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m-Berezin transform

and compact operators

Kyesook Nam, Dechao Zheng and Changyong Zhong

Abstract

m-Berezin transforms are introduced for bounded operators on
the Bergman space of the unit ball. The norm of the m-Berezin
transform as a linear operator from the space of bounded operators to
L is found. We show that the m-Berezin transforms are commuting
with each other and Lipschitz with respect to the pseudo-hyperbolic
distance on the unit ball. Using the m-Berezin transforms we show
that a radial operator in the Toeplitz algebra is compact iff its Berezin
transform vanishes on the boundary of the unit ball.

1. Introduction

Let B denote the unit ball in n-dimensional complex space C™ and dz be
normalized Lebesgue volume measure on B. The Bergman space L? =
L?(B, dz) is the space of analytic functions h on B which are square-integra-
ble with respect to Lebesgue volume measure. For z = (21,..., 2,) € C", let
(z,w) =30 zw; and |22 = (2, 2).

For z € B, let P, be the orthogonal projection of C™ onto the subspace
[z] generated by z and let @, = I — P,. Then

z— P(w) — (1 - [2])V2Q.(w
. (w) = P.( )1£1<w’lz>|) Q:(w)

is the automorphism of B that interchanges 0 and z. The pseudo-hyperbolic
metric on B is defined as p(z,w) = |¢,(w)].
The reproducing kernel in L? is given by
1
(1 = (w, z))"*t

for z,w € B and the normalized reproducing kernel k, is K, (w)/|| K.(-)||2-

K. (w) =
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If (-,-) denotes the inner product in L?, then (h, K,) = h(z), for every
h € L? and z € B. The fundamental property of the reproducing kernel
K, (w) plays an important role in this paper:

(1.1) K. (w) = ka(2) K, () (02 (w)) a(w).

Given f € L™, the Toeplitz operator Ty is defined on B by Tyh = P(fh)
where P denotes the orthogonal projection P of L? onto L2.

Let £(L?) be the algebra of bounded operators on L?. The Toeplitz
algebra T(L>) is the closed subalgebra of £(L2) generated by {7} : f € L*>}.

For z € B, let U, be the unitary operator given by

U.f = (fo¢2> - J o,
where J¢, = (—1)"k,. For S € £(L?), set
S, =U.,SU..

Since U, is a selfadjoint unitary operator on L? and L2, U,T;U, = T}os, for
every f € L.

Let 7 denote the class of trace operators on L2. For T' € T, we will
denote the trace of T' by tr[T| and let ||T||¢, denote the C; norm of T' given

by ([12])
ITlle, = tr[vTT].
Suppose f and g are in L2. Consider the operator f®g on L? defined by
(f @ g)h=(h,g)f,

for h € L2. Tt is easily proved that f ® g is in 7 and with norm equal to
If ©glle, = [l fll2llgll2 and

trif @ gl = (£, 9)-

For a nonnegative integer m, the m-Berezin transform of an operator

S € £(L2) is defined by

nlk! u® uk
(1.2) B,S(z) = C’Z”*"t'r C’mk ®
_ ;0 e DT ]
= O SZ< Z C’Wkuk ® uk>
L |k|=0
where k = (ki,---,k,) € N™, N is the set of nonnegative integers, |k| =
S o ki, ut = btk R = Ey ek
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Clearly, B,, : £(L%) — L™ is a bounded linear operator, the norm of B,,
will be given.

Given f € L™, define

B (f)(2) = Bu(Ty)(2)-

B (f)(2) equals the nice formula in [1]:

/foqbz Y (),

for z € B where dv,,(u) = C™(1 — |u]?)™du.

Berezin first introduced the Berezin transform By(S) of bounded opera-
tors S and the m-Berezin transform of functions in [5]. Because the Berezin
transform encodes operator-theoretic information in function-theory in a
striking but somewhat impenetrable way, the Berezin transform By(S) has
found useful applications in studying operators of ”function-theoretic signif-
icance” on function spaces ([2], [3], [4], [6], [7], [11], and [15]). Sudrez [16] in-
troduced m-Berezin transforms of bounded operators on the Bergman space
of the unit disk. We will show that our m-Berezin transform coincides with
the one defined in [16] on the unit disk D by means of an integral repre-
sentation of m-Berezin transform. The integral representation shows that
many useful properties of the m-Berezin transforms inherit from the iden-
tity (1.1) of the reproducing kernel. On the unit ball, some useful properties
of the m-Berezin transforms of functions were obtained by Ahern, Flores
and Rudin [1]. Recently, Coburn [10] proved that By(S) is Lipschitz with
respect to the pseudo-hyperbolic distance p(z,w). In this paper, we will
show that B,,S(z) is Lipschitz with respect to pseudo-hyperbolic distance
p(z,w). We will show that the m-Berezin transforms B,, are invariant under
the Mobious transform,

(1.3) B,(S.) = (BuS) o ¢,
and commuting with each other,
(1.4) Bj(BmS)(2) = Bm(B;5S)(2)

for any nonnegative integers j and m. Properties (1.3) and (1.4) were ob-
tained for S = Ty in [1] and for operators S on the Bergman space of the
unit disk [16].

A common intuition is that for operators on the Bergman space L2
“closely associated with function theory”, compactness is equivalent to hav-
ing vanishing Berezin transform on the boundary of the unit ball B. On the
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unit disk, Axler and Zheng [2] showed that if the operator S equals the finite
sum of finite products of Toeplitz operators with bounded symbols then S
is compact if and only if By(S)(z) — 0 as z — 9D. Englis extended this
result to the unit ball even the bounded symmetric domains [11]. But the
problem remains open whether the result is true if S is in the Toeplitz alge-
bra. Recently, Suarez [17] solved the problem for radial operator S on the
unit disk via the m-Berezin transform. Using the m-Berezin transform, we
will show that for a radial operator S in the Toeplitz algebra on the unit
ball, S is compact iff ByS(z) — 0 as |z] — 1.

Throughout the paper C'(m, n) will denote constant depending only on m
and n, which may change at each occurrence.

The authors thank the referees for their suggestions.

2. m-Berezin transform

In this section we will show some useful properties of the m-Berezin trans-
form. First we give an integral representation of the m-Berezin transform

B,,(S). For z € B and a nonnegative integer m, let
1

K'(u) = (1= (w, )7 u € B.

For u, A € B, we can easily see that

(2.1) D Conpt" N = (1= (u, \))™

k[ =0
Proposition 2.1 Let S € £(L%), m >0 and z € B. Then
BmS(Z’) _ C,T_'—n(l . |Z|2)m+n+1x
/ / (1= (u, )" K™ () RPN S Ry (@) dud).
BJB

Proof. For A € B, the definition of B,, implies

BnS(2) = C™ Y Cng (S:AF, AF)

|k|=0

= O Y o [ S(0RI VTR

Ik|=0
22 =Y G [ [ @k EE NS R dua
k=0 BJB

where the last equality holds by S(¢%k.)(A)={(S(¢kk.), K))=(¢tk., S*K) .
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Using (2.1) and (1.1), (2.2) equals

cmn / / (1= (65(1), 62 (N))) ™k () (N) 5" For () dud A

LwEo\ "
:Cm+"// k= (w)k=(\) oo (1) (N S Fx () dud A
o [ ( (et ) (NS R

= Om (1 — |22ttt /B /B(l — (u, )" K () K(\)S* Ky (u)dud\

as desired. [ ]

Proposition 2.2 gives another form of B,,.
Proposition 2.2 Let S € £(L2), m > 0 and z € B. Then
23)  BuS() = G (L= Y G (ST KT,
|k|=0

Proof. Since

/B /B<1 = (u, A)) ™K (w) K () S* K (u) dud A

= Zcmk// WK™ (1) K (V) S*K (w) dudA

|k|=0

= Zcmk/ SuF K™Y (NAFK™(N)dA,

|k|=0

Proposition 2.1 implies (2.3). [ |

For n = 1, the right hand side of (2.3) was used by Sudrez in [16] to
define the m-Berezin transforms on the unit disk.
Recall that given f € L™, define

B (f)(2) = Bu(Ty)(2)-

The following proposition gives a nice formula of B,,(f)(z). Let dv,,(u) =
Cmr (1 — ul*)™du.

Proposition 2.3 Let z € B and f € L>. Then

- /B [ 0 6 (u)dvp(u)
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Proof. By the change of variables, Theorem 2.2.2 in [14] and (2.3), we have

[ 1o oty
oo (S ()

_ (L= ) S G / £ () [P KT (0) P

\kl 0

— C:LnJrn( |Z| m+n+1 Z ka<Tf ka ka> B Tf)( )
Ik|=0

The proof is complete. [ |

The formula in the above proposition was used in [1] to define the m-
Berezin transform of functions f.

Clearly, (1.2) gives [|BnS|lec < C(m,n)||S.|| = C(m,n)||S]| for S €
£(L?). Thus, B, : £(L?) — L* is a bounded linear operator. The following
theorem gives the norm of B,,.

Theorem 2.4 Let m > 0. Then

nlk!

B, || = Ccmtr Coi|l ——————.

|k|=0

Proof. From [8], we have the duality result £(L2) = 7*. So, the definition
of B,, gives the norm of B,,. In fact,

m nlk! uk u”
Bull = |G ) Com
1Bull = O™ > Cons o i T © T
|k|=0
C1
nlk!
Cm-l—n |ka|
;@ (o + A1)
as desired. "

The Mobius map ¢,(w) has the following property ([14]):
(2.4) 0L(0) = —(1 = [2)) P — (1 = |2[)/*Q..

To show that m-Berezin transforms are Lipschitz with respect to the pseudo-
hyperbolic distance we need the following lemmas.
For z,w € C", 2®w on C" is defined by (2Qw)\ = (\, w)z.
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Lemma 2.5 Let z,w € B and A\ = ¢,(w). Then
¢.(w) = (1= (A, 2)(I = A@2)[¢,(0)] .

Proof. Suppose that P, and (), have the matrix representations as ((P,);;)
and ((Q.);;) under the standard base of C", respectively. In fact,

Zigj

(Pz>ij = |Z|2 if =z 7& 0.

Let (a;;(w)) = ¢ (w). Write ¢,(w) = (fi(w), ..., fu(w)). Then
Ofi ()

B 8wj

aij(w)

Noting that
2z — (Paw); — (1 — [2])Y2(Q.w);

filw) = 1—{(w,z2) ’
we have
ag;(w) = (2 = (Paw); = (1 = [2)*(Qew))z;  (Po)ij + (1= [21)*(Q2)s
AT (1 —(w, 2))? 1 — (w,2)
_fiw)z (P + (1= [2)V2(Q1)y
1 —(w,2z) 1—(w,2z) '
Let A = ¢.(w). The above equality becomes
0y () = 5= (P + (1= [2)1(Q2)s)
1 —(w,z)
o ABz = (Pt (1 5)12Q.)
/ o z = z - |Z z
¢z(w) - 1— <U},Z> .
From Theorem 2.2.5 in [14], we have
1 1—(\2)

1—{(w,z) 1—|z2°
Thus (2.4) implies
Co iy - A [EP)A®z 4 (L= 2P+ (1 |2*)Q-
¢z<w)¢z<0> - 1 — (w,z)
(1— 22 (- &z + 1)
1 - <w7 Z>
=(1—(\2)I - \®2)
where the first equality follows from P,Q), = Q.P, = 0, P,z = z, and
@,z = 0. The proof is complete. |
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Lemma 2.6 Suppose |z| > 1/2 and |w| > 1/2. If |p.(w)]| < e < 1/2, then
1P, = Pull < 50e(1 — [2f*)"2.

Proof. First we will get the estimate of the distance between z and w.
Since |¢.(w)| < e < 1/2, w is in the ellipsoid:

P _ A2 2
b.(eB) = {we B w—c 1@l

}

€22 2p
with center ¢ = % and p = ll:e|22||:|2 Noting that |z| > 1/2 and € < 1/2,
we have p < 2(1 — |z[?). Thus
Quwl* < ép <23(1—|2*),  [Paw—c| <ep < 2e(1—|2)
" (1 |2P)
— |z
— < 26%(1 — |2]?).
ool < Gt <200 - )

So, we have
|Pow — z| < |Pow —c| + |z — ¢| < 3e(1 — |2]%).
Because I = P, + @), and P.Q), = 0, writing
(z—w)=P,(z —w)+ Q.(z —w),
we have
|2 = w|* = |P.(z — w) +]Qx(2 — w)
= |Pow — 2" + |Q:wf’
(2.5) < 11(1 — |2%).
Noting that

z2 .z (z—w).z w.(z—w) 1 1 w
—Q— = QQ— + =& + |z 5 | w| Q@+ &,
2] 2] I 1 B F-{ R P-4 22wl lw| ~ wl
we have
Z—W) A 2 w . (z2—w 1 1 R
2 I -1 R =1 R - ]2 Jw]?

to obtain

||P _p || < |z—w| + 2|z—w| ||Z|2— |w|2|

I 2] |2

< 2|z —w|+ 4]z — w| + 8|z — w|
< 14V11e(1 — |2]})Y/?
< 50e(1 — |2]*)Y?
where the last inequality holds by (2.5). [ |
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For given z,w € B, set A(z,w) = —(1 — |2|>) P, — (1 — |2|)2Q..
Lemma 2.7 Suppose |z| > 1/2 and |w| > 1/2. If |p.(w)| < e < 1/2, then
16.(0) — A(z, w)|| < 150€(1 — |2[*).

Proof. Using (2.4), we have
162(0) = ACz, )| = |1 = [2[*)(Pu = o) + (1 = [2]*)2(P. = P,)|
<3(1 = )2 P - Pl
< 150e(1 — |2%)
as desired. The last inequality follows from Lemma 2.6. ]

Let 4(n) be the group of n x n complex unitary matrices.
Lemma 2.8 Let z,w € B. Then U,U,, = Vi,Uy, () where
(Vi )(w) = f(Uhu) detld
for f e L2 and U = ¢y, (2) © Pw © ¢ satisfying
11+ U]l < C(n)p(z, w).
Proof. The map ¢4, () © ¢ © ¢. is an automorphism of B that fixes 0,

hence it is unitary by the Cartan theorem in [14]. Thus ¢, 0 ¢. = ¢, () o U
for some U € $4(n). Since ¢, is an involution, we have

U.Usf(u) = (f © w0 ¢.) (1) J (- (1)) J . (u)

= (f © 0p,(2)) (UU) Jou (D © P, (2) UL)) T Do (D, (2) UN)) T s, () (Un) det U
= (f 0 Ppu(2)) UW) JOp,, () (Uu) det U

= VuUs, (=) f ()

as desired.
Now we will show that

I+ Ul < Cn)p(z, w).

Noting that U is continuous for |z| < 1/2 and |w| < 1/2, we need only to
prove

17+ U] < 200000(z, w)
for |z| > 1/2, |lw| > 1/2 and |¢,(2)| < 1/2. Let A = ¢(2). Then |\ =
p(z,w) and z = ¢, (). Since

(bw © (bz(u) = (b)\(Z/{U),
taking derivatives both sides of the above equations and using the chain rule
give

P (0=(u)) &, (1) = A\ (UUU.
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Letting u© = 0, the above equality gives

= [6A(0)] 7' ¢,,(2)L(0).

By Lemma 2.5, write

U+T=[@40)] (1 = (X w) (I = Adw)[¢,, (0)]7'¢.(0) +
= [AA(0)] (1 = X\ w) (I - A®w)[ ;(0)] H[62(0) — Az, w)]
+ ([6A (0] (1 = (A w)) (I = A&w)[¢,(0)] " A(z, w) + 1)

= ]1 + ]2.
By Lemma 2.7, we have

I lF < NG5 O1 L = (w1 = A&w|[][[¢,, (0)] 71 62(0)

3
<4 x2x2x ———[150]A\|(1 - |2|*)] .
TP | )

Theorem 2.2.2 in [14] leads to

Lt S el UV
L—fw 1= (A w)’

Thus
Il <4 %x2x2x3x2x150[A] = 14400|A|.

Also, we have

(1= |2y 1 a2
1—— 7 <1 - < 32| )\].
' = ey < ' T ep)| < 32
Hence, we get
Lo (L )2
I — P, — wll < 32|\
H Tl " T Tup)2? Al

On the other hand, clearly,
A + I < 4, (1= (A w)) = 1] < [

and
(I = Axw) = I]| < |Al

These give

17+ [8A(0)] 71 (1 = (A, w)) (I — A@w)|| < 16]A].

— Az, w)|
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Hence, we have

1Rl < IO (1 — (h w)) (T — Aéw) 6y (0)] Az, w)

IO = ) (I — Aew)|

IO — () (T — Aéw) + 1|
L2 (1= o)
TP T 1 upE

< 411 = (v w)) (I — Aéw)| HI -

+16])|
<4 x 2 x2x32|A| + 16]|A| < 600[A|.

Combining the above estimates we conclude that

|24 + I|| < 14400|A| + 600|A| < 20000|A|. n

Theorem 2.9 Let S € £(L?), m >0 and z € B. Then B,,S, = (B,,S)0¢..

Proof. Proposition 2.2 and (1.2) give
B,,S.(0) = Cp™ >~ Cri (Se uF) = BS(2) = (B S) © 6.(0).
|k|=0
For any w € B, Proposition 2.1 and Lemma 2.8 imply

(BmS:) 0 ¢w(0) = B ((5:)w)(0)
= C’,Z”‘L”/ /(1 — (u, \))"ULU,S*U, Uy, K\ (u)dud

= CvTJrn/ /(1 — (u, )\>)mVuU(z)Z(w)S*U(bz(w)VJK)\(u)dud)\
BJB
= BnSs. (w)(0)

where Vj, is in Lemma 2.8. Thus, B,,S.(w) = (B;,S) o ¢.(w). |
Lemma 2.10 Let S € £(L?), m > 1 and z € B. Then

m-+n

BnS(z) = B (5 - ZTMST(M) (2)
i=1

m

where (¢p,); is i-th variable of ¢..
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Proof. By Theorem 2.9, we just need to show that

B.S(0) =" "p | (s - Xn: Tu—iSTui> (0).

m -
=1

Using Proposition 2.1 and (2.1), we get

B,,S(0) = C’;’”"/ /(1 — (u, \))"S* K\ (u)dud\

n m—1

— m;- anﬂS(O) — C’;”Jr” Z Z le,k/ / ui)\_iukmdud)\
i=1 |k|=0 BJB
n m-—1

- m;_ anfls(O) o Z Z Con-1k /B S(ukui)()\))\k)\id)\
i=1 |k|=0
n m-—1

_I_

= mm 2 Br15(0) = C NN G (ST, (uF), T ()

i=1 [k|=0
as desired. -

For m = 0, the following result was obtained in [10].

Theorem 2.11 Let S € £(L?) and m > 0. Then there exists a constant
C(m,n) > 0 such that

[BnS(2) = BuS(w)| < C(m,n)[|S]p(z, w).
Proof. We will prove this theorem by induction on m. If m = 0, (1.2)
gives
|BoS(z) — BoS(w)| = |tr[S,(1® 1)] — tr[S,(1 ® 1)]]
= |tr[S,(1® 1) — SU,(1 ® 1)U,
=tr[S,1e1) - SU,(U,U,1 @ U,U,1)U,]|

From Lemma 2.8, the last term equals

tr[S:(1®1 = Up,()1 @ Up, () D)]] < |51 ®1=Us,2)1 @ Up,, )Ll
< V2||SL[1(2 = 2/(1, kg ()P
= 2||S|I[1 — (1 — |¢u(2) )]
< C)|SNl¢w(2)]

where the second equality holds by ||T||cr < VI(tr[T*T])"? where [ is the
rank of 7.



m-BEREZIN TRANSFORM AND COMPACT OPERATORS 879

Suppose |By,—15(2) — Bp—1S(w)| < C(m,n)||S||p(z, w). By Lemma 2.10,
we have
[BnS(2) = BmS(w)]

m-+n

< |Byn1S(2) — Bi1S(w)]

+ m; n Z Bt (T5:5Ti00,) () = Bt (T STioun, ) (w)].
i=1
Since the term in the summation is less than or equals
)Bm—l (T@ST(@)i) (2) = B (Tms%z)i) (2)
+ ‘Bm,l (TWSTwz)i) (2) = Bt (TWST(@U») (2))

n ‘Bmfl (T5m5:5T 0. ) () = B (TmgSTionn, ) (w)

it is sufficient to show that
‘Bm_l (TmSTM) (2) — B (TWST(%)Z) (z)) < C(m,n)||S|p(z, w).

Lemma 2.8 gives

‘ B (T@—mST@ﬁz)i) (Z) ‘

)

nlk! uF uk
— o gy (T ) Cmta7 ®
(#2)i= “;] (n A+ B! [luk]]  [Juk|
m—1
nlk! uk uk
< omAn-d Co1 k|l —————1{ 5. T14.).0 (62— Nod, ——
<Gy g_:ol 1’k|(n—|—|k‘|)! < (@200 o2 T(@)i= (60100 uk||>'
(2.6)
uk
< C(m,n) T((@)H%)»o@m
2

Let A = ¢,(z). Then

/ (& (6w 0 62):(u) 2du

/|uu (w));[2du

gz/ (Ww); + wl? + s + (63 ()i 2du
B

where ¢, 0 ¢, = ¢ oU for some U € $(n).

HT(@)Z) (¢w 0¢z HukH
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Noting that

A= (u, Nu+ [1— (1= [AP)2]Qx(w)

oa(u) +u = 1 — (u,\) ’

we have that for |\| < 1/2,
[ox() + ul < 2(]A[+ Al +AI°) < 6]Al.

By Lemma 2.8 we also have
/ |U)s + wgdu — / (U + Du)l2du < Ol + T2 < CIA
B B

Thus (2.6) is less than or equal to
C(m, n)l|SB6IAP* + CIAP2 < C(m,n)||S|]A.
The proof is complete. |

Lemma 2.12 Let S € £(L?) andm,j > 0. If |S*K\(2)| < C for any z € B
then (B,uB,)(S) = (B;Bo)(5).

Proof. By Theorem 2.9, it is enough to show that (B,,B;)S(0) =
(B;B,,)S(0). From Proposition 2.3, Proposition 2.1 and Fubini’s Theorem,
we have

Bm(BjS>(0) = Bm<TBjS)(0)
=y [ BSe)0 - P

Cm+ncj+n/// |Z| m+j+n+1<1_<u7)\>>jx

K (w) KL(\) S K (u)dud)dz
Cm-l—nc]-l—n// 1_ u )\ /( _ |Z|2)m+j+n+1><
K (u) K2 (\)dzS* K, (u)dud.

Let

Fing(u, A) = (1 = (u, A))"/B(l = [Py (u) K2 (V).

Then F,;(u,\) = S2t_, H;(u)G;(\) where H; and G; are holomorphic func-
tions and for some [ > 0. Thus, from Lemma 9 in [9], we just need to show

Foj(AMA) = Fj (A A) for X € B.
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The change of variables implies

Fon (A A) = (1= [APY / (1= [y K (=) Pdz
B

= (1= PPV [ (1= @) R a () Pl o)
— (=R [ @y )
B
Fim(A\A)
as desired. (]

Lemma 2.13 For any S € £(L2), there exists sequences {S,} satisfying
1So K (u)] < Ce)
such that By, (Ss) converges to By, (S) pointwise.

Proof. Since H™ is dense in L? and the set of finite rank operators is
dense in the ideal K of compact operators on L?, the set {Zizl fi®g:
fi, g € H*®} is dense in the ideal K in the norm topology. Since K is dense
in the space of bounded operators on L? in strong operator topology, (2.3)
glves that for any S € £(L2), there exists a finite rank operator sequences

= Y'| f;®g; such that B,,(S,) converges to B,,(S) pointwise for some
fz, g; in H*®. Also, for [ > 0, for such S, = Zi:l fi ® g;, we have

l

> (9:® fi)Ka(u)| =

=1

l
< Z i) Ngi)] < Y I fillsollgillee < C.
i=1

l

Z (K (u), fi(u)) gi(u)

=1

|Se K\ (u)| =

The proof is complete. |
Proposition 2.14 Let S € £(L%) and m,j > 0. Then
(BmB;)(5) = (B;jBm)(5).

Proof. Let S € £(L?). Then Lemma 2.13 implies that there exists a sequence
{S4.} satistying |S% K, (u)| < C(a), hence B,,,(B;Sa)(2) = Bj(BmSa.)(2) by

Lemma 2.12. From Proposition 2.3, we know

B,,(B;Sa)(2) = /B(BjSa) o ¢, (u)dvy, (u)

and ||(BjSa) 0 ¢:llec < C(4,n)||S]|. Also, (B;jS,)o¢.(u) converges to (B;S)o
¢.(u). Therefore B,,(B;S,)(%) converges to B,,(B;S5)(z). By the uniqueness
of the limit, we have (B,,B;)(S) = (BjB)(S). |
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Proposition 2.15 Let S € £(L2?) and m > 0. If ByS(2) — 0 as z — OB
then B,,S(z) — 0 as z — 0B.

Proof. Suppose ByS(z) — 0 as z — 0B. Then we will prove that S, — 0
in the 7*-norm as z — 0B. Suppose it is not true. Then for some net
{w,} € B and an operator V # 0 in £(L?), there exists a sequence {S,,, }
such that S, — V in the 7*-norm as w, — 0B, hence tr[S, T] — tr[VT]
forany T € T. Let T = k) ® k), for fixed A € B. Then Theorem 2.9 implies

tr[SuwaT) = tr[Su, (kx ® k)] = (Su.kr, ka)
= BoSue (M) = (BoS5) © $ue (A) =

as w, — 0B. Since tr[VT] = ByV(A) and By is one-to-one mapping, V' = 0.
This is the contradiction. Thus S, — 0 as z — dB in the 7*-norm. (1.2)
finishes the proof of this proposition. [ ]

3. Operators S approximated by Toeplitz operators Tp ()

In this section we will give a criterion for operators approximated by Toeplitz
operators with symbol equal to their m-Berezin transforms. The main result
in this section is Theorem 3.7. It extends and improves Theorem 2.4 in [17].
Even on the unit disk, we will show an example that the result in the theorem
is sharp on the unit disk.

From Proposition 1.4.10 in [14], we have the following lemma

Lemma 3.1 Supposea <1 anda+b<n+1. Then

/ A -

sup 00.

cenJp (1= [AP)1 = (A 2)°

This lemma gives the following lemma which extends Lemma 4.2 in [13].

Let 1 < ¢ < oo and p be the conjugate exponent of q. If we take p > n+2,
then ¢ < (n +2)/(n+1).

Lemma 3.2 Let S € £(L2%) and p > n+ 2. Then there exists C(n,p) > 0
such that h(z) = (1 — |2]*)® where a = (n +1)/(n + 2) satisfies

(3.1) / (SE) () [h(w)dw < C(n,p)|S:1]],h(2)
for all z € B and
(3.2) / (SE.)w)[h(=)dz < Cn, IS ph(w)

for all w € B.
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Proof. Fix z € B. Since
U.l=(=1)"(1 - [2])™VPK,

we have

SK, = (—1)"(1 — |[?)~®+D/280,1
(—DW VH MJ”U51

Thus, letting A = ¢, (w), the change of variables implies

[ sk, (st oo el

Tty <1—|z| R (T Jwl)"
5100

- TS S T O

15.1]], 1 g
S T-Fpr (/ (= PRl — (h, 220 C“) |

The last inequality comes from Holder’s inequality. Since aq < 1 and aq +
(n+1—2a)g <n+1, Lemma 3.1 implies (3.1).

To prove (3.2), replace S by S* in (3.1), interchange w and z in (3.1)
and then use the equation

dA

(3.3) (S"Ky)(z) = (S*K,, K,) = (K, SK,) = SK,(w)
to obtain the desired result. |

Lemma 3.3 Let S € £(L?) and p > n+2. Then

1/2

1/2
Isi1 < Cnp) (suplisial,) - (sup sl )
z€B z€B
where C(n,p) is the constant of Lemma 3.2.
Proof. (3.3) implies
(SP)(w) = (SF, K.) /f CT®) dz—/f )(SK.)

for f € L? and w € B. Thus, Lemma 3.2 and the classical Schur’s theorem
finish the proof. |
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Lemma 3.4 Let S,, be a bounded sequence in £(L?) such that
| BoSm|lec — 0 as m — oo.

Then

(3-4) sup [((Sm):1, f)[ — 0

z€B

as m — oo for any f € L? and

(3.5) sup [(Spm)-1] — 0

z€B

uniformly on compact subsets of B as m — o0.

Proof. To prove (3.4), we only need to have

(3.6) sup |((Sm)-1, w*)| — 0
z€B
as m — oo for any multi-index k.
Since
N (At
(37) KZ(U)) = 2|_:0 WZ w-,
we have

Sm(¢:(A) = B (5 ) (A)
|>\| n+1 Z Z n+ |CY| n+ |ﬁ|)' <(Sm)zwa’wﬁ>xa>\ﬁ

nla! n!g!
lo]=0[8]=0 g

where «, # are multi-indices.
Then for any fixed £k and 0 < r < 1,

(6. (AN
/TB (1= 3Py i

Z (n+|a))! (n+|8])! <(Sm)zw°‘,wﬁ>/ T8y

nlal n!p!

= 22 [ ((8,).1,0F) + Z (n+ |Oé|>!<(5,m)zwa’woc+k>r2a|>‘
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Since S, is bounded sequence, we have

BoSm(-(A)A"
[B DB

K(Sm)zla wk>’ < p 220kl

[e.e]

(n+|a|) o 14+ [ 2l
D ISmll el e
la|=1
< 22 By S| / L W e i r2lel
= 0~m||oco B (1 _ |)\|2>n+1 & )

hence, by assumption

lim sup sup | <(Sm)zl,wk> | < C Z el

m—oo z€B laf=1

Letting r — 0, we have (3.6).
Now we prove (3.5). From (3.7), we get

(5100 = {51, K|
< 3 I g )1 e e

nla!
\al 0

(n+ la)! o (At Jal)! il
<Z S ()L w4 Y e Sl 147
o] =0 la]=l

for z € B, A € rB and [ > 1. Since the second summation is less than or
equals to

2 ((n+ )N N e (4 )! 3 e
S (") S (L) e Y D

laf=j

1/2

for any € > 0, we can find sufficiently large [ such that the second summation
is less than e. Thus, (3.6) imply sup,.g |(Sm).1] — 0 uniformly on compact
subsets of B as m — oc. [ |

Lemma 3.5 Let {S,,} be a sequence in £(L?) such that for some p > n+2,
| BoSim|co — 0 as m — oo,

sup [[(Sp):1ll, <€ and  sup||(Sy,):1]l, < C
zeB z€B

where C' > 0 is independent of m, then S,, — 0 as m — oo in £(L?)-norm.
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Proof. Lemma 3.3 implies

1/2 1/2
1Sl < C(n,p) (sup ||<Sm>z1||p) (sup ||<s:;>21||p) < C(n,p),
z€B 2€EB
hence, Lemma 3.4 gives

(3.8) sup |(Spm).1| — 0

z€B

uniformly on compact subsets of B as m — oc.
Here, for n + 2 < s < p, Holder’s inequality gives

sup [| (o) 1]12 < sup / (S 1(w)dw + sup / ((S)o1(w) P duw
z€B z€B B\rB zeB
< Csup [(Si).15(1 - ls/p+sup/| edw
z€B 2eB

and (3.8) implies the second term tends to 0 as m — oo. Also, the first term
is less than or equals to C*(1 — 7)'~/P which can be small by taking 7 close
to 1. Consequently, Lemma 3.3 gives

1501 = 0 9) (suplstll) - (suptcsa)

1/2
< C(n,s) (sup ||(Sm)zl||5) — 0

z€B

Corollary 3.6 Let S € £(L?) such that for some p > n+ 2,

(3.9) sug 15:1 — (Tp,,5):1]|, <C and sup 1521 — (Ts,,(s)):1ll, < C,
ze

where C' > 0 is independent of m. Then Tp,s — S as m — oo in £(L2)-
norm.

Proof. Let S,, = S —Tp, 5. Then Proposition 2.14 and Theorem 2.11
imply

By(Sy) = BoS — Bo(TB,,s) = BoS — Bo(BS) = BoS — By (BoS)

which tends uniformly to 0 as m — oo, hence ||By(Sm)|lcc — 0. Conse-
quently, by Lemma 3.5 we complete the proof. [ |
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Theorem 3.7 Let S € £(L?). If there is p > n + 2 such that

(3.10) sgg |T(B,.5)00. Ll < C and sgg 1T, 5906, Llp < C

where C' > 0 is independent of m, then Tg, s — S as m — oo in £(L2)-
norm.

Proof. By Corollary 3.6, we only need to show that (3.10) implies (3.9).
Since T{p,,5)06. = (IB,,5)- and

T 3106 = TBrsz = TBu(s) = T(Bun(5))00-
it is sufficient to show that

sup [|S,1]], < oo.
z€B

By Lemma 3.3, we get

1/2
|p> <C

where C' is independent of m, hence writing S,, = S — Tp,, s, we have
S]] < C where C' is independent of m. Also, the proof of Corollary 3.6
implies

1/2
| T,sll < Cln,p) (sup ||TBmSO¢21||p) (sup 1%, 00,1
2eB z2eB

HBOSmHoo —0

as m — 00.
Let f be a polynomial with || f||, = 1. Then Lemma 3.4 implies

sup [{(Sm)-1, f)| = 0

z€B

as m — oo. Thus, for any € > 0 and 2y € B, we have

[ (521, /)] < Slégl ((Sm):L /) |+ [{(TB,8): 1 f) | S e+ C

for sufficiently large m, where C' is independent of m. Since € is arbitrary,
we get

sup ||S,1]], < oo
z€B

as desired. [ ]
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4. Compact Radial operator

Given U € U(n), define Vi f(w) = f(Uw)detU for f € L2 Then Vy is
a unitary operator on L2. We say that S € £(L2) is a radial operator if
SVy = VS for any U € U(n).

If S € £(L?), the radialization of S is defined by

St :/VU*SVU du
b3

where dlU is the Haar measure on the compact group $4(n) and the integral
is taken in the weak sense. Then S* = S if S is radial and Y-invariance of
dU shows that S* is indeed a radial operator.

If f € L* and g,h € L? then

i TV ) = [ fligiTanTuldu = [ frwgtu)iaidu.
Thus VTV = Ty~ and
Vill'Ty - TV = Trour - - Thous
for fi,...,fie L>®, 1 >0.
Lemma 4.1 Let S e £(L2) be a radial operator. Then Tp,, (sy= [5 Suwdvm(w).

Proof. Let z € B. By (2.3) and Lemma 2.8, we obtain

o ([ Suanaiw)) )= ([ swd,/m@))z 1)

B / <UZUwSUwUzla 1> dl/m(’lU)
B

- / (Us ) Vit SVuUs. )1, 1) dvi (w)
B

where Vj, is in Lemma 2.8. Since S is a radial operator, Theorem 2.9,
Proposition 2.3 and Proposition 2.14 imply that the last integral equals

/ (U, (w)SUsp. () 1, 1) dvp (w) = / ByS o ¢, (w)dv,(w)
B B
= By(T,.(5))(2)-

Since By is one-to-one mapping, the proof is complete. |
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Theorem 4.2 Let S € T(L*) be a radial operator. Then S is compact if
and only if BpS =0 on 0B.

Proof. Suppose ByS = 0 on dB. Then B,,S = 0 on dB by Proposi-
tion 2.15, hence Tz, s is compact for all m > 0.

Let
Q= /Tflou* Ty dU
u
with fi,..., fi € L™ for some [ > 0. Then Q € £(L?). By Lemma 4.1, for

any z € B, we have

Tis@poss = /B (Q)-)udvm(w)

B / / Thouros.o6w * ** Thottrop.0p., AU dvm(w).
BJu
Consequently;,

1T B (@)0e. | S CO)|Ifr ol 0¢.0dulloc || fiold 0 ¢ 0 Pyl
= CDl fillso - 1 fillso-

Similarly, we have

T80 @os- Il < CONfilloo -+ - [ filloo-
Thus, Theorem 3.7 gives that

(4.1) T, — @

in £(L?)-norm.

Since S € ¥(L*), there exists a sequence {Si} such that Sy — S in
£(L?)-norm where each Sy is a finite sum of finite products of Toeplitz op-
erators. Since the radialization is continuous and S is radial, S,ﬁ - Sf=5.
From Lemma 4.1, we have

sl = H / swdumw)H < [ Suldimte) = 81,
B B
Thus
IS = Tosll < 115 = S + 15E = Ty, (st + [T, 51, — Toos|
< 2 = SEll+ 15 — Ty st

and (4.1) imply Tg,,(s) — S as m — oo in £(L2)-norm, hence S is compact.
The other direction is trivial. |
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Example. This example shows that for n = 1, the number n +2 = 3 in
Theorem 3.7 is sharp. We show that there is a bounded operator S on L?
such that

Sup max{|[Tis,, s)06. Llls: 175,500, 13} < 00,

and for each m > 0, B,,,(S)(z) — 0 as z — 9D, but S is not compact on L2.

The following operator S was constructed in [3] to show that By(5)(z) —
0 as z — 9D, but S is not compact on L2. Let S be defined on L? by

o o0

[

S( E alwl) = E anw? .
=0 =0

It is clear that S is a self-adjoint projection with infinite-dimensional range.
Thus S is not compact on LZ. From

By(S)(2) = (Ska, k) = ka3 = (1= 522 32 + 1)(|=)
=0

it is easy to see that

By(S)(2) =0 asz— 0D.
By Proposition 2.15, we see that

B, (S)(z) =0 asz— 0D.

This gives that T, (s) is compact. Hence T, (s) does not converge to S in
the norm topology.
By means of the Zygmund theorem on gap series [18], it was proved
in [13] that
C = sgg max{||S.1]]s, [|Si1]3} < oo.

Clearly, S is a radial operator. By Lemma 4.1, we have

T(Bms)o¢zl:/(Sw)zldl/m(w):/ S¢Z(w)1dym(w):/SAIdeO¢Z(A).
D D D

Noting that for each z € D, dv,, o ¢, is a probability measure on D, we have

T8, 5)06-

IBS/WMM%MMMSG
D

Similarly, we also have
IT(5,,.5)00. Llls < C.
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