) = /Q(|Vu|2 + Nou?)dw — l/ uldr = G(u) <0 by (3.4).

t——+oo Q

Therefore there exists a k € (0,+00) such that g(k) = 0, and it is not
difficult to see that such a k is unique by the assumption (Hj3) and that k(u)
is continuous in w. This means that for any u € Q(m, ), A > A, there is a

unique k(u) € R* such that k(u)u € M. So the lemma is proved.

From now on, we always assume that A\ > X,O < m < p and denote
w; = w(- — Az;) if there is no confusion.
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Now, for any (x1,...,Tm,t1,. .., ty) € S™ 5 A1, we define a continu-
m
ous map h : S™ Iy A1 — MT by
m

W1ty b)) = k(e Y tw(- = Azg))p > tiw(- — Az).

i—1 i=1
Denote By, = h(S™ x A,,—1).
O-m
It is well known that if x1, . . ., x,, are distinct points in RY, v1, ..., 7 € R

and 4PZ;n:1 yjw(- —x;) =0, then v3 =72 = --- = 7, = 0 (the proof can be
found in [2], [9]). Therefore we have

Lemma 3.3 (i) B,, 1 C B, CM", VmeN;
(i) h defines an homeomorphism between

S™ XAm 1\( Amlusm XaAm 1) and Bm\Bm—l-

For the sake of not to interrupt proving our main result, the following vital
lemma will be proved in the next section.

Lemma 3.4 Let €,e1,0 be the real numbers defined in Lemma 2.4. Then
there exist n € [0,1] and A > 0 such that V1 < m < p,

(1) h: SSLUXAZ—l — Wyu—1,

2) h(Sm < AT O(SE AZH)> C (V(m,e1), Win1) € (Wi, Win_1).
Furthermore h sends any sufficiently small neighborhood of O(S" iy AT )

mto W,—1.

Now we continue our proof of theorem 1.1. Firstly, we mention that

all homologies below are with Zs-coefficients. Let ﬁm,l and ﬁm,l with

A,,_1 CC ﬁm 1 be neighborhoods of 0A,,_1, which retract by deforma-
tion of 8Am 1- Then Bm 1 = h( XAm 1 u.sm XAm 1) and -/B\m 1 =

~

h(lA)m(7 A1 US™ iy Am 1) are neighborhoods of B,,_; which retract by

deformation on B,._1. "I we denote #7 the dilatation,

t" - (Am_l,ﬁAm_l) (An

m—1

A1),
and define 77 : S™ x A, — S™ x A | by

r(z,y) = (2, t"(y)),V(z,y) € S™ X Ay
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From Lemma 3.3 and Lemma 3.4, it follows that

-~

h o Tn o h_1<Bm \ Em—ly B\m—l \ B\m—l) C (Wm7 Wm—l)-

Therefore we can consider the following commutative diagram:

A~ = ~ rn -1 w41
H*—l-l(Bm \ Bm—h Bm—l \ Bm—l) u

H*-{—l(Wm’ Wm—l)

Ox la*
= ~ (hrmh—1),
H*(Bmfl \ Bm71> EE— H*(Wmfl)
ﬂ H
= = (hrh= 1),
H*(Bmfl \ Bm72) I H*(Wmfl)
* H
s hrmh—1),
H.(By1\ Brs) B H (W)
D lQ*

~ = ~ hrh1),
H*(Bmfl \ Bm727 Bm72 \ Bme) % H*(Wmfb Wm72>

where 0, are the connecting homomorphisms, j, is induced by the nat-

ural embedding, 72 is induced by the retraction of Em_l on B,,_1, ps« and

gx are the projections on the quotients.

Since h o (r7)~! is an homeomorphism,

-~

H*((Bm \ ém—la Em—l \ Em—l))
= H,(S" g AL\ (Do g AL US™ 2R, Dy 2 AT,y
=" ~ ~
U 8" xRy \ (D g AL, US™ 2 B1,_))

m—1

—m, (sgl EFNANIE UxmAQH)) .

Hence the function p, -rf - 74 - Oy naturally induces an homomorphism, which
we call again 0,

m—1)

Oyt Ho (Sg” o A1, 0057 A”m_1)>

. H, (Sgnjf < AT, 0055

X_1A21—2)> :

m
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So the following diagram is commutative

Ho(Ew,0E,) —2— H. 1(Ep 1,0En 1)

| =

H*(me Wm71> L) *71(Wm717 Wm72>

Now, let us denote

Ep = S5 3 A E,=W°_ nV(m,e), Gp=Wn_1NnV(m,e).

m—1>
From Lemma 2.4 and the excise property of homology groups,

Wi1) = H, (W2 _ 0V (m,e), Wy,_10V (m, ).

m—1>

Ho (Wi, Wine1) = H(W,
The natural embedding

iyt HA(OW? 0V (m,e), W1 NV (m,e)) = H,(Wp, Wp_1)
is an isomorphism, and it induces an homomorphism

O, H.W° _ NV(m,e),Wn_1NV(m,e))
— H,_ (W2 ,NV(m—1,6),Wy_oNV(m—1,¢))

such that the following diagram is commutative:

H*<Ema8Em) i) *—1(Em—1a8Em—1)

|- =

H*(Wm, Wm—l) — *—1<Wm—17 Wm—2)

[ =
H*(FmaGm) L} *71(Fm717Gm71)-

However, by Lemma 3.4 (2), h, sends H,(S§" OXmA" oSy UXmAfn_l)) to

m—1

H. (W _ NV (m,e), W,,_1NV (m, e)), so the above diagram simply reduces to

Ho(E,0E,) —2— H, 1(Ep 1,0En 1)

|- =

H*(qu Gm) L H*fl(mely Gm71>-
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Lemma 3.5 There exists a continuous map
s:V(m,e) — S /o,

such that the following diagram is commutative

50" OXmAqu R Wy, NV (m,e)

| |
S0y ——— WS  NV(m,e)
where t is the projection on the first coordinate.

The proof of this lemma is obvious due to Proposition III.1 in [2]. We omit
the details.

Let us denote

sV HYTY(S™ o,,) — HY YV (m,e)),
and ¢Vt HNTY(S™/0,,) — HY (S UXmA"m_l)

the homomorphisms induced on the cohomology groups. Then for any o €
HYN=1(S™/q,,), we can define

Ea . HmN71<Fm7Gm> - meN(FmaGm>
by da(€) = s*(a) N € and
da . Hmel(EmyaEm) - mN7N<EmaaEm)

by d. (&) = t*(a) N &, where N is the cap product, and we have the following
commutative diagram:

HmN—l(EmaaEm) L mN—N(Em7aEm)

J{th—l lthfN
Hmel(FmaGm> L mN7N<Fm>Gm>-

Furthermore, we have H,,n_1(S{" ngA" oSy ngAZz—l)) = Zs and there

m—1>
exists « € HN=1(S™/g,,) such that
8 : da : HmN—1<Em7 aEm) - H(m—l)N—l(Em—h a-Em—l)

sends the generator to the generator (see [2] for details).
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Therefore we have the commutative diagram:

H;LN—I(Eua 8Eu) M HN—I(Ela aEl)

thNA th—l

87&"'87(1
Hyn_1(F,,G,) 2% Hy (R, G).

Since Wy = @ and Sy = S, the above diagram becomes

" Odg -+ 0da
s (S5 g AL 0(S5 g AL ) 2252 Hyy o (S)

lhuNA J/thl

Hyn- <W371 NV(p,e), Wy1 N V(M,é)) o0,

581

Hy 1 (WENV(1,e)).

By Lemma 3.4, h,y—1 = 0. By the commutativity of the above diagram
and the fact that dd, is an isomorphism, we know hy_; = 0. But this is
impossible. Indeed, if m = 1, then the commutative diagram in Lemma 3.5
implies that s o h = id, which implies s, o h, = id. Then hxy_; is one to
one. However, Hy_1(S) = Zy. Then hy_; # 0. A contradiction. We thus

complete the proof of Theorem 1.1.

4. Proof of Lemma 3.4

First of all, we prove some lemmas.

Lemma 4.1 From the hypotheses we have made on f, it follows that
(41)  f(t) <tf'(t) <pf(t), Vi > 0;
(4.2) f( > Z fla;), Va; > Cmy

22+a _

> ZF 22+a_|_aZf a;)aj, Va; € [0, M]

1,j=1

i#j

(4.3) (

HMg llMS

where M, o are given by (Hy).

Proof (4.1) is a direct result of (Hs).
Since f is convex, for every j € {1,...,m}, we have

(a]—l—Zal) > f(ay) + f'(a; Zaz.

z;éj 7/3&]
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So - -
(Zal> flaj)a; + f'(aj)a; Zal
=
flaj)a; + f aj)iai iaz
2
Then
<§: >§: zil;f(aj)éai’ie (éa,) zi; i)

Hence (4.2) is proved.

We only need to show (4.3) when m = 2, i.e. we will show for any
a,b € [0, M], F(a+0b) > F(a) + F(b) + 21222 (f(a)b + f(b)a).

22+a 4o
Indeed, we may assume a > b.

F(a+b)— F(a) —

/fa+0bbd6 /febbde—//fta+9babdtd9

22+a _ + 2
= e ia / / 1 ta—i—@b)abdtd9+ / / f'(ta + 6b)abdtdd
“ 4+«

22+a_ 2
22+a+a//ftaabdtd9+ o //f (¢ + 6)b)abdtdd

22+a _ o+ 9 1+t
mf( 22+o¢ / / f Sb CLdedt

22te — 2 +2 [

~ sl + g [+ 08 = pe)aat
22te 2 2 [

> S Ot g [ (0" =) fade (by (1)
92te _ 9

- m(f(a)b+f(b)a) for all a,b € [0, M].

Therefore (4.3) is proved. |

Lemma 4.2 Yu € Q(\) and m > 0, we have

win {(50) < e < () )
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Proof. The proof is easy due to Lemma 3.2 and (Hj3). We omit the
details. |

Now, let us proof Lemma 3.4. By (3.1)-(3.3), as in [2] , we need only to
prove

Lemma 4.3 Suppose that the assumptions in Theorem 1.1 hold, then
(4.4) 3 X\,7 >0, such that VA >\ Vn <7
if min|z; — ;] = Y and (tl,..., m) € A

m—1

k:((pitiw(- — \z; > Zt w(-— Ax;) € V(m,ey);
i=1

(4.5) ¥V m >=2,3\7 >0 such that VA >\ VW <

then

-
if Y < min|z; — 25| < —= and (t1,...,t,) € A4, then
f7 ’ ]| 2\/>\—0 (1 ) 1

m

I(k;(goZtiw(- Az Yt - Az:)) < o)

(4.6) ¥V m >2,37 >0 such that Vn < 7,3\ > 0, such that Y\ > ),
if Ym < min|z; — ;] and (t1,...,tm) € OA),_,, then

I(/{;(@Ztiw(- — )\xi))gOZtiw(- — )\xz)> < mly(w).

Proof. We will write k instead of k((p Z tiwi>. Since

k2 /(W(Sﬁitiwi)F + )\O(QOEm:tiwi)2>d$:/k’<ﬂ§:tiwif(k¢§:tz‘wi)CM
Q i=1 i=1 Q = i=1

we have

(4.7)
n m i wif(k i iWi
/Q(|V<¢Ztiwi)|2+)\0(902:tiw¢)2>dx:/Q(pi—lt i(put )dx‘

If min |x; — ;| = 7, then it is easy to show that

(4.8) /Q<|V(¢Ztiwi)|2+>\0(¢Ztiwi)2>dx ”";'LP ; wf(w)de

as/\—>+ooandti—>%.
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Now, denote
liminfk =k, limsupk = ks.

A—+oo A—4oo
ti—1/m t;i—1/m

Then by (4.7), (4.8), we have
[ wfGw)
E wf d:c—Z/ dx—/RNTd:c
1 k2
L wf d:c_Z/ kQ dg;:/RNde

2

by Lebesgue’s Dominated Convergence Theorem and translation. These two
equalities become

f(Bw) (2
/Rwa(w)dx:/RN W(dex:/ﬂw wTQW)dx.

But by the assumption (Hj), El EQ 1. Therefore,
lim k=m
A—+o0
ti—1/m

and this shows (4.4).
To prove (4.5), we denote (u,v) = [pn (VuVv + Xouv)dz.

/(!V wzktzwzl + X goZktM ) da
Hka /|A¢| Zktlwz) o
Zm: kt;) ||w||2+2tt K2 (w;, wj) +C’Z/ |Ap|w?idz.

=1 i,j=1

i#]

Since w is a solution to (1.8), we have

(wi,w;) = / fw)widr and |jw|* = / f(w)wdz.
RN RN
From Lemma 3.1, we have

N-1

Z/ |Ap|lwidr < Cexp(—AT)A" 2 .
— Ja
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Hence, we obtain

/ <|V(g0 i ktw;)|* + Ao(gof: ktiwi)2> dz

Z f de+Zttk2/ f(wiw;dz + Cexp(—AT)A™ =t
=1 1,7=1

i#J
On the other hand,

m

>/RNF<;ktiwi) +C/RN(¢P— 1)F(w;)

“ _N-1
>4NF<i21ktiwi) ~ Cexp(—ar)z"7,

For X large enough and ¢; close enough to %, we have kt; < 2 by (4.4).

Therefore using the assumption (Hy) and (4.3) for M = 2sup,cpnv w(x), we

have

Jrex
22Fe N-1

2 Z/RNF(ktiwi) 22ta + o Z f (ktiw;)(ktjw;) — Cexp(—=AT)A" "2
i=1

i 22+a _ 9
> Z /RNF(k'tsz) + m Z mln( (kt )P 1)k’t N f(u)i)w]

i=1 =~

i#

— Cexp(—=AT)\™ ol

Hence
m 1 m "
w;) < = )2 B |

e o) < 5 3 (k) /R RICEEDY /R ki)

N 1

22+a .

+ Z( tik— T 2 mm (1, (kt; )”1)) kt, J(wi)w]' + Cexp(—TA)\~

1,7=1

i#]
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Since (4.4) holds, for alli =1,...,m, kt; > 1as A — +oo and n — 0,

1 22+a_2 a_|_4_22+a
Stk — S T min(L, (k)P — S22,
3tk = e (L (R = S

On the other hand, by Lemma 3.1 and min |2; — 2;] < 575, it follows
that there exist 7,7 € {1,...,m} such that

N-1

RNf(wi)Wj > CeXp<_>‘\/YO|xi—$j|><>\\/)\70|xi—xj|>7 >

> con(-)(3) "

Therefore, for A large enough we have

I(goikt@ < %Z kt;) /wfw)—Z/RNF(ktiw)
< %Z/Rﬂf<“>‘i/R F(w)

i.e. (4.5) is proved.
Finally we prove (4.6). We have

/Q f (‘P Zil mtz‘wz‘> @ Zil mitw;
= /]RN f(g mtz’%’) g mt;w;
_ /N (f(imtm) - f(%pimtiwi> gp) i mtw;

Z f (mtw;)mt; WZ+Z f (mtw;)mtw;
i,J=1

1£]
+/ P —=1)f (thm) thzwz

Z f mit;w;)mtw; — C’exp(—T)\))\’N;

s
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and by Lemma 4.2 and the first part of the proof of (4.5),

min (1, (%)Z”) <

where limy_, 1o = o — 0. Tt is not difficult to prove that the function

Ms

fRN wf(w) + o(A)

’

1

E Jan mtiw f(mt;w) + o(X)

sTi

m

(t1, ... tm) — Z(mti) / Z mt wf(mt;w)

=1

takes a strict maximum on the manifold

o587

at the point (£, .. ,%) Therefore, 37 > 0, such that Vn < 77,360(n), A(n)

such that Y(ty,...,tn) € OAL 1, A > A(n),

m—1

St fow wf () + o)

min (1, (%)pl) <1- g.

i fRN mt;w f(mt;w) + o(N)

Consequently, Vi < 7, there exists A(n) and 6(n) such that k < m — ().

But
m 1 m
I( ktm) < = ]{/’tz / w / ktw +0)\
90; 2;( )? flw Z . ).
The function
J N,
(tl,...,tm)—>§;ti/ wf(w Z/RN (tiw)

takes a strict maximum at the point (1,...,1). Since

min |z; — x| = Y,

by (4.4), we can assume that kt; belongs to an arbitrary small neighborhood

of 1 foralle=1,...,m
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However,

f:|kti—1|>m—§:k¢ti:m—k>§(n).
i=1

=1

Hence, 30 > 0 such that

1

(¢ k) < 33 [ wr)=3 [ Fe) T +oby

< mly(w)

if A is large enough. Hence (4.6) is proved and we have completed the proof
of the lemma.
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