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Uniform Bounds for the
Bilinear Hilbert Transforms, II

Xiaochun Li

Abstract

We continue the investigation initiated in [8] of uniform Lp bounds
for the family of bilinear Hilbert transforms

Hα,β(f, g)(x) = p.v.
∫

R

f(x − αt)g(x − βt)
dt

t
.

In this work we show that Hα,β map Lp1(R) × Lp2(R) into Lp(R)
uniformly in the real parameters α, β satisfying |αβ −1| ≥ c > 0 when
1 < p1, p2 < 2 and 2

3 < p = p1p2

p1+p2
< ∞. As a corollary we obtain

Lp × L∞ → Lp uniform bounds in the range 4/3 < p < 4 for the
H1,α’s when α ∈ [0, 1).

1. Introduction

The family of bilinear Hilbert transforms was introduced by A. Calderón in
one of his early attempts to derive boundedness for the Cauchy integral along
Lipschitz curves. The bilinear Hilbert transform in the direction (α, β) ∈ R2

is defined by

Hα,β(f, g)(x) = p.v.

∫
R

f(x− αt)g(x− βt)
dt

t
,

where f and g are Schwartz functions on the line. This definition can be
extended to the case when one of the two parameters α or β are infinity (but
not both) by setting H∞,β(f, g) = (Hf)g and likewise Hα,∞(f, g) = f(Hg),
where H is the usual Hilbert transform on R.
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In [11] and [12], M. Lacey and C. Thiele gave a brilliant proof of the
boundedness for the operators H1,α. And later in [14] and [15], C. Thiele
proved that L2 ×L∞ → L2,∞ uniform bounds for the H1,α’s when α ∈ [0, 1).
Based on the ideas in [11, 12] and Thiele’s powerful ideas in [14, 15], L. Gra-
fakos and the author obtained in [8] Lp bounds for Hα,β uniformly in the
real parameters α, β when 2 < p1, p2 < ∞ and 1 < p < 2. In this work we
continue the work in [8] to obtain Lp bounds forHα,β uniformly in α, β whose
ratio stays away from a neighborhood of the number 1 when 1 < p1, p2 < 2
and 2

3
< p < 1.

Since Hα1,α2(f1, f2) reduces to H(f1f2) when α1 = α2, it follows that no
uniform estimates can hold for Hα1,α2 from Lp1(R)×Lp2(R) into Lp(R) when
p ≤ 1. This restriction does not arise, however, when one seeks uniform
bounds in the parameter α2/α1 away from a small neighborhood of the
number 1. For these α1, α2 we are able to obtain uniform bounds when
2
3
< p < 1. The main result of this article is the following theorem.

Theorem 1. Let 1 < p1, p2 < 2 and 2
3
< p = p1p2

p1+p2
< 1. Then for any

ε > 0 there is a constant C = C(p1, p2, ε) such that for all f1, f2 Schwartz
functions on R and all α1, α2 ∈ R satisfying |α2

α1
− 1| ≥ ε we have

‖Hα1,α2(f1, f2)‖p ≤ C‖f1‖p1‖f2‖p2.

Combining this theorem with Theorem 1 in [8] we obtain that Lp×L∞→Lp

uniform bounds for 4/3 < p < 4 for the H1,α’s when α ∈ [0, 1).

Theorem 2. Let 1 < p1, p2 <∞ and 1 < p = p1p2

p1+p2
<∞. Suppose that

(1.1)
∣∣∣ 1

p1
− 1

p2

∣∣∣ < 1

2
,

∣∣∣ 1

p1
− 1

p′

∣∣∣ < 1

2
,

∣∣∣ 1

p2
− 1

p′

∣∣∣ < 1

2
.

Then there is a constant C = C(p1, p2) such that for all f1, f2 Schwartz
functions on R we have

(1.2) sup
α1,α2∈R

‖Hα1,α2(f1, f2)‖p ≤ C‖f1‖p1‖f2‖p2.

Moreover, for any ε > 0 and all 4/3 < q < 4 there exists a constant C =
C(q, ε) <∞ such that for all f1, f2 Schwartz functions on R we have

sup
|α2/α1|≤ε−1

‖Hα1,α2(f1, f2)‖q ≤ C‖f1‖q‖f2‖∞ ,(1.3)

sup
|α2/α1|≥ε

‖Hα1,α2(f1, f2)‖q ≤ C‖f1‖∞‖f2‖q ,(1.4)

sup
|α2
α1

−1|≥ε

‖Hα1,α2(f1, f2)‖1 ≤ C‖f1‖q‖f2‖q′ ,(1.5)

where q′ = q/(q − 1).
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Furthermore, it is easy to see that (1.3), (1.4), and (1.5) fail if α1/α2 is
unrestricted. Thus (1.3), (1.4), and (1.5) are the best possible uniform strong
type endpoint estimates for the family Hα1,α2 in the range 4/3 < q < 4.
Uniform estimates for the remaining q’s remain open at the moment. Also
open remains the issue of whether L1 can be replaced by weak L1,∞ if the
restriction on α1, α2 is dropped in (1.5).

The boundedness of the first commutator on Lp(R) is a consequence of
estimate (1.3) above. For another application of these results we refer to
section 9.

We now prove Theorem 2 assuming Theorem 1.

Proof. We present the interpolation argument of the proof in a geometric
fashion. Figure 1 represents the set of all (1/p1, 1/p2, 1/p) which satisfy
1/p1 + 1/p2 = 1/p and 1 ≤ p1, p2 ≤ ∞.

A=(1,1,2)

B=(1,0,1) C=(0,1,1)

O=(0,0,0)

D=(1,1/2,3/2) E=(1/2,1,3/2)

F=(1/2,1/2,1)

G=(1/2,0,1/2) H=(0,1/2,1/2)

K

L

M

Figure 1. The set of all (1/p1, 1/p2, 1/p) which satisfy 1/p1 + 1/p2 = 1/p.

First we note that the results in [11] and [12] give estimates for Hα1,α2

inside the triangle BOC uniformly in α1, α2 which satisfy |α2

α1
− 1| ≥ c1 > 0

and 0 < c1 ≤ |α2

α1
| ≤ c2 < ∞. Here we obtain uniform bounds near the
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bad directions in which the ratio α2

α1
approaches 0, 1, and ∞ in the range of

exponents claimed in Theorem 2.
We observe that the set of indices that satisfy conditions (1.1) is the

hexagon KGLHMF . The line CG is the axis of symmetry with respect
to the adjoint H∗1

α1,α2
in the first variable while the line BH is the axis of

symmetry with respect to the adjoint H∗2
α1,α2

in the second variable. But
these adjoints are easily computed:

H∗1
α1,α2

(f1, f2) =H−α1,α2−α1(f1, f2),

H∗2
α1,α2

(f1, f2) = Hα1−α2,−α2(f1, f2).

Thus reflection across the axis BH preserves boundedness for α2/α1 near 0
and interchanges boundedness for α2/α1 near 1 and ∞. Also reflection
across the axis CG preserves boundedness for α2/α1 near ∞ and inter-
changes boundedness for α2/α1 near 1 and 0. Finally reflection across the
axis OF preserves boundedness for α2/α1 near 1 and interchanges bound-
edness for α2/α1 near 0 and ∞.

Using Theorem 1 above, Theorem 1 in [8], and bilinear interpolation we
obtain that Hα1,α2 is bounded uniformly whenever α2/α1 is near 0 and ∞
in the open rectangle DGHE. We also obtain conclusion (1.5).

Duality with respect to BH gives thatHα1,α2 is bounded uniformly when-
ever α2/α1 is near 0 and 1 in the interior of the rectangle KFHL. Similarly,
duality with respect to CG gives that Hα1,α2 is bounded uniformly when-
ever α2/α1 is near ∞ and 1 in the interior of the rectangle LGFM . Thus we
obtain uniform bounds near all bad directions in the interior of the hexagon
KGLHMF . Finally (1.3) and (1.4) follow from (1.5) using duality with
respect to the axes BH and CG. �

Note that by a simple change of variables the boundedness of Hα1,α2

reduces to the case α1 = 1. It is easy to see that the boundedness of the
operator H1,−α on any product of Lebesgue spaces is equivalent to that of
the bilinear operator

(f1, f2) →
∫

R

∫
R

f̂1(ξ)f̂2(η)e
2πi(ξ+η)x1{η<α−1ξ}(ξ, η) dξ dη,

where 1A denotes the characteristic function of the set A.
Therefore, for a positive integer m, we consider the following pseudodif-

ferential operator

(1.6) Tm(f1, f2)(x) =

∫
R

∫
R

f̂1(ξ)f̂2(η)e
2πi(ξ+η)x1{η<2mξ}(ξ, η) dξ dη.

We prove the following result pertaining it.
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Let 1 < p1, p2 < 2, 2
3
< p = p1p2

p1+p2
< 1, and p1p2 > 2. Then there is a

constant C = C(p1, p2) such that for all f1, f2 Schwartz functions on R we
have

(1.7) ‖Tm(f1, f2)‖p ≤ C‖f1‖p1‖f2‖p2

uniformly in m ≥ 2200.
By symmetry, it is easy to see that estimate (1.7) implies Theorem 1.

We therefore only need to prove the former. In the sequel we will adopt the
terminology and notation introduced in [8].

Acknowledgments. This article is part of the author’s doctoral disserta-
tion. The author would like to express his gratitude to his advisor, Loukas
Grafakos, for his constructive suggestions, for his helpful advice and guid-
ance, for his teaching, encouragement, and friendship. The author is very
grateful to Christoph Thiele for his generous comments and suggestions.
He is also thankful to Michael Lacey for the very helpful discussions during
a visit at the Georgia Institute of Technology in 1998.

2. The truncated trilinear form

By the decomposition of the half plane η < 2mξ on the ξ-η plane in [8], we
only need to consider the following operator. (See [8] for the details.)

(2.1)

T 0
m(f1, f2)(x) =

∑
k∈Z

∑
l∈Z

∫
R

∫
R

f̂1(ξ)f̂2(η)e
2πi(ξ+η)xΦ̂1,k,l(ξ)Φ̂2,k,l(η)dξdη.

where Φ1,k,l and Φ2,k,l are suitable functions satisfying the following proper-
ties:

|DαΦ̂1,k,l(ξ)| ≤ C2αk, supp Φ̂1,k,l ⊆ (1 + 2−2L)J1, and

Φ̂1,k,l(ξ) = 1 for ξ ∈ (1 − 2−2L)J1, where J1 = [2−kl, 2−k(l + 1)].
(2.2)

|DαΦ̂2,k,l(ξ)| ≤ C2α(k−m), supp Φ̂2,k,l ⊆ (1 + 2−2L)J2, and

Φ̂2,k,l(ξ) = 1 for ξ ∈ (1 − 2−2L)J2,

where J2 = [2−k+m(l − 2), 2−k+m(l − 1)] if l is even,

J2 = [2−k+m(l − 2), 2−k+m(l − 1)] or [2−k+m(l − 3), 2−k+m(l − 2)]

(2.3)

if l is odd, for all nonnegative integers α. Note that the function Φ2,k,l also
depends on the parameter m, but this dependence will be suppressed for
notational convenience.
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If follows from (2.2) and (2.3) that we have the following size estimates
for the functions Φ1,k,l and Φ2,k,l.

|Φ1,k,l(x)| ≤ CN2−k

(1 + 2−k|x|)N
,(2.4)

|Φ2,k,l(x)| ≤ CN2−k+m

(1 + 2−k+m|x|)N
(2.5)

for any N ∈ Z+. The following lemma is also a consequence of (2.2)
and (2.3).

Lemma 1. For all N ∈ Z+ and 1 < p ≤ 2, there exists CN > 0 such that
for all f ∈ S(R), we have(∑

l∈Z

∣∣(f ∗ Φ1,k,l)(x)
∣∣p′) 1

p′
≤ CN

(∫
|f(y)|p 2−k

(1 + 2−k|x− y|)N
dy

) 1
p

(2.6)

(∑
l∈Z

∣∣(f ∗ Φ2,k,l)(x)
∣∣p′) 1

p′
≤ CN

(∫
|f(y)|p 2−k+m

(1 + 2−k+m|x− y|)N
dy

) 1
p

(2.7)

where CN is independent of m.

Proof. We only prove (2.6). The proof of (2.7) is similar. In [8], we have
proved the following inequality,

(2.8)

(∑
l∈Z

∣∣(f ∗ Φ1,k,l)(x)
∣∣2) 1

2

≤ CN

(∫
|f(y)|2 2−k

(1 + 2−k|x− y|)N
dy

) 1
2

.

Note that, by (2.4), we have

(2.9) sup
l∈Z

∣∣(f ∗ Φ1,k,l)(x)
∣∣ ≤ CN

∫
|f(y)| 2−k

(1 + 2−k|x− y|)N
dy.

Then by Riesz-Thorin interpolation we obtain (2.6). �
Let ψ be a nonnegative Schwartz function such that ψ̂ is supported

in [−1, 1] and satisfies ψ̂(0) = 1. Let ψk(x) = 2−kψ(2−kx). For E ⊂ R
and k ∈ Z define

Ek = {x ∈ E : dist(x,Ec) ≥ 2k},(2.10)

ψ1,k(x) = (1(Ek)c ∗ ψk)(x), ψ2,k(x) = ψ3,k(x) = ψ1,k−m(x).(2.11)

Note that ψ1,k, ψ2,k, and ψ3,k depend on the set E but for notational con-
venience we will suppress this dependence since we will be working with a
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fixed set E. Also note that the functions ψ2,k and ψ3,k depend on m but
this dependence will also be overlooked in terms of notation. The important
thing is that our estimates will be independent of m. Also define

(2.12) ΛE(f1, f2, f3) =
∑
k∈Z

∑
l∈Z

∫ 3∏
j=1

ψj,k(x)(fj ∗ Φj,k,l)(x)dx

where for any nonnegative integer α, Φ3,k,l depends on m and satisfies

|DαΦ̂3,k,l(ξ)| ≤ C2α(k−m), supp Φ̂3,k,l ⊂ (1 + 2−2L)J3,

Φ̂3,k,l(ξ) = 1, if ξ ∈ J3, where J3 =−(1 + 2−2L)J1 − (1 + 2−2L)J2,
(2.13)

for all nonnegative integers α. It is easy to obtain the following size estimate
for Φ3,k,l

(2.14) |Φ3,k,l(x)| ≤ C2−k+m

(1 + 2−k+m|x|)N
.

The following lemma shows that we only need to consider the truncated
trilinear form (2.12). Because of the assumptions on the indices p1, p2, there
exists a 1 < p3 < 2 such that 1

p1
+ 1

p2
+ 1

p3
< 2 and p1p2 > p′3. Fix such a p3

throughout the rest of the paper.

Lemma 2. Let 1 < p1, p2, p3 < 2, 1
p1

+ 1
p2

+ 1
p3
< 2, p1p2 > p′3, and fj ∈ S

with ‖fj‖pj
= 1 for j ∈ {1, 2, 3}. Define

E =
3⋃

j=1

{x ∈ R : Mpj
(Mfj)(x) > 2}.

Then ∣∣ΛE(f1, f2, f3)
∣∣ ≤ C,

where C is independent of m.

We will prove Lemma 2 in the next sections. Now we prove estimate (1.7)
using Lemma 2.

Proof. To prove estimate (1.7), it is sufficient to prove that for all λ > 0
we have ∣∣∣{x : |T 0

m(f1, f2)(x)| > λ
}∣∣∣ ≤ C

λ
p1p2

p1+p2

whenever ‖f1‖p1 = ‖f2‖p2 = 1. By linearity and scale invariance, it suffices
to prove that

(2.15)
∣∣∣{x : |T 0

m(f1, f2)(x)| > 2
}∣∣∣ ≤ C.
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Let E =
⋃2

j=1{x ∈ R : Mpj
(Mfj)(x) > 2}. Observe that |E| ≤ C,

therefore it is enough to show that

(2.16)
∣∣∣{x ∈ Ec : |T 0

m(f1, f2)(x)| > 2
}∣∣∣ ≤ C.

Let G = {x ∈ Ec : |T 0
m(f1, f2)(x)| > 2}, and choose f3 ∈ S with

‖f3‖L∞(Ec) ≤ 1, supp f3 ⊆ Ec, and∥∥∥∥f3(·) − 1G(·)
|G|1/p3

T 0
m(f1, f2)(·)

|T 0
m(f1, f2)(·)|

∥∥∥∥
p3

≤ min
{
1, ‖T 0

m(f1, f2)‖−1
p′3

}
.

Note that for the f3 chosen we have ‖f3‖p3 ≤ 2 and thus the set {x ∈ R :
Mp3(Mf3)(x) > 2} is empty. Now define

(2.17) Λ(f1, f2, f3) =
∑
k∈Z

∑
l∈Z

∫ 3∏
j=1

(fj ∗ Φj,k,l)(x)dx.

Then by Lemma 2 it follows that

|G|1/p′3 ≤
〈
T 0

m(f1, f2),
1G(·)
|G|1/p3

T 0
m(f1, f2)(·)

|T 0
m(f1, f2)(·)|

〉
≤

∣∣∣∣〈T 0
m(f1, f2), f3 − 1G(·)

|G|1/p3

T 0
m(f1, f2)(·)

|T 0
m(f1, f2)(·)|

〉∣∣∣∣+ |Λ(f1, f2, f3)|
≤ C + |Λ(f1, f2, f3) − ΛE(f1, f2, f3)| + |ΛE(f1, f2, f3)|
≤ |Λ(f1, f2, f3) − ΛE(f1, f2, f3)| + C.

Thus, to prove (2.16), we only need to show that

(2.18) |Λ(f1, f2, f3) − ΛE(f1, f2, f3)| ≤ C

whenever ‖f3‖L∞(Ec) ≤ 1 and supp f3⊆Ec. We now prove (2.18). We clearly
have

|Λ(f1, f2, f3) − ΛE(f1, f2, f3)|(2.19)

≤
∣∣∣∣∑

k∈Z

∑
l∈Z

∫ (
1 −

3∏
j=1

ψj,k(x)
) 3∏

j=1

(fj ∗ Φj,k,l)(x)dx

∣∣∣∣.
But recall that ψ2,k = ψ3,k, hence

∣∣∣1 −
3∏

j=1

ψj,k(x)
∣∣∣ ≤ |1 − ψ1,k(x)| + 2|1 − ψ2,k(x)|.
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Thus the expression on the right in (2.19) is at most equal to the sum of the
following two quantities

∑
k∈Z

∫ ∣∣1 − ψ1,k(x)
∣∣∑

l∈Z

3∏
j=1

∣∣(fj ∗ Φj,k,l)(x)
∣∣dx,(2.20)

2
∑
k∈Z

∫ ∣∣1 − ψ2,k(x)
∣∣∑

l∈Z

3∏
j=1

∣∣(fj ∗ Φj,k,l)(x)
∣∣dx.(2.21)

Observe that
∑

l∈Z

∏3
j=1

∣∣(fj ∗ Φj,k,l)(x)
∣∣ is smaller than(∑

l∈Z

∣∣(f1∗Φ1,k,l)(x)
∣∣p′1) 1

p′1
(∑

l∈Z

∣∣(f2∗Φ2,k,l)(x)
∣∣p′2) 1

p′2
(∑

l∈Z

∣∣(f3∗Φ3,k,l)(x)
∣∣q′) 1

q′
,

where q satisfies 1
p′1

+ 1
p′2

+ 1
q′ = 1.

Using (2.6) and the fact that 1 < p1 < 2, for any point z0 ∈ Ec, we
obtain(∑

l∈Z

∣∣(f1 ∗ Φ1,k,l)(x)
∣∣p′1) 1

p′1

≤ C

(∫
|f1(y)|p1

2−k(1 + 2−k|x− z0|)2

(1 + 2−k|x− y|)N (1 + 2−k|x− z0|)2
dy

) 1
p1

≤ C

(∫
|f1(y)|p1

2−k(1 + 2−k|x− z0|)2

(1 + 2−k|y − z0|)2
dy

) 1
p1

≤ C(1 + 2−k|x− z0|)
2

p1Mp1f1(z0)

≤ C
(
1 + 2−kdist(x,Ec)

)2
.

Similarly, using (2.7) and the fact that 1 < p2, q < 2 we obtain(∑
l∈Z

∣∣(f2 ∗ Φ2,k,l)(x)
∣∣p′2) 1

p′2 ≤ C
(
1 + 2−k+mdist(x,Ec)

)2
.

Using (2.14) and the facts that ‖f3‖L∞(Ec) ≤ 1 and supp f3 ⊆ Ec, we also
obtain(∑

l∈Z

∣∣(f3 ∗ Φ3,k,l)(x)
∣∣q′) 1

q′

≤ C

(∫
|f3(y)|q 2−k+m

(1 + 2−k+m|x− y|)N
dy

) 1
q

≤ C

(1 + 2−k+mdist(x,Ec))N
.
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Therefore, (2.20) can be estimated by

C
∑

k

∫ ∫
Ek

2−k

(1 + 2−k|x− y|)N
dy

1

(1 + 2−k+mdist(x,Ec))N−2
dx

≤C
∑

k

∫
Ek

1

(1 + 2−kdist(y,Ec))N−2
dy

≤C

∫
E

∑
k∈Z

2k≤dist(y,Ec)

1

(1 + 2−kdist(y,Ec))N−2
dy ≤ C|E| ≤ C.

Similarly (2.21) is estimated by

C
∑

k

∫ ∫
Ek−m

2−k+m

(1 + 2−k+m|x− y|)N
dy

1

(1 + 2−k+mdist(x,Ec))N−2
dx

≤C
∑

k

∫
Ek−m

1

(1 + 2−k+mdist(y,Ec))N−2
dy

≤C

∫
E

∑
k∈Z

2k≤dist(y,Ec)

1

(1 + 2−kdist(y,Ec))N−2
dy ≤ C|E| ≤ C.

This completes the proof of (2.18) and therefore of estimate (1.7). �

We will now set up some notation. For k,n∈Z, define Ik,n=[2kn,2k(n+1)].
And let

φ1,k,n(x) =(1Ik,n
∗ ψk)(x),

φj,k,n(x) =(1Ik,n
∗ ψk−m)(x), when j ∈ {2, 3}.(2.22)

Therefore we can write

(2.23) ΛE(f1, f2, f3)=
∑
k∈Z

∑
l∈Z

∫ 3∏
j=1

(∑
n∈Z

φj,k,n(x)ψj,k(x)(fj∗Φj,k,l)(x)

)
dx.

For an integer r with 0 ≤ r < L, let Zr = {	 ∈ Z : 	 = κL + r for some
κ ∈ Z}. Also for S ⊂ Zr × Z × Zr we let Sk,l = {n ∈ Z : (k, n, l) ∈ S} and
we define

(2.24) ΛE,S(f1, f2, f3)=
∑
k∈Zr

∑
l∈Zr

∫ 3∏
j=1

⎛⎝∑
n∈Sk,l

φj,k,n(x)ψj,k(x)(fj∗Φj,k,l)(x)

⎞⎠dx.
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For simplicity we will only consider the case where m ∈ Z0. There is no
difficulty in adjusting the argument below to the case wherem has a different
remainder when divided by L. We will therefore concentrate in proving
Lemma 2 for the expression ΛE,S(f1, f2, f3) when m ∈ Z0. To achieve this
goal, we recall the grid structure introduced in Definition 1 in [8].

When S ⊂ Zr×Z×Zr and s = (k, n, l) ∈ S we set Is = Ik,n. Also for j ∈
{1, 2, 3}, as in [8], we let ωj,s be intervals such that conditions (2.25)-(2.31)
below hold:

(2.25) |c(ω1,s) − 2−k(l + 1
2
)| ≤ 5 · 2−L2−k,

(2.26)
∣∣c(ω2,s) − 2−k+m(l − 3

2
)
∣∣ ≤ 5 · 2−L2−k+m and ω2,s = ω3,s,

(2.27) supp Φ̂j,k,l ⊂ ωj,s for j ∈ {1, 2},

(2.28) supp Φ̂3,k,l ⊂ [−(1 + 2−m)a,−(1 + 2−m)b[, where [a, b[= ω3,s,

(2.29) (1 + 2−2L)2−k ≤ |ω1,s| ≤ (1 + 10 · 2−L)2−k,

(1 + 2−2L)2−k+m ≤ |ωj,s| ≤ (1 + 2 · 2−2L)(1 + 5 · 2−L)2−k+m(2.30)

for j ∈ {2, 3},

(2.31) {ωj,s}s∈S is a central grid, for j ∈ {1, 2, 3}.
Furthermore, we have the following geometric picture for ωj,s, which has

proved in [8].

Lemma 3. For s, s′ ∈ S and ωj,s 
= ωj,s′, the following properties hold

(1) If ω1,s ⊂ ω1,s′, then ωj,s′ < ωj,s and 1
2
|ωj,s′ | < dist(ωj,s, ωj,s′) < 2|ω2,s′ |

for j = 2, 3.

(2) If ωj,s⊂ωj,s′ for j = 2, 3, then ω1,s < ω1,s′ and 1
8
|ω1,s′| < dist(ω1,s, ω1,s′)

< 2|ω1,s′ |.
As in [8] and [14] we give the following definition.

Definition 1. A subset S of Zr ×Z×Zr is called convex if for all s, s′′ ∈ S,
s′ ∈ Zr × Z × Zr, j ∈ {1, 2} with Is ⊂ Is′ ⊂ Is′′ and ωj,s′′ ⊂ ωj,s′ ⊂ ωj,s, we
have s′ ∈ S.

It is sufficient to obtain bounds for ΛE,S for all finite convex sets S of
triples of integers, provided the bound is independent of S and of course m.
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3. The selection of the trees

In this section, we start the proof of Lemma 2. We begin with the following

Definition 2. Fix T ⊂ S and t ∈ T . If for any s ∈ T , we have Is ⊂ It and
ωj,s ⊃ ωj,t, then we call T a tree of type j with top t. T is called a maximal
tree of type j ∈ {1, 2} with top t in S if there does not exist a larger tree of
type j with the same top strictly containing T . Let T be a maximal tree of
type j ∈ {1, 2} with top t in S, and i ∈ {1, 2}, i 
= j. Denote the maximal

tree of type i with top t in S by T̃ .

We recall some notation from [8] needed in the selection of the trees that
follows. For a given subset T of S we define Tk,l to be the set {n ∈ Z :
(k, n, l) ∈ T}. If T is a tree of type j for j ∈ {1, 2, 3} and k ∈ Zr, then
there is at most one l ∈ Zr such that Tk,l 
= ∅. If such an l exists, then
let Tk = Tk,l and Φj,k,T = Φj,k,l. Otherwise, let Tk = ∅ and Φj,k,T = 0.
For brevity, we write (k, n) ∈ T if and only if there exists an l ∈ Zr with
(k, n, l) ∈ T . Therefore, if (k, n, l) ∈ T , we can write ωj,k,n,l = ωj,k,l = ωj,k,T ,
and

(3.1) ΛE,T (f1, f2, f3) =
∑
k∈Zr

∫ 3∏
j=1

(∑
n∈Tk

φj,k,n(x)ψj,k(x)(fj ∗ Φj,k,T )(x)

)
dx.

Let t = (kT , nT , lT ) be the top of T . We write IT = IkT ,nT
and ωj,T = ωj,kT ,T .

For a tree T of type 2 (or 3) with top t and k ∈ Zr, define θ+
j,k,T and

θ−j,k,T by

θ̂+
j,k,T (ξ) = (Φj,k−L,T − Φj,k,T )∧(ξ)1ξ≥αjc(wj,t)(ξ),

θ̂−j,k,T (ξ) = (Φj,k−L,T − Φj,k,T )∧(ξ)1ξ≤αjc(wj,t)(ξ),

where αj = 1 if j = 2 and αj = 1 + 2−m, if j = 3. Let ψ∗(x) = (1 + x2)−N .
In accordance with the definitions of φj,k,n and ψj,k we define the functions

ψ∗
1,k(x) =(1(Ek)c ∗ ψ∗

k)(x),

ψ∗
j,k(x) =ψ∗

1,k−m(x), when j ∈ {2, 3}.(3.2)

and

φ∗
1,k,n(x) =(1Ik,n

∗ ψ∗
k)(x),

φ∗
j,k,n(x) =(1Ik,n

∗ ψ∗
k−m)(x), when j ∈ {2, 3}.(3.3)

Let ∆k be the set of all connected components of Ek\Ek+L. Obviously
∆k is a set of intervals. Observe that if J ∈ ∆k, then 2k ≤ |J | < 2k+L, and⋃

k ∆k is a set of pairwise disjoint intervals.
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Define

∆k,T = {J ∈ ∆k : J ⊂ Ik+m+L,n, for some (k +m+ L, n) ∈ T},
and for J ∈ ∆k,T define

(3.4) ρk,J(x) = 1J ∗ ψ∗
k(x), where ψ∗

k(x) = 2−kψ∗(2−kx).

Throughout this paper fix 0 < η ≤ L−1
(

p2

p′3
− 1

p1

)
minj∈{1,2,3}{ 1

p′j
} and

let H be the set

3⋃
j=1

{(1, j, 1), (2, 1, 1), (3, 1, 1)}
⋃ 5⋃

ν=2

{(2, 2, ν), (2, 3, ν), (3, 2, ν), (3, 3, ν)}.

We now describe a procedure for selecting a collection of trees T ν
µ,i,j,l and

T̃ ν
µ,i,j,l by induction on µ and l. Let S−1 = S, and for µ ≥ 0 let

Sµ = Sµ−1\
⋃

(i,j,ν)∈H

⋃
l≥0

(T ν
µ,i,j,l ∪ T̃ ν

µ,i,j,l)

where T ν
µ,i,j,l, T̃

ν
µ,i,j,l are defined as follows:

Let l ≥ 0 be an integer and assume that we have already defined T ν
µ,i,j,λ,

T̃ ν
µ,i,j,λ for λ < l. If one of the sets T ν

µ,i,j,λ, T̃
ν
µ,i,j,λ with λ < l is empty, then let

T ν
µ,i,j,l = T̃ ν

µ,i,j,l = ∅. Otherwise, let F denote the set of all trees T of type i
satisfying the following conditions (1)-(8).

(1) For (i, j, ν) ∈ H,

(3.5) T ⊂ Sµ−1\
⋃
λ<l

(T ν
µ,i,j,λ ∪ T̃ ν

µ,i,j,λ)

and T is a maximal tree of type i in Sµ−1\
⋃
λ<l

(T ν
µ,i,j,λ ∪ T̃ ν

µ,i,j,λ).

(2) If (i, j, ν) = (1, 1, 1), then for (k, n) ∈ T , one of the following inequali-
ties holds: ∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,l)

∥∥
p1

≥ 2−ηµ2
− µ

p′
1 |Ik,n|

1
p1 ,(3.6) ∥∥∥∥φ∗

1,k,nψ
∗
1,k

(
e−2πic(ω1,k,l)(·)(f1 ∗ Φ1,k,l)(·)

)′∥∥∥∥
p1

≥ 2−ηµ2
− µ

p′1 |Ik,n|
1

p1
−1
.(3.7)

(3) If (i, j, ν) = (1, 2, 1) or (1, 3, 1), then

(3.8)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≥ 242
− µ

p′
j |IT |

1
pj .
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(4) If (i, j, ν) = (2, 1, 1) or (3, 1, 1), then one of the following inequalities
holds:

(3.9)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∣∣2) 1
2
∥∥∥∥

p1

≥ 242
− µ

p′
1 |IT |

1
p1 ,

(5) If i= 2 or 3, j = 2 or 3, ν=2, then there exists k̃∈{−L, 0, L, 2L, 3L, 4L}
such that, for (k, n) ∈ T , one of the following inequalities holds:∥∥φ∗

j,k+k̃,n
ψ∗

j,k+k̃
(fj ∗ Φj,k+k̃,l)

∥∥
pj
≥ 2−ηµ2

− µ

p′
j |Ik,n|

1
pj ,(3.10) ∥∥φ∗

1,k,nψ
∗
j,k+m+k̃

(fj ∗ Φj,k+m+k̃,l)
∥∥

pj
≥ 2−ηµ2

− µ

p′
j |Ik,n|

1
pj ,(3.11) ∥∥∥∥φ∗

1,k,nψ
∗
j,k+m+k̃

(
e−2πic(ωj,k+m+k̃,T )(·)(fj ∗ Φj,k+m+k̃,l)(·)

)′∥∥∥∥
pj

(3.12)

≥2−ηµ2
− µ

p′
j |Ik,n|

1
pj

−1
.

(6) If i = 2 or 3, j = 2 or 3, ν = 3, then

(3.13)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ θ+

j,k,T )
∣∣2) 1

2
∥∥∥∥

pj

≥ 242
− µ

p′
j |IT |

1
pj .

(7) If i = 2 or 3, j = 2 or 3, ν = 4, then

(3.14)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ θ−j,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≥ 242
− µ

p′
j |IT |

1
pj .

(8) If i= 2 or 3, j = 2 or 3, ν=5, then there exists k̃∈{−L, 0, L, 2L, 3L, 4L}
such that

(3.15)

∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≥ 242
− µ

p′
j |IT |

1
pj .

If no such trees exist, in other words if F = ∅, then we set T ν
µ,i,j,l =

T̃ ν
µ,i,j,l = ∅. Otherwise, we select T ν

µ,i,j,l and T̃ ν
µ,i,j,l as follows:

(9) If (i, j, ν) ∈ {(1, 2, 1), (1, 3, 1), (2, 2, 4), (2, 3, 4), (3, 2, 4), (3, 3, 4)}, then
select T ν

µ,i,j,l ∈ F such that for any T ∈ F we have

(3.16) ωj,T ν
µ,i,j,l

≯ ωj,T
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Let T̃ ν
µ,i,j,l be the maximal tree of type i′ with top t in Sµ−1\

⋃
λ<l

(T ν
µ,i,j,λ ∪

T̃ ν
µ,i,j,λ), where i′ = 2 if i = 1, i′ = 1 if i ∈ {2, 3}, and t is the top of T ν

µ,i,j,l.

(10) If (i, j, ν) ∈ {(2, 1, 1), (3, 1, 1), (2, 2, 3), (2, 3, 3), (3, 2, 3), (3, 3, 3)}, then
select T ν

µ,i,j,l ∈ F such that for any T ∈ F we have

(3.17) ωj,T ν
µ,i,j,l

≮ ωj,T

Let T̃ ν
µ,i,j,l be the maximal tree of type i′ with top t in Sµ−1\

⋃
λ<l

(T ν
µ,i,j,λ ∪

T̃ ν
µ,i,j,λ), where i′ = 2 if i = 1, i′ = 1 if i ∈ {2, 3}, and t is the top of T ν

µ,i,j,l.

This completes the selection of trees. As in [8], it is easy to see that Sµ,

T ν
µ,i,j,l and T̃ ν

µ,i,j,l are convex.

Until the end of the paper we fix 1 < q1, q2, q3 <∞ with 1
q1

+ 1
q2

+ 1
q3

= 1
such that q1 is very large, and q2 > p′3, q3 > p3.

The core of the proof is to obtain Lemmata 4 and 5 below which will be
proved in the next sections.

Lemma 4. Let µ ≥ 0, j ∈ {1, 2, 3}, T be a tree of type j and T ⊂ Sµ, then

(3.18)
∣∣ΛE,T (f1, f2, f3)

∣∣ ≤ C2−ηµ2
−( 1

p′
1
+ 1

p′
2

p2
p′
3
+ 1

p′
3
)µ|IT | if j = 1,

And if T is a convex set, then

(3.19)
∣∣ΛE,T (f1, f2, f3)

∣∣ ≤ Cq12
−( 1

p′1
+ 1

p′2
p2
q2

+ 1
p′3

p3
q3

)µ|IT | if j = 2, 3,

where C,Cq1 are independent of m.

Lemma 5. For µ ≥ 0, (i, j, ν) ∈ H,

(3.20)
∑
l≥0

∣∣IT ν
µ,i,j,l

∣∣ ≤ C210ηp′jµ2µ

where C is independent of m.

Once Lemmata 4 and 5 are proved, then the only extra ingredient we
need to polish off the proof of estimate (1.7) is the following lemma.

Lemma 6. Let µ ≥ 0, T ⊂ Sµ−1 be a tree of type j ∈ {1, 2, 3}, P ⊂ Sµ−1,
and T ∩ P = ∅. Suppose T is a maximal tree in T ∪ P . Then∣∣ΛE,T∪P (f1, f2, f3) − ΛE,P (f1, f2, f3)

∣∣
≤ ∣∣ΛE,T (f1, f2, f3)

∣∣+ C2
−ηµ−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ|IT |,
where C is independent of µ, P , T and m.
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Proof. Notice there exists at most one l such that Tk,l 
= ∅ and T is a
maximal tree in T ∪ P , we have

|ΛE,T∪P (f1, f2, f3) − ΛE,P (f1, f2, f3)| ≤ |ΛE,T (f1, f2, f3)| +
∑
k≤kT

∫
|Ak(x)|dx,

where |Ak| is controlled by

(3.21)
C

(1 + 2−kdist(x, ∂IT ))N

3∏
j=1

( ∑
n∈(P∪T )k

φ∗
j,k,n(x)ψ∗

j,k(x)|fj∗Φj,k,T (x)|
)
,

where (P ∪ T )k = (P ∪ T )l,k if there exists an l such that Tl,k 
= ∅, and
(P ∪ T )k = ∅ if such an l does not exist.

Thus
∫ |Ak(x)|dx is estimated by

∑
n′∈Z

C

(1+2−kdist(Ik,n′,∂IT ))N

∥∥∥∥ 3∏
j=1

( ∑
n∈(P∪T )k

φ∗
j,k,nψ

∗
j,k(fj∗ Φj,k,T )

)∥∥∥∥
L1(Ik,n′ )

≤
∑
n′∈Z

C

(1 + 2−kdist(Ik,n′ , ∂IT ))N

∥∥∥∥ ∑
n∈(P∪T )k

φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥∥∥
L∞(Ik,n′)

·
∥∥∥∥ ∑
n∈(P∪T )k

φ∗
2,k,nψ

∗
2,k(f2∗Φ2,k,T)

∥∥∥∥
Lp′

3 (Ik,n′)

∥∥∥∥ ∑
n∈(P∪T )k

φ∗
3,k,nψ

∗
3,k(f3∗Φ3,k,T)

∥∥∥∥
Lp3(Ik,n′)

Using that P ∪ T ∈ Sµ−1 and Lemma 14 stated in section 4, we obtain∥∥∥∥ ∑
n∈(P∪T )k

φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥∥∥
L∞(Ik,n′)

≤ C
∥∥φ∗

1,k,n′′ψ∗
1,k(f1 ∗ Φ1,k,T )

∥∥
∞

≤ C
∥∥φ∗

1,k,n′′ψ∗
1,k(f1∗Φ1,k,T)

∥∥ 1
2

p′1

∥∥(φ∗
1,k,n′′ψ∗

1,ke
−2πic(ω1,k,T )(·)(f1∗Φ1,k,T)(·))′

∥∥ 1
2

p1

≤ C2−ηµ2
− µ

p′
1 ,

where n′′ ∈ (P ∪ T )k which minimizes the distance to n′. Since∥∥φ∗
j,k,n′′ψ∗

j,k(fj ∗ Φj,k,T )
∥∥

p3
≤C2

− µ

p′
j |Ik,n′′ |

1
pj ,
∥∥φ∗

j,k,n′′ψ∗
j,k(fj ∗ Φj,k,T )

∥∥
∞≤C

by (4.23), interpolation gives∥∥∥∥ ∑
n∈(P∪T )k

φ∗
2,k,nψ

∗
2,k(f2 ∗ Φ2,k,T )

∥∥∥∥
Lp′3 (Ik,n′)

≤ C
∥∥φ∗

2,k,n′′ψ∗
2,k(f2 ∗ Φ2,k,T )

∥∥
p′3

≤ C2−ηµ2
− µ

p′2
p2
p′3 |Ik,n′′ |

1
p′3 .
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We also have∥∥∥∥ ∑
n∈(P∪T )k

φ∗
3,k,nψ

∗
3,k(f3 ∗ Φ3,k,T )

∥∥∥∥
Lp3(Ik,n′ )

≤ C
∥∥φ∗

3,k,n′′ψ∗
3,k(f3 ∗ Φ3,k,T )

∥∥
p3

≤ C2−ηµ2
− µ

p′
3 |Ik,n′′| 1

p3 .

Hence we obtain∣∣ΛE,T∪P (f1, f2, f3) − ΛE,P (f1, f2, f3)
∣∣ ≤ ∣∣ΛE,T (f1, f2, f3)

∣∣+∑
k≤kT

∫
|Ak(x)|dx

≤ ∣∣ΛE,T (f1, f2, f3)
∣∣+ ∑

k≤kT

∑
n′∈Z

C2−ηµ2
−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ
2k

(1 + 2−kdist(Ik,n′ , ∂IT ))N

≤ ∣∣ΛE,T (f1, f2, f3)
∣∣+ C2−ηµ2

−( 1
p′1

+ 1
p′2

p2
p′3

+ 1
p′3

)µ|IT |. �

Having established Lemma 6 we can now finish the proof of estimate (1.7).
Assuming Lemma 4 and Lemma 5 we obtain∣∣ΛE,S(f1, f2, f3)

∣∣ ≤
∑

(i,j,ν)∈H

∑
µ≥0

∑
l

(∣∣ΛE,T ν
µ,i,j,l

(f1,f2,f3)
∣∣+∣∣ΛE, �T ν

µ,i,j,l
(f1,f2,f3)

∣∣)
+ C

∑
(i,j,ν)∈H

∑
µ≥0

2−ηµ2
−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ∑
l≥0

∣∣IT ν
µ,i,j,l

∣∣
≤ C

∑
(1,j,ν)∈H

∑
µ≥0

2−ηµ2
−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ∑
l≥0

∣∣IT ν
µ,i,j,l

∣∣
+ Cq1

∑
(1,j,ν)∈H

∑
µ≥0

2
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)µ∑
l≥0

∣∣IT ν
µ,i,j,l

∣∣
+ Cq1

∑
(i,j,ν)∈H

i	=1

∑
µ≥0

2
−( 1

p′1
+ 1

p′2
p2
q2

+ 1
p′3

p3
q3

)µ∑
l

|IT ν
µ,i,j,l

|

+ C
∑

(i,j,ν)∈H
i	=1

∑
µ≥0

2−ηµ2
−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ∑
l≥0

∣∣IT ν
µ,i,j,l

∣∣
≤ C

∑
(i,j,ν)∈H

∑
µ≥0

2
−( 1

p′1
+ 1

p′2
p2
p′3

+ 1
p′3

)µ
210ηp′jµ2µ

+ Cq1

∑
(i,j,ν)∈H

∑
µ≥0

2
−( 1

p′1
+ 1

p′2
p2
q2

+ 1
p′3

p3
q3

)µ
210ηp′jµ2µ

≤ Cp1,p2,p3 .

Hence, it remains to prove Lemma 4 and Lemma 5. This will be achieved
in the following sections.
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4. Some preliminary facts

In this section we prove a variety of technical lemmata that will be used in
the proof of Lemma 4 and Lemma 5 presented in the next sections. One
important fact from these lemmata is that we have the appropriate size
estimate for the trees in S−1. We begin with the following.

Lemma 7. For any (k, n, l) ∈ S we have the following:∥∥φ∗
1,k,n(f1 ∗ Φ1,k,l)

∥∥
p1

≤ C infx∈Ik,n
Mp1f1(x)|Ik,n|

1
p1 ,(4.1) ∥∥∥∥φ∗

1,k,n

(
e−2πic(ω1,k,l)(·)(f1 ∗ Φ1,k,l)(·)

)′∥∥∥∥
p1

≤ C infx∈Ik,n
Mp1f1(x)|Ik,n|

1
p1

−1
,(4.2) ∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,l)

∥∥
p1

≤ C|Ik,n|
1

p1 ,(4.3) ∥∥∥φ∗
1,k,nψ

∗
1,k

(
e−2πic(ω1,k,l)(·)(f1 ∗ Φ1,k,l)(·)

)′∥∥∥
p1

≤ C|Ik,n|
1

p1
−1
.(4.4)

Proof. Since φ∗
1,k,n(x) ≤ C

(
1 + 2−kdist(x, Ik,n)

)−N
we obtain∥∥φ∗

1,k,n(f1 ∗ Φ1,k,l)
∥∥p1

p1
≤ C

(
inf

x∈Ik,n

Mp1f1(x)

)p1

|Ik,n|.

This proves (4.1). Note that
(
e−2πic(ω1,k,l)(·)(f1 ∗ Φ1,k,l)(·)

)′
(x) is equal to∫

f1(y)e
−2πic(ω1,k,l)y

(
Φ1,k,l(·)e−2πic(ω1,k,l)(·))′(x− y)dy,

and ∣∣ (Φ1,k,l(·)e−2πic(ω1,k,l)(·))′(x)∣∣ ≤ C2−2k

(1 + 2−k|x|)N
.

Using this estimate and a similar argument as before we obtain (4.2).

We now prove (4.3). We may assume that Ik,n ⊂ E, otherwise (4.3)
follows immediately from (4.1). Pick a number A ≥ 1 such that AIk,n ⊂ E

and 2AIk,n ∩ Ec 
= ∅. Then by ψ∗
1,k(x) ≤

(
1 + 2−kdist(x,Ec)

)−2N
, we have∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,l)

∥∥p1

p1

≤ CA−N

∫
1

(1 + 2−kdist(x, Ik,n))N

∫
2−k|f1(y)|p1

(1 + 2−k|x− y|)N
dydx

≤ CA−N

(
inf

x∈Ik,n

Mp1f1(x)

)p1

|Ik,n| ≤ C|Ik,n|,

using the fact that the maximal function is an A1 weight. This completes
the proof of (4.3). The proof of (4.4) is similar. �
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Next we have the following.

Lemma 8. For any tree T of type 1 and any j ∈ {2, 3} we have∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C inf
x∈IT

Mpj
fj(x)|IT |

1
pj ,(4.5)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C|IT |
1

pj .(4.6)

Proof. First, we prove that for any f ∈ S,

(4.7)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n(f ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C‖f‖pj
.

Observe that f∗Φj,k,T (x)=gk∗Φj,k,T (x), where gk =
(
f̂1ωj,k,T

)∨
, and {ωj,k,T}k

is a lacunary family of disjoint intervals. Therefore, by the Fefferman-Stein
maximal inequality [7] and by the Littlewood-Paley theorem, we have∥∥∥∥( ∑

(k,n)∈T

∣∣φ∗
j,k,n(f ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤
∥∥∥∥(∑

k

∣∣gk ∗ Φj,k,T

∣∣2) 1
2
∥∥∥∥

pj

≤
∥∥∥∥(∑

k

∣∣Mgk

∣∣2) 1
2
∥∥∥∥

pj

≤ C

∥∥∥∥(∑
k

|gk|2
) 1

2
∥∥∥∥

pj

≤ C‖f‖pj
.

This is (4.7).
Now we begin by proving (4.5). The sum∥∥∥∥( ∑

(k,n)∈T

∣∣φ∗
j,k,n(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

is estimated by two times the expression∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n((fj12IT

)∗Φj,k,T )
∣∣2) 1

2
∥∥∥∥

pj

+

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n((fj1(2IT )c)∗Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

.

Using (4.7), we can estimate the first term above by∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n((fj12IT

) ∗ Φj,k,T )
∣∣2) 1

2
∥∥∥∥

pj

≤C‖fj12IT
‖pj

≤C inf
x∈IT

Mpj
fj(x)|IT |

1
pj .
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But |φ∗
j,k,m(x)| ≤ C

(
1 + 2−k+mdist(x, Ik,n)

)−N
and using (2.7) or (2.14) we

obtain∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n((fj1(2IT )c) ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥pj

pj

≤ C
∑

(k,n)∈T

|Ik,n|
(1 + 2−kdist((2IT )c, Ik,n))N

(
inf

x∈IT

Mpj
fj(x)

)pj

≤ C
(

inf
x∈IT

Mpj
fj(x)

)pj |IT |,

which completes the proof of (4.5).

We now turn our attention to the proof of (4.6). Assume IT ⊂ E,
otherwise using (4.5) we obtain (4.6) immediately. Pick A ≥ 1 such that
AIT ⊂ E and 2AIT

⋂
Ec 
= ∅. Then since

|ψ∗
j,k(x)| ≤

C

(1 + 2−k+mdist(x,Ec))N
,

we have∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤
∥∥∥∥( ∑

(k,n)∈T

1

(1 + 2−k+mdist(Ik,n, Ec))N

∣∣φ∗
j,k,n(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ CA−N

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ CA−N inf
x∈IT

Mpj
fj(x)|IT |

1
pj ≤ C inf

x∈2AIT

Mpj
fj(x)|IT |

1
pj ≤ C|IT |

1
pj ,

where we used (4.5) in the penultimate inequality above. This proves (4.6)
and thus completes the proof of this lemma. �

Similarly we obtain the following lemma whose proof we omit.

Lemma 9. For any tree T of type j, j ∈ {2, 3} we have∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,n(f1 ∗ Φ1,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C inf
x∈IT

Mp1f1(x)|IT |
1

p1 ,(4.8)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∣∣2) 1
2
∥∥∥∥

p1

≤ C|IT |
1

p1 .(4.9)
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Next we have the following.

Lemma 10. For (k, n, l) ∈ S, k̃ ∈ {−L, 0, L, 2L, 3L, 4L}, and j ∈ {2, 3} we
have ∥∥φ∗

j,k+k̃,n
(fj ∗ Φj,k+k̃,l)

∥∥
pj

≤ C inf
x∈Ik,n

Mpj
fj(x)|Ik,n|

1
pj ,(4.10) ∥∥φ∗

1,k,n(fj ∗ Φj,k+m+k̃,l)
∥∥

pj
≤ C inf

x∈Ik,n

Mpj
fj(x)|Ik,n|

1
pj ,(4.11) ∥∥∥φ∗

1,k,n

(
e−2πic(ωj,k+m+k̃,l)(·)(fj ∗ Φj,k+m+k̃,l)(·)

)′∥∥∥
pj

(4.12)

≤ C inf
x∈Ik,n

Mpj
fj(x)|Ik,n|

1
pj
−1
,

‖φ∗
j,k+k̃,n

ψ∗
j,k+k̃

(fj ∗ Φj,k+k̃,l)‖pj
≤ C|Ik,n|

1
pj ,(4.13)

‖φ∗
1,k,nψ

∗
2,k+m+k̃

(fj ∗ Φj,k+m+k̃,l)‖pj
≤ C|Ik,n|

1
pj ,(4.14) ∥∥φ∗

1,k,nψ
∗
2,k+m+k̃

(
e−2πic(ωj,k+m+k̃,l)(·)(fj ∗ Φj,k+m+k̃,l)(·)

)′∥∥
pj

≤ C|Ik,n|
1

pj
−1
.(4.15)

Proof. Note

φ∗
j,k+k̃,n

(x) ≤ C
(
1 + 2−k+mdist(x, Ik,n)

)−N
,

we have∥∥φ∗
j,k+k̃,n

(fj ∗ Φj,k+k̃,l)
∥∥pj

pj

≤ C

∫
1

(1 + 2−k+mdist(x, Ik,n))N

∫
2−k+m|fj(y)|pj

(1 + 2−k+m|x− y|)N
dydx

≤ C

∫ |fj(y)|pj

(1 + 2−k+mdist(y, Ik,n))N
dy ≤ C

(
inf

x∈Ik,n

Mpj
fj(x)

)pj

|Ik,n|.

This proves (4.10). Now we prove (4.13). Assume Ik,n ⊂ E, otherwise
by (4.10) we have (4.13) immediately. Pick a number A ≥ 1 such that
AIk,n ⊂ E and 2AIk,n ∩ Ec 
= ∅. Then we have

∥∥φ∗
j,k+k̃,n

ψ∗
j,k+k̃

(fj ∗ Φj,k+k̃,l)
∥∥pj

pj
≤ CA−N

(
inf

x∈Ik,n

Mpj
fj(x)

)pj

|Ik,n| ≤ C|Ik,n|.

This completes the proof of (4.13). Similarly, we obtain (4.11), (4.12), (4.14)
and (4.15). �
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Lemma 11. For a convex tree T of type j, j ∈ {2, 3} we have∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n(fj ∗ θ+

j,k,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C inf
x∈IT

Mpj
fj(x)|IT |

1
pj ,(4.16)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,n(fj ∗ θ−j,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C inf
x∈IT

Mpj
fj(x)|IT |

1
pj ,(4.17)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ θ+

j,k,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C|IT |
1

pj ,(4.18)

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ θ−j,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤ C|IT |
1

pj .(4.19)

Proof. This lemma is similar to Lemma 8 and we omit its proof. �

Lemma 12. For k̃ ∈ {−L, 0, L, 2L, 3L, 4L}, let T be a tree of type j,
j ∈ {2, 3}∥∥∥∥(∑

k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C inf
x∈IT

Mpj
fj(x)|IT |

1
pj ,(4.20)

∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C|IT |
1

pj .(4.21)

Proof. We prove (4.21) first. Since pj < 2, we have∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C

∥∥∥∥(∑
k

∑
J∈∆k−m,T

(
infx∈J Mfj(x)

)2
(1 + 2−k+mdist(x, J))N

) 1
2
∥∥∥∥

pj

≤ C

(∑
k

∑
J∈∆k−m,T

(
inf

x∈8J
Mpj

fj(x)
)pj |J |

) 1
pj

(since 8J ∩ Ec 
= ∅)

≤ C

(∑
k

∑
J∈∆k−m,T

|J |
) 1

pj ≤ C|IT |
1

pj ,

because the union of ∆k−m is a set of pairwise disjoint intervals.
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On the other hand, note that(∑
k

∑
J∈∆k−m,T

(
inf
x∈J

Mfj(x)
)pj |J |

) 1
pj ≤

(∑
k

∑
J∈∆k−m,T

∫
J

(
Mfj(x)

)pjdx

) 1
pj

≤
(∫

�
J∈�

k
∆k−m,T

J

(
Mfj(x)

)pjdx

) 1
pj ≤ C‖fj‖pj

Hence, we obtain that for f ∈ S we have the inequality

(4.22)

∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J(f ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ C‖f‖pj
.

We now prove (4.20). We have∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k+k̃,T )
∣∣2) 1

2
∥∥∥∥

pj

≤ D1 +D2,

where

D1 =

∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J

(
(fj12IT

) ∗ Φj,k+k̃,T

)∣∣2) 1
2
∥∥∥∥

pj

D2 =

∥∥∥∥(∑
k

∑
J∈∆k−m,T

∣∣ρk−m,J

(
(fj1(2IT )c) ∗ Φj,k+k̃,T

)∣∣2) 1
2
∥∥∥∥

pj

.

By (4.22) it is easy to see that

D1 ≤ C‖fj12IT
‖pj

≤ C|IT |
1

pj inf
x∈IT

Mpj
fj(x).

For D2, we have

D
pj

2 ≤

≤
∫ (∑

k

∑
J∈∆k−m,T

C
( ∫

(2IT)c |fj(y)|2−k+m(1+2−k+m|x− y|)−(N+2)dy
)2

(1 + 2−k+mdist(x, J))2N+2

) pj
2

dx

≤
(

inf
x∈IT

Mfj(x)

)pj ∑
k

∑
J∈∆k−m,T

|J | ≤
(

inf
x∈IT

Mpj
fj(x)

)pj

|IT |,

which proves (4.20) and thus completes the proof of Lemma 12. �
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Lemma 13. Let j ∈ {2, 3} and T ⊂ S be a convex tree of type j. Then we
have ∥∥ψ∗

j,k(fj ∗ Φj,k,l)
∥∥
∞ ≤ C,(4.23) ∥∥∥∥(∑

k

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj ∗ (Φj,k−L,T − Φj,k,T )

)∣∣∣∣2) 1
2
∥∥∥∥

BMO

≤ C,(4.24)

where C is independent of m and BMO denotes dyadic BMO.

Proof. (4.23) holds since ψ∗
j,k(x) ≤ C(1 + 2−k+mdist(x,Ec))−N and

|fj ∗ Φj,k,l(x)| ≤ C
(
1 + 2−k+mdist(x,Ec)

)2
.

Now we prove (4.24). Let J = [2kJnJ , 2
kJ (nJ + 1)], then

inf
c

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj ∗(Φj,k−L,T −Φj,k,T )

)∣∣∣∣2) 1
2

−c
∥∥∥∥pj

Lpj (J)

≤ C(B1+B2),

where

B1 = inf
c

∥∥∥∥( ∑
k≥kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj ∗ (Φj,k−L,T − Φj,k,T )

)∣∣∣∣2) 1
2

− c

∥∥∥∥2

L2(J)

B2 =

∥∥∥∥( ∑
k<kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj ∗ (Φj,k−L,T − Φj,k,T )

)∣∣∣∣2) 1
2
∥∥∥∥pj

Lpj (J)

.

For B1 using (4.23), we obtain

inf
c

∥∥∥∥( ∑
k≥kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj∗(Φj,k−L,T −Φj,k,T )

)∣∣∣∣2) 1
2

− c

∥∥∥∥pj

L2(J)

|J |1−
pj
2

≤
(
inf
c

∥∥∥∥ ∑
k≥kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj∗(Φj,k−L,T −Φj,k,T )

)∣∣∣∣2− c2
∥∥∥∥

L1(J)

) pj
2

|J |1−
pj
2

≤
(
|J |2

∑
k≥kJ+m

∥∥∥∥((∑
n∈Tk

φ∗
j,k,nψ

∗
j,ke

−2πic(ωj,k−L,T )(·)(fj∗(Φj,k−L,T −Φj,k,T )
))2)′∥∥∥∥

∞

)pj
2

· C|J |1−
pj
2

≤ C

(
|J |2

∑
k≥kJ+m

2−k+m

) pj
2

|J |1−
pj
2 ≤ C|J |

pj
2 |J |1−

pj
2 ≤ C|J |.



Uniform Bounds for the Bilinear Hilbert Transforms, II 1093

For B2 we have∥∥∥∥( ∑
k<kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
fj ∗(Φj,k−L,T −Φj,k,T )

)∣∣∣∣2) 1
2
∥∥∥∥pj

Lpj (J)

≤ C(B21+B22),

where

B21 =

∥∥∥∥( ∑
k<kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
(fj12J) ∗ (Φj,k−L,T − Φj,k,T )

)∣∣∣∣2) 1
2
∥∥∥∥pj

Lpj (J)

,

B22 =

∥∥∥∥( ∑
k<kJ+m

∣∣∣∣ ∑
n∈Tk

φ∗
j,k,nψ

∗
j,k

(
(fj1(2J)c) ∗ (Φj,k−L,T − Φj,k,T )

)∣∣∣∣2) 1
2
∥∥∥∥pj

Lpj (J)

.

For B21, as we proved (4.7), we have

B21 ≤
(

sup
k<kJ+m

‖ψ∗
j,k‖L∞(J)

)
‖fj12J‖pj

pj

≤ C

(1 + 2−kJ dist(J,Ec))N
‖fj12J‖pj

pj
≤ C|J |.

For B22, notice that∥∥fj1(2J)c ∗ Φj,k,T

∥∥
L∞(J)

≤ C

(1 + 2−k+m|J |)N

∥∥∥∥∥
(∫

(2J)c

|fj(y)|pj
2−k+m

(1 + 2−k+m| · −y|)N
dy

) 1
pj

∥∥∥∥∥
L∞(J)

≤ C
(
1 + 2−k+m|J | + 2−k+mdist(J,Ec)

) 2
pj

(1 + 2−k+m|J |)N

≤ C2(k−m−kJ )N(1 + 2−k+mdist(J,Ec))2

and ‖ψ∗
j,k‖L∞(J) ≤ C

(
1 + 2−k+mdist(J,Ec)

)−N
. We have

B22 ≤ C
∑

k<kJ+m

‖fj1(2J)c ∗ Φj,k,T‖pj

L∞(J)|J |
(1 + 2−k+mdist(J,Ec))N

≤ C
∑

k<kJ+m

2(k−m−kJ )pjN |J | ≤ C|J |.

This completes the proof of the lemma. �
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Lemma 14. Let f ∈ S, (k, n, l) ∈ S such that

∥∥φ∗
1,k,nψ

∗
1,k(f ∗ Φ1,k,l)

∥∥
p1

≤ 2−ηµ2
− µ

p′
1 |Ik,n|

1
p1 ,(4.25) ∥∥∥∥φ∗

1,k,nψ
∗
1,k

(
e−2πic(ω1,k,l)(·)(f ∗ Φ1,k,l)(·)

)′∥∥∥∥
p1

≤ 2−ηµ2
− µ

p′1 |Ik,n|
1

p1
−1
.(4.26)

Then we have

(4.27)
∥∥φ∗

1,k,nψ
∗
1,ke

−2πic(ω1,k,l)(·)(f ∗ Φ1,k,l)
∥∥

BMO
≤ C2−ηµ2

− µ

p′1 .

Proof. Let J = [2kJnJ , 2
kJ (nJ + 1)]. First, assume that |Ik,n| ≤ |J |, then

by (4.25) we have

inf
c

∫
J

∣∣φ∗
1,k,n(x)ψ∗

1,k(x)e
−2πic(ω1,k,l)(x)(f ∗ Φ1,k,l)(x) − c

∣∣dx
≤
∫

J

∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f ∗ Φ1,k,l)(x)
∣∣dx

≤ ∥∥φ∗
1,k,nψ

∗
1,k(f ∗ Φ1,k,l)

∥∥
p1
|J |1− 1

p1

≤ 2−ηµ2
− µ

p′1 |Ik,n|
1

p1 |J |1− 1
p1 ≤ 2−ηµ2

− µ

p′1 |J |.

Now assume that |Ik,n| > |J |, then by (4.25) and (4.26) we obtain

inf
c

∫
J

∣∣φ∗
1,k,n(x)ψ∗

1,k(x)e
−2πic(ω1,k,l)(x)(f ∗ Φ1,k,l)(x) − c

∣∣dx
≤ |J |

∫
J

∣∣∣∣(φ∗
1,k,n(·)ψ∗

1,k(·)e−2πic(ω1,k,l)(·)(f ∗ Φ1,k,l)(·)
)′

(x)

∣∣∣∣dx
≤ |J |

∫
J

∣∣(φ∗
1,k,n(x)ψ∗

1,k)
′(x)(f ∗ Φ1,k,l)(x)

∣∣dx
+ |J |

∫
J

∣∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)

(
e−2πic(ω1,k,l)(·)(f ∗ Φ1,k,l)(·)

)′
(x)

∣∣∣∣dx
≤ C|J |2−k

∥∥φ∗
1,k,nψ

∗
1,k(f ∗ Φ1,k,l)

∥∥
p1
|J |1− 1

p1

+ |J |
∥∥∥∥φ∗

1,k,nψ
∗
1,k

(
e−2πic(ω1,k,l)(·)(f ∗ Φ1,k,l)(·)

)′∥∥∥∥
p1

|J |1− 1
p1

≤ C|J |2−ηµ2
− µ

p′1 |Ik,n|
1

p1
−1|J |1− 1

p1 ≤ C · 2−ηµ2
− µ

p′1 |J |,

since |(φ∗
1,k,nψ

∗
1,k)

′| ≤ C|Ik,n|−1|φ∗
1,k,n(x)ψ∗

1,k|. Therefore we obtain (4.27). �
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5. The size estimate for the trees

Having proved all these preliminary lemmata we now turn our attention to
the proof of Lemma 4. This section is entirely devoted to the proof of this
lemma. First, we prove (3.18). For a tree T of type 1 and T ⊂ Sµ, we have∣∣ΛE,T (f1, f2, f3)

∣∣ ≤∑
k

∫ 3∏
j=1

∣∣∣∣(∑
n∈Tk

φj,k,n(x)ψj,k(x)(fj ∗ Φj,k,T )

)∣∣∣∣dx
≤
∫

sup
k

∣∣∣∣ ∑
n∈Tk

φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣∣∣
·

3∏
j=2

(∑
k

∣∣∣∣ ∑
n∈Tk

φj,k,n(x)ψj,k(x)(fj ∗ Φj,k,T )(x)

∣∣∣∣2) 1
2

dx

≤
∥∥∥∥sup

k

∣∣∣∣∑
n∈Tk

φ1,k,nψ1,k(f1∗Φ1,k,T )

∣∣∣∣∥∥∥∥
∞

∥∥∥∥(∑
k

∣∣∣∣∑
n∈Tk

φ2,k,nψ2,k(f2 ∗ Φ2,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

p′3

·
∥∥∥∥(∑

k

∣∣∣∣ ∑
n∈Tk

φ3,k,nψ3,k(f3 ∗ Φ3,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

p3

.

Observe that∥∥∥∥ sup
k

∣∣∣∣ ∑
n∈Tk

φ1,k,nψ1,k(f1 ∗ Φ1,k,T )

∣∣∣∣ ∥∥∥∥
∞

≤ sup
(k,n)∈T

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥
∞

≤ sup
(k,n)∈T

∥∥φ∗
1,k,nψ

∗
1,k(f1∗Φ1,k,T )

∥∥ 1
2

p′1

∥∥∥(φ∗
1,k,nψ

∗
1,ke

−2πic(ω1,k,T )(·)(f1∗Φ1,k,T )(·))′∥∥∥ 1
2

p1

≤C2−ηµ2
− µ

p′1 ,

here we use Lemma 14 and interpolation for the first factor.
Since T is a tree of type 1, as in the proof of Lemma 13, we obtain

(5.1)

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk

φ2,k,nψ2,k(f2 ∗ Φ2,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

BMO

≤ C.

Notice that since T ∈ Sµ, we have for j ∈ {2, 3}

(5.2)

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk

φj,k,nψj,k(fj ∗ Φj,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

pj

≤ C2
− µ

p′
j |IT |

1
pj .

Hence, by interpolation we have

(5.3)

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk

φ2,k,nψ2,k(f2 ∗ Φ2,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

p′3

≤ C2
− µ

p′2
p2
p′3 |IT |

1
p′3 .
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Thus we have ∣∣ΛE,T (f1, f2, f3)
∣∣ ≤ C2−ηµ2

−( 1
p′1

+ 1
p′2

p2
p′3

+ 1
p′3

)µ
.

This completes the proof of (3.18) for trees of type 1. We now turn our
attention to the proof of (3.19). Let

fi,k(x) =
∑
n∈Tk

φi,k,n(x)ψi,k(x)(fi ∗ Φi,k,T )(x),

for i = 1, 2, 3. Then
∑

k∈Zr
f1,kf2,kf3,k is equal to

(5.4)
∑
k∈Zr

f1,kf2,k+m+Lf3,k+m+L+
∑
k∈Zr

∑
k̃∈Z0

0≤k̃≤m

f1,k(f2,k+k̃f3,k+k̃ −f2,k+k̃+Lf3,k+k̃+L).

Note that −supp f̂3,k+m+L < supp f̂1,k+supp f̂2,k+m+L, which is proved in [8].
Thus, we have that the integral of the first term in (5.4) is zero. Thus it is
sufficient to consider the second term in (5.4). As in [8], we write the second
term in (5.4) as∑

k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
(f2,kf3,k − f2,k+Lf3,k+L) = I1 + I2 + I3 + I4 + I5,

where

I1 =
∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
(f2,k − f2,k+L)(f3,k − f3,k+L),

I2 =
∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
(f2,k+L − f2,k+2L)(f3,k − f3,k+L),

I3 =
∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
(f2,k − f2,k+L)(f3,k+L − f3,k+2L),

I4 =
∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
f2,k+2L(f3,k − f3,k+L),

I5 =
∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

)
(f2,k − f2,k+L)f3,k+2L.
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Therefore,

I1 ≤ sup
k

∣∣∣∣ ∑
k̃∈Z0

0≤k̃≤m

f1,k−k̃

∣∣∣∣(∑
k

|f2,k − f2,k+L|2
) 1

2
(∑

k

|f3,k − f3,k+L|2
) 1

2

and thus for 1
q1

+ 1
q2

+ 1
q3

= 1 with q1 very large, q2 > p′3, and q3 > p3, we
have ∫

I1 dx ≤
∥∥∥∥ sup

k

∣∣∣∣ ∑
k̃∈Z0,0≤k̃≤m

f1,k−k̃

∣∣∣∣ ∥∥∥∥
q1

3∏
j=2

∥∥∥∥(∑
k

|fj,k − fj,k+L|2
) 1

2
∥∥∥∥

qj

≤ Cq1

∥∥∥∥∑
k

f1,k

∥∥∥∥
q1

3∏
j=2

∥∥∥∥(∑
k

|fj,k − fj,k+L|2
) 1

2
∥∥∥∥

qj

,

(5.5)

where the Lq1 norm estimate above is a consequence of the Carleson-Hunt
theorem [3], [10].

To control the product of the last three terms in (5.5) we will need the
following lemma.

Lemma 15. Let µ ≥ 0, j ∈ {2, 3}, T be a tree of type j and T ⊂ Sµ, then∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∣∣2) 1
2
∥∥∥∥

BMO

≤ C2
− µ

p′1 ,(5.6) ∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∣∣2) 1
2
∥∥∥∥

2

≤ C2
− µ

p′1 |IT | 12 ,(5.7)

where C is a constant independent of m, µ, T and f1

Proof. We prove (5.6) first. Let J = [2kJnJ , 2
kJ (nJ + 1)] and TJ =

{(k, n) ∈ T : Ik,n ⊂ J}. Then we have

inf
c

∫
J

∣∣∣∣( ∑
(k,n)∈T

∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)
∣∣∣2) 1

2

− c

∣∣∣∣ dx
≤
∫

J

( ∑
(k,n)∈TJ

∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)
∣∣∣2) 1

2

dx

+

∫
J

( ∑
(k,n)∈T\TJ

k≤kJ

∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)
∣∣∣2) 1

2

dx

+ inf
c

∫
J

∣∣∣∣( ∑
(k,n)∈T\TJ

k>kJ

∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)
∣∣∣2) 1

2

− c

∣∣∣∣ dx
:= R1 +R2 +R3.
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For R1, it is easy to see that

R1 ≤
∥∥∥∥( ∑

(k,n)∈TJ

∣∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∣∣∣2) 1
2
∥∥∥∥

p1

|J |1− 1
p1 ≤ C2

− µ

p′1 |J |.

For R2, since p1 < 2 we have

R2 ≤
( ∑

(k,n)∈T\TJ
k≤kJ

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥p1

Lp1 (J)

) 1
p1 |J |1− 1

p1

≤
( ∑

(k,n)∈T\TJ
k≤kJ

C
∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,T )

∥∥p1

Lp1(J)

(1 + 2−kdist(J, Ik,n))N

) 1
p1 |J |1− 1

p1

≤ 2
− µ

p′1

( ∑
(k,n)∈T\TJ

k≤kJ

C|Ik,n|
(1 + 2−kdist(J, Ik,n))N

) 1
p1 |J |1− 1

p1 ≤ C2
− µ

p′1 |J |.

For R3, we dominate it by(
inf
c

∫
J

∣∣∣∣( ∑
(k,n)∈T\TJ

k>kJ

∣∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣∣∣2) 1
2

− c

∣∣∣∣2dx) 1
2

|J | 12

≤
(

inf
c

∫
J

∣∣∣∣ ∑
(k,n)∈T\TJ

k>kJ

∣∣∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣∣∣2 − c

∣∣∣∣2dx) 1
2

|J | 12

≤ C

(∫
J

∑
(k,n)∈T\TJ

k>kJ

∣∣∣∣((φ∗
1,k,n(x)ψ∗

1,k(x)e
−2πic(ω1,k,T )x(f1∗Φ1,k,T )(x)

)2)′∣∣∣∣dx) 1
2

|J |

≤ C

(∫
J

∑
(k,n)∈T\TJ

k>kJ

2−k
∣∣φ∗

1,k,n(x)ψ∗
1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣2dx) 1
2

|J |

+ C

(∫
J

∑
(k,n)∈T\TJ

k>kJ

∣∣φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)
∣∣

·
∣∣∣∣φ∗

1,k,n(x)ψ∗
1,k(x)

(
e−2πic(ω1,k,T )(·)(f1 ∗ Φ1,k,T )(·)

)′
(x)

∣∣∣∣dx) 1
2

|J |
:= R31 +R32.
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Lemma 14 and interpolation give that for q ≥ p1 we have

(5.8)
∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,T )

∥∥
q
≤ C2−ηµ2

− µ

p′1 |Ik,n|
1
q

Thus, using Hölder’s inequality, R31 is estimated by( ∑
(k,n)∈T\TJ

k>kJ

C2−k

(1 + 2−kdist(J, Ik,n))N

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥2

4
|J | 12

) 1
2

|J |

≤ C2−ηµ2
− µ

p′1

( ∑
(k,n)∈T\TJ

k>kJ

2−k|Ik,n| 12
(1 + 2−kdist(J, Ik,n))N

|J | 12
) 1

2

|J |

≤ C2−ηµ2
− µ

p′1 |J |,

and R32 is estimated by

C

( ∑
(k,n)∈T\TJ

k>kJ

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥
Lp′1(J)

·
∥∥∥∥φ∗

1,k,nψ
∗
1,k

(
e−2πic(ω1,k,T )(·)(f1 ∗ Φ1,k,T )(·)

)′∥∥∥∥
p1

) 1
2

|J |

≤ C2−ηµ2
− µ

p′1

( ∑
(k,n)∈T\TJ

k>kJ

2
− k

p′1(p′1+1)

(1 + 2−kdist(J, Ik,n))N
|J |

1
p′1(p′1+1)

) 1
2

|J |

≤ C2−ηµ2
− µ

p′1 |J |.

This completes the proof of (5.6). Now (5.7) follows from (5.6) and inter-
polation. �

Using this result, we obtain the following lemma.

Lemma 16. Let µ ≥ 0, j ∈ {2, 3}, T be a tree of type j and T ⊂ Sµ, then∥∥∑
k

f1,k

∥∥
2
≤ C2

− µ

p′1 |IT | 12 ,(5.9)

∥∥e−2πic(ω1,T )(·)∑
k

f1,k

∥∥
BMO

≤ C2
− µ

p′1 ,(5.10)

where C is a constant independent of m, µ, T and f1.
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Proof. The proof of (5.9) follows from (5.7), since∥∥∑
k

f1,k

∥∥2

2
=
∥∥∑

k

∑
n∈Tk

φ1,k,nψ1,k(f1 ∗ Φ1,k,T )
∥∥2

2

≤
∑

k

∑
n∈Tk

∥∥φ1,k,nψ1,k(f1 ∗ Φ1,k,T )
∥∥2

2
≤ C2

− 2µ

p′1 |IT |.

Now we prove (5.10). Let J = [2kJnJ , 2
kJ (nJ + 1)] for some kJ ∈ Z.

Define TJ := {(k, n) ∈ T : Ik,n ⊂ J}. Then

|J |−1 inf
c

∫
J

∣∣∣∣ ∑
(k,n)∈T

φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)e−2πic(ω1,T )x − c

∣∣∣∣dx
≤ J1 + J2 + J3,

where

J1 = |J |−1

∫
J

∣∣∣∣ ∑
(k,n)∈TJ

φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣∣∣dx,
J2 = |J |−1

∫
J

∣∣∣∣ ∑
(k,n)∈T\TJ ,k≤kJ

φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)

∣∣∣∣dx,
J3 = |J |−1inf

c

∫
J

∣∣∣∣ ∑
(k,n)∈T,k>kJ

φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)e−2πic(ω1,T )x− c

∣∣∣∣dx.
Since TJ is a union of trees of type 2 or 3, we have

J1 ≤ |J |− 1
2

∥∥∥∥ ∑
(k,n)∈TJ

φ1,k,nψ1,k(f1 ∗ Φ1,k,T )

∥∥∥∥
2

≤ |J |− 1
2

( ∑
(k,n)∈TJ

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥2

2

) 1
2

≤ C2
− µ

p′1 ,

which proves the required estimate for J1.
For J2, we use (5.8) to obtain

J2 ≤ |J |− 1
2

∑
(k,n)∈T\TJ

k≤kJ

‖φ1,k,nψ1,k(f1 ∗ Φ1,k,T )‖L2(J)

≤ C|J |− 1
2

∑
(k,n)∈T\TJ

k≤kJ

(∫
J

|φ∗
1,k,n(x)ψ∗

1,k(x)(f1 ∗ Φ1,k,T )(x)|2
(1 + 2−kdist(x, Ik,n))N

dx

) 1
2
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≤ C|J |− 1
2

∑
(k,n)∈T\TJ

k≤kJ

1

(1 + 2−kdist(J, Ik,n))N

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥
2

≤ C2
− µ

p′1 |J |− 1
2

∑
(k,n)∈T\TJ

k≤kJ

|Ik,n| 12
(1 + 2−kdist(J, Ik,n))N

≤ C2
− µ

p′1 .

Finally we can control J3 by∫
J

∣∣∣∣ ∑
(k,n)∈T
k>kJ

(
φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)e−2πic(ω1,T )x

)′ ∣∣∣∣ dx
which is equal to∫

J

∣∣∣∣ ∑
(k,n)∈T
k>kJ

(
φ1,k,n(x)ψ1,k(x)(f1∗Φ1,k,T )(x)e−2πic(ω1,k,T)xe−2πi(c(ω1,T)−c(ω1,k,T ))x

)′∣∣∣∣ dx.
Thus we obtain the estimate J3 ≤ J31 + J32, where J31 is∫

J

∑
(k,n)∈T,k>kJ

∣∣∣∣ (φ1,k,n(x)ψ1,k(x)(f1 ∗ Φ1,k,T )(x)e−2πic(ω1,k,T )x
)′ ∣∣∣∣ dx,

and J32 is

C

∫
J

∑
(k,n)∈T
k>kJ

∣∣∣∣φ1,k,n(x)ψ1,k(x)(f1∗Φ1,k,T )(x)e−2πic(ω1,k,T )x
(
c(ω1,T )−c(ω1,k,T )

)∣∣∣∣ dx.
Since T is a tree of type 2 or 3 it follows from Lemma 3 that |c(ω1,T ) −
c(ω1,k,T )| ≤ 3|ω1,k,T |. Thus by (5.8) we have

J32 ≤ C|J | 12
∑

(k,n)∈T
k>kJ

2−k
∥∥φ1,k,nψ1,k(f1 ∗ Φ1,k,T )

∥∥
L2(J)

≤ C|J | 12
∑

(k,n)∈T
k>kJ

2−k

(1 + 2−kdist(J, Ik,n))N

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥
2

≤ C2
− µ

p′1 |J | 12
∑
k>kJ

∑
n∈Tk

2−k|Ik,n| 12
(1 + 2−kdist(J, Ik,n))N

≤ C2
− µ

p′1 .
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For J31, we have

J31 ≤ C
∑

(k,n)∈T
k>kJ

∥∥∥(φ1,k,nψ1,k(f1 ∗ Φ1,k,T )e−2πic(ω1,k,T )(·))′∥∥∥
L1(J)

≤ C
∑

(k,n)∈T
k>kJ

2−k
∥∥φ∗

1,k,nψ
∗
1,k(f1 ∗ Φ1,k,T )

∥∥
L1(J)

+ C
∑

(k,n)∈T
k>kJ

∥∥∥φ∗
1,k,nψ

∗
1,k

(
e−2πic(ω1,k,T )(·)(f1 ∗ Φ1,k,T )(·))′∥∥∥

L1(J)

≤ C
∑

(k,n)∈T
k>kJ

2−k

(1 + 2−kdist(J, Ik,n))N

∥∥φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k,T )

∥∥
p1
|J |1− 1

p1

+ C
∑

(k,n)∈T
k>kJ

|J |1− 1
p1

∥∥∥φ∗
1,k,nψ

∗
1,k

(
e−2πic(ω1,k,T )(·)(f1 ∗ Φ1,k,T )(·))′∥∥∥

p1

(1 + 2−kdist(J, Ik,n))N

≤ C2−ηµ2
− µ

p′1
∑

(k,n)∈T
k>kJ

|Ik,n|
1

p1
−1

(1 + 2−kdist(J, Ik,n))N
|J |1− 1

p1 ≤ C2−ηµ2
− µ

p′1 ,

where we used (3.6) and (3.7) (which failed at the step µ − 1) in the last
two estimates above. This completes the proof of (5.10) �

Now interpolate between (5.9) and (5.10) to obtain

(5.11)

∥∥∥∥∑
k

f1,k

∥∥∥∥
q1

≤ C2
− µ

p′
1 |IT |

1
q1 ,

where C is independent of q1.

Next we write (
∑

k |fj,k − fj,k+L|2)
1
2 as

(∑
k

∣∣∣∣ ∑
n∈Tk

φj,k,nψj,k(fj ∗ Φj,k,T ) −
∑

n∈Tk+L

φj,k+L,nψj,k+L(fj ∗ Φj,k+L,T )

∣∣∣∣2) 1
2

and thus we control(∑
k

|fj,k − fj,k+L|2
) 1

2

≤ I
(j)
11 + I

(j)
12 + I

(j)
13 ,
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where

I
(j)
11 =

(∑
k

∣∣∣∣ ∑
n∈Tk+L

φj,k+L,nψj,k+L

(
fj ∗ (Φj,k,T − Φj,k+L,T )

)∣∣∣∣2) 1
2

I
(j)
12 =

(∑
k

∣∣∣∣ ∑
n∈Tk+L

φj,k+L,n(ψj,k − ψj,k+L)(fj ∗ Φj,k,T )

∣∣∣∣2) 1
2

I
(j)
13 =

(∑
k

∣∣∣∣(∑
n∈Tk

φj,k,n −
∑

n∈Tk+L

φj,k+L,n

)
ψj,k(fj ∗ Φj,k,T )

∣∣∣∣2) 1
2

By (3.13) and (3.14) we obtain

‖I(j)
11 ‖pj

≤
∥∥∥∥( ∑

(k+L,n)∈T

∣∣∣∣φ∗
j,k+L,nψ

∗
j,k+L

(
fj ∗ (Φj,k,T − Φj,k+L,T )

)∣∣∣∣2) 1
2
∥∥∥∥

pj

≤ C2
− µ

p′
j |IT |

1
pj .

Thus by Lemma 13 and interpolation, we have

(5.12) ‖I(j)
11 ‖qj

≤ C2
− µ

p′
j

pj
qj |IT |

1
qj ,

where C is independent of qj.
As in [8] and [14], we observe that∣∣ψj,k − ψj,k+L

∣∣ ≤ C
∑

J∈∆k−m

ρ2
k−m,J .

Introduce sets V +
k = {n ∈ Tk : n+1 /∈ Tk}, and V −

k = {n ∈ Tk : n−1 /∈ Tk}.
Then we have∣∣∣∣ ∑

n∈Tk+L

φj,k+L,n(ψj,k − ψj,k+L)

∣∣∣∣
≤

∑
J∈∆k−m,T

ρ2
k−m,J +

∑
n∈V +

k+L

�
V −

k+L

φ∗
j,k+L,nψ

∗
j,k+L

+
∑

n∈Tk+L

φ∗
j,k+L,nψ

∗
j,k+L

C

(1 + 2−k+Ldist(Ik+L,n, (2IT )c))N

+ C
∑

n∈Tk+L

n∈(V +
k+L

�
V −

k+L)c

φ∗
j,k+L,nψ

∗
j,k+L

∑
J∈∆k−m\∆k−m,T

J∈2IT

ρk−m,J .
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Using this, (3.15), and (3.10), we dominate ‖I(j)
12 ‖pj

by

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk+L

φj,k+L,n(ψj,k − ψj,k+L)(fj ∗ Φj,k,T )

∣∣∣∣2) 1
2
∥∥∥∥

pj

≤
∥∥∥∥(∑

k

∑
J∈∆k−m,T

∣∣ρk−m,J(fj ∗ Φj,k,T )
∣∣2) 1

2
∥∥∥∥

pj

+

∥∥∥∥(∑
k

∑
n∈V +

k+L

�
V −

k+L

∣∣φ∗
j,k+L,nψ

∗
j,k(fj ∗ Φj,k+L,T )

∣∣2) 1
2
∥∥∥∥

pj

+ C

∥∥∥∥( ∑
(k+L,n)∈T

∣∣φ∗
j,k+L,nψ

∗
j,k(fj ∗ Φj,k+L,T )

∣∣2
(1 + 2−k+Ldist(Ik+L,n, (2IT )c))N

) 1
2
∥∥∥∥

pj

+ C

∥∥∥∥(∑
k

∑
n∈Tk+L

n∈(V +
k+L

�
V −

k+L)c

φ∗
j,k+L,nψ

∗
j,k+L

∑
J∈∆k−m\∆k−m,T

J⊂2IT

ρk−m,J

∣∣fj ∗ Φj,k,T

∣∣2) 1
2
∥∥∥∥

pj

≤ C2
− µ

p′
j |IT |

1
pj +

(∑
k

∑
n∈V +

k+L

�
V −

k+L

∥∥φ∗
j,k+L,nψ

∗
j,k(fj ∗ Φj,k+L,T )

∥∥pj

pj

) 1
pj

+ C

( ∑
(k+L,n)∈T

∥∥φ∗
j,k+L,nψ

∗
j,k(fj ∗ Φj,k+L,T )

∥∥pj

pj

(1 + 2−k+Ldist(Ik+L,n, (2IT )c))N

) 1
pj

+ C

(∑
k

∑
n∈Tk+L

n∈(V +
k+L

�
V −

k+L)c

∑
J∈∆k−m\∆k−m,T

J⊂2IT

∥∥φ∗
j,k+L,nψ

∗
j,k+L(fj ∗ Φj,k,T )

∥∥pj

pj

(1 + 2−k+mdist(Ik,n, J))N

) 1
pj

≤ C2
− µ

p′
j |IT |

1
pj + C2

− µ

p′
j

(∑
k

∑
n∈V +

k+L

�
V −

k+L

|Ik,n|
) 1

pj

+ C2−ηµ2
− µ

p′
j

( ∑
(k+L,n)∈T

|Ik+L,n|
(1 + 2−k+Ldist(Ik+L,n, (2IT )c))N

) 1
pj

+ C2−ηµ2
− µ

p′
j

(∑
k

∑
n∈Tk+L

n∈(V +
k+L

�
V −

k+L)c

∑
J∈∆k−m\∆k−m,T

J⊂2IT

2k

(1+2−k+mdist(Ik,n, J))N

) 1
pj

≤ C2
− µ

p′
j |IT |

1
pj + C2

− µ

p′
j

(∑
k

∑
J∈∆k−m\∆k−m,T

J⊂2IT

2k−m

) 1
pj ≤ C2

− µ

p′
j |IT |

1
pj .
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This gives us an Lpj estimate for I
(j)
12 . As in [8], it is easy to prove that

‖I(j)
12 ‖BMO ≤ C. Hence by interpolation, we obtain

(5.13) ‖I(j)
12 ‖qj

≤ C2
− µ

p′
j

pj
qj |IT |

1
qj ,

where C is independent of qj.

We now control ‖I(j)
13 ‖pj

by(∑
k

∥∥∥∥(∑
n∈Tk

φj,k,n −
∑

n∈Tk+L

φj,k+L,n

)
ψj,k(fj ∗ Φj,k,T )

∥∥∥∥pj

pj

) 1
pj

≤
(∑

k

∑
n′

∥∥∥∥(∑
n∈Tk

φj,k,n −
∑

n∈Tk+L

φj,k+L,n

)
ψj,k(fj ∗ Φj,k,T )

∥∥∥∥pj

Lpj (Ik,n′)

) 1
pj

≤ I
(j1)
13 +

∥∥φ∗
j,kT ,nT

ψ∗
j,kT

(fj ∗ Φj,kT ,T )
∥∥

pj

≤ I
(j1)
13 + C2−ηµ2

− µ

p′
j |IT |

1
pj ,

in view of (3.10), where we set I
(j1)
13 to be the expression(∑

k 	=kT
n′

∥∥∥∥∣∣∣∑
n∈Tk

φj,k,n−
∑

n∈Tk+L

φj,k+L,n

∣∣∣ 12∥∥∥∥
L∞(Ik,n′)

∥∥∥∥∑
n∈Tk

φ∗
j,k,nψ

∗
j,k(fj∗Φj,k,T)

∥∥∥∥pj

Lpj (Ik,n′)

) 1
pj

.

Note that∥∥∥∥∑
n∈Tk

φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∥∥∥∥pj

Lpj (Ik,n′)

≤
∫

Ik,n′

(∑
n∈Tk

φ∗
j,k,n(x)

)pj ∣∣ψ∗
j,k(x)(fj ∗ Φj,k,T )(x)

∣∣pj dx

≤
∑
n∈Tk

‖φ∗
j,k,n‖L∞(Ik,n′ )

∥∥φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∥∥pj

pj

≤ C2−pjηµ2
− pjµ

p′
j |Ik,n|

∑
n∈Tk

‖φ∗
j,k,n‖L∞(Ik,n′) (by (3.10))

≤ C2−pjηµ2
− pjµ

p′
j |Ik,n|.

Thus, we have

I
(j1)
13 ≤ C2−ηµ2

− µ

p′
j

( ∑
k<kT

∑
n′

∥∥∥∥∣∣∣∣ ∑
n∈Tk

φj,k,n −
∑

n∈Tk+L

φj,k+L,n

∣∣∣∣ 12∥∥∥∥
L∞(Ik,n′ )

2k

) 1
pj

.
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We next observe that∣∣∣∣ ∑
n∈Tk

φj,k,n −
∑

n∈Tk+L

φj,k+L,n

∣∣∣∣ ≤ ∑
n∈Wk+L

φ∗
j,k+L,n +

∑
n∈V +

k+L∪V −
k+L

φ∗
j,k+L,n,

where Wk+L is the set

{n ∈ Z : (k, n) /∈T but there exists (k + L, n′) ∈ T such that Ik,n⊂Ik+L,n′}.
Note that by the convexity of T , the set

⋃
k

⋃
n∈Wk+L

{Ik,n} is a set of pairwise
disjoint intervals. Hence, we have

I
(j1)
13 ≤ C2−ηµ2

− µ

p′
j

( ∑
k<kT

∑
n′

∑
n∈Wk+L

�
V +

k+L

�
V −

k+L

2k
∥∥φ∗

j,k+L,n

∥∥
L∞(Ik,n′)

) 1
pj

≤ C2−ηµ2
− µ

p′
j

( ∑
k<kT

∑
n∈Wk+L

�
V +

k+L

�
V −

k+L

|Ik,n|
) 1

2

≤ C2−ηµ2
− µ

p′
j |IT |

1
pj .

Therefore, we obtain

‖I(j)
13 ‖pj

≤ C2−ηµ2
− µ

p′
j |IT |

1
pj .

As in [8], we have that ‖I(j)
13 ‖BMO ≤ C. Thus, by interpolation, it follows

that

(5.14) ‖I(j)
13 ‖qj

≤ C2
− µ

p′
j

pj
qj |IT |

1
qj ,

where C is independent of qj. Therefore, by (5.11)-(5.14), we obtain

‖I1‖1 ≤ Cq12
−( 1

p′1
+ 1

p′2
p2
q2

+ 1
p′3

p3
q3

)|IT |.
Similarly for j = 2 and j = 3 we get

‖Ij‖1 ≤ Cq12
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)|IT |.
Now we write

I4 = I41 + I42 + I43 + I44,

where I41 is∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

)
f2,k+2L

( ∑
n∈Tk+L

φ3,k+L,nψ3,k+L(f3 ∗ (Φ3,k,T − Φ3,k+L,T ))

)
,

I42 is∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

)
f2,k+2L

( ∑
n∈Tk+L

φ3,k+L,n(ψ3,k − ψ3,k+L)(f3 ∗ Φ3,k,T )

)
,
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I43 is∑
k∈Zr

( ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

)
f2,k+2L

(∑
n∈Tk

φ3,k,n −
∑

n∈Tk+L

φ3,k+L,n

)
ψ3,k(f3 ∗ Φ3,k,T ),

and I44 is ∑
k∈Zr

( ∑
k̃∈Z0

m−3L≤k̃≤m

f1,k−k̃

)
f2,k+2L(f3,k − f3,k+L).

We now observe the fact (see [8]) that the integral of I41 is zero. For I42,
we control |I42| by∑

k∈Zr

∣∣∣∣ ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

∣∣∣∣∣∣∣∣ ∑
n∈Tk+L

φ2,k+L,n(ψ2,k − ψ2,k+L)

∣∣∣∣ 12 |f2 ∗ Φ2,k+2L,T |

·
∣∣∣∣ ∑

n∈Tk+L

φ3,k+L,n(ψ3,k − ψ3,k+L)

∣∣∣∣ 12 |f3 ∗ Φ3,k+2L,T |

≤ sup
k∈Zr

∣∣∣∣ ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

∣∣∣∣(∑
k∈Zr

∣∣∣∣ ∑
n∈Tk+L

φ2,k+L,n(ψ2,k − ψ2,k+L)

∣∣∣∣|f2∗Φ2,k+2L,T |2
) 1

2

·
(∑

k∈Zr

∣∣∣∣ ∑
n∈Tk+L

φ3,k+L,n(ψ3,k − ψ3,k+L)

∣∣∣∣|f3 ∗ Φ3,k,T |2
) 1

2

.

As for the estimates for I1 and I
(j)
12 , ‖I42‖1 is dominated by

Cq1

∥∥∥∥∑
k∈Zr

f1,k

∥∥∥∥
q1

∥∥∥∥(∑
k∈Zr

∣∣∣∣ ∑
n∈Tk+L

φ2,k+L,n(ψ2,k − ψ2,k+L)

∣∣∣∣|f2∗Φ2,k+2L,T |2
) 1

2
∥∥∥∥

q2

·
∥∥∥∥(∑

k∈Zr

∣∣∣∣ ∑
n∈Tk+L

φ3,k+L,n(ψ3,k − ψ3,k+L)

∣∣∣∣|f3 ∗ Φ3,k,T |2
) 1

2
∥∥∥∥

q3

≤ Cq12
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)|IT |.
For I43, we control |I43| by

sup
k∈Zr

∣∣∣∣ ∑
k̃∈Z0

0≤k̃≤m−3L

f1,k−k̃

∣∣∣∣(∑
k

∣∣∣∣ ∑
n∈Tk

φ2,k,n −
∑

n∈Tk+L

φ2,k+L,n

∣∣∣∣ ∣∣ψ2,k(f2 ∗ Φ2,k+2L,T )
∣∣2) 1

2

·
(∑

k

∣∣∣∣ ∑
n∈Tk

φ3,k,n −
∑

n∈Tk+L

φ3,k+L,n

∣∣∣∣ ∣∣ψ3,k(f3 ∗ Φ3,k,T )
∣∣2) 1

2

.
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Therefore, as in the estimates for I1 and I
(j)
13 , we obtain that ‖I43‖1 is

controlled by

Cq1

∥∥∥∥∑
k∈Zr

f1,k

∥∥∥∥
q1

∥∥∥∥(∑
k

∣∣∣∣ ∑
n∈Tk

φ2,k,n −
∑

n∈Tk+L

φ2,k+L,n

∣∣∣∣ ∣∣ψ2,k(f2 ∗ Φ2,k+2L,T )
∣∣2) 1

2
∥∥∥∥

q2

·
∥∥∥∥(∑

k

∣∣∣∣ ∑
n∈Tk

φ3,k,n −
∑

n∈Tk+L

φ3,k+L,n

∣∣∣∣ ∣∣ψ3,k(f3 ∗ Φ3,k,T )
∣∣2) 1

2
∥∥∥∥

q3

≤ Cq12
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)|IT |.

In I44, the index k̃ runs through three values. We estimate each of the
three summands separately. For k̃ ∈ {0, L, 2L} we have∑
k∈Zr

∣∣f1,k−m+k̃f2,k+2L(f3,k − f3,k+L)
∣∣

≤
(∑

k∈Zr

∣∣f1,k−m+k̃f2,k+2L

∣∣2) 1
2
(∑

k∈Zr

∣∣f3,k − f3,k+L

∣∣2) 1
2

.

Therefore, we estimate ‖I44‖1 by

C

∥∥∥∥(∑
k∈Zr

∣∣f1,k−m+k̃f2,k+2L

∣∣2) 1
2
∥∥∥∥

p′3

∥∥∥∥(∑
k∈Zr

∣∣f3,k − f3,k+L

∣∣2) 1
2
∥∥∥∥

p3

≤ C

∥∥∥∥(∑
k∈Zr

∣∣∣∣ ∑
n∈Tk−m+k̃

φ1,k−m+̃k,nψ1,k−m+̃k(f1∗Φ1,k−m+̃k)ψ2,k+2L(f2∗Φ2,k+2L)

∣∣∣∣2) 1
2
∥∥∥∥

p′3

· 2
− µ

p′3 |IT |
1

p3

≤ C

∥∥∥∥(∑
k∈Zr

∑
n∈Tk−m+k̃

∣∣φ∗
1,k−m+k̃,n

ψ∗
1,k−m+k̃

(f1 ∗ Φ1,k−m+k̃)
∣∣2) 1

2
∥∥∥∥

p′3

· sup
(k−m+k̃,n)∈T

∥∥φ∗
1,k−m+k̃,n

ψ∗
2,k+2L(f2 ∗ Φ2,k+2L)

∥∥
∞2

− µ

p′3 |IT |
1

p3

≤ C

∥∥∥∥( ∑
(k,n)∈T

∣∣φ∗
1,k,nψ

∗
1,k(f1 ∗ Φ1,k)

∣∣2) 1
2
∥∥∥∥

p′3

· sup
(k,n)∈T

∥∥φ∗
1,k,nψ

∗
2,k+m−k̃+2L

(f2 ∗ Φ2,k+m−k̃+2L)
∥∥
∞2

− µ
p3 |IT | 12

≤ C2
−( µ

p′1
+ µ

p′3
)|IT | sup

(k,n)∈T

∥∥φ∗
1,k,nψ

∗
2,k+m−k̃+2L

(f2 ∗ Φ2,k+m−k̃+2L)
∥∥
∞,

where we used Lemma 15.
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Note that, by Lemma 14, we have

sup
(k,n)∈T

∥∥φ∗
1,k,nψ

∗
2,k+m−k̃+2L

(f2 ∗ Φ2,k+m−k̃+2L)
∥∥
∞

≤ C sup
(k,n)∈T

∥∥φ∗
1,k,nψ

∗
2,k+m−k̃+2L

(f2 ∗ Φ2,k+m−k̃+2L)
∥∥ 1

2

p′2

·
∥∥∥∥(φ∗

1,k,nψ
∗
2,k+m−k̃+2L

(
e−2πic(ω2,k+m−k̃+2L,T )(·)(f2 ∗ Φ2,k+m−k̃+2L)(·)

))′∥∥∥∥ 1
2

p2

≤ C2−ηµ2
− µ

p′
2 .

Thus, we obtain

‖I44‖1 ≤ C2
−( 1

p′1
+ 1

p′2
+ 1

p′3
)µ|IT |.

Hence, we have

‖I4‖1 ≤ Cq12
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)|IT |.
Similarly, we have

‖I5‖1 ≤ Cq12
−( 1

p′
1
+ 1

p′
2

p2
q2

+ 1
p′
3

p3
q3

)|IT |.
This completes the proof of (3.19).

6. Counting the trees, part I

Having established the proof of Lemma 4, we now turn our attention to
Lemma 5. The proof of this lemma will be presented in this and in the next
two sections. In this section we prove (3.20) for (i, j, ν)∈⋃i,j∈{2,3}{(i, j, 2)} ∪
{(1, 1, 1)}. We only prove the case (i, j, 2) if i, j ∈ {2, 3}. The proof for
the case (1, 1, 1) is similar. For simplicity, we assume that (3.10) holds
for (k, n) ∈ T and T ∈ ⋃

l T
2
µ,i,j,l. Let Fi,j,2 =

⋃
l T

2
µ,i,j,l, NFi,j,2

(x) =∑
T∈Fi,j,2

1IT
(x). It is sufficient to prove

(6.1) ‖NFi,j,2
‖1 ≤ C210ηp′jµ2µ.

Since NFi,j,2
is integer-valued, to prove (6.1), it suffices to show that there

exists 0 < ε < η such that, for any λ ≥ 1,

(6.2) |{x ∈ R : NFi,j,2
(x) ≥ λ}| ≤ Cε2

10ηp′jµ2µλ−1−ε.

As in [8], take F ′ ⊂ Fi,j,2 such that NF ′(x) ≤ λ and∣∣{x ∈ R : NF ′(x) ≥ λ}∣∣ =
∣∣{x ∈ R : NFi,j,2

(x) ≥ λ}∣∣.
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Let A = λε. As in [8], we have

F ′ =
( A10⋃

l=1

Fl

)⋃F ′′

such that

(6.3) For T, T ′ ∈ Fl and T ′ 
= T, (AIT × ωi,T ) ∩ (AIT ′ × ωi,T ′) = ∅,

(6.4)
∑

T∈F ′′
|IT | ≤ Ce−A

∑
T∈F1

|IT |.

For T ∈ Fl, f ∈ S and x, y ∈ R, define

BT,xf(y) = φ∗
j,kT +k̃,nT

(x)(f ∗ Φj,kT +k̃,T )(x)1IT
(y),

and −→
Bf = {BT,xf}T,x.

We also define

Lq(IT ) = {f ∈ Lq(R) :
1

|IT |
∫

|f(x)|qϕT (x)dx <∞},

where
ϕT (x) =

(
1 + 2−kT dist(x, IT )

)−N
.

Let ∥∥f∥∥
Lq(IT )

=

(
1

|IT |
∫

|f(x)|qϕT (x)dx

) 1
q

.

Then by the almost orthogonality lemma in [8], we have∥∥−→Bf∥∥
L2(R,l2(Fl,L2(IT )))

≤
(∫ ∑

T∈Fl

1

|IT |
∫ ∣∣φ∗

j,kT +k̃,nT
(x)(f ∗ Φj,kT +k̃,T )(x)

∣∣2ϕT (x)dx1IT
(y)dy

) 1
2

≤
(∑

T∈Fl

∥∥φ∗
j,kT +k̃,nT

(f ∗ Φj,kT +k̃,T )
∥∥2

2

) 1
2

≤ C(1 + A− 1
ελ)‖f‖2 ≤ C‖f‖2.
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On the other hand, by (4.10), we also have∥∥−→Bf∥∥
L1+2δ(R,l∞(Fl,L1+δ(IT )))

≤
(∫(

sup
T∈Fl

(
1

|IT |
∫ ∣∣φ∗

j,kT+̃k,nT
(x)(f ∗Φj,kT+̃k,T)(x)

∣∣1+δ
ϕT (x)dx

) 1
1+δ

1IT
(y)

)1+2δ

dy

) 1
1+2δ

≤
(∫ (

sup
T∈Fl

1

|IT | 1
1+δ

∥∥φ∗
j,kT +k̃,nT

(f ∗ Φj,kT +k̃,T )
∥∥

1+δ
1IT

(y)

)1+2δ

dy

) 1
1+2δ

≤
(∫ (

M1+δf(y)
)1+2δ

dy

) 1
1+2δ

≤ C‖f‖1+2δ

where δ > 0 is a very small number.

Therefore, by complex interpolation and the fact that Lq(IT ) ⊂ Lp(IT )
for q ≥ p, we obtain

(6.5)
∥∥−→Bf∥∥

Lpj

(
R,l

p′
j
+δ
(
Fl,L

pj−δ(IT )
)) ≤ C‖f‖pj

.

Note that
∣∣φj,kT +k̃,nT

(x)| ≤ CϕT (x), we have
(6.6)∫(∑

T∈Fl

(
1

|IT |
∫ ∣∣φ∗

j,kT+̃k,nT
(x)(f ∗Φj,kT+̃k,T )(x)

∣∣pj−δ
dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy ≤C∥∥f∥∥pj

pj
.

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (6.6). In fact, let GJ(f) be

∫( ∑
T∈Fl
IT ⊂J

(
1

|IT |
∫ ∣∣φ∗

j,kT+̃k,nT
(x)(f ∗ Φj,kT+̃k,T )(x)

∣∣pj−δ
dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

Then we have that

GJ(f) ≤ GJ(f12λεJ) +GJ(f1(2λεJ)c) ,

where J ∈ {IT}T∈F ′ . By (6.6), we have

GJ(f12λεJ) ≤ C
∥∥f12λεJ

∥∥pj

pj
≤ Cλε|J |

(
inf
x∈J

Mpj
(Mf)(x)

)pj

.
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And GJ(f1(2λεJ)c) is estimated by∫ ( ∑
T∈Fl
IT⊂J

(
1

|IT |
∫

2m(pj−δ)(λε2m)−N

(1 + 2−kT dist(x, IT ))N

·
(∫

(2λεJ)c

|f(z)|2−kT dz

(1 + 2−kT |x− z|)N

)pj−δ

dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤
∫ ( ∑

T∈Fl
IT⊂J

(
inf

x∈IT

Mf(x)

)p′j+δ

λ
− p′j+δ

pj−δ 1IT
(y)

) pj

p′
j
+δ

dy

≤ C

λ

∫ ∑
T∈Fl
IT⊂J

(
inf

x∈IT

Mf(x)

)pj

1IT
(y)dy ≤ C|J |

(
inf
x∈J

Mpj
(Mf)(x)

)pj

.

Hence, we obtain

GJ(f) ≤ Cλε|J |
(

inf
x∈J

Mpj
(Mf)(x)

)pj

.

Notice that

φ∗
j,kT +k̃,nT

(x)ψ∗
j,kT

(x) ≤ (1 + 2−kT +mdist(J,Ec))−N .

As we proved (4.6), we may sharpen the previous estimate to∫ (∑
T∈Fl
IT ⊂J

(
1

|IT |
∫ ∣∣φ∗

j,kT+̃k,nT
(x)ψ∗

j,kT +k̃
(x)(fj∗Φj,kT+̃k,T )(x)

∣∣pj−δ
dx

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤ Cλε|J |
(

min
{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.

By (4.23), we have∫ (∑
T∈Fl
IT⊂J

(
1

|IT |
∫ ∣∣φ∗

j,kT+̃k,nT
(x)ψ∗

j,kT+̃k
(x)(fj∗Φj,kT+̃k,T )(x)

∣∣pjdx

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤ Cλε|J |
(

min
{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.

Using (3.10), we get

(6.7)

∫ (∑
T∈Fl
IT ⊂J

1IT
(y)

) pj

p′
j
+δ

dy≤C2
ηp2

j µ

pj−δ 2

p2
j µ

p′
j
(pj−δ)λε|J |

(
min

{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.
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Therefore, we obtain(
N

pj

p′
j
+δ

Fl

)�

(x) ≤ sup
J∈{IT }T∈Fl

x∈J

(
1

|J |
∫ ( ∑

T∈Fl
IT ⊂J

1IT
(y)

) pj

p′
j
+δ

dy

)

≤ C2
ηp2

j µ

pj−δ 2

p2
j µ

p′
j
(pj−δ)λε

(
min

{
2,Mpj

(Mfj)(x)
})pj .

Taking L
p′j+2δ

pj norms on both sides yields

(6.8)

∥∥∥∥∥
(
N

pj

p′
j
+δ

Fl

)�
∥∥∥∥∥ p′

j
+2δ

pj

≤ C22ηpjµ2

p2
j µ

p′
j
(pj−δ)λε,

since δ is very small. Thus, we obtain

(6.9)

∫ (NFl
(x)
) p′j+2δ

p′
j
+δ dx ≤ C23ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ

(p′j+2δ)ε

pj .

Thus, we obtain∣∣{x ∈ R : NFl
(x) ≥ λ

A10 + 1
}∣∣ ≤ C23ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ12p′jελ

− p′j+2δ

p′
j
+δ .

Therefore, we have∣∣{x ∈R : NF ′(x) ≥ λ}∣∣
≤

A10∑
l=1

∣∣{x ∈ R :NFl
(x) ≥ λ

A10+1
}∣∣+∣∣{x ∈ R :NF ′′(x) ≥ λ

A10+1
}∣∣

≤ C24ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jελ

− p′j+2δ

p′
j
+δ + Cλ10ε−1‖NF ′′‖1

≤ C24ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jελ

− p′j+2δ

p′
j
+δ + Cλ10ε−1e−A‖NF1‖1

≤ C24ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jελ

− p′j+2δ

p′
j
+δ + Cλ10ε−1e−A

∥∥∥∥NF1

∥∥∥∥
p′j+2δ

p′
j
+δ

p′
j
+2δ

p′
j
+δ

≤ C24ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jελ

− p′j+2δ

p′
j
+δ + C24ηpjµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jε−1e−λε

≤ C24ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ18p′jελ

− p′j+2δ

p′
j
+δ

≤ C210ηp′jµ2µλ
18p′jε− p′j+2δ

p′
j
+δ ≤ C210ηp′jµ2µλ−1−ε,

where we chose ε� δ � η. This completes the proof of (6.2).
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7. Counting the trees, part II

In this section, for (i, j, ν) ∈ ⋃i,j∈{2,3}
({(1, j, 1), (i, 1, 1)}⋃4

ν=3{(i, j, ν)}
)
, we

prove (3.20). We only prove the case (1, j, 1) for j ∈ {2, 3}. The proof of
the other cases is similar. Let

F1,j,1 =
⋃

l

T 1
µ,1,j,l and NF1,j,1

(x) =
∑

T∈F1,j,1

1IT
(x).

It is enough to prove that

‖NF1,j,1
‖1 ≤ C210ηp′jµ2µ.

But since NF1,j,1
is integer-valued, it is sufficient to show that there exists

0 < ε < η such that, for any λ ≥ 1,

(7.1)
∣∣{x ∈ R : NF1,j,1

(x) ≥ λ}∣∣ ≤ Cε2
10ηp′jµ2µλ−1−ε.

As in [8], take F ′ ⊂ F1,j,1 such that NF ′(x) ≤ λ and∣∣{x ∈ R : NF ′(x) ≥ λ}∣∣ =
∣∣{x ∈ R : NF1,j,1

(x) ≥ λ}∣∣.
Recall the partial order < defined on products of intervals in [8]. For

T ∈ F ′, define

Tmin = {s ∈ T : Is × ω1,s is minimal w.r.t. <},
T ∂ = {s ∈ T : Is ∩ (1 − 2−4)IT = ∅},

T ∂ max = {s ∈ T ∂ : Is × ω1,s is maximal in T ∂ w.r.t. <},
T fat = {s ∈ T\Tmin : 2ηµ|Is| ≥ |IT |},
T nice = T\(Tmin ∪ T ∂ ∪ T fat).

Note that by (3.10) (which fails at the step µ−1) we have, for any T ∈ F ′,∥∥∥∥( ∑
(k,n)∈Tmin

∣∣φ∗
j,k,nψ

∗
j,k (fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤
( ∑

(k,n)∈Tmin

∥∥φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∥∥pj

pj

) 1
pj

≤
( ∑

(k,n)∈Tmin

2−ηpj(µ−1)2
− pj(µ−1)

p′
j |Ik,n|

) 1
pj

≤ 2−η(µ−1)2
− (µ−1)

p′
j |IT |

1
pj ≤ 222

− µ

p′
j |IT |

1
pj .
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And also we have∥∥∥∥( ∑
(k,n)∈T fat

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤
( ∑

(k,n)∈T fat

∥∥φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∥∥pj

pj

) 1
pj

≤
( ∑

(k,n)∈T fat

2−ηpj(µ−1)2
− pj(µ−1)

p′
j |Ik,n|

) 1
pj ≤ 222

− µ

p′
j |IT |

1
pj .

Let T ∂ max
t be a tree of type 1 in T ∂ with top t ∈ T ∂ max. Then, by (3.8) we

also have∥∥∥∥( ∑
(k,n)∈T ∂

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

≤
( ∑

t∈T ∂ max

∥∥∥∥( ∑
(k,n)∈T ∂ max

t

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥pj

pj

) 1
pj

≤
( ∑

t∈T ∂ max

24pj2
− pj(µ−1)

p′
j |It|

) 1
pj ≤ 222

− µ

p′
j |IT |

1
pj .

Therefore, by (3.8), we obtain

(7.2) |IT |
1

pj ≤ C2
µ

p′
j

∥∥∥∥( ∑
(k,n)∈Tnice

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

pj

.

For T ∈ F ′, f ∈ S, x ∈ R, y ∈ R, and (k, n) ∈ T nice, define

BT,x,k,nf(y) = φ∗
j,k,n(x)(f ∗ Φj,k,T )(x)1IT

(y)

and we let
−→
Bf = {BT,x,k,nf}T,x,k,n be the corresponding vector-valued op-

erator. Let A = λε. Then by the almost orthogonality lemma in [8], we
obtain∥∥−→Bf∥∥

L2(R,l2(F ′,L2(IT ,l2(Tnice))))

≤
(∫ ∑

T∈F ′

1

|IT |
∫ ∑

(k,n)∈Tnice

∣∣φ∗
j,k,n(x)(f ∗ Φj,k,T )(x)

∣∣2ϕT (x)dx1IT
(y)dy

) 1
2

≤
( ∑

T∈F ′

∑
(k,n)∈Tnice

∥∥φ∗
j,k,n(f ∗ Φj,k,T )

∥∥2

2

) 1
2

≤ C(1 + A− 1
ελ)‖f‖2 ≤ C‖f‖2.
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On the other hand, by (4.5), we also have∥∥−→Bf∥∥
L1+2δ(R,l∞(F ′,L1+δ(IT ,l2(Tnice))))

≤
⎛⎝∫ ( sup

T∈F ′

1

|IT | 1
1+δ

∥∥∥∥( ∑
(k,n)∈Tnice

∣∣φ∗
j,k,n(f ∗Φj,k,T )

∣∣2) 1
2
∥∥∥∥

1+δ

1IT
(y)

)1+2δ

dy

⎞⎠
1

1+2δ

≤
(∫ (

M1+δf(y)
)1+2δ

dy

) 1
1+2δ

≤ C‖f‖1+2δ

where δ > 0 is a very small number.

Therefore, by complex interpolation and the fact that Lq(IT ) ⊂ Lp(IT )
for q ≥ p, we obtain

(7.3)
∥∥−→Bf∥∥

Lpj

(
R,l

p′
j
+δ
(
F ′,Lpj−δ(IT ,l2(Tnice))

)) ≤ C‖f‖pj
.

Note that
∣∣φ∗

j,k,n(x)| ≤ CϕT (x), we have

∫ (∑
T∈F ′

(
1

|IT |
∫ ( ∑

(k,n)∈Tnice

∣∣φ∗
j,k,n(x)(f ∗ Φj,k,T )(x)

∣∣2)pj−δ

2

dx

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤ C
∥∥f∥∥pj

pj
.(7.4)

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (7.4). In fact, HJ(f) be

∫ ⎛⎜⎜⎝∑
T∈F ′
IT ⊂J

⎛⎝ 1

|IT |
∫ ( ∑

(k,n)∈Tnice

∣∣φ∗
j,k,n(x)(f ∗Φj,k,T )(x)

∣∣2) pj−δ

2

dx

⎞⎠
p′j+δ

pj−δ

1IT
(y)

⎞⎟⎟⎠
pj

p′
j
+δ

dy

Then we have

HJ(f) ≤ HJ(f12λεJ) +HJ(f1(2λεJ)c) ,

where J ∈ {IT}T∈F ′ . By (7.4), we have

HJ(f12λεJ) ≤ C
∥∥f12λεJ

∥∥pj

pj
≤ Cλε|J |

(
inf
x∈J

Mpj
(Mf)(x)

)pj

.
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And HJ(f1(2λεJ)c) is estimated by∫ { ∑
T∈F ′
IT⊂J

[
1

|IT |
∫ ( ∑

(k,n)∈Tnice

1

(1 + 2−k+mdist(x, Ik,n))2N

·
∣∣∣∣ ∫

(2λεJ)c

|f(z)|2−k+mdz

(1 + 2−k+m|x− z|)N

∣∣∣∣2 )
pj−δ

2

dx

] p′j+δ

pj−δ

1IT
(y)

} pj

p′
j
+δ

dy

≤
∫( ∑

T∈F ′
IT ⊂J

(
1

|IT |
∑

(k,n)∈Tnice

(
infx∈IT

Mf(x)
)pj−δ|Ik,n|

λpj−δ(1+2−kdist(Ik,n, (2IT )c))N

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤
∫ ( ∑

T∈F ′
IT ⊂J

(
inf

x∈IT

Mf(x)

)p′j+δ

λ
− p′j+δ

pj−δ 1IT
(y)

) pj

p′
j
+δ

dy

≤ C

λ

∫ ∑
T∈Fl
IT ⊂J

(
inf

x∈IT

Mf(x)

)pj

1IT
(y)dy ≤ C|J |

(
inf
x∈J

Mpj
(Mf)(x)

)pj

.

Hence, we obtain HJ(f) ≤ Cλε|J | (infx∈J Mpj
(Mf)(x)

)pj . Notice that
φ∗

j,k,n(x)ψ∗
j,k(x) ≤ (1 + 2−kT +mdist(J,Ec))−N . As we proved (4.6), we may

sharpen the previous estimate to

∫ (∑
T∈F ′
IT⊂J

(
1

|IT |
∫ ( ∑

(k,n)∈Tnice

∣∣φ∗
j,k,n(x)ψ

∗
j,k(x)(fj∗Φj,k,T )(x)

∣∣2) pj−δ

2

dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤ Cλε|J |
(

min
{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.

Notice that ∥∥∥∥( ∑
(k,n)∈Tnice

∣∣φ∗
j,k,nψ

∗
j,k(fj ∗ Φj,k,T )

∣∣2) 1
2
∥∥∥∥

BMO

≤ C.

The proof of this inequality is similar as the proof of (4.24). Thus, we have

∫ (∑
T∈F ′
IT ⊂J

(
1

|IT |
∫ ( ∑

(k,n)∈Tnice

∣∣φ∗
j,k,n(x)ψ

∗
j,k(x)(fj∗Φj,k,T )(x)

∣∣2) pj
2

dx

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤ Cλε|J |
(

min
{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.
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Using (7.2), we obtain

(7.5)

∫ ( ∑
T∈F ′
IT ⊂J

1IT
(y)

) pj

p′
j
+δ

dy ≤ C2

p2
j µ

p′
j
(pj−δ)λε|J |

(
min

{
2, inf

x∈J
Mpj

(Mfj)(x)
})pj

.

Therefore, we have(
N

pj

p′
j
+δ

F ′

)�

(x) ≤ sup
J∈{IT }T∈F′

x∈J

(
1

|J |
∫ ( ∑

T∈F ′
IT⊂J

1IT
(y)

) pj

p′
j
+δ

dy

)

≤ C2

p2
j µ

p′
j
(pj−δ)λε

(
min

{
2,Mpj

(Mfj)(x)
})pj .

Taking L
p′j+2δ

pj norms on both sides yields

(7.6)

∥∥∥∥∥
(
N

pj

p′
j
+δ

F ′

)�
∥∥∥∥∥ p′

j
+2δ

pj

≤ C22ηpjµ2

p2
j µ

p′
j
(pj−δ)λε,

since δ is very small. Thus, we obtain

(7.7)

∫ (NF ′(x)
)p′j+2δ

p′
j
+δ dx ≤ C23ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ

(p′j+2δ)ε

pj .

Therefore, we have proved that

∣∣{x ∈ R : NF ′(x) ≥ λ}∣∣ ≤ C23ηp′jµ2

pj(p′j+2δ)µ

p′
j
(pj−δ) λ2p′jελ

− p′j+2δ

p′
j
+δ .

Choose ε� δ � η, then the estimate above implies (7.1).

8. Counting the trees, part III

In this section, we prove (3.20) for i, j ∈ {2, 3} and ν = 5. Let Fi,j,5 =⋃
l T

5
µ,i,j,l and NFi,j,5

(x) =
∑

T∈Fi,j,5
1IT

(x). It is sufficient to prove

(8.1)
∥∥NFi,j,5

∥∥
1
≤ C210ηp′iµ2µ.

Notice that NFi,j,5
is integer-valued, to prove (8.1), it suffices to show that

there exists 0 < ε < η such that, for any λ ≥ 1,

(8.2)
∣∣{x ∈ R : NFi,j,5

(x) ≥ λ}∣∣ ≤ Cε2
10ηp′iµ2µλ−1−ε.
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As in [8], take F ′ ⊂ Fi,j,5 such that NF ′(x) ≤ λ and∣∣{x ∈ R : NF ′(x) ≥ λ}∣∣ =
∣∣{x ∈ R : NFi,j,5

(x) ≥ λ}∣∣.
Assume that (3.15) holds for k̃ = L (other cases are similar). Let Q =

{(k, J, T ) : k ∈ Zr, J ∈ ∆k−m,T , T ∈ F ′} and A = λε. We only prove the
case when λ ≥ 2ηµ. The case λ ≤ 2ηµ can be proved by the same method.
As in [8], using the separation lemma in [11], we have

Q =

( A10⋃
l=1

Ql

)⋃
Q′,

such that

(8.3) (AJ × ωj,k+L,T ) ∩ (AJ ′ × ωj,k′+L,T ′) = ∅,
for 1 ≤ l ≤ A10, q 
= q′ and q, q′ ∈ Ql, where q = (k, J, T ) and q′ = (k′, J ′, T ′).
And

(8.4)
∑
q∈Q′

q=(k,J,T )

|J | ≤ Ce−A
∑
q∈Q1

q=(k,J,T )

|J |.

For 1 ≤ l ≤ A10 and T ∈ F ′, let

Ql,T = {(k, J) : k ∈ Zr, J ∈ ∆k−m,T , (k, J, T ) ∈ Ql}.
For (k, J) ∈ Ql,T , f ∈ S, define

BT,x,k,Jf(y) = ρk−m,J(x)(f ∗ Φj,k+L,T )(x)1IT
(y),

and let
−→
B be the corresponding vector-valued operator. Then by the almost

orthogonality lemma in [8], we obtain∥∥−→Bf∥∥
L2(R,l2(F ′,L2(IT ,l2(Ql,T ))))

≤
(∫ ∑

T∈F ′

1

|IT |
∫ ∑

(k,J)∈Ql,T

∣∣ρk−m,J(x)(f ∗Φj,k+L,T )(x)
∣∣2ϕT (x)dx1IT

(y)dy

) 1
2

≤
( ∑

T∈F ′

∑
(k,J)∈Ql,T

∥∥ρk−m,J(f ∗ Φj,k+L,T )
∥∥2

2

) 1
2

≤
( ∑

q∈Ql
q=(k,J,T )

∥∥ρk−m,J(f ∗ Φj,k+L,T )
∥∥2

2

) 1
2

≤ C(1 + A− 1
ελ)‖f‖2 ≤ C‖f‖2.
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On the other hand, by (4.20), we get
∥∥−→Bf∥∥

L1+2δ(R,l∞(F ′,L1+δ(IT ,l2(Ql,T ))))
is dominated by⎛⎜⎝∫
⎛⎝sup

T∈F ′

(
1

|IT |
∫ (∑

(k,J)∈Ql,T

∣∣ρk−m,J(x)(f ∗Φj,k+L,T )(x)
∣∣2)1+δ

2

ϕT (x)dx

)1
1+δ

1IT
(y)

⎞⎠1+2δ

dy

⎞⎟⎠
1

1+2δ

,

which is controlled by⎛⎝∫ ( sup
T∈F ′

1

|IT | 1
1+δ

∥∥∥∥( ∑
(k,J)∈Ql,T

∣∣ρk−m,J(f ∗ Φj,k+L,T )
∣∣2) 1

2
∥∥∥∥

1+δ

1IT
(y)

)1+2δ

dy

⎞⎠ 1
1+2δ

.

And this term is clearly dominated by(∫ (
M1+δf(y)

)1+2δ
dy

) 1
1+2δ

≤ C‖f‖1+2δ ,

where δ > 0 is a very small number.
Therefore, by complex interpolation and the fact that Lq(IT ) ⊂ Lp(IT )

for q ≥ p, we obtain

(8.5)
∥∥−→Bf∥∥

Lpj

(
R,l

p′
j
+δ
(
F ′,Lpj−δ(IT ,l2(Ql,T ))

)) ≤ C‖f‖pj
.

Define K(f) to be

∫( ∑
T∈F ′

(
1

|IT |
∫ ( ∑

(k,J)∈Ql,T

∣∣ρk−m,J(x)(f ∗ Φj,k+L,T )(x)
∣∣2) pj−δ

2

dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy.

Note that
∣∣ρk−m,J(x)| ≤ CϕT (x), we have

(8.6) |K(f)| ≤ C
∥∥f∥∥pj

pj
.

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (8.6). In fact, let KI(f) be

∫ ⎛⎜⎜⎝∑
T∈F ′
IT⊂I

⎛⎝ 1

|IT |
∫ (∑

(k,J)∈Ql,T

∣∣ρk−m,J(x)(f ∗ Φj,k+L,T )(x)
∣∣2) pj−δ

2

dx

⎞⎠
p′j+δ

pj−δ

1IT
(y)

⎞⎟⎟⎠
pj

p′
j
+δ

dy,

where I ∈ {IT}T∈F ′. Then we have KI(f) ≤ KI(f12λεI) +KI(f1(2λεI)c) .
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By (8.6), we have

KI(f12λεI) ≤ C
∥∥f12λεI

∥∥pj

pj
≤ Cλε|I|

(
inf
x∈I

Mpj
(Mf)(x)

)pj

.

And KI(f1(2λεI)c) is estimated by∫ { ∑
T∈F ′
IT⊂I

[
1

|IT |
∫ ( ∑

(k,J)∈Ql,T

1

(1 + |J |−1dist(x, J))2N

·
∣∣∣∣ ∫

(2λεJ)c

|f(z)|2−k+mdz

(1 + |J |−1|x− z|)N

∣∣∣∣2)
pj−δ

2

dx

] p′j+δ

pj−δ

1IT
(y)

} pj

p′
j
+δ

dy

≤
∫ ( ∑

T∈F ′
IT ⊂I

(
1

|IT |
∫ ( ∑

(k,J)∈Ql,T

(
infx∈IT

Mf(x)
)2

λ2(1+|J |−1dist(x, J))N

) pj−δ

2

dx

)p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤
∫ ( ∑

T∈F ′
IT ⊂I

(
1

|IT |
∑

(k,J)∈Ql,T

(
infx∈IT

Mf(x)
)pj−δ|J |

λpj−δ

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

≤
∫ ( ∑

T∈F ′
IT⊂I

(
inf

x∈IT

Mf(x)

)p′j+δ

λ−(p′j+δ)1IT
(y)

) pj

p′
j
+δ

dy

≤ C

λ

∫ ∑
T∈Fl
IT⊂I

(
inf

x∈IT

Mf(x)

)pj

1IT
(y)dy ≤ C|I|

(
inf
x∈I

Mpj
(Mf)(x)

)pj

.

Hence, we obtain

KI(f) ≤ Cλε|I|
(

inf
x∈I

Mpj
(Mf)(x)

)pj

.

Notice that

ρk−m,J(x) ≤ C

(1 + |J |−1dist(x, J))N(1 + |J |−1dist(J,Ec))N
.

As we proved (4.6), we may sharpen the previous estimate to

KI(f) ≤ Cλε|I|
(

min
{
2, inf

x∈I
Mpj

(Mfj)(x)
})pj

.

Also note that∥∥∥∥( ∑
(k,J)∈Ql,T

∣∣ρk−m,J(fj ∗ Φj,k+L,T )
∣∣2) 1

2
∥∥∥∥

BMO

≤ C.
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The proof of this inequality is similar as the proof of (4.24). Let K ′
I(f) be

∫ ( ∑
T∈F ′
IT ⊂I

(
1

|IT |
∫ ( ∑

(k,J)∈Ql,T

∣∣ρk−m,J(x)(fj ∗ Φj,k+L,T )(x)
∣∣2) pj

2

dx

) p′j+δ

pj−δ

1IT
(y)

) pj

p′
j
+δ

dy

Thus, we have

K ′
I(f) ≤ Cλε|I|

(
min

{
2, inf

x∈I
Mpj

(Mfj)(x)
})pj

.

Let K ′′
I,Q(f) be

∫ ( ∑
T∈F ′
IT⊂I

(
1

|IT |
∫ (∑

(k,J)∈Q

∣∣ρk−m,J(x)(fj ∗ Φj,k+L,T )(x)
∣∣2) pj

2

dx

) p′j+δ

pj−δ

1IT
(y)

) pj−δ

p′
j
+δ

dy

Thus, by Hölder ’s inequality, we obtain

K ′′
I,Ql,T

(f) ≤ (K ′
I(f))

pj−δ

pj |I|
δ

pj

≤ Cλε|I|
(

min
{
2, inf

x∈I
Mpj

(Mfj)(x)
})pj−δ

.

Let
QT = {(k, J) : k ∈ Zr, J ∈ ∆k−m,T , (k, J, T ) ∈ Q}

and
Q′

T = {(k, J) : k ∈ Zr, J ∈ ∆k−m,T , (k, J, T ) ∈ Q′}.
Then we have

K ′′
I,QT

(f) ≤ C
A10∑
l=1

K ′′
I,Ql.T

(f) + CK ′′
I,Q′

T
.

Here we used Minkowski’s inequality in the last estimate. Using a previous
estimate we obtain

(8.7) C
A10∑
l=1

K ′′
I,Ql.T

(f) ≤ Cλ11ε|I|
(

min
{
2, inf

x∈I
Mpj

(Mfj)(x)
})pj−δ

.

It remains to control K ′′
I,Q′

T
. We have

K ′′
I,Q′

T
≤

∫ ∑
T∈F ′
IT⊂I

( ∑
(k,J)∈Q′

T

∣∣ρk−m,J(x)(fj ∗ Φj,k+L,T )(x)
∣∣2) pj

2

dx
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≤
∑
T∈F ′
IT⊂I

∑
(k,J)∈Q′

T

∥∥ρk−m,J(fj ∗ Φj,k+L,T )
∥∥pj

pj

≤ C
∑
q∈Q′

q=(k,J,T )
IT⊂I

|J | ≤ Ce−A
∑
q∈Q1

q=(k,J,T )
IT ⊂I

|J |

= Ce−A
∑
T∈F ′
IT⊂I

∑
J∈∆k−m,T

|J | ≤ Ce−A
∑
T∈F ′
IT ⊂I

|IT | ≤ Ce−Aλ|I|.

We have now proved that

(8.8) K ′′
I,Q′

T
≤ Ce−Aλ|I|.

By (3.15), (8.7) and (8.8), we obtain

∥∥∥∥ ∑
T∈F ′
IT ⊂I

1IT

∥∥∥∥
pj−δ

p′
j
+δ

pj−δ

p′
j
+δ

(8.9)

≤ C2

pjµ

p′
j λ11ε|I|

(
min

{
2, inf

x∈I
Mpj

(Mfj)(x)
})pj−δ

+ C2

pjµ

p′
j
λ

eA
|I|.

Therefore, we have

(8.10)

(
N

pj−δ

p′
j
+δ

F ′

)�

(x) ≤ C2

pjµ

p′
j λ11ε

(
min

{
2,Mpj

(Mfj)(x)
})pj−δ

+ C2

pjµ

p′
j e−Aλ.

Taking L
p′j+2δ

pj−δ norms on both sides, we obtain∥∥∥∥(N pj−δ

p′
j
+δ

F ′

)�∥∥∥∥ p′
j
+2δ

pj−δ

≤ C2

pjµ

p′
j λ12ε + C2

pjµ

p′
j e−Aλ

∣∣∣∣ ⋃
T∈F ′

IT

∣∣∣∣
pj−δ

p′
j
+2δ

.

By (3.15) and (4.20), we have for T ∈ F ′

inf
x∈IT

Mpj
fj(x) ≥ C2

− µ

p′
j ,

which gives

(8.11)
⋃

T∈F ′
IT ⊂ {x ∈ R : Mpj

fj(x) ≥ C2
− µ

p′
j }.
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Thus, we have ∣∣∣∣∣ ⋃
T∈F ′

IT

∣∣∣∣∣ ≤ C2

pjµ

p′
j .

Therefore, we have

(8.12)

∥∥∥∥(N pj−δ

p′
j
+δ

F ′

)�∥∥∥∥ p′
j
+2δ

pj−δ

≤ C2

pjµ

p′
j λ12ε + C2

pjµ

p′
j e−Aλ2

pj(pj−δ)µ

p′
j
(p′

j
+2δ) ≤ C2

pjµ

p′
j λ12ε,

since λ ≥ 2ηµ. Hence, we have∫
N

p′j+2δ

p′
j
+δ

F ′ (x)dx ≤ C2

pj(p′j+2δ)µ

(pj−δ)p′
j λ12p′jε,

which implies

(8.13)
∣∣{x ∈ R : NF ′(x) ≥ λ}∣∣ ≤ C2

pj(p′j+2δ)µ

(pj−δ)p′
j λ12p′jελ

− p′j+2δ

p′
j
+δ .

Choosing ε� δ � η, we obtain (8.2) and so we are done.

9. An application

We consider general bilinear singular integrals on R × R whose kernels are
homogeneous functions in R2. These have the form

(9.1) TΩ(f1, f2)(x) = p.v.

∫
R2

f1(x−t1)f2(x−t2)
Ω
(
(t1, t2)/|(t1, t2)|

)
|(t1, t2)|2 dt1 dt2,

where Ω(t1, t2) is an integrable function on S1 and x ∈ R. (|(t1, t2)| =√
t21 + t22 denotes the euclidean norm of the element (t1, t2) ∈ R2.)

Operators of the type (9.1) have been systematically studied by [4] and [5]
and recently by [9]. The last authors obtained bounds for TΩ when Ω possess
a certain amount of smoothness, such as Lipschitz continuity of order 0 <
ε < 1 on S1. As an application of Theorem 2, here we obtain that the
operator TΩ is bounded from Lp1(R) × Lp2(R) → Lp(R) when the triple
(p1, p2, p) satisfies the hypotheses of Theorem 2 and Ω is merely integrable
and odd.

As in the classical linear theory [2] we apply the method of rotations to
the operator TΩ. Using polar coordinates in R2 we can write

(9.2) TΩ(f1, f2)(x) =

∫
S1

Ω(θ1, θ2)

{∫ +∞

0

f1(x− tθ1)f2(x− tθ2)
dt

t

}
d(θ1, θ2).



Uniform Bounds for the Bilinear Hilbert Transforms, II 1125

Replacing θ by −θ, changing variables, and using that Ω is odd we obtain

(9.3) TΩ(f1, f2)(x) =

∫
S1

Ω(θ1, θ2)

{∫ +∞

0

f1(x+ tθ1)f2(x+ tθ2)
dt

t

}
d(θ1, θ2).

Averaging (9.2) and (9.3) yields

(9.4) TΩ(f1, f2)(x) =
1

2

∫
S1

Ω(θ1, θ2)

{∫ +∞

−∞
f1(x− tθ1)f2(x− tθ2)

dt

t

}
d(θ1, θ2).

But the operator inside the curly brackets above is no other than Hθ1,θ2,
which was shown to be bounded from Lp1(R) × Lp2(R) → Lp(R) uniformly
in θ1, θ2, when the triple (p1, p2, p) satisfies the hypotheses of Theorem 2. It
follows that TΩ is also bounded from Lp1(R)×Lp2(R) → Lp(R) for the same
range of p’s when Ω is odd and integrable.

Thus the operators Hθ1,θ2 play the role of the linear directional Hilbert
transforms in the theory of bilinear singular integrals. This reason justifies
their name bilinear (directional) Hilbert transforms.

We end by noting that Calderón’s identity

C1(f ;A)(x) = p.v.

∫
R

A(x) − A(y)

(x− y)2
f(y) dy =

∫ 1

0

H1,α(f,A′)(x) dα

can be thought as a special case of (9.4) when Ω is suitably chosen.
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