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Interpolated inequalities between
exponential and Gaussian, Orlicz

hypercontractivity and isoperimetry

Franck Barthe, Patrick Cattiaux and Cyril Roberto

Abstract

We introduce and study a notion of Orlicz hypercontractive semi-
groups. We analyze their relations with general F-Sobolev inequal-
ities, thus extending Gross hypercontractivity theory. We provide
criteria for these Sobolev type inequalities and for related proper-
ties. In particular, we implement in the context of probability mea-
sures the ideas of Maz’ja’s capacity theory, and present equivalent
forms relating the capacity of sets to their measure. Orlicz hyper-
contractivity efficiently describes the integrability improving proper-
ties of the Heat semigroup associated to the Boltzmann measures
pto(dz) = (Zo) te 2*1%dz, when o € (1,2). As an application we
derive accurate isoperimetric inequalities for their products. This
completes earlier works by Bobkov-Houdré and Talagrand, and pro-
vides a scale of dimension free isoperimetric inequalities as well as
comparison theorems.

1. Introduction

Sobolev type inequalities play an essential role in the study of the concen-
tration phenomenon for probability measures. They are also a powerful tool
to analyze the regularizing effects and the convergence to equilibrium of
their associated symmetric semigroups. In particular, several surveys deal
with the celebrated Poincaré (or spectral gap) inequality and the stronger
logarithmic-Sobolev inequality and provide striking applications [32], [4], [3],
[38], [33], [51].
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A concrete illustration can be given for the family of probability measures
on the real line

fa(dz) = (Zo) " te 2o da, a> 0.

These measures and their products p&™ deserved particular attention in re-
cent years, where the focus was on dimension free properties. They enter
Talagrand’s work on the concentration phenomenon for product measures.
His study was continued by Ledoux [38], who strongly put forward the use
of the logarithmic Sobolev inequality for concentration, and more recently
by Bobkov and Houdré [17] who introduced L;-Sobolev type inequalities in
order to study the more delicate isoperimetric problem. We review the main
results concerning these measures and the associated semigroup (P?);>¢ gen-
erated by the operator L, such that

1 1.
L.f= §f” — a|z|* 'sign(x) f.

For a > 0 the measures u, verify a Weak Spectral Gap property intro-
duced by Aida and Kusuoka as shown in [47]. They satisfy the Spectral
Gap inequality exactly when o > 1, and the logarithmic Sobolev inequality
if and only if a@ > 2.

When a < 1 there is no dimension free concentration, because this prop-
erty requires exponential tails [52]. Oppositely, the measures enjoy very
strong properties when o > 2. The corresponding semigroup is ultracon-
tractive [35], meaning that for positive time it is continuous from L?(u,)
to L°°. The measures satisfy a dimension free Gaussian isoperimetric in-
equality [8, Theorem 9|, and this is as bad as it gets by the Central Limit
Theorem. Recently, Bobkov and Zegarlinski [19] obtained concentration in-
equalities for these measures but for the ¢}-distance on R™. Their results
are based on appropriate modification of the logarithmic Sobolev inequality,
and show different behaviors for different values of o. This was not the case
when considering the Euclidean distance.

The range « € [1,2] presents very interesting properties. We start with
the Gaussian case, o = 2, which is best understood. Concentration of mea-
sure and isoperimetry in Gauss space are now classical (see e.g. [38, 7]). It is
remarkable that they are both dimension free. Recall that the isoperimetric
inequality asserts in particular that for A C R™ with u5™(A) = pa((—o00,1])
one has for all h > 0,

(1.1) M?”(AJthg) > ,ug((—oo,t—l—h]>.

Here BY is the n-dimensional Euclidean ball. Taking limits one obtains that
among sets of given Gaussian measure, half-spaces have minimal Gaussian
boundary measure.
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On the other hand, the Gaussian measure has remarkable analytic prop-
erties: the corresponding Ornstein-Uhlenbeck semigroup is hypercontrac-
tive, as discovered by Nelson [45]. Gross proved that this fact is equivalent
to the logarithmic Sobolev inequality [31]. Let us also mention that the
Gaussian measure is the prototype of strictly log-concave measures. It was
a success of the Bakry-Emery formalism to allow the extension of most of
the previous results to abstract semigroups with positive curvature (see [6]
for logarithmic Sobolev inequalities and [7] for Gaussian isoperimetry and
an abstract version of the Levy-Gromov theorem).

The two sided exponential measure o = 1 is also well understood. Tala-
grand’s paper [52] provides the following very precise estimate: if A C R"
verifies u$"(A) = py((—o0,]) then for all h > 0 it holds

PP (A+ hBY + VhBE) > i ((—o0,t + h/K]),

where K is a universal constant and B} = {z € R"; Y77, |z;]” < 1}. See
also [41, 55]. In a slightly weaker form, such a statement was recovered by
Bobkov and Ledoux [18], via a modified logarithmic Sobolev inequality which
is equivalent to Poincaré inequality. Thus products of measures on R¢ with
a spectral gap satisfy a concentration inequality on the exponential model.
Moreover, Bobkov and Houdré [16] proved that u$" satisfies a dimension
free isoperimetric inequality of Cheeger. The proof relies on an IL; version

of the Poincaré inequality, and the statement can be rephrased as follows:
let A C R™ with u$"(A) = p1((—o0,t]) then for all h >0

(1.2) u?”(AthB;)zm((—oo,th%D.

This result completes the one of Talagrand. It is weaker for large values of h
but gives isoperimetric information as h goes to zero.

This paper provides a precise description of concentration and isoperime-
try for product of distributions which are intermediate between the expo-
nential and the Gaussian laws. This range is particularly relevant because
it contains all models of dimension free concentration and isoperimetric in-
equality, of high probabilistic importance. Indeed, as we briefly mentioned,
dimension free concentration requires exponential or faster tails, and cannot
be faster than Gaussian by the Central Limit Theorem.

Going back to our examples, let us present what is known for u, when
a € (1,2). The concentration phenomenon is already well described. Indeed,
Talagrand’s exponential inequality transfers to p, for any a>1 [53] and ensu-
res that

1
n 1/a pn n —h/K
s <A+h Ba+\/ﬁB)z1— e
? pgM(A)

for every A C R™ and h > 0. In particular if @ € (1,2) and p2(A) > 1/2
one gets that for h > 1, u?(A + hBy) > 1 — 2e /K,



996 F. BARTHE, P. CATTIAUX AND C. ROBERTO

A functional approach to this fact was recently discovered by Latala and
Oleszkiewicz [36]. These authors established the following family of Sobolev
inequalities: there exists a universal constant C' such that for all 1 < p < 2
it holds

[ (f £Pdna)” < C(2 = p2i-d J

for smooth enough f. For @ = 2 these inequalities are due to Beckner
[13]. Inequalities (1.3) interpolate between Poincaré and log-Sobolev. They
enjoy the tensorisation property and imply dimension free concentration
with decay e X" as expected. Obviously [36] was the starting point of
an extension of the log-Sobolev approach to concentration, encompassing
more general behaviors. Recently two of us simplified the proof of (1.3) and
characterized all measures on R satisfying the same property [12] (such a
criterion for log-Sobolev already existed, thanks to Bobkov and Gotze [15]).
See [20] for other developments. Inequalities (1.3) above are part of a more
general family denoted ®-Sobolev inequalities. A study of this family in
connection with some aspects of semi-group theory is done in [25].

The initial goal of this work is to obtain a precise dimension free isoperi-
metric inequality for & when a € (1,2). Namely we want to prove that
there exists a constant C' such that for all n € N

1 1-1

. 2(04) 2 O () (log (o))
(1 4) (Noz ) (8‘4) C:ua (A) IOg (’ugn(A>)
for all A such that p&"(A) < 1, where 11,(9A) denotes the surface measure
of A (see section 8). This bound is known for a = 1 [16] and a = 2 [7]
and can be deduced from [14] in dimension 1. So (1.4) is exactly what is
expected. This result is stronger than the concentration result. Indeed it
implies that for all n and A C R™ with u$"(A) = ua((—00,t]) one has

pE™ (A + hBY) > pa((—o00,t + h/K]).

This interpolates between (1.2) and (1.1).

Inequality (1.4) will be shown in Theorem 46 as the achievement of a
somewhat intricate story. Actually, we prove much more and develop several
useful methods on the way. They should find a field of applications in the
study of empirical processes or in statistical physics.

Before describing the organization of the paper, let us explain that our
proof relies on a method initiated by Ledoux [37] and improved in [7]. It
can be summarized as follows: any integrability improving property of a
semigroup with curvature bounded from below provides isoperimetric in-
formation for the invariant measure. Hence our problem translates to a
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question on the semigroup (Pf):>o for a € (1,2). However, a theorem of
Hgegh-Krohn and Simon [34] shows that P is never continuous from L2 (1)
to " (). Since the P scale is too rough for our problem, we analyze
the regularizing properties in appropriate scales of Orlicz spaces and ask
whether the semigroup maps L?(j,) into a smaller Orlicz space.

Section 2 contains the required elements on Orlicz spaces.

Section 3 presents a sufficient condition on the Young function 7 for Qf
(a slightly modified P) to map continuously IL? into L., for a fixed ¢. This
condition relies on the probabilistic representation of P (Girsanov transfor-
mation) and on martingale methods inspired by [35, 21]. Unfortunately the
method cannot reach the contraction property (only boundedness, simply
called 7-Orlicz hyperboundedness) and does not easily yield explicit bounds.
The criterion readily extends to certain perturbations of an ultracontractive
semi-group.

In order to get contraction results and explicit bounds, we build in Sec-
tion 4 the full analogue of Gross theory. Following [22] we start with the
analogue of a result by Hgegh-Krohn and Simon (Theorem 4): if Py is
continuous from L?(p) into L, (u) then p satisfies a defective logarithmic
Orlicz-Sobolev inequality. This is actually a particular F-Sobolev inequality
as studied in [57, 30] (the notion apparently goes back to Concordet). For
the |z|* Boltzmann measure fi,, it is equivalent (see (4.8)) to the following
result of Rosen [49]: there exist A and B such that for [ f2e2¥"dy = 1,

1

15) [ £0) (s (1fwD)" e dy <A [ Ve ay+ B
See Adams [1] for extensions and Zegarlinski [59] for an application of Rosen
type inequalities to the study for Gibbs measures with non-Gaussian tails.

Next we consider homogeneous F'-Sobolev inequalities. One of our main
results is Theorem 6 where we obtain the equivalence between a F-Sobolev
inequality and the 7,-Orlicz-hyperboundedness (or hypercontractivity) of
the whole semigroup for 7,(x) := zPe? (@) Under a few assumptions on F,
the time evolution of the regularizing effect is quantified. A weak form of
part of these results appeared in [30, Theorem 1.2 and Theorem 2.4]. These
authors proved that a particular tight F-Sobolev inequality is equivalent to
Orlicz-hyperboundedness for some time. Their motivation was a criterion
for the generator to have a non-empty essential spectrum (see [30, 57] for
connections with super-Poincaré inequalities). By Theorem 6, a tight F-
Sobolev inequality for a nonnegative F' guarantees that the semigroup is
Orlicz-hypercontractive. We conclude this section by extending the well
known inequality of Rothaus [50]: under spectral gap assumption this allows
to turn certain defective F-Sobolev inequalities into tight ones.



998 F. BARTHE, P. CATTIAUX AND C. ROBERTO

Section 5 provides a thorough study of Sobolev type inequalities. In the
Gaussian context the log-Sobolev inequality is canonical and has plenty of
remarkable properties: it tensorizes, provides concentration via Herbst ar-
gument, hypercontractivity and entropy decay along the semigroup. In our
more general setting, in particular for ., @ € (1,2), no such miracle hap-
pens. Several Sobolev inequalities are available. However none of them con-
centrates all good properties. This is why we undertake a precise study of
Beckner type inequalities, of homogeneous F-Sobolev inequalities and addi-
tive p-Sobolev inequalities also called ®-Entropy inequalities (wee shall not
discuss the latter in terms of exponential decay of ®-entropy. See [25, 58]).
Our strategy is to provide each inequality with a simpler reduced form rela-
ting the measure of sets to their p-capacity. This notion was alluded to by
the first and last-named authors in [12]. Here we use it systematically in the
spirit of Maz’ja [42]. Note that the probabilistic setting is delicate since con-
stant functions are equality cases in all our inequalities. Our approach is an
extension to any dimension of the criteria on the real line recently obtained
through Hardy inequalities [15, 12]. It provides new criteria and equivalences
between several Sobolev inequalities. A final figure summarizes the situation.

Section 6 deals with the consequences of generalized Beckner inequalities
for the concentration of measure. They are immediate from the method of
Latata-Oleszkiewicz, and where discussed independently by Wang [56]. Our
contribution here comes from our sharp criteria for these inequalities. In
particular we give general neat conditions for products of measures on R to
enjoy dimension free concentration with rate e~®® where () is convex,
but less than 2. Under reasonable assumptions the criterion is satisfied by
the measure e~®®) /7 itself, so the concentration is sharp. For other results
in connection with mass transportation, see also [58, 23, 29].

Section 7 illustrates all the previous results in the case of |z|* Boltzmann
measures. In this concrete situation we explain how to deal with the tech-
nical conditions involved. We also develop a perturbation argument similar
to the one of [21, section 4].

The final section deduces isoperimetric inequalities from semigroup hy-
perboundedness properties. The claimed infinite dimensional isoperimetric
bound (1.4) is derived. As a consequence a family of comparison theorems
is provided.

For sake of clarity we decided not to develop our argument in its full
generality. However, most of our results easily extend to more general situ-
ations, encompassing diffusion operators on Riemannian manifolds. This is
the case of the Gross-Orlicz theory, of the reductions to inequalities between
capacity and measure. The final isoperimetric lower bounds would work
when the curvatures of the generators is bounded from below.
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2. Orlicz hypercontractivity

In this section we discuss a weakened form of hypercontractivity and hyper-
boundedness, replacing ILP spaces by Orlicz spaces. We start with recalling
basic notions about these spaces. Some definitions are not the usual ones
used e.g. in the book by Rao and Ren [46].

In the sequel we consider a complementary pair (7%, 7) of continuous and
even Young’s functions (i.e. 7* is the Fenchel-Legendre dual function of r,
both being convex functions vanishing at the origin) satisfying

(2.1) lim Lg) =400 and lim () =0 forp>2.
y——+o00 Y y——+00 yp
It follows that
(2.2) lim — (2y> =0 and lim — ) =400 forp<2.
y—+oo Y y—+oo  YyP

We assume that 7 and 7% both satisfy the Ay condition (i.e. 7(2y) < K 7(y)
for some K > 1 and y > y; > 0, and a similar result for 7% with possibly
different K* and y7). It follows that they both satisfy the Vy condition too
(i.e. 2l7(y) < 7(ly) for some [ > 1 and y > ¢; > 0 and similarly for 7* with
I* and g7), see [46, p. 22, 23].

We also assume that the pair (7, 7%) satisfies 7(0) = 7%(0) = 0. The space
L, (u) is the space of measurable functions f such that

(2.3) 1(f) / F(1f Dy < +oo.

Thanks to the Ay property, I, and L.« are linear spaces. We shall use two
norms on each space,

(2.4) N.(f) % inf {u > 0;17(5) < 7(1)} ,
191, sup{ [ 10kt Vie(9) < 1.

with similar definitions for 7*. The first one is called the gauge or Luremburg
norm.

Note that N, is unchanged when 7 is multiplied by a positive constant.
Hence if there exists a > 0 such that a7(1) + a7*(1/a) = 1, we may
consider the pair (n,n*) where n = ar. It is normalized in the sense that
n(1) + n*(1) = 1. In particular if 7/(1) exists and is positive, we may take
n = 7/7'(1). However, in general, this normalization is not assumed.
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With our definitions, and thanks to the regularity properties of 7 and 7* it
is known that for f € L, and g € L, it holds (see [46, Proposition 1, p. 58])

L =T an = =
L (3d) =@ ad M=, =1

The analogue of Holder’s inequality is [ |fg|du < (7(1)+7*(1)) N (f)N-+(9).
It implies that

(2.5) I/l < (7(1) +77(1)) N=(f).

The Ay condition ensures that (L., N,) is a reflexive Banach space with
dual space (L.+, [|-||,.) [46, Theorem 6, p.105]. Also note that N, and ||-||.
are equivalent (see [46, (18), p. 62 ]) and that the subset of bounded functions
is dense in ;. The same holds when we replace 7 by 7*.

Finally remark that if N,.(f) > 1,

f 1
"0 =1(57) < wp

so that

(2.6) N.(f) < max (1, [T((lf)))

Conversely if f(x) > N.(f)y1 (recall the definition of Ay) then

(@) = (Mol 15((})) = K“(zé%)

It follows that

log(N+(f))

L(f) < T7(N-(f)yr) + Ko (1),

Remark 1. Our definitions of norms on L. are not standard. Our choice
ensures that the constant function 1 has norm one in all spaces. If we
replace 7(1) by 1 in the definition of N, we obtain the usual gauge norm
N!. Tt is equivalent to N,. Indeed (2.6) implies

1
N (f) < max (1, — ) N2 (/).
(1) < max (1, =5 ) V)
and a similar argument yields N!(f) < max(1,7(1))N.(f). Our definition
of ||-||» does not coincide with the usual Orlicz norm [46, Definition 2, p. 58],
but it is natural by duality.
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We are ready to state our main definitions.

Definition 1 (Orlicz-hyperboundedness). We say that a y-symmetric semi-
group (Py)i>o is Orlicz-hyperbounded if there exist ¢ > 0, and a Young func-
tion 7 with

()

lim —- =+ and lim T(y)
y—+oo Y y—+0o0 yp

=0 forp>2,

such that P; is a continuous mapping from L?(p) into L, (u).

Definition 2 (Orlicz-hypercontractivity). We say that a y-symmetric semi-
group (Py)i>o is Orlicz-hypercontractive if there exist ¢ > 0 and a Young
function 7 as in Definition 1 such that P; is a contraction from IL?(u) into
(L (n), N;). Equivalently P; is a contraction from (L« (), ||-||,.) into L?(s).

Thanks to Jensen’s inequality, for all s > 0, Py is a contraction in both
(L, (1), N;) and (L« (p), ||-||.) with norm 1, achieved by constant functions.
In particular if the contraction property in Definition 2 holds for ¢, it holds
for all s > t.

The next section gives a criterion for a semi-group to be Orlicz-hyper-

bounded.

3. Orlicz hyperboundedness for |z|* and general Boltz-
mann measures

First we present our argument for the potential |z|*, a € (1,2). Actually
the method requires C? regularity so we prefer to work with a well behaved

modification of the latter. For example we may consider the function wu,
defined on R by

RS for |x| > 1

ua(z) = { a(a8—2)$4 n a(44—oc)x2 +(1- %a + %oﬂ) for |x| < 1.

(3.1)

It is easy to see that u, is C2, convex and bounded below by 1— %CX—F%CMQ > 0.
One can also check that |z|* < uq(x) < max(1,|z]|*), for all z € R. The
associated Boltzmann probability measure on R™ is defined as

(32) ygn(dx) = Z{;"e*Q it Ua(xz)dx — Z;nefQUa,n(x)dl,

where Z, is the proper normalizing constant and U, ,(z) o Yo ualT).
For notational convenience we shall write U, for U, ,. Similarly the forth-
coming objects depend on the dimension n. This dependence will be recalled
through the notation v¥" only.
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To the Boltzmann measure is associated a symmetric semi-group (P?):>o
generated by the operator

1
Ay = éA—VUa-V.
One can show (see [51], [22, Section 7] or [21]) that the semi-group is given by
(3.3) (PPh) (x) = e"*@EP[h(X)e "Xy,

where P, is the Wiener measure such that P, (XO = x) =1 (i.e. under P,,
X is a n-dimensional Brownian motion starting from z) and M, is defined as

(3.4) M, = exp (% /Ot(AUa - |VUa|2)(XS)ds>.

In this section, we have chosen the probabilistic normalization of the Lapla-
cian %A in order to avoid extra variance on the Brownian motion.

Since eV~ belongs to all LP(v®") for p < 2, an almost necessary condi-
tion for Orlicz hypercontractivity is that P2 (eY) belongs to some L, (v2").
In [21, Section 3], the “Well Method” of Kavian, Kerkyacharian and Roynet-
te [35] is pushed further and allows to estimate P?(eV) when o > 2. In the
following, we extend this method to the case 1 < o < 2.

Theorem 1. Let a € (1,2) andn > 1. Let T be a Young function satisfying
7(y) = y* ¥ (y) for some positive and non decreasing function v going to +00
at infinity. Assume that v satisfies the Ay condition: there exists constants
k,y1 such that ¥(2y) < ki(y) provided y > y;. Let v&™ be the Boltzmann
measure defined on R™ in (3.2).

Then PP (eV~) belongs to L. (v2™) if there exists a constant C' < o such
that

(Ve @)= CtlUa@ ™ g0 4o,
R'ﬂ

The proof below can be used to get explicit bounds, depending on n.
Proof. First remark that U, satisfies

(35 (IVULw) = Alu(@)) 2 GalUa(@)) — ca = Ha(Ua(x),

1
2
with Go(y) = S |y[?~=) and ¢, = n(1 + la(a — 1)), with our choice of
uy for |z| < 1. Since G, is subbadditive, it is enough to prove the above
inequality in dimension n = 1. We leave the details to the reader. Note that
H,, admits an inverse H,' defined on [—c,; +00) with values in RT.
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For € > 0 define the stopping time T}, as
. 1 2
(3.6) T, =inf< s > 0; §(|VUQ| — AUL)(X,) < Ho(Un(z) =€) ¢

Note that for all z € R", T,, > 0 P, a.s. provided U,(z) —e > 0 and that on
T, < 400,

(37)  Ua(Xn) < H' (S(VULP ~ AUL) (X)) < Uala) —<.
Introducing the previous stopping time we get

E™ [M,] = B [M,Ler,] + E™ [MIr, <] = A+ B,
with
(3.8) A=E"[MI;7,]) <exp(—tHo(Us(z) —€)),

and EF=[M;1r,<;]. In order to bound B from above we introduce the non-
positive quantity 3(AU, — |[VU,|?) — ¢a

B = E™ (Mg, <]

< elalFe _exp </t < AU, — [VU,J?) = ca) (Xs>d8) ]ITxSt}
L 0

1
5

< o fom ([ (30090~ ) e
G

- Te
< elalRPe exp( /
L 0

(3.9) = B [Myp,lr,<].

(AU, — |VUa|2)>(Xs)ds) ][ngt]

Note that N, := e V=X M/, is a bounded P, martingale (this can be seen
by the It6 calculus). Hence, Doob Optional Stopping Theorem ensures that
EPs Ny, = ENy = e~Y=@), Thus

(3.10) EP*[e~UeXn) Mo I, ] < EF» [era(Xme)MMTI — o Ua@)
According to (3.7), e Ve¥7:) > ¢feUal®) 5o that thanks to (3.10),
B [My, g, <)) < e

Combining this with (3.9) and using (3.8) we obtain

E]P’z [Mt] S e—tHa(Ua(z)—a) _{_e—aecat‘
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Choosing € = U, (x) for some 3 < 1 the latter inequality becomes

+ e_ﬁU"(x)),

where for |z| large, the dominating term is the first one since av < 2. Also
note that (3.5) yields M; < e®? and the rough bound EF=[M;] < et

Finally P& (eV>) = eV~EF=[M;] belongs to L, (v2") provided

/ Py eV )y (P (V) dvf™ < +oc.

t o

(3.11) EP[M,] < @Cat<€2&2((1ﬁ)Ua(r))

This is equivalent to
/ EP= (M2 (eV*@EP[M,]) dx < +oo.

Using the above bounds on E¥=[M;] and the fact that the convergence is not
a problem on bounded sets, this is verified when

/ e—taQ((lfB)Ua(fB))%%@D (V> et) dy < +oo.

The A, property of ¢ gives the conclusion since when a > 1 and b is large
w(ab> < k.l—l—log(a)/log(Q)w(b). [

As in [21, Theorem 2.8] we show that P2(eV=) € L,(v®") is also a suffi-
cient condition for 7-Orlicz hyperboundedness.

Theorem 2. Let T be as in Theorem 1. Let t > 0. If PA(eV~) € L, (v5")
then (P%)s>o is 7-Orlicz hyperbounded.

S

Proof. Recall that thanks to (3.5), M; < e“’. On the other hand, the
Brownian semi-group (Ps)s>0 on R" is ultracontractive and || Ps || 2 g,) oo (ax)

= (4ms)~7 (see [27]).
Now pick some smooth function f on R™ with compact support. Since
|fle"Y= € 1L2(dx) and using the Markov property, for s > 0 and ¢ > 0, it

holds

E* [Mt+s(e*U"|f|)(Xt+s)} = E~ [MtE]PX* (M, (e f l)(XDH
" EF [ MU, (| fle) (X))
< e (dms) TH | fllaggm B [M).

IN

Hence Py,|f| < e®*(4ms) 1 Hf||L2(V§>n)Pt(eU“), and consequently

NT<Pt+s|f|) < ecas<47rs)_%NT(Pt<eUa))||f||]]_,2(l/l§")'
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Ezample 2. An appropriate choice in Theorem 1 is ¢ (y) = exp ((log |y|)2_%)
for |y| large enough. According to Theorems 1 and 2, (Pf);>¢ is then 7-Orlicz
hyperbounded for t > %

The previous scheme of proof extends without any change to the general
framework we have introduced. Let us describe the situation.

Let P, be a u-symmetric diffusion semi-group on a space F as described in
Section 1, with generator L. For V' in the domain D(L) of L, we introduce
the general Boltzmann measure dvy = e 2Vdy and assume that vy is a
probability measure. Under some assumptions it is known that one can
build a vy -symmetric semi-group (P );>, via

(3.12) (PYh)(z) = " @EP [h(Xt)e*V(Xf)Mt] ,
with
M, = exp (/0 (LV(XS) (v, V)(XS)>ds).

In the general case these assumptions are denoted by (H.F) in [21]. Here we
have chosen the usual definition

L(V,V)=- (LV?-2VLV).

DO | —

When E = R", L = A/2 and p = dz each of the following conditions
(among others) is sufficient for (3.12) to hold:

(i) there exists some ¢ such that ¢(x) — 400 as |z| — +oo and VV -
Vi — A is bounded from below,
(ii) /|VV|2dyV < +00.
See e.g. [51, p.26], [21, (5.1)] for the first one, and [24] for the second one.
We introduce the analogue of (3.5):
Assumption (OB). We shall say that V' satisfies Assumption OB, if
(i) V is bounded from below by a possibly negative constant d.

(ii) There exist ¢ € R, ug > 0 and a function G : R* — R* such that
G(u) — 400 as u — +oo and G(u)/(u + 1) is bounded for u > wuy,
and such that for all z € F|

LV, V)(z) = LV(2) = G([V(2)]) - c.

Assumption OB ensures that the dominating term in the analogue of (3.11)
is the former for x large enough.
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Theorem 3. Let 7 be as in Theorem 1. If (P)¢>o is ultracontractive and V
satisfies Assumption OB, then the perturbed semi-group (PY )¢ is 7-Orlicz
hyperbounded as soon as for some C' > 0

/w(ev)e_CG(Vl)du < +o00.

Remark 3. Assumption OB appeared first in Rosen’s work with G(u) =
u2(=2) [49, Theorem 1]. It was used to derive a variant of the logarithmic
Sobolev inequalities for the |z|* Boltzmann measures on R™. Rosen proved
that his condition is in a sense optimal, see his Theorem 5. He did not
relate his inequality to continuity properties of the associated semi-group.
Furthermore, we think that the meaning of Assumption OB is enlightened
by our probabilistic approach. Rosen’s results and F-Sobolev inequalities
will be discussed in Section 7.

Remark 4. If E=R", L =A/2, n = dxr and V goes to infinity at infinity,
then the second condition in Assumption OB implies the existence of a
spectral gap, see e.g. [21, Proposition 5.3.(2)].

4. Gross theory for Orlicz hypercontractivity

We explore the relations between Orlicz hyperboundedness and Sobolev in-
equalities for the underlying measure. Since we do not a priori consider a
parametrized family of Orlicz functions, contrary to the family (IL?;p > 2)
used in Gross theory, the extension of this theory to our framework is not
immediate.

In this section we assume that 7 and 7% are smooth and increasing on R*,
hence one to one on RT. When there is no ambiguity we denote the L?(u)
norm of f by [|f||,. We assume for simplicity that u is a probability measure.
The framework is the one described in the introduction.

4.1. An Orlicz version of Hgegh-Krohn and Simon Theorem

Hoegh-Krohn and Simon [34] showed that a measure u satisfies a possibly
defective logarithmic Sobolev inequality as soon as the corresponding semi-
group is continuous from L?(u) into LP(p) for some time and some p > 2.
A proof using semi-group techniques appears in [4, Theorem 3.6]. Another
proof is given in [22, Corollary 2.8].

We follow the route in [22] in order to derive a functional inequality
for an Orlicz hyperbounded semi-group. The starting point is the following
particular case of Inequality (2.4) in [22]: let D be a nice core algebra (in the
case of R” we may choose the smooth compactly supported functions plus
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constants, see [22] for details). Let (P;);>0 be a py-symmetric semi-group.
Then for all ¢ > 0, for all non-negative f € D with [ f?dy = 1, and all
positive and bounded h,

t
[ FProghau< o) +ios [ gipifan
If P; maps LL? into some (L., N;) with operator norm C, we obtain
t
[ Froghdn < S8+ log (111N (B.f)

t
< §E(f,f) +logC' + log || fh

7

Choosing h such that the last term in the above sum is bounded, yields a
functional inequality reminding the logarithmic Sobolev inequality. A nat-

ural choice is =L 2]
(= CLUT)

for which I«(|f|h) = [ 7*(1) f2dp = 7%(1). It follows that N,(fh) =1 and
by (2.5) that ||fh| . < 7(1)+7*(1). We have shown

Theorem 4. Let tg > 0. Let (Py)i>o be a p-symmetric semi-group. If Py,
is continuous from L?(u) into (L, (u), N, ) with operator norm C(to,T), then
for all f € D the following defective logarithmic Orlicz Sobolev inequality
holds

(DLOSI)  Ent.(f) < a&(f, f) +b|fll5,

with a =%, b =1og(C(to, 7)) + log(T(1) + 7%(1)) and

o [y (GO
Et*”‘/”g( AL )d’“‘

provided the function

e (E200)

can be continuously extended up to the origin. Here (7*)71 is the inverse
function of % and not 1/7*.

In particular if (Py)i>o is 7-Orlicz hypercontractive and 7(1) 4+ 7*(1) = 1,
(DLOSI) is tight i.e. becomes

(TLOSI)  Ent,(f) < a(f, f).

Inequalities like (DLOSI) were already discussed in the literature, as a
particular F-Sobolev inequalities.
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Remark 5. In our setting (7*)~'(y) >> /y. Hence Ent.(f) < +oo is
stronger than L2-integrability

Ezample 6. If we formally replace 7(y) by y? for some p > 2, then (7%)~*(y)
behaves like y'/4 for the conjugate ¢ of p. Hence we recover the usual loga-
rithmic Sobolev inequality as in the result by Hgegh-Krohn and Simon.
Example 7. For the |z|* Boltzmann measures, the results of the previous
section (Example 2) and the above theorem provide an Orlicz Sobolev in-
equality. In this case we do not have a very explicit formula for Ent,, but
only an asymptotic behavior, i.e.

(4.) o (ALY < g2,

as y — 4o00. See Example 13 in this section for details. Here a =~ b means
that ca < b < Ca for some universal constant ¢ and C'.

The next section provides a converse to Theorem 4 in the framework of
general F-Sobolev inequalities.

4.2. A Gross-Orlicz Theorem

Our main result is Theorem 6 below. It gives the equivalence between the
homogeneous F-Sobolev inequality and the Orlicz hypercontractivity. This
extends the standard theorem of Gross [31].

Recall that the probability measure p satisfies a log-Sobolev inequality
if there exists a constant C'g such that for any smooth enough function f,

(4.2) /f2 log (u(ff?)> dp < CL5/|Vf|2du,

where p(f?) is a short hand notation for [ f2du and |V f|? stands for T'(f, f).
The following theorem is the celebrated Gross Theorem ([31], see also [3])
relating this property to the hypercontractivity of the semi-group (P;):>o.

Theorem 5 ([31]). Let u be a probability measure. The following holds:

(i) Assume that p satisfies a log-Sobolev inequality (4.2) with constant Crg,
then, for any function f, any q(0) > 1,

1P flly) < 1 g0y
where q(t) = 1+ (q(0) — 1)e*/Crs
(17) Assume that for any function f,

1Pefllgy < 11

with q(t) = 14 e*/¢ for some ¢ > 0. Then the probability measure y satisfies
a log-Sobolev inequality (4.2) with constant c.
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A natural extension of the log-Sobolev inequality is the homogeneous F-
Sobolev inequality. Let F': Rt — R be a non-decreasing function satisfying
F(1) = 0. A probability measure yu satisfies an homogeneous F-Sobolev
inequality if there exist two constants C'r and Cr such that for any smooth
enough function f,

as)  [rr (

If Cp =0 (resp. # 0) the inequality is tight (resp. defective). We shall use
this terminology only when it is necessary.
We have the following result

)du CF/|Vf| duwF/f .

Let F : Rt — R be a C? non-

Theorem 6 (Gross-Orlicz). Fiz p > 1.
) = 0. Define for all ¢ > 0, 1,(x) =

decreasing function satisfying F(1
1Pt (a?)

(1) Assume that

e there exists a non negative function k on RT such that for all ¢ > 0:

M9 72 (hence 7, s a Young function),

7
Tq Tq 2 4

e there exists a non negative function { on R™ and a constant m > 0
such that 7,(x)F(a?) < l(q)1y(x)F(1,(z)) +m, for all ¢ > 0 and all
x>0,

e the measure | satisfies the homogeneous F-Sobolev inequality (4.3)
with constants Cr and Cr.

Then, for all non-decreasing C' functions q : R™ — RT with ¢(0) = 0 and

satisfying ¢’ < Z(]Z()(QF, the following holds for all f,

lim O (91 ) du
Ny, (Pof) < eplma@+Crlittoded) )

(ii) Conversely assume that there exist two non-decreasing functions,
r: Rt — R*, differentiable at 0, with q(0) = r(0) = 0, such that for
any f,

(4.4) Ny (BLf) < €O £,

Then u satisfies the following homogeneous F-Sobolev inequality: for all f
smooth enough

[ i) =y 957
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Remark 8. Note that by our assumptions on 7, N;  (f) is well defined.

Furthermore when m = 0 the previous result states that the Orlicz hy-
percontractivity is equivalent to the tight homogeneous F-Sobolev inequality
(Cr =0).

Proof. We follow the general line of the original proof by Gross [31], see
also [3]. It is based on differentiation.

Without loss of generality we can assume that f is non negative. Then,
for a general C! non decreasing function ¢ : Rt — RT satisfying q(0) = 0,
let N(t) := Ny, (Pif). For simplicity, we set T'(z,p) := 7,(z). Then, by
definition of the gauge norm (2.4) we have

/T (fv)t({),q(t)) dp=1 Vt>0.

Thus, by differentiation, we get

1]5;—((?) / P, /0,7 <%,q(t)> dy = N1< ; / LP,fO,T (Nt({),q(t)) du

) o (BL )
N NOE

N g T (g,q)dp = /Lg 31T(g,q)du+q’/02T(g,Q)du.

Here 0; and 0y are short hand notations for the partial derivative with
respect to the first and second variable respectively.

or equivalently, if g :=

(4.5)

Let us start with the proof of the second part (i7) of the Theorem. For
simplicity, assume that N(0) = || f|[, = 1. Take t = 0 in the latter equality
gives

pN'(O) [ Pau=p [L e © [ 2EEn,
because g(0) = f, T (f,q(0)) = pfP~" and T (f,q(0)) = fPF(f?) (recall
that ¢(0) = 0 and N(0) = 1). Using the integration by parts formula
JLf-o(f)du = = [ IV (f)dp, we get
p [ e = o= 1) [1952 2 = ==L 1o pra
Now, it follows from the bound (4.4) that N'(0) < ( )l f]l,- This implies
pr O, [rran = =22 192 Rdu+ ¢©) R

Since || f[|, = 1, this achieves the proof of (ii).
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The proof of part (i) is more technical. By a simple computation one
can check that 20,T(z,q) = pT(x,q) + pgz®* F'(z?)e??" @) Since F is non
decreasing and g > 0, we get when N'(t) >0

N’ pN’ pN’
- T dy > T duy = .
N/981 (9.q)dp > ~ / (9, 9)dp ~

On the other hand, using once again the integration by parts formula [ Lf -
o(f)dp = — [V fI*¢'(f)du, and our assumption on 7,

/LgﬁlT(g,Q)du —/|V9|2011T(Q,Q)du

—k(q) / wi@ﬂz:g dp
= —k(Q)/\V\/T(g,Q)\Qdu-

Next, 0,T'(x,q) = T(x,q)F(a?) < U(q)T(x, q)F(T(x, q)) + m by hypothesis.
Thus, (4.5) becomes

IN

P < ko) IV VTG + a)d 1060 F (T (g, 0)du+ ma

Note that the right hand side of this inequality contains the three terms ap-
pearing in the homogeneous F-Sobolev inequality (4.3) applied to \/T'(g, q)

(recall that [(\/T(g,q))*dp = 1). In consequence, applying the homoge-
neous F-Sobolev inequality (4.3) to \/T'(g,q) gives

!/

P <+ Crt() + (k@) + ¢2a)Cr] [ 1VV/TTo.0)Pd

If ¢ < cl;(ef]()q)’ it follows that ’% < ¢'(m + Cpl(q)). This we proved when

N'(t) =2 0. It is obviously true when N’(t) < 0. Thus by integration
N(t) <N (o)ei[mq(t)wF S5 t(w)du]

Noting that N(0) = [|f||, achieves the proof. |

Remark 9. Since the homogeneous F-Sobolev inequality (4.3) recover the

log-Sobolev inequality (4.2) (with F' = log and Cr = 0), it is natural to ask

whether the previous Theorem recover the classical Gross Theorem or not.
So, take F' = log. Then, 7,(z) = 2P+,

0 1

74(x) = pry(7) log(z) = 1

2,7 () F(7q (),
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and thus, we can choose ¢(q) = ﬁ and m = 0. Moreover, it is easy to see
that 7,7, = %Tf > b= L T ? hence k(q) = 4p . Applying the Theorem,

we get that if p satisfies a log Sobolev mequahty (4.2) with constant Cpg
(Cr = 0), then, for any function f and any ¢ > 0,

1P f gy < 11
(p—1)t

A1t
where G(t) = —1+e¢ 43025 . The function p(qt)+1) = pe* s is less than
q(t) = 1+ (p — 1)e*/ts of Theorem 5.

Let us make some additional remarks on the hypotheses of the Theorem.

Remark 10. Let mp 1= | minge(o,1y) #F ()| and assume that mp < co. With
our choice of 7,(z) in the Theorem, one can choose [ = 1 and m = mp in
order to have 7,(z)F(2?) < l(q)7,(z)F(1,(x)) + m.

Moreover, if F' is non negative, then mprp = 0. Thus, in that particu-
lar case, the previous Theorem states that the Orlicz hypercontractivity is
equivalent to the tight homogeneous F-Sobolev inequality.

Remark 11. The condition 7,(x)F (z?) < €(q)1y(x)F(74(2)) +m is technical.
It comes from our choice of 7, = xPe?"@) . In view of the proof of Theorem 6
the most natural choice for 7, would be the solution of

{&Tq(iﬁ) = 7g(2) F(7y(x))

wo(r) = aP.

Unfortunately, it is not explicit in general. This is why we preferred the
expression zPe?”" (@) which has the same asymptotics when z tends to infinity.

_k(a)
7]

Remark 12. The hypothesis 7,7, > k(Q) Ty ? can be read as: 7 is a convex

_ka
function. Note that if xF'(z) — 0 and zF"(x) — 0 when x — 0, qu *

is no more convex if k(q) > 4(p — 1)/p. Thus, we cannot hope for a better
exponent than k(q) =4(p — 1)/p (i.e. 1 — (Q) p).

Now, we give a sufficient condition, 1nvolv1ng F', insuring that 7, satisfies
that condition.

Proposition 7. Let F : R™ — R be a C* non decreasing function satisfying
F(1) = 0. Fiz p > 1. Define for all ¢ > 0, 7,(x) = 2Pt @) Assume that
there exists a constant k < 4(p — 1)/p such that for any x > 0,

p—1 k

P (z) + (2 + — §)F/( z) 20,

Then, for any q > 0, 7, satisfies 7,7, > %7‘;2.
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Proof. Note that for ¢ = 0 the conclusion is clearly true. Suppose ¢ > 0.
It is not difficult to check that for all z > 0,

T, (2)Te(z) R q(p — DaPF'(2?) + pga* F" (a?)

mi(x) o p (14 qzPF'(a))? '

Thus, it is enough to prove that for any z > 0,

S (1 (G ))
vt ) - (1) P ) 2 0

Note that —1 > % —1 because k < 4(p — 1)/p, hence, it is sufficient to have

1
p

(w —2g (g — 1)) aF'(z) + qu° F'(z) — (g - 1) ¢’z F'(z)? > 0.

Since z > 0, % —1<0and F'(z)? > 0, it is satisfied when

(1%1 9 (% - 1)) F(z) + F"(x) > 0

which is our condition. This achieves the proof. [ |

4.3. 7-Entropy and F-Sobolev inequalities

In the previous two subsections we put forward two relations between F-Sobo-
lev inequalities and 7-hyperboundedness properties. On one hand we showed
that 7-hyperboundedness implies an F-Sobolev inequality with

On the other hand our analogue of Gross Theorem shows that an F-Sobo-
lev inequality implies Orlicz hyperboundedness with say 7(y) = y2ef@”).
The goal of this paragraph is to show that these two relations are almost
the same.

First, for 7(y) = 120 (y) = y2eF'¥") as above, it is easily seen that

= /2yn(y)

where 7 goes to +oo at infinity. Furthermore (see [46, Proposition 1 (i7)
p.14]), for all y > 0

(4.6) y <7 y)(m) Hy) < 29
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We apply the latter to y = 7(2) to get (¥(77(2)))2 < v2n(2) from the left-
hand inequality. Since 77! is a non decreasing function and 771(z) > 22"
for all § > ¢ > 0 for some c., we certainly have v/2n(z) > (1p(cez279))2.
Hence provided

(4.7) YY) = de (d(y™=))"

for some positive k. and d., we get that at least for large |y| (using condi-
tion Vs), log(¢(y)) < K. log(n(y)). Also note that (4.6) furnishes

(z) < V2U(r71(2)) < \/20(Vz) < CV(2),

for z large enough. Hence under (4.7) and for large |y|, there exists two
constant ¢ and C' such that clog(v) <log(n) < C'log(¢). In addition

log <(T*)1(y27-*<1>>) ~ log (77(7_*<1>y2>)’

Y|

so that for |y| large enough

log ((T*)_l(y2r*(1>>> ~ log <w<cy2))

||
where we recall that a = b if there exist some universal constants ¢, ¢y such
that c;a < b < esa.
Finally note that for a defective F-Sobolev inequality we may replace F
by F' that behaves like F' at infinity, up to the modification of both constants
Cr and Cp in (4.3). Hence provided v satisfies (4.7) we may choose

F =log(y) or F =log(n).

Ezample 13. Consider the |z|* Boltzmann measure. According to Example
2, Theorem 4 and the above discussion above, there exist A and B such that
for ff26*2|y‘ady =1,

@8) [ £0) (s (1wD)" e dy <A [V ay+ B

The latter is exactly the inequality shown by Rosen in [49, Theorem 1]. His
proof relies on Sobolev inequalities in R™ and results on monotone opera-
tors. Of course F' = (log")? does not satisfy the regularity assumptions in
Theorem 6, so that we cannot apply it. But smoothing this function, we
may obtain similar inequalities. This will be discussed in Section 7.

Ezample 14. We may take F(y) = G(log(y)) in the general setting of The-
orem 3, provided, in addition to assumption OB, G satisfies [ e~ 1CWVDay <
~+00, for some ¢ > 0, and conditions Ay and V.
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4.4. From hyperboundedness to hypercontractivity

Most of the interesting properties of hyperbounded semi-groups are in fact
consequences of their possible hypercontractivity. It is well known that
a defective log-Sobolev inequality and a Poincaré inequality together are
equivalent to a tight log-Sobolev inequality. We shall finish this section
with the proof of a similar statement for F-Sobolev inequalities (we refer to
section 5.4 for additional results).

The first statement is straight forward

Lemma 8. Let p be a probability measure on R™. Let F': (0,+00) — R be
C? on a neighborhood of 1. Assume that F(1) = 0 and that every smooth

function f satisfies
2
/sz (fj;dﬂ) < /|Vf|2du.

Then for every smooth function g

(4F’(1)+2F”<1))/ (9—/9dﬂ)2dﬂﬁ /IVglzdu-

In other words, setting ®(z) = zF(x), if ®"(1) > 0 one has Cp(u) <
1/(29"(1)) where Cp(u) denotes the Poincaré constant.

Proof. We apply the F’-Sobolev inequality to f = 14eg where g is bounded
and [ gdp = 0 and we let € to zero. [ |

Conversely, we first prove an analogue of Rothaus inequality [50]:

Lemma 9 (Rothaus-Orlicz inequality). For any bounded function f, denote
by f the centered f—/ fdu. If F isC? on (0, 4+00) with F'(1) = 0 and satisfies
(1) F is concave non decreasing, goes to infinity at +oo,
(13) uF'(u) is bounded by K(F).

Then it holds

| rF (ﬁ) s [P (M{”> dh+ Cra P

Proof. We follow the proof in [4]. Again it is enough to prove the result
for functions f written as f = 1+ tg for some bounded function g such that
[ gdp =0 and [ g*°dp = 1. We introduce

u(t)= f2 _(1+t9)27 logA(t):F(U<t)+€2)> logA:F(92+52),

Cu(fr) 1442
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for some € > 0 and define

o(t) = /fQF (u{;) +52) du—/sz (u{;) +52> du

= /(1 +tg)? log A(t)dp — t* /92 log Ady.

The variable ¢ is introduced in order to avoid problems near 0. Simple
calculations yield

(1) = / (20(1 + tg) log A(t) — 2tglog A + (1 + tg)Q%))dﬂ’

and

Ot = /<2g log%+4g(1+tg)il((tt;

LA"(t)A A'2 t)> "
) =

+(1+tg)
It is then easy to see that ¢(0) = F(1 + ¢ ) and ¢'(0 . Thanks to
Taylor-Lagrange formula,

2

olt) = F(1+2%) + %90”(3),

for some s. Hence what we need is an upper bound for the second derivative,
since 2 = || f||2.

On one hand one has for all ¢
A(t)

1= F(u(t)+&*) — F(g* +£*) <0

log

if u(t) < g% and

At
los A = Flu(t) +22) — F(g? + %) < F(g + &)(ult) - g°).
if u(t) > g* since F” is non-increasing.
Note that u(t) — ¢* = (1 + 2tg — ¢*)/(1 + ¢*) < 1. For |g| > 1 we get
that u(t) — ¢* < g?. Thus, in this case, log(A(t)/A) < K(F). For |g] < 1,
u(t) — g? < 1 yields that

A(t) A(t) A(t)

2 < 2 2 7

/ 29~ log e dp < / |5L<1,229 log P dp + / |3)21’229 log P dp
< 202 F' (g + %) (u(t) — ¢*)dp + 2K (F)

lgl<1,
u(t)>g2

< AK(F).
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On the other hand,

A = / (49(1 + tg)f:g)) — (1+tg)? (i/((;))Q)du <A4.

Indeed define N
oo (o (487 )

and remark that, just using Cauchy-Schwarz and [ ¢*dp =1, Ay < 47 — Z?
which is less than 4.

It remains to control the final term Ay = [(1 + tg)z%(tt))d,u. This term
may be written in terms of F', namely

Ay = /(1 + tg)? [u’2(t) (F" + F’Q) (u(t) + ) +u" () F'(u(t) + %) | dp.

Since F” < 0 we only look at terms involving F’. Note that

) 2(1+tg)(g —1t)
v =" ey

and
(3t2 — 1) +2gt(t> — 1) — g*(3t2 — 1)
(14 ¢2)? '

(1+ tg)*u"(t) = 2u(t) [
According to assumption (i),
(1 —+ t9)2u'2(t)F’2(u(t) + 82) _ U(t)QF/2(u(t) 4 €2>M
(1+ 2)2

g —1)°

< K*(F) TERE < 8K2*(F)(1+ ¢%)

while

(1+tg)*u" (t)F' (u(t) + 2)

3tP+1 2glt(*+1) L (3tE+1)
a+ee a+ee T+ t2)2]
< 6K (F)(1+ gl +¢°) < 12K(F)(1+ ¢%).

< 2K(F)

Integrating with respect to u yields that As is uniformly bounded from above,
with a bound that does not depend on €. It remains to let € go to 0. |

Remark 15. Remark that a smoothed version of F' = (10g+)2(1_é) will satisfy
the hypotheses of the Lemma, for 1 < a < 2 (see section 7).
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Remark 16. Using the notations in the previous subsection, we have seen
conditions for F' = log(n) to be an appropriate choice. In this case using the
fact that y — /yn(y) is concave and non decreasing, it is easy to check that

y* (" /n)(y) < 3/4 and y(1'/n)(y) < (1/2)/y. Though we are not exactly in
the situation of the Lemma one can however check with more efforts that a

similar statement for Ent, is available.

To conclude this section we may state

Theorem 10. Let p be a probability measure on a set E and (Py)i>o a
u-symmetric semi-group. Let F' be as in Lemma 9. If p satisfies a defective
F-Sobolev inequality and a Poincaré inequality, i.e.

[ ( )du<cF/Nf\ i+ Co [ fag,
J(r-] fdu)gdu < pE) [ 191w

then p satisfies a tight F'-Sobolev inequality, more precisely

| rF ( )du<0’/!Vf\2du

with O/F’ =Cr+ OP(F)(CF + CRot(F))~

Proof. Using the notation f as in the previous Lemma, we have

/f2 ( ) po< /f2 ( )dﬂ+CRot< I3

Cré(f, 1) + (Cr + Cra(P)II 113
(Cr + Cp(F)(Cr + Cra(F))E(F, £).

and

VARVAN

5. Sobolev inequalities

A measure p on R” satisfies a logarithmic Sobolev inequality for the usual
Dirichlet form if there exists a constant C' > 0 such that for every smooth

function )
/f2 log (f]{?du) dp < C/ IV f|2dpu.

The latter can be rewritten as

[ 108 - ( /7 du) log ( /7 du) <c [ (v sPap.
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and also as

"d\l\i

j L= (1S 1dp)
p—2— 2 —p

<2C’/|Vf| dy.

Each of these forms naturally leads to considering more general inequalities.
We present them before studying their properties in details. We shall say
that p satisfies a homogeneous F-Sobolev inequality when every smooth
function satisfies

(5.1 [ 77 (g ) an < [195tan

1.€., in this section we only consider the tight F-Sobolev inequality intro-
duced in (4.3).

The measure p is said to verify an additive p-Sobolev inequality when
for all f’s

62 [ () ( / fzdu) . ( / deM) < [191Pd

Finally we consider the following generalization of Beckner’s inequality: for
every smooth f

’slm

(5.3) i T G < [197Pd.

pe(1,2) T(2 p

This property was introduced by Beckner [13] for the Gaussian measure and
T(r) = r. It was considered by Latata and Oleszkiewicz [36] for T'(r) = C r®.
A recent independent paper by Wang [56] studies the general case and gives
correspondences between certain homogeneous F-Sobolev inequalities and
generalized Beckner-type inequalities (and actual equivalences for T'(r) =

Cr®).

5.1. First remarks, tightness and tensorisation

Using the homogeneity property, Inequality (5.1) above equivalently asserts
that for every smooth function f with [ f2du =1, one has [ f2F(f?)dp <
J IV f2dp. It is then obvious that when p verifies an additive ¢-Sobolev
inequality as (5.2) then it satisfies a homogeneous F-Sobolev inequality with
F=p—¢1)

Inequality (5.1) is tight (it is an equality for constant functions) whenever
F(1) = 0. Inequalities (5.2) and (5.3) are tight by construction. Big differ-
ences appear about tensorisation. The homogeneous F-Sobolev inequality
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need not tensorise in general. The generalized Beckner inequality (5.3) has
the tensorisation property. This is established in [36] as a consequence of
the following

Lemma 11. Let @ : [0,00) — R having a strictly positive second derivative
and such that 1/®" is concave. Let (21, 1), (Qa, 2) be probability spaces.
Then for any non-negative random variable Z defined on the product space
(Q, 1) = (1 X Qo, 1 ® pg) with finite expectation one has

E“CI)(Z) - CI)(E;LZ) < Eu (JEM(I)(Z)—CD(EMZ)—{—EMCD(Z)—(ID(EMZ)) :

When ®(z) = zp(x) satisfies the hypothesis of the lemma, one can prove
that the corresponding additive ¢-Sobolev inequality tensorises, even for
very general Dirichlet forms. In our case, we can use the properties of the
square of the gradient to prove the tensorisation property for arbitrary &.

Lemma 12. Consider for i = 1,2 probability spaces (R™ ;). Assume that
fori=1,2 and every smooth functzon f:R™ — R one has

(5.4) [ ()i - (/f%w) [ Vs,

then the measure py ® o enjoys exactly the same property.

Proof. Let f: R™*" — R. We start with applying Inequality (5.4) in the
second variable. This gives

/cb(fz)dulduz = / (/q)<f2($,y))d,u2(y)> dy ()
/( </f2 %, y)dpa(y ) /\Vyfl ,y)dpa(y )) dpin ()

— [ ety + [ 19, P,

where we have set g(z) = \/f f2(z,y)dps(y). Next we apply (5.4) on the

first space to g. Note that [ ¢*dps = [ f?duidps and that by the Cauchy-
Schwartz inequality

[ £(@.9) Ve f (2.y)dpa(y)
J (@, y)dpa(y)
Thus we get that [ ®(g*)dpuy < @ ([ f2dpadps) + [ |V f[*dpadps. Combin-

ing this with the former inequality yields the claimed ®-Sobolev inequality
on the product space. |

Vgl*(z) =

l/Wflw@Wﬂ)
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5.2. The notion of capacity of a set with respect to a probability
measure

There exists a wide variety of Sobolev-type inequalities in the literature.
It is natural to analyze connections between them. To do so, one tries to
define for each inequality an equivalent “reduced inequality”, in such a way
that it is easy to decide equivalences on the reduced forms. For example
it is known that Sobolev inequalities involving the L'-norm of the gradient
are equivalent to isoperimetric inequalities. There exists a corresponding
tool for Sobolev inequalities involving L?mnorms (and even LP-norms) of
gradients: capacities. We refer to the book of Maz'ya [42] for more details.
The classical electrostatic capacity of a set A C R™ is

Cap(A) L inf {/ |V f(z)|*dx; fia =1 and f has compact support}

where from now on the functions appearing in the infimum are locally Lip-
schitz. The usual L2-Sobolev inequalities on R™ can be reduced to an in-
equality relating the capacity of sets to their volume. This was extended to
more general measures and inequalities (see [42]). However, if one replaces
the dx in the latter formula by dv(z) where v is a finite measure, then
the above capacity is zero. The appropriate notion was introduced in [12].
We recall it after a few definitions. Let v be an absolutely continuous mea-
sure on R". Let A C €2 be Borel sets, we write

Cap,(A,Q) = inf{/|Vf|2dV; fia > 1and flge = 0}
= inf{/|Vf|2dV; I,<f< ]IQ}7

where the equality follows from an easy truncation. If p is a probability
measure on R", then we set for A with p(A) <1/2

Cap, () & wt{ [ 97 fa = 1 and = 0) 2 3
= inf {Capy(A, Q);AC Qand p(2) < %} :
If i is absolutely continuous, then since Cap, (A4, §2) is non-increasing in €2,
Cap, (A, u) = inf {CapV(A,Q);A C Qand p(Q2) = %} :
We write Cap,,(A) for Cap, (4, n).
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The reduction of an L2.-Sobolev inequality to an inequality between ca-
pacity and measure of sets is done via level-sets decomposition. For com-
pleteness we illustrate this on the simplest possible inequality (see [42]).

Proposition 13. Let p, v be absolutely continuous measures on R™ and let
Q C R". Let C denote the smallest constant so that every locally Lipschitz
function vanishing on Q¢ verifies

/deu < C/ny%zy.

Then B < C < 4B, where B is the smallest constant so that for all A C 2
one has pi(A) < B Cap, (A, Q).

Remark 17. The constant 4 in the above result is best possible, and is ob-
tained by using a result of page 109 in [42]. We shall prove the result with
a worse constant. We follow a simplified proof, written in page 110 of this
book (this paragraph contained a small mistake which we correct below).

Proof. The fact that B < ' is obvious from the definition of capacity. The
other bounds requires level-sets decomposition. First note that replacing f
by |f| makes the inequality tighter. So we may restrict to f > 0 vanishing
outside 2. Let p > 1 and consider for k € Z, Q = {f* > p*}. Then

/deu < D Mt < £ < Y

kEeZ
—1
= (%) — (i) = Eo ST ().
kEZ P kEZ

We estimate the latter measures as follows:

1(©) < BCap, (24, Q) < B / Vo dv,

where we have set g = min (1, (%)J). Indeed this function is 1

on €2, and vanishes outside ;_; so outside 2. Note that

2y — V1P v/
/|ng| dv = /le\ﬂk (ph72 — p(kfl)/Z)QdV + ki (pH/? — p(kfl)/2)2dl/,

Since f is locally Lipschitz, the sets {f = p*/2} N {Vf # 0} are Lebesgue
negligible. So the latter integral vanishes (in the rest of the paper, similar
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arguments are sometimes needed but we omit them). Thus

p—1 PQ 2
fPdy < “——B 7/ Vfldv
/ P zk: (\/ﬁ - 1)2 Qp—1\ Q% | |

1
< Bp\/ﬁ—i_ /|Vf|2dy.
vp—1

The best choice of p leads to a constant (11 +5v/5)/2 < 11.1. |

Remark 18. Let us mention another possible reduction of Sobolev type in-
equalities to inequalities of the form R(€2) > (u(S2)) where R(Q) is the
infimum over functions f with compact support in Q of [ |V f[*dv/ [ f2du
(Rayleigh quotient). See e.g. [5, 26] where the focus is on infinite measures.
Note that by Proposition 13 this criterion amounts to inequalities of the
form

1(A)Y(u(2)) < Cap,(4,9Q)

for A C Q. Here the interest is in the behavior of the capacity in terms
of the outer set. We shall be rather interested in estimates of the form
G(v(A)) < Cap,(A,Q), that is in the dependence on the measure of the
inner sets. These two approaches are rather different, and seem to be efficient
in different settings.

Remark 19. Proposition 13 appears as a n-dimensional version of the gener-
alized Hardy inequality (see Muckenhoupt [44]), which asserts that the best
A so that every smooth f on R with f(0) = 0 one has

+oo +oo 9
fldp< A frdv,
0 0

verifies B < A < 4B where B = sup,- p([z, +o0)) [ p, ', and p,, is the den-

sity of the absolute continuous part of v. Note that Cap, ([z, +00), [0, 00)) =
(fy p,")7", so B is the smallest constant so that

11([x, +00)) < BCap, [z, +00), [0, 00))

for all x > 0. This criterion is simpler than the one in n dimensions, because
one can reduce to non-decreasing functions, for which level sets are half-lines.

Remark 20. It is shown in [12] that the Poincaré constant of a measure
u verifies C/2 < Cp < KC where C is the best constant in: p(A) <
CCap,(A, p) for all A with p(A) < 1/2, and K is a universal constant.
Proposition 13 shows that one can take K = 4.
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5.3. A criterion for general Beckner-type inequalities

The aim of this section is to give a sharp criterion for inequalities of the
form (5.3). Since they appear as a collection of Sobolev inequalities, the
first step consists in finding a criterion for each Sobolev inequality. This
was done by the first and last-named authors in the case of measures on the
line. We present here a slightly weaker but more convenient formulation of
Theorem 11 in [12] and its extension to arbitrary dimension.

Theorem 14. Let p € (1,2), u,v be Borel measures on R™, with u(R™) =1
and dv(z) = p,(x)dz. Let C be the optimal constant such that for every
smooth f :R™ — R one has

(5.5) [ Frau- ( / |f|"du)% <c [1vifa.

Then %B(p) < C < 20B(p), where B(p) is the optimal constant so that
every Borel set A C R™ with pu(A) < 1/2 satisfies

p—2

H(A) <1 - (1 T ﬁ) T) < B(p)Cap, (A, 1).

If n=1, one has 1 max(B_(p), B4(p)) < C < 20max(B_(p), B4+ (p)) where
1o\ o
B.(p) = 22}2#([% +00)) (1 - (1 + m) ) s

B-(p) = sup p((~o0.1]) (1 - (1 " m) ) /mm pi

and m 1s a median of L.

Proof. The one dimensional result follows from [12, Theorem 11 and Re-
mark 12] which involve 1 + 1/(2u([z,00)). In order to derive the result
presented here we have used the following easy inequality, valid for y > 2,
and p € (1,2),

1— (1—|—y)p772 o log3
1—(1+y/2)"% ~ log2

(5.6)

Note that the left hand side is monotonous in y and p.
We turn to the n-dimensional part of the theorem. We use three lemmas
from [12] which we recall just after this proof. We start with the lower bound
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on the constant C'. Assume that the Sobolev inequality (5.5) is satisfied for
all functions. Let A C R™ with pu(A) < 1/2, and let f : R — R be locally
Lipschitz, with f > 14 and p(f = 0) > 1/2. Denote S = {z; f(z) # 0}. By
Inequality (5.5) and Lemma 16, one has

S sup{/ﬂgdu;g B (o0, ), [ (1= g) " < 1}.

In the latter supremum, the values of g on {f = 0} have no incidence on the
integral, but they have an incidence on the constraint. So the supremum is
achieved for g’s being —oo on {f = 0}. Thus

<{/Wﬁwvzzam{wawW:s—w—wJ»Lu—gvhms1}
> sup{/sﬂgdu;g 1S — [071),/5(1—9)1%dué 1}

> sup{/llAgllsdu;g 1S — [0,1),/(1 — )72 Igdp < 1}

wnfi-(+5)%)

where we have used f > 14 and Lemma 17 for the measure d@) = lgdu.
Since pu(S) < 1/2 and this is valid for any f larger than 1 on A and vanishing
for probability 1/2 one gets

p—2

1(A) (1 - <1 + ﬁ) T) < CCap, (A, p).

One concludes with Inequality (5.6).

Next we prove the upper bound on C. Let f be a locally Lipschitz
function. Let m be a median of the law of f under u. Set F' = f — m,
Qp ={f>m}, Q- ={f <m}, Fy = Flg, and F_ = F1, . Note that
w(Q24), n(2-) < 1/2. We define the class of functions Z by

1 {om 0 [a-g a4 -,

Combining Lemmas 15 and 16 and observing that F? = F? 4+ F? gives

/deu— </|f|”du>% < /FQdu—(p—l) (/!F!”du)%

sup/(Ff + F2)gdp

geT

IN

IN

sup/Figdu#—sup/Fdiu.

g€l geT
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Applying Proposition 13 with the measures gdu and dv (it is crucial here
that g > 0) gives [ F7gdu < 4B, [ |VFy[*dv, where

49d Tagd Tagdp; g € T
 aco, Cap,(4,94) — g% Cap, (A4, p) ~ (A)g% Cap, (4, p)
p=2
i (1- (1 %2) )
= sup <5B(p).
u(A)gé Capz/ (A7 N)

In the preceding lines we have used Lemma 17 and the inequality

p—2

1— <1+:c(p—1)z%2)T §5<1—(1+x)”p;2), z>2, pe(1,2),

which follows from Remark 12 of [12]. We have shown that

sup/Fﬁgdu < QOB(p)/|VF+|2dV.

g€l

Adding up with a similar relation for F_ leads to

/deu— (/\f\pduf < 20B(p) </|VF+|2du+/|VF\2du>

= QOB(p)/|Vf|2dV.

[
We list the three lemmas from [12] that we used in the previous proof.

Lemma 15. Let p € (1,2). Let f: X — R be square integrable function on
a probability space (X, Q). Then for all a € R one has

/deQ—</|f|de)%§/(f—a) Q- (-1 (/If—a|de>

Lemma 16. Let ¢ be a non-negative integrable function on a probability
space (X, P). Let A >0 and a € (0,1), then

[ear—a([ @adpf

= sup {/(pgdP; g: X — (—00,1) and /(1 —g)a1dP < A3

Ssup{/gpgdP; g: X —1[0,1) and /(1—g)aaldP§1+Aaal}.
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Lemma 17. Let a € (0,1). Let Q be a finite measure on a space X and let
K > Q(X). Let A C X be measurable with Q(A) > 0. Then

sup{/X]IAng; g: X —10,1) and /X(l—g)aalngK}

K- QUX)\™
a1 (1 Ka0) T,
W Q)
Theorem 14 readily implies a sharp criterion for inequalities generalizing
the ones of Beckner and Latata-Oleszkiewicz.

Theorem 18. Let T : [0,1] — R*. Let p,v be a Borel measures on R™,
with p(R™) =1 and dv(x) = p,(x)dx. Let C' be the optimal constant such
that for every smooth f : R™ — R one has

[ fdp— ([ 1fPdu)” Iz
5.7 sup <C [ |Vf|“dv.
(5.7) pe(1,2) T2 -p) vl
Define the function
~ 11— xﬁ
T(z) = sup ———.
(@) pe(1,2) T(2-p)

Then :B(T) < C < 20B(T), where B(T) is the smallest constant so that
every Borel set A C R™ with u(A) < 1/2 satisfies

W(A)T (1 s @) < B(T)Cap, (A, ).

If the dimension n =1, then
1
imaX(BJr(T), B_(T)) < C <20max(B.(T),B_(T)),

where

B.(T) = sup u([z, +00))T (1 + ﬁ) /w 1

>m z, +OO)) m E7

B (1) = sup ((—oe,a) T (14— ) [7

and m 1s a median of .

Under fairly reasonable assumptions, the following lemma gives a sim-
ple expression of 7" in terms of T". In particular the lemma and the theorem
recover the criterion for the Latala-Oleszkiewicz on the real line and extends
it to any dimension.
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Lemma 19. Let T : [0,1] — R be non-decreasing. Then, for any X > e,

1—X » . 1
sup .
pe(1,2) T(2 - p) 37T <logX>

If one also assumes that x +— T(x)/x is non-increasing, then for X > e

1- X5 1
sup < .
pe(1,2) T(2-p) T ( 1 >

log X

Proof. Let b = % and note that 2 — p = bi—bl < 2b. Since T is non-
decreasing, one has

p=2
1—X » 1— e—blogX 1— e—blogX

Sup — o>+ = Sup ———5—~— Z sup —————
pE(1,2) T(2 - p) be(0,1) T (bi-_bl) be(0,1/2) T(Qb)

1—e
T <10g1X>

by choosing b = 1/(2log X) < 1/2. Finally 1 — /e ~ 0.393 > 3.
For the second assertion, let b = 2%” € (0,1), ¢ = blog X and note that
2—-p= bibl > b. Since T' is non-decreasing,

>

1_ XPF%Q 1 — e—blogX 1 — ¢—blogX
sup ———- = SuUp — 5~ — S SUp ——5
(1 2) T<2 p) bE(O,l) T (%) bE(O,l) T(b)
1—e° I—e

< max | sup —————, Sup —F—
ce(0,1] T <log?X> ce(LlogX) T <logX>

Recall that T'(x)/z is non-increasing. So for ¢ € (0,1], T (¢/logX) >
¢TI (1/log X). Hence,

1—e¢°¢ 1—e¢°¢ 1
sup

pu— 1 .
) c€(0,1] c T(logX)

>T (1 X) since T' is non-decreasing. Thus
og

sup
ce(0,1] T (logX) T

When ¢ > 1, one has T' <

1—e¢ 1 1
sup - _< sup(l —e ) <

- 1 c 1)
ce(L, logX)T(logX) T(logX) 1 T(logX)

This achieves the proof. [ |
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5.4. Homogeneous F'-Sobolev inequalities

In the next statement, we show how to derive special homogeneous F-Sobo-
lev inequalities, which ignore the behavior of functions close to their average.
Such inequalities appear in the work of Wang. Let us also note that any
behavior of F' at infinity may occur.

Theorem 20. Let D >0 and p > 1. Let F': [0,400) — [0, +00) be a non-
decreasing function. Assume that F(x) =0 if x < 2p. Let u be a probability
measure on R"™ such that every A C R™ with u(A) <1/(2p) < 1/2

W(A)F (ﬁ) < DCap,(A).

Then for every smooth f :R™ — R one has

/ff7<ffw )d =P (v” 1)2/Wvﬂ%m'

Proof. For k > 1, set O = {z; f2(z) > 2p"u(f?)}. Chebyshev inequality
gives (%) < 1/(2p%). Next, since F vanishes on [0, 2p]

Jrelal < 1.0 re(she)e
[ frdu N o1/ U\ [ fdu

< D )20 () F (20,

k>1

Since k > 1 and F' is non-decreasing, we have

p() F(20"Y) < p(Qu) F (N(gk>> < DCap,,(S%).

Let us consider the function

o |f1 = /205 u(f?)
hy = min | 1, )
V20Ru(f?) = V205 u(f?) ) |
it is equal to 1 on € and zero outside €2;_;. Since for & > 1, u(€_1) < 1/2,
hy, vanishes with probability at least 1/2. Thus

ka_l\Qk |Vf|2du
201 (/5 —1)" ul(f?)

Cap, () < [ [Vhidu=
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Combining these estimates gives

/ I (f f2dp )d“ < DY 20" u(f*)Cap, ()

E>1
2
D (ﬁp_ 1) /|Vf|2du.
n

In the following we briefly study homogeneous F-Sobolev inequalities
which are tight but do not ignore the values of functions close to their IL>-
norm. In this case the behavior of F' at 1 is crucial. We have already seen in
Lemma 8 of Section 4.4 that when F(1) = 0 and x +— zF(z) has a positive
second derivative at 1, then the homogeneous F-Sobolev inequality implies
a spectral inequality. Besides, if a measure satisfies a Poincaré inequality,
and a tight homogeneous F-Sobolev inequality which ignores small values
of functions, then one can modify F' on small values in an almost arbitrary
way:

IN

Lemma 21. Let D > 0 and p > 1. Let ' : [0, +00) — R be a non-decreasing
function, such that F =0 on [0,2p). Let u be a probability measure on R™
with Poincaré constant Cp < oo and such that every smooth function f on

R™ satisfies
/f2 ( 2 )duéD/\nyzdu.

Let F - [0,+00) — R be non-decreasing such that ﬁ~(1) =0, F is C? on
[0,2p] and F(x) = F(x) for x > 2p. Set ®(x) = xF(x). Then for every
smooth f :R™ — R one has

/f2 fgd d,u§< (1+/2p) cp(max@” +D)/\Vf]2du.

[0,20]

Proof. Note that ®(1) = 0 and ®'(1) = F'(1) > 0. We introduce the
function ®;(z) = ¢(z) — ®(1) — &'(1)(x — 1). Without loss of generality, we
consider a function f > 0 with [ f?du = 1. One has

655) [ o= [ o - /f L /f Rl

For the first term, using Taylor’s formula and 0 < f < \/2p, we obtain

By (f2) < (maxcp") (- . DF Ot V2o (maxcb")+(f—1)2.

[0,20] 2 [0,20]
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Therefore

LLQfMFMMSgil@f(mw¢§+/ﬁ—nwﬂ

2 [0,20]

can be upper-bounded thanks to the Poincaré inequality. Indeed
/(f — %y = / (r- u(f2)5>2
= 2</f%u—/fdu</ﬁm0%)
§2</fwu—(/ﬂmf)§ﬂC{/Wﬂmw

The second term in (5.8) is easily handled by our hypothesis. Indeed, since
d'(1) >0

/f2>2pc1>1(f2)du < /fQ>2p<I>(f2)dug /f2F(f2)du < D/IVf|2du.

|

Finally, we show that an homogeneous F-Sobolev inequality implies an

inequality between capacity and measure. We believe that the result should
be true in more generality.

Theorem 22. Let pu be a probability measure on R™. Let F: Rt — R be a
non-negative non-decreasing function such that there exists A > 4 such that
for x > 2, F(x)/x is non-increasing and F(Ax) < A\F(x)/4. Assume that
for every smooth function, one has

/ f'F (u(f;)

then for all A C R™ with u(A) < L it holds

2

)@SD/WWM,

u(A)F ( < 4ADCap,,(A).

)
ey
Proof. Let A be a set of measure less than 1/2. In order to estimate its

capacity, we may consider non-negative functions g > 14 and p(g = 0) >
1/2. For k € Z we consider the function

gk = min ((g — 2 u(gQ))+, 2f u(92)> :
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We also set Q = {z;g(z) > 28\/u(g?)}. Note that on .1, g7 is constantly
22%11(g?) and that [ gidu < pu(Q)2%*u(g?). Therefore, applying the F-Sobo-
lev inequality (with F' > 0) to gi yields

2
D/|V9|2dﬂ > D/IngIQdMZ/ giF( It )dﬂ
Quir 1(gz)

> w0 ().

Setting ar, = u(Q) and C = D [ |Vg|*dp/p(g?), we have for k € Z

22kak+1F(1/ak) S C.

Lemma 23 guarantees that 2%a,F(1/ay) < AC for every k with a; > 0,
that is
1
2% 1(g*) () F (—) < AD/IVglzdﬂ-
(€2

We choose the largest k with 2%,/u(¢g2) < 1. Thus 2¥'\/u(g?) > 1 and
A C Q. In particular 2 < 1/p(€%) < 1/u(A), so these ratios are in the
range where x — F(x)/x is non-increasing. Combining these remarks with
the above inequality yields

iu(A)F (@) < )\D/|Vg\2du.

Since this is valid for every g > T4 and vanishing on a set of measure at
least 1/2, we have shown that p(A)F (1/u(A)) < 4ADCap,(4). |

The next lemma was inspired by the argument of Theorem 10.5 in [5].

Lemma 23. Let F': [2,+00) — [0,+00) be a non-decreasing function such
that x — F(z)/x is non increasing and there exists X > 4 such that for all
x > 2 one has F(A\x) < AF(x)/4. Let (ax)rez be a non-increasing (double-
sided) sequence of numbers in [0,1/2]. Assume that for all k € Z with ar, > 0
one has

1
2% a1 F (—) <,

Qg
then for all k € Z with ay, > 0 one has

22k, F (i> < \C.

ay
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Proof. Discarding trivial cases where F'(1/ay) is always zero, we observe
that the sequence 22* F(1/ay,) tends to 400 when k tends to +o0o, and tends
to zero when k tends to —oo. So we define ky as the largest integer such
that 22*F(1/ay) < 2C. Let k < ko, then 2C > 2?*F(1/a;) > 2% F(2) since
ar < 1/2 and F is non-decreasing. Moreover since F'(t)/t is non-increasing,
we also have

22(k‘+1)ak+1F < ) S 22(/€+1)F(2)/2

QR+1

Combining these two inequalities yields

1

Ak+1

?%“MM+F< );gunga

so the claimed result is established for k& < ky + 1. For larger values we
proceed by induction. Let & > kg + 1, for which the conclusion holds. If
ar+1 = 0 we have nothing to prove. Otherwise the hypothesis of the lemma

gives
2k 1
L2 F(L)
g1 C '

Since k > kg we know that the term on the right is larger than 2. Using the
fact that t > 2 — F(t)/t is non-increasing, we obtain

pe(
1 a
ak+1F( ) < ¢ F .
Ap41 2k | <L> C
ak

Next, by the induction hypothesis for & this is bounded from above by

() () =2

1
ag

where we have used F(A\t) < AF'(t)/4. So we have shown

1
ak+1F( ) < 272)\C,
A1

and the conclusion is valid for k& + 1. [ |

Remark 21. The alternative reduction of Sobolev type inequalities to esti-
mates on the Rayleigh quotient (see Remark 18) turns out to work better
for homogeneous F-Sobolev inequalities. See Proposition 2.2 in [26], dealing
with measures of infinite mass, but the proof of which extends to our setting.



1034 F. BARTHE, P. CaTTIAUX AND C. ROBERTO

Remark 22. Applying Theorem 22 to the function F' = T 1) and X\ = 4
shows the following. If for every function one has

[ pawsc [ vt
2>2u(5?)

then for all A C R™ with u(A) < 1/2, one has u(A) < 16CCap,(A).
By Remark 20, the measure p satisfies a Poincaré inequality with constant
Cp(p) < 64C.

The converse implication also holds. Assume that p satisfies, for all f,
Var,(f) < Cp(p) [ |V f]*dp. Without loss of generality, we consider f > 0.
If f2 > 2u(f?) then by Cauchy-Schwarz one has f > /2 u(f) and conse-
quently (f — u(f))* > (1 -1/v2)*f%.

. Iﬁence Var,(f) > (1-1/1/2)? Jr250(52) £7dp and the Poincaré inequality
implies

1\ 2
2d -—] C ViPd C VfPdp.
[ i (1= 7)ol [ 19380 < 12000 [ 19

As a conclusion, Poincaré inequality enters the framework of homoge-
neous F-Sobolev inequalities and is equivalent to

/f21f222u(f2)dué C/!Vf|2du

(up to the constants). Note that the number 2 is crucial in our argument.

Remark 23. Let us present a convenient variant of Theorem 22. Assume
that p satisfies a Poincaré inequality and a F-Sobolev inequality as in The-
orem 22. If F' verifies the assumptions F'(z)/x non-increasing and F'(A\x) <
AF(x)/4 only for # > xp > 2 then one can however conclude with a
similar inequality between capacity and measure. To see this, introduce
a function F' on R with F(z) := F(z) for x > o, F(z) := F(xg) for
z € [2,m0], F(1) = 0 and F is C? and non-decreasing on [0, zo]. Then by
Lemma 21, u satisfies a homogeneous F-Sobolev inequality, and F satisfies
the assumptions of Theorem 22. Therefore one obtains an inequality of the
form p(A)F(1/u(A)) < KCap,(A). In particular if u(A) < 1/z¢ one has
H(A)YF(1/p(A)) < KCap, (A).

5.5. Additive ¢-Sobolev inequalities

We present an extension of a method developed by Miclo and Roberto [43]
for logarithmic Sobolev inequalities. Throughout this section, we work with
a function ®(z) = x¢(x), where ¢ : (0,+00) — R is non-decreasing, contin-
uously differentiable. We assume that ® can be extended to 0. For x,¢ > 0
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we define the function

Oi(z) = B(x) — (1) — ¥(1)(w — 1) = w(p(x) — (1) — 1" () (& — 1).

We start with two preliminary statements about ®-entropies. The first one
is classical and easy, and we skip its proof (see also Lemma 3.4.2 in [3]). For
short, we write p(g) for [ gdu.

Lemma 24. For every function f,

/‘P(fQ)du— P (/ deu> = /¢u<f2>(f2)du~

When ® is convex, one has

[ouydn-o ( / fzdu) — it [ .()dn

Lemma 25. Let the function @ be non-decreasing and concave. Assume
that there exists v > 0 such that yo'(y) < v for all y > 0. Then for every
t >0 and every x € [0,2t] one has

Dy (2?) < 9y(x —t)2

Proof. The concavity of o ensures that ¢(z2) < o(t?) +¢'(t?)(2* —t?). This
yields

Dp(z?) < P()(@® = 12)" = (z = 1)’ () (2 + 1)°
< (z—t)2Q (%) (3t)° < Iy(x —1)?,
where we have used x < 2¢. |

Theorem 26. Let o be a non-decreasing, concave, C function on (0, +00)
with ©(8) > 0. Assume that there exist constants vy, M such that for all
x,y > 0 one has

o' (x) <y and  @(ry) < M+ o(x) + o(y).

Let i be a probability measure on R™ satisfying a Poincaré inequality with
constant C'p and the following relation between capacity and measure: there
exists D > 0 such that for all A C R™ with u(A) < 1/4

(A (ﬁ) < DCap,(4),

then for every smooth function one has

/@(fz)du - q)(/fzd,u> < (1876’1: + 24(1 + %)D) /|Vf|2du,

where as usual (z) = xp(x).
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Proof. Without loss of generality, we may consider f > 0. Set t = (u( f2))%.
Then

[ouin-o ( / deu> = [etryan
(5.9) — [ waldas [ wa(n
F2<4p(f?)

f2>4p(f?)

The first term is bounded from above thanks to Lemma 25, indeed

[ watfan= [ aalr)
f2<4p(f?) fe€lo0,2¢]
<ov [ (rnte) ansov [ (5 -

o[ ol r4))
< 184 (/deu— </fdu) ) < 1870P/\Vf!2du7

where we have used Cauchy-Schwartz and the Poincaré inequality for p.
The second term in (5.9) is estimated as follows

/f2>4u(f2) (I)t2(f2)dﬂ - /f2>4,¢(f2) [fQ (Sp(]ﬂ) - @(M(fQ))>
() (1) (£ = (s | du
/f2>4#(f2) 1 (w(fz) - w(#(fz)» dp

S (& (i) )
f2>4u(f?) M(fZ)

We conclude by applying Theorem 20 with p = 2, F(x) = 0 if x < 4, and
F(z) = p(z) + M if x > 4. Since for p(A) < 1/4 one has

wr (Z5) = w5 (1 ¥ 90<M>)

w(A)

D[ =

)

IA

IA

< D (1 + %) Cap,,(A),

we obtain

M
() du < 2 i 2du.
/f2>4u(f2)<1> (fHdp < 4(V2+1) D(1+¢(8))/|Vf| L
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Remark 24. As already explained, the Poincaré constant of the measure p
is bounded above by 4B where B is the best constant such that every set A
with p(A) < 1/2 verifies u(A) < BCap,,(A). If ¢(4) > 0, one has

D sy MARCHA) )

uay<t2  Cap,(A) uay<1/2 Cap,,(A)

So Cp < 4D/p(4). In particular, if D < 400, then p satisfies an additive
¢-Sobolev inequality.

Remark 25. As already mentioned, the additive ¢-Sobolev inequality has the
tensorisation property. If it is valid for a measure p (with second moment)
then it is true for its product measures, and by a classical application of the
Central Limit Theorem it holds for the Gaussian measure. For the latter it
is known that the logarithmic Sobolev inequality, viewed as an embedding
result, is optimal. So ¢ cannot grow faster than a logarithm. Note that
both hypothesis on ¢ assumed in Theorem 26 imply that ¢ is at most a
logarithm.

Next we present an improved criterion for measures on the real line.
Theorem 27. Let ® be a continuous convex function on [0, 00), with ®(z) =
zp(x) for x > 0. Assume that ¢ is non-decreasing, concave, and C' on

(0,4+00) with ¢(8) > 0. Assume that there exist constants v, M such that
for all z,y > 0 one has

v'(r) <y and  p(zy) < M+ p(x) + o(y).

Let 1 be a probability measure on R, with density p,, and median m. Let

Dy = sup pllr oo))e (u([z 2+oo>>> pi

D = fggu((—ooax])@ (ﬁ) /xmi

xT

By = supp(fr,+00)) [ —

™1
B_ = swpp((—oc.2]) [ =,
x<m x p,u

and B = max(B,,B_), D = max(D,, D_). Then for every smooth function

/q)(fZ)d/L _ (/ f%m) < (1447B+24<1 n %)D) /f/zdu.
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Proof. The argument is a refinement of the proof of Theorem 26. We ex-
plain the points which differ. Without loss of generality we consider a non-
negative function f on R. We consider the associated function g defined by

glx) = f(m) +/ f/(u)]lf/(u)>()du if T >m
o) = f+ [ Flaade i <
Set ¢ = (u(g?))2. Then Lemma 24 ensures that

[ouan-a ( / f%m) < [ @iy

(5.10) = /f2<4 ” <I>t2(f2)du+/ 2 (f2)d

f2>4u(g?)

For the first term, we use Lemma 25

[ e = [ wa(s)

f2<4p(g?) f€l0,2¢]
< 97/fe[02t] (f—u( )%) du < 97/ (f—u(g2)
< 187/(]‘ —9)%du+ 187/ (g — u(g?) >2du-

N[

:

D=

Next observe that

[~ oran
= [T = ) i+ [ (1= 1)) i)
/ (/ f]If'<0) dp(x (/ f]If’>0) du(z)

400
S 4B+ f’Q]If/SOd,u + 4B_ / f/2]If/20d[L

m

where the last inequality relies on Hardy inequality (see Remark 19). As in
the proof of Theorem 26,

/(g (g ))du < QC’p/g’zd,u

+oo m
= 20p ( P psodp + / 1 f,<0dﬂ> ,
and we also use the fact that the Poincaré constant C'p of u satisfies Cp < 4B.

(NI

m

dp
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Combining the previous three estimates gives
/ Op2(f?) dp < 144vB / .
f2<4p(g?)

Now we evaluate the second term in equation (5.10): since ®;(x) < z(p(x)—
p(t)) for x > t,

/fz>4u(92) P (f2)dp < /f2>4u(92) 12 (@(fQ) _ <P<,u(g2)>) d
= /92>4H(92) g (90(92) - w(u(gz))) dy

2
< o () + 20
g2>4u(g?) M(g )

where we have used ¢ > f > 0 and the fact that ¢ is non-decreasing.
At this stage, we apply the decomposition into level sets performed in the
proof of Theorem 20, once on (m,+o0c0) and once on (—oo,m). Note that
the function g being non-increasing before m and non-decreasing after, the
level sets appearing in the proof are of the form (—oo,z], z < m, and
[z, 4+00), © > m for which the p-capacity is controlled by the hypothesis of
the theorem. [

The previous two theorems apply to logarithmic Sobolev inequality when
o(z) = log(z), this is how Miclo and Roberto recovered the sufficiency part
of the Bobkov-Gotze criterion. The next result gives an application to tight
versions of Rosen’s inequality.

Theorem 28. Let f € (0,1]. Let pu be a probability measure on R™. Assume
that one of the following hypotheses holds:
(i) There exists a constant D so that every A C R™ with u(A) < 1/2 satisfies

(A) log” (1 -+ ﬁ) < DCap,,(A).

(i1) The dimension n =1, u has density p,. Let m be a median of p and

D, = sup u([z,+00))log” <1+u([+> /mxpi

z>m +00)) p
D = sup((~o,])log’ <1+m) /m%

Assume that D = max(D, D_) is finite.
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Then for every smooth f :R™ — R one has

1087 (14 2y du = (([Pa)iog® (1+ [Pan) < kD [195Pa
where one can take K = 96 in case (i) and K = 168 in case (ii).

Proof. In view of Theorems 26, 27 and Remark 24 all we have to do is to
check a few properties of ®4(x) = 2ps(z) where wg(r) = log” (1 + x). We
insist on the more significant ones. The function g is increasing, and since
£ <1 it is also concave. From the obvious relation

log(1 + zy) < log ((1 +x)(1+ y)) <log(1+z)+log(l+vy), z,y>0

and the sub-additivity of z +— 27 for 8 € (0,1] we deduce that pgz(zy) <
wg(x)+¢s(y). Finally we check the differential properties. Direct calculation

gives
log” ' (1 + ) z \’
! = — = < <pg <1
() = B 14+ <P 1+x st

where we have used (1 + z)log(l + x) > x for x > 0. Finally, ®4 is concave
since

_ Blog"*(1+ )
o (a2
is non-negative due to (2 4+ x)log(1 4+ z) > (1 4 z)log(1l + z) > =. |

@g(l’) (24 z)log(l14+z)+ (6 —1)x)

5.6. A summary

In Figure 1 we summarize the various implications between the inequalities
studied in this section. We hope that it will help the reader to have an
overview of the picture.

First remark that thanks to Lemma 19, in Figure 1, if T: [0,1] — R, is
non-decreasing and x — T'(x)/x non-increasing, then for = > e

71 <(x) = su 1_xpTTQ< 1
37(1/logz) = ety T(2—p) = T(1/logz)

Assumption (H1, see Theorem 20). F': [0,4+00) — R is a non-decreasing
function satisfying F' = 0 on [0,2p) for some p > 1. Finally F(z) = ¢ (x/p)
for x > 2p and A = 1/(2p).

Assumption (H2, see Theorem 21). F': [0, +00) — R is a non-decreasing
function satisfying /(1) = 0 and F is C* on [0,2p]. The measure u satisfies
a Poincaré inequality. Finally F'(z) = ¢¥(z/p) for x > 0 and A = 1/(2p).
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(Take p =1)
Poincaré inequality <——— | Beckner-type inequality (T') (5.3)

See Theorem 18.

2

See Remark 20. .
1l—ax» 1

_ 1 _ _ 2
Yla)=1A=3 U(z) = s T(Z—p)’)\_ 5

VA such that u(A) <A, Cap,(A) > Cwﬁ(A)w(ﬁ)

Under assumptions Under assumption
(H1) or (H2) on I (H3) on I

Under assumption
Homogenous F-Sobolev inequality (5.1) (H4) on ¢

Under assumption

(H5) on F F=p—p1) ||
V
Under (H6)
Poincaré inequality <_on——go Additive p-Sobolev inequality (5.2)

Figure 1: The various implications.

Assumption (H3, see Theorem 22). F': [0,4+00) — R is a non-decreasing
function such that there exists a constant v > 4 such that for x > 2,
x — F(x)/x is non-increasing and F(yz) < vF(x)/4. Then, ¢ = F and
A=1/2.

Assumption (H4, see Theorem 26). The function ¢ is non-decreasing, con-
cave and C! on (0, +00) with ¢(8) > 0. Furthermore, there exists two con-
stants M and ~ such that for any x,y > 0 one has

z'(x) <7 and p(ry) < M+ () + ¢(y).

The measure p satisfies a Poincaré inequality. Finally ¢(x) = ¢ (z/2) and
A=1/4.
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Assumption (H5, see Lemma 8). F : [0,+00) — R is a C? function on a
neighborhood of 1, F(1) =0 and if ®(z) := zF(z), "(1) > 0.

Assumption (H6). ¢ : [0,+00) — R is a C? function on a neighborhood
of 1. Let ®(x) := xp(x). The same proof as in Lemma 8 gives that u
satisfies a Poincaré inequality if ®”(1) > 0.

6. Concentration of measure and generalized Beckner-
Latala-Oleszkiewicz inequality

Recall that a probability measure p on R™ satisfies a generalized Beckner
inequality if there is a constant Cr such that for any smooth function f,

J frdp — ([ 1f1Pdp) / 2
oy S (PR R
Here T': [0,1] — R™" is non decreasing, positive on (0, 1] and 7'(0) = 0. This
section explores the concentration results implied by such a property.
Herbst argument, see [28, 39, 3], derives Gaussian concentration for mea-
sures p satisfying a log-Sobolev inequality along the following lines: let h be
a 1-Lipschitz function. Applying the inequality to exp(Ah/2) provides the
next differential inequality for the Laplace transform H(X) = [ exp(Ah) dp

LSAIN]

ANH'(N) — H(\) log H(\) < %PH(A).

Here Cpg is the log-Sobolev constant. It can be explicitly solved and gives
the sub-Gaussian bound H()\) < exp(Au(h)+ (Crs/4)A?). This easily yields
concentration.

In the case of a Poincaré inequality, this Laplace transform method
works [2], but provides an induction inequality for the function H. This
approach was performed by Latala and Oleszkiewicz for their inequality
(i.e. (6.1) with T(u) = w2~ 1 < a < 2). See [36], where optimization
over p is crucial. As also noted in [56], their argument extends as it is to
general T'. It yields

Proposition 29. Let T : [0, 1] — R be a non decreasing function such that
T(0) = 0 and positive elsewhere. Define 0(x) = 1/T(L) for z € [1,00). let
W be a probability measure on R™ and assume that there exists a constant
Cr > 0 such that for any smooth function f satisfies Inequality (6.1). Then
any 1-Lipschitz function h : R™ — R verifies [ |h|du < oo, and

(1) for any t € [0,/T(1)],
u({ s h@) — p(h) > 13/Cr}) < e,
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(i) for any ¢ > /T,
p({z: h(z) — p(h) > t\/Cr}) < e~ 2sup, s {ty/0(y)—v}

Proof. We follow the argument of [36]. If H(\) = u(e*) is the Laplace
transform of a 1-Lipschitz function h, Inequality (6.1) for f = exp(A\h/2)
gives

p\2P Cpr 9
_ r < ==
HO\) — H (2)\) LT(2—p)NH).
Then, by induction, we get (see [56]) for any A < 2/,/CrT(2 — p),
N Cyp —2/(2-p)
M (e (h=n( ))) (1 _ IT@ p)) )

Chebyshev inequality ensures that for any p € [1,2) and A < 2/,/CrT(2 — p),

(6:2) ulle : hia) - pu(h) > 1/5r)) < At@(l—cfm—p))

For t < 24/T(1), we set p = 1 and A =
We get

2—p

in the latter inequality.

ﬁ

T(l)

u({e  h(@) — p(h) > ty/Cr}) < e ( 4;;))2.

/2

> e 37, Thus,

In particular, for ¢ < y/T(1) we have 1 — 4—1’3?1)

u({a s hiw) — u(h) > 1v/Tr}) < e 57,

For the second regime, choose A such that 1 — CTT)‘zT(2 —p) = % It follows
from (6.2) that for any p € (1,2)

w{ : () — p(h) > t\/cTT} < VAT
Note that 2In2 < /2. Thus, if y := , we get
2t 2In2 t 1
- T\(g—p) ooy S _\6{ T2 —p) Q—P}
= —V2{t\/b(y) -
One concludes the proof by optimizing in p € (1,2) or equivalently in y €
(1,00). [

The next statement provides an application of the latter result to concen-
tration with rate e~®® for a general convex ®. When ®(t) = t*, a € (1,2),
it reduces to the result by Latata and Oleszkiewicz.
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Corollary 30. Let ® : Rt — R* be an increasing convex function, with
®(0) = 0. Define O(x) = (@’(@_1(33)))2 for x € RY and T(z) = 1/6(L) for
z € RT\ {0}, T(0) = 0. Here @ is the right derivative of ®. Let p be a
probability measure on R™ and assume that there exists a constant Cr such
that it satisfies the generalized Beckner inequality (6.1). Then, for any 1-
Lipschitz function h : R® — R, [|h] < 0o and for anyt > \/T(1)V20~1(1),

w({z < h(x) — p(h) = t/Cr}) < e V223,

Proof. Thanks to Proposition 29, it is enough to bound sup,;{t\/0(y) — v}
from below. By assumption ¢ > 2071(1), so ®(¢/2) > 1. It follows that for

= ®(t/2),
sup{t\/ — oy} > £/0(B(t/2)) — B(t/2) = tB/(£/2) — B(t/2).

Since ® is convex and ®(0) = 0, one has x®’(z) > &(x) for all z > 0. Hence,

sup,>1{t\/0(y) —y} = ®(1/2). u

Theorem 18 of Section 5 provides a criterion for a measure on the line to
satisfy a generalized Beckner inequality. Under mild assumptions, and if one
is not interested in estimating the constant, the condition may be further
simplified.

Proposition 31. Let V : R — R be a C' function. Assume that du(z) =
Z;le7V@dx is a probability measure. Let T : [0,1] — Rt be non-decreasing
with T(0) = 0 and positive elsewhere. Assume that x +— T(x)/z is non-
increasing. Define 8(x) = 1/T(1/x) for x € [1,00). Furthermore, assume
that

(i) there exists a constant A > 0 such that for all |z| > A, V is C* and
sign(z)V'(z) > 0,

o V(x)

W Ve =

Y Timsa O(V(x) +log|V'(x)| + log Zy)
(141) llér‘:oop Vi)

Then p satisfies the following Beckner-type inequality: there exists a constant
Cr > 0 such that for any smooth function f,

'U\M

[ P — ([ |fPdp) 2
ST TRy <C(/fd”
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Proof. The proof is similar to the one of [12, Proposition 15]. Let m be a
median of p. Under Hypotheses (i) and (i), when z tends to oo, one has
(see e.g. [3, chapter 6])

T V(z) 0o V()
VO g~ d / Vg~
/m ‘ Vi) . Vi(x)

Thus, for x > m,

p([z, 00)) /IZ VOg ~ 7 0(V(z) +log V'(x) + log Zv)
T 1 m v v V,(x)Q '

By Hypothesis (7iz), this quantity is bounded on [A’, 00) for some A’. Since
the left hand side is continuous in z € [m, A’], it is bounded on (m, o). It
follows from Lemma 19 that the quantity B, (7") defined in Theorem 18 is
finite. Similarly B_(T") < +00. We conclude with Theorem 18. [

The latter results provide a very general condition for dimension free con-
centration. Starting with an increasing convex concentration rate ® : Rt —
RT with ®(0) = 0, we introduce the function T'(z) = 1/(®'(®~!(z)))?. Un-
der the additional assumption that v/® is concave, we know that 7'(z)/z is
non-increasing. Therefore, under the assumptions of Proposition 31, a prob-
ability measure du(z) = Z‘jle*‘/(‘”)dx on R satisfies the Beckner inequality
with function T. By the tensorisation property, the measures p®" verify
the same inequality and by Corollary 30, they satisfy a dimension free con-
centration inequality with rate e~V22(t/2) - Note that our condition about
V/® is quite natural since, by the Central Limit Theorem, a dimension free
concentration inequality has at most a Gaussian rate.

The next application of our criterion provides the best expected concen-
tration rate for certain log-concave distributions.

Corollary 32. Let ® : R™ — R* be an increasing convex function with
®(0) = 0 and consider the probability measure du(z) = Zg'e ®#D dx. As-
sume that ® is C* on [®~1(1),00) and that v/® is concave.

Then there exits ¢ > 0 such that for alln > 1, every 1-Lipschitz function
h:R™ — R is u®"-integrable and satisfies

1 ({a : h(z) — p®(h) > ty/e}) < e V22()

provided
t>2071(1) v 1/(®(@1(1))).
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Proof. Set O(u) = (®'(®!(u)))? and T(u) = 1/6(1/u) for u > 0. The hy-
potheses on @ ensure that 7" is non-decreasing and 7'(u) /u is non-increasing.
We check below that p satisfies a Beckner-type inequality with rate func-
tion T'. By the above argument this implies the claimed concentration in-
equality for products. Let us check that V(z) = ®(|x|) satisfies the three
conditions in Proposition 31. By symmetry it is enough to work on R*.
Condition (7) is obvious. Condition (i7) is easily checked. Indeed since
V® is concave, its second derivative is non-positive when it is defined. So
for large & we have ®/®? < 1/(2®). So lim o ® = 400 implies that
lim,, o " /3% = 0.

Now we prove that Condition (iii) of the latter proposition is verified.
Our aim is to bound from above the quantity

O(P(x) + log ®'(x) + log Zs)
q)/(x)Z

K(x) =

By concavity of /®, ®*/® is non-increasing. Thus for # > ®~(1), one has
P'(x)? < ®'(P71(1))2®(x). Hence for x large enough log ®'(z) + log Zo <
®(x), and K(z) < 0(20(x))/P'(x)2.

Since @ is convex, the slope function (®(z) — ®(0))/x = ®(z)/x is non-
decreasing. Comparing its values at x and 2z shows that 2¢(z) < ®(2x).
Thus (2®(z)) < ®'(22)? and for x large enough K (z) < ®'(22)%/®'(x)%. As

®'%/® is non-increasing we know that ®'(2z)% < %@’(x}? On the other

hand, v/® being concave, the slope function 1/®(z)/z is non-increasing so

VO (2x) < 2,/®(x). Finally for x large

P'(2x)* _ P(2r)
K@) s G = 3m) =4

The proof is complete. [ |

Remark 26. The hypotheses of Corollary 32 are simple but could be more
general. It is plain from Proposition 31 that we need the convexity assump-
tions only for large values. The argument can be adapted to show that the
measures with potential ®(z) = |z|*log(1 + |z|)? with 1 < a < 2and 3 >0
satisfy a dimension free concentration inequality with decay e=¢®®.

Remark 27. Other concentration results for products of log-concave mea-
sures on the line follow from Talagrand exponential inequality, see [54, The-
orem 2.7.1, Proposition 2.7.4]. They involve a different notion of enlarge-
ment depending on the log-concave density itself. However, they imply an
analogue of Corollary 32, under the similar assumption that ®(v/%) is sub-
additive.
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7. Examples

In this section we study fundamental examples, starting with |z|* Boltz-
mann’s measures in relation with Beckner’s type inequalities. We shall show
in particular how to get dimension free inequalities.

7.1. |z|* Boltzmann’s measures

In this subsection we are looking at the probability measures dv&™(z) =
[T, Z e 2ue@dy; on R™, where as in section 3, 1 < a < 2 and

|| for |x| > 1

7.1 «a = ala— a(d—a
(7.1) ta(2) { (82)x4+ (44 )x2+(1—%a+éa2) for |z| < 1.

We will study two kind of F' functionals, starting from the capacity-measure
point of view. For each of them we give functional inequalities and derive
hypercontractivity (or hyperboundedness) property satisfied by the semi-

group.
The first function of interest for us is
F,:Rt — R
(7.2) z — (log(1+ 2))207%) — (log2)20—a).

Note that it is a C* non-decreasing function satisfying F,(1) = 0. It is
negative for x < 1 and positive for = > 1.
The second function of interest is

F,:R" - R

if 2
(7.3) T = ) 2(1-1 2(1-1 1 © € [0, 2] )
(log(x)) =) — (log 2p)** =) if x> 2p

where p > 1 is a fixed parameter. Note that F,, is continuous but not C2.
On the other hand, it is always non-negative.

Proposition 33. Let 1 < o < 2. Let F, and F, defined in (7.2) and (7.3)
respectively. Denote by V2" = QP v, the product measure of n copies of
dvy(z) = Z; e 2@ dy,

Then, there exist two constants C = C(a) and C = C(w, p) such that for
any integer n, for any smooth enough function f:R" - R,

/f2 ( XN f2 )d}/®n /lvf| dl/a )
~ f2 . - .
/fZFa (ng(ﬂ)) v < C/|Vf|2dy§§ :

and
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Proof. We start with F,,. Fix n = 1. Then 0 is a median of v,. When x
tends to infinity, it is easy to check that

z 6233& o0 672xa
/ et ~ and / e~ 2t ~ .
0 20ext - 200x1
It follows that the two constants D, and D_ introduced in Theorem 28 with

B =2(1— 1) are finite. Then, we conclude by Theorem 28 that there exists
a constant C, such that for every function f on R,

(7.4) /f2 log” (1 + f2) dv, — (/ f2dya> log” (1 + /fzdz/a)
< Ca/|Vf|2dya.

Then, for any integer n, by Lemma 12 the latter inequality holds for v2" in
R". Finally, applying the inequality to f?/vS"(f?) gives the expected result.

The case of F, is a bit more difficult. Let 8 = 2(1 — 1) and T'(z) = |z/°.
It is easy to check that the hypotheses of Proposition 31 are satisfied (for
® = 2u,) and thus that there exists a constant C' = C(a) such that for any
function f: R — R,

LSRN

J frdva — (J1fPdva)? _ ~ 2
pil(llg) 2= ) SC/\Vf] dv,,.

Now, by tensorisation property (see [36]), the same inequality holds for v&"

with the same constant C' (independent of n). Thus, by Theorem 18 together
with Lemma 19 (recall that T'(z) = |x|°), it follows that for any integer n,
any Borel set A C R™ with v2"(A) < 1/2,

g
Ve (A) (log(l + )) < 2CCap,gn(A).

v (A)

Now, for any = > 2p, F,(px) < (log(1 + x))?. Therefore, for any Borel set
A C R™ with v8"(A) < 1/(2p),

n L < ~ N
v " (A)F, (ng(A)) < 2CCap, en(A).

The expected result follows from Theorem 20. This achieves the proof. M

Remark 28. It is not difficult to check that
0< inf C(a) < sup C(a) < +oo.
a€(1,2) ae(1,2)

This means that the constant C(«) appearing in Proposition 33 can be
chosen independently of @ € (1,2). This uniformity will be useful for appli-
cations.
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Corollary 34. Let 1 < a < 2. Let F,, defined in (7.2). Denote by v>" =
®F_ Ve, the product measure of n copies of the probability measure dv,(x) =
Ze=2a@ g Define for any q¢ > 0, any x > 0, 7. (2) = 221",

Then, there exists a universal constant C' such that for any integer n,

any function f: R"™ — R and any t > 0,
c
NT<Z>)(Ptf) < e[| fll,

where q(t) = Ct and Ng(g) := inf{\: [ ®(g/\)dvZ" < 1}.

Proof. The result is a direct consequence of Theorem 6, using Proposi-
tion 33 and Lemma 35 below. |

Lemma 35. Let 1 < o < 2. Let F,, defined in (7.2). Define for any q > 0,
any x > 0, Tq(a)(x) = 22etF(@*) | Then,
(1) For any x >0, any q > 0,
ey o 5 — (4/Oé> a)y /2 1 o
()74 = — ()" = ()
(12) for any x >0, any q > 0,
Tq(o‘) () F(z%) < TQ(a) (x)F(Tq(O‘) (x)) + 1.

Proof. Let f =2(1 — é) Then 0 < 3 < 1. It is easy to check that for any

x>0,
vF(x)  x(1—p3+log(l+x))

_ = <2-—0.
F!(x) (14+2z)log(14+2z) — b
We conclude the proof of point (i) applying Proposition 7 (note that 2+ % —
SU/e) _ g g
5 .
Note that mpg, = |minge@1)zFu(r)] < 1. Hence, using remark 10
concludes the proof of point (i). [ |

The analogue of Corollary 34 for fa is a bit harder due to differentiation
problem at @ = 2p. The result is the following:

Corollary 36. Let 1 < o < 2. Let F,, defined in (7.3). Denote by v&" =
®F_1Va, the product measure of n copies of the probability measure dv,(x) =
Zle=2e@dy. Define for any q¢ > 0, any x > 0, 7. (2) = 22e1F= @),

Then, there exists a constant C = é(a,p) such that for any integer n,
any function f:R"™ — R and any t > 0,

N?%))(Ptf) < HfHQ

where q(t) = Ct and Ny (g) = inf{\ : [ ®(g/N)dvg™ < 1}.
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Proof. Let g be a C* non-negative function with compact support in [—1, 0]
and such that [ g(y)dy = 1. For any ¢ > 0 define g.(z) = 1¢g(%£) and note
that Fy * g.(z) 1= i Fo(z — y)g-(y)dy is a C> function.

Define for any ¢ > 0, any ¢ > 0, ?q(,oé) (x) = g2etFarge(@®),

Thanks to Lemma 37 below, fa g, satisfies the hypothesis of Theorem 6,
uniformly in n. Thus, by Theorem 6 there exists two constants C' = C (a, p)
and C" = C'(«a, p) (maybe different from those one of Lemma 37) such that
for any integer n, any function f:R" — R and any ¢ > 0,

Now (Pof) < esFalerrat<Cy g

q(t),e

Then, it is easy to verify that for any function f, any ¢, when ¢ tends to 0,

N_wy (Pif) = Ny (Pf) and o3 (Faote)+eCt _, 1
7 Ta(t)

q(t),e

This achieves the proof. [ |

Lemma 37. Let 1 < o < 2. Let F, defined in (7.3). Denote by v®" =
Vo the product measure of n copies of dv,(x) = Z7 e 2"@dg. Define
for any ¢ >0, any x > 0, ?qa)(x) = p2efa(@®),

Let g be a C* non-negative function with compact support in [—1,0]
and such that [ g(y)dy = 1. Define g.(x) = 1g(%), and Fo x g.(z) =
[ Fulz—y)g-(y)dy for any e > 0, and for any q > 0, 7s2 (x) = a2etFaro-(?),
Then,

(1) for any e > 0 and any q > 0,

(;(a)y/;(a) > 3—2(2—a)/(alog(2p)) (}7:(04))/2.

q,€ q,€ 4 q,€

(12) For any € > 0 small enough, any q¢ > 0, and any x > 0,

F, * g5(332) < F, % gg(?(o‘) (x)).

q7E

(iii) There exist two constants C = Ca, p) and C' = C'(«, p) such that for
any integer n, any function f: R™ — R and any € > 0 small enough,

[PEa(Lm)as < & fivrpag

+(Fa(2p+¢) 4 £C) / frdvem.
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Proof. Let 3 =2(1—1).
We start with (7). The result is obviously true for z < 2p. For z > 2p,
an easy computation gives

mﬁo’f(x)_l—ﬂ+logx<1 1-8 2—«

— 14+ ———--.
F' () log x - log(2p) * alog2p

Thus, by Lemma 38 below we get that for any € > 0, any x > 0,

oFr (@) + (14 205 ) (Far g 0) 20

alog2p

The result follows from Proposition 7.

For (i7) note that for any ¢ < 2p — 1, F,+g. =0 on [0,1]. Thus the
result becomes obvious thanks to Remark 12.

Next we deal with (i7i). First note that F,+g.=0on [0,2p —€]. Then,

for x € [2p — €, 2p], since F, is non-decreasing,

Fo * ge(z) = / Fo(z = y)ge(y)dy < Fo(2p+2).
{—e<y<0}
Finally, for z > 2p, since F ! is non-increasing,

Foeglo) = @+ [ (Fule =)~ By

IN

E, F!
() +e L a(2)

< Falw)+eF,(20"),

where we have set

(log2p
P )

a—2
@ .

F'(2p7) = lim Fl(z) ="

z—2pT

Hence, for any integer n, for any function f : R® — R and any € > 0 small
enough,

[rra (v < [rR ()

H(Ba(2p+€) + eF (2p1) / Faven.

oa—

The claimed result follows from Proposition 33, with ¢’ = a—pl(log 2p) .
|
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Lemma 38. Let F : R+ — RT be a continuous non-decreasing function
such that F'=0 on [0,2p], for some p > 1, and F' > 0 on (2p,00). Assume
that F is C* on (2p,00) and that lim,_5,+ F'(x) and lim,_,+ F"(z) exist.
Furthermore, assume that F" <0 on (2p,00).

Let g be a C* non-negative function with compact support in [—1,0] and
such that [ g(y)dy = 1. Define ge(x) = 1g(%) for any ¢ > 0.

Assume that for some X\ > 0, F satisfies for all x # 2p

oF"(x) + A\F'(x) > 0.
Then, for any € > 0 small enough, any © > 0,
(7.5) w(F x ge)"(x) + AF * g:)' (z) = 0.

Here, F * g.(z) == [ F(z — y)g:(y)dy.

Proof. Note that for any € > 0, F' % ¢. is a C* function. Fix € € (0,2p).

If z € (0,2p — ¢), then it is easy to check that F' % g.(x) = 0. Thus (7.5)
holds for any = € (0,2p — ) and by continuity for any x € [0,2p — ¢).

Now fix x € (2p,00) and note that for any y € supp(g.) C [—¢,0],
x —y > 2p. Thus F'(z —y) and F"(z — y) are well defined. It follows that

o(Fxg.) () + MF *g.) (z) = / [a:F”(x —y) + A\F'(z — y)] g:(y)dy.

Since F" <0 and y <0, 2F"(x —y) > (x — y)F"(x — y). Hence, the left
hand side of the latter inequality is bounded below by

[ &= 9)F" =9 + AP = )] g.0)dy = 0

by our assumption on F. Thus (7.5) holds for any = > 2p and it remains the
case T € [2p—¢,2p|. By continuity, it is enough to deal with x € (2p—¢, 2p).

Fix z € (2p — ,2p). Choose h such that z + h < 2p and note that if
x —y < 2p, then F(z —y) = 0. Hence,

Flx—y+h)—Fx—y
/ ( })L ( )ga(y)dy =
Flzx—y+h) —Flx—y Flr—y+nh
/ oyt PO iy [ EEEVED gy
—e<y<—(2p—x) —(2p—2)<y<0

The second term in the latter equality is non-negative because F' is non-
negative. It follows by Lebesgue Theorem that

(Fg.)(x) > / Fo — y)g:(y)dy.

{—e<y<—(2p—2)}
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The same holds for (F x g.)”(x) because F’ is non-negative. Now, as in the
previous argument, by our hypothesis on F, x(F % g.)"(z) + M F * ¢.)'(x) is
bounded below by

/ [2F" (2 = y) + AF'(z = y)] g-(y)dy
{—e<y<—(2p—2)}

> / [(x —y)F"(x —y) + \F'(z — )] g-(y)dy > 0.
{—e<y<—(2p—2)}

7.2. A general perturbation argument

In Section 3 we discussed a perturbation argument in order to prove the
hyperboundedness of Pt(a) the semi group associated to v,. In the previous
subsection we recovered and improved these results by using the capacity-
measure approach and the Gross-Orlicz theory. We shall below show that
one can also derive the results in Proposition 33 by a perturbation argument
on F,-Sobolev inequalities (see [21, section 4] for a similar argument for usual
log-Sobolev inequalities). The argument can be easily generalized to other
situations, but we shall not develop a complete perturbation theory here.

Recall that Lebesgue measure on R" satisfies a family of I’ = log,
Sobolev inequalities i.e. for all n > 0 and all f belonging to L' (dz) NL>(dx)
such that [ f?dz =1

1
(7.6) /f2 log, f?dx < 277/ IV f|?dx + 2+ glog (_77) ,
T

see e.g. [27] Theorem 2.2.4. In the sequel we denote by ¢(n) the constant in
(7.6).

Set = 2(1 — 1) which is less than 1. According to Lemma 47 in the
next section Fy(z) = log”(1 4 x) —log?(2) < log for > 1. Since F,(z) is
non positive for x < 1, it follows

(.7) [ P < [ o,

Let V be smooth and satisfying the conditions stated in Section 3. De-
note by vy (dr) = e=2Vdz the associated Boltzmann measure and introduce
g = €" f. Remark that [ g*dvy = 1. According to (7.6) and (7.7), a simple
calculation yields

/ $F, (Pe™ ) dvy < 21 / (Vg2dvy + c(n)

(7.8) + 277/g2 (AV = [VV ) dvy.
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Since 3 < 1, (A+ B)? < AP + B for positive A and B. Hence if V > 0
log’(14 g%e") +10g’(e?") > log’(e*" + ¢%) > log”(1 + ¢°),
while for V<0
log”(1+ %) +1og’ () > log”(1 + g%¢7*") > log’(1 + ¢°).

It follows that
/ PE(Pdn < 2 / Vg2 + e(n)
(7.9) +/92 (log” (V1) + 2n(AV — |VV[?)) duy.

Now we introduce the convex conjugate function H, of  — zF,(z). Using
the Young’s inequality

xy <exFy(z)+ Hu(y/e)

in (7.9) we obtain

2
(7.10) /gQFa<92)dVV < 1—_776/|Vg]2dyv+c(77,5)

1
+r— [ He ((1/g>((2|V|>ﬁ +op(AV — |W|2))) dvy.
We have thus obtained

Theorem 39. Let vy (dz) = e 2Vdz be a Boltzmann measure defined for a

smooth V' as in Section 3. Denote by H,, the convex conjugate of x — xF,(x).
Assume that

(i) there exist some & > 0 and some A > 0 such that

/Ha (12 + OVIP + NAV — [VV) doy < +oo,

(ii) vy satisfies a Poincaré inequality.

Then the conclusions of Proposition 33 for F, are still true replacing v,
by vy. As a consequence the conclusions of Corollary 34 are also still true.

Both conditions (i) and (ii) are satisfied when V' satisfies assumption OB
in Section 3 with G(y) = c|y|2(1_é) for some ¢ and V' goes to infinity at
nfinity.
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Proof. Inequality (7.10) and hypothesis (i) ensure that vy satisfies a de-
fective homogeneous F,, Sobolev inequality. It is easily seen that F;, fulfills
the hypotheses of the Rothaus-Orlicz Lemma 9. Hence (4i) and Theorem 10
allow to tight the homogeneous F,-Sobolev inequality. Since

2
log” (1 + ¢*) < log” (1 + g_) + log” (1 + /92)

[ g

Inequality (7.4) holds when we replace v, by vy. Hence we may use the
tensorisation property as in Proposition 33 to end the proof.
Finally (i) is clearly implied by OB, while (i7) follows from Remark 4. B

Again the situation is more delicate when dealing with fa.

8. Isoperimetric inequalities

In this section we show that the Orlicz-hypercontractivity property implies
isoperimetric inequalities. These results are more precise than the concen-
tration inequalities derived in Section 6 via the Beckner type inequalities.
Let us recall the basic definitions. Let p be a Borel measure on R". For a
measurable set A C R™ we define its p-boundary measure as

o i(An) — p(A)
s(04) =1 f—
o(OA) = R et
where Ay, = {x € R",d(z, A) < h} = A+ hBY is the h-enlargement of A in
the Euclidean distance (here BY = {z € R"; |z| < 1}). The isoperimetric
function (or profile) of a probability measure on R™ is

I(a) = inf{ps(0A); pu(A) =a}, a€l0,1].

We shall write [, for the isoperimetric function of the product measure (on
R"™ the enlargements are for the Euclidean distance, that is the 5 combi-
nation of the distances on the factors). Finally we set I, := infp>q 1.

We follow Ledoux’s approach of an inequality by Buser [37] bounding
from below the Cheeger constant of a compact Riemannian manifold in
terms of its spectral gap and of a lower bound on its curvature. Ledoux
also deduced a Gaussian isoperimetric inequality from a logarithmic Sobolev
inequality. The argument was extended to the framework of Markov diffu-
sion generators by Bakry and Ledoux [7]. Moreover these authors obtained
dimension free constants. The following result is a particular case of [7, In-
equality (4.3)]. It allows to turn hypercontractivity properties into isoperi-
metric inequalities.
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Theorem 40. Let p1 be a probability measure on R™ with du(z) = e”V®dx
with V" > 0. Let (Py)i>o be the corresponding semi-group with generator
A —VV.V. Then for every t > 0 and every smooth and bounded function,
one has

1F12 = 1Pyaf 12 < V2 [ flloe / Yl

In particular (applying this to approximations of characteristic functions)
for any Borel set A C R"™ one has

u(A) — [Pyal3 < V20, (0A).

Remark 29. If one only assumes that V” > —R - Id for R > 0 then the
statement is valid with an additional factor (2tR/(1 — exp(—2tR)))/? on
the right-hand side. This factor is essentially a constant when ¢ < 1/R.

In order to exploit this result we need the following two lemmas.
Lemma 41. Let the measure p and the semi-group (P;)i>o be as before.

Let T be a Young function, and assume that for all f € 1L*(u) one has
N (Pif) < C|flla- Then for every Borel subset A of R™ one has ||Pl4l|2 <

Cu(A)r1 (;&))), where 771 stands for the reciprocal function of T.

Proof. Since P, is symmetric for p, one gets by duality that P, maps
the dual of (IL,(u), N;) into L?(x) with norm at most C. So for every A,
|P: L4l < C|| T4l Recall that the latter norm is

- = sw{ [ gt [ o< o)

= sup {/Agdu; /AT(Q)dM < T(l)} = M(A)T‘l(;&)))-

Indeed Jensen inequality yields [ AT(g)% > T ( I g%) , which is tight

for g = Ta7~1(7(1)/u(A)). u

[ Ta

Lemma 42. Let F : Rt — R be a non-decreasing function with F(1) =0,
and continuous on [1,4+00). Consider for q,x > 0, the function 7,(z) =

22e9F@)  Assume there exists constants c1,Co such that for all x > 1 one
has F(x) < cilogx and F(2?) < coF(x). Then for all ¢ € [0,1/c;] one has

iy < Vye =Yy >
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Proof. Set ©(x) = exp(—¢F(z)/(2c2)). Setting y = 7,(x), * > 1 the
claimed inequality can be rephrased as:

z < 7,()20(1,(2)) = ze2F ¢ T @ ep@l@) 5

This is equivalent to F(2? exp(qF(z?%))) < coF(z?). The latter follows from
the hypotheses: for ¢ < 1/¢;, F(x?exp(qF(2?))) < F(z*™1) < F(2t) <
coF(2?). |

Theorem 43. Let p1 be a probability measure on R™ with du(z) = e”V®dx
and V" > 0. Assume that the corresponding semi-group (Py)i>o with genera-
tor A =NV -V satisfies for every t € [0,T] and every function in L*(R™, p),

N, (P f) < Ol fllo,

where k > 0,C > 1 and for ¢ > 0,z € R, 7,(x) = z*exp(¢F(2?)). Here
F :]0,00) — R is non-decreasing and satisfies F'(1) = 0, and for x > 1,
F(z) < cilogz, F(2?) < coF(z). Then if A C R™ has small measure in
the sense that F(1/u(A)) > cylog(2C?)/ min(kT,1/c1) one has the following
1soperimetric inequality:

00021 () 1 (s)

The symmetric inequality holds for large sets: if
2
P 1 S _C log(2C?) 7
1 —p(A)) ~ min(kT,1/c)

a3 k) 0o i)

Proof. We combine the above results and choose an appropriate value of
the time parameter. If ¢ < min(27,2/(kcy) then

p(A) = [[Pyol4]3

V2t

- U Crey 2 —C%exp ( — 50 F (i
Z“(A) (C”(\f/‘% /<u< ))) ZM(A)l ¢ p(\@f( >>>

At this point we wish to choose t so that % = C?exp ( F((—)) This is
compatible with the

then

N

ps(0A) >

F(1/u(A)) > ¢z log(20?)/ min(kT,1/cy).
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Under this condition, this value of time yields the claimed isoperimetric
inequality for small sets. For large sets note that applying the functional
inequality of Theorem 40 to suitable approximations of the characteristic
function of A¢ gives v/2tus(0A) > p(A°) — ||Pyj2Tac |3, so the study of small
sets apply. [ |

Remark 30. Under the weaker assumption V" > —R for R > 0 we have
similar results with constants depending on R.

Remark 31. Under specific assumptions on F' we have shown that Cap,,(A) >
w(A)F(1/u(A)) for all A implies continuity of the semigroup in the Orlicz
scale 7,(z) = 2 exp(¢F'(2?)), which implies, at least for small sets, s(9A) >
Ku(A)\/F(1/u(A)). Note the analogy between these relations and also the
inequality

04) = Cap )= nt { 197107 = Lyana s = 0) 2 1/2,

The previous theorem provides a lower bound on the isoperimetric profile
for small and large values of the measure only. We deal with the remaining
values, away from 0 and 1, by means of Cheeger’s inequality. The dimen-
sion free version of Buser’s inequality for diffusion generator, contained in
the work of Bakry and Ledoux allows to derive Cheeger’s inequality from
Poincaré inequality.

Theorem 44. Let p1 be a probability measure on R™ with du(z) = e”V @ dx
and V" > 0. Assume that the corresponding semi-group (P;);>o with gener-
ator A — V'V -V satisfies the following Poincaré inequality: for all f

3 [ = unpans [ 19span

Then for every Borel set A C R"™ one has

L VA A) (1~ ()

The argument is written in the setting of Riemannian manifolds in [40,
Theorem 5.2]. We sketch the proof for completeness.

ps(0A4) =

Proof. The spectral gap inequalities classically implies the exponential
decay of the norm of P; on the space of zero mean. Therefore

P2 1all3 = [Prj2pe(A)l2 + [IPe2(Ls — p(A)) 3
< p(A)? + ey = p(A)]13 = p(A)? + e M u(A)(1 - p(A)).
By Theorem 40, one has
V2 (04) = (1 — e )u(A)(1 - p(A)).
Choosing t = 1/A concludes the proof. [ |
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Finally we apply the previous results to infinite products of the measures:

() — Pl

_ R
o(1+1/a) " *F

For technical reasons, we also consider the measures v, defined in section 7
up to the irrelevant constant 2. They also have a log-concave density, but
more regular. The isoperimetric function of a symmetric log-concave density
on the line (with the usual metric) was calculated by Bobkov [14]. He showed
that half-lines have minimal boundary among sets of the same measure.
Since the boundary measure of (—o0, t] is given by the density of the measure
at t, the isoperimetric profile is easily computed. They are readily compared
to the functions

Lo(t) = min(t,1 — t) log"~ = (;) .

min(¢,1 —t)
We omit the details, some of them are written in [9].

Lemma 45. There are constants ki, ke such that for all a € [1,2], t € [0, 1]
one has
k1 Lo(t) < I, (t) < koLy(t),

k1 Lo(t) < L. (t) < koLa(t).

Our goal is to show the following infinite dimensional isoperimetric in-
equality.

Theorem 46. There exists a constant K > 0 such that for all a € [1,2]
and t € [0, 1], one has
Lo (t) > KLa(t).

Since [, < I,, < koL,, we have, up to a constant, the value of the
isoperimetric profile of the infinite product.

Proof. As shown in Corollary 34 of Section 7 the semi-group associated to
v&™ is Orlicz-hyperbounded. Thus we may apply Theorem 43 with F' = F,
defined in (7.2) and get an isoperimetric inequality for small and large sets,
with constants independent of the dimension n. This step requires to check
a few properties of the function F,. They are established in the following
Lemma 47. More precisely there are constants K7, K5 > 0 independent of «
and n such that, denoting f(a) = 2(1 — 1/«)

D=

1
1 W () > ' 1) [log®@ (12— = ) _peP@
(8.1) Lgn(t) > Ky min(t, t>{og (+mm<t,1_t>) 0g™)(2)
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provided

1 2
log”@ (14 ————— ) —log”@(2 > K.
<og ( +min(t,1—t)) 0”2 ) = K

We can prove (8.1) in the remaining range as well. Indeed, it is plain that

x
sup ([, +00)) [ —— < M,
>0 0 Pra
so that the measures (4 )acp,2) satisfy a Poincaré inequality with a uniform
constant. The latter inequality has the tensorisation property, so the mea-
sures 2" also share a common Poincaré inequality. By Theorem 44, there
exists a constant K3 > 0 such that for all n, all a € [1,2] and all ¢ € [0, 1]

(8.2) Len(t) > Kzmin(t, 1 —t).
Since the exponential measure has a spectral gap, the latter argument re-
proves, with a slightly worse constant, the result of [16]. Now assume that

log?(®) (1 + ) —log”™(2) < K2,

min(¢,1 —t)
then

K
Lon(t) > F‘”’min(t, 1—1)K,

Ve )
1
min(¢, 1—t)

) - 1ogﬁ<a>(2)]

So Inequality (8.1) is valid for all ¢ € [0, 1] provided one replaces K; by

K.
> min(t, 1-1) [logﬁ(a) <1+
K,

K
K, := mi (K ,—).
4 = min | K e
Finally, the uniform Cheeger inequality (8.2), implies that

1

— L en(t) > log”@/2(2) min(t, 1 — t).
Ky ve

Adding up this relation to

1
2

1 1
— L on(t) > min(t, 1—1) |1 5@‘)(1 7)—1 Al (o
72, Lvgn (1) 2 mint, )[og Tomeion) s )
1
> min(t. 1 —¢t) |1 5(0‘)/2<1 —>_1 B@)/2(9
> min(t, ){og + (. 1=1) og (2)

yields the claimed inequality. This manipulation was important in order to
get a non-trivial inequality when « tends to 1, i.e. when («a) tends to 0. W
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The following technical result was used in the above proof.

Lemma 47. Let 5 € [0, 1] then for all x > 1 one has

(8.3) log’(1 4 z) — log”(2)
(8.4) log”’ (1 + 2?) — log”(2)

log x,

<
< 8(log’(1+ ) —log”’(2)).

Proof. Note that (8.3) is an equality for x = 1. It is enough to prove the
inequality between derivatives, that is

log” (1 + )

g (1+x)

1
< - for x > 1.
x

If z > e—1 then log” ! (142) < 1 and the inequality is obvious. If < e—1,
then log”(1 + z) < 1, therefore

log” (1 + ) 1

& (1+z) — (14+x)log(l+x)

1
< —.
x
Next we address (8.4). One easily checks that for A > B > 1 the map

AP —1
B —1

g>0—
is non-decreasing. Applying this to
A =log(1 + 2%)/log(2) and B =log(1 + x)/log(2)

shows that it is enough to prove (8.4) for 3 = 1. Let z > 1, since 1 + 2% <
(1 + 2)? one has

log(1+2?) —log(2) < 2log(1+x) —log(2) = 2 (log(1 + x) — log(2)) +log(2).

If x > 3 then log(1l + x) — log(2) > log(2) and the claimed inequality is
proved. For z € (1,3]|, we use the fundamental relation of calculus. It
provides ¢; € (1,9) and ¢, € (1,3) with

log(1 + 2?) —log(2) = (z* — 1) N i » <2z -—-1)
andlog(l + z) —log(2) = (z — 1) s >(z—1)/4.

So the ratio is bounded from above by 8. A smarter choice than 3 would
give a better result. [ |
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Remark 32. According to Theorem 39 the conclusion of Theorem 46 is still
true with the same L, when replacing v, by vy, provided V is convex and
the hypotheses in Theorem 39 are fulfilled.

We conclude the paper with consequences of Theorem 46. The first one
is a comparison theorem. It could be stated in a more general framework of
metric probability spaces satisfying a smoothness assumption (see e.g. [10]).
For simplicity we write it in the setting of Riemannian manifolds where
the definition of isoperimetric profile given in the beginning of the section
applies.

Theorem 48. Let (X,d, ) be a Riemannian manifold, with the geodesic
metric, and a probability measure which has a density with respect to the
volume. On the product manifold we consider the geodesic distance, which is
the U5 combination of the distances on the factors. There exists a universal
constant K > 0 such that if for some ¢ > 0, v € [0,3] and all t € [0,1]
one has .

L,(t) > cmin(t,1 —t)log” | ————

u(t) 2 cmin(t, ) log (min(t,l—t))’
then for alln > 1, t € [0,1] one has

c 1
Len(t) > e min(¢, 1 — ¢) log” <m> :
Remark 33. This provides a scale of infinite dimensional isoperimetric in-
equalities. Both ends of the scale where previously known. A standard
argument based on the central limit theorem shows that if u is a measure
on R with second moment then inf,, I,e» is dominated by a multiple of the
Gaussian isoperimetric function, which is comparable to

(] — 1) log 2 ;>
min(¢,1 — t) log (min(t, =)
On the other hand an argument of Talagrand [52] shows that the weakest
possible dimension free concentration result for 4 implies that it has at most
exponential tails. The isoperimetric function of the exponential density is
min(¢,1—¢). So the above scale covers the whole range of infinite isoperimet-
ric inequalities. Of course finer scales could be obtained from our methods,
with more effort.

Remark 34. A similar statement was proved in [11] for the case when the
distance on the product space is the /., combination of the distances on the
factors (i.e. the maximum). This case was much easier due to the product
structure of balls in the product space. Also, this notion leads to bigger
enlargement, and the scale of infinite dimension behavior was larger, the
values 7 € [0, 1] being allowed.
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Proof of Theorem 48. The hypothesis implies that

I,>—1I for a = 1/(1—~) € [1,2].

Theorem 10 in [10] asserts that among measures having the same concave
isoperimetric behavior, the even log-concave one minimizes the isoperimetric
profile for the product measures, see also [48]. So we have

C
[ ®n > —] ®n .
12 — kg 12

By the previous results /,¢» > KL, and the proof is complete. [ |

The second consequence that we wish to put forward deals with the
measures

(o) — 22l

= 1T 1a) dzx, a€l,2].

It shows that among sets of prescribed measure for m&™ in R, coordinate
half-spaces have enlargements of minimal measure, up to a universal factor.
The result was known for o € 1, 2.

Theorem 49. There exists a universal constant K such that for every a €
[1,2], n > 1 and every Borel set A C R™, if mE™"(A) = mq((—o0,t]) then
for h >0,

m§”<A+hB;’> > ma<<—oo,t—l— %D

Proof. This fact is proved by integrating the inequality

I

which provides a similar information about boundary measure (this corre-
sponds to infinitesimal enlargements).

This isoperimetric inequality is a consequence of the fact that I, is
comparable to I,,. The comparison theorem of [10] implies that I en is
larger than a universal constant times Iygn > KL, > k—lgfma. [ |

Acknowledgments. We wish to thank Sergey Bobkov, Thierry Coulhon,
Arnaud Guillin, Gérard Kerkyacharian, Michel Ledoux, Laurent Miclo, Yves
Raynaud and Bogustaw Zegarlinski for fruitful discussions and remarks on
the topic of this paper.



1064

F. BARTHE, P. CAaTTiAUX AND C. ROBERTO

References

[1]
2]

[3]

Abpawms, R. A.: General logarithmic Sobolev inequalities and Orlicz imbed-
dings. J. Funct. Anal. 34 (1979), 292-303.

AIDA, S, MASUDA, T. AND SHIGEKAWA, I.: Logarithmic Sobolev inequal-
ities and exponential integrability. J. Funct. Anal. 126 (1994), 83-101.
ANE, C., BLACHERE, S., CHAFAI, D., FOUGERES, P., GENTIL, I.,
MALRIEU, F., ROBERTO, C. AND SCHEFFER, G.: Sur les inégalités de
Sobolev logarithmiques. Panoramas et Syntheses 10. Société Mathématique
de France, Paris, 2000.

BAKRY, D.: L’hypercontractivité et son utilisation en théorie des semi-
groupes. Lecture Notes in Math. 1581. Springer, Berlin, 1994.

Bakry, D., CourLHoN, T., LEDOUX, M. AND SALOFF-COSTE, L..:
Sobolev inequalities in disguise. Indiana Univ. Math. J. 44 (1995), 1033~
1074.

BAKRY D. AND EMERY, M.: Diffusions hypercontractives. In Séminaire
de probabilités, XIX, 1983/84, 177-206. Lecture Notes in Math. 1123.
Springer, Berlin, 1985.

BAKRY, D. AND LEDOUX, M.: Lévy-Gromov’s isoperimetric inequality
for an infinite-dimensional diffusion generator. Invent. Math. 123 (1996),
259-281.

BARTHE, F.: Extremal properties of central half-spaces for product mea-
sures. J. Funct. Anal. 182 (2001), 81-107.

BARTHE, F.: Levels of concentration between exponential and Gaussian.
Ann. Fac. Sci. Toulouse Math. (6) 10 (2001), 393-404.

BARTHE, F.: Log-concave and spherical models in isoperimetry. Geom.
Funct. Anal. 12 (2002), 32-55.

BARTHE, F.: Infinite dimensional isoperimetric inequalities in product
spaces with the supremum distance. J. Theoret. Probab. 17 (2004), 293
308.

BARTHE, F. AND ROBERTO, C.: Sobolev inequalities for probability mea-
sures on the real line. Studia Math. 159 (2003), 481-497.

BECKNER, W.: A generalized Poincaré inequality for Gaussian measures.
Proc. Amer. Math. Soc. 105 (1989), 397-400.

BoBkov, S.: Extremal properties of half-spaces for log-concave distribu-
tions. Ann. Probab. 24 (1996), 35-48.

BoBkov, S. G. AND GOTZE, F.: Exponential integrability and transporta-
tion cost related to logarithmic Sobolev inequalities. J. Funct. Anal. 163
(1999), 1-28.

BoBkov, S.G. AND HouDRE, C.: Isoperimetric constants for product
probability measures. Ann. Probab. 25 (1997), 184-205.

BoBKOV, S. G. AND HOUDRE, C.: Some connections between isoperimetric
and Sobolev-type inequalities. Mem. Amer. Math. Soc. 129 (1997), no. 616.



18]

[21]
22]
[23]

[24]

INTERPOLATED INEQUALITIES 1065

BoBkov, S. G. AND LEDOUX, M.: Poincaré’s inequalities and Talagrand’s
concentration phenomenon for the exponential distribution. Probab. The-
ory Related Fields 107 (1997), 383-400.

BoBkov, S. G. AND ZEGARLINSKI, B.: Entropy bounds and isoperimetry.
Mem. Amer. Math. Soc. 176 (2005), no. 829.

BoucHERON, S., BousQueT, O., Lucosi, G. AND MASSART, P.: Mo-
ment inequalities for functions of independent random variables. Ann.
Probab. 33 (2005), 514-560.

CATTIAUX, P.: Hypercontractivity for perturbed diffusion semigroups.
Ann. Fac. Sci. Toulouse Math. (6) 14 (2005), 609-628.

CATTIAUX, P.: A pathwise approach of some classical inequalities. Poten-
tial Anal. 20 (2004), 361-394.

CATTIAUX, P. AND GUILLIN, A.: On quadratic transportation cost in-
equalities. J. Math. Pures Appl. 86 (2006), 342-361.

CATTIAUX, P. AND LEONARD, C.: Minimization of the Kullback infor-
mation for general Markov processes. In Séminaire de Probabilités XXX,
288-311. Lect. Notes in Math. 1626. Springer, Berlin, 1996.

CHAFAI, D.: Entropies, convexity, and functional inequalities: on ®-entro-
pies and ®-Sobolev inequalities. J. Math. Kyoto Univ. 44 (2004), 325-363.
CouLHON, T., GRIGOR'YAN, A. AND LEVIN, D.: On isoperimetric profiles
of product spaces. Comm. Anal. Geom., 11 (2003), 85-120.

Davies, E. B.: Heat kernels and spectral theory. Cambridge Tracts in
Mathematics 92. Cambridge University Press, 1989.

Davies, E. B. AND SIMON, B.: Ultracontractivity and the heat kernel for
Schrodinger operators and Dirichlet Laplacians. J. Funct. Anal. 59 (1984),
335-395.

GENTIL, I., GUILLIN, A. AND MicLo, L.: Modified logarithmic Sobolev
inequalities and transportation inequalities. Probab. Theory Related Fields
133 (2005), 409-436.

GoNG, F.Z. AND WANG, F.Y.: Functional inequalities for uniformly in-
tegrable semigroups and application to essential spectrums. Forum Math.
14 (2002), 293-313.

GRross, L.: Logarithmic Sobolev inequalities. Amer. J. Math. 97 (1975),
1061-1083.

GROSS, L.: Logarithmic Sobolev inequalities and contractivity properties
of semigroups. In Dirichlet forms (Varenna, 1992), 54-88. Lecture Notes in
Math. 1563. Springer, Berlin, 1993.

GUIONNET, A. AND ZEGARLINSKI, B.: Lectures on logarithmic Sobolev
inequalities. In Séminaire de Probabilités XXXVI, 1-134. Lecture Notes in
Math. 1801. Springer, Berlin, 2003.

HoeEGH-KROHN, A. AND SIMON, B.: Hypercontractive semigroups and
two dimensional self-coupled Bose fields. J. Funct. Anal. 9 (1972), 121-180.



1066 F. BARTHE, P. CATTIAUX AND C. ROBERTO

[35]

[36]

Kavian, O., KERKYACHARIAN, G. AND ROYNETTE, B.: Quelques remar-
ques sur l'ultracontractivité. J. Funct. Anal. 111 (1993), 155-196.
LAaratA, R. AND OLESZKIEWICZ, K.: Between Sobolev and Poincaré.
In Geometric aspects of functional analysis, 147-168. Lecture Notes in
Math. 1745. Springer, Berlin, 2000.

LEDOUX, M.: A simple analytic proof of an inequality by P. Buser. Proc.
Amer. Math. Soc. 121 (1994), 951-9509.

LEDOUX, M.. Concentration of measure and logarithmic Sobolev inequal-
ities. In Séminaire de Probabilités XXXIII, 120-216. Lecture Notes in
Math. 1709. Springer, Berlin, 1999.

LEDOUX, M.: The concentration of measure phenomenon. Mathematical
Surveys and Monographs 89. American Mathematical Society, Providence,
RI, 2001.

LEDOUX, M.: Spectral gap, logarithmic Sobolev constant and geometric
bounds. In Surveys in differential geometry. Vol. IX, 219-240. Int. Press,
Somerville, MA, 2004.

MAUREY, B.: Some deviation inequalities. Geom. Funct. Anal. 1 (1991),
188-197.

Maz’jA, V. G.: Sobolev spaces. Springer Series in Soviet Mathematics.
Springer-Verlag, Berlin, 1985.

Micro, L. AND ROBERTO, C.: Inégalités de Hardy et de Sobolev loga-
rithmiques. These de Doctorat de C. Roberto, chapter 3. Université Paul
Sabatier, 2001.

MuckeNHOUPT, B.: Hardy’s inequality with weights. Studia Math. 44
(1972), 31-38.

NELSON, E.: The free Markov field. J. Funct. Anal. 12 (1973), 211-227.
Rao, M. M. AND REN, Z.D.: Theory of Orlicz spaces. Monographs and
Textbooks in Pure and Applied Mathematics 146. Marcel Dekker, Inc.,
New York, 1991.

ROCKNER, M. AND WANG, F.Y.: Weak Poincaré inequalities and L?-con-
vergence rates of Markov semigroups. J. Funct. Anal. 185 (2001), 564-603.
Ros, A.: The isoperimetric problem. In Global theory of minimal surfaces,
175209, Clay Math. Proc. 2. Amer. Math. Soc., Providence, RI, 2005.
ROSEN, J.: Sobolev inequalities for weight spaces and supercontractivity.
Trans. Amer. Math. Soc. 222 (1976), 367-376.

RoTHAUS, O. S.: Analytic inequalities, isoperimetric inequalities and log-
arithmic Sobolev inequalities. J. Funct. Anal. 64 (1985), 296-313.
ROYER, G.: Une initiation aux inégalités de Sobolev logarithmiques. Cours
Spécialisés 5. Société Mathématique de France, Paris, 1999.

TALAGRAND, M.: A new isoperimetric inequality and the concentration of

measure phenomenon. In Geometric aspects of functional analysis (1989—
90), 94-124. Lecture Notes in Math. 1469. Springer, Berlin, 1991.



[53]
[54]
[55]
[56]
[57]
[58]

[59]

INTERPOLATED INEQUALITIES 1067

TALAGRAND, M.: The supremum of some canonical processes. Amer. J.
Math. 116 (1994), 283-325.

TALAGRAND, M.: Concentration of measure and isoperimetric inequalities
in product spaces. Inst. Hautes Etudes Sci. Publ. Math. 81 (1995), 73-205.
TALAGRAND, M.: Transportation cost for Gaussian and other product mea-
sures. Geom. Funct. Anal. 6 (1996), 587-600.

WaNG, F.Y.: A generalization of Poincaré and log-Sobolev inequalities.
Potential Anal. 22 (2005), no. 1, 1-15.

WANG, F.Y.: Functional inequalities for empty essential spectrum. J.
Funct. Anal. 170 (2000), 219-245.

WanNga, F.Y.: Probability distance inequalities on Riemannian manifolds
and path spaces. J. Funct. Anal. 206 (2004), 167-190.

ZEGARLINSKI, B.: Entropy bounds for Gibbs measures with non-Gaussian
tails. J. Funct. Anal. 187 (2001), 368-395.

Recibido: 4 de enero de 2005

Franck Barthe

Institut de Mathématiques
Université Paul Sabatier

31062 Toulouse Cedex 09, France
barthe@math.ups-tlse.fr

Patrick Cattiaux

Ecole Polytechnique, CMAP
route de Saclay

F-91128 Palaiseau Cedex, France

and

Université de Paris X Nanterre
MODALX, UFR SEGMI

200 avenue de la République
F-92001 Nanterre Cedex, France
cattiaux@cmapx.polytechnique.fr

Cyril Roberto

Université de Marne-la-Vallée et de Paris XII Val-de-Marne
LAMA UMR 8050

5 boulevard Descartes

77454 Marne-la-Vallée Cedex 2, France
cyril.roberto@univ-mlv.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


