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Uniform Bounds for the

Bilinear Hilbert Transforms, 11

Xiaochun Li

Abstract

We continue the investigation initiated in [8] of uniform L? bounds
for the family of bilinear Hilbert transforms

Hos(£.9)(0) =pv. [ 1o = atiglo =0 F

In this work we show that H, g map LP'(R) x LP?(R) into LP(R)

uniformly in the real parameters «, § satisfying |% —1| > ¢ > 0 when
1 < p1,p2 < 2 and % <p= pzilTp;z < oo. As a corollary we obtain
LP x L*° — LP uniform bounds in the range 4/3 < p < 4 for the

Hio’s when a € [0, 1).

1. Introduction

The family of bilinear Hilbert transforms was introduced by A. Calderén in
one of his early attempts to derive boundedness for the Cauchy integral along
Lipschitz curves. The bilinear Hilbert transform in the direction (o, 3) € R?
is defined by

Hoold.9)la) = pov. [ fla = atgle =50 T,

where f and g are Schwartz functions on the line. This definition can be
extended to the case when one of the two parameters « or 3 are infinity (but
not both) by setting Hy 5(f,9) = (Hf)g and likewise H, «(f,9) = f(Hg),
where H is the usual Hilbert transform on R.
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In [11] and [12], M. Lacey and C. Thiele gave a brilliant proof of the
boundedness for the operators Hy,. And later in [14] and [15], C. Thiele
proved that L? x L>® — L** uniform bounds for the H; ,’s when a € [0, 1).
Based on the ideas in [11, 12] and Thiele’s powerful ideas in [14, 15], L. Gra-
fakos and the author obtained in [8] L? bounds for H, s uniformly in the
real parameters «, 3 when 2 < py,ps < oo and 1 < p < 2. In this work we
continue the work in [8] to obtain L? bounds for H, g uniformly in «, 5 whose
ratio stays away from a neighborhood of the number 1 when 1 < py,ps < 2
and 2 <p<1.

Since Ha, a,(f1, f2) reduces to H(ff2) when a; = ao, it follows that no
uniform estimates can hold for H,, 4, from LP*(R) x LP*(R) into LP(R) when
p < 1. This restriction does not arise, however, when one seeks uniform
bounds in the parameter as/a; away from a small neighborhood of the
number 1. For these ay,as we are able to obtain uniform bounds when
% < p < 1. The main result of this article is the following theorem.

Theorem 1. Let 1 < py,ps < 2 and% <p= % < 1. Then for any

e > 0 there is a constant C' = C(p1, ps,€) such that for all fi, fo Schwartz
functions on R and all oy, a9 € R satisfying |g—f — 1| > ¢ we have

[Han o (Frs F2)llp < CllAillp |2l

Combining this theorem with Theorem 1 in [8] we obtain that LP x L>° — LP
uniform bounds for 4/3 < p < 4 for the H; ,’s when a € [0, 1).

Theorem 2. Let 1 < pi,py < 00 and 1 < p = 222 < o0, Suppose that

p1t+p2
(1 1) 1 1 - 1 1 1 - 1 1 1 1
' P11 D2 2’ pi P 2’ p2 P 2

Then there is a constant C = C(py,p2) such that for all fi, fo Schwartz
functions on R we have

(1.2) SUp [ Hay 0 (f1; f2) lp < Cllfrllpi [ f2llpo

a1,02€R

Moreover, for any e > 0 and all 4/3 < q < 4 there exists a constant C' =
C(q,e) < 0o such that for all fi, fo Schwartz functions on R we have

(1.3) Lo [ Hay oo (f1, f2)llg < Cllfillglf2ll

(1.4) sup | Hay a0 (f1, f2)lg < Cllfillsoll follq -
|aa/a1|>e

(1.5) ‘QQSUIT [Hayao (f15 f2) 1 < Cll fillgll f2llgr
—< —1|>e
(Xl -

where ¢ = q/(q — 1).



UNIFORM BOUNDS FOR THE BILINEAR HILBERT TRANSFORMS, 1T 1071

Furthermore, it is easy to see that (1.3), (1.4), and (1.5) fail if a;/as is
unrestricted. Thus (1.3), (1.4), and (1.5) are the best possible uniform strong
type endpoint estimates for the family H,, o, in the range 4/3 < ¢ < 4.
Uniform estimates for the remaining ¢’s remain open at the moment. Also
open remains the issue of whether L' can be replaced by weak L% if the
restriction on ay, ap is dropped in (1.5).

The boundedness of the first commutator on LP(R) is a consequence of
estimate (1.3) above. For another application of these results we refer to
section 9.

We now prove Theorem 2 assuming Theorem 1.

Proof. We present the interpolation argument of the proof in a geometric
fashion. Figure 1 represents the set of all (1/p;,1/ps, 1/p) which satisfy
1/pr+1/py =1/pand 1 < py,p; < oo.

A=(1,1,2)

D=(1,1/2,3/2)

E=(1/2,1,3/2)

B=(1,0,1) c=(0,1,1)

G=(1/2,0,1/2) X YH=(0,1/2,1/2)

0=(0,0,0)

Figure 1. The set of all (1/p1,1/p2,1/p) which satisfy 1/p1 + 1/pa = 1/p.

First we note that the results in [11] and [12] give estimates for H,, a,
inside the triangle BOC uniformly in a1, ap which satisfy |92 — 1| > ¢; > 0
and 0 < ¢ < |Z—j| < ¢9 < o0. Here we obtain uniform bounds near the
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bad directions in which the ratio Z—f approaches 0, 1, and oo in the range of
exponents claimed in Theorem 2.

We observe that the set of indices that satisfy conditions (1.1) is the
hexagon KGLHMF. The line CG is the axis of symmetry with respect
to the adjoint H3! a, i the first variable while the line BH is the axis of

symmetry with respect to the adjoint H;f ap 10 the second variable. But
these adjoints are easily computed:

a1 ag(flva) H—0117012—011(f17f2)7
H:éfcm(fl’fz) 041 a,— 02(f17f2)

Thus reflection across the axis BH preserves boundedness for ay/a;q near 0
and interchanges boundedness for as/a; near 1 and oo. Also reflection
across the axis C'G preserves boundedness for as/a; near oo and inter-
changes boundedness for ay/a; near 1 and 0. Finally reflection across the
axis OF preserves boundedness for as/aq near 1 and interchanges bound-
edness for ay/a; near 0 and oo.

Using Theorem 1 above, Theorem 1 in [8], and bilinear interpolation we
obtain that H,, », is bounded uniformly whenever as/c; is near 0 and oo
in the open rectangle DGHE. We also obtain conclusion (1.5).

Duality with respect to BH gives that H,, 4, is bounded uniformly when-
ever o /ay is near 0 and 1 in the interior of the rectangle K F'H L. Similarly,
duality with respect to CG gives that H,, o, is bounded uniformly when-
ever ap /oy is near oo and 1 in the interior of the rectangle LGF M. Thus we
obtain uniform bounds near all bad directions in the interior of the hexagon
KGLHMF. Finally (1.3) and (1.4) follow from (1.5) using duality with
respect to the axes BH and CG. [ |

Note that by a simple change of variables the boundedness of H,, a,
reduces to the case a; = 1. It is easy to see that the boundedness of the
operator H; _, on any product of Lebesgue spaces is equivalent to that of
the bilinear operator

(f1, f2) —>//f1 2m(5+n)x1{ <a~ 15}(5 n) d§ dn,

where 1,4 denotes the characteristic function of the set A.
Therefore, for a positive integer m, we consider the following pseudodif-
ferential operator

(16)  Tul(f fo)(a / / T (&) Fo(m)e €01 ey (€,m) dE dy

We prove the following result pertaining it.
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Let 1 < p1,p2 <2, 5<p= p’l’”’? < 1, and p;ps > 2. Then there is a
constant C' = C(py, pg) such that for all fi, fo Schwartz functions on R we
have

(1.7) T (frs F2)llp < Clifallpn | fall,

uniformly in m > 2209,

By symmetry, it is easy to see that estimate (1.7) implies Theorem 1.
We therefore only need to prove the former. In the sequel we will adopt the
terminology and notation introduced in [8].

Acknowledgments. This article is part of the author’s doctoral disserta-
tion. The author would like to express his gratitude to his advisor, Loukas
Grafakos, for his constructive suggestions, for his helpful advice and guid-
ance, for his teaching, encouragement, and friendship. The author is very
grateful to Christoph Thiele for his generous comments and suggestions.
He is also thankful to Michael Lacey for the very helpful discussions during
a visit at the Georgia Institute of Technology in 1998.

2. The truncated trilinear form

By the decomposition of the half plane n < 2™¢ on the £-n plane in [8], we
only need to consider the following operator. (See [8] for the details.)

(2.1)
Ty (f1, f2)(x ZZ//fl ) Fo ()2 T2y 1 (6) g gy () dE dy.

keZ leZ

where @, ;; and @, ; are suitable functions satisfying the following proper-
ties:

|Da471\7k7l(§)| < C2°F supp(ITlE C (142725, and

(22) —°
Dy y(&) =1 for € € (1—2725);, where J; = [27%1,27%(1 +1)].
D@y 1(€)] < €257 supp By C (1+2725)Jp, and

(2.3) Dy ri(§) =1 for £ € (1— 2-2L) .,

where Jy = [27F™(1 —2),27F™ (1 — 1)] if [ is even,
Jo = 27 (1 —2), 271 — 1)] or [27Ft™(1 —3),27F ™ (1 — 2)]
if [ is odd, for all nonnegative integers o. Note that the function ®,4; also

depends on the parameter m, but this dependence will be suppressed for
notational convenience.
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If follows from (2.2) and (2.3) that we have the following size estimates
for the functions ®; ;; and ®y ;.

CN27k
2.4 0] < —
( ) | lyk,l<x)| = <1+27k|x|)N’
C 2—k+m
(2.5) Do s ()] < N

(1 + 2—k+m|x|)N

for any N € Z*. The following lemma is also a consequence of (2.2)
and (2.3).

Lemma 1. For all N € Z* and 1 < p < 2, there exists Cy > 0 such that
for all f € S(R), we have

(ZW*@LM p/);/ (/'f v 'f|; yl)Nd?/);

IEZ

1
7

p/ P 9—k+m %
(Z|<f*@2,k,l)( ) < CN(/|f t2—Fmlg — )N dy)

lEZ

where Cy s independent of m.

Proof. We only prove (2.6). The proof of (2.7) is similar. In [8], we have
proved the following inequality,

leZ

Note that, by (2.4), we have

2.9 su * Dy < C ~ Y.
Then by Riesz-Thorin interpolation we obtain (2.6). |

Let ¢ be a nonnegative Schwartz function such that zZ is supported
n [—1,1] and satisfies 9(0) = 1. Let ¢y(z) = 27%(27%2). For E C R
and k € Z define
(2.10) E, = {x € E : dist(x, E¢) > 2F},
(211)  diw(@) = (Lme * Vi) (@), Yop() = Y3 k(@) = Y1 p-m(@).

Note that ¥k, V24, and 13 depend on the set E but for notational con-
venience we will suppress this dependence since we will be working with a
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fixed set E. Also note that the functions ¢, and 13, depend on m but
this dependence will also be overlooked in terms of notation. The important
thing is that our estimates will be independent of m. Also define

(2.12) s for f) = ZZ/HW Ji 4, ) ()

keZ 1eZ

where for any nonnegative integer o, ®3; depends on m and satisfies

(2.13) = Skl( )| < Canttmm) Suppq)Skl c (1+272) s,
| (I)3,k,l(§> =1, if £ € Js, where J3=—(1+ 2*2L>J1 —(1+ 272L)J27

for all nonnegative integers a.. It is easy to obtain the following size estimate
for CI)3 k.l

Ckaer
(L4 27Ftm|z[)N

(2.14) | D3 (2)] <

The following lemma shows that we only need to consider the truncated
trilinear form (2.12). Because of the assumptions on the indices py, ps, there
exists a 1 < p3 < 2 such that p% + p% + p%, < 2 and pypy > pi. Fix such a p3
throughout the rest of the paper.

Lemma 2. Let 1 < py,pa,p3 < 2, pil + piz + ]}3 <2, pipe > ps, and f; € S
with || f;|lp, = 1 for j € {1,2,3}. Define

E=|J{z e R: M, (Mf;)(z) > 2}.

j=1
Then
|Ag(f1, f2. f3)| < C,

where C' is independent of m.

We will prove Lemma 2 in the next sections. Now we prove estimate (1.7)
using Lemma 2.

Proof. To prove estimate (1.7), it is sufficient to prove that for all A > 0
we have
C

‘{l’ 0 (f1, f2)( )|>)‘})§W
A\ P1+p2
whenever | fi|l,, = || f2]|,, = 1. By linearity and scale invariance, it suffices

to prove that

(2.15) {1190 f)0)| > 2} < €
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Let E = (J_{z € R : M, (Mf;)(z) > 2}. Observe that |E| < C,
therefore it is enough to show that

(2.16) {o e B TS ) (@) > 2}| < C

Let G = {z € E° : [T} (fi, f2)(x)] > 2}, and choose f3 € S with
|| fall oo (mey < 1, supp f3 C E°, and

la(r) TY(f1, f2)()
|G| YPs [TS,(f1, f2)(0) 3

Note that for the f; chosen we have || f3]|,, < 2 and thus the set {z € R :
M,, (M f3)(x) > 2} is empty. Now define

(2.17) A(fr, fos f3) = ZZ/H fix @)z

keZ leZ

fS() —

< min{L, |T5(f1, f2)l,,'}-

Then by Lemma 2 it follows that

1p, 0 () To(fi f2)()
O < (This L) o ()¢ i)
0 1G() (fth)(')
< '<Tm(f17f2)7f3 ]G’|1/p3 ‘TO (f17f2)()| >‘ + |A(f17f27f3)|
|

< CH+I|A(f1, f2, f3) = Ae(f1, fa, f3)| +
< |A(f1, fa, f3) = Ap(f1, fo, f3)| + C.

Thus, to prove (2.16), we only need to show that

(218) |A(f17f27f3>_AE<f17f27f3)| SC

whenever || f3|| eo(gey < 1 and supp f3 C £°. We now prove (2.18). We clearly
have

AE(f17f27f3)|

(2.19)  |A(f1, f2, f3) = Ap(fr, fo, 1)

Sp3) 3y (81 ) | CRIET:

keZ leZ

But recall that 1,1, = 13, hence

3
1= T sel@)] < 11 = ra@)] + 201 = vaa(a)].
j=1
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Thus the expression on the right in (2.19) is at most equal to the sum of the
following two quantities

(2.20) Z/p—wlk |ZH| 5% @) ()] da,

keZ ez j=1
(2.21) 22/\1—¢2k \ZH\ % D) () |d.
keZ ez j=1

Observe that ), H ’( * D) )| is smaller than

(Z |(f1%P1 ) (2) ’pll) 2t (Z |(f2x Do) (2) ’p12> % (Z |(f35P3p0)(2)
leZ leZ

leZ

-Q\l =

q/
Y

where ¢ satlsﬁes + + =1.

Using (2.6) and the fact that 1 < p; < 2, for any point zy € E°, we
obtain

1

(Z ‘(fl * (I>1,k,l)(5‘7)|pll) "
=y
. 27F(1 + 27z — z) z
< (/”1' 1+2ﬂx |>u+2ﬂx—%wd@

1+ 27Me — 2])? )%
<C p1 d
(/”’ ) vzl

< O+ 27w — 2)) 1 My, fo(20)
< O (1 42 *dist(z, E%))”.

Similarly, using (2.7) and the fact that 1 < py, ¢ < 2 we obtain

1

<Z |(f2 % o) (@ ]”2) g < C (1427 " dist(x, E9))”.

leZ

Using (2.14) and the facts that || f3]|z~(z) < 1 and supp f3 € E°, we also
obtain

(S i)

leZ

Ur

Q|-

2 k+m C
<C / q d ) <
( |f3(y)| (1 _{_2fk+m|l» _yl)N Y (1 +27k+mdi8t(x7EC)>N
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Therefore, (2.20) can be estimated by

1
C d dx
Z / /Ek 142~ k|x —y|)¥ y(l + 2-k+mdist(z, E¢))N 2

<C / a
Z (142~ kdlSt (y, Be))N 2 Y

1
< C’/ dy < C|E| < C.
% (14 2-*dist(y, Be))N 2 [El

2k <dist(y,E°)

Similarly (2.21) is estimated by

2 k+m 1
C // d dzx
zk: B, (L+27Fmg —y)N Y (14 2-k+mdist(a, Be))N 2

1
<cy | a
Z B (14 2 Fmdist(y, Bo) V2

1
<C’/ dy < C|E| < C.
k:eZZ (1+ 2 Fdist(y, B))" 2 =

2k <dist(y,E°)

This completes the proof of (2.18) and therefore of estimate (1.7). |

We will now set up some notation. For k,n € Z, define I ,=[2"n,2*(n+1)].
And let

Orin() =11, * V1) (2)

2.22 ’
222) Gjkn(®) =(1r,, * Yp—m)(z), when j € {2,3}.

Therefore we can write

(2 23) AE fl,fg,fg ZZ/H <Z¢jkn %k )(f]*q)Jkl)( ))

keZ leZ nez

For an integer r with 0 < r < L, let Z, = {{ € Z : { = KL + r for some
k€ Z}. Alsofor S CZ, Xx Z x Z, welet Sy ={neZ: (kn,l) €S} and
we define

(2.24)  Aps(fi, for f3) ZZ/H D binn (@) (@) (f% 1) () da.

k€EZLy €Ly J= 1 nESk 1
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For simplicity we will only consider the case where m € Z,. There is no
difficulty in adjusting the argument below to the case where m has a different
remainder when divided by L. We will therefore concentrate in proving
Lemma 2 for the expression Ag s(fi, fa, f3) when m € Zy. To achieve this
goal, we recall the grid structure introduced in Definition 1 in [8].

When S C Z, X Z x Z, and s = (k,n,l) € S weset Iy = Ij,,. Also for j €
{1,2,3}, as in [8], we let w; s be intervals such that conditions (2.25)-(2.31)
below hold:

(2.25) lc(wis) — 2751+ 3 < 527727,
(2.26) |c(ways) = 27" (1= 2)| <5-27527"" and wy, = ws,
(2.27) suppCITM\J Cuwjs for je{l,2},

(2.28)  supp qu?l Cl[-(1+27)a,—(14+2"™)b[, where [a,b]= ws.,
(2.29) (1+2729927%F < w4 < (1+10-275)27F

(2.30) (14272270 m <o, | < (142272 (1 5. 27 F)2k+m
for je{2,3},

(2.31) {wjstses is a central grid, for j e {1,2,3}.

Furthermore, we have the following geometric picture for w; s, which has
proved in [8].

Lemma 3. Fors,s’ € S and w; s # wj ¢, the following properties hold

(1) If w5 Cwiy, then w;y < wj, and %|wj,5/| < dist(wj s, wjs) < 2|wa |
for 3 =2,3.

(2) Ifw;sCwjg forj=2,3, thenwy s < wyy and %\wLS/\ < dist(wy s, w1,)
< 2|u)17s/|.

As in [8] and [14] we give the following definition.

Definition 1. A subset S of Z, x 7 x Z, is called convez if for all s,s" € S,
€Ly XL XLy, j€{1,2} with Iy C Iy C Iy and w;y C wjy C wjs, we
have s’ € S.

It is sufficient to obtain bounds for Ag ¢ for all finite convex sets S of
triples of integers, provided the bound is independent of S and of course m.
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3. The selection of the trees

In this section, we start the proof of Lemma 2. We begin with the following

Definition 2. Fiz T C S andt € T. If for any s € T, we have I, C I; and
Wjs D wjt, then we call T a tree of type j with top t. T is called a mazimal
tree of type j € {1,2} with top t in S if there does not exist a larger tree of
type 7 with the same top strictly containing T. Let T be a maximal tree of
type 7 € {1,2} with top t in S, and i € {1,2}, i # j. Denote the maximal
tree of type i with top t in S by T.

We recall some notation from [8] needed in the selection of the trees that
follows. For a given subset T' of S we define T}, to be the set {n € Z :
(k,n,l) € T}. If T is a tree of type j for j € {1,2,3} and k € Z,, then
there is at most one | € Z, such that Tj; # (. If such an [ exists, then
let Tk = Tk,l and (I)J}IQT = (I)ijJ. Otherwise, let Tk = @ and CI)j,k,T = 0.
For brevity, we write (k,n) € T if and only if there exists an | € Z, with
(k,n,l) € T. Therefore, if (k,n,l) € T, we can write w;jn; = Wjki = Wik,
and

(3.1) Agr(fi, fo, f3) = Z/H (Z G (7)1 (2 )(fj*q)j,k,T)(x)> da.

kEZ'r — TZETk

Let t = (kr,nr, lr) be the top of T. We write It = Iy, 5, and wjr = wj gy 1.

For a tree T of type 2 (or 3) with top ¢ and k € Z,, define H;TM and
exk,T(S) = (P k-1 — q’j,k,T)A(f)lgzajc(wj,t)(5)7

0 k(€)= (Pjr—rr — Lj01)" () Le<ayeuw;. ) (€)
where a; = 1if j =2 and a; = 1427, if j = 3. Let ¢*(z) = (1 +2?)~"
In accordance with the definitions of ¢, and 1;; we define the functions

¢1k( ) =(L(mye * Py (2),

. V(T z) —¢1,k—m( x), when j € {2,3}.
and
(3.3) O pn(®) =(Lp,, * 0 (2),

¢;,k,n(x) :(11k,n * ¢Z_m)(ﬂ3)a when J € {27 3}

Let A be the set of all connected components of Ei\Ej,r. Obviously
A}, is a set of intervals. Observe that if J € Ay, then 2% < |J| < 28L and
U, Ak is a set of pairwise disjoint intervals.
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Define
Apr={JeAN,:JC Iytmirn, for some (k+m+L,n)eT},
and for J € Ay define
(3.4) pr() = 1y % ¢i(x), where ¢y(z) = 27" (27" x).
Throughout this paper fix 0 < n < L_I(Z_i — p%) minje{l,zg}{pi;} and
let H be the set

U{U? (2,1,1), 3,1,1}UU{22V 2,3,v),(3,2,v),(3,3,v)}.

We now describe a procedure for selecting a collection of trees T, ., and
T””l by induction on p and [. Let S_y = S, and for p > 0 let

S —Sp, 1\ U U z]lU ,uzyl)

(3,5,v)EH 1>0

where T/, ., fu ;.1 are defined as follows:
Let [ > 0 be an integer and assume that we have already defined 77, , ;,
T[L’” » for A <l. If one of the sets T/, .\, T””’/\ with A < [is empty, then let
= T:”l = (). Otherwise, let F denote the set of all trees T' of type i

satisfying the following conditions (1)-(8).
(1) For (4,j,v) € H,

(35) TcC Sufl\ U(T:,i,j,)\ U T;:zy )\)
A<l
and 7' is a maximal tree of type ¢ in 5,1\ U( Wi T:ZM)
(2) If (4,5,v) = (1,1,1), then for (k,n) € T, one of the following inequali-
ties holds:
-k 1
(3.6) f el (1 <I>1,,c,l)||m > 27 P [T |71,

-4 L
> 272 n |Ik:,n’p1
P1

(3.7) ] ¢;k,nwr,k( 2miclon )00, x By ) (- >>

(3) If (i,7,v) = (1,2,1) or (1,3,1), then

>

kn)eT

(S

1
> 2% ¥ |]T|pJ.
bj

]k:n

ol )
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(4) If (4,4,v) = (2,1,1) or (3,1,1), then one of the following inequalities
holds:

— B 1
> 212 P |Ip|er,
P

(3.9) H( 3 !qb;k,nw;k(fl*<1>1,k,T>!2)2

(k,n)eT

(5) Ifi=2o0r3,j = 2or3, v=2, then there exists k€ {—L,0, L, 2L, 3L, 4L}
such that, for (k,n) € T, one of the following inequalities holds:

I L
O i Linri( o *q)ykﬂé,z)Hpj > 27 P | [ |,

(3.10) |

—L 1
3 ]-1 Hgblkn ]k+m+k(f] *CI)] k+m+kl)“ 2777#2 pj|Ik,n|pj7

/
(312) ‘¢1]€n bt <6—27T’LC(UJJ k+m+kT)()(f *q)J k+m+kl)< ))

bj

_ K
>97m9 7 |L |7

(6) Ifi=2o0r3,j=2or3, v=3, then

(3.13) H( >

(k,n)eT

" *ejmf)Q

> 242 J|] |pJ
Pj

]kn

(7) Ifi=2o0r3,j=2or 3, v=4, then

(3.14) H( >

(kn)eT

> 2% ¥ |]T|”J.
pj

jkn

o ; *6;”)}2)

(8) Ifi=2o0r3,j = 2or3, v=>5, then there exists k€ {—L,0, L, 2L, 3L, 4L}
such that
5\ 2
(3.15) H(Z S pkema (i * i) ) > 249 g|1T|pg
pj

k JEAk—m.T

If no such trees exist, in other words if 7 = {), then we set T\, ;; =

Tl/

il = = (). Otherwise, we select Ty, and Tv &g as follows:

9) If (¢,7,v) € {(1,2,1),(1,3,1),(2,2,4),(2,3,4),(3,2,4),(3,3,4) }, then
select T7, ;) € F such that for any T € F we have
(316) Wi v

My, 550 } Wj,T
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Let TV

" ; ;1 be the maximal tree of type i’ with top ¢ in S, 1\ U( iU

Tﬁ,i,j,,\)a where i/ =2 if i =1,¢ =1if i € {2,3}, and ¢t is the top of T i

(10) 1f (i, v) € {(2,1,1),(3,1,1),(2,2,3),(2,3,3),(3,2,3),(3,3,3)}, then
select TV, ., € F such that for any 7' € F we have

sid,

(317) wLTu”l % wij
Let T:”l be the maximal tree of type ¢ with top ¢ in S,_1\ U( iU
T:”/\) where i/ =2 if i = 1,47 =1if i € {2,3}, and ¢t is the top ole’f”l

This completes the selection of trees. As in [8], it is easy to see that S,
Ty, and Tv 1ij, Are convex.

Until the end of the paper we fix 1 < q1, g2, g3 < 00 with qil + q% + q% =1
such that ¢ is very large, and ¢ > p}, g3 > ps.

The core of the proof is to obtain Lemmata 4 and 5 below which will be
proved in the next sections.

Lemma 4. Let 1 >0, j € {1,2,3}, T be a tree of type j and T C S,,, then

—(rtor Ftor

(3.18) \Apr(fi, fo, f5)| < C27M2 " whrh ) “Ip] it =1,

And if T is a conver set, then

1@+1P3

1 4,1
Gt e Ty as) "] if j = 2,3,

(3.19) }AE,T(flan’fii)’ < Cy,2

where C,Cy, are independent of m.

Lemma 5. For u >0, (i,j,v) € H,

(3.20) > || < 0210

1>0
where C' is independent of m.

Once Lemmata 4 and 5 are proved, then the only extra ingredient we
need to polish off the proof of estimate (1.7) is the following lemma.

Lemma 6. Let p >0, T C S,_1 be a tree of type j € {1,2,3}, P C S,_1,
and TN P = 0. Suppose T is a mazimal tree in T U P. Then

|Aezop(fi, far f3) = App(f1, fo, f3)]
<|Apz(fi, for fo)] +C2™

where C' 1s independent of pu, P, T and m.

1
—(+
Py PP

3
w~m
w\““

|[T|
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Proof. Notice there exists at most one [ such that Tj; # 0 and T is a
maximal tree in T'U P, we have

|Aerup(fis fo, f3) — A p(f1s fo, f3)| < [Apr(fi, fo, f3)| + Z /|Ak )dz,

k<kr

where |Ag| is controlled by

c
B2 T o R dist(r, 01r) NH( 2 il "’“(@'fj*@j”“T(x)')’

Jj=1 “ne(PUT)

where (PUT), = (P UT), if there exists an [ such that T;; # 0, and
(PUT)g =0 if such an [ does not exist.
Thus [ |Ag(z)|dz is estimated by

g Z ¢]kn¢jk *q)]kT>)
e(PUT )

C
Z(l—i—? kdlSt(Ikn/aIT L(I}, 1)

C

= Z k Z D1 V1 (f1* PriT)
’EZ 1 + 2~ dlSt(Ik n's 8IT)) he(PUT)x Lo (I, )
Y Gt for®arn)| > Ohenti(fox Pap)
ne(PUT) L3 (I o) e (PUT),, LP3 (I, 1)

Using that PUT € S,_; and Lemma 14 stated in section 4, we obtain

< O} gt (i * @rpr)|| o
Loo(Iy, )

(¢1kn”w1k —2mic(w,k,T)( )(fl*q)lkT>(>> Hl

Z affkn?ﬁfk(fl * Dy p.7)

ne(PUT)

< CH¢1kn~¢1 k(fl*q)lkT>

< OQ—WQT,
where n” € (P UT); which minimizes the distance to n’. Since

H¢;,k,n”w;,k(fj*(I)j:k:T)H <C2 ]‘[kn”l I H¢]kn” ]k(f *q)JkT)H <C

by (4.23), interpolation gives

Z Qs;,k,nw;,k(fQ * q)2,k,T)

TlE(PUT)k

LP5(I, )

2k o (f2* Popr)|

< C27M2

u P2 1
U 7 7
Py P3 | |p3

]k’nu .
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We also have

Z ¢§,k,n¢§,k(f3 * q)S,k,T)

ne(PUT )

LP3 (Ik,n/)

— 1
5 s ”wg,k(f:; * (1)37k7T) Hp3 S C27HQ p3 |[k7n//|7’3

Hence we obtain

Apzor (fus for f) — App(fuo for f3)] < \AETfl,fz,f3|+Z/|Ak )|da

k<kr
G+ E B+
2 ne9 “py Py Py 2
’AET fis fa, f3) }+ZZ %
<k ’EZ 1+2 dlSt Ikn/,(?IT))
—(rtor ot
’AET (f1, f2, f3) H’CQ M2 morprsops |]T| u

Having established Lemma 6 we can now finish the proof of estimate (1.7).
Assuming Lemma 4 and Lemma 5 we obtain

|Ags(fi, fa, [3)] < Z ZZ(‘AET:le(flanaf?)’"’_’AETV’ f17f2,f3)D

(4,5,v)EHP>0 1

+C Z 22 77“27%1 %275 %3 Z‘ uwl

(3,4,v)€eH p=>0 >0
(rtor 4 rm
<o §2W21233 I |
- HstyJ50
(1,j,v)eH p=0 >0
L/10—2 —/p—B)H
+ C E E 9 pl vl a2 " pf a3 E ‘[V |
q1 HstyJ,L
(1,j,v)eH p=0 >0
)
+ Cy E E 9 9 E |Irv |
Hy15350
(i,4,v)eH p=0 l
i#1
(rtor 24
+ C E g 277'“2 P} Py P3 Py g |ITUY‘Z‘
RN
(¢,5,v)€H p=0 >0
i£1
1,1 P2 1
< C Z ZQ (p’l A ’3) 910mp; pou
(‘7j7V)€H lu‘>0
24l my
+Ch Y Y 2 Gt Fo1ompnon
(4,5,v)EH p=0
S Cp17p27173'

Hence, it remains to prove Lemma 4 and Lemma 5. This will be achieved
in the following sections.
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4. Some preliminary facts

In this section we prove a variety of technical lemmata that will be used in
the proof of Lemma 4 and Lemma 5 presented in the next sections. One
important fact from these lemmata is that we have the appropriate size
estimate for the trees in S_;. We begin with the following.

Lemma 7. For any (k,n,l) € S we have the following:

(4'1) Hqslkn fl * q)l,k,l)le < Cinfﬂ?G]k,n Mp1f1<x)|[k,N|E7
/
(42) \ (< (f1*<1>1m)()) < Cinfyer, , My, fo(a) Tunl5 .
P1
(4.3) H¢1kn¢1k (f1* Pipy) H < Cl|lgn |”17

(44) | < Ol

¢1kn¢1k( —2mic(w,k,1)( (fl*q)lkl)( ))/ o

Proof. Since ¢}, ,(z) < C (14 27" dist(z, Ikyn))_N we obtain

p1
ot @asll) < € (Lint Mufi(e)) sl

:tEIk’n

This proves (4.1). Note that (e=2™“1e)0)(f) % @17k7l)(~))’(x) is equal to

/ Fi(y)e 2l (@y (e 2mierr) O (3 — y)dy,

and
02 2k
|_ (14 2=F|z|)N”

Using this estimate and a similar argument as before we obtain (4.2).

| (®ya( )2 errD0) (o

We now prove (4.3). We may assume that I, C E, otherwise (4.3)
follows immediately from (4.1). Pick a number A > 1 such that A, C £

and 2AI,,, N E° # (. Then by ¢ (z) < (1 + 27*dist(x, EC))QN, we have

1 , wik(fl * @1,1@,1)“;1

_ 1 27F fi(y) [
< CA N/ / dydzx
- (14 2-kdist(z, I,))~ J (L4 27Kz —y )V /

p1
<CcA™N < inf M, fl(x)> \lhn| < Clinl,

I‘Elk,n

using the fact that the maximal function is an A; weight. This completes
the proof of (4.3). The proof of (4.4) is similar. |
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Next we have the following.

Lemma 8. For any tree T of type 1 and any j € {2,3} we have

(4.5) H( > |Gl *‘I)j,k,T)}z)2
(k,n)eT

< C inf M, f;(x)|Ir|",
‘ z€lr

P
oo )\ 2 2
a0 (Tl e onnl’) | <l
(kn)eT P;
Proof. First, we prove that for any f € S,
* 2 :
@) (S oatreonnl’) | <clst,

(kn)eT bj

Observe that f*®, . r(z)=gp*P, (), where gy = (fle’kyT)v, and {w; g1}
is a lacunary family of disjoint intervals. Therefore, by the Fefferman-Stein
maximal inequality [7] and by the Littlewood-Paley theorem, we have

(s l(gnr)

(kn)eT

<|(per)

G5 kn(f* Pjnr) }2) 2

pPj

quzm@ﬂ < Clfll,
pj k

pPj

This is (4.7).
Now we begin by proving (4.5). The sum

1>

(km)eT

G5k (i % Pjkr) }2) 2

pPj
is estimated by two times the expression

2

bj

H< > ¢;,k,n((fj12IT)*q)j,k,T)’2)2 +H( > ¢§,k,n((fj1(2h)c)*q’j,k,T)}2)
(kn)eT bj (kn)eT

Using (4.7), we can estimate the first term above by

<CfLaty I, <C it M, f(@)\ 12l

pPj

H( Z ‘gbzk‘,n((fjlz[T) * (I)j,k,T)}Q) 2
(k;n)

n)eET
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But |5, ., (x)] < C (1+ 2*k+mdist(x,lk7n))fN and using (2.7) or (2.14) we
obtain

1>

(k,n)eT

1 )
2 ||Ps

* 2 2
|07 ko (Fil2rrye) * ®jnr)| )

bj

|Ik,n| . pj
=0 2 (1 + 2=*dist((217)°, Irn))N ( inf MmJ‘j(fE))

(km)eT velr
»;
< c( inf My, fi(@))" Iz,
€l
which completes the proof of (4.5).

We now turn our attention to the proof of (4.6). Assume Iy C FE,
otherwise using (4.5) we obtain (4.6) immediately. Pick A > 1 such that
Alp C E and 2AIr () E€ # (. Then since

C

* ()| < ,
Vi@l < (1 + 2-k+mdist(z, E<))

we have

1>

(k,m)eT

< H< > : Do ([ q’ijT)F) 2

(km)eT (1 + 2_k+mdiSt([kﬂ’ EC))N

( > |Gl *‘I)j,k,T)}2>2
(

kn)eT

2

* * 2
ij,k,n?/)j,k(fj * (I)j7k7T)| )

pPj

bj

< CAN

pj
1 1 1
< CA™N inf M, fi(x)|Ir| < C inf M, fi(z)|Ir|"7 < C|Ip|%,
€l zE€2AIT
where we used (4.5) in the penultimate inequality above. This proves (4.6)

and thus completes the proof of this lemma. [ |

Similarly we obtain the following lemma whose proof we omit.

Lemma 9. For any tree T of type j, j € {2,3} we have

w2

(kn)eT

e

(kn)eT

. 2\ ?
O en(f1 % Prpr)] )

< C inf Mp1f1($)|]T|ﬁa
;i xzE€lp

1

* " 2\ 2 1
O et k(1% Prir)| ) < C|Iz|rr.

p1
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Next we have the following.

Lemma 10. For (k,n,l) € S, k € {—L,0,L,2L,3L,AL}, and j € {2,3} we
have

(4.10) 16,00l * @i, < C_inE My @) el
(411) H¢1kn ]k—l-m—i—kl)H < Catgllkfn ijfj(lh)‘[k,n‘pija
(112) |6l T O @y )C)

pPj
—1

< C inf ijfj( )|Ikn|pj )

(413) ||¢J k+k, n¢*k+k(f * (I)] k—&—k:l)”]i’] < C|[k n|pj

J

(4.14) 01kt pm s i3 % @ppmit) oy < Ol

(4.15) |91 ¢2,k+m+12(672m(w’ wrms il O f; 4 D, vmiid) ( ))/Hpj < C|[k,n|p%71
Proof. Note

O piin(®) < C (1427 dist(z, L)Y
we have

H¢;,k+l~c,n<fj * D i) sz
1 9—k+m| £ Dj
(1 + 2-F+mdist(xz, I,))" J (1 +27Fm|z —y)|)

| fi(y) [P F
< f M, )
C/ 1 4 2=k+mdist(y, Ir.,))Y dy < C :cg} f]( ) [kl

This proves (4.10). Now we prove (4.13). Assume [, C E, otherwise
by (4.10) we have (4.13) immediately. Pick a number A > 1 such that
Aly,, C E and 2AI;,, N E° # (). Then we have

This completes the proof of (4.13). Similarly, we obtain (4.11), (4.12), (4.14)
and (4.15). [

7 J

Dj
mf M, f;(x )) [ Ten| < Cllkyl

x€ly,

Qﬁk-}—fc,nw*k-}—k(‘f * (I)J k+kl Hpg < CcA” (
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Lemma 11. For a convex tree T of type j, j € {2,3} we have

(4.16) (( >

1

N 2\ 2 . L
O pn(f5 %050 1)) ) < Cxlél[fT My, fi(z)|I|7,

kn)eT bj
1
_ 21\ 2 . L
4 | s s 0l | <€ int 3y il
(k,n)eT Dj T
2\ 2 L
(118) (3 loimaviattyso5nl) | < clml?,
(kn)eT bj
2 a1
(4.19) (3 loinatiatty sl )| < clint?,
(k,n)eT pj
Proof. This lemma is similar to Lemma 8 and we omit its proof. [ |

Lemma 12. For k € {—L,0,L,2L,3L, 4L}, let T be a tree of type j,
J €4{2,3}

1

) |(3 > Inals v @)l)

1
< C inf M, fi(x)|Ip|*7,
el

k JEAR_m pj
2 : L
(4.21) (Z Z |Pteim,a (f5 % @, )| ) < C|Ip|% .
k JEAL_mT P
Proof. We prove (4.21) first. Since p; < 2, we have
1
2 2
H( |Pk mJ(f *CI)Jk.HgT)} )
k JEAk pj
inf,es Mf;(z))? 2
<oz, nisei)
Z};Jég;ﬂj (1 + 2=F+mdist(x, J))N »;
p] c
_C’(Z Z (lélstM Jiz ]J|> (since 8J N E¢ # ()
k JGAkfm,T
o 1
<o(X X )" = aml,
k JEAj_mT

because the union of A;_,, is a set of pairwise disjoint intervals.
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On the other hand, note that

1

(Z 3 (mefj()pﬂJI)jS(Z > /ij pﬁdx)_'

k JeEA_m,T k JeAL_m

< (/ UJ(ij( ))pgdaf)lj < Clfslly,

TEY DT

Hence, we obtain that for f € § we have the inequality

3
w2 (S % it tinl) | <,
kb JEAL T Pj
We now prove (4.20). We have
%
H( ‘Pk m.a ([ *(I)JkJrkT)’z) < Dy + Do,
k JeAk m,T Pj
where
1
3
D, = (Z > ‘pk—m,J((fjlle)*(I)j,mié,T)‘Q)
k JEAR_m,T pj
1
2
Dy = (Z Z |k, (fil2rr)e) *q)j,k+12,T)|2>
kE JEAR T Py

By (4.22) it is easy to see that
1
Dy < CHfjl?ITHPj < C’|IT|ZDj :JclélIfT ijfj(x)'

For D, we have

DY <
/(Z Z f(Q[T |2 k+m(1+2 k+m|l. |) (N+2) dy) )Qde
vl (1+2 ktmdist(z, J))2N+2
P
< (Juwr0) ¥ U (nf M, 55) 11,

k JEAk_m

which proves (4.20) and thus completes the proof of Lemma 12. [ |
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Lemma 13. Let j € {2,3} and T C S be a convex tree of type j. Then we
have

(4.23) |05 (f5 * Psa0)||, < C,

2\ L
(4.24) H (Z > G (fi o+ (Pikopr — i) )
k

neTy
where C' is independent of m and BMO denotes dyadic BMO.

M

<C,
BMO

Proof. (4.23) holds since ¢}, (7) < C(1 + 2 -k mdist(x, £¢))~" and
—k+m 1 e 2
| % ®jpa(x)] < C (14275 dist(z, E%)) .

Now we prove (4.24). Let J = [2*n;, 2%/ (n; + 1)], then

2\ % pj
inf ’(Z Z¢;,k,nw;,k(fj*(q)j,k*L,T_cI)j,k,T)) ) —C §C<B1+B2)7
¢ ke, L¥ ()
where
2\ 3 2
By = inf ‘( Yo 1D Guntin(fi* (@rerr — D)) ) —c
¢ M\ sk +m! nety L2(J)
2 % Pj
Bo=||( = [T omsnltr @sr-wan)| )
k<ks+m | neTy Lr ()
For B; using (4.23), we obtain
1
. % « 2 Pi 121
inf ( Z Z¢j7k,nwj,k(fj*<q)jykL,T_q)jvva))2> - |1
k>kj4+m! neTy L2(J)
2 .
. * * -3
§<mf Z Z¢j7k7nwj,k:(fj*<q)j,k*L,T_(DJ}k’T)) —c ) 7]
Mzt +m! ner, LI
‘ 2\ / %
SMZ H((Eﬁ;k,nwzke2’”“%L’T“’(fj*(q’jvkLvT—‘I’f”f’T”)) )
k>k +m neTy =
1_P1

pj
Pj

£ 2 vj
so(r X 2t < autipt < ol

k>kj+m
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For By we have

2\ 3 [|Ps
H( D Gtk (i (@1 —Pikr)) ) < C(Ba1 + Ba),
k<kj+m ' nemy LPi(J)
where
2\ 5 ||Pi
Ba1 = ( DD Ot ((fil2g) * (@jk- 1 — Pinr)) ) :
LPi (J)

k<kj+m ' neTy

2\ %P
By = ( Do 1D Guatia(Filene) # (Piprr — ®ix1)) > :
k<kj+m ' n€Ty ij(J)
For By, as we proved (4.7), we have
Bu < (s oo ) Il
k<kj+m
< < Il < Cll.
= (142 kadist(J, Be))N TP =
For Bss, notice that
[ £iLne * Pjucr]] ooy
1
C 2fk+m pj
< ()P d
T (L 2R )N </<2J>c’fj(y)| (14 27kFm| - —y[)¥ y) ()

2
C (1 +27Fm|J| + 27Fmdist(J, E°)) 7
<
— (1 + 2—k+m’J|)N
< Ckm=kIN (1 4 9~ktm gt (], E°))?

and [[¢3 ||z < C (1427 Fmdist(J, EC))fN. We have

By < ¢ Y 1fiLzne * @inr oo ]
k<kj+m <1 + 27k+mdiSt(J7 EC)>N

< ¢ Y kN <ol

k<kj+m

This completes the proof of the lemma. [ |
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Lemma 14. Let f € S, (k,n,l) € S such that

-k 1
(4.25) 165 kntin(f % Pri)|| ) < 2772 7 L1,

2mi ' -4 14
(4.26) Qﬁ,k,rﬂ”,k (6 m(wl’k’l)(')(f * ch,k,l)(')) <272 A |Ik,n|pl .

p1

Then we have
(4.27) ||gbik’nwike*2ﬂ'ic(wl,k,l)(')(f £ By ) HBMO < oy H

Proof. Let J = [2¥n;, 2% (n; + 1)]. First, assume that |I;,,| < |J|, then
by (4.25) we have

it [ 1610 (@07 4()e 20 ) (o) — o
c J o ’

s/¢nwwnwuwmmmm
J

< |0t 1 (f * 1)), 150

_ K _ K
< 9| I e | )R < 27| )

Now assume that |Ix,| > |J], then by (4.25) and (4.26) we obtain
inf/
¢ JJ
) !
<1l /J ‘ (¢T,k,n(')¢ik(')6_2”’C(w1”“’l)(')(f * q)l,k,l)<.)) (x)
<11 [ 16 @) )

+m/
J

< ClJ27F|

O o (@) U] g (2)e 2TV (f 5 Dy ) (2) — ] dee

dx

dx

Ot o (1)1 1, () <€2m<wl,k,l><.>(f * <1>1,k,l><->) (z)
O o1 (f % ‘1)1,k,l)Hp1|J =

!
T V1 i <€2m(wl”“”)(')(f * <I>1,k,l)(-))

]

P

+uﬂ

_ K _ K
< O|J27m2 W (L7 I < 2|,

since (4] ., 1 1) | < Cllknl ¢ 40 ()15 4] Therefore we obtain (4.27). W



UNIFORM BOUNDS FOR THE BILINEAR HILBERT TRANSFORMS, II 1095

5. The size estimate for the trees

Having proved all these preliminary lemmata we now turn our attention to
the proof of Lemma 4. This section is entirely devoted to the proof of this
lemma. First, we prove (3.18). For a tree T of type 1 and T' C S,,, we have

|AET fljfz,f:'; (Z¢Jkn T)jp(z )(fj*q)j,k,T)> dx
neTy
/sup Z D11 ()11 () (f1 % Prgr) (2)
neTy
3 2\ 3
T (Z 5 braalelsale)fy * 0isa) )] ) o
j=2 neTy
2\ 4
sup Z¢1kn¢1k 1*(I)1kT H H( Z¢2knw2k fQ*q)QkT) )
n€Ty neT,c P3
(Z Z 3 m3(f3 * P gr) )
k neTy p3
Observe that
sup Z ¢1,k,n¢1,k(f1 * CI)I,k,T) H < sup H¢1 kn% lc(fl * Oy kT)H
neT, 0o (k,n)eT
< sup |07 5,01 (4P, kT) (¢1 k1 k€ e PR (f) 4Dy kT)())/ 2
(k,n)eT p1
<Com

here we use Lemma 14 and interpolation for the first factor.
Since T is a tree of type 1, as in the proof of Lemma 13, we obtain

2\ 3
(5.1) H (Z Z G2,k n W2, (f2 * Pogr) ) <C.
k| nem, BMO
Notice that since T' € S,,, we have for j € {2,3}
2\ 3 _n 1
H(Z > Giknthin(fi * D7) ) < C2 7 |1p]
k 'neTy bj
Hence, by interpolation we have
%\ 2 o
(5.3) H <Z Z G2 kn2k(fo* Popr) ) < C2 %2rs|lp|®s
k| neTy P3
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Thus we have

(ot
Py

m\"“
"U
W~
+

)

S

[Apa(fi, fo f3)| < C27M2

This completes the proof of (3.18) for trees of type 1. We now turn our
attention to the proof of (3.19). Let

fzk Z¢zkn wzk )(fi*q)i,k,T>(‘r>7

neTy

for i =1,2,3. Then ZkeZT fikforfax is equal to

(54) Zfl,kf27k+m+Lf3,k+m+L+Z Z fl,k(fQ,k+]}f37k+]} _f2,k+]~g+Lf3,k+]~c+L>'

keZ, k€Zr ke7,
0<k<m

Note that —supp f37k+m+ 1, < supp ﬁ;ﬁ-supp ﬁ7k+m+ 1, which is proved in [8].
Thus, we have that the integral of the first term in (5.4) is zero. Thus it is
sufficient to consider the second term in (5.4). As in [8], we write the second
term in (5.4) as

Z Z ka_;;) (forfar — forrrfapsr) =11 + Lo+ 15+ Iy + I,

k€Zr > kezg

0<k<m
where
L=Y ( > fike k) (fok = foker) (for — Farsr),
KEZr N Fezg
0<k<m
I, = Z ( Z Jip- >(f2 i — Jogror)(fak — faprr),
k€L, IE€~ZO
0<k<m
I3 = ( Z Jip k) (foe = forr) (faprr — [oht2r)s
kEZ, ]}gzo
0<k<m
I, = ( Z Jin k>f2k+2L(f3k_f3k+L)
KEZr N Fezo
0<k<m
Is = ( > fie >(f2 k= Jorir) fakior:
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Therefore,
1 1
2 2
L<sup| > fiui (Z | for — f2,k:+L|2> <Z | fan — f3,k+L|2)
k keZg k k
0<k<m

and thus for q% + q% + qig = 1 with ¢ very large, ¢o > p, and g3 > p3, we
sup

have
- !
/[1 dr < Z fl,k;—fc H (Z \fin — fj,k+L’2>
( : ) ’ keZo,0<k<m q j=2 &

s %
> fuw (Z | fiw — fj7k+L|2)
k k

11
q1 Jj=2
where the L9 norm estimate above is a consequence of the Carleson-Hunt
theorem [3], [10].
To control the product of the last three terms in (5.5) we will need the
following lemma.

Lemma 15. Let u >0, j € {2,3}, T be a tree of type j and T C S,,, then

1

a5

< Gy

;
4qj

* * 2 2 _i/
(56) H < Z gbl,k,nwl,k(fl * q)l,k,T>‘ ) S 02 P1 )
(k,n)eT ) BMO
2 B
51 (X Wttt o) | <
(kn)eT 2

where C' is a constant independent of m, u, T and f

Proof.  We prove (5.6) first. Let J = [2%n; 28 (n; 4+ 1)] and T; =
{(k,n) € T : I},, C J}. Then we have

inf/
¢ JJ

(2 )ezsi,k,n(x)w;k(x)(fl*<1>1,k,T><x>)2)%-c s

(k,n)eT

< [( T i s tun@)]) @
T N (kner;

gA>

(kvn)eT\TJ

k<ky
—l—inf/
¢ JJ

2\ 2
(T @@ ounno]) -
(k‘,n)ET\TJ
= R1 + RQ + Rg.

(030 (g )

dx

k>ky
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For Ry, it is easy to see that

H( > ¢>1,m¢1,€<f1*<1>m>\)é

k‘n ETJ

1-L -4
|J|" e < C2 7.

1

For R, since p; < 2 we have

Ry < < Z “¢1knw1k(f1*(I)lkT>‘LP1(J)) |’1__
(

k7n)€T\TJ
K<k,

= ( Z wlk(fl*q)lkT HLPI(J )%| |1*7
- (k,n)ET\T, (1 + 2-kdist(J, I))N

“k<ky, !

1
K Clly | o1 .
< 27 7 [
= 1 ((k )GZT\T (1 + 27kdlst(e]’ [k7n))N> | 1 < i | |
7k§k(l J

For R3, we dominate it by

2\ 3 2 : )
(0 [ T |anebisax tun)] )=o) s
SN kn)er\T,
k>ky
2 2 i
<(if [| X |otea@tio)h s ean@)] ~ o o) 13
IV (kn)er\T;
k>ky

<o/ ¥

(k,n)ET\T;
k>ky

( | X e *,,<x>wik<x><f1*cbl,k,n(xn?dx)%

k} ,n GT\TJ
k>ky

o[ = e

k} ,n GT\TJ
k>ky

<¢qkn (@)} ) (x)e2mictonn ) Qﬁ*¢1wﬂ())?'

I/\

k(@] (@) (1% Prpr) (@)

>
dx) ||

- gzszk,n(x)w;k(x)( “2riclornO)(f, 1 By ) (- >) (x)
= R31 + R32.
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Lemma 14 and interpolation give that for ¢ > p; we have

(5.8) |

-4 1
Qﬁ,k,nwik(fl * ‘I)Lk,T)Hq < C27M2 M| e

Thus, using Holder’s inequality, Rs; is estimated by

1

c27k . x 2, 1\
2 2 Rdist(7, Ty |Vl )11 )11

(k) €T\Ty
k‘>k]

1

-k 2flc|]]C |% AN\ 3
=erre e ( 2 e VEANY
< 2 N
(k,n)ET\T; (14 27*dist(J, Ix,n))

>k

K
< C2m |,

and Rj, is estimated by

o ¥

(k,n)ET\TJ
k>k g
1
2
p1
.k 1
2 PP+ 2

< 02wy JECTANY
= 1(( > (1+2*kdist(J,Ik,n))N‘ [ ) 1]

kn)eT\Ty
k>k

_ K
< C27m | ),

qq,k,nwik(fl * (I)l,k7T) HLPII (J)

/
B s (e—m“ﬂ»k’ﬂ‘)(fl : <1>1,k,T><->)

This completes the proof of (5.6). Now (5.7) follows from (5.6) and inter-
polation. [ |

Using this result, we obtain the following lemma.

Lemma 16. Let u >0, j € {2,3}, T be a tree of type j and T C S,,, then
(5.9) 1> frall, < 027702,
k

(510 om0 5 o < €27
k

where C' 1s a constant independent of m, pu, T and fi.
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Proof. The proof of (5.9) follows from (5.7), since

HZfUcHQ— HZZ%kn%k fi % Ppr) H2

k neTy

_2p
3N [[brantornlfy * Bre)||} < €27 |1

k TlETk

Now we prove (5.10). Let J = [2n;, 2%/ (n; + 1)] for some k; € Z.
Define Ty := {(k,n) € T : I},,, C J}. Then

|J|_linf dx

Z Cbl k, n ¢1 kL )(fl * (bl,k,T) (l')e_Qﬂ'ic(Wl,T)z —c

§J1+J2+J37

where

Z D1k (2) 011 () (f1 % Py pr) ()

(k‘ TL)ET]

-
— / S Gun@)ns(@) (i x Duir)(2)
I (k) eT\Ty k<k

= |J|11nf/ Z (bl k:n ¢1 k(T )(fl * (I)l’k’T>(x)6727ric(wl,T)x_ c
¢ JJ

(kn)ET k>ky
Since T’y is a union of trees of type 2 or 3, we have

dx,

dx,

dzx.

Ji < |J’7% Z ¢1kn1/11k(f1*q)1k:r)
(kTL)ETJ
_1 % « 2 % -k
< || 2( Z AY1e(h *q)l,k,T)H2> <02 n,
(kn)eTy

which proves the required estimate for J;.
For Jy, we use (5.8) to obtain

Jy < |J|*% Z D1 kWi (f1 * (I)l,k,T>||L2(J)

(k,n)eT\T;y
k<k;

< ClJ| s

/ [P1 o (2014 (2) (1 * Prer) () dfcf
J

—k1: N
(k,n)ET\Ts ( (1 + 27 *dist(z, I,n))
K<k,
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Lo VT (f1 CI)IJ%T>H2

) 1
< -2
< C|J| Z (1 + 2-*dist(J, I.))

(k,m)eT\Ty
k<kj
,Ll 1 |Ik n|% 7#
<C2 "|J|z - < 2.
(k n)ze;\TJ (1 + 27*dist(J, I.n))Y
“k<ky

Finally we can control J3 by

J

which is equal to

Z <¢1vkvn(x)¢1,k(x)(f1*¢1,k,T)(x)e‘2”ic(w1,T)$> dr

(kn)eT
k>k g

!/
/ Z ( 1,k,n(x>z/)1,k(x>(fl*q)l,k,T)<x>€Qﬂic(""l,k,T)Ie27Ti(c(‘01,T)c(wl,k,T))3> dr.
T ke n)yer
k>ky
Thus we obtain the estimate J3 < J31 + J39, where J31 is
. /
/ > (P1hm () 11(2) (f1 % Prpr) (@)e 2T CRDIT) dyr,
(k,n)eT k>ky
and J32 is
/ Z D1t ()1 () (fL@gor) () e 2RI c(wy p)—c(wi 7)) | da.
(k n)eT
k>ky

Since T' is a tree of type 2 or 3 it follows from Lemma 3 that |c(wi7) —
c(w1kr)| < 3lwigr|. Thus by (5.8) we have

J3p < C|J\% Z 27k||¢1,k,nwl,k(f1 * CI)Lk,T)HLg(J)

(kn)eT
k>ky

1 2~*
< C|J|2 -
. (k:;eT (1 + 27kdist(J, Iy.))
l£7>kJ

_ |Ikn|2 *l_j
<C2 | sez
| |QZZ (1+2- ’fdlstJIk NN

k>k g TLGTk

e VT (1% (I)Lva)HQ
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For J3;, we have

/

Jan < C Z H D1 o1 (fi % pgpr)e e RmI0))

(kn)eT
k>ky

< C Y0 261kt x Pren) |l

(kn)eT
k>ky

+CZ)

(kn)eT
k‘>k]

L(J)

B ¥ (72RO (15 By 1) (1))

L'(J)

9-
<C .
(k%T(l + 27kdist(J, Ix.))
k>ky

1k, W,k(fl*‘bl,k,T)H |J|177

P 01t (2O 2 @14) ) |
+C Z (1 4 2=kdist(J, Iy )N

(k,n)eT
k>ky
© |] |L71 &
— r1 1 _
< c2mY b J|'Tn < o2
(k;eT (14 2 *dist(J, Ik,n))N| |
k7>k:J

where we used (3.6) and (3.7) (which failed at the step p — 1) in the last
two estimates above. This completes the proof of (5.10) [

Now interpolate between (5.9) and (5.10) to obtain

(5.11) H >

where C' is independent of ¢;.

_ K
< C2 P |Ip|m,

q1

1
Next we write (3, |fix — fir+rl?)? a

(>

and thus we control

2 : () () ()
(Z‘fj,k_fj,kJrL‘ ) §[1]1 +I1% +[1?),a
k

1
2)2

> Giwntin(fi* Qi) = Y GjwrrnCinr(fi* Pipir)

neTy n€Ty 41
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where

no
v
=

Iy = < Z Z Dbt LnCibrr (f5* (Pjpr — Pjnsr,r))
k

n€Th4r,
2\ L
) 2

I{JQ :<Z Z DjktLin (Vi — Vi) (f5 * Pjnr)
P

1) =<Z ( Z Bjkn — Z ¢j,k+L,n> Vik(fi* Pjrr)
!

1
1
2)2

n€Ty4r,
neTy, n€Ty4r,
By (3.13) and (3.14) we obtain

19, < H( 3
k

(k+L,n)eT

O kv LnVjkeL (fi * (Pjr — Pjksrr))

bj
1

K 1
< C2 "i|Ip|.

Thus by Lemma 13 and interpolation, we have

'U

—_©

(5.12) 1771l,, < €2 7 J|IT|QJ

where C' is independent of g;.
As in [8] and [14], we observe that

ik = Pjrer] < C Z [

JEAL _m

Introducesets V," = {n € Ty : n+1¢ T}, andV,” ={n €Ty : n—1¢ T} }.
Then we have

> Ginrrn(Win = Vinis)

n€Tl,

2 * *

> Phemat Y, Grra¥iais
JEAK_m,T nEthLL UViir
+ § ?; Y <
k+L,n k+L
Js PETE(1 4 2R+ Ldist (L 1, (217)¢) )N
TLGTk+L
* *

+C E : Dt Ln¥j ket L Z Pl—m,J-

nETk+L JEAk—m\Akfm,T

ne(Vit L UVin )" Je2lr
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Using this, (3.15), and (3.10), we dominate H[l(j)

2 Hpj by
k

1
2)2

> Gikrrm@ik — Yinrn) (fi* Prr)

nETk+L

pj
)\ 2
oY ema(f Ok
kE JEAL_m,T pj
1
2 2
H( ’¢J,k+Ln¢gk(f *q’ijT)‘ )
€V+ Vk;»L pj
2 1
+C ( Z }¢]k+an]k(f *q)jk+LT)| )2
(k+L,n)eT (1 +2 k+LdISt<[k+L,n7 <2IT) )) ;i

+C <Z Z ikt VjktL Z Pk— mJ’f]*q)JkT|>

n€T4 1, JEA L \DAk—m,T
ne(VkJrL UVigr)© JC2Ur

__# 1
<C2 ”flITI*’f+(Z >
FoneVil UV,

o 3 it eneinlh v
(k+Ln)eT (1 + 27"+ Edist(Lgs L, (217)°))N

Dj

1
* P pj \ ¥
j,k+L,n¢]k(f * g,k+LT)H

“¢;k+Ln ;’(k—l—L(fj*(I)j,k,T)HpJ: o
oz YT TR )
—k+md; N
S JEAk,m\Ak,myT(l—i_z dISt(Ik,mJ>>
ne( k+LUVk+L)C Jc2Ir

SCQ”i‘”ﬂ”””’%‘(Z > |fk,n|)”"

koneVil UV,

( Z "Ik+L,n|

(k+L.n)eT (1 + 272 dist (L L n, (2[T)C))N)

— 2k -
L2 my T (Z S Y o )
+m N
ko n€Thyy JEA;HR\A,H,}T_'—2 dist({x,n, J))
ne( ,ﬁ_LU )¢ Jc2Ir

1
L 1 L s _u 0
<C2 Yi|lp|P +C2 7 (Z E : Qk_m) 7 < C2 "i|Ip|%i.

k JEAk—m\Ak—m,T
JC2Ir

1

S

+ 27y

1
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This gives us an LP7 estimate for [ 1%) As in [8], it is easy to prove that
ng)HBMO < C. Hence by interpolation, we obtain

_ Py 1

(5.13) 11Dl < C2 757 |Ip]w,

where C' is independent of g;.
We now control |1 fé)\\pj by

(Z H ( 2 Gk = D ¢jvk+L7n) Vi (fj * Pjgr)
k

n€Ty n€Ty 41
(vy
k n

<I3Y + |

‘ ( > Gk — ¢j,k+L,n) Vin(fj * Pjgr)

neTy n€l, 4

P ) oy
ij ([k,n’)

¢;’kT7nT¢;7kT(fj * (I)jvavT) H

. s 1
< 1YY 4 oomo v | 1|7

bj

in view of (3.10), where we set I{?,;l) to be the expression

(Z ‘ Z¢j,k,n_z ¢j7k+L,n

k#kp neTy, n€Tyyr,
'

1

pj E
LPi (Ik-,n’

1
2

> 6 k([ 07)

neTy

Lo (Ik,n’)

Note that

pPj

> Gt (f o+ )

neTy

LPi (Ik,n’)

< /I y ( > cb;:k,n(x))pj |05 (@) (f5 % ) ()] dae

neTy

< S 116 nliey 0|

TLGTk

S kntsk(fi * Pjar)|[})

pjp

< 279 % Lol 3 16 knllieir (by (3.10))

neTy
Pjk

< C27PMY T L.
Thus, we have

1
2

199 < ca-mo ( S

k<kr n'

Z ¢j,k,n - Z ¢j,k+L,n

neTy n€Ty 41

1
2’“) 7
Lo (Ik,n/)
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We next observe that

Z ¢j,k,n_ Z ¢j,k+L,n

neTy n€l, 4

< Z i L+ Z Dkt L

n€Wgir neVih UV,

where Wy is the set
{n € Z: (k,n)¢Tbut there exists (k+ L,n’) € T such that Iy, CIpipn}.

Note that by the convexity of T, the set | J,
disjoint intervals. Hence, we have

neWysp Lk} 18 a set of pairwise

1

. vy
¢j,k+L,n HLOO (Ie)

14" < c2m _( )30 2 2|

k‘<kT n’ TLGWk+L leil»L UVI;‘»L

1
=N 1

A 2 -4 1
<C27M2 T ( > > |I,w|) < C27M2 7| Ip|P.

k<kr neWy, L UVih , UVi

Therefore, we obtain

K 1

1 l,, < C27m2 75| Ip] s

As in [8], we have that ||/ 1(?,)) |Bro < C. Thus, by interpolation, it follows
that

P
]
77/7 1

(5.14) T e R AR
where C' is independent of g;. Therefore, by (5.11)-(5.14), we obtain

(L4 L1pP2y 1ps
/ /q /q
Py Py 92 p3 93 |IT|

11l < Cu2
Similarly for j = 2 and j = 3 we get

,(L, 1 P2 LB)

Hjlls < Cgp2 71 a2 es oI,

Now we write
Iy = Iyg + Lug + Iy3 + L,

where 1,7 is

Z ( Z fl,k;;) f2,k+2L( Z¢3,k+L,n¢3,k+L(f3 * (Pa e — (I)S,k-i—L,T)))a

kEZ, keZo n€Ty L

0<k<m—3L
I42 is
> ( > f1,k_1;) f2,lc+2L< > Gshrrm sk — Ysper) (fs (I)3,k,T>)7
kEZ, kezo n€Tyyr

0<k<m—3L
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I43 is
Z ( Z f1,k—fc) f2,k+2L< Z D3k — Z ¢3,k+L,n> V3 k(fs x Pakr),
keZ, keZo neTy, n€Tkir
0<k<m—3L
and Iy is
> ( > fl,k_;;) Forror(fa — faner).
kEZr ]EEZO

m—3L<k<m
We now observe the fact (see [8]) that the integral of Iy is zero. For Iy,
we control |I4| by

S DD funil] Dl banrrm(tak — Yarsr)

keZ, keZo n€l 4L
0<k<m—3L

> Gsprrm(Wsk — Ysper)

1

|f2 * Dy Jk+2L, T|

|f3 * (I)3,k+2L,T|

n€T,yr
1
<sup | Y fiaq (Z > Gonirn(Wor = Yarir) || f2xPokiar | )
Relr | teze k€L 'neTyy L

0<k<m-—3L

1

3

( DI bskrrn(Wsk — Gsnis)||fs* (I)?),lc,T’Q)
k€Zy ' n€Ty 1L

As for the estimates for I; and 112 , |[142]|1 is dominated by

Col| D f1n <Z > Goprrm(Cor — toper) |f2*<b2,k+2L,T!2)
kEZy a1 k€Zy ' n€Tyy L q2
1
3
: H ST Gsnrrm(Wsn — Csper) |1 fs (I)?),lc,T’Q)
k€Zy ' n€Tyy L q3
1 teay g,
< 02 R T ),

For 1,3, we control |I43| by

1
2

2
Sup Z fiek <Z Z%m Z D2+ Ln W2,k(f2*@2,k+2L,T)| )
kELy ];?EZO neTy nET,yr
0<k<m—3L

1
2

Z ¢3 kn — Z ¢3,k+L,n

neTy n€Tl,yr,

(X

Ws,k(f?) * ‘I)3,k,T) ‘2)
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Therefore, as in the estimates for /; and Il(g), we obtain that ||y3]; is
controlled by

> fuk

1

Wz,k(fz * ®g g ror,7) }2> 2

<11

»

Z ¢2,k,n - Z ¢2,k+L,n

kEZy a1 k neTy, n€Tlyr, q2
9\ 2
Z Z ¢3 kn — Z ¢3,k+L,n Ws,k(f:s * (I)S,k,T)}
neTy, n€T,yr q3

~Gr +1,”2+ )

<Cq12 Py ' ph a2 ' ph a3 |I’

In 14, the index k runs throqgh three values. We estimate each of the
three summands separately. For k € {0, L,2L} we have

> U fikemerfrbser(Fsr = fanes)]

kEZy ) 1 ) !
< (Z ‘f17k7m+]:;f2,k‘+2[/’ ) (Z |f3,1<; - f3,k+L‘ )

kEZLy kEZLy

Therefore, we estimate || Iy4||1 by

CH(Z ’f1,km+15f2,k+2L|2>2 (Z ’fsk—f3k+L} )

kEZLy kEZ,
2\ 3
<C <Z Z%,kmm%,kw(fl*q)17k_,m)¢2,k+2L(f2*¢2,k+2L) )
kEZLy ’I’LeTkierfC p/3
_ K 1
92 |]T|E

< CH < Z Z |¢T,k7m+;;7n¢ik7m+’~g(fl * (I)l,k—m+];)}2>

kEZ, nETkierk

3

_ 1
Sup | Cbik—m%,nw;,mu(fz * @2,k+2L)H002 vy | Ip| s

(k—m+k,n)eT

o 2 2
<cC < nUT R (f1x Py )
(kn)eT P
_n 1
Sup , ¢;,k+m—1%+2L<f2 * (1)2,k+mfl~c+2L)H002 v | I |2
(k,n)eT

(B
<2 W || sup
(kn)eT

. ¢;k+m—l}+2L(f2 * CI)2,k+ch+2L) Hoo7

where we used Lemma 15.
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Note that, by Lemma 14, we have

sup

(k,n)eT ’ w;“m*ffHL(f? * (I)Q,k;+m—ic+2L) HOO

1
<C sup H¢1knw2k+m k+2L(f2*(I)2k+m k+2L) 2
(kn)eT

2

!/
* * —27ic(w i .
. H (5t amirag (i 2Oy 5 1)) )

p2

< 02*77“2_%.

Thus, we obtain

Maally < €27 F 5 1.

Hence, we have
( 1/ 1 P2 1 P3

Ll < G2 W ) .
Similarly, we have

1,1 1p
oGt B
P} Py 92 p3 43

5]l < Ci2 |1

This completes the proof of (3.19).

6. Counting the trees, part 1

Having established the proof of Lemma 4, we now turn our attention to
Lemma 5. The proof of this lemma will be presented in this and in the next
two sections. In this section we prove (3.20) for (4, j,v) €U, jera 3 {(2,4,2)} U
{(1,1,1)}. We only prove the case (i,j,2) if 7,5 € {2,3}. The proof for
the case (1,1,1) is similar. For simplicity, we assume that (3.10) holds
for (k,n) € T and T € U, T3, Let Fijo = U, T, Nz, .(x) =
>_rer;,;, Lip(2). It is sufficient to prove

Hy,5,00

(6.1) INE | < C2t0wimom,

Since N, ,, is integer-valued, to prove (6.1), it suffices to show that there
exists 0 < & < n such that, for any A > 1,

(6.2) {2z € R: Ng ,(z) > \}| < C.2'0mimor\~17e,
As in [8], take F' C F; 2 such that Nz (z) < A and
H{z € R: Nr(z) > A} = {z € R: N5, ,(z) > A}
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Let A= )\°. Asin [8], we have

AlO
f/ — (U f‘l) Uf//
=1
such that
(6.3) For T,T"eF and T #T, (Al xwir)N (Alp X wir) =0,

(6.4) Z Ip| < Ce™ Z | I7].

TeF" TeF

For T € F, f € S and x,y € R, define

BT,xf(y) = gb;,kT—l-fc,nT (I)(f * ®j7kT—‘,—];;7T)(‘/L‘) ]‘]T <y>’

and _
Bf = {BT,xf}T,x'

We also define
1
L(Iy) = {f € L'(R) : / (@) fpr(z)de < oo},
17|

where
or(z) = (1427 dist(z, Ir)) .

Let 1
1 a
i = (7 [ 15z

Then by the almost orthogonality lemma in [8], we have

—
1B A 2gem 20

([Xm/

TeF;

(X

TeF;

i @ Dy 20)(2) \ZsoT<x>dx11T<y>dy) 2

2\ 2
qb;kTJrff,nT (f * (I)J',kT-H;,T) H2>

<CA+A=N|fll: < Clfll-
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On the other hand, by (4.10), we also have

—
1B £l o (o (70045007

< (Jlemfiifie

1426
= (/ (;g}‘pz |[ |1+5} dokr-+k, nT (I)j’kTJrk’T)HH(SlIT(y)) dy)

< ([ Orsr) )™ < e

5 1420\ 1426
146
] lcT+k nT (I)j,er},T) () @T(@fm) 17, (y)) d;)

1
1426

where § > 0 is a very small number.

Therefore, by complex interpolation and the fact that LY(Ir) C LP(Ir)
for ¢ > p, we obtain

-
(6.5) HBfHLPa Rl”ﬁa(]’z,L”j"g(IT))) < C ks
Note that ‘(bkaH;?nT(x)] < Cor(z), we have
(6.6)
P9+5 Pj
L i : i) 1y ) iy <
D77 1k @i ) @) ) e (9)) "y <C 1]
TeF

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (6.6). In fact, let G;(f) be

G

IrCcJ

P]+5 pj
p +6

O sl @) (@) (@) d) 11T( )) dy

Then we have that

Gi(f) < Gi(flares) + Gi(fLliaresye

where J € {Ir}rer. By (6.6), we have

G(flares) < C|[ flares

pj
< oxlal (int b, (o))
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And G (f1(2xcsye) is estimated by

/ / om (pj— 5) )\st)
TeF: |IT| 1+2- delSt .T IT))

IrCJ

/
Pj+5 Pj

[f(2)2 bz \PT0 s
. p . .
(/(QAEJ)C (14 27k |z — 2|)N x () Y

ALY s
</ (Z(;g,g M f(x >) wﬂmy)) dy

TeF;
IrCcJ
Dy bj
<= / Z ( inf Mf(z ) Lip(y)dy < C|J] ( inf ij(Mf)(x))
el zeJ
]TCJ
Hence, we obtain
P
Galr) < 11| (inf 3, (07)(0) )
Notice that
¢;7kT+,;’nT (1)} gy () < (1 + 2k tmist(.J, B€)) N
As we proved (4.6), we may sharpen the previous estimate to
p9+6 Pj
pj—0 Pist plj'+6
/(= i@ @, ) @ ) 1, @) dy
TeF

IrCcJ
pj
< CON|J| (min {2, 1r€1£ ij(ij)(:c)}) :
By (4.23), we have

J(2

TeF;
IrCcJ

/
pj +4 pj
.45

¢;kT+knT(x>w;kT+1} () (f;* q)j,kM,T> (z) ‘pjdf)pj 761[T (?JD T dy

< CX|J| <min{2,i2§ij(ij)(x)}) J :

Using (3.10), we get

npzu p32“ pj
/(Zl[T ) dy<C’2PJ DR 5))\6|J|(m1n{2 1nfM (M fi)(x )})

TeF;
IrCJ
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Therefore, we obtain

P\t AT
L 1 pj+6
(Nf; ) (z) <  sup (7 / (Z My)) dy)
Je{lr}rer, | | TeF
zeJ IrCJ
np2u p?“
< 02,]]._5217 (pj—9) & (mln {2 Mp ij)<x>})pj

p;-+26

Taking L » norms on both sides yields

2
PjH

< O 0\,

/428
Pyt

p+6

(6.8)

since ¢ is very small. Thus, we obtain

Py+28 pj(p;+28)p (p)j+20)e
7 / ol p—0)
(69) /(N]_—l(x)) Pits doe < 02377ij2 P (p;—9) A P

Thus, we obtain

PJ(PJ+25>M p3+26

}} < 023np D) p (pj—9) )\12p s)\ p +6 )

{z e R: Nxg(z) > P

Therefore, we have

[{z €R: Nz (z) > A}

AlO

<3|z € R-NA(2) > Am e € BN (o )ZA%HH
=1
pj(p9-+25)u _p;-+26
< 024711’;#2 P (p;—3) )\18p;€>\ pi+s + C>\10€_1||N]-'"||1
Pj(P;'+25)H _1?;;25
< 024np3-u2 P (p;—3) AlSp}a)\ P48 + C}\lOz—:flefAHN]__lHl
p](pj+25)u p]+26 1;9,12;
< 024npju2 P’ (pj—9) /\18sz/\ Pi+s + CO\10=—1, p/:%
pJ;-Jré
p; (P} +28)p _p}+26 pj (P +28)n
< 024np;.u2 P’ (pj—9) /\18p;.s/\ i +o + 02417pju2 Pi(pj—9) )\18p;-57167)\5
Pj(P;'+25)H 710;';26
< 02477;)3.#2 P (p;—3) )\18p3.5)\ pi+é
ot

< C2omigr\"TIE < cglomigey e,

where we chose ¢ < § < 1. This completes the proof of (6.2).
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7. Counting the trees, part II

In this section, for (iaja I/) € Ui,je{2,3} ({(17]7 1)7 (Za 17 1>} Ui:3{<i7ja I/)})a we
prove (3.20). We only prove the case (1,7,1) for j € {2,3}. The proof of
the other cases is similar. Let

fl,jJ:UT;},l,j,l and Nfl,j,l(z): Z 1[T(.’L').
l

Te 151
It is enough to prove that
HNfl,j,lHl < C210mpPnom

But since Nz, ,, is integer-valued, it is sufficient to show that there exists
0 < & < n such that, for any A > 1,

(7.1) [{z € R: Ng,,, (x) > A}| < C.2105mgn\~1=F,
As in [8], take F' C Fj ;1 such that Nz (z) < A and
{z e R:Np(z) > A} = [{z €R: N7, (z) > A}

Recall the partial order < defined on products of intervals in [8]. For
T € F', define

™" = {se€T:I,xw, is minimal wrt. <},
T° = {seT:I,Nn(1 -2 =0},
Tomax  — {s € T9 . I, x wy,s 1s maximal in 79 w.rt. <},

T = {seT\T™": 2"|I,| > |Ip|},
o = T\(T™muT?u TR,

Note that by (3.10) (which fails at the step u—1) we have, for any T' € F’,

H < Z ’¢jknw]*k (fj = (I)j,k,T)|2>
(k,n)eTmin
(X

(k,n)eTmin

bj

1

\ Pj
Qb;,k,n@/);,k(fj * D p7) sz)

1

_ T—’j(l‘*l) E
< ( Z 9=npj(n=1)9 ¥ |[k,n‘)
(k;n)eTmin

_(p—1)

_ K
< 2BV T |l < 222 7 | Iyl
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And also we have

H< Z ’¢jknw]sz *q)]kT)‘2)2
(k,n)eTtat
g( >

bj

1075k (i * Pinr) Hm) J

(k,n)eTtat
_pile=1) o .
< ( Z 9=mpj(n=1)9 ¥ |[kn|) < 229 7 ][T]pﬂ.
(k,n)eTfat

Let TP™a* be a tree of type 1 in T? with top ¢t € T?™# Then, by (3.8) we
also have

Iz

(k,n)eT?

]kn

MU*@mwﬁ%

g(}:

teT9 max

bj

>

(k’n)eTta max

jkn

1 4
9\ 2 bj P
]k(f *CI)J/CT)| > )

Dj

L

e Z b L
§( > 22 ][t|> < 222 7 |Ip| 7

teT9 max

Therefore, by (3.8), we obtain

( (k,n)eTice

ForTeF, feS zeR, yeR, and (k,n) € T, define
Braknf (Y) = 6jpn(@)(f * @jpr) (@)11(y)

and we let B [ =A{Braknf}rskn be the corresponding vector-valued op-
erator. Let A = A°. Then by the almost orthogonality lemma in [8], we
obtain

L L
(7.2) [Ir|" < C27

]k(f *CI)JkT)’2>2

]kn
pj

_
H BfHL2 R,12(F',L2 (I 12(Tmice))))

([T =

TeF (k,n)eTrice

(=

TEF' (kn)eTrice

& (@) * B \wrdﬂh>@)

. 2% 1
Lmu*@mwg < O+ AN fll2 < Cl s
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On the other hand, by (4.5), we also have

IN

1426 rlw
1]T <y>> dy
1446

—
H B fHLl-&-Q(S (RJOC (f’,Ll""S(IT,lQ(Tnice))))
1
1 N 2\ 2
sup > G kn(f )]
TeF' |]T| 1+6 (kyn)eTnice

( / (M1+5f<y>)1*25dy)”” < Clifllias

where 6 > 0 is a very small number.

IN

Therefore, by complex interpolation and the fact that LY(Ir) C LP(Ir)
for ¢ > p, we obtain

(7.3) B/ < C||flly,-

LPi (R,l”9+‘5 (.F’,ij “S(IT7l2(T“iC°))))

Fkn(T)| < Cor(z), we have

/(= () ((Z) RCIIRTITEI ) R () (i

Tex gnice

(7.4) <c|s|?

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (7.4). In fact, H;(f) be

NElm/( 2

Then we have
Hy(f) < Hj(flaxeg) + Hi(flaes)e),
where J € {Ir}rer. By (7.4), we have

I]j—5 pj*&

e )(f*%w)()\?) dr| 1) dy

TeF'
IrCJ

eTnlcc

Hy(flaxes) < C|| flares

pj
s < oxlal (int b, (D))
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And H;(f1(2res)e) is estimated by

/{ 2 {ﬁ/( Z (1+2"“+mdilst($71k,n))”

TeF! (k,n)€Tnice
IrCJ
5 /468 ;
/ ARFrde PN\ ol oy
X
ey 1+2 hmz — o)V (Y Y

’
I]]--v‘-é P

< [(Z(m X 5 1f+2 Ajfiu))@'f[) |>> o) )

TeF' (k n)eTrice
IrC
pj+e  pl+s —pfié
< 2R !
< [(Z (i) 2= 1,m) 7 ay
TeF'
IrCcJ
C Pj pj
< = E inf Mf(z)| 1,.(y)dy < C|J|| inf M, (M [)(x)
— A x€Ilr T - veg P
TeF;
IrCcJ

Hence, we obtain  H;(f) < CN|J| (infye;s M,, (M f)(z))” . Notice that
e (DU () < (14 270 dist(J, E€))~N. As we proved (4.6), we may
sharpen the previous estimate to

[/ 2

IrCJ

< CN|J| (min{Q, irelgij(ij)(];)})pj .

’
pj—9d Pj+5 Pj
2 Pj—5 p/.+§

Gl i) Fyrn)@f) a0)" 11, 0) "y

eTnlce

Notice that

<C.
BMO

H( Z |¢]knw]kf*®JkT)‘2>2

(k,n)€Tmice

The proof of this inequality is similar as the proof of (4.24). Thus, we have

N2/

IrCcJ

/
i Pitd P

O b @) (@) (f5% Pje,r) (%) }2) éf)w L (y )) "y

Tnlcc

< OXN|J| (min {2,9101615 ij(ij)(:c)}) J .
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Using (7.2), we obtain

/(Z el ) ty < T <mm{2 inf My, (M ;) (x )})pj

TeF'
IrCJ

Therefore, we have

Pj 4 /pj
7 1 p;+é
M@ < sw (G [ (X mw) "
JetIrbperr \|| ,

TeF
zeJ IrCcJ
p?u

< 02000 (min {2, My, (M f)(x) })"

/
pj+26

Taking L » mnorms on both sides yields

2
le»i

< 02217pj,u2 P (p;—5) )\67

+25

(7.6) H Z *‘5

Pj

since ¢ is very small. Thus, we obtain

P}+28 pj(p;+28)p (p)j+26)e
(7.7) /(N ,(I)) IS o < C3Pg Pipi=0) \ T m;

Therefore, we have proved that

Pj<P9‘+25>I—L p9+25

Hx ER: N}-/(:L’) > )\}} < 023?717}#2 #(p;—0) >\2p;-e>\_p;-ﬁ.

Choose € < § < 1, then the estimate above implies (7.1).

8. Counting the trees, part III

In this section, we prove (3.20) for i,j € {2,3} and v = 5. Let F; ;5 =
U, T, and N Fiss (@) = Xorer, ,, Lip(2). 1t is sufficient to prove

(8.1) [NE,5||, < C2tomimamr,

Notice that N 7.5 15 integer-valued, to prove (8.1), it suffices to show that
there exists 0 < ¢ < n such that, for any A > 1,

(8.2) {z € R: N5, (x) > A} < C.210mingu)~1==,
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As in [8], take F' C F; 5 such that Nz (z) < A and
{z e R:Np(z) > A} = [{z € R: Nx,, (z) > A}

Assume that (3.15) holds for k& = L (other cases are similar). Let Q =
{(k, JJT) : k € Zp,J € DNy, T € F'} and A = A°. We only prove the
case when A > 2", The case A < 2" can be proved by the same method.
As in [8], using the separation lemma in [11], we have

AlO
Q- ( U Ql) e,
=1
such that

(83) (AJ X u}j’]H_L?T) N (AJ/ X wj7k/+L7T/) = @7

for1 <1< AY q+# ¢ andq,q € Q;, whereq = (k,J,T)and ¢ = (K, J',T").
And

(8.4) doscet Yo L
qeqQ’ g€
q=(k,J,T) q=(k,J,T)
For 1 <l <AYand T € F', let
Qur ={(k,J)  k€Z,J € Ap_yur, (k, ], T) € Q;}.
For (k,J) € Qur, f € S, define
Brag, 1 f(Y) = pr—ms(@)(f * jeyrr) (@)1 (y),

and let B be the corresponding vector-valued operator. Then by the almost
orthogonality lemma in [8], we obtain

_
HBfHL2 (R2(F,L2(I7.2(Qur))) )

(/Z| T’/ Z | Pt () (f %Py L) (2 ‘ or(w)drlp.( )dy)

TeF’ (k,J)eQ,T

(Z S oemsls wwwu)

TeF (k,J)eQ,r
=(k,J,T)

< C(l +A=ENfl: < Cllfll

1

2
> orema(f = cI)ng-}-L,T)H;)
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On the other hand, by (4.20), we get ”§f||L1+25(le(
is dominated by

FLLH (I 2(Qr))))

L
N2 T+
Sl (i (2 rnhe) ) o) 1)) ]
rer \ |I7| kT)e
which is controlled by
1 i 1426 TIQ‘S
2
sup g (f * P, ) 1 y) dy
/(TE.'F’ |IT|1+6 ( Z ‘pk? J( ]k‘-i-LT)} 1+5IT( )

(k,J)eQu,r

And this term is clearly dominated by

</ (M1+5f(y))1+26dy> o < Clfllis2s s

where § > 0 is a very small number.
Therefore, by complex interpolation and the fact that LY(Ir) C LP(Ir)
for ¢ > p, we obtain

(85) 1B, (o

L”J Rl]

(]—",ijf‘;(IT,lz(Qz,T)))) < CHprJ

Define K (f) to be

/
p;j—9 PjJr(S pj

f f( (O k) x v ) ) 1)
2y

Note that ’pk_m,J($)| < Cpr(z), we have

(5.6) &) < A

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (8.6). In fact, let K;(f) be

NE(m/(Z

where I € {Ir}rer. Then we have K;(f) < Kr(floxer) + Kr(fliacre) -

Pj*‘s pj—ts

. m,xx><f*@j,k+L,T><x>!2) “ae) 1)

TeF'

(k,J)eQi,T
IrCI
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By (8.6), we have

Ki(flaxr) < C|| flarer

pj
< oxir (1wt b, U N())

And K;(f1(2xr)e) is estimated by

/{Z {ﬁ/< 2 (1+|J|‘1dlist(an))2N

TeF' (k,J)eQi,T
IrCl
pj_
2
le
2

‘/ 2 k+mdz
@) (1 + |J| Uz — z|)N
1 (infeer, Mf ;,;) s
b s ;
<|IT| / Z )\2(1+|J| Ldist(z, J IT<y) Yy

! (infrer, Mf(2))" "1\ 7 7
< L - ;
B /( Z (IITI NP0 IT(y) Yy

P+ L
; —(p;+9) J
S/(Z <;g[fTMf(x)) AT 11T(y)> dy

< S ] () o < cn( w00

IrCl

Hence, we obtain

(1) < Cxlt| (i 21, 00 D))

Notice that
C
(14 |J|~ dist(x, J))V(1 + |J|~dist(J, E€))N

As we proved (4.6), we may sharpen the previous estimate to

Pr—m.s(z) <

Ka(f) < €] (min {206 04, )} )

Also note that

H( > orema(f *%mw)\z)%

(k,J)EQu,T

<C.

BMO
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The proof of this inequality is similar as the proof of (4.24). Let K}(f) be

P; P}-‘ré Pj
2 p;—0 p;,+5
/( ( /( | Pk, () (f5 % ‘I’j,k+L,T)($)}2) dI) : 11T(y)> dy
Ter! |17 (k,J)EQ1 1
IrCIl
Thus, we have
Pi
i) < Cx1r] (min (2,100 M, 017 0)})
Let K7 o(f) be
Pj P/J"HS pjf(S
2 pj—o pi+6
/( (‘ |/(Z ’pk—’mJ fi* @imrr) (T )}2) dI) 11T<?J)) dy
fem T (k,J)€Q
IrCI

Thus, by Holder ’s inequality, we obtain
L I
K7, (f) < (K7(f) i [1]7
p;—6
< COXN|I| (min {2, 1r€1§ ij(ij)(x)}) .

Let
Qr={(k,J): k€l ,JeANppr, (k,JT)€Q}

and
Qr=A{(k,J) - k € Zr,J € Ay, (k. J.T) € Q'}.

Then we have

AIO
Kig(f) <CY Kig ., (f)+CKlq, .
=1

Here we used Minkowski’s inequality in the last estimate. Using a previous
estimate we obtain

AlO 5

(87) O Kig (f) <COAE[ (min {2, inf ij(ij)(x)}>pJ
=1

It remains to control K Q) We have

Kig, < / >

Te}‘/

Pj

2

( w5 pk‘m"’(@(fj*q’j:k+L,T)(l’)}2) dx
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= Z Z [Pt *@HLT)HW
Te]—" (k,J)eQ,
co Y U< et Y
qeqQ’ qeQ1
q=(k,J,T) q=(k,J,T)
IrCI IrcI
= Ce > Y JI<ce > Il < Ce ).
TeF JEAy_m,T TeF!
IrCI IrCl

We have now proved that
" —A
(8.8) KI?Q/T < Ce 2 )\|].
By (3.15), (8.7) and (8.8), we obtain
4

> e,

TeF'
IrCI

(8.9) _

Pt pi—0 D1
kit J I— )\
<027 A (min{2, inf Mp,-(ijxx)}) +02% ||,
BAS €
Therefore, we have

pj—6

7 # bk pJ“
(8.10) < ;7”) (2) < 027 AU (min {2, M, (Mf;)(z)})" " + 027 e\,

/
Pj+25
Taking L *i~° norms on both sides, we obtain

pj—o
v} +5 p . pp“ P 426
|(477)],. s 2Bt Y of
*5 TeF
By (3.15) and (4.20), we have for T' € F'
S
> (2 ¥
inf My fj(x) > 02 %,
which gives
(8.11) U Irc{zeR: M, fi(z)>C2 7}

TeF
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Thus, we have

ﬂ
U IT S 27
TeF’
Therefore, we have
p;—g # pik Py pj(pj—d)p
(8.12) “(N;er ) <027 A\ 4 027 e MNP+ < 02 i /\126
pi+28
Pj—5

since A > 2", Hence, we have

pJ +20 p; (P +28)p

/ N (x)dx < C2 #=¥ \12PE

which implies

p; (P +28)p ;428

(8.13) {z € R: Np(z) > A} < 02 @97 N2y 7%

Choosing ¢ < § < n, we obtain (8.2) and so we are done.

9. An application

We consider general bilinear singular integrals on R x R whose kernels are
homogeneous functions in R?. These have the form

Q((tr, t2)/I(t1, t2)])

|(t1,t2)[?

where Q(t1,t5) is an integrable function on S' and =z € R. (|(t1,t2)] =
V13 + % denotes the euclidean norm of the element (1,t5) € R%.)

Operators of the type (9.1) have been systematically studied by [4] and [5]
and recently by [9]. The last authors obtained bounds for T, when (2 possess
a certain amount of smoothness, such as Lipschitz continuity of order 0 <
e < 1 on S As an application of Theorem 2, here we obtain that the
operator Tq is bounded from LP'(R) x LP2(R) — LP(R) when the triple
(p1, 2, p) satisfies the hypotheses of Theorem 2 and €2 is merely integrable
and odd.

As in the classical linear theory [2] we apply the method of rotations to
the operator Tq. Using polar coordinates in R? we can write

(91) TQ(fl, fg)(x) = p.V. . fl(ﬂf—tl)fQ(ﬂf—tQ) dtl dtg,

(9.2) Talfi, fo)(z / Q(01,06-) { f1($—t91)f2($—t92)dt}d(91792)-
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Replacing 6 by —6, changing variables, and using that (2 is odd we obtain

+oo

(9.3) Tal(fr, fo)(x) = / fi(z +tby) fa(x + t@z)%} d(6,,6s).

Sl

Q(6,,6,) {

Averaging (9.2) and (9.3) yields

0

+00

04) ol )0 = 5 [ 206100 { [ Fito 100 alo ~ 6 al61,60).
But the operator inside the curly brackets above is no other than Hy, g,,
which was shown to be bounded from LP'(R) x LP?(R) — LP(R) uniformly
in 01, 6,, when the triple (p1, p2, p) satisfies the hypotheses of Theorem 2. Tt
follows that Tg is also bounded from LP'(R) x LP2(R) — LP(R) for the same
range of p’s when () is odd and integrable.

Thus the operators Hy, g9, play the role of the linear directional Hilbert
transforms in the theory of bilinear singular integrals. This reason justifies
their name bilinear (directional) Hilbert transforms.

We end by noting that Calderén’s identity

Gfi @) =p. [ FEZED ) dy = [ (A @) do

can be thought as a special case of (9.4) when ( is suitably chosen.
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