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Multi-parameter paraproducts

Camil Muscalu, Jill Pipher, Terence Tao and Christoph Thiele

Abstract
We prove that the classical Coifman-Meyer theorem holds on any
polydisc T¢ of arbitrary dimension d > 1.

1. Introduction

This article is a continuation of our previous paper [8]. For n > 1 let m
(= m(7)) in L>®(R™) be a bounded function, smooth away from the origin
and satisfying !

1
(1.1) |0%m(T)| <

>

for sufficiently many multi-indices a. Denote by TS the n-linear operator
defined by

(1.2)  TY(fro f)(a) = / () fi(n) - fam) e dr

where f1,..., f, are Schwartz functions on the real line R. The following
statement of Coifman and Meyer is a classical theorem in Analysis [2, 7, 5].

Theorem 1.1 T} maps LP* X -+ x LP» — LP boundedly, as long as

1 11
1<p1,...,pn§oo,p—1+---+p—n—p and 0 < p < oo.

In [8] we considered the bi-parameter analogue of T\ defined as follows.
Let m(= m(vy,n)) in L>°(R?*") be a bounded function, smooth away from
the subspaces {y = 0} U {n = 0} and satisfying

1 1

a 20 <
(1.3) |87877m(’y,77)] ~ |’Y“a| |77||5\

for sufficiently many multi-indices v and (3.
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Denote by T,%Q ) the n-linear operator defined by

) TP f)@) = [ ) Filum) - Bl m)

x e2mil(nm)t+0nm)] gy dp

where fi,..., f, are Schwartz functions on the plane R2. The following
theorem has been proven in [§].

Theorem 1.2 T, maps LP* x -+ xX LP» — LP boundedly, as long as
1< iy pn <00, =4+ L =1 and 0 < p < oo,

The main goal of the present paper is to generalize Theorem 1.2 to the
d-parameter setting, for any d > 1.

In general, if & = (&)L, ..., & = (&% are n generic vectors in R?, they
naturally generate the following d vectors in R” which we will denote by & =
&)y, E&a= (€D, As before, let m (=m(£)=m(€)) in L®(R™) be a

J _ _
bounded symbol, smooth away from the subspaces {£&; =0} U --- U {&; = 0}

and satisfying

d
- 1
o1 o <
(1.5) 0202 m(€)| < H A
=1 157
for sufficiently many multi-indices aq, ..., aq. Denote by T&d ) the n-linear

operator defined by

(L6)  TO(frs. .., fu) ) = / CmOR(E) - Fulga)erma e gg

where fi,..., f, are Schwartz functions on R?. The main theorem of the
article is the following.

Theorem 1.3 7T, maps LP* x --- xX LP» — LP boundedly, as long as

1 11
1<p1,...,pn§oo,p—1+---+p—n—p and 0 < p < oo.

Classically, [2, 7, 5] an estimate as the one in Theorem 1.1 is proved by
using the T'(1) theorem of David and Journé [10] together with the Calderén-
Zygmund decomposition. In particular, the theory of BMO functions and
Carleson measures is involved.

On the other hand, it is well known [1, 6] that in the multi-parameter
setting all these results and concepts are much more delicate (BMO, John-
Nirenberg inequality, Calderén-Zygmund decomposition). To overcome these
difficulties, in [8] we had to develop a completely new approach to prove
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Theorem 1.2. This approach relied on the one dimensional BMO theory
and also on Journé’s lemma [6, 4], but did not extend to prove the general
d-parameter case.

The novelty of the present paper is that it simplifies the method intro-
duced in [8] and this simplification works equally well in all dimensions.
Surprisingly, it turned out that one doesn’t need to rely on any knowledge
of BMO, Carleson measures or Journé’s lemma in order to prove the esti-
mates in Theorem 1.3.

We shall rely on our previous paper [8] and for the reader’s convenience
we chose to present the argument in the same bi-linear bi-parameter setting
(so both n and d will be equal to 2). However, it will be clear from the proof
that its extension to the n-linear d-parameter case is straightforward.

The paper is organized as follows. In Section 2 we recall the discretization
procedure from [8] which reduces the study of our operator to the study of
some general multi-parameter paraproducts. In Section 3 we present the
proof of our main theorem, Theorem 1.3 and in the Appendix we give a proof
of Lemma 3.1 which plays an important role in our simplified construction.

2. Discrete paraproducts

As we promised, assume throughout the paper that n = d = 2. In this case,

our operator TP can be written as

(21) T(f.9) / m(y,m) f (11, )G (72, 1) 27100 mIT G202 Gyl

In [8, Section 1], we decomposed the operator T into smaller pieces, well

adapted to its bi-parameter structure. This allowed us to reduce its analysis
to the analysis of some simpler discretized dyadic paraproducts. We will
recall their definitions below.

An interval I on the real line R is called dyadic if it is of the form
I = 2%[n,n + 1] for some k,n € Z. If \,t € [0, 1] are two parameters and [
is as above, we denote by I, the interval I ; = 2k+’\[n +t,n+t+1].

Definition 2.1 For J C R an arbitrary interval, we say that a smooth

function ®; is a bump adapted to J, if and only if the following inequalities
hold

1 1
(2.2) [0 (2)] < Crar

|J[! (1 i dlstl(arl; J))
for every integer « € N and for sufficiently many derivatives | € N. If ®;

is a bump adapted to J, we say that |J|~V2®; is an L?-normalized bump
adapted to J.




966 C. MuscaLu, J. PIPHER, T. TAao AND C. THIELE

For A ty,ty,t3 € [0,1] and j € {1,2,3} we define the discretized dyadic
paraproduct H&ytht? +; of “type j” by

(23) Hg\tl,tz,tg f g Z |]|1/2 })\t ><g’¢1)\t >(b?)\’t37

IeD
where f,g are complex-valued measurable functions on R and <I>Z - are
L?-normalized bumps adapted to Iy, with the additional property "that
fR q)"[m (x)dx =0 for i # j,i=1,2,3. D is an arbitrary finite set of dyadic
intervals and by (-,-) we denoted the complex scalar product.
Similarly, for X, 1, 5,13 € [0,1]% and j € {1,2,3}% we define the dis-
cretized dyadic bi-parameter paraproduct of “type j”

I — 1 ® 1,
X,t1 62,63 Nttt Nttty
by
7 Ry, P
(2,4) Hxﬂ’tg’tg fs g Z |R|1/2 f R~ ~><g,<1> < q>CI>R 37
ReD

where this time f, g are complex-valued measurable functions on R?, R =
I x J are dyadic rectangles and ® .. are given by

tg

R - Ly QP

1"
A ¢l

for i = 1,2,3. In particular, if i # j' then [, ®}  (x)dz =0 and if i # j"

A’,t;
then [, @ (z)dz = 0. D is an arbitrary finite collection of dyadic rec-
tangles. Z

We will also denote by Aa - - ~(f,9,h) the trilinear form given by

tla 2,13

J J
25 Mggalhon) = [ W ()G y)dady,
In [8] we showed that Theorem 1.2 can be reduced to the following Propo-
sition.

Proposition 2.2 Fix j € {1,2,3}% and let 1 < p,q < oo be two numbers
arbitrarily close to 1. Let also f € LP, ||f|l, = 1, g € LY, |lg|l, = 1 and
E C R?% |E| = 1. Then, there exists a subset E' C E with |E'| ~ 1 such
that ?

(26) th,tg,tg(f’g’ ) ~

uniformly in the parameters )\,tl,tQ,tg € [0,1]2, where h := xpr.

2A ~ B means that A< Band B< A
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It is therefore enough to prove the above Proposition 2.2, in order to
complete the proof of our main Theorem 1.2. Since all the cases are similar,
we assume as in [8] that 7 = (1,2).

To construct the desired set E’, we need to recall the “maximal-square”,
“square-maximal” and “square-square” functions considered in [§].

For (z,y) € R? define

(f, @R, )]
(2.7) MS(f)(x,y) = sup|l|11/2< > SUP#XJ(ZJ)>XI($)7

J:R=IxJeD M1 171
ot P s
28) SM()a.y) - (Z e TX"(‘”)XI@))
I
and
(1)?;%_ 4>|2 1/2
(2.9) SS(h < Zﬂs/,\g) 7 Xr(z, y)) :

Then, we also recall (see [10]) the bi-parameter Hardy-Littlewood maximal
function

(2.10) MM(F)(z,y) = sup !

—_— F(',)|da'dy .
oS T Jy, 0!

The following simple estimates explain the appearance of these functions. In
particular, we will see that our desired bounds in Theorem 1.2 can be easily
obtained as long as all the indices involved are strictly between 1 and oc.

We start by recalling the following basic inequality, [8]. If TI! is a one-
parameter paraproduct of “type 1”7 given by

1
(2.11) I (fi f2) =) |f|—1/2<f17 D7) (f2, B7) D7
I
then we can write

|A1(f1,f2,f3)’ =

[ 10 R @Al
< Zm%/z|<f1,q>}>||<f2,¢%>||<f3,<1>§>|

[(fr D)o ) [, D)
) /<Z MG |;\1/2 Xf@) dr

/M F)(@)S(f2)(@)S(fo) (x)dz

(2.12)

AN
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where M denotes the Hardy-Littlewood maximal function and S is the
square function of Littlewood and Paley. In particular, we easily see that
' : LP x L9 — L for any 1 < p,q,r < oo satisfying 1/p+1/q = 1/r. Anal-
ogous estimates hold for any other type of paraproducts Il for j = 1,2, 3.

Similarly, for the bi-parameter paraproduct II%?) of “type (1,2)” for-
mally defined by I1»? = IT' @ II? one obtains the inequalities

(A (fr, fo, f3)] =

/R 0D (f1, fo) (. 9) fs (. y) dedy

(2.13) S S MS(fo)(x, y)SM(f2)(x,y)SS(fs)(x, y)dudy,

R2

and analogous estimates hold for any other type of paraproducts Il for
]’e {1,2,3}2. Tt is important that all these M'S, SM and SS functions are
bounded on L? for any 1 < p < oo. We recall the proof of this fact here
(see [8]). We start with SM (fa)(x,y). It can be written as

sup; [(f2,27027) () 1/2
210 SM(f)wy) - (Z 7 Xf<x>>
I

1/2
2 CD%
< (ZM<<{ ﬂl/;))?(ym(x))

where I and J are the intervals where the corresponding supremums over
X, t3 € [0,1]2 in (2.8) are attained.

In particular, by using Fefferman-Stein [3] and Littlewood-Paley [10]
inequalities, we have

1/2
27(1)2”
(215) ISM(fl, < (ZMU{HU;Uz@)mx))

1/2
B2
< (Z Kﬂ%@)m(%))

1

p

S [zl
p

for any 1 < p < co. Then, we observe that the M S function is pointwise
smaller than a certain SM type function and hence bounded on L”, while
the SS function is a classical double square function and its boundedness
on LP spaces is well known, [1]. As a consequence, it follows as before that
02 [P x L9 — L7 aslong as 1 < p,q,7 < oo with 1/p+1/q=1/r.
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3. Proof of Proposition 2.2
It remains to prove Proposition 2.2. First, we state the following Lemma.

Lemma 3.1 Let J C R be an arbitrary interval. Then, every bump function
¢y adapted to J can be written as

(5.0 6y = S gk gh

keN

where for each k € N, ¢* is also a bump adapted to J but with the additional
property that® supp(¢%) C 28J. Moreover, if we assume fR ¢y(x)dx = 0 then
all the functions ¢% can be chosen so that [ ¢%(x)de=0 for every keN.

The proof of this Lemma will be presented later on in the Appendix. It is
the main new ingredient which allows us to simplify our previous argument
in [8]. Using it, we can decompose our trilinear form in (2.4) as

- e 1 -
<3'2) A%,ﬁ,ﬁ,t} (f’ 9 h) :Z 271000 Z |R|1/2 <f’ Q)}{Xﬁ > <g’ (I)?%X,@Mh’ q)%];,té%

kenz ReD

where the new functions @%g@ have basically the same structure as the old
CD%‘X,@ but they also have the additional property that supp(@%’?tg) C 2ERX¢§ )
We denoted by 28Ry - 1= 2 Iy % 22y, ki = (ky, k3) and [k] = Ky + ko
Fix now f, g, F/,p, q as in Proposition 2.2. For each k € N? define
(33)  Qgp = {(z.y) €R®: MS(f)(z.y) > €2}
U{(z,y) € R?: SM(g)(z,y) > C2M}.

Also, define
(3.4) Qg =A{(z,y) e R*: MM(xa_ . )(2,y) > 5}
and then

= 1
(3.5) Qg = {(@y) € B MM(xo_ )(wy) > o}

Finally, we denote by

Q=)

keN2

3 2% J is the interval having the same center as J and whose length is 2*|J|.
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It is clear that |Q2] < 1/2 if C' is a big enough constant, which we fix from
now on. Then, define £’ := E '\ 2 and observe that |E’| ~ 1. We now want
to show that the corresponding expression in (2.6) is O(1) uniformly in the
parameters X, tr,ta, 15 € [0, 1]2. Since our argument will not depend on these
parameters, we can assume for simplicity that they are all zero and in this

case we will write ®% instead of @’ . fori=1,2and ®%* instead of CID?I’%’]; .
oty 3

Fix then £ € N2 and look at the corresponding inner sum in (3.2).
We split it into two parts as follows. Part I sums over those rectangles R
with the property that

(3.6) Rmﬁiw 0
while Part IT sums over those rectangles with the property that

We observe that Part II is identically equal to zero, because if RN QiSI Al # ()

then R C QfSIEI and in particular this implies that ZER - 975@‘
set disjoint from E’. It is therefore enough to estimate Part I only. This can

be done by using the technique developed in [8].

Since RN Qi5|’5| # (), it follows that

RN Qf5|12|| 1 99
——————— < —— orequivalently, |RNQ°_-|>—|R|.

IR] 100 % S RO 50> 1oplR

We are now going to describe three decomposition procedures, one for
each function f,g,h. Later on, we will combine them, in order to handle
our sum.

First, define

which is a

25k
Qi = {(@.9) € B MS(D(w.y) > 5|
and set
T .o.=<ReD:|RNQ_ L p
f5lk|+1_{ €D:| f5|k|+1|>ﬁ| |}7
then define
C20lH
U sse = {(09) €R?: MS(f) () > 5}
and set

= 1
T 512 = {R ED\T 441 IRNQ 5500 > TOO|R|}’

and so on. The constant C' > 0 is the one in the definition of the set E’
above.
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Since there are finitely many rectangles, this algorithm ends after a while,
producing the sets {€2,} and {T,} such that D =J, T,.

Independently, define

, ) C25Ik]
Q4,|IZ|+1 - {(l’,y) € R*: SM(g)(z,y) > o1 }
and set ,
T g = {REDHRNY gl > IRl
then define
C2%lH
QI_5|E|+2 = {(a:,y) € R*: SM(g)(z,y) > T}
and set
= 1
T/—5|l%'|+2 - {R €D\ Tl-su%|+1 RN Q/_5|;;\+2| > T.O|R’}7

and so on, producing the sets {2} and {T".} such that D= U, Th. We would
like to have such a decomposition available for the function A also. To do this,
we first need to construct the analogue of the set Q—5|E|’ for it. Pick N > 0

a big enough integer such that for every R € D we have |[RNQ"| > 2R
where we defined

Q' = {(z,y) € R?: SS¥(h)(z,y) > C2V}.

Here SS* denotes the same “square-square” function defined in (2.9) but

with the functions (IJ?I’%’]f 3
At

instead of ®% . Then, similarly to the previous
3 Ast3

algorithms, we define

N CQN
O oy = {(:E,y) e R S () (@) > = }
and set
" ~ " 1
Ty ={RED: RN ] > 1l Rl
then define o
O s = {a; eR?: S (h)(x) > = }
and set

. 1
T o = {RE€ D\ Ty RNyl > 7|l

and so on, constructing the sets {Q”} and {T”} such that D = U, To.
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Then we write Part I as

39 Y Y mEEleblie shiin e

n1,ne>—5lk] BETny ng.ng
ng > —N

where T,y ny := Tp, VT, NT, . Now, if R belongs to Ty, n,n, this means
in particular that R has not been selected at the previous n; — 1, no — 1 and
nz — 1 steps respectively, which means that

1
IRN Q1| < 100]1%\ RN, | < |R| and |[RNQ,. | < 100|R|
or equivalently,
99 99
RO, 4| > 100| l, |RﬂQn2 1| > 100|R| and |RﬂQn3 1| > 1OO|R|
But this implies that
. 97
(3.9) IRNQS N N | > 100|R|
In particular, using (3.9), the term in (3.8) is smaller than
1 —
XY ekl ek e
ni,ng > —5‘];‘ RE€T Ry ng,ng
n3 > —N ><|RﬂQ 109 1an3 1

- | S ol el o)

- Qe n'e N
ni,ne > —5|k| ni—1 "ng—1 "'z —1 R€Tny ngy,ny

ey X [(h, B4 (2, y) dady
< > o MS(f)(x,y)SM(g)(z,y)
ni,ng > _5“;" Q%l7lancgflan§—lmQTn1,n2,n3

ma x SS*(h)(z,y) dedy

(3.10) 5 Z 2*”12*n227n3|QTn1’n21n3 |7
n1,n2 > —5|k|
ng > —N
where
QT’VLI,’VLQ,’VLB = U R.

RETnq ,ng,ng
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On the other hand we can write

1
92, | < 19,1 < [{(29) € B2 MM (x0,)(@,9) > 15 }|

S Q| = H(IL‘,y) e R*: MS(f)(z,y) > %H < gmip,

Similarly, we have
< 9n2q
‘QTnl,n2,n3| ~ 2

and also
‘ < 2n2a
~Y )

} Tnq,ng,ng
for every o > 1. Here we used the fact that all the operators SM, MS,

SSF MM are bounded on L* (independently of k) as long as 1 < s < oo
and also that |E’| ~ 1. In particular, it follows that

(311) |QT | S 2n1p91 2n2q922n3a93

n1,m9,n3
for any 0 < 64, 6,,03 < 1, such that 0; + 65 + 05 = 1.
Now we split the sum in (3.10) into

(3.12) Do, o+ Y 27T Qg .

ni,ne > —5|E| ni,ng > —5‘E|
n3 >0 0>n3>—-N

To estimate the first term in (3.12) we use the inequality (3.11) in the par-
ticular case 1 = 6, = 1/2, #3 = 0, while to estimate the second term
we use (3.11) for 0;, j = 1,2,3 such that 1 —p#; > 0, 1 — ¢, > 0 and
af; —1 > 0. With these choices, the sum in (3.12) is O(2!%¥) and this
makes the expression in (3.2) to be O(1), after summing over k € N2.

This completes our proof.

It is now clear that our argument works equally well in all dimensions.
In the general case, exactly as in [8] Section 1, one first reduces the study of
the operator T to the study of generic d-parameter dyadic paraproducts
IV for j = (ji,...,ja) € {1,2,3}? formally defined by IV = /' @ - - - ® [T7.
Then, one observes as before, by using the linear theory and Fefferman-
Stein inequality, that all the corresponding “square and maximal” type func-
tions which naturally appear in inequalities analogous to (2.12), (2.13) are
bounded in L? for 1 < p < oo (in fact, as before, it is enough to observe
this in the SS...SMM ... M case, because all the other expressions are
pointwise smaller quantities).

Having all these ingredients, the argument used in Section 3 works simi-
larly. Finally, the n-linear case follows in the same way. The details are left
to the reader.
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4. Appendix: proof of Lemma 3.1

In this section we prove Lemma 3.1. Fix J C R an interval and let ¢; be
a bump function adapted to J. Consider 1) a smooth function such that
supp(¢)) € [-1/2,1/2] and ¢ = 1 on [—1/4,1/4]. If I C R is a generic
interval with center x;, we denote by ¢; the function defined by

(4.1) dr() = o (= l‘[f‘”).

Since
L=y + (Vo5 —y) + (Yo25 — bay) +
it follows that

b1 =05+ > b5 (arg — i)
k=1

=¢; s+ Z 2 1000R 210008y 4ok — thorn )]

k=1
o0

B 1000k 1k

= E 2 oyt
k=0

and it is easy to see that all the ¢ functions are bumps adapted to .J, having
the property that supp(¢%) C 2%,

Suppose now that in addition we have [, ¢ (x)de = 0. This time,
we write

by =05 bs+ o5 (1—=1y)

=[¢J-wj—<fR% T /m i )dw) wj}

N Km . /Hgng(x)wJ(x)dx) g+ (1 — 1/&1)]
= ¢ + RY.

Clearly, by construction we have that [ ¢5(z)dz = 0 and therefore

/RRS(x)dx = 0.

Moreover, ¢Y is a bump adapted to the interval J having the property that
supp(¢}) € J.
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On the other hand, since

(4.2) )W'A¢J(I)¢J($)d$’ =

=\ L@ - v

it follows that ||R oo < 27 1000

Y

Then, we perform a snmlar decomposition for the “rest function” RY,
but this time we localize it on the larger interval 2.J. We have

RS :Rg'¢2J+R9'(1—¢2J)

= {Rg “ag — (m : /RRS'@)%J(@dx) -%J}
+ | (s Bz ) s+ B - 0= )

— 97100041 4 pL.

S 2—1000

As before, we observe that [, ¢} (x)dz =0 and also [, R}(x)dx = 0. More-
over, ¢} is a bump adapted to J whose support lies in 2J and ||R} |« <
2- 1000- 2, Tterating this procedure N times, we obtain the decomposition

N

(4.3) ¢y =) 27100%gh + RY

k=0

where all the functions ¢ are bumps adapted to J with fR % (z)dx = 0 and
supp(¢y) € 2"J, while || RY||o < 271,
This completes the proof of the Lemma.
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