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Abstract

Let (M, g) be a complete Riemannian manifold, L = A — V¢ -V
be a Markovian symmetric diffusion operator with an invariant mea-
sure du(z) = e~ @ dy(z), where ¢ € C?(M), v is the Riemannian
volume measure on (M,g). A fundamental question in harmonic
analysis and potential theory asks whether or not the Riesz trans-
form Ry(L) = V(a — L)~'/? is bounded in LP(p) for all 1 < p < oo
and for certain ¢ > 0. An affirmative answer to this problem has
many important applications in elliptic or parabolic PDEs, potential
theory, probability theory, the LP-Hodge decomposition theory and in
the study of Navier-Stokes equations and boundary value problems.

Using some new interplays between harmonic analysis, differential
geometry and probability theory, we prove that the Riesz transform
R.(L) = V(a — L)~/2 is bounded in LP(x) for all @ > 0 and p > 2
provided that L generates a ultracontractive Markovian semigroup
P; = etl in the sense that P;1 = 1 for all t > 0, || Py||1,00 < Ct~"/? for
all ¢ € (0,1] for some constants C' > 0 and n > 1, and satisfies

(K +¢)” € LEH(M, p)

for some constants ¢ > 0 and € > 0, where K (x) denotes the lowest
eigenvalue of the Bakry-Emery Ricci curvature Ric(L) = Ric + V2¢
on T, M, i.e.,

K(z) = inf{Ric(L)(v,v) :v € T, M, |jv|| =1}, Vze M.

2000 Mathematics Subject Classification: 31C12, 53C20, 58J65, 60H30.
Keywords: Bakry-Emery Ricci curvature, diffusion operator, Riesz transform, ultracon-
tractivity.



592 X.D. Lt

Examples of diffusion operators on complete non-compact Rie-
mannian manifolds with unbounded negative Ricci curvature or
Bakry-Emery Ricci curvature are given for which the Riesz transform
R,(L) is bounded in LP(u) for all p > 2 and for all a > 0 (or even for
all a > 0).

1. Introduction

Let (M, g) be a complete non-compact Riemannian manifold, A be the non-
positive Laplace-Beltrami operator, and dv(x) = y/det(g(x))dz be the Rie-
manian volume measure on (M,g). Let L = A — V¢ -V be a symmetric
diffusion operator with an invariant measure du(r) = e~ *®@dy(x), where
¢ € C*(M). For a non-negative constant a, let us define the Riesz trans-
form R, (L) associated with the diffusion operator L by

Ro(L)f =V(a—L)7V2f, ¥ f € C(M).
where
Cx(M) if a>0or pu(M) = +o0,
Cg (M) = .
{feCx>(M): [, fdun=0} otherwise.
Integration by parts yields, for every a > 0 and f € C5°(M),
all 72y + IV 720 = IVa = LflZ2(-

This implies that for all @ > 0 we have
| Ra(L) fllz2gy) < [1fllL2qny, VS € C5(M).

It is very natural to pose the following fundamental

Problem 1.1 What is the (weakest possible) condition on (M, g) and (L, ¢)
under which the Riesz transform R,(L) is bounded in LP(M, ) for all 1 <

p < oo ? That is, for any 1 < p < 0o, there exists a constant C = C,,, such
that

[Ra(L)f o) < Cpallfllirqny, V¥ f € Cg°(M).

In the special case where L = A, ¢ = 0 and a = 0, Problem 1.1 is
exactly the famous Strichartz problem [65] concerning the LP-boundedness
of the Riesz transform Ry(A) = V(—A)~Y2 on a complete non-compact
Riemannian manifold. For the historical background and for some partial
affirmative answers to this problem, we refer the reader to [65, 48, 49, 3,
11, 40, 41, 17, 13, 14, 15, 39] and the references therein. See also [17, 13,
15, 39| for some counter-examples of complete or non-complete Riemannian
manifolds on which the Riesz transform Ry(A) is not bounded in LP(v) for
certain p € (1, 00).
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Note that, as indicated in Strichartz [65], the Riesz transform Ry(A) =
V(—A)"Y2 is a zeroth order pseudo-differential operator. Well-known re-
sults in the theory of pseudo-differential operators imply that Ro(A) (and
hence R,(A) = V(a—A)"'/2 for all @ > 0, see Theorem 3.2 below) is always
bounded in LP(v) for all 1 < p < oo if (M,g) is a compact Riemannian
manifold.

In the general case where M is a complete Riemannian manifold and
¢ € C*(M), the study of Problem 1.1 has a great interest and very important
applications in probability theory. Again, results in the theory of pseudo-
differential operators imply that for all a > 0, R,(L) = V(a — L)"'/? is
bounded in LP(u) if (M, g) is a compact Riemannian manifold. While the
situation when (M, g) is non-compact is very complicated. In [56], P.A.
Meyer proved that if V is the gradient operator and L is the Ornstein-
Uhlenbeck diffusion operator on the Wiener space W = {z € C([0, 1], R?) :
x(0) = 0} equipped with the Wiener measure pu, then the Riesz transform
Ro(L) = V(—=L)™** is bounded from L§(y) = {f € LP(p) : [, fdu = 0}
into LP(W, H, 1) with respect to the Wiener measure for every 1 < p < oo,
where H = H'2([0,1],R?) N W is the Cameron-Martin space. This yields
that, for all cylinder functions f on W, the Sobolev norm || f]l, + ||V fll, is
equivalent to the Sobolev norm ||(I — L)/2f||,. This results, the so-called
P.A. Meyer equivalence or the P.A. Meyer inequality, played a crucial role
in the Malliavin calculus on the infinite dimensional Wiener space (see e.g.
Malliavin [54]). For two different proofs of the P.A. Meyer inequality, see G.
Pisier [57] and R. Gundy [31].

In a more general and geometric setting, using a probabilistic approach
to the Littlewood-Paley theory, D. Bakry [5], see also [3, 6], proved the
following remarkable

Theorem 1.1 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M),
L=A-V¢-V,du(z) = e*Ddv(zx). Suppose that there exists a non-
negative constant a such that

(1.1) Ric(x) + V?¢(z) > —a, YV x € M.

Then for any 1 < p < oo, there exists a constant C, independent of a and
n = dimM such that

[Ra(L) fllegy < Coll fllzeqny, ¥ f € C°(M).

Here Ric denotes the Ricci curvature, V2¢ denotes the Hessian of ¢. Both
of them are taken with respect to the Levi-Civita connection determined by
the Riemannian metric g. In [6], Bakry introduced the symmetric 2-tensor

(1.2) Ric(L) := Ric+ V?¢
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and called it the Ricci curvature associated with the diffusion operator L =
A — V¢ - V. In the literature, it is also called the Bakry-Emery Ricci
curvature, see e.g. [50]. The inequality Ric,(L) > —a means that the lowest
eigenvalue of the Bakry-Emery Ricci curvature tensor Ric(L), considered as
an endomorphism of the tangent space at x € M, is at least —a. Note that,
due to the free dependence of the constant C,, on n = dimM, Theorem 1.1
even applies to sub-elliptic diffusion operators L (formally given by L =
A—V¢-V) on some infinite dimensional manifolds provided that the Bakry-
Emery Ricci curvature Ric(L) defined by (1.2) is uniformly bounded from
below. For example, if L is the Ornstein-Uhlenbeck operator on the Wiener
space, then Ric(L) = Iy (the identity operator on the Cameron-Martin
space H). This enables us to recapture the P.A. Meyer inequality from
Theorem 1.1 by taking a = 0 in (1.1).

Complete non-compact Riemannian manifolds are not necessarily to be
those on which the Ricci curvature should be uniformly bounded from below.
For example, one can easily construct a Cartan-Hadamard manifold and a
rotational symmetric Riemannian manifold on which the Ricci curvature is
not uniformly bounded from below. Moreover, starting from a complete
non-compact Riemannian manifold (M, g) on which the Ricci curvature is
uniformly bounded from below, we can use a conformal transformation to
construct a new Riemannian metric ¢ on M such that the Ricci curvature
on (M,qg) is no longer uniformly bounded from below. Indeed, if g is a
conformal change of g given by

g=c¢e"g, uecC*(M),

then, see e.g. Schoen and Yau [60], the Ricci curvature on (M, g) is given by

(1.3) Ricz = Ricy— %QVQu—ir nTQVuQQVu—% (Au + 2 5 2]Vu]2> g.
Hence, we can easily choose u € C*(M) \ C#(M) such that the Ricci curva-
ture Ricy corresponding to the new Riemannian metric ¢ is not uniformly
bounded from below eventhough Ric, is uniformly bounded from below. In
general, we can use a quasi-isometry to construct a new Riemannian metric g
on M in the sense that there exist two constants ¢ and C' such that

cg<g<Cy.

It this case, there is no explicit relationship between Ric, and Ricy but it
is well-known that, even if the Ricci curvature Ric, on (M, g) is uniformly
bounded from below, the Ricci curvature Ricy on (M, ) is usually not uni-
formly bounded from below.
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Similarly, there are many examples of diffusion operators L for which the
Bakry-Emery Ricci curvature Ric(L) = Ric+ V3¢ is not uniformly bounded
from below. As the most simple example, we consider the one-dimensional
diffusion operator

2, d

on the real line, where ¢ € C%(R). The Bakry-Emery Ricci curvature asso-
ciated with L is
Ric,(L) = ¢"(x), Yz eR.

Therefore, Ric(L) is not uniformly bounded from below if we choose ¢ €
C?*(R) such that
inf ¢"(z) = —o0.

zeR

Moreover, starting from a symmetric diffusion operator L = A — V¢ - V
with Bakry-Emery Ricci curvature Ric(L) = Ric+ V?¢ uniformly bounded
from below, we can use the conformal transformations to construct a new
class of diffusion operators

L=L+Vu-V, ueC*M).

Then 1 = e “u is an invariant measure of L and the Bakry-Emery Ricci

curvature of L is

Ric(Z) = Ric(L) + V?u.

Hence, we can easily choose u € C?(M)\C?(M) such that Ric(L) is no longer
uniformly bounded from below. In general, we can use the quasi-isometries
to change either the Riemannian metric g or the density function e to
obtain a new symmetric diffusion operator such that the Bakry-Emery Ricci
curvature (of the new diffusion operator) is not uniformly bounded from
below. Finally, let us mention that the Bakry-Emery Ricci curvatures as-
sociated with the Ornstein-Uhlenbeck diffusion operators on the path and
the loop spaces (or the loop group) over a compact Riemannian manifold
(or a compact non-Abelian Lie group) are not uniformly bounded from be-
low, see Getzler [27] and Cruzeiro-Malliavin [18].

Due to the high importance of the Riesz transforms in potential theory
will be illustrated in Section 3 below, it is very natural to ask whether or
not the Riesz transforms associated with a general Markovian symmetric
difusion operator L = A — V¢ - V are bounded in LP with respect to its
invariant measure p(dr) = e~*®@dy(x) even though the Bakry-Emery-Ricci
curvature of L is not uniformly bounded from below. In [13], Coulhon and
Duong have studied this problem for the case 1 < p < 2 and proved that the
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Riesz transform Ro(A) = V(—A)~Y2 (respectively, Ry(L) = V(—L)"'/?) is
bounded in LP(M,v) (respectively, LP(M, u)) for all 1 < p < 2 provided that
v (respectively, 1) has the doubling volume property and the heat kernel of
A (respectively, L) satisfies the inequality pi(x,z) < ﬁ for all x € M
and ¢ > 0. Under a reasonable modification of these conditions, similar
result holds for the LP-boundedness of R, (L) for all 1 < p < 2. Their result
partially implies that the Riesz transform Ry(A) is bounded in LP(v) for
1 <p<2if (M,g) is quasi-isometric to a complete Riemannian manifold
with non-negative Ricci curvature. A complete non-compact Riemannian
manifold (which is quasi-isometric to R™ but has a small piece of negative
Ricci curvature) has been given in [13] which shows that the same conditions
cannot imply the LP(v)-boundedness of the Riesz transform Ry(A) for all
p > 2. Indeed, it could be explicitly proved that it is not possible using
duality argument to deduce from the results of Coulhon-Duong on the LP-
boundedness (for p € (1,2]) of Riesz transforms to the results for p > 2.

The purpose of this paper is to study the problem of the LP(u)-bounded-
ness of the Riesz transform R,(L) = V(a — L)™*/2 for p > 2 and a > 0
for a class of Markovian symmetric diffusion operators L = A — V¢ -V on
a complete Riemannian manifold (M, g) on which the Ricci curvature Ric
or the Bakry-Emery Ricci curvature Ric(L) = Ric + V?¢ is not necessarily
uniformly bounded from below but satisfies some gaugeability or integrabil-
ity conditions that we will explain in Section 2 below. Here we would like
to point out that the (geodesically) completeness condition is only used to
ensure that the Laplace-Beltrami operator A or the diffusion operator L is
essentially self-adjoint in L?(v) or in L?(u), see e.g. [65, 5, 6].

In the case where M is not geodesically complete but the L-diffusion
process does not explode (i.e., M is L-stochastically complete), such as
the conic manifold (see e.g. [39]) or some infinite dimensional Riemani-
ann manifolds (see e.g. [55, 56, 62]), one can still study the LP-boundedness
of the Riesz transforms R,(L). While, the key semigroup domination in-
equalities (see Theorem 4.1) which play a crucial role in the whole pa-
per cannot hold if one does not assume the stochastically completeness
(i.e., the Markov property) of L (i.e. P1 = 1 for all ¢ > 0). Indeed,
according to Page 254 in [23], the gaugeability in Theorem 2.1 or the L2 **-
integrability condition in Theorem 2.2 together with dP,f = e "¢ df for all
f € C*(M) (where O, is the Witten-Bismut operator on one-forms) will
automatically imply that the L-diffusion process does not explode. By [51],
it is well-known that the stochastically completeness of Brownian motion on
complete non-compact Riemannian manifolds is not a stable property un-
der general quasi-isometry. The above-mentioned counter-example due to
Coulhon-Duong [13] shows that the LP-boundedness of the Riesz transform
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Ro(A) = V(=A)~2 on complete non-compact Riemannian manifolds is
not stable under general quasi-isometry at least for all p > 2 eventhough so
is the Riesz transform R,(A) = V(a — A)~2 for all a > 0 and all p > 1 on
their manifold. We conjecture that the LP-boundedness of the Riesz trans-
form R,(L) = V(a — L)™*/2 (for all a > 0 or all a > 0) associated with
a general symmetric diffusion operator L is not stable under general quasi-
isometry on complete non-compact Riemannian manifolds. Our results (see
Theorem 2.4, Theorem 2.5, Example 2.2 and Theorem 2.6 below) provide
us with some examples of complete and stochastically complete Riemannian
manifolds which are quasi-isometric to complete Riemannian manifolds with
Ricci curvature bounded from below and with positive injectivity radius or
to Cartan-Hadamard manifolds such that the Riesz transforms R, (L) are
bounded in LP for all p > 2 and all a > 0.

2. Main results

Throughtout this paper, let L = A—V¢-V be a Markovian symmetric diffu-
sion operator with an invariant measure du(z) = e~*@dy(z) on a complete
Riemannian manifold (M, g).

Define the potential function K defined as follows: For all x € M, let
(2.1) K(x):=inf{< Ric(z)v,v >+ < V?¢(x)v,v >: v € T, M, |jv|]| = 1},

Recall that L is a Markovian operator if it generates a Markovian semi-
group P, = e'r in the sense that 0 < P,f < 1 for all f € B(M) with
0 < f<1land P1=1forallt> 0. Equivalently, the diffusion process {z;}
generated by L on M has an infinite lifetime.

By Lemma A3 in [23], if there exists a constant ¢ € R such that the Ricci
curvature on M satisfies Ric(z) > —c[1+p*(x)], and dp(Vd(x)) < c[l+p(x)],
where p(x) = d(o, ) denotes the Riemannian distance function between z
and a fixed point 0 € M, then L is a Markovian symmetric diffusion operator.
By Proposition A6 in [23], if we further suppose that

E, {sup exp (—/ K(xT)d'r)
s<t 0

then dP,f(z) = e ™ (df)(z) for all z € M,t > 0 and for all f € C=(M),
where [, denotes the Witten-Bismut operator on one-forms with respect
to p (see Section 3 for details).

<+4oo, Vze M, t>0,

Using some new interplays between harmonic analysis, differential geom-
etry and probability theory, we prove a criterion for the LP-boundedness of
the Riesz transform R,(L) = V(a — L)~'/2 for all a > 0 and p > 2.
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Theorem 2.1 Letp > 2, g = -, and L = A — V¢ -V be a Markovian

p—1’
symmetric diffusion operator on a complete Riemannian manifold (M, g)
with an invariant measure du(z) = e~ *@dv(x). Suppose that K~ satisfies
the following gaugeability condition: for some 3 > p,

(2.2) sip B, {exp (ﬁ /0 t K(:cs)dsﬂ < 400,

0<t<l.z€M

Then, for all a > 0 and all p € [2,[3), the Riesz transform R,(L) = V(a —
L)~Y2 s bounded in LP(u1). That is, there exists a constant C,, such that

[1Ba(L) fllroapy < Cpall e, V f € Cg°(M).

Suppose further that

(2.3) sup B, [exp (—ﬁ /0 tK(Jcs)ds)] dt < +o0,

t>0,0eM

(24)  sup /0 "B {K(:Ut)exp (—q /0 tK(xs)ds)

Then the Riesz transform Ro(L) = V(—L)~Y2 is bounded in LP(u) for all
p€[2,0).

dt < +00.

Note that the gaugeability condition (2.2) is weaker than (1.1) in Theo-
rem 1.1. Indeed, (1.1) implies

t
sup E, [exp <ﬁ/ K(:cs)ds>] < P
0<t<1,zeM 0

Moreover, if Ric+ V?¢ > 0, then (2.3) and (2.4) hold. Therefore, Theo-
rem 2.1 partially extends Theorem 1.1 to a class of Markovian symmetric dif-
fusion operators with unbounded Bakry-Emery-Ricci curvature for all p > 2.

By Theorem 2.1, we will find a more effective sufficient condition for the
LP-boundedness of Riesz transforms associated with a class of ultracontrac-
tive Markovian symmetric diffusion operators. To state it, let us first recall
the notion of ultracontractivity.

Following E.B. Davies [19] and Bakry [7], we call (L, ) a ultracontractive
diffusion operator with dimension n = dim(L) if there exists a constant
C > 0 such that the semigroup P, = e’ generated by L satisfies
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By Corollaire 4.6 in Bakry [7], this is the case if there exists an increasing
and concave fonction ® : R™ — R* such that ®'(z) is equivalent to o= at

2x
x = 0o and the so-called ®-energy-entropy inequality holds

(26)  Vf € CEM), I lizgy = 1= Ent, (%) < @ (1941132,

Ent,( / Plog f2du — / f2dulog (/M f2du) :

When n > 2, a well-known result due to Varopoulos [70] (see also
Davies [19] and Bakry [7]) says that the ultracontractivity (2.5) is equiv-
alent to the following L?-Sobolev inequality for (L, u) with two constants A
and B:

Q1) Iy, < ANV Sl + BISIE:

where

Y f e C2(M).

(k)

When n € (1, 2], if for some p € [1, n| there exist A, and B, such that (L, u1)
satisfies the LP-Sobolev inequality

(2.8) AN sy < AV o) + Bpll Fllvoy, ¥ f € C5° (M),

or when n > 1, if there exists certain constant C' such that the Nash in-
equality holds

(2.9) A5 < CIV FIRa g LA,

L2()

L”P,u

then (L, p) is ultracontractive with dimensional dim(L) = n. Indeed, for
n € [1,2], if (L,p) satisfies (2.8) or (2.9), then the ®-energy-entropy in-
equality holds for ®(z) = Flog (a + bx) with some suitable constants a and b.
Moreover, it is well-known that the L2-Sobolev and the LP-Sobolev inequal-
ities and the Nash inequality as well as the ®-energy-entropy inequality are
stable under all bounded conformal transformations and all quasi-isometries.
For instance, if (2.7) holds with two constants A and B on a complete Rie-
mannian manifold (M, g), and if § is a new Riemannian metric g on M such
that ¢ is quasi-isometric to g with

cg <g<Cyg,

then we can verify that (2.7) holds on (M,g) with two new constants A
and B given by

~  AC3 - BC"?
A = ’l’L+42 Y B = ﬂ2
c 2 c?

Now we are able to state the main result of this paper as follows.
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Theorem 2.2 Let L =A—V¢-V be a Markovian symmetric diffusion op-
erator on a complete Riemannian manifold (M, g) with an invariant measure
du(z) = e *@dy(z), ¢ € C*(M).

Suppose that L generates a ultracontractive semigroup P, = et in the
sense that there exist some constant C > 0 and n > 1 such that

1P flloo < CE2|| fllprys VE € (0,1].
Suppose further that there exist two constants ¢ > 0 and € > 0 such that
(K +¢)” e L2 (M, p).

Then, for allp > 2 and all a > 0, the Riesz transform R,(L) = V(a—L)~'/?
is bounded in LP(M, ).

Applying Theorem 2.2 to the one-dimensional diffusion operator (1.4)
and using a result due to Kavian-Kerkyacharian-Roynette [36], we have the
following result. For its proof and its high dimensional extension, see Sec-
tion 9.2.

Theorem 2.3 Let ¢ € C*(R,R), L be the one-dimensional diffusion oper-
ator given by
d? d
L=——¢(x)—.
dx? (z) dx
Suppose that there exist some constants ¢; € R,co € R,c3 € RT and e > 0

such that
¢(x> < C1, Vo € R7

¢/2 (l‘) B ¢”(SU)
4 2

+c >0, YereR,

and

/ ([¢" () + 03]_)%+€ e @ dr < 400.

R

Then, for allp > 2 and all a > 0, the Riesz transform R,(L)=-% (a — L)~ ?
is bounded in LP(R,e~*@)dx).

Remark 2.1 Let Lj be the diffusion operator on the real line satisfying all
the conditions in Theorem 2.3, and L; be the Ornstein-Uhlenbeck diffusion
operator on the Wiener space. Then the Bakry-Emery Ricci curvature of the
diffusion operator L = Ly + Ly on the product manifold R x W is given by

Rica(L) = <¢”<(f0> [?q) | Vo = (z0,21) ER X W,

where [y is the identity operator on the Cameron-Martin space

H = H"([0,1],RH N .
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By Theorem 2.1, one can verify that, under the same conditions as in
Theorem 2.3, the Riesz transform R,(L) = V(a — L)~'/? is bounded in
LP(R x W, e~ @) dgy @ pu(dxy)) for all p > 2 and all @ > 0, where y is the
Wiener measure on the Wiener space.

Example 2.1 By [4],if L = A—V¢-V is a diffusion operator on a complete
Riemannian manifold (M, g) with Ric(L) = Ric 4+ V*¢ uniformly bounded
from below, then L is conservative. Suppose further that L satisfies the so-
called curvature-dimension C'D(K,n) condition with K = —(n —1)k?* where
k >0, that is,

Dy(u,u) > —(Lu)* + K|Vul|?, YV u € C°(M),

S

where Ts(u, u) := 3 L|Vul*~ < VLu,u>. By the Bochner-Weitzenbock for-
mula, we can show that T'y(u,u) = |V*u*+ < Ric(L)Vu, Vu >. Thus, the
CD(K,n) condition holds when L is the Laplace-Beltrami operator A on
a complete Riemannian manifold with Ric > K = —(n — 1)k?. By a new
preprint of Bakry-Qian [8], CD(K,n) implies Lp(x) < (n — 1)kcoth(kp(z))
on M \ cut(o), where p(z) = d(z,0), cut(o) denotes the cut-locus of a fixed
point o € M. By standard argument, see for example Bakry-Qian [8],
Gong-Wang [29] and Lott [50], this differential inequality yields the Bishop-
Gromov type volume comparison inequality for the weight measure p, that
is, w(B(z,r)) < Cru(B(z, 1))V~ for all 2 € M and r > ro > 0.
Using the generalized Karp-Li [35] or Grigory’an [30] conservativeness cri-
terion of diffusion semigroup due to K. T. Sturm [68], it is easy to see that
for all u € Cy(M) N CYM), the diffusion operator L = L + Vu - V is still
conservative. Combining this with the stability of Sobolev inequalities or
Nash inequality under bounded quasi-isometry and using Theorem 2.2, we
can easily obtain the following result: if L = A — V¢ - V is a ultracon-
tractive diffusion operator on a complete Riemannian manifold (M, g) with
dim(L) = n and if L satisfies the CD(K,n) condition with K = —(n — 1)k?
where k > 0, then for all u € Cy(M) N C?(M), the Riesz transform associ-
ated with the diffusion operator L = L+ Vu-V, namely, RQ(Z) =V(a— L),
is bounded in LP(M,e “u) for all @ > 0 and p > 2 provided that for some
c>0ande >0,

2 ~12t
/ [()\min(v u(z)) + ¢ } du(zr) < o0,
M
where Apin(Vu?(x)) denotes the lowest eigenvalue of V2u(z), Vo € M. See

also Example 2.2 below for the particular case of conformal change of Rie-
mannian metric on R2.
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Below we focus on the Riesz transforms associated with the Laplace-
Beltrami operator. Recall that, if the Ricci curvature on (M, g) satisfies
Ric(z) > —c[l + p*(x)] (where p(z) = d(o,z) for a fixed o € M), or if
(M, g) is quasi-isometric to a complete Riemannian manifold with Ricci
curvature bounded from below by a constant, then the well-known results
due to Li [42], Karp-Li [35] and Grigor'yan [30] imply that (M,g) is sto-
chastically complete. That is, the Brownian motion on M has an infinite
lifetime. By Hoffman-Spruck [33], if (M, g) is (or is quasi-isometric to) a
Cartan-Hadamard manifold (i.e., a complete, connected, simply connected
Riemannian manifold with negative sectional curvature), then the Sobolev
inequality holds for (A,v) with B = 0. Moreover, see e.g. Hebey [32], if
(M, g) is (or is quasi-isometric to) a complete Riemannian manifold with
positive injectivity radius and Ricci curvature uniformly bounded from be-
low, then the Sobolev inequality holds for (A, ) with some constants A and
B. Let

Ko(x) := inf{< Ric(x)v,v >: v €T, M, |v|| =1}, Ve e M.
Applying Theorem 2.2 to L = A and u = v, we obtain the following

Theorem 2.4 Let (M,g) be a complete Riemannian manifold which is
quasi-isometric to a complete Riemannian manifold with positive injectiv-
ity radius and Ricci curvature uniformly bounded from below. Suppose that
for some constants ¢ > 0 and € > 0,

(Ko+c¢)” € L2T(M,v).
Then R,(A)=V(a—A)"Y2 is bounded in LP(M,v) for anyp > 2 and a > 0.

Theorem 2.5 Let (M, g) be a Cartan-Hadamard manifold with Ricci cur-
vature Ric(x) > —c[l + p(x)?], where p(x) = d(o,z) for some fized point
o € M. Suppose that for some constants ¢ > 0 and € > 0,

(Ko+c¢)” € L2T(M,v).
Then R,(A)=V(a—A)"'2 is bounded in LP(M,v) for anyp > 2 and a > 0.

Example 2.2 Consider (M,g) = (R? e“go) endowed with a Riemannian
metric g = e"gg which is conformal to the standard Euclidean metric gq.
By Theorem 2.4 and (1.3), we can prove that, see Section 7.1 for details, if
u € C?(R?) N Cy(R?) satisfies

/Rz [(C - Aou(x))i] e dr < +00
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for some constants ¢ > 0 and ¢ > 0, where Ay denote the usual Laplace
operator on R?, then for all @ > 0 and all p > 2, the Riesz transform
R,(A) = V(a—A)~"2is bounded in LP(R?, e¥®)dx), where V and A denote
the Riemannian gradient operator and the Laplace-Beltrami operator on
(R2, e“@) gy). This can be regarded as a special case of Example 2.1.

By Theorem 2.4, and using an idea originally due to N. Lohoué [48] and
re-formulated recently in Coulhon-Duong [13], see Theorem 3.3 below, we
can prove the following

Theorem 2.6 Let (M,g) be a Cartan-Hadamard manifold with sectional
curvature Sect < —k < 0 and Ricci curvature Ric(x) > —c[1+ p*(x)], where
p(z) = d(o,x) for a fixed point o € M. Suppose that there exist two constants
c>0 and € > 0 such that

(Ko+c¢)” € L2T(M,v).
Then Ro(A)=V(—A)"Y2 is bounded in LP(M,v) for any p > 2 and a > 0.

Remark 2.2 In [48], N. Lohoué proved that: Let M be a Cartan-Hadamard
manifold on which the (Riemannian) curvature tensor and its first and sec-
ond order covariant derivatives are bounded. Suppose that there exists a
constant C' > 0 such that || f||z2) < C||Af|z2) (i-e., the Laplace-Beltrami
operator is strictly negative in L?(M,v)). Then for any vector fields X sat-
isfying || X (x)|| = 1, Vo € M, the Riesz transform X (—A)~/? is bounded
in LP(M,v) for all 1 < p < oo. As pointed out in [48] (p. 164), the most
important step to prove this result is to show that there exist two constants
C1(p) and Cy(p) such that

(2.10) [V fllrey < CrDIV=AFlre) + Co@)[ fllew), YV € C°(M).

This is equivalent to say that there exists a certain @ > 0 such that the
Riesz transform R,(A) = V(a— A)~/2 is bounded in LP(M,v). Notice that
the boundedness of the Riemannian curvature tensor implies that the Ricci
curvature is bounded from below. Therefore, (2.10) can be obtained from
Theorem 1.1.

Compare with N. Lohoué’s theorem, Theorem 2.6 holds for all p > 2
on any Cartan-Hadamard manifold on which the Ricci curvature is not nec-
essarily to be uniformly bounded from below but Ric(z) > —c[l + p*(z)]
and K (the lowest eigenvalue of the Ricci curvature) satisfies the condition
(Ko+c)~ € L2% for certain ¢ > 0 and € > 0. In other words, we do not need
to assume that the Riemannian curvature tensor and its first two covariant
derivatives are bounded.
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By the second part of Theorem 2.1 and combining two arguments due to
Rosenberg-Yang [59] and Davies-Simon [20] for the positivity of the principal
eigenvalue and the Lyapunov exponent of the Schrodinger operators, we can
prove the following result.

Theorem 2.7 Let L = A — V¢ -V be a Markovian symmetric diffusion
operator on a complete Riemannian manifold (M, g) on which there exist
two constants A and B such that

71 2y 0y < AT FBrcat s + B WEoaa s ¥ F € GF(M).

Suppose that n > 4 and there exist some constants > 2, ¢ >0, « > 0 and
€ > 0 such that
(K +0¢) € LM, p)

and

(K = a) I3, < min{(84) 7, aB1}
Then, for all p € [2,(3), the Riesz transform
Ro(L) = V(~L)™/?
is bounded in LP(M, ).

Remark 2.3 Taking ¢ = 0, Theorem 2.7 provides us with another non-
trivial example of complete and stochastically Riemannian manifolds on
which the Ricci curvature is not uniformly bounded below while the Riesz
transform Ry(A) = V(—=A)"Y2 is bounded in LP(v) for all p € [2,3). For
details, see Theorem 9.1 in Section 9.1.

The rest part of this paper is organised as follows: In Section 3 we give
some applications of the LP-continuity of the Riesz transforms. In Section 4
we prove some semigroup domination inequalities and the Littlewood-Paly
inequalities on functions and on one-forms. In Section 5 we deal with the
potential theory of Schrédinger operator. In Section 6 we prove Theorem 2.1
and a useful criterion for the LP(u)-boundedness of Ro(L) = V(—L)~'/?
for all p > 2. In Section 7 we prove Theorem 2.2. In Section 7 we prove
Theorem 2.7. In Section 9, we prove Theorem 2.3, Theorem 2.4, Theorem 2.5
and Theorem 2.6 and describe how to construct a one-dimensional diffusion
operator ,

d .o d
L= dx? (z) dx
with unbounded negative Bakry-Emery Ricci curvature and satisfying the
conditions required in Theorem 2.3.
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3. Applications

In this section we give some basic properties of the Riesz transforms and
some important applications of the LP-continuity of the Riesz transforms.
Here we state the results under the assumption that R,(L) = V(a — L)~'/?
is bounded in LP(u) for all 1 < p < 0.

If R,(L) is bounded in LP(u) for a fixed p € (1,00), the Marcinkiewicz
interpolation theorem implies that R,(L) is bounded in Li(u) for all ¢ €
[min{2, p}, max{2, p}]. In this case, the reader can easily reformulate these
results in a similar way by himself.

The following result is well-known to experts and is the starting point to
develop a nice LP-potential theory as we will explain later.

Theorem 3.1 The following statements are equivalent:

(1) The Riesz transform Ry(L) = V(a — L)~/? is bounded in LP(u) for
all 1 < p < oo. That is, for every 1 < p < oo, there exists a constant
|Ra(L)||pp € (0,00) such that

[1Ra(L) flloy < 1Ba(D)lppll fllogny, VS € Co°(M).

(2) The Sobolev norms || - ||1p, and ||| - |||1, are equivalent, where
Ifllie = Vallfllzoe + IV e
£ e = Il =L)"Y fllzeqy

(3) The domain of the Cauchy operator \Ja — L in LP(M,u) coincides
with the domain of the closure of the gradient operator ¥ in LP(M, ).

That is, the Sobolev space HYP(M, 1) coincides with the Sobolev space
WP(M, ), where

H'P(M,p) = {u€ LP(M,p): |Vul € LP(p)},
W (M,p) = (a—L)"2(L7 ().
(4) The (1,p)-capacities c1, and Cy,, are equivalent, where
61(0) = (|| I, : f € HW(M,p0), £ >0, f>13—as onO},
Cip(O) =mf{|| £, : f € W (M, p), f >0,f>1 p—as. on O},
for all open sets O C M, and for all A C M,

c1p(A) = inf{c;,(0): AC O C M,O is open},
Cip(A) = inf{C,(0): AC O C M,O is open} .
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Proof. The proof of the equivalence between (2), (3) and (4) is easy and
is omitted. Here we only prove (1) <= (2). First, we prove (2) = (1).
Indeed, if (2) is true, then for some constant A, ,,

IVl < [fllhp < Apalllflll1p = ApallVa = Lf .
By density argument, we can replace f by v/a — Lf in the above inequality.
Thus ||R.(L)fll, < Apallfll, and (1) is proved.

Next, we prove (1) = (2). Suppose that R,(L) is bounded in L?(u) for
all p > 1. Then

IVFllp < [[Ra(L)lppllvVa = Lfllp -

By Lemma 4.2 in Bakry [5], there exist two constants ¢, and C), such that

(3.1) & (Vallfly+IV=LSly) < IVa=Lilly < Gy (Vall Fly+ V=L,
Hence ||V f]l, < Cyll Ra(L)llpp (Vall fllp + V=L ,). This yields

1flhy < 0+ ClIRAL) ) (Vallflly + V=TS
< 6 1+ Gyl RalD) )1l

This is to say || fllp < Bpallflllp, where Byo = ¢, (1+ Gyl Ra(L)pp)-

On the other hand, using the duality argument as used in the proof of
Corollaire 4.3 in [5], for ¢ = 2

p—1’
I[Va—Lfllq sup{|[fll14llgllp - g € C3°(M), |[Va— Lgll, <1}
Bpasup{|[fllralllgllhp : 9 € CF(M), I[Va— Lgll, <1}

Bp7a||f||17q-

Hence ||| f|||1.4 < Bpall fll1,4- Combining this with the inverse inequality, we
have

<
<

By alllflllp < Ifllip < Boallfllhp, Vf € CE2(M).
The proof of Theorem 3.1 is completed. [

The following result is very useful. It seems that one cannot find it in
the literature.

Theorem 3.2 Let p € (1,00). Suppose that for some a > 0, R,(L) =
V(a — L)~Y2 is bounded in LP(u). Then Ry(L) = V(b — L)~'/2 is bounded
in LP(p) for all b > min{a,0}. Moreover, there exists a constant A, such
that

I R(E) sy < Ay max{v/ab T, 1} Ru(L)]lp
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Proof. Indeed, saying that R,(L) = V(a — L)~*/? is bounded in LP(u) is
equivalent to saying that
IV Fllp < |Ra(L)llpoll(@ = L)2fll, - with || Ra(L)]lp, < +o0.

By (3.1), if R,(L) is bounded in L?(u), then for all b > a,

1971y < IRD)lpoCy (Vallfllp + V=Ll

1Ra (L) Co (VIS + V=L 1)
|Ra(D)lpc Coll(b = L) 2 £

IN

IN

This yields, for all b > a,
| Ro(L)lpp < CglcpHRa(L)”p,p-

On the other hand, for a > b > 0,

1971y < IRD)lpoCy (Vall £l + V=L,

a b, —
< ”Ra(L)Hp,pCp\/% <\/E||f||p + \/;H _Lpr)
a
< NADlnaCon[ s (VB + V1)
_ a
< NRD)lnoty Con 210 = 1)1
Hence
1Ry(L)llpp < ¢ CpVab Y| Ra(L)p,p -
Taking A, = ¢, 1C,, the proof of Theorem 3.2 is completed. |

The following result is due to N. Lohoué [48], see also Coulhon-Duong
[13, p. 1154].

Theorem 3.3 Letp > 1 be fizred. Suppose that the Riesz transform R,(L) =
V(a—L)~Y2 is bounded in LP() for some a > 0, and the bottom of spectrum
of —L in L*(p) is strictly positive, i.e.,

\V4 2d
D)o e VI
feL2(u)\{0} ”f||2

Then the Riesz transform Ro(L) = V(—L)~Y2 is bounded in LP(y).
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Now we give an important application of the LP-continuity of the Riesz
transforms in the regularity theory of parabolic PDEs (the heat semigroup
and the Poisson semigroup).

Theorem 3.4 Suppose that the Riesz transform R, (L) is bounded in LP ().
Then!

(1) there exist two constants A, and C, such that

4y

IV £lly < Coll RalZ) (\/E+ -

)||f||p, V0.

(2) there exists a constant A, > 0 such that, for any € € (0,1),

Apll Ba(L)[lpp €™
Ve Vi

Ve fll, < Ifll,, Vt>0.

3) if the heat semigroup e'* is hypercontractive, i.e., ||eF||pam) = Mypo(t),
pa(t) P.q

then .
CpHRa(LWP,p e mp,q((l —e)t)

Ve Vi

(4) there exists a constant A, > 0 such that, for any € € (0,1), and any
t>0,

Ve, <

1£1lq -

ApHRa(L)Hp,p e Vo
€

Ve Ve, < :

£l

Proof. From the proof of Theorem 3.1, for the same constant C, as in (3.1),
we have

191y < CollRa(L) o (IV=L Ay + Val 1)

Replacing f by e' f we obtain
Ve £l < Col Rul Dl (V=T ll + Va1l )

Since L is a sub-Markovian operator, the semigroup e* is analytic. Hence
there exists a constant A, such that

IV=Le" fll, = [V—=Le2"ez" f||, < At —|e2" [,

n a recent paper [1], for the case where L = A and p = v, P. Auscher, T. Coulhon,
X.T. Duong and S. Hoffman have shown that the LP-regularity property of e*’ together
with the exponential growth condition of the geodesic ball is indeed a sufficient condition
for the LP-boundedness of R,(A) = V(a — A)~1/2.
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Moreover, the semigroup e'* is contractive in L? for all 1 < p < oo. Hence

A,
Vet s, s<%wa@ww(;aw%ﬂu+¢wa%m)

A
l+ﬁﬂm-

< Cpl|Ra(L)||pp (\/g

Similarly, since the semigroup e @) is analytic and since e*! is LP-contrac-

tive, for € € (0, 1), there exists a constant A, such that, for every € € (0, 1),

Ve @B fll, < [Ra(L)lppllVa = Le™ D f]],
= [1Ra(L)llppllVa = Lem e Pemttime=Dif
a

A

< ||R.(L 2P || tA=e)(a=L)

< | )Hp,p\/g\l fllp
APHRCL(L)”PJJ —a(l—e)t|| ,(1—€)tL
—— e e

< NG | fllp
APHRG(L)”P,pefa(lfe)tHfH )

= \/3 p

Hence
A Ra L aet
et ), < 2elFelDloo 2 -

Ve oo it

Moreover, if |||, , = m,4(t), then

Apl|Ra(L)]lpp "'y q((1 = €)t)
Ve Vit

Ve fll, < [[flg -

On the other hand, the analyticity of e=*V*~% implies, for some A4, > 0
and for all € € (0,1),

HVeftmf < [Ra(D)lpwp

Va Lt
p
A —leN/ a—
B2 ™" 11
Al Ra(L)[lpp e™"V®
- 1—c¢ t

p

IN

1/ 1lp
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where in the last step we have used the following estimate

o

p

IN

IN

1 & t2

p

eV fllp.-

The proof of Theorem 3.4 is completed.

In the case M = R", the LP-boundedness of the Riesz transforms and the
Sobolev inequalities yield the regularity of the solution to Poisson equation
Au = f, see e.g. E.M. Stein [63] and Gilbarg-Trudinger [28]. Similarly, we
have the following result for a general ultracontractive diffusion operator on
a complete Riemannian manifold.

Theorem 3.5 Suppose that there exists a constant Cy > 0 such that

e 100 < CLtT™2, V1> 0.

For a fized p < n, suppose that Ro(L) is bounded in Li(u) for ¢ = np—fp. Let
f € LP(M) satisfying fM fdpu =0, u be a solution to the Poisson equation

Lu=f.

Then there exists a constant C = Cp,,, ¢, such that

Proof. Write

Vu=VL'f=V(=L)"*(=L)"?f = Ry(L)(—L)""/*f.

By [71],

e 11,00

IVl 2 < ClIf,-

< Oyt "2 forallt >0

implies ||(—L)~Y/2||,, < +oc. Hence

IVully < I1Ro(D)lgall (—L) 2 llpall £l
This finishes the proof of Theorem 3.5.
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Below we describe some important applications of the LP-continuity of
the Riesz transforms in probability theory. Since the gradient operator V
is a local derivative operator while the square root operator (a — L)% is a
global integral operator, it is easy to deal with the Sobolev norm || f||;, and
the (1, p)-capacity ¢, while usually it is very hard to deal with the Sobolev
norm ||| f]||1, and the (1, p)-capacity C; ,. For example, under some suitable
conditions we have two effective approaches (see [58] [44]) to prove that
c1p s tight, that is, for any € > 0, there exists a compact subset X C M
such that ¢; ,(M \ K) < e. Moreover, this is true if for any ¢ > 0 there
exists f € C§°(M, [0, 1]) such that p(M \ suppf) < €¢/2 and |V f], < €/2.
However, usually it is very hard to prove the tightness of (', except for
p = 2. If one can prove the tightness of c;, by the above method and the
approaches in [58] [44] and if one can further prove that the Riesz transform
R,(L) = V(a—L)~Y?is bounded in LP(y) for all 1 < p < oo, then Theorem
3.4 implies that the (1,p)-capacity C, is also tight. In this case, we have
the following nice properties:

(1) By Sugita [69] and Kazumi-Shigekawa [37], for every positivity-pres-

erving distribution ® € W~19(M, ), there exists a unique finite tight
measure vg such that

O(f) = /]\/[f(.’ll)’)dV@(.’E), YV feWY(M,p).

Here W~14(M, p) is the dual of WP (M, i),
all open set O C M,

% + % = 1. Moreover, for

(3.2) v(0) < |9 14 (C1,(0)7

In particular, vg(A) = 0 for any Borel set A € B(M) with C; ,(A) = 0.

(2) By Fukushima [26] and the references therein, the Hunt process associ-
ated with the Dirichlet form E(f, g) = [,, |V f|[?du can be constructed
uniquely up to C ,-equivalence on M via the Dirichlet form theory if
Cl,p is tlght

As the last application of the Riesz transforms, we would like to mention
that the Riesz transform Ry(L) = V(—L)™'/? (and its generalisations on
k-forms) is naturally involved in the Hodge decomposition theorem with
respect to the weight measure

du(z) = e *@du(z).
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Let
Oy x = ddj + did

be the Witten-de Rham-Hodge operator on k-forms, where d is the exte-
rior differential operator, dj denotes its L?(u)-adjoint operator. Suppose
that the Green operators L' and D;}C exist, k = 1,2. Similarly to the
well-known integral representation formulae in the standard Hodge decom-
position theorem, see e.g. [21], we can prove that every 1-forms w in L?(j)
can be decomposed into

w=wgy+ws + wa,
where w; is Uy 1-harmonic, i.e., Ug 1wy = 0, and

wy = d(—=L) Ysw =d(—L)"Y*(d(—~L)""?)*w = Ry(L)R}(L)w,
wy = 004w = 600,00, %) w = Ro(Tp2) Ry(Dy2)w

Here Ro(L)=d(—L)~"/? (we identify it with V(—L)~/2), Ro(Og2) =6 0,5,
Ry (L) (respectively, R5(Og2)) denotes the L?(u)-adjoint of Ro(L) (respec-
tively, Ro(0p2)). Thus, we have the following result related to the LP-Hodge
decomposition theory.

Theorem 3.6 Let p > 1, ¢ = -%5. Suppose that the Riesz transforms

=
Ro(L) = V(~L)™"* and Ry(Osp) = 60,
are bounded in LP(u) and in L(p). Then the harmonic projection
w — wy = (I = Ro(L)Ry(L) — Ro(Og2) Ro(Hy,2)) w
is bounded in LP(u). That is, there exists a constant C, such that

”WIHLP(M) < Op”W”LP(M)'

To obtain the LP-boundedness of Ry(0y2), we need the Ricci curvature
and the Weitzenbock curvature on 2-forms. Here we will not discuss this
issue and refer the reader to Bakry [5] in which it was proved that Ro(0y2)
is bounded in L”(u) provided that the Ricci curvature and the Weitzenbock
curvature are non-negative. To end this section, we would like to mention
that the LP-(Helmotz)-Hodge decomposition theory plays an important role
(via the Leray projection) in the study of the Navier-Stokes equations and
boundary value problems, see e.g. [47, 61]. We also refer the reader to [65,
66, 34, 1] for the discussion of the LP-Hodge decomposition theory related
to the de Rham-Hodge operator on complete Riemaniann manifolds.
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4. Littlewood-Paley inequalities

4.1. Semigroup domination inequalities

Let d be the exterior differential operator on A(T*M), d* be the L*(v)-
adjoint of d, d, be the L*(u)-adjoint of d. Then dj = d* — iyg, where iy, is
the interior multiplication by the vector field X = V¢. The Hodge-de Rham
operator [J and the Witten-Bismut operator [ on one-forms are defined by

0 = dd* +d'd,
Op = dd+ d;d.

Moreover, see e.g. Formula (2.5) in [25], we have [0, = [0 — Ly, where Ly
is the Lie derivative along the direction of V.

In the proof of Theorem 1.1, Bakry [5] used the following two semigroup
domination inequalities: if Ric(z) + V2¢(z) > —a, V x € M, then for any
f€CE(M) and w € CP(AN(T*(M)),

’e"ﬂbw(x)‘

Vet f()

et |w| (z), VxeM,

<
< e"eH|Vfl(z), VaxeM,

These type semigroup domination inequalities cannot be expected if we
do not assume that the Bakry-Emery Ricci curvature Ric+ V?¢ is uniformly
bounded from below?. For this reason the study of the LP-boundedness of
the Riesz transform R, (L) = V(a— L)~'/? for a diffusion operator L with un-
bounded negative Bakry-Emery Ricci curvature is very complicated. One of
the most important ingredients of this paper is that we can replace (4.1)
and (4.2) in an appropriate way such that our new semigroup domination
inequalities (see Theorem 4.1 below) hold for any Markovian symmetric dif-
fusion operator L on a complete Riemannian manifold on which the Bakry-
Emery Ricci curvature is not necessarily to be uniformly bounded from be-
low. Moreover, these new semigroup domination inequalities enable us to
prove the LP-boundedness of the Littlewood-Paly function g, r(f) for all
p € (1,00) and the LP-boundedness of the Littlewood-Paly function g, 0o,
for all p € (1,2), which imply the LP-boundedness of the Riesz transforms
R,(L) = V(a—L)~/2 for all p > 2. In this subsection we will first recall the
probabilistic representations of the heat semigroup e *7¢. Then we prove
our new semigroup domination inequalities which will play a crucial role in
the proof of Theorem 2.1.

2By Bakry-Emery [2], for diffusion operator L = A —V¢-V on a complete Riemannian
manifold M, (4.2) holds if and only if Ric(x) — V2¢(x) > —a for all z € M.
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Let O(M) be the orthonormal frame bundle over M, 7 : O(M) — M be
the projection. Let Aj,..., A, be the canonical horizontal vector fields on
O(M), X be the unique horizontal vector field on O(M) such that

(X)) = Voé(x), Yuer ().

Then, for any v € O(M) with 7(z) = x, there exists a unique non-explosive
Markov process {u, t € Rt} on O(M) such that

duy = Z Ai(uy) o dw! — X (uy)dt
i=1
Ug = U.

Moreover, z; = m(u;) is a non-explosive Markovian diffusion process on
M starting at x with infinitesimal generator L = A — V¢ - V. We call
{uy, t € RT} the stochastic horizontal lift of {x;,t € R*} with respect to the
Levi-Civita connection on (M, g).

Let E, be the expectation with respect to the measure p,, the law of
{z4,t € R} on the path space P,(M) = {y € C(R", M) : v(0) = z}. Let
P, = et P! = ¢+, Then for any w € AY(T*M) and v € T, M, see e.g.
[53, 54, 22, 24, 5], it is well-known that

(4.3) < Plw,v> (z) = B, [< w(wy), v >],

where v, is an T}, M-valued process defined by the following covariant dif-
ferential equation:

D

(4.4) =

vy = —Ricg,(L)vy, vg = .

Here H 4
avt = uta(ut_lvt)

denotes the It6 stochastic covariant derivative along the diffusion process {x;}
on M. By [53, 22, 5, 24], we have

(15) ol < lollesp (- /Otms)ds),
4o) Rl < B fulen (- [ tK<x8>ds)],
an VRS < B[ Vilen (- /Otmxsms)]
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For a reasonable function V' € B(M,R), the Schrodinger semigroup
PY = e "=1+V) and its associated Poisson semigroup Q) := e tV-I+V
are defined as follows: for any f € B(M,R™"),

P f(x) = E, {f(a:s)eXp (— /OtV(xs)ds)] ., Yo e M,
Q) f(z) = /Ooo m(t, s)PY f(x)ds, Yz € M,

where

t
m(t,s) = —=s 3/26_5, s > 0.

2\/m
Qu=e™h Q= VT

be the Poisson semigroups associated with L and .

Let

Theorem 4.1 For all z € M, w € C(AYT*M)) and f € C5°(M), we

have

(4.8) |Plu@)|* < P*U(x)- Plwl*(x),

(4.9) VPf()] < P1(w) - PIVS(a),

(4.10) VQuf(@)F < QF1(z) QuIVIP) (),
(4.11) VQu (@) < @2K1<x> Q; (IVQ4FO)F) (a),
(4.12) 0:Quf () < %<|8t62 f()!) ().

Proof. By the Cauchy-Schwarz inequality, (4.6) (resp., (4.7)) implies (4.8)
(resp., (4.9)). Note that [;~m(t, s)ds = 1. By (4.9) and using the Cauchy-
Schwarz inequality,

2

vos@F < | [ sy PEE - RIS

< ([T meoris) [T RIv P

This proves (4.10). Replacing (t, f)in (4.10) by (t/2, Q¢/2f), we get (4.11).
To prove prove (4.12), notice that

—Qt ( ) \/—Qt ( ) Qt/2\/_—LQt/2f<x)-

The Poisson kernel of L is given by ki(z,y) = [~ m(t, s)ps(z,y)ds,
where ps(z,y) is the heat kernel of L. By Fublnl s theorem and since
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Sy ps(@,y)dy =1, ¥ s > 0,2 € M, we have [, k(z,y)dy =1,V t >0,
x € M. The Cauchy-Schwarz inequality yields

9 2 2
5@ = | [ VT whate. ]
2 B, 2
S/ ‘\/_—LQt/Qf(y)) kijo(z,y)dy = 4Qy/2 [ a@tﬂf@) ] .
M
The proof of Theorem 4.1 is completed. [

4.2. The Littlewood-Paley inequality for g, |

Recall the definition of the Littlewood-Paley function g, r: for any f €
C° (M) and any constant a > 0,

(113) o)) = | o (I T @R 4 Ve T @) "

Here the Poisson semigroup e V=1 is given by

eVl f(z) = /OO m(t, s)e @D f(z)ds.

0
In this subsection we prove the following Littlewood-Paley inequality.

Theorem 4.2 Let L = A—V¢-V be a Markovian symmetric diffusion op-
erator on a complete Riemannian manifold (M, g) with an invariant measure
du(z) = e~ *@dv(z), where ¢ € C*(M).

(1) For any a >0 and 1 < p < 2, there exists a constant C, such that
19a-L(N)zr(y < Cpll fll -

(2) Suppose that

(4.14) Cx = sup Q*1(z) < co.

zeM,t>0

Then for all p > 2, there exists a constant C, such that

(4.15) 19a-L(N)lzri < Cpll fllzo)-

(3) Under the same condition of (2), for any 1 < p < oo, there exists a
constant B, such that for any f € LP(u),

(4.16) If = Eofllzewy < Bpllga—r(f)lzr ()

where Ey denotes the orthogonal projection from L*(p) onto

Ker(L) = {u € L*(n) : Lu = 0}.
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Proof. By Stein [64], the horizontal Littlewood-Paley function

2 11/2
Jra—r(f)(z [ ‘ e VoL f(z) } , YaoeM,

is bounded in LP(u) for all 1 < p < oo. Hence we need only to show the
vertical Littlewood-Paley function

Go.0—1(f)(x) == [/Ooot ‘Ve_t‘/"“_—Lf(x))th} 1/2, VreM,

is bounded in LP(p) for all 1 < p < 2 on any complete Riemannian manifold,
and for p > 2 on any complete Riemannian manifold satisfying the condition
in (2).

To prove (1), we use Stein’s argument as one has used in the proof of
Theorem 1.4 in [16].

Let f € C3°(M), and set u,(z,t) = e7* @5 f(z). One can assume that f
is non-negative and non identically zero. Then by standard estimates u is
smooth and positive everywhere. Let

1/2

) = | [ Dl

Using the Bochner subordination formula

f\/f / e*H a—L) e *1/2du
\/_

one can prove (for details, see [16, p.40])

92.a-(f)(x) < CHu(f)(z), Vo e M.

Now, for any 1 < p < 2, we have

(55 1) atw) = oty (5= o) =plp= D Vo)
= — apuq (@, 1)’ — p(p — Du(z, )" Vu, (2, 1),

which yields

1

(417)  |Vue(z, 1)) = oo =1)

(2, 1) (% L+ ap) 2 (1)
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2 . I 2
H(N@: = [ VP
0
+oo
- cp/o Ua(, )77 (% — L+ ap) up (v, t) dt

< Cpsupug(x,t)*PJ, (1),
>0

where

+o0o
Jo(x) = —/0 (% — L+ ap)ul(x,t)dt.

Using the Holder inequality with exponent 5= and 2

(2=p)p

/Hp )<C’/Mst1>1£)ua(x,t) > Jo(2)? du(z)
<G| [ supuatety dute) o [yt "

t>0 M

By the maximal inequality for the symmetric LP-contractive semigroups
(see [64]), there exists a constant A, such that

[sup ua(-,t)ll, < Apll £l
t>0

By (4.17), (L — 2 —ap) ub(x,t) > 0, V(z,t) € M x R*. Applying first the
Fubini theorem, then integrating by parts and using L1 = 0, we obtain

[ awiue) = [ 7 (L———ap)u%:(x,wdtdu(x)
g—/Mup(:L’Hodu //Lupxtdu 2)dt

_ /M wa(i, 0 dpa(x) = || £

Combining this with the previous inequalities, we have

[HHa( )]y < C'||f||p 11 < Gyl
Therefore, we have proved ||g2,o—r(f)|l, < Cpl/ fl|, for all 1 < p < 2.

Next we prove (4.15) for the case p > 2. Without loss of the generality,
we only consider the case where a = 0.

Let u(z,t) = Qf(x). Combining (4.11) with (4.12) in Theorem 4.1, we
have

Opul, ) + [Vulz, t)[* < (4 + Cx) Qua (|0ru(z, t/2)|* + [Vu(z,t/2)]%) .
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Therefore
s = [ [Vule P + 10tz O]t
0

< @+Cx) [ e VTR (Vule, t/2) + [Opula, t/2)]?) tdt.
0

Changing the variable t — 2t, we get
s <4+ ) [T (Tula O + Dt )) .
0

whence

(4.18) g(f) < 2/4+ CH(f),

where

oo 1/2
() = | [T (19 R e R |

0
By P.A. Meyer [55], Bakry [5], see also Shigekawa-Yoshida [62], for any

p > 2, there exists a constant C), such that

(4.19) (Nl < Coll Fllp-

Hence ||g(f)|l, < 2C,v/4 + Ck|| fllp- In fact, we can prove (2) by the same
argument as used in Stein [64] (p. 51-55). Due to the limit of the paper, we
leave this to the reader.

Finally, let L = — [;° AdE) be the spectral decomposition of L in L*(u).
Then, for all f € L*(u),

19 "
e = [ [ |G

M JO

= [t | VamTe @)l du)
0 M

= / tdt/ [Va+ Xe Y Pd| By £
0 0

= / (a+N) (/ e%mtdt)duafug
0 0

1
= JIf = Eofli

2
tdtdpu(x)

Hence

1f = Eofll3 = 4llgra—r(f)Il3.
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By polarization, for any f,h € L*(u), we have

< f = Bof.h— Eoh > 12, / / O T f () 2 VR dtd()
By duality argument, we have

1f = Eoflly < Bpllgra—rL(Hll < Bpllga—r(Hllp < Coll Fll

for all 1 < p < co. The proof of Theorem 4.2 is completed. [ |

4.3. The Littlewood-Paley inequality for g,.n,

Recall the definition of the Littlewood-Paley function g4, for any w €
CSe(AY(T*M)) and any constant a > 0,

(4.20)

o0 1/2
o+, (W) (2) = [/ t (|%€t oy (2) 2 + |Ve a+D¢w(m)]2) dt} ,
0

where V denotes the Levi-Civita covariant derivative on M, and
(4.21) e Vet (1) :/ m(t, s)e”* @)y (z) ds.
0

In this subsection we prove the following Littlewood-Paley inequality.

Theorem 4.3 Let 1 <p <2, L=A—V¢- -V be a Markovian symmetric
diffusion operator on a complete Riemannian manifold (M, g) with an in-
variant measure du(x) = e~ *@dv(x), where ¢ € C*(M). Suppose that for

some > q= ﬁ we have
(4.22) Csx = sup Pf(aJrK)l(x) < 00,
t>0,0eM
and
(4.23) sup Gpatk)(a + K) (z) < oo,
zeM

where Gpatr) 18 the Green potential operator of the Schriodinger operator
—L+ pla+ K). Then there exists a constant A, such that

19010, (W)[lp < Ap[lw]l,-

To prove Theorem 4.3, we need two lemmas.
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Lemma 4.4 Suppose that (4.22) holds on (M, g). Then for any 1 < p <2,
there exists a constant C, such that

p
(4.24) /Msup et “+D¢’w(x)‘ du(z) < CprHip(M,M)'

t>0

Proof. By (4.3), (4.5) and (4.21), we have

‘eft a+D¢w(z)‘ = sup / m(t,s)e” P E,[< w(xs),vs >]ds
lvll=11J0
< ”51H1p (t,s)e” By [|w(xs)|l[vs]|] ds
v||=1J0

< [t E [ule K]
0

= [l ) B el eI g
0

By the Holder inequality, for any a = % € (l,p) and § > ¢ = p%l’ we
have
sup eV ow(@)| < sup E, [lwl(e,)e o]
t>0 s>0
()]} B3 (a8 ()] L7
< sup ({B. [l (@)} { B, [e R0 |
s>0
s 1/
< sup {Ez [efﬁfo (HK)(‘T“)CI"]} sup| P, |w|®(z)].
s>0,0e M s>0
Note that

E, [6—5 fg(a—l-K)(a:u)du} _ Pf(‘”K)l(x).
Thus under the assumption (4.22), we get
sup |e ™V ou(a)| < Cf supl Pl (@),
>0 T s>0

from which and using the maximal inequality for symmetric LP-contractive
semigroups (see [64]), we get

p
/ sup e~ “+D¢w(1’)‘ du(z) < Cg/ﬂ/
M s>0 ’

< C«p/ﬁAp/a/ |w|ap/a ( )

SupPIW\ (@) dulz)

p/a

_ C'p/ﬁAp/anHg.

p/a

The proof of the lemma is finished. |
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To state the second lemma, for any w € C5°(A'(T*M)) and any € > 0,
let us define

wlz,t) = e Vit (z),
we(z,t) = V]w(z, t)]? + €.

Lemma 4.5 Under the above notation, for any 1 < p < 2, we have

2

1 Qpre 0
m|w($,t)| thﬁlg% (ﬁ —I—L) |we(z, 1) [P

+— 1(“+K)_($)|W<x7t)|27

[Vw(z, )

where V = (2,V), V is the Levi-Civita covariant derivative on M.

Proof. The modified Bochner-Weitzenbock formula reads (cf. Bakry [5]
Formula (0.3))

Lw)* = =2 < w, 04w > +2|Vw|> + 2 < Ric(L)w,w >,

which implies that

82 2 ~— 2 82
(@ + L) wiz, O = 2AVw( )" +2 < (55 = Oy, 1), (e, ) >
+2 < Ric,(L)w(x,t),w(z,t) > .

Notice that

82
<@ —a— D¢>w(x,t) =0
and
< Ric,(L)w(x,t),w(z,t) > > K(z)|w(z,t)]*.
Hence

2

(4.25) (% + L) lw(z, 1)]? > 2|Vw(z,t)? + 2 (a + K()) |w(z, )%

On the other hand, we have

2

(g + D)kl = (G + 1) e 0P

ot? ot?
_ D 2\2-1 3_2 2
= Llwela, A F (55 + L) el 1)
p,p P_o=
+2E - D(wila DT P
p s p,p =
= Lo, 012 (55 + L) el ) + £ 6 = Dl (o, )P~ Ve, D
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Hence
0? P [ 0?
(@ + L) |we(z, )P = §]w€(:c,t)|p 2 <@ + L) |w(z,t)|?
p,p R
(1.26) P2 D)o Tl O
Moreover
= 2
Vw(@, )PP = |[Viw(@ )] + |0]w(z, t)
= 4] < Vw(z,t),w(z,t) > |* +4] < w(z,t), w(z, t) > |?
< Afole,t)P[Fulz, b
Hence
(1.27) o, O < Alwe (o, )2 [Foo(a, D

From (4.25), (4.26) and (4.27), for any 1 < p < 2, we have

(57 + 1)l = Do (2l O 2 a+ K ()l )P)

p.p - =

+5(5 = Dlwe(@. P~ - dlwe (e )P [Vw(a, )

= p(p — Dlwe(, )P Vel )]
|

+p(a+ K(x)) |we(z, )" |w(z, ).

Hence
Tolw 0 < w27 (2 4+ L) fel )P
) — p(p _ 1) € 9 8t2 € )
1
+—(a+ K) (@)l (z, )"
Taking ¢ — 0, the proof of Lemma 4.5 is completed. [

Proof of Theorem 4.3. By (4.20) and Lemma 4.5, we have

(4.28) Jar0, (W) < Ni(w) + Lh(w),
where
Fw) = ! /Oot|w(m £)|?7? lim inf 8—2 + L | |we(z, t)[Pdt
1 p(p . 1) 0 3 €0 8t2 (A )

R(w) = p%l/Ooot(a+K)—(a:)|w(x,t)|2dt.
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Note that
F(w) < ! sup |w(z,t)|>? /Oothm <8_ + L) |we (2, t)Pdt
p(p—1) >0 0 ot2
Lw) < ! (a+ K) (z)sup \w(x,t)|2_p/ tlw(z, t)|Pdt.
p—1 £>0 0

Using the Holder inequality with exponent QQTP and %, we have

2 p/2
||]1(u))||§ §C’/sup|w($ t)|p( —p) (/ tim 1nf (§2+L)|w€<x t)|pdt) ($)
0
M

< Gllsupletally = / [t it (54 L) 0Pt >dt)p/2.

Using Lemma 4.4, we have

(4.29) (| Lu(@)Il5

<Ol (/ / tlim inf (—2+L) |w€(x,t)|pdu(x)dt)p/.2

. . . . . 2
Let B; be a one-dimensional Brownian motion with the generator th

starting at T € R*. Let 7 = inf{t > 0 : B; = 0}. Then (21, By) is a diffusion
process on M x R with infinitesimal generator L + atQ Let

Zt = |WE(ZEt/\7—, Bt/\T)|p .

Then Z; — Z, is a non-negative continuous submartingale with the Doob-
Meyer decomposition Z;,— Zy = M+ A;, where M, is a continuous martingale
and A; is a continuous increasing process given by

tAT 82
Ay = / (W + L)|we(zs, Bs)|Pds .
0

Denote P, r the law of the diffusion process (x:, B;). For any f € B(M,R),
let Er[f] = [y Eor(f)dez. By P. A. Meyer [55] and Bakry [5], see also
Shigekawa-Yoshida [62],

/ / (T D) (ﬁ + L) w.(z, )Pdt = Er [/(88—22 + L) we(zs, Bs>|”ds] |

On the other hand, using the Lenglart-Lépingle-Pratelli inequality [38],
we have

E[AL] < 2E|Zo — Zo).
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Hence

B [ (2 1) loto ovas]

IN

2Er [(|w(x7, 0)]* + 62)g - ep}
2By [lw(zr,0)P)
< 2 /M w(z, 0)du(x) = 2w,

IA

where in the second step we have used the elementary inequality: for any
p € (1,2) and for any z,y € RT, it holds that

[MiS}
NI”@

(r+y): -yt <=

By Fatou’s lemma

/ / tlim 1nf (— + L> |lwe(x, t)[Pdtdu(x) <

< lim inf lim / / (T A1) (—+L> (e, ) Pdtdp(z)

e—0T—o00

< 2|wll7.
Combining this with (4.29), we have
(4.30) [ (@)l < Cllwllp.

Next we estimate |[I3(w)]],.
Using the Holder inequality with exponent 2%p and %, we have

Il = A, [ o0 (10560 [ toteopa)” aute

< Al leteolly = | [ [t 5 >|w<x,t>rpdtdu<x>r/2.

By Lemma 4.4 we have

2-p 1/2
(431) L), < Al ™ [/M t<a+K><x>rw<x,t>|f’du<:c>dt}.

xR+

Therefore it is enough to estimate

(4.32) J = /M ot K) @)l )P du(z)ar
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To do so, combining (4.3), (4.5) with (4.21), we obtain
J = / t(a+ K) (z) / m(t,s)e > )y () ds
M xR+ 0

< /M N t(a+ K) (z) /000 m(t, s) |6_S("+D¢)w(x)}p dsdp(x)dt.

The Fubini formula yields

J < / ( /0 tm(t, s)dt) (a+ K) (2) (E [|w(xs)|e_f5(a+K(wr))dT] )p dp(z)ds.

M xR+

p

dtdpu(x)

Notice that for any s > 0, by changing variable ¢t = \/sv, we have

& d & t2 7t2d > 'U2 7v2d 1
tm(t t = ——— 4 dt = - =
/0 m(t, ) /0 o /ms32 /0 oyr T

Hence

(4.33) J < C/ (a+ K)*(a:)Ex [‘w(xs)|P€*pf;(a+K(a:T))dri| do.
M xRt

Notice that ¢s(z,y) is the transition density of x5 with respect to the refer-
ence measure u. Taking conditional expectation and then setting z, := z,_,,
r € [0, s], we have

72 flark) / )P B [ B Ko =y g, y)dp(y)dsd(z)

M xR+

: / WP [(a+K) (2)B, [e P 5K ED 5~ g, o y)du(w)dsdu(y)

MxR+

By the reversibility of the L-diffusion process, using the Fubini theorem and
since ¢s(z,y) = gs(y, x), we obtain

J< C’/]w |p/(a—l—K) (x )Ey[ —p [3 (a+K (z}) ‘“’|xs—x}qs(y7 x)dp(x)dsdu(y)

MxR+

- ¢ / WP [ B [(a+ K) @)e B duduy
0

— C/ |w(y)|pEy {/ (a+ K)—(xg)e—pfos(aJrK(z%))drds} du(y),
0
M

where {z¥,s € [0,00)} is a sample of L-diffusion process on M starting at
y e M.
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Moreover, by the definition of the Green potential operator of —L+p(a+ K),
Gp(a+K) (a + K)7<y) = Ey |:/ (a + K)f(Ig)efpfos(aﬁ’l((xg))drds )
0
Thus, under the assumptions of Theorem 4.3,

(434) J <Gyl

From (4.31), (4.32) and (4.34), we have || Iz(w)||, < C|lw]|,- Combining this
with (4.30) and (4.28), the proof of Theorem 4.3 is completed. [

Remark 4.1 The heat kernel of the Schrodinger operator —L + pK can be

given by
@5 (x,y) = pi(x,y) By {eXp ( / K(z)d ) xtzy] .

In view of this, one can reformulate the above proof and the proof of Lemma
4.4 in an analytic way by avoiding the use of the probabilistic representation
of the Schrodinger semigroup.

5. Schrodinger semigroups on Riemannian manifold

Let {x;,t € R*} be the diffusion process generated by the Markovian sym-
metric diffusion operator L = A — V¢ - V on a complete Riemannian man-
ifold (M, g). Throughout this section, we let V' denote a potential on M,
i.e., a Borel measurable real valued function on M. For V' € B(M,R) such
that fot \V(zs)|ds < +o0, Vt > 0,P, = P, ® pu(dr) — a.s., the Schrodinger
semigroup generated by —L + V' is defined by the Feynman-Kac formula

PV f(z) = E, {f(xt) exp (— /Ot V(xs)dsﬂ , V feBM,RY).

Definition 5.1 ([9], [12]) The Kato class (M, L) associated with the
L-diffusion operator L on a complete Riemannian manifold M is defined
as the collection of Borel measurable real valued functions V- on M such that

hmsupE [/ V| (zs ds} =0.
0 zeMm

Definition 5.2 ([72]) The weak Kato class KC,,(M, L) is defined as the col-
lection of Borel measurable real valued functions V- on M such that

t
sup E, {exp (/ ]V(acs)]ds>1 < 400, Vt>0.
0

zeM
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Proposition 5.3 ([12,67]) K(M,L) C K,(M,L). Indeed, if V € IC(M, L),
then there exist two constants Cy, Co(V') such that

sup FE, {exp </Ot |V(xs)\ds)] < Crexp(Cy(V)E), Vit >0,

zeM

where C7 can be chosen independent of V.

Definition 5.4 Let V € K,,(M,L). For any p € [2,00], the LP-bottom of
spectrum A\,(—L + V') of =L +V is defined as follows:

1
(=L +V) =~ tlgglo n log HPtVHLP(u),LP(u)'
Proposition 5.5 Suppose that sup ||PY|eoco < +00. Then
0<t<1

—logy(—=L+V) < Ao(—L+V),

where
YV=L+V):= sup [P |scc0-
0<t<1

Moreover, if sup ||Pt_‘v‘||007OO < +o0, then V € K(M,L).
0<t<1

Proof. Indeed, for any ¢t > 0, let t = [t] + {t}, where [t] is the integer part
of t. Then, the semigroup (or the strong Markov) property implies

61 1Pl < 1Pl leoel P [ < sup [PV 5L

Hence, if sup ||PY||ooc0 < +00, then

0<s<1
—logy (=L +V) < Ao(=L+V).
Similarly
(5.2) 1B oo < sup [PV, we > 0.
0<s<1
This implies V' € IC,(M, L). |

Corollary 5.6 Let V= € K(M,L). Then Apo(—L + V) > —o0.

Proof. This is an easy consequence of Proposition 5.3 and Proposition 5.5.
[ |
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Proposition 5.7 Let V € K,,(M,L). Then

(1) For anya € R andp € [2,00], \y(—L+a+V)=a+ M\(—-L+V).
Moreover

nf{V(z),2 € M} < A\(~L+V), Vpe 2.

(2) The function p — \,(—L + V') is decreasing on [2, cc].
(3) The function r — Aoo(—L +1V') is concave on [0,00).
(4) The function r — Aoo(—L +7V')/1r is decreasing on (0, 00).

Proof. The proof of (1) is trivial. For (2), (3) and (4), we use the Holder
inequality as in the case where V' € IC(M, L), see e.g. [67]. |

Proposition 5.8 Suppose that

sup [PV [loooe < 400 and  Aw(—=L+V) >0.

0<s<1

Then

(5.3) supsup PV1(z) < oo,
t>0 xeM

(5.4) sup sup Q) 1(x) < +oo.
t>0 zeM

Proof. By A\.(—L + V) > 0, there exists ¢y > 0 such that

sup HPtVHOO,oo <1l
t>to
Combining this with (5.1) we finish the proof. [

Following Chung-Zhao [12], let us introduce the class F(M, V™) of func-
tions f € B(M,R) satisfying

|f(@)] < C1+ GV (z),
for some constants C'y > 0 and C3 > 0 and for all x € M.

Proposition 5.9 Suppose that
sup Hfljvp_HOOpO <:%—OO, f € jT(A4}‘/7)'

0<s<1

t
| P
0

Then

< (Cyt + Cy) sup |P7YV7 UL v > 0.

00,007
0<s<1

o0
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Proof. We modify the proof of Prop. 3.6 in [12, pp. 80-81]). Notice that
t t t
0 0 0

r rt s
< Cit sup [|PY1e + Cosup E, / exp (/ V_(xu)du) V_(xs)ds]
zeM LJO 0

0<s<t

rrt s
= Ot sup ||PY1)s + Cosup E, / dexp (/ V(a:u)du)l
LJo 0

0<s<t zeM

- ¢
= Cit sup ||P)1]o + Cosup E, |exp (/ V_(xu)|du> - 1}
zeM L 0

0<s<t

<Oyt sup [|PY]EL 4+ € [ sup [PV — 1] ;
0<s<1 0<s<1

in the last step we have used (5.1) and (5.2). This finishes the proof. |

Definition 5.10 The Green operator of the Schordinger operator —L +V
is defined as follows: for any f € B(M,R"),

Gvf(a)= [ P st
0
Proposition 5.11 Suppose that

sup [Py oo < +00  and  sup Gyl(z) < 4o0.
0<s<1 zeM

Then for any f € F(M,V ™), we have
Gylfl e L>*(M).

In particular,
sup Gy V™ (z) < 00.

xeM

Proof. For any x € M and ¢t > 0, write
t

55 Gl = [ P\fl(ads + Gr(PY |f)e)
0

By Proposition 5.9, there exist a > 0 and A > 0 such that for every ¢ € (0, al,

t
| Prisias

0

<A.

[e.e]

Integrating with respect to ¢ from 0 to a on both sides of (5.5) and then
dividing by a, we get
1 a
Glflie) < a+ov (5 [TRVfE) @ < aG+atIGrly).
0

Hence Gy |f| € L>(M). |
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Proposition 5.12 Suppose that

sup ||P8_V7||Oo7C>Q <+oo  and Ao(—L+V)>0.

0<s<1

Then

(5.6) sup Gy V™ (x) < oc.
zeM

Proof. Choose T big enough such that |PY1|s < e =(EVIH2 vy >,
Then Hf;o PtvldtHOO < 4o00. Note that

i

Hence |Gyl = ||y PY1dt|| . < +oo. Applying Proposition 5.11, we
obtain (5.6). |

00,00

T
/ PtvldtH < TPV 1|oe < T sup ||P7Y ||
0 o 0<s<1

6. General case: Proof of Theorem 2.1

To prove Theorem 2.1, we need the following result which first appeared in
Bakry [5] (p. 161) and has been used by many authors (see e.g. [3, 5, 6, 11,
14, 15, 44, 45, 62]).

Lemma 6.1 For any f € C5°(M) and w € C3°(AY(T*M)),

1< RaL)f w0 > 151 < 4 /M g0 (F)(@) g1 as0, ()du(2),

where
Pa-r(f)(z) = ( /0 OO|V€_W“_—LJ” (ff)thdt) 1/2,
IO, (W)(T) = (/OOO '%et\/mw(x) 2tdt>1/2.

Proof. (See [5]. See also [14] for the special case where L = A and a = 0.)
For the completeness of the paper and for the convenience of the reader, we
would like to give the proof here for general diffusion operator L and a > 0.

Similarly to the proof of (3) in Theorem 4.2, using spectral decompo-
sition and polarization, we can prove that for all w,n € L2*(AY(T*M), u)
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with Ey(n) = Ey(w) = 0, where Ej denote the orthogonal projection from
L*(ANT*M), ) onto Ker(O) = {w € L*(AY(T*M), u), Oyw = 0}, we have

< 0 /om0 oL
<MW >r2(= 4/ < ae_t oty ae_t -+t > 2y tdt.
0

Applying the above formula to = d(a — L)~'/2f, and using the fact

de™VoTL(f) = %V "t (d(a — L)) f)

9

we obtain

|< Ra(L)f,w >L2(,u)| =4

o f—r . O e
/0 < de oLy, ae_t a+ls >12() tdt’

<4 / ‘Ve’“a’Lf(:c)) ‘%eﬂ“md’w(x) tdtdu(z).

M xR+

Using the Cauchy-Schwarz inequality, we complete the proof of Lemma 6.1.
[ |

Combining Theorem 4.2, Theorem 4.3 and Lemma 6.1, we have the fol-
lowing
Theorem 6.2 Let p > 2, q = z%' Let M be a complete Riemannian
manifold, L = A — V¢ -V be a symmetric Markovian diffusion operator.
Suppose that

—B [{(a+K)(xs)ds

sup FE, |e < oo for some 3 > p,

t>0,0e M

and

sup Gy(atx)(a + K)™ (x) < oo.
zeM

Then the Riesz transform R,(L) = V(a — L)~Y/2 is bounded in LP(p).

Now we are able to prove Theorem 2.1.

Proof of Theorem 2.1. Let 75 := sup ||P?%||«.o. Then
0<s<1

15 < sup [P e < o0,
0<s<1
Proposition 5.5 yields Aoo(—L + SK) > —logys > —oo. If we assume that
a > max{—Ao(—L+FK)/3,0}, then Ao (—L+ F(a+ K)) > 0. This implies
Aoo(—L +2(a+ K)) > 0.
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By Proposition 5.8 we get sup;~¢ ,c s Qf(ﬁK)l(x) < 00. By Theorem 4.2,
for any p > 1, there exists A, > 0 such that

(6.1) 19a-()llp < Apllfllp, Vf € C5°(M).
By Proposition 5.7, for all ¢ € (1,2], we have

Ao(—L + g(a + K)) - Ao(—L + f(a+ K))

q B g

By Proposition 5.8 and Proposition 5.12, (4.22) and (4.23) hold when re-
placing p there by g = ﬁ here. Applying Theorem 4.3, for all p € [2,3)
and all @ > max{—\o(—L + SK)/5,0}, there exists B, > 0 such that
(6.2) |9a+0,w)llg < Byllwllg, Vw € CE°(AN(T™M)).
By Lemma 6.1 and the Holder inequality,

1< Ra(L)f, 0 > 11y < A Ga—rHpllgaro, (@)]lg-
Combining this with (6.2) and (6.1),

1< Ra(L)f, w0 > 11y < 44 Byl fllpllwllq

for all p € 2, 5) and a > max{—A(—L + BK)/B,0}. Taking the supremum
over all w € C5°(AY(T*(M)) with |lw|, = 1, we obtain

[1Ra(L) fllp < 4ApBy|| f1l,
for all p € [2,0) and all @ > max{—\(—L + SK)/3,0}. By Theorem 3.2,

R, (L) is bounded in LP(u) for all p € [2,3) and all a > 0.
Finally, if (2.3) and (2.4) hold, then
Ao(—L+pK)>0  and sup G K™ (z) < 4o0.
xeM
Hence [lg2,-(f)llp < Apl[fll, for all p > 2-and g0, (w)lly < Byllwll for
g = 21 By Lomma 6.1, we have |[Ro(L) /], < 44,B,l[ 1], for all p € [2, 5).
|

> 0.

The following result gives a more effective criterion for the LP-bounded-
ness of Ry(L) = V(—L)~/2. The proof is very similar to the above one and
is omitted here.

Theorem 6.3 Suppose that for some [ > 2 we have

sup et(L-}—BK*)l(x) < +00,
0<t<1,zeM
and Moo (—L+ BK) > 0, or A(—L+ BK) > 0 and \oo(—L + K) > 0. Then
the Riesz transform Ry(L) = V(a— L)~Y2 is bounded in LP(u) for all a > 0
and p > [2,3).
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7. Case of ultracontractive diffusion operator

From now on we suppose that (L, i) is a ultracontractive diffusion operator
on a complete Riemannian manifold (M, g) with dimension dim(L) = n.
That is, P, = e satisfies

(71 e flle < Ct 2| fllrgy, Y EE (0.1, f € C5E(M),

where C' is a positive constant. Note that (7.1) holds if and only if the
heat kernel ¢;(z,y) of the diffusion operator L with respect to its invariant
measure 4 satisfies

sup qi(z,y) = |le 1o < Ot 2, ¥Vt € (0,1].
z,yeM

The following result is well-known to experts.

Proposition 7.1 Let (L,pu) be a ultracontractive diffusion operator with
dim(L) =n. Then V € IC(M, L) provided that

Ve Lat(u) for some e > 0.

Proof. For the convenience of the reader, we give a proof here. By the
Riesz-Thorin interpolation, (7.1) implies that, for all p > 1, there exists a
constant C), such that

1€ fllpoo < Cpt ™%, ¥ t € (0,1].

Hence, for 0 <t < 1, we have

t t t

sup E, [ / |v<xs>|ds] < [ BV lcds = [ eV s

xeM 0 0 0

t n (j l_n
< G, [ EWVlds = ot BV,
0 =3

provided that V' € LP(u) with p > . Taking ¢t — 0, Proposition 7.1 follows.

-

Proof of Theorem 2.2. By Proposition 7.1, (K + ¢)~ € Lz*¢ implies
(K +¢)” € K(M, L). Hence, for all 8 > 2, 3(K +¢)” € K(M, L). Proposi-
tion 5.3 yields

sup ||PL<),_5(K+C)7||oo7Oo < +4o00.
0<s<1

Note that K~ < (K + ¢)” + ¢. Hence,

sup || Py 7K || so00 < 400
0<s<1

Theorem 2.2 follows immediately from Theorem 2.1. [ |
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8. From principal eigenvalue to Lyapunov exponent

From Theorem 6.3, the Riesz transform Ry(L) = V(—L)~/2 is bounded in
LP() if the Lyapunov exponent Ao(—L+ SK) > 0, or if Ao(—L+(K) >0
an A\oo(— L+ K) > 0. While it is not easy to estimate the Lyapunov exponent
if we do not assume that K (the lowest eigenvalue of the Bakry-Emery
Ricci curvature) is uniformly bounded from below. We now give an effective
approach to estimate the Lyapunov exponent A, (—L+V") from the principal
eigenvalue A\o(—L + V). To state it, let us define LY (M, u) (for v > 1) be
the collection of Borel measurable functions f : M — R such that

1/v
£l := |supp{w € M2 |f(@)] 2 £}€"| < oo,

Note that for all v > 1, LP(M, p) C LY (M, ). However, || - ||, is not a
norm.

Theorem 8.1 Let (L,p) be a ultracontractive diffusion operator with
dim(L) =n. Suppose that V € B(M,R), V= € K(M,L) and there ezists
v > 2 such that

(V=2 (V)™ € Ly(M, ),

where A (V) := max{0, \o(—=L + V)}. Then
Heft(fLJrV)HOO’OO < C(l + t)zx/2€f>\2(fL+V)t7 V> 07

and
Ao(—L+V)=X(-L+V).

Proof. We modify the argument used in Davies-Simon [20]. Let H =
—L+V,H*=—L+V*. Then

t
_ _tHTt _ _ _($— +
e tH — o7tH —|—/eSHVe(tS)Hds.
0

Therefore

t t
0<e 1= e tH ] +/ e Y~ (t=)H 144 <1+ / e MV =ds
0 0

and .
0<e WHDH] < o=H1 4 / e~ GTVHY — g
0
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Recall an interpolation inequality ® used in Davies-Simon [20] for positivity-
preserving linear operators 7' mapping L? + L™ into L*:

v 2/v
IT flleo < —— TN 1T N

where f € LY (M,pn), v > 2. By this interpolation inequality and using
Proposition 5.3, we have

t
(8.1) He—(tJrl)HHOoc>o < 01+C2/ He (s41) HHQ/V H —(s+1) HHl 2/v 1V llwds.
’ 0

Let g(s) = e [l2, n(t) = sup{ e~ s : 0 < s < t}. Then
(82) e M o < e llnnelle™ fl20 = e [200g(s).

By the Feynman-Kac formula and the Cauchy-Schwarz inequality, we have

e Hlan = sup [l CE |

llfll2<1

< sup supE, [|f(x1)|e Jo V(zs) S}
I £ll2<1zeM o

< sup sup {E, [|f(z)]2]}? { E, [@*2f01V(zs)ds} }
[[fll2<1 zeM

< He (=L+2V) H1/2 sup sup {6L|f|2(x)}1/2

[fll2<1zeM
< et s (e 1)
< e e

Combining this with (7.1) and using Proposition 5.3, we have ||e ™ ||2 o, < 00.
Hence

t
(8.3) n(t) < cl+03/g(s)2/"n(s)12/"ds
0
t
(8.4) < cl+03n(t)1_2/”/ g(s)*Vds.
0

To simplify the notation, let \,(V) = A\,(—L+V'). By Proposition 5.7, it
is always true that Ao (V) < Ay(V'). We now prove the converse inequality
in the following three cases.

3For its proof, see for example the MathSciNet Review of [20] given by J. A. Van
Casteren.
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Case 1. Suppose that \y(V)=0. Then g(s) <C and n(t) <c; + can(t) =2/t
Hence
n(t) < Ctn(t)"", Vit>1.

Thus
el <nt) <C

(
This yields Aoo(V') > 0 and hence Ao (V) = 0.

Case 2. Suppose that \y(V) = a®. Let H, := H — a* = —L + V,, where
Vo=V —a? Then M\y(V,) =0, V, € K(M, L) and V- € L% (M). Using the
result in the Case 1, we have

He_tHa loo,00 < C(1+ t)y/Q '
Hence
le™ ™ oo < C(1+ )"/ 27
This yields Ao (V) > a? and hence Ao (V) = a®.
Case 3. Suppose that A\y(V) = —a?. Then g(s) = [le |22 < ***. Hence

t W2
n(t) <c + 03n(t)1_2/”/ 2%V ds < ¢ + C4n(t)1_2/'/62'/t.
0

Let y(t) = n(t)e=*"". Then
y(t) < e ey (D) < o+ eay ()
This yields that y(t) < C for some constant C' > 0. Hence
le=|| .. < nlt) < Ce™™.

This yields A\oo(V) > —a? and hence A\ (V) = —a®. |

Remark 8.1 Suppose that A\y(V) = a* > 0 and V~ € L% (M, i) for some
v > 2. Then
e F )| 0e < C, and As(—L+V) > 0.

Indeed, in the proof of the Case 1, g(s) = e 7|22 < e~***. Hence
t
n(t) < e + 63/ €727 (5) 7V ds < ey + eqn(t) 7.
0

The function f(z) = z—cqz' =¥ —¢; is increasing on [¢/* (1—2/v)*", 00)
and f(4+00) = +o00. Let C = max{z > 0 : f(x) = 0}. Then n(t) < C,

¥Vt > 0. Thus
}|<9_“q|{007C>o <C, Vt>0, and \o(V) > 0.
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Similarly to the proof of Case 2 in Theorem 8.1, we have the following

Proposition 8.2 Let (L, p) be a ultracontractive Markovian diffusion oper-
ator with dim(L) = n. Suppose that V € B(M,R), V- € K(M,L). If

Ao(—=L+V) > a? and (V—a*)~ €Ll (M,p),
then

e )| oo < Ce®*, and Aoo(—L+ V) > a?.

Proof of Theorem 2.7. By the same argument as used in [59], we can
prove

Xo(=L+ BK) > a® := Ba— B|[(K — @) ||n2B > 0.

Indeed, integration by parts and the Sobolev inequality yield

/ (—Lf+ BKS, [dp > |V /]2 + Ba / Py / B(K — o)™ fdy
M M M

> VA2 + Bl f11z = BIK = a) 7[5 2l fl1znm—2
> VAR = BIK = @) [lnj24) + Bl fI2(a = (K = @) [la/2B)
> Bla = (K = ) [ln2B)[Lf13-

Note that
(BK — ) = (BK + BBI|(K — ) |luy2 — fa)™ < K —a)".
Therefore
16K —a*) I3, < OICK —a) 7,5, < min{A™,aBB™},

Hence
(BK —a®)” € L7 (M, p) C L (M, pu).

Since § > 2, Proposition 8.2 applies and yields
Aoo(—=L + BK) > a* > 0.

By Theorem 2.1, Ry(L) = V(—L)~'/? is bounded in L?(y) for all p € [2, 3).
|
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9. Examples

9.1. Riesz transforms for the Laplace-Beltrami operator

Suppose that (M, g) is a n-dimensional complete and stochastically complete
Riemannian manifold on which the following Sobolev inequality holds

O Iy, < AIVI ey + Bl Iy, 023

By Proposition VIII.3.3 in Chavel [10], see also Proposition 3.6 in Hebey [32],
if (M, g) is a complete Riemannian manifold with positive injectivity radius
and Ricci curvature bounded from below, then

€ 1,00 < CE™2 Yt € (0,1]

and in particular, when n > 2, the Sobolev inequality (9.1) holds with
some constants A and B. On the other hand, by Hoffman-Spruck [33], see
also Theorem 8.3 in Hebey [32], if (M, g) is a Cartan-Hadamard manifold,
then the Sobolev inequality holds with some constant A (which depends
only on n = dim M) and B = 0. In both cases, the Laplace-Beltrami
operator (A, v) is a ultracontractive diffusion operator with dim(A) =n =
dim M. Note that, see Section 1 above, the family of Sobolev inequalities is
stable under the quasi-isometry (and in particular the bounded conformal
transformation).

Proof of Theorem 2.4 and Theorem 2.5. They follow immediately from
Theorem 2.2, the Sobolev inequality on the Cartan-Hadamard manifolds and
on the complete Riemannian manifolds with positive injectivity radius and
with Ricci curvature bounded from below, and the stability of the Sobolev
inequalities under quasi-isometries. [ |

Proof of Theorem 2.6. By Theorem 2.4, R,(A) is bounded in LP(v)
for all p > 2 and all @ > 0. By H.P. McKean’s theorem (see [52]), if
M is a n-dimensional Cartan-Hadamard manifold with sectinal curvature
Sect < —k < 0, then

1£1220) < Crnll Afllz2w)

holds for all f € C3°(M) with Cy,, = (”’41)2]“. Hence —A is strictly positive

in L?(v). As in Lohoué [48] and Coulhon-Duong [13], Theorem 3.3 yields
that Ro(A) = V(—A)"12 is bounded in LP(v) for all p > 2. |

Applying Theorem 2.7 to the case L = A, we obtain immediately the
following
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Theorem 9.1 Let (M, g) be an n-dimensional complete and stochastically
complete Riemannian manifold satisfying the Sobolev inequality (9.1), n > 5.
Let

Ko(x) = inf{< Ric(z)v,v >: v e T, M, |jv|]| =1}.

Suppose that there exist some constants 3> 2, ¢ >0, € >0 and a > 0 such
that
(Ko +c¢)” € L2T(M,v),

and

(Ko — ) <min{(BA)"", aB™'}.

7HL%(V)

Then, Ro(A) = V(—=A)"Y2 is bounded in LP(v) for all p € [2,3).

Remark 9.1 By [4, 46], if the Ricci curvature on M is bounded from below,
then Ao (—A+ Kj) > 0 implies that M has finite volume and finite universal
covering. Thus, the Ricci curvature on a complete non-compact Riemannian
manifold with infinite volume and satisfying the conditions in the second part
of Theorem 9.1 must to be unbounded from below.

9.2. Case of (R", e g)

In particular, let us consider the complete Riemannian manifold
(Ma g) = (Rnu eug())

on which the Riemannian metric g is conformal to the standard Euclidean
metric go on R". Let u € (C*(R") \ CZ(R?)) N Cp(R™). Then (R™, e"gp) is
stochastically complete. As pointed out in Hebey [32] (p. 62), the Sobolev
imbedding H'?(M,v) C LP"(M,v) holds with B, = 0 for all p € [1,n],
n > 2. Indeed, this is a consequence of the stability of Sobolev inequalities
under the quasi-isometries. Hence, (A, v) is a ultracontractive operator on
(R, e"go) with dim(A) = n = dimR™, Vn > 2.

By (1.3), the Ricci curvature on (R", e"gy) is given by

n—2
4

n —

2
9 ’v(]u’Z) 9o,

-2 1
Ric = —nTVgu + Vou ® Vou — 3 (Aou +

where Vo and Ag denote the standard gradient and Laplace operators on
(R™, go). Suppose u € CH(R")NC*(R") but u ¢ CZ(R™). Then Ric > K(x)g.
Here

1

-2
K(x)=c¢o— 56_“($)A0u(x) U

2

e—u(iﬁ) Sup{< vgu(l’>v72] > ||U|| = ].}7
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where || || and < > denote the standard Euclidean norm and inner-product
on R”, and

-2 -2
co := inf {n e " @Vou @ Vou — n

) ) e @\ Vou(z))? : z € ]R"} :

To simplify the computation, below we consider the case n = 2. Then

Ric = —1 (e7"Agu) g. Hence K(z) = —1e @ Aqu(z). The volume element
on (R2, e“@gg) is dv(x) = e“@dz. The condition (K + ¢)~ € La*(v) for
some ¢ € RY writes

_11+e
/ [(26 - e’“(’”)Aou(x)) ] @ dy < 400,
R2

which is true provided that

(9.2) /]12{2 [(QCemin” - Aou(x))f}

Hence, if u € C?*(R?) N Cy(R?) satisfies (9.2) for some constant ¢ € RT,
then for all @ > 0 and p > 2, the Riesz transform R,(A) = V(a — A)~Y/2 is
bounded in LP(R?, ¢*®)dz), where V and A denote the Riemannian gradient
operator and the Laplace-Beltrami operator on (R2, e“®gy). This proves
Example 2.2.

1+e€
dxr < +o0.

9.3. Riesz transforms for diffusion operators on R! and R?

Let ¢ € C*(R,R), L be the one-dimensional diffusion operator on the real
line given by

Lf(z) = f"(x) = ¢'(z)f'(z), V feCF(R),VzeR.

Then u(dz) = e=®@dz is an invariant measure of L and the Bakry-Emery
Ricci curvature of L is Ric,(L) = ¢"(z), V x € R. Hence

K(z)=¢"(z), VxeR.

By Remarque 2.2 or 5.2 in [36], P, = 'l is a ultracontractive Markovian
diffusion semigroup provided that u(z) := e~¢® is bounded from below by a
strictly positive constant and Aulf}f + ¢ > 0 holds for some constant ¢, € R.
Equivalently, P, = e’ is ultracontractive and Markovian if there exist two

constants ¢; € R and ¢y € R such that
¢(x> Sch VLUGR,

and

¢/2<x) B ¢l/(x)
4

5 +c >0, VxeR,
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More precisely, under the above conditions,
||Ptf||oo < Cecztt_1/4||f||L2(u), Vi>0.

By Lemma 2.1.2 in Davies [19], || Pi|l1.00 = HP%HEOO Hence, for a suitable
constant C,

|P[1,00 < CtH2 Yt e (0,1].
That is, (L, 1) is a ultracontractive diffusion operator with dim(L) = 1.

Applying Theorem 2.2 to this special case of (L, u, K), we obtain imme-
diately Theorem 2.3. In general, using the same argument as above and by
Remarque 2.2 or 5.2 in [36] for general case of R, we can prove the following

Theorem 9.2 Let ¢ € C*(R4,R), L =A—V¢-V. Suppose that there exist
some constants ¢; € R,cy € R,c3 € R and € > 0 such that

¢(x> S C1, Vo € Rd7

Vo@)|* _ Ad(x)

1 5 +¢,>0, VaeRY

and )
/ ([K(z) 4+ c3]7) 2T D gy < 400
Rd

where K (x) is the lowest eigenvalue of

v%zs(x):( > ng(x)) Yz € R
dx;0x; 1<ij<d’ ’

Then, for allp > 2 and alla > 0, the Riesz transform Ry,(L) =V (a — L)71/2
is bounded in LP(R?, e=*@dz).

9.4. Realisation of a one dimensional model

To end this paper, let us describe how to construct a diffusion operator
L= % — ¢/ ()<L such that the Bakry-Emery Ricci curvature Ric(L) = ¢”
is not uniformly bounded from below but the Riesz transform R,(L) =
4 (a— L)"/% is bounded in LP(R,e *®)dz) for all p > 2 and all a > 0.
To this end, we need only to construct a C?-smooth function ¢ such that ¢
satsifies all the conditions required in Theorem 2.3 and inf,cg ¢ (z) = —o0.

Let ¢ be a fixed positive constant, {ay,k € Z} and {by,k € Z} be
two sequences such that ap < by < agps1 < by, limg_ o ap = —oo and

limkHJroo bk =+400. Let

+oo

¢<I) = Z Cl[ak,bk}<x) + ¢k<x)1(bk7ak+1)('r> .

k=—o00
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where ¢y, € C*((by, agy1),R) is a “V”-sharp function which is only concave
in a very narrow well I, C (by, agi1).

Suitably control || (the length of I}) and choose 0 < ¢} < ¢ so that
inf{¢, () : x € It} — —oo, when |k| — o0,

and

o0 1 .
Z / [(¢"(2))"] 2 dr < +00.
k=—o0 Ik
Then Ric(L) = ¢" is not uniformly bounded from below and ¢ satisfies the
conditions required in Theorem 2.3. This provides us with a possible way
to construct explicitly a one-dimensional diffusion operator

d? d

_— / -
 da? (x)da:

with unbounded negative part of Bakry-Emery Ricci curvature Ric(L) = ¢”
and for which the Riesz transform R,(L) = “t(a — L)™'/ is bounded in
LP(R, ) for all p > 2 and all @ > 0. Modifying this example, we can con-
struct a complete non-compact rotational symmetric Riemannian manifold
with unbounded negative part of Ricci curvature and for which the Riesz
transform R,(A) = V(a — A)~Y2 is bounded in LP(v) for all p > 2 and

all a > 0.
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