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On Falconer’s Distance Set Conjecture

M. Burak Erdogan

Abstract

In this paper, using a recent parabolic restriction estimate of Tao,
we obtain improved partial results in the direction of Falconer’s dis-
tance set conjecture in dimensions d > 3.

1. Introduction
Let E be a compact subset of R%. The distance set, A(F), of E is defined as
A(E) ={lz —y|: 2,y € E}.

Erdos’ famous distinct distances conjecture [7] states that for any € > 0 and
for any finite set £ C RY, d > 2,

HA(E) > Oy (#E)ie.

This conjecture is still open in all dimensions d > 2. For various partial
results and references see [17], [1] and [13].

Falconer’s conjecture [8] is a variant of Erdés’ conjecture:

Conjecture. Let d > 2. Let E be a compact subset of R?. Then,
) d
dim(F) > 5 = |A(E)| > 0.

Here | - | is the Lebesgue measure and dim(-) is the Hausdorff dimension.

Like Erdos’ conjecture, Falconer’s conjecture is open in every dimen-

sion. In [8], Falconer gave an example showing that g in the conjecture is
optimal and proved that dim(E) > % implies |A(E)| > 0. Bourgain [3] im-

proved this result in every dimension, and in particular proved that in R2,
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dim(E) > 2 suffices. Later, Wolff [24] proved that in R?, dim(E) > 3
suffices. In [6], the author obtained a simplified proof of Wolff’s result and
noted that it is possible to obtain the following improved partial result in
higher dimensions using the method in [6] and a bilinear Fourier restriction

estimate by Tao [22]. In this paper, we prove!
Theorem 1. Let d > 2. Let E be a compact subset of R with

d(d + 2)

dim(E) > 5d+1)

Then |A(E)| > 0.

There are other positive results in the direction of Falconer’s conjec-
ture. For example, Mattila [14] proved that in R?, dim(FE) > 1 implies
dim(A(E)) > 3. Recently, Bourgain [4] improved this result and proved that
there exists ¢ > 0 such that in R?, dim(E) > 1 implies dim(A(E)) > £ +c.
Bourgain’s result relies on a paper by Katz and Tao [12] which relates the
Falconer’s conjecture to various other problems in harmonic analysis.

There are lots of variations of Falconer’s problem. Notably, Mattila and
Sjolin [16] proved that A(E) has interior points if dim(E) > %1, Peres and
Schlag [18] considered pinned distance sets,

Az, E) ={|z —y| : y € £},

and proved that if dim(E) > %t then |A(z, E)| > 0 for almost every = € E.

One can also consider distance sets with respect to general metrics.
Let K be a convex symmetric body in RY d > 2. Define Ag(E) =
{dk(z,y) : x,y € E}, where di is the distance induced by K. losevich and
Laba [10] investigated the relation between the curvature of the boundary
of K and the size of the distance sets. Hofmann and Iosevich [9] (also see [2]
for a similar result in higher dimensions) proved that in R? if dim(E) > 1
then |Ax(E)| > 0 for almost every ellipse K centered at the origin. We note
that our main result, Theorem 1, remains valid for A in the case when the

boundary of K is smooth and has non-vanishing Gaussian curvature (see
Remark 1 below).

List of notations.

Xx4: characteristic function of the set A.

B(z,r) :={y: |z —y| <r}.
d(A, B): the distance between the sets A and B.

'Recently, Theorem 1 has been improved by the author. The current best known
exponent in Falconer’s conjecture is d/2 + 1/3 in every dimension d > 2.
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Ap(C) :={z e R4 ||z| - R| < C}.

C": a constant which may vary from line to line.

A< B: A< CB.

A~ B: ASBand B S A

AKB: AL %B, for some large constant C.

|Al: length of the vector A or the measure of the set A.

2. Mattila’s approach to distance set problem

In [14], Mattila developed a method to attack the distance set problem.
For a very good exposition of this method, see [26]. Mattila’s approach was
used in [14, 3, 24, 9, 6, 2].
Let ;v be a probability measure supported in E. Let v, be the push
forward of 1 x p under the distance map (x,y) — |z —y|, i.e.,
vu(A) = pux u({(z,y) : |xr —y| € A}), for Borel sets A C R.

It is easy to check that v, is a probability measure supported in A(E). Note
that if the Fourier transform of v,,,

7O = [ dn (o),

is an L? function, then v, should be absolutely continuous with an L? density
and hence
|A(E)| = [Supp(,)[ > 0.

Using this idea and the Fourier asymptotics of the surface measure of
the unit sphere in R¢, Mattila proved [14]:

Theorem A. Let a€(0,d). Let E be a compact subset of R with dim(E) > a.
Assume that there is a probability measure p supported in E such that

(2.1) IA(R) || p2si-1) < CuR*T", VR > 1.
Then |A(E)| > 0.

Note that Theorem A proves the distance set conjecture for Salem sets [19, 11].
A set E C R? is called a Salem set if for each 3 < dim(FE), there exists a
probability measure p supported in £ such that

()| S €177, Ve eRY

To apply Theorem A to arbitrary compact sets, one needs Frostman’s lemma
(see, e.g., [15]).
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Definition 1. A compactly supported probability measure p is called
a-dimensional if it satisfies

(2.2) w(B(x,r)) < O, Vr>0,Vr € R%

Frostman’s Lemma. If E is a compact subset of R with dim(E) > a,
then there is an a-dimensional measure | supported in E.

Frostman’s lemma and Mattila’s theorem imply:

Lemma 2.1. Fiz o € (0,d). Assume that the inequality (2.1) holds for all
a-dimensional measures. Then for any compact E C R?

dim(E) > a = |A(E)| > 0.
In view of Lemma 2.1, Theorem 1 is a corollary of the following:

Theorem 2. Letd > 2 and o € (0,d). Let p be an a-dimensional measure.

d+2
Then for each q > 5=,

[1(R) | L2 (ga-1y < Cq,“ng_‘I, VR > 1.

Like Theorem 1, Theorem 2 was first proved in [24] for d = 2. Under the
hypothesis of Theorem 2, it is also known that [14, 20] (also see [21, 6])

(2.3) AR || p2(sa 1y S R™™EF w50 - yR > 1,
Theorem 2 and (2.3) give optimal bounds for each a € (0,2) for d = 2 (see,
e.g., [20, 24, 6]). Therefore, one can not improve the result in Theorem 1 for
d = 2 using Mattila’s approach. In higher dimensions, (2.3) is optimal for
a < %51 (see [20]); however, there is no reason to believe that Theorem 2
and (2.3) give optimal bounds for a > %.

It is essential that in Theorem 2, we are averaging fi(R-) on a surface
with non-vanishing Gaussian curvature. In general, the Fourier transform
(&) of an a-dimensional measure p does not have to converge to zero as
|€] — oo. In fact, for any d > 1 and for any « € (0, d), there are Cantor-type
measures in R? of dimension greater than o whose Fourier transform does
not converge to 0 at infinity [19].

Remark 1. Mattila’s approach can be modified for distance sets with
respect to general metrics. Let K be a convex symmetric body. Assume that
the boundary of K is smooth and has non-vanishing Gaussian curvature.
Let K* be the dual of K. One can modify Mattila’s approach and prove
that the statement of Lemma 2.1 remains valid if A(FE) is replaced with
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Ak (FE) and S% ! in (2.1) is replaced with OK* (see [9, 2]). We note that
Theorem 2 remains valid, too, if we replace S9! with 0K *. The proof of this
fact follows the same line below with minor changes in the statements and
proofs of Corollary 2 and Lemma 5.2. Therefore, Theorem 1 holds for Ay
if K has a smooth boundary with non-vanishing Gaussian curvature.

3. Tao’s bilinear parabolic extension estimate

In the proof of Theorem 2, we use a bilinear restriction estimate for elliptic
surfaces by Tao [22]. First let us recall the definition of elliptic surfaces
from [23]:

Definition 2. We say ¢ : B(0,1) C R — R is an (M, &o)-elliptic phase
if ¢ satisfies

i) [[¢lle= < M,

ii) ¢(0) = Ve(0) =0, and
i) for all v € B(0,1), all eigenvalues of the Hessian ¢g..;(x) lie in
[1— ¢, 1+ €]
We say S is an (M, eg)-elliptic surface if S = {(x,y) € B(0,1) x R C R?:
y = ¢(x)} for some (M,e)-elliptic phase ¢.

Note that in this definition the term “elliptic” is used in a slightly non-
standard way. In classical PDE, a non-vanishing symbol is considered to
be elliptic. In the definition above, the non-vanishing of the curvature
is required, too, (see II below). A model example for an elliptic phase
is ¢(x) = % We recall the following properties of elliptic phases (see,
e.g., [23]):

I) Let ¢ be an (M, eq)-elliptic phase and B(xo,n) C B(0,1). Let

Hx) = ni (6 + o) — &) —mz - Vo(o), € B(0,1).

Then ¢ is a (CyM, go)-elliptic phase.

I1) Let S be a smooth compact submanifold of R¢ with strictly positive
principal curvatures. Note that for any ¢y > 0 and for any s € S
there is a neighborhood U; of s and an affine bijection a, of R? such
that as(Us) is an (M, eg)-elliptic surface, where M depends only on
d, ||¢|lc= and the principal curvatures at s. Moreover, by using a
partition of unity, we can write S as a union of affine images of finitely
many (M, gq)-elliptic surfaces.

These observations are especially important for the extension of Theo-
rem 2 to OK* (see Remark 1 above).
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The following theorem is proved in [22] for d > 3. The d = 2 case is
basically the Carleson-Sj6lin Theorem [5]. In [6], it was used in the proof of
Theorem 2 for d = 2.

Theorem B. Let d > 2. For any M > 0, there exists g > 0 such that the
following statement holds.

Let Sy, Sy be compact subsets of an (M, ey)-elliptic surface in RY with
d(Sy,S2) > % Let o; be the Lebesque measure on S;, j =1,2. Then for all

q> %, we have

(3.1) | frdoy fados||pamay < Cargall fillz2sy,do0) | f2ll 2255, d02)
for all f; € L*(S;, doj), j =1,2.

In [22], this theorem is proved explicitly only for the paraboloid. The
version we stated here can be proved similarly, see the last section of [22]
where the necessary modifications are described.

We need the following scaled and mollified version of this theorem (see
e.g. [23]). In view of II) above, choose N, large enough so that any
subset of S4! of diameter < Nid is an affine image of an elliptic sur-
face which satisfies the hypothesis of Theorem B. Let Ag(¢) denote the

set {x € R?: ||lz| — R| < ¢e}.

Corollary 1. Fiz a spherical cap U in Ai(e), (¢ < 1/Ny), of diameter

S 1/Ng. If I and Iy are subsets of U of diameter n with d(I1, Iy) ~ n, then

for q > ‘%2, we have

~ _q_d1
| f1fallLaqray SCq,dﬂ?d B | fill2ll fl]2,

for all f; € L*(I;), j =1,2.

Proof. First note that the inequality (3.1) is invariant under translations
of one or both of the surfaces 57, S3. Therefore, under the hypothesis of
Theorem B, we have

(3.2) [f1f2llLamey S €ll fll2ll f2l2,

for all f; € L*(S5), j = 1,2, where S is the e-neighborhood of S;. This
follows easily from the definition of Lebesgue measure.

Let e be the unit vector in the direction of the center of mass of I; U I5.
Let {e; = e,e3,...,e4} be an orthogonal basis for R%. Let T : R? — RY be
the linear map which satisfies

1 .
T(el):?‘?la T(Gj)zaej,j:l?),...,d,
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In view of I) and II) above, C; = TI; is contained in ~ ;—Q—Heighborhood
of an affine image of a surface S;, j = 1,2, where the surfaces S;, Sy satisfy
the hypothesis of Theorem B (with M independent of n, I3, I5).

Let g;(z) = f;(T 'x), j = 1,2. Since g; is supported in C}, using (3.2) we
obtain

- €
(3-3) Hglngq 5 ?H91||2ng|’2-

The following elementary identities and (3.3) yield the claim of the corollary:

F(6) = €)= i 5T ). j=1.2

A~ AN _l o~
I Frfolle = 0“1 53,

d+1
I filla =12 |lgjll2, J=1,2. u

The following Corollary is obtained from Corollary 1 using a dilation:
Corollary 2. If I and I are subsets of Ag(e), (¢ < R/Ny), of diameter
n < R/Ny with d(I1, 1) = n, then for ¢ > H2 we have
(34) | FPolleey < CoacRon™ =55 I fillol ol

for all f; € L*(I;), j =1,2.

4. Uncertainty principle
Let ¢ be a Schwartz function satisfying
(€)= 1, for |¢] < 2 and @(¢) =0, for |¢] > 4.

Let D be a ball of radius s in R?. Fix an affine bijection ap of R? which
maps D to B(0,1). Let ¢op = ¢ oap. Since ¢ is a Schwartz function, for
each M € N, we have

(4.1)  Jeh(@)] = s (s2)| < Cpras® Z 27 Mixpoais1y(z), VreR%

j=1

The following well-known corollary of the uncertainty principle (see, e.g.,
[26, Chapter 5]) is another important ingredient of the proof of Theorem 2.
We give a proof for the sake of completeness.
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Lemma 4.1. Let p1 be an a-dimensional measure in R?. Let D be a ball of
radius s in RY. Then the function pp = |p}| * p satisfies

D) el S 57,
i) ppl S 1,
iit) pup(B) = [zup(y)dy S e, for any ball B of radius r > 100s~".
Proof. i) Fix M > 100d. Using (4.1) and (2.2), we obtain

0 < pp(z) < s° ZQiMj /XB((),zjsl)(l’ —y)dp(y)
j=1

o0
S 8d227Mj(2j871)a S, Sdfa.
j=1

ii) follows from Young’s inequality and the observation ||p}|1 < 1.
iii) Using (4.1), we get

/Ll)(B) 5 gdz 27Mj //X8<y)XB(072j81)<y — u)d,u(u)dy
j=1

Note that y € B and y — u € B(0,27s7!) imply u € B+ B(0,2/s7!). Using
this, Fubini’s theorem and then (2.2), we obtain

pp(B) < 5032 / / Vo B021s1) (W)X B02s 1) (¥ — w)dydya()
j=1

< ¢ Z 2~ Mi(p 4 27571y (205714
j=1

< 22’%(7“ + 257> < pe
7j=1

e}

5. Proof of Theorem 2

The proof is similar to the proof given in [6]. As in [24, 6], we work with
the dual formulation:

Lemma 5.1. Theorem 2 follows from the following statement: For all ¢ >

%, for all a-dimensional measures p, for all R > 1 and for all f supported

in Ar(1), we have

65.1) | [ )] < €, BT E | 1)

where [V is the inverse Fourier transform of f.
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Proof. ([24]) Fix go > “2. Note that by duality, Fubini’s theorem and the
statement of the lemma, we have

iy = e [[ swmon] = s | [ Fduo)

171224 g (1) =1 £l 224 1)) =1

<C,R7 7% VYR>1
This easily implies that for any 0 < ¢ < 1,
~ d-1_ a
(5-2) 17 2 ap(rey < CanRT 37, VR > 1.

Take a Schwartz function ¢ equal to 1 in the support of p. Note that
[ =1i*¢. Let dog be the surface measure on RS4~1. We have

AR 72501y = CaR™ VBl gga 1) = CaR™ D || % 6 3 sy
< CaR™ NG| NP * 6 1 gsasy

< R / AP () (18] * dog)(w)du
(5.3) < R / AP+ R — Jul) M du.

The second line follows from Cauchy-Schwarz inequality (as in (5.7) below);
the third line from Fubini’s theorem and the last line from the Schwartz
decay of ¢. Here M is a large constant and the implicit constants in the
inequalities depend on d, i, ¢, and M. Choose ¢ € ((d+2)/2,qo). Using (5.2)
for small e = ¢(d, a, q, qo) and (5.3) for large M = M (e, d, q, qo, ), we obtain

—~ 2 —(d— ~ _
7R 72501y S BV HuHimR(Ra)ﬁ/ (1+[R = Ju|))"Mdu
ARg(Re)e
5 R—%-FQCa_i_RfME/Q 5 R_%.

This yields Theorem 2 and hence finishes the proof of the lemma. [

Let f be as in Lemma 5.1 with L? norm 1. Below, we prove that

d—1_ o
(5.4) 1 2y SR 2.

(5.1) can be obtained from (5.4) using Cauchy-Schwarz inequality. As in [6],
we use the bilinear approach. It suffices to prove (5.4) for functions f sup-
ported in a subset of Ag(1) of diameter < R. Consider a dyadic decompo-
sition of Ag(1) into spherical caps, I, with dimensions 2 x 2™ x - -+ x 2" for

R < 2" < R.
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We say I has sidelength 2" and write (1) = 2". The unique cap of sidelength
271 which contains I is called the parent of I. Let I and J be caps with
the same sidelength. We say [ and J are related, I ~ J, if they are not
adjacent but their parents are.

Let fr := fx;. As in [6], we have
(5:5) 172 < Z Z 17 £7 | rcapy + Z 17 1122 a0

R%<<2"<<R Z(I):Qn,INJ Ielg

=: Sl + SQ.

Here Iy is a set of dyadic caps with sidelengths ~ R: satisfying the finite
overlapping property:

(5.6) 1> xSt
Iely

First, we obtain a bound for S5. Since each I € [y is contained in a ball D
of radius CR?, we have 17 = fI' x ¢} (¢p is defined in the beginning of
Section 4). Using this and Cauchy-Schwarz inequality, we have

1 1 1
(5.7) T < (U P lepDzllenlls S (7= lepl)z.
Using this, Fubini’s theorem and Lemma 4.1, we obtain
(5.8) 11f7 122 < /|f1 2w lep)(@)de S |1 F IR = | fr v 3R

Using (5.8) and (5.6), we obtain
= > I e SR DA S RN =

Ielg Ielp
This term is harmless since ¢ < d—1— <, for a € (0,d) and g > d+2

In the remaining part of the paper we prove that for ¢ > d+2

S; < RV
Fix n and I ~ J with |I| = |J| = 2™. First, we prove that

(5.9) LAY 7z < CagaBR ™7 | frllzl fl2

Note that I + J is contained in a ball of radius C2". Hence, f; x f; is
supported in a ball D of radius C2". Using this as in (5.8), we obtain

(5.10) VY Y v < / @) £ (@) lup()de

where pip = x|}



ON FALCONER’S DISTANCE SET CONJECTURE 659

Let e be the unit vector which is in the direction of the center of mass of
IUJ. Consider a tiling of R? with rectangles P of dimensions 100 x 100% X
coe X 100%, the long axis being in the direction e. For each P, let ap be an
affine bijection from R? to R? which maps P to the unit cube. Let ¢ be a
Schwartz function satisfying

~

(5.11) 6() > Xpon(@), ¢ € R, and  supp(d) C B(0,1).

Let ¢p := ¢poap and frp = J%. Using (5.11) and the fact that the
rectangles P tile R?, we obtain

6100 S Y [ 1 p@)fplo)un()op(a)do
P
(5.12) S 2l fiefiplalnoorly,
P

d+2
d

and ¢ = qi

where ¢ > L.

To estimate || f)'pf) pllq, we use the Corollary 2 of Tao’s theorem. Let Ip

be the support of fr p. Note that Ip is contained in I+supp(<g;) C I+ Py,
where Py, is the dual of P centered at the origin. We have

Lemma 5.2. I + Py, is contained in a spherical cap of dimensions 10 X
2" X ... x 152" in AR(10) which contains I.

Proof. Note that Py, is a rectangle of dimensions 100~! x 10071 R2™" x
... x 1007'R27", the short axis being in the direction e. For each p € Pya
and z € I, the angle between p —e(p,e) and the hyperplane H, with
normal z is < 10%. Therefore Py, is contained in %—neighborhood of
H, N B(0,100"'R2""). Note that if |z| ~ R, and r < RZ, then z +
(H, N B(0,7)) is contained in a spherical cap containing x of dimensions
~1xrx...xrin Ap(1). This finishes the proof since

1007'R2™" < 100" 'Rz < 2", -

Using Lemma 5.2 for I and J, we see that Ip and Jp have diameter < 2";
they are contained in Ag(10) and d(Ip, Jp) 2 2". Therefore, Corollary 2
implies that

1on(d—1—dt1
(5-13) ||f}fpf}fp||q S Ra2 @=1-% )||fI,P||2 ||fJ,P||2-

We bound ||up¢p||y by interpolating between L' and L*. Using the

Schwarz decay of ¢p, we have

(IS SERL P
j=1
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Note that 27 P can be covered by ~ £ balls of radius ~ T Therefore,
using Lemma 4.1, we get
(514) ||,U/D¢P||1 5 ZQ—%Qna—an—a S 2na—nR1—a'
j=1

Using Lemma 4.1 once again, we obtain
(5.15) lepdrlle S lleplle S 2747
Using (5.15) and (5.14), we obtain

! = sna—n pl-a !
(516)  llundrlly < luooplillupér|y® <277 @RIV,

Using (5.12), (5.13), (5.16) and then Cauchy-Schwarz inequality, we get
—% on(a(1-2
117 sy S R w2070 anfpn | £l

1
S R Rt S g g S ]
P P

Using the Schwartz decay of ¢, the fact that the rectangles P tile R? and
Plancherel formula, we get

_o _2
(5.17) 7 £ ey S R7 287022 ||| £
The exponent of 2" in (5.17) is non-negative and 2" < R. Therefore

o (1—2)ad— _1-a
(5.18) [IAY fY lprqaw S R R 2 ol frlla S BTV 5 1 frllall ol

Finally, using (5.18) and L2-orthogonality, as in [23] and [25], we bound S;.
Note that for each dyadic cap I, there are finitely many (depending on d)
dyadic caps J related to I. Therefore, for each I,

> lfslle S Ufrle
J~1

for a cap I’ of sidelength C'2™ which contains I. Also note that for each n,
the caps {I': ¢(I) = 2"} are finitely overlapping. Thus,

Yo Mz Yo rlE =I5

o(I)=2n o(I=2n
Therefore,
1/2
> bl < [ X 1] [ Z (Simte) ] < 1718
(Iy=2n,I~J {(I)=2n =  J~I

Using this, (5.18) and the fact that there are < log(R) values of n in the
sum for S; in (5.5), we obtain (for each ¢ > d”)

Sy < RV
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