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Stability of Lewis and Vogel’s result

David Preiss and Tatiana Toro

Abstract

Lewis and Vogel proved that a bounded domain whose Poisson
kernel is constant and whose surface measure to the boundary has
at most Euclidean growth is a ball. In this paper we show that this
result is stable under small perturbations. In particular a bounded
domain whose Poisson kernel is smooth and close to a constant, and
whose surface measure to the boundary has at most Euclidean growth
is a smooth deformation of a ball.

1. Introduction

Lewis and Vogel proved (see [10], [11]) that a bounded domain whose har-
monic measure (with respect to a fixed point) is a constant multiple of the
surface measure to the boundary (i.e. a domain whose Poisson kernel is con-
stant) is a ball, provided the surface measure has at most Euclidean growth.
In this paper we prove that this result is stable under small perturbations.
Namely a bounded domain whose Poisson kernel is almost constant, and
whose surface measure to the boundary has at most Euclidean growth, is
geometrically close to a ball.

Both of these results can be viewed as free boundary regularity results
for the Poisson kernel. An interesting feature is that regularity of the free
boundary is proved without an a-priori assumption of flatness. In fact, our
main theorem states that a domain whose Poisson kernel is almost constant
has a locally flat boundary (see Theorem 2.1). Once the boundary is known
to be locally flat the proof of regularity is standard.

Let © C R™"! be a bounded domain and a set of locally finite perimeter
such that 0 € ©Q and H"(0f2) < oco. Let w denote the harmonic measure
of €2 with pole at 0. Let o denote the surface measure of the boundary, i.e.
o="H"L Q. Let h= Z—‘; denote the Poisson kernel of €2 with pole at 0.
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First we state Lewis and Vogel’s result. Then we state one of our results
which emphasizes the stability of their result.

Theorem 1.1 ([10]) Assume that Q C R™™! satisfies

"(B Q)
(1.1) sup sup HY(B(Q,r) N 0% < 00,
0<r<1QcdN rr

(1.2) w="H"L 09Q.

Then € is a ball of center 0 and radius R > 0 such that H"(0B(0, R)) = 1.

Theorem 1.2 Assume that 0 C R satisfies

HY(B(Q,r) N 09)

(1.3) sup sup < 00,
0<r<1QcdN rr
d,

(1.4) Ry and sup | log h| < ¢,
do o0

for some € > 0 small enough.
Then Q is a “smooth” deformation of B(0, R) and D[B(0, R), )] < 4e.
Here H*(0B(0,R)) =1 and D denotes the Hausdorff distance.

The paper is organized as follows: in section 2 we introduce some defin-
itions and state the main theorem precisely. In section 3 we prove that the
gradient of the Green function near the boundary is controlled by the Pois-
son kernel. This is a consequence of the fact that the gradient of the Green
function is a subharmonic function on a bounded domain and therefore the
values near the boundary are controlled by the boundary values. Recall
that the Poisson kernel is basically the derivative of the Green function at
the boundary. As a consequence we show that if € satisfies (1.3) and (1.4)
then D[B(0, R), 2] < 4e. In section 4 we introduce a local notion of flatness
which involves the geometry of the boundary at a point and the behavior
of G and log h near that point. This allows us to show that 02 is locally
flat. In section 5 we present some applications of Theorem 2.1.

Acknowledgments: The authors would like to thank B. Kirchheim for
his interest in the problem as well as for very stimulating conversations
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2. Preliminaries

In this section we introduce the definitions needed to state our main results.
The main theorem appears at the end of the section and it is proved in
section 4. We always assume that n > 2.

Definition 2.1 Let ¥ C R™"! be a locally compact set, and let 6 > 0. We
say that ¥ is 6-Reifenberg flat if for each compact set K C R, there exists
Ry > 0 such that for every Q € K N'X and every R € (0, Rk there exists
an n-dimensional plane L(Q,r) containing Q) such that

1
(21) —D[ZQB(Q,T),L(Q,T)QB(Q,T)] < 0.

r

Here B(Q,r) denotes the (n+ 1)-dimensional ball of radius r and center @Q,
and D denotes the Hausdorff distance.

Recall that for A, B ¢ R+,
DI[A, B] = sup{d(a, B) : a € A} +sup{d(b, A) : b € B}.

Note that the previous definition is only significant for 6 > 0 small. We
denote by

1

(2:2) 6(Q.r) = inf {<D[E N B(Q,1), LN BQ.7)]}.
r

where the infimum is taken over all n-planes containing ).

Definition 2.2 Let Q C R"™ be a set of locally finite perimeter (see [2]),
%) is said to be Ahlfors reqular if the surface measure to the boundary, i.e.,
the restriction of the n-dimensional Hausdorff measure to ), o = H" L OS2,
is Ahlfors reqular. That is there ezists a constant C' > 1 so that for Q € OS2
and r € (0, diam(?)

(2.3) Cr" < o(B(Q,r)) < Cr™.

Definition 2.3 Let Q C R™™ be a bounded set. We say that Q has the
separation property if there exists R > 0 such that for Q € 02 and r € (0, R]
there exists an n-dimensional plane L(Q,r) containing Q) and a choice of
unit normal vector to L(Q,r),ng, satisfying

(2.4)
THQ = {X = (@) =a+tig; € BQ.r):w € LQ).t> T} C O
and
(2.5)

7 (Q,r)= {X: (z,t) =z +tng, € B(Q,r):x € L(Q,r),t< —2} C Q°.
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The notation (z,t) = x + tng, is used to denote a point in R, The
first component, x, of the pair belongs to an n-dimensional affine space
whose unit normal vector is W The second component ¢ belongs to R.
From the context it will always be clear what affine hyperplane x belongs
to, and what the orientation of the unit normal vector is.

Definition 2.4 Let 6 € (0,0,), where 6, is chosen appropriately (see note
below) and let Q@ C R™. We say that Q2 is a d-Reifenberg flat domain
or a Reifenberg flat domain if 2 has the separation property and 0S) is
0-Reifenberg flat.

When we consider d-Reifenberg flat domains in R"™! we assume that
0, > 0 is small enough, in order to ensure that we are working on NTA
domains (see definition in [5] and also [7, Theorem 3.1]).

Definition 2.5 A set of locally finite perimeter Q@ C R is said to be a
chord arc domain, if Q2 is an NTA domain whose boundary is Ahlfors reqular.

Definition 2.6 Let § € (0,6,). A set of locally finite perimeter 2 C R
is said to be a d-Reifenberg flat chord arc domain, if € is a §-Reifenberg flat
domain whose boundary is Ahlfors reqular.

Definition 2.7 Leté € (0,6,). A bounded set of locally finite perimeter €2 is
said to be a d-chord arc domain or a chord arc domain with small constant
if Q is a 0-Reifenberg flat domain, 02 is Ahlfors regular and there ezists
R >0 so that

(2.6) sup |7 [1.(Q, R) < 4.
QE N

Here 1 denotes the unit normal vector to the boundary,

0<s<R

(2.7) 17 (@, R) = sup ( f 7 — g [*do)t
B(Q,s)
— —
and ng., = /fB(QS) n do.

Definition 2.8 Let Q C R™"! be a chord arc domain. Let f € L} (do), we
say that f € BMO(0Q) if

(2.8) 1711, = sup sup ( / 1f — fouPdo)} < oo,
r>0 Qeo2 B(Q,r)

Here fqo, = /fB(Q pfdo, and o =H" L 09,
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Definition 2.9 Let Q C R""! be a chord arc domain. We denote by
VMO(09) the closure in BMO(0Q) of the set of uniformly continuous bound-
ed functions defined on OS).

From now on we assume that @ C R"*! is a bounded domain and a set
of locally finite perimeter such that 0 € 2 and H"(9f2) < co. Let w denote
the harmonic measure of {2 with pole at 0. Let o denote the surface measure
of the boundary. Let h = j—‘; denote the Poisson kernel of €2 with pole at 0.

Theorem 2.1 Assume that 0 C R satisfies

"(B Q
(2.9) sup sup HU(B(Q.r) N 9% < 00
0<r<1QednN rr

Then given 0 > 0 small enough there exists € > 0 such that if

(2.10) sup |logh| < e
G

then 0S) 1s 0-Reifenberg flat.

3. Rough geometric properties

The Main Lemma below provides a crucial estimate for the gradient of the
Green function near the boundary in terms of the Poisson kernel. It allows
us to deduce that under the hypothesis of Theorem 2.1, 02 is contained in
a very thin annular region.

Main Lemma Let Q C R"", 0 € Q. Let G denote the Green function
of 2 with pole 0 and let h be the corresponding Poisson kernel. Assume that

H"(B(Q,r) NoR) -

(3.1) sup sup
0<r<1Qedn rr
and
(3.2) sup|logh| < e
G)

for some € € (0,1). Then

(3.3) limsup [VG(X)| < €° vV P € 00Q.

X—P

Let

(3.4) Ky = sup sup < 00.
0<r<1QedQ re
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Lemma 3.1 Under the assumptions above, let R > 0 be such that B(0, R) C
Q and OB(0, R) N 02 # 0. Then

(3.5) IVG(X)| < C,.K, VX € Q such that d(X) < £.
Here d(X) denotes the distance from X to 0S.

Note that (3.5) and the maximum principle for harmonic functions yield

(3.6) IVG(X)| < C(n,Ky,R) VX eQ\B (0, g) .

Proof. Apply the Riesz decomposition theorem for subharmonic functions
to G (see [4, Theorem 6.18]). Let @ € 02 be such that 0 ¢ B(Q,r)

31 GQ = G2)e(2)
OB(Q,r)

: / ( 1 : )
— — dw(Z).
= D0+ Domer Jaomnon \Z =@t~ 1) @)
Using Fubini and the fact that G(Q) = 0, (3.7) yields

(3.9) f G(2)do(Z) = — /0 WB@Y)

(n+ 1)wni1 t
dB(Q,r)
Note that (2.10) and (3.4) imply that for ¢t < 1,
(3.9) w(B(Q,t)) < eFH"(B(Q,t) NN < e Kopt".
Combining (3.8) and (3.9) we have that for ¢ < 1

(3.10) % G(Z2)do(Z) < CKor
0B(Q,r)
whenever (Q € 92 and 0 ¢ B(Q, ).

Let X € Q such that d(X) < £, there exists @ € 9 such that d(X) =
r=|X—Q)|. Since r < £ then 0 ¢ B(Q,2r), and the representation formula
for subharmonic functions implies

(22— X — QP a(2)
B ) = T /BB@,M 7~ xiot4)

Since |Z — X| > r for X € 0B(Q, ), (3.10) and (3.11) yield

(3.12) G(X) < g f G(2)do(Z) < C, Kor = CKod(X).
0B(Q,2r)
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Standard estimates for harmonic functions on Q\B (O, g) ensure that
G(X)
1 X)) <C,——=C,K
(3.13) IVG(X)| < G = Cuko ]

The proof of the Main Lemma is a slight variation of the proof that
appears in [10]. We sketch the proof and try to indicate as we go along what
the ideas behind the calculations are. For further details we refer the reader
to [10] and [11].

Proof of Main Lemma: Let M = limsupy_, 5 |[VG(X)|. Assume that
M > ¢°. Let § € (0,107°) and let X, € Q be such that d(X,) < £ and

(3.14) IVG(Xo)| > M — 6.

Let W(X) = max{|VG(X)| — (M — 2§);0}, observe that W(X,) > 4, and
that W is subharmonic in Q\B (O, %) Let Gy be the Green’s function of
Q) with pole at Xy. By Sard’s theorem we can choose t > 0 such that
IVGo(X)] # 0 on {X : Go(X) = t}. Green’s second identity, the fact
that W is subharmonic on Q\B ( R) the maximum principle applied to
G and Gy on Q\B (0, %) and Q\B (Xo, L) respectively, where dy = d(X)
and (3.5) yield

72

0Gy .
< /{ 280 vy amr(v)

(3.15)
VG|>M—26}n{Go=t} OV

D =

provided X is close enough to 0f), and ¢ is chosen small enough so that
VG| < M+don{X :Gy(X) =1t} Let E(t) ={X : |[VG(X)| > M -2} N

First one shows that E(t) is a “large” set at “distance” comparable to ¢
from 0€2. More precisely for X € E(t),

(3.16) Crd(X) <t < Chd(X)

where C; = C(n, Ky, R, Xo) for i = 1,2. Furthermore for ¢t small enough
there exist balls {B(X;, d(X;))} with X; = X;(¢t) € E(t) such that

(3.17) E(t) c U, B <X d<fz’>>
(3.18) B <X“ d(lé(o)> nB <XJ’ (100 ) =0 fori#j
(3.19) Sd(X) > O

where C3 = C'(Xo, Ko, n, R). Note that each B(X;,d(X;)) is tangent to 052
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Let v > 0 be a small positive constant. Since €2 is a set of locally finite
perimeter, Egoroff’s theorem ensures that there exits 7, > 0 so that

H™" (8N B(Z,r))
Wpr™

whenever Z € 9OQ\A and H"(A) < %", Choosing ¢t < 1, (3.17), (3.18),
(3.19) and Lemma 3 in [10] guarantee that there exists Y € E(t) so that

(3.21) IVG(X) = VG(Y)| <y VX € B(Y;(1-vdY))

(3.20)

<1+ for 0<r <y,

andif Z € 00QNOB(Y,d(Y)) then there exists Z € 0f2 such that |Z—2| <t
and Z satisfies (3.20). For complete details see [10] Section 3.
For 0 < r <, (3.5), (3.8), (3.9), (3.21) and the fact that ¢t ~ d(Y") yield

(3.22)f Gdo < f Gdo + C, Kyt

OB(Z,r) dB(Z,r)

1 "w(B(Z,s))
< ds + C, Kovyd(Y
- (n+t 1)wn+1/o sn st 0vd(Y)

e® "H"(B(Z,s)NoN)
ds + C, Koyd(Y
(n+ Dwnst /0 o oY)

S’I’L

e“wy,

Assume Z = Y —d(Y)e, from (3.5) and (3.21) we deduce for X € B(Y,d(Y))

(3.23) IG(X)—-G(Y)—(VG(Y); X =Y)| < C,Kovd(Y).
For X = Z we have
(3.24) IG(Y) = (VG(Y);d(Y)e)| < C, Kogyd(Y).

Combining (3.23) and (3.24) and using the fact that G > 0 we obtain for
X € B(Y,d(Y))

(3.25) —(VG(Y),e)d(Y) — (VG(Y); X = Y) <2C,Kovd(Y).
Since Y € E(t), |[VG(Y)| # 0, letting X tend to Y —d(Y)VG(Y)/|VG(Y)]

we obtain

(3.26) 0<|VGY)|—(VG(Y),e) <2C,Kyy.
Combining (3.23), (3.24) and (3.25) we find that
(3.27) |G(X) = (VG(Y); e)((X =Y, e) +d(Y))] < CrBoyd(Y)

for X € B(Y,d(Y)).
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Let r = v!/24(Y’). Note that
(3.28) H'({X : (X =Y, e)+d(Y) > ON\B(Y,d(Y))NIB(Z,r)) < Cy"*"
and on this set
(3.29) (X = Y;e) +d(Y) < Oy
From (3.27), (3.28), (3.29) and (3.5) we have

(3.30) /B ; G(X)do(X)

Z,r)

>

/ G(X)do(X)
OB(Zr)N{X:(X=Y,e)+d(Y)>0}

>

/ G(X)do(X)
OB(Z m)N{X:(X=Y,e)+d(Y)>0}NB(Y,d(Y))

> (VG(Y), ) / (X — Y, e) + d(Y))do(X)

OB(Z mN{X:(X=Y,e)+d(Y)>0}NB(Y,d(Y))

— CpKogyr™d(Y)

> (VG(Y), e>/ (X —=Y,e)+d(Y))do(X)

OB(Z,r)N{X:(X—-Y,e)+d(Y)>0}

— C(VG(Y),e)|y*r™ T — C Koyyrmd(Y)

> (VG(Y), €) / (X — Yie) +d(Y))do(X)

OB(Z m)N{X:(X-Y,e)+d(Y)>0}
— O Koy 2+,

Note that

(3.31) (X =Y, e) + d(Y))do(X)

/aB(Z,r)m{X:(X_Y;e>+d(Y)zo}

xn+1d0'(X>

/8B(O,T)O{X:a;n+1 >0}

The representation formula for subharmonic functions applied to V(X) =
max{z,1,0} yields

r n
WnS
ds = w,r" 1.

(3.32) ordo(X) = 1" /
o Ss"

/8B(O,T)O{X:a;n+1 >0}
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Combining (3.30), (3.31) and (3.32) we have
(3.33) / . G(X)do(X) > (VG(Y), e)wr™ — C Koy /2.
oB(Z,r)

From (3.22) and (3.33) we deduce

w
34 Y),e)——2—p — C, Koy?
(3 3 ) <VG( )7€> (n+ 1)wn+1r Cn 07 r
< it Do f’i)w ¢ (1+7)r + C Koy /r
thus
(3.35) (VG(Y),e) < e (1 +7) + C,Koy'/2.

Using the fact that Y € E(t), (3.26) and (3.35) we conclude that
(3.36) M—26 < [VG(Y)| < (VG(Y), ) +2C, Koy < e (147)+Cr Koy,

Since v > 0 is arbitrary we conclude from (3.36) that M — 2§ < e°. Letting
0 tend to 0 we get that M < e, which contradicts our initial assumption

that M > e®. This remark finishes the proof of the main lemma. |
Let

(3.37) 0 < Ry =sup{r: B(0,r) C Q} < o0

(3.38) 0< Ry =inf{r: Qc B(0,r)} < co.

To estimate Ry, let P = 0Q2 N9IB(0, Ry). Let G be the Green’s function
of B(0, Ry) with pole 0, let G be the Green’s function of 2 with pole 0. By
the maximum principle for X € B(0, R;)\{0}

(3.39) G1(X) < G(X).

In fact if F(X) denotes the fundamental solution for the Laplacian in R™*?
with pole at the origin then G = F'—u and G; = F —u; where Au =0 1in §2
with u = F on 052 and Auy = 0in B(0, Ry) with vy = F on 0B(0, R;). Since
G > 0then u < F'in €, and hence v < uy on 0B(0, Ry) (because B(0, Ry) C
). By the maximum principle © < w; in B(0, R;) which justifies (3.39).
Letting X = tP; with t — 1 (3.39) yields

P
(3.40) lim inf Gi(th) < liminf

t—1 t t—1

G(tP,)
.
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Thus by (2.10) and the Main Lemma we have that

1
H"(0B(0, Ry))

If 0, = H"(0B(0,1)) then (3.41) implies

(3.41)

= |VG1(P1)| S €.

(3.42) (e=f0 )" < Ry.

To estimate Ry let Py € 0N be such that |P| = max{|Q|: Q@ € 9Q}. Let G
denote the Green’s function of B(0, Ry) with pole at 0. A similar argument
to the one above shows that for X € Q\{0}

(3.43) G(X) < Gy(X).
Note that for P, there exists a ball B C Q¢ such that P, € 02N JB.

Lemma 3.2 Let Q, G and h be as above. Let P € 02 and assume that
there ezists a ball B C Q¢ = {G = 0} so that P € 02N OB then

3.44 lim su >e °
(344) axB) <
XeQ
Proof. Let
[ =limsu G(X)
xopt d(X, B)
Xe
There exists a sequence {Yy}r>1 C €, such that Y, — P and d%g’g) — 1 as

k — oo. Let dy = d(Yy, B). There exists X, € OB so that |V, — Xj.| = d.
Consider

Gr(X) = ClX +Xe) o x e B(0,2) and  Z

Y- Xy
dy - ‘

d,

Without loss of generality we may assume that Z, — e as k — oo, |e| =1
and Gy, — G in COB(R1), VG = VG weak star in Li5 (R™),

loc

weakly in L2 (R™™);

loc
1

k —00

in the Hausdorff distance sense uniformly on compact sets, and xyg,>0; —
X{Gw>0p I Lig (R™1). Note that G(Zy) = %’}:’“) thus G(Zr) — 1 as
k — oco. On the other hand since Gy, converges uniformly to G, in B(0,2),
we conclude that G (e) = I.
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In order to prove the lemma we need to get a better understanding of G,
and Q. = {Gs > 0}. Our goal is to show that €, is a half-space and G,
is linear. Let r be the radius of B. Let oy = d(0B(Xy,dy) N 0B; L), where

L is the tangent plane to B through X,. An easy computation shows that
ap = 2%, Note that for P, € B(Xy, di) N {(P — Xp, ¥Xs) <~} € B
if Qp = 7%k, then Q € B(0,2) N {(X, Z) < =%} and Gi(Qr) < 0.
Passing to the limit as k tends to infinity we conclude that if Y € B(0,2)N
{({Y,e) <0} then Goo(Y) =0. Let Y € B(0,2) N {(Y, Z) > 0}, then either
dY + Xi € Q° and G(Y) = 0 or dY + X € Q and given € > 0 there
exists kg € N such that for k > kg

G(dpY + Xy)
d(dyY + Xz, B)

(3.45) <l+e¢

and

(346) G(de—f—Xk) S (l +6)d(de—‘r—Xk,B)

. 2

< (I+¢) {(de; Y X"“> +2%}

dk r
dy
which implies
G(dyY + X d
(3.47) Gr(Y) = w <(l+¢) {(Y, Zi) + 27’“} .
k

Passing to the limit as k£ goes to infinity we conclude that for Y € B(0,2)N
{{Y,e) >0}, Go(Y) < (I +¢€)(Y,e) for every € > 0, thus Goo(Y) < I(Y, e).
Moreover G (e) = I. The maximum principle guarantees that v, (Y) =
Imax{(Y,e);0} for Y € B(0,1).

If 7y (X) = h(dp X + Xy), for ¢ € C(B(1,0)), ¢ >0

(3.48) / ChpdH" = VG, - V¢
8{Gk >0}

Rn+1

— — / VG V(= ICdH"
Rn+1 {(Y,e)=0}

k—oo

thus

(3.49) lim ChudH" =1 / CdH™

k=00 Ja1G,>0} {(V,e)=0}
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On the other hand the divergence theorem ensures that

(3.50) / CdH"™ > / Ce-ypdH" = / div (Ce).
8{Gk>0} B{Gk>0} {Gk>0}

Since

(3.51) /{G div (Ce) — div (Ce) = /a CdH" = /(Y - CdH",

>0} k=00 JrG.o>01 {Goo>0}

we have that

(3.52) lim CAH" > / CAM".
{<Y=e>:0}

k=00 Ja{Gy>0}

Since by (3.2), h > e™® H"— a.e. Q € 092, using (3.49) and (3.52) we have

(3.53) lim hi¢dH™ > lim e “CdH"
k=co Joray>0} k=00 Jota, >0}

z / CAHT > e / cdm,
{<Y76>:0} {<Y=e>:0}

for any ¢ € C°(B(1,0)), ¢ > 0. Therefore (3.53) yields
(3.54) [ >e".

Combining (3.43) and (3.44) we obtain that

. G(X) _
3.55 VG5 (P, > limsu > e °.
( ) | 2( 2)\ = XHPQP d(X, B) =
XeN
Thus
1 1
(3.56) = >e "

H"(0B(0, R)) Ry —
which implies
(3.57) Ry < (0 Y)n.
We have proved the following lemma.

Lemma 3.3 Assume that Q C R™! satisfies conditions (2.1) and (2.2) in
Theorem 2.1 then

(3.58) B(0,Ry) C Q C B(0, Ry)
with

(3.59) e <o,R! <o,Ry < e
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4. Fine Geometric Properties

In this section we prove Theorem 2.1. For this purpose we first introduce
a local notion of flatness that involves the geometry of the boundary at a
point )y, the behavior of G near )y and the oscillation of logh near this
point (see Definition 7.1 in [1]). We assume that G is continuously extended
to be identically 0 outside Q. Note that G is then subharmonic in R**.

Definition 4.1 Let Q C R be as in Theorem 2.1. Let Qo € 99, p > 0
and oy,o_,7 € (0,1). We say that

(4.1) G e F(oy,0-;71) in B(Qo, p) in direction v if
(4.2) G(X) =0 for (X —Qo,v) > 0o.p

(43)  G(X) = ~h(Qu)(X — Qo,v) +_p] for (X — Qui) < —o_p
and

(4.4) sup  |VG(X)| < Qo)1+ 7) and l;)(sch < 7h(Qy).

XeB(Qo,p) Qo,p)

The proof is very similar to the ones presented in [1] section 7 or in [6].
To avoid repetition we state the lemmata and only point out the main dif-
ferences with respect to the proofs of the results mentioned above. For the
complete details we refer the reader to [1] and [6].

Lemma 4.1 Let Q C R"™! be a bounded domain and a set of locally finite
perimeter such that 0 € Q). Let G and h be as above. There exists o, > 0 so
that if o € (0,0,), 7 € (0,0) and € € (0,0) with

(4.5) sup |logh| < e
o0

then for Qo € 02, p > 0 and v € S", if G € F(o,1;7) in B(Qo,p) in
direction v then G € F(20,Co;7) in B (QO, g) in direction v. Here C' > 1
15 a constant that only depends on n.

Lemma 4.2 Let Q C R"™! be a bounded domain and a set of locally finite
perimeter such that 0 € Q. Let G and h be as above. Given 6 € (0,1) there
exists o9 > 0 and ng = n € (0,1) so that if ¢ € (0,04) and 7 € (0,040?%)
then for Qo € 082, p > 0 if G € F(o,0;7) in B(Qo, p) in direction v then
G € F(0o,1;7) in B(Qo,np) in direction v and |v — v| < Co.
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Lemma 4.3 Assume that  C R™™! satisfies (2.9). Then given o > 0 there
exist €, > 0 such that if

(4.6) sup | logh| < € with e < &,
G

then there is p. = p > 0 (depending on € > 0) so that for Q € 0, G €
F(o,0;(e®* — 1)Y4) in B(Q, p). Here (¥ —1)1/2 < 0.

Proof of Lemma 4.3. Recall from Lemma 3.3 that under the above hy-
pothesis B(0, R;) C 2 C B(0, Ry) with 1 < Ry/Ry < €%, and e™* < 0, R <
ef fori = 1,2. Let ¢ € (O, i) be a positive number to be chosen later de-
pending on o > 0. Let p = R1v/2ve% — 1. From basic geometry and the
remark above (see Lemma 3.3) it is clear that for ) € 0 there exists an

n-plane L(Q, p) through @ such that
@7) D090 B(Qp) LQ.p) N BQ.p)] € VIV T,

In fact take for example the n-plane through @ orthogonal to the liie>
joining the origin to ). Let v be the unit normal in the direction OQ)

we have that if X € B(Q,p) and (X — Q,v) > 2v/2Ve%* — 1p then since
1< Ry/R, < %

(18  IXP = X-Q-(X-Qwp| +[(x-Qun+iel

(1%1 + 2ﬁmp)2 = R (1 +4(e* 1))
Rie ™ (4e* — 3)?

R3(4 —3e %) > R3.

AVARAVARRLY,

Thus X ¢ Q and G(X) = 0 as G was extended to be identically equal
to zero in Q°. Now let X € B(Q, p) with (X — Q,v) < —2v2Ve%* —1p. In

this case

(49) X = [X=Q—- (X - QP+ (X —Qu)+|Ql
< X = QP+ (R, — 4(e* —1)R,)?
S p2_’_(€25_4€25+4)2R%
< [2(625 — 1)+ (1 3(e* - 1))2] R?
< (149(e* —1)> —4(e* — 1)) R}
< (L4 (e* =1)(9(e* — 1) - 4)] Rt < Ry,

provided € > 0 is such that e* — 1 < 4/9. Thus for X € B(Q,p) with
(X —Q,v)<—2v2Ve2 —1p, X € B(0, R;) and by (3.39) we have that if G,



32 D. PrEiss AND T. TORO

denotes the Green function of B(0, R;) with pole 0 then
X
(110)  G(X) 2 Gi(X) = Gi(X) = Ga Pz )
X X
> (VG1(Y), X — Ri—) = (VG1(Y), =) (IX] = R1),
| X] | X]
for some Y =t X +(1 —t)Rlﬁ with ¢ € [0,1]. Note that Ry —p < |Y| < R;.
The last inequality is a simple application of the fundamental theorem of
calculus.

Since G1(Y) = (n711)an (IYI}”1 - R;—1>, VGL(Y) = ;—im% and for Y
as above (4.10) and (3.59) ensure
1) G > —L (rra—nl) (xR
' — ol X | X] 1
1
Ry —|X]) > Ry —|X
> v (R =X > o (R 1X)

> e (R —[X])
Combining (4.10), (4.11) and (4.6) we obtain
(4.12)  G(X) > e (R —|X]|)
> h(Q)(Rr — |X]) = h(@Q)(1 — ™) (R — | X])
> Q)R — |X]) = h(Q)(1 — e *)p,

for X € B(Q,p) with (X — Q,v) < —2V/2Ve% — 1p.
Our next goal is to compare Ry — |X| to [(X — @,v)|. Note that the
basic picture is as follows:




where
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cosfx

(4.13)  [{(X = Q,v)| = cosOx|X — X| < (R1 — X+ el _0R1> cos fx.

Thus since (X — Q,v) < —2v2Ve2 —1p <0 and R; < Ry < e*R,

(4.14) R —[X| > COS9X|<X—Q7V>\—(32—31)
> ol me -
> X .
> 0059X|< —Qa’/ﬂ—TP
e¥* —1
> |<X_Q7V>‘_ \/5 p-

Combining (4.6), (4.12) and (4.14) we have that for X € B(Q, p) with

(X = Q;v) < =2v2Ve% —1p
(4.15) G(X) >

v

hQ) [—(X - Q,v) -

MQ)(Ri — 1X]) — H(@Q)(1 — ¢ *)p
> hQ) [|<X—

625_1 o
Q= o= QL - )

1_'_\/5 2e

\/5 (6 _1)p]

Thus choosing £ > 0 so that 2v/2ve%* — 1 < (&% — 1)5 < o and we have

that for X € B(Q, p)
(4.16)

(4.17)

G(X)=0for (X —Q,v) >0op

G(X) =2 —h(X)[(X = Q,v) + op] for (X —Q,v) < —op.

Hypothesis (4.6) implies that for P, Q € 0f)

(4.18)

Thus
(4.19)

osc pg.pyh < (e — 1A(Q).

To estimate sup g p)no | VG| recall that the function V(X) = [VG(X)
is subharmonic and bounded on Q\B (0, %) Hence, since

B(Q,p) N C Q\B(0, Ry — 2p),
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the maximum principle for subharmonic functions ensures that

(4.20) sup |VGE| < sup VG|
B(Q,p)NQ Q\B(Q,R1—2p)

:max{limsup\VG(X)L sup |VG|}.
)

X—00 OB(0,R1—2p

Let Y € 0B(0, Ry —2p) then B(Y,p) C B(0, R;) C Q since G and G are
harmonic on B(Y, p) Poisson’s representation formula yields for X € B(Y p)

2 2
n axy < P IX-YP GO
(4.21) ) = o Doy /aB(m X g™

Differentiating the expression in (4.21) and applying the obtained formula
to X =Y we obtain

p G(Q)
4.22 VGY) = — vV — O\
1
= —— G(O)(Y = ¢)dc.
eyl BCSIUEIL

Thus if G; denotes the Green function of B(0, R;) for i = 1,2 with pole 0,
we have

(423)  |VG(Y) - VGy(Y)| < —2 /a o, 1660 = G Olac

Wn+1pn+2
Using (3.39), (3.43) and (4.23) we have

1
ol /8B(Yp)(G2(C) — G1(¢))d¢

1 1
<C,—— - d
-t /83 (Y.p) (Rn 'Ry 1) ¢

(4.24)  [VG(Y)=VG (V)| <

. 1 1 C, o
S T |:Rn—1 - Rn—1:| = Rn—an—l (R2 t— Rl 1)
P 1 2 Pl 2
C, R c,
——(Ry; — R ———(Ry— R
=~ pR?_le_l( 2 1) Rn 1R2( 2 1)
2e 1 1
< Gl < S )
p p Ry

B

where we used the facts that 1 < % <e* p= V2vVex —1R; and e ¢ <
Rto, < e, with € € (O, i)
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Since

1 1 1
Gﬂmzﬂn—nm+¢wlewnl‘R?J

then
1 1

(7 + Dewnpr [V
For Y € 0B(0, Ry — 2p) and € > 0 small enough, we have

|VG1(Y)| =

1
wnH(n + 1)(R1 — Qp)n

1
o R (1 — 22 /e — 1)
65

(1 —2v2Ve2 —1)n

< e (1+8nve* —1).
Combining (4.6), (4.20), (4.24) and (4.25) we obtain
e(1+8nve* — 1)+ CVe* — 1

(14 Cpve* —1)
h(Q)(1 + Cu/e® — 1)
h(Q)(1+ CypVe* —1).

(4.25) IVGL(Y)| =

IN

(4.26) sup |VG|
B(Q,p)

IN

VANRVANVAN

Thus for & > 0 small enough so that C,,(¢* — 1)1 < 1 we have that

(4.27) sup |VG| < h(Q)(1 + (e* — 1)1/,
B(Q.p)

Note that (4.16), (4.17), (4.19) and (4.27) show that for £ > 0 small enough
in terms of n and such that (¢%* — 1)V/!2 < o then G € F(0,0; (e — 1)¥/4)

in B(Q, p), YQ € 09 where p = v/2v/e%= — 1R,. |

Before sketching the proofs of Lemma 4.1 and Lemma 4.2 we indicate
how from the 3 lemmata above one proves Theorem 2.1.

Proof of Theorem 2.1. Let ¢ € (0,1) to be chosen. Let ¢’ € (0,0¢)
as in Lemma 4.2. By Lemma 4.3 for o € (0,04) there is €, > 0 so that
if (4.6) holds, then G' € F(o', o', (¥ — 1)Y/4) in B(Q, p), for Q € 99 with
p = V2Ve* — 1R, and with (e?*s — 1)'/12 < ¢’. Note that by choosing
e < e, so that (e*7 — 1)'/* < g5 we have that (e* — 1)Y/* < gy/(0')?
for e < &’. Lemma 4.2 ensures that G € F(0'0’,1; (e — 1)) in B(Q,np).
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Lemma 4.1 now guarantees that G € F(20'0’, C0'c’; (e*—1)"/*) in B (Q, ).
Choosing ¢ so that C0' + 20" < 1 we conclude that
GeF(d,o;(e*-1)"") inB(Q,%2).

Since (% — 1)/* < 04(0”")? we can repeat the previous argument to show

that Vk € N and VQ € 99
GeF(d,d;(e*-1)"Y") inB <Q’ (g)kp>'

Thus there exists v, € S™ so that

(4.28) G(X) =0 for (X — Q1) >0’ (g)k o
and
(4.29) G(X) > —h(Q) {(X — Q)+ (g)k ,0] >0

for (X — Q,v) < —o (g)kp

In particular if L;(Q) denotes the n-plane through @ orthogonal to v
(4.28) and (4.29) imply that

30 ploans (e (1) s)m@ns (e (3) )| <o (2)s

Let r € (0, p) there is £ > 0 so that (g)kﬂp <r< (g)kp, let 7, = (g)kp
For P € 02N B(Q,r) by (4.30), there exists Z € L(Q) N B(Q, ) so that
|Z — P| < o'rg. Note that |Z — Q| < |Z — P|+ |P — Q| < o'rp +r. There
exists Z' € seg [Q, Z] such that |Z' — Q| < r and |Z' — Z| < o'r. Moreover
|\Z' — P| < |Z—-Z'|+|Z — P| < 20'r.

For Z € Li(Q) N B(Q, 1), there exists Z' € Li(Q) N B(Q,r — o'ry) so
that |Z — Z'| < o'rr. By (4.30) there exists P € 092 N B(Q,rx) so that
|Z' — P| < o'rg. Note that |Z — P| < |Z — Z'|+|Z' — P| < 20'rj, moreover
|P-Q|<|P—-Z'|+|Z'"— Q| <r. Thus P € 902N B(Q,r). The previous
argument ensures that for @ € 9 and r € (0, p) there exists an n-plane

through @, L(Q,r) so that

(4.31)

S

D[OQN B(Q,r), L(Q,r) N B(Q,r)] < 20"

Thus for o € (O, %) there exists e, > 0so that if ¢ < e, and supy, | log h| <e
then 0(Q,r) < o for r € (0; p) with p = v/2ve2 — 1R;. |
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We now focus our attention in the proofs of Lemmas 4.1 and 4.2. As
mentioned earlier these are just small variations of results that appear both
in [1] and [6], thus we do not present all the details.

Proof of Lemma 4.1. Without loss of generality we may assume that
Qo =0¢€ 09, p=1and v = e,.;. By hypothesis G € F(o,1;7) in
By = B(0,1) in the direction e,41, h(Q) > e~ ¢ for H" a.e. @ € 092 and
supg, [VG| < (1 +7) < (1 + 0).

This implies that for ¢ € CP(R™!), ¢ >0

(4.32) / GAp > e® / pdH".
Q

o0
Let n(Y) = exp (%) for |Y] < 3 and n(Y) = 0 otherwise. Choose
sg > 0 to be the maximum s so that

(4.33) Bin{G>0}CD={X € By:x,.1 <20 —snx)}

where X = (Z,x,41) with Z € R" x {0} Note that sy < 20. Since G €
F(o,1;7) in By there exists Z € 0D NoQY N B (O,%). Let B C DY be a
tangent ball to D at Z. Since 0D N Bj is smooth and sy < 20 < g, for
0, > 0 small we may assume that the radius of B is S—Z Consider the
function V defined by AV =0in D,V =0in dDNB; and V = 20 — x,41

on 0D\ B;. By the maximum principle V' > 0 in D and
(4.34) G<VinD

as G < V on 9D and G is subharmonic. For X € D define F(X) =
(20 — 2p41) — V(X), F is a harmonic function on D. Since Z is a smooth
point of OD, standard boundary regularity arguments (see [3, Lemma 6.5])
ensures that supycp |[VF(X)| < Csupp |F| < Csp < Co. Therefore

V=142 (2 <14 c0

0Ty 11 Oy 41

(4.35)

Using (4.35) and noting that |7 (Z) — en,y1| < co we have that if

(VV, 1) = 9~ where 7' denotes the outward unit normal to 9D then

v
ab

Our goal now is to estimate G from below by the linear function —z,,1 up
to a constant of order o. Let ( € 0B (0, %) N {:En+1 < —%} Consider the
function w, defined by Aw; = 0 in D\B (C, %), we =0o0n 0D we = —Tp4q
on 0B (¢, 1).

(4.36) (Z)<1+co+(1+0)|n —en1]| <1+ co.
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The Hopf boundary point lemma ensures that

_ Owe

(4.37) o

(Z) > C, > 0.

Assume that there exists d > 0 such that VX € B (C, %)
(4.38) G(X) < V(X) + odzyiq.

The maximum principle would then imply that

(4.39) G(X) < V(X)—dows(X) inD\B (g, %)

Combining Lemma 4.1, (4.36), (4.31), (4.5) and the hypothesis that ¢ €
(0,0) we would have

(4.40) 1—0§1—€§—6—V(Z)—da%
mn

Z)<1 —
o (Z) <1+ Co—C,do

which is a contradiction for d large. Thus fr d large enough (depending on
n) there are points X, € B (C, %) such that

(4.41) G(X¢) 2 VI(Xe) +do(Xe)nsa-

Let X € B (X, 1) then noting that V(X) > —u,4; for X € D, using
the fact that supp, |VG| < e°(1+0) and (4.41) we have for o, small enough

(4.42) G(X) > G(X) - o, VG| X - X|
B(¢,5

1
> V(XC) + dU(XC)n+1 - 1(1 + O')e5

1
> _(XC)nJrl + dU(XC>n+1 - 1(1 + U)es
5 7 1
Z §—§d0—1(1+0)66
5 7 1
> §—§d0—1(1+0)e€>0

for o < 0, Since G(X) >0 for X € B (X¢,1), G is harmonic on B (X, 1)
and so is V — G. Moreover

V-G=>0 on B(Xg,i>DB(C,%>.
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Harnack’s inequality combined with (4.41) yields

(@43)  (V=G)O) £ CulV = G)(Xe) £ —Cldo(Xe)ur < Co
and
(4.44) G(C) =2 V(¢) —Co > —(pi1 — Co.

For X e DNB (O,%), X = (+tx,yq for some ¢ € OB (O,%) ﬂ{xn+1 < ——}
then (4.44) implies that

(15 G(X)2 GO~ (1+0)et = —(Gun +1) — Co
since G € F(o,1;7) in By in direction e,1, inequality (4.45) ensures that
G € F(20,Co;71)in B (0, %) in direction e, 1. [ |

Lemma 4.2 is proved by contradiction, using a non-homogeneous blow-
up. Assume that Lemma 4.2 does not hold. There exists 6y € (0,1) such
that for every n > 0 (later we specify one) and every non-negative decreasing
sequence {o;} there is a sequence {7;} with 7,02 — 0 so that

(4.46) G € F(oj,04;7;) in B(Qj, pj) in direction v,
but
(4.47) G & F(6yo;, 1;75) in B(Qj, np;).

Since the estimate in Lemma 4.2 is to hold uniformly on compact sets we
assume that for each j € N, @); € K and that lim; .. Q; = Qo € K Qo # 0
where K is a fixed compact set in R+,

Note that if G € F(o,0;7) in B(Q, p) in direction v then G € F(40,40;T)
in B (P, 2) in direction v for every P € 0Q2NB (Q, 2) Let R; be the rotation
which maps R onto {(z,t) =z +tv; : x € (v;);¢ > 0}. Let

O =p; 'Ry (Q-Q;), 0 =p;'R;1(0Q - Q).

Define
1
(4.48) Gj(X) = mG(ijjX + Q)
and for ) € 092,
4.4 h; R;
(4.49) i(Q) = (Qj) h(piR;Q + Q;).

Note that G is a positive multiple of the Green function of €2; with pole
—pj_le_le. Note that |pj_1Rj_1Qj| > ‘2Q—p°j‘ for j large enough.
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Thus for ¢ € C°(R™!) and j large enough so support ¢ C B (O M)

' p;
we have
(4.50) / GjApdX = wh;dH"
Q, 09;
with
(4.51) BS(%% |IVG;| <14 7; and osc g1)h; < 7; with h;(0) = 1.
Moreover
(4.52) Gj € F(oj,04;7;) in B(0,1) in direction e,+q
but
(4.53) G & F(0yo,,1;71;) in B(0,n)

with o; — 0 and TjUJQ — 0 as 7 — o0.
We define sequences of scaled height functions (in the direction e,1)
corresponding to 9€2;. We prove that this sequence converges to a subhar-

monic Lipschitz function, and use this information to contradict (4.53) for
j large enough. For y € B(0,1) NR™ x {0} = B’ define

(4.54) [ (Y) =sup{h: (o;h) € 0{G; > 0}} <1
and
(4.55) fi (V) =inf{h: (y,o;h) € 0{G; > 0}} > —1

Lemma 4.4 (Non-homogeneous blow up (Lemma 7.3 in [1])) There
exists a subsequence k; such that for y € B’
(4.56) f(y) = limsup f,;t (2) = l}gm inf f, (2).

kj—o00

2y z—y

Corollary 4.1 (Corollary 7.4 in [1]) The function f that appears in (4.56)
is a continuous function in B', f(0) = 0; and f,;t and fk_] converge uniformly
to f on compact sets of B’.

The proofs of Lemma 4.4 and Corollary 4.1 are identical to those that
appear in [1] or [6], thus we omit them here.

Lemma 4.5 (Lemma 7.5 in [1]) The function f introduced in Lemma 4.4
is subharmonic in B'.
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Proof. This proof is done by contradiction. Assuming that f is not subhar-
monic in B’ we contradict the fact that 0]727']» — 0 as 7 — oo. In fact if f is
not subharmonic in B’ there exists yo € B" and p > 0 so that B'(yo,p) C B’
and

(4.57) fn) > f o fads
9B’ (yo,p)
Let
FWo) = Sopryen / (@)d2
(4.58) ey = /faBQ(yo,p) .
Let g be the solution to the Dirichlet problem
Ag =0 in - B'(yo, p) }
4.59
(4.59) { g = [+eo on OB (yo,p).
Note that
(4.60) f < gon 0B (yo,p), and

(4.61) g(yo) = f g(x)dx:f f(x)dx + g
dB' (y0,p) 9B’ (yo,p)

1
9(v) = é{f(yo)‘l— faB/(W)f(x)dx}
(4.62) 9(mo) < f(yo)-

Summarizing, we have the following picture.

graph g = Z°(g)

ST ;?graph f=2(f)

p yO
Ag = 0 in B'(yo, p)
(4.63) g > f in 0B'(yo, p)
9(wo) < f(yo)
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The main idea of the proof is to compare the n-dimensional Hausdorff mea-
sure of 0{G}, > 0} on the cylinder B'(yo, p) x (—1,1) to that of the graph of
ok; g on the same cylinder to obtain a contradiction from an estimate on the
size of the area enclosed by these 2 surfaces. In order to simplify the nota-
tion we relabel the sequences that appear in Lemma 4.4. We also introduce
some new definitions.

Let Z = B'(yo, p) X R be the infinite cylinder. For ¢ defined on R" define

(4.64) Z%(¢) = {ly.h) €Z:h>o(y)}
Z(¢) = {lyh)eZ:h<o(y)}
Z%(¢) = {(y.h) € Z:h=0o(y)}

We may assume that for £ large enough

(4.65) H"(Z%(org) N O{Gy > 0}) = 0.

It might be necessary to modify g above by adding a suitable constant which
can be chosen as small as one wants. In particular the function g would still
satisfy (4.60) and (4.61).

Claim 1 For k large enough

(4.66)  H"(Z*(0ng) N O{Gy > 0}) < 1 7

Hn(ZO(O'kg) N {Gk > O})

Claim 2 Let Ey, = {Gy > 0}NZ " (0kg). Ey is a set of locally finite perime-
ter and

(4.67) HY(Z N Ey) < H"(O{Gr > 0} N ZT (0r9))
+ H"({Gr =0} N Z°%0rg)).
Here 0 E}. denotes the reduced boundary of E.
Claim 3 There exists a constant C > 0 such that
(4.68) H (Z N O*Ey) > H"(Z°(org)) + Coip".

Before proving the claims we indicate how combining inequalities (4.66),
(4.67) and (4.68) we obtain a contradiction. Combining (4.66), (4.67)
and (4.68) and using (4.65) we have
(4.69)  H"(Z°(org)) + Coip™ < H™(Z N O*Ey)

<H"(O{G), >0} N ZH(org) + H'({Gr, =0} N Z~ (019))

< T2 (019) N1 G > 0)) + H (G = 0} 1 Z%(0ng))
< T (Z(0kg) 1 (G > 01) + HU(Z(009)

1_Tk
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which implies

2Tk

(4.70) Cop"

IN

(20 (0ng) N {Gi > 0})
27 /
— Tk Bp’(yo)

For 73, < % and 03, < 1 (4.70) yields Co? < C'7, which contradicts the fact
that 7,0, ° — 0 as k — oo. Thus we conclude that f is subharmonic in B’.

IN

Proof of Claim 1. Since h;(0) = 1 and osc g1y < 7 we have that

(471) H”(Z+(0kg) N 8{Gk > O}) = / dH"
Z+ (0rg)NO{G >0}

=3
L= 7k J 7+ (ong)n0{Gy >0}

hydH"™.
For ¢ € C°(R™™) and k large enough we have

(4.72) —/ VGng0=/ phrdH".
{Gr>0} 8{G>0}

Letting ¢ — Xz+(s,q), (4.72) yields

{Gx>0}N0Z* (o 9) 0{Gx>0INZ* (o1 g)

where v denotes the outward pointing unit normal. Combining (4.65),

(4.71), (4.73) and (4.51) we have that

1

(4.74) H'(Z (o) NO{GL > 0}) < < /' VG|
— Tk J{G>0}N0Z (o)
147
< T TZH”({Gk >0} N Z%0ng)).

The proof of Claim 2 is straightforward. The proof of Claim 3 is identical
to the one that appears in either [1] or [6], thus we do not present it here.

To obtain the desired contradiction we need to prove that f is Lipschitz.
This proof relies on the following lemma which claims that f converges to
its average faster than linearly in an integral sense.
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Lemma 4.6 (Lemma 7.6 in [1]) There is a constant C = C(n) > 0 such
that fory € B}, = B (0,1) NR" x {0}

(475) o< [* S~ fir < C
where
(4.76) for = f fdH™

OB'(y,r)

Proof. The proof is very similar to the ones that appear in [1] and [6].
Nevertheless since the minor differences are technically important we sketch
the proof here pointing out how to overcome the difficulties that arise in this
situation. For the complete details we refer the reader to [1] or [6]. Without
loss of generality we may assume that y = 0. Since f(0) = 0 it is enough to
show

(4.77) 0< / ' Tig f faH"™ < C©
0

oB!.

where B]. = B'(0,r) and C only depends on n since f is subharmonic (see
Lemma 4.5) then for r € (0,1), f(0) < /faB;de”_l which proves the first
inequality:.

Let h > 20; be small and let G, denote the Green function of B (O, %) N
{zn,41 < 0} with pole —he, ;. By reflection Gj, can be extended to a
smooth function on B (0,1) \{£he 41} with Gp(Z, 2n11) = —G(T, —2p41)
for x,41 > 0. For j large let G}(X) = Gn(X + 0jens1) be defined on
B (%, _Uj€n+1) \{(oj£h)e,41}. We denote by Bl/g =B (O, %) and by B{ﬂ =
B (%;—0j€en11). We may assume that H" (0B, N0{G; > 0}) = 0. Green’s
formula ensures that

am) [ v6VE) = [ 606 - Gi—h+ o))

1/2 1/2

where 9,GY, = (VG v), and v denotes the inward pointing unit normal to
833/2. On the other hand

(4.79) - /8 N (VG;, VG = / h; G dH".

/2 B{G‘j>0}ﬁBi/2
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Let v; denote the inward point unit normal to 0€2; = 0{G; > 0} then
by Green’s formula we have

(480) / <Gi€n+1 - l'n+1VG{L, l/j>dHn
No{G; >0}

=(oj+h)+ / T0410, G,

1/20{6‘ >0}

1/2

Combining (4.78), (4.79) and (4.80) we obtain
(4.81) / Tp10,, GRdH"
1/208{G >0}
_ / (hy + (ensrs 1)) GLAHT
1/2ﬁ8{G >0}

e + GG+ Gyt aenn) = o+ )

1/20{G]'>0}

h. ,
_ / ( i 4 lenin, uj>> Gl an®
By /2Nd{G;>0} 1 —7;

—Tj / h]GidHn + GJ(—(h + aj)en+1) — (O'j + h)
Bl/QOB{G >0}

1/2r1{G >0}

h. ,
_ / ( i 4 lenin, uj>> Gl dn®
By /2Nd{G;>0} L —7;

+(1+7)Gi(=(h + 0j)eny1) — (0 + h)

_ / (i1 + G5(1 4+ 73))0, G
1/20{6‘ >0}

Since 0; — h < —0; and G; € F(0j,05;7;) in B(0, 1) in direction e,1, then
G < 0on d{G; > 0}n B, Furthermore since h;(0) = 1, by (4.51)

h; >1—7; on Bl/2 No{G; > 0}.
Thus

B :
(4.82) / (1 — +(ent1, Vj>) Gy, <0.
By /5Nd{G;>0} — T

Since G;(0) = 0, (4.51) ensures that

(4.83)  |Gi(—=(h+0j)ens1)| < ;(1(1)11) IVGj|(h+0;) < (14 75)(h+0j).
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Hence

(4.84) (14 7)Gj(—(h + 0j)ent1) — (05 + h) < 37;(h + 0;)

Since {G; > 0} C {41 < 0}, by (4.51) for 2,41 < 0; we have in B(0,1)

(4.85)  G;j(Z,2p41) = [G(F, Tpi1) — G4(Z, 05)| < (L4 75)(0; — Tns1)

which yields

(4.86) 1 < Tpp1+ (147)G5(T, 2011) < (1= (14+75))T0s1 + (14+75)%0;.
Thus

(487) 0 S Tn+1 + (]_ + Tj)Gj(i’, ZL‘n+1) S (1 + Tj)20'j for Tn+1 € [0, O'j]

(488) —0j < Tn+1 + (1 +Tj)Gj(.f',l'n+1) < (1 —|—Tj>0'j for T+l € [—O'j, O]
Since G; € F(0j,0;;7;) in B(0,1) in direction e, with h;(0) = 1 then
(4.89)  Tpi1 + (1 +75)G;(Z, nt1) = Tpr + (1 + 75) (21 — )
> —Tjxpy1 —0j(1+ 1) > —0;(1+71;) for 2,1 < —0;
We combine the fact that 9,G% > 0 with (4.87), (4.88) and (4.89) and
obtain that

a [ (01 + (14 75)G5)0,G]
0By ,,N{G;>0}

SO’j(l—f‘Tj)/ ayGil

oB] /oG5 >01N{@n+1<0}

Combining (4.81), (4.82), (4.84), (4.90), the fact that 0]727']» <1 for j large
enough, and that 1 > h > 20; we conclude that

1 , .
(4.91) —/ xn+18,,].GiL < 90j—|—2/ ' 0,G..
95 JB],,n0{G;>0} 0B8] ,{G;>0}N{zn11<0}
Thus
1 ,
(4.92) lir‘nsup—/. Tny10,,Gy, < 2/ 0,G, < Ch.
j—oo T5.JB] ,na{a;>0} 8By /5N {@n11<0}

The rest of the argument is identical to the one that appears in [6] in the
proof of Lemma 0.9. |
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Lemma 4.7 (Lemmata 7.7 and 7.8 in [1]) The function f introduced in
Lemma 4.4 is Lipschitz in 31/16 with Lipschitz constant that only depends
on n. Furthermore there exists a large constant C' = C(n) > 0 such that for
any given 0 € (0,1) there exists n =n(0) > 0 and | € R™ x {0} with |I| < ¢
so that

0
(4.93) f(y) < (Ly) + gn fory € By,

The proof of this lemma basically appears in [1] and [6]

Now we indicate how the last 2 lemmata yield a contradiction in the proof
of Lemma 4.2. Recall that by assuming that the statement in Lemma 4.2 is
false we can construct sequences of function {G;} and {h;} satisfying (4.50),
(4.51), (4.52) and (4.53). From them as in (4.54), (4.55) and Lemmas 4.4,
4.5, 4.6 and 4.7 we can produce a subharmonic Lipschitz function f on B] /16
satisfying (4.93). Recall that by Lemma 4.4 and Corollary 4.1 f is uniform
limit of the functions f;” defined in (4.54). Therefore Lemma 4.7 yields that
for 0 € (0, 1) there exists n > 0 so that for j large enough

(4.94) fi () <(ly) +0nfory € B,

which by definition means that

(4.95) Gj(X) =0 for X = (z,2,41) € B(0,n) with z,11 > 0;(l, ) + Ono;.
Let 7 = (14 o2[l[*)1/2(—0;l,1) (4.95) implies that

. B Ono;

for j large enough. But (4.51) and (4.96) state that G; € F(20n;,1;7;)
in B(0,n) in direction ». This contradicts statement (4.53) in the case

that 0 = %0, which concludes the proof of Lemma 4.2 and thus that of the

Theorem 2.1.

5. Applications

Lemma 5.1 Assume that Q C R*"™! satisfies (2.9). Then there exist £g > 0
and ro > 0 such that if

(5.1) sup | log h| < g
G

then for @ € 02 and r € (0,19)
(5.2) Colrm <H™ (00N B(Q, 1)) < Cur™,

where C,, is a constant that only depends on n, i.e. ) is Ahlfors regular.
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Proof. Let o € (0, i) be small enough in Theorem 2.1 then there exists
g1 > 0 such that if supyq | logh| < €1, then 09 is o-Reifenberg flat. This

ensures that there exists p; > 0 so that for ) € 092 and r < p;

wpr™

(5.3) H"(0Q N B(Q,r)) > (1 +0) tw,r™ >

DO | —

(for the proof see Remark 2.2 in [7]). By Lemma 4.3 there exists 0 < g5 < &4

so that if supyq |logh| < e with 0 < € < & there exists p. = p > 0 such
that for Q € 9Q, G € F(o,0;(e* — 1)Y%) in B(Q, p.). Thus in particular
for r < min{pe, p1 }

(5.4) sup [VG| < h(Q)(1+ (e* — 1)) < (1 + (e — 1)V1).
B(Q.1)

Hence

non 1

< ea/ hdH" < 66/ phdH"
B(Q,r)ndQ o0

< ¢t / (Vo, VGYdH™,
Q

(55)  H'O0NBQr) — /B@) hdH

for any non-negative ¢ € C°(R"™!) such that ¢ = 1 on B(Q,r) and 0 &

support ¢.
In particular if ¢ is chosen so that ¢ € C2°(B(Q, 2r)) for r < 2 min{p., p1}
and |Vl < 2/r, (5.4) and (5.5) yield for e > 0 small enough

2
(5.6) H"(B(Q,r)NoN) < ea;ea(l + (€% — D)V < dwp g™

Choosing

1 1
€0 = min {82—2, Z} and o = B min{pe,, p1}

we conclude that (5.2) holds.

Corollary 5.1 Assume that Q C R"™! satisfies (2.9). Then given § > 0
small enough there exists € > 0 such that if

(5.7) sup | logh| < e
)

then Q is a 0-Reifenberg flat chord arc domain.
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Proof. By Theorem 2.1, 010 is d-Reifenberg flat provided ¢ > 0 is small
enough. Since 2 is bounded and B(0, R;) CQ C B(0, Ry) it is easy to show
that it satisfies the separation property. Therefore 2 is a J-Reifenberg flat
domain and for 6 > 0 small enough it is also NTA (see [7]). Moreover if
e < g9 Lemma 5.1 ensures that for r € (0,r) (5.2) holds. Since Q2 is bounded
it is easy to see that for r € (0, diam2), (5.2) also holds with a constant that
only depends on n, and %. Thus €2 is a chord arc domain. |

The crucial information contained in Lemma 5.1 and Corollary 5.1 is that
bounded domains which are sets of locally finite perimeter and satisfy (2.9)
belong to a family of chord arc domains with uniform constants.

Corollary 5.2 Assume that Q C R™™ satisfies (2.9). There erists e1 > 0
so that if supyq | log h| < 1 and logh € VMO(9R) (resp. logh € C**(0Q))
then  is a chord arc domain with vanishing constant (resp. 0 is a CkT1
domain,).

Proof. By choosing e; > 0 small enough Corollary 5.1 ensures that €2 is a §-
Reifenberg flat chord arc domain. Choosing d > 0 as in the statement of the
Main Theorem in [8] we conclude that if logh € VMO then 7 € VMO(952).
Choosing § > 0 as in the statement of Alt and Caffarelli’s theorem we
conclude that if log h € C** then Q is a C*+1% domain. |

Corollary 5.3 Assume that Q C R™ satisfies (2.9). There exists €3 > 0
so that it supyq, |log h| < 2 and logh € C%* there exists a homeomorphism
Y : B(0, Ry) — Q where ¢ and v~ are C1~.

Proof. By the work in [1] and Corollary 5.1 we know that there exists 6 > 0
and € > 0 depending on § > 0 so that if supyq, |logh| < € and logh € C%°
then Q is a C'* domain. Moreover using the proof of Theorem 8.1 in [1]
and (4.7) above we conclude that

(5.8) 'ﬁ Q) — —=| <d.

Here 7' (Q) denotes the outward unit normal to 9€2. Since (2 is a bounded

C%* domain there exists r € (O, %) so that for Q € 0Q N B(Q,r) can be

written as the area below the graph of a C* function (with small C'®
norm 1 over the n-plane through @ and orthogonal to 7 (Q). Inequal-
ity (5.8) guarantees that Q@ N B(Q,r) can also be seen as the area below
the graph of a C1* function (with C'* norm less than C§) over the n-

plane through ) and orthogonal to % This implies that the spherical
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projection S : 92 — B(0, Ry) S(Q) = R1|%| is a 1-1 map. Moreover since
B(Q, Ry) C €, S is onto and Lipschitz on 0f). In particular € is star shaped
with respect to the origin.

Since S is smooth on R™™\B (0, %) and 09 is a C** submanifold it
is clear that S is a C* map from 9Q onto B(0, R;), and S™' is a C1°

map from 0B(0, Rl) onto 9Q. For X € Q\B (0, &) there exists a unique

Qx € 08 so that = X = ‘gi E The previous remark ensures that the map that

to X € Q\B ( &) associates Qx is a OV map. Our goal is to construct
a homeomorphism ® : Q — B(0, R;), such that ® and &' are C**. Let
X € Q and define

t te [0, %]

5.9 t) = _

(5.9) 9(1) e ‘QRX‘Q (t—%)Qth for t € [77|QXH-
(lox|-2)

In particular g € C" 1([O |Qx1]), 9(0) = 0 and g(|Qx|) = Ri. Moreover since

Qx| > Ry, fore < &5, ¢’ > 0on [0, |Qx]|] thus g is 1 — 1 and maps [0, |Qx]]

onto|0, Ry]. For X € Q) define

(5.10) (X) =
x X for X € B (0,41)

= 9(IX[) 57 — Ri-|Qx| B2 Ry
X]| (‘Qﬂ_ﬁ)g (I1X] =)+ 1X] ) 57 for X € \B(0,5).
Note that ® is a C'® map. For Y € B(0,R;) C € there exists a unique

y € . oince g 1s a bijection there exists a unique t € |0, |Qy]|| so
0 0. S . bifecti I . . 0,10

that |Y| = g¢(t). Since Q is star-shaped with respect to the origin there

exists X € €, such that X = t|8y|. This implies that ®(X) = Y. If

O(X) = O(X) = g(IX]) = g(IX']) and 55 = 7. Since g is 1 — 1,
| X| = | X’| which yields X = X’. Thus ® : Q — B(0, R;) is a C1* bijection.

It is easy to check that ®~! is also C1@. |

X
1X]
—

Lemma 5.2 Assume that @ C R"™ satisfies (2.9). Given > 0 there exists
e > 0 such that if supyg |log h| < € with € < g then there exists p. > 0 such
that for r € (0, p:) and Q € 09

H"(B(Q,r)NoQ)

wpr™

(5.11) < (1+49).

Proof. Let ¢ € C>®(R™™!) such that 0 ¢ suppy then

(5.12) - /Q (Vp,VG) = /a phdo.
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By choosing ¢ as an approximation of xp(qg,» we obtain after passing to the
limit that for a.e. » > 0 with r < %

X _
(5.13) / hdH" — / <VG, ¢ >dH”.
20NB(Qr) OB(Q,r)NQ X — Q)

For the details of this computation see [9] section 3.
Let 6’ = 0'(6) € (0,1) and choose ) € (0, 1) so that if sup | log h| < € for
e’ € (0,¢p) then Q is a ¢’-Reifenberg flat chord arc domain (see Corollary 5.1)

and i
5 ¢ /
G e F(E’ 7 (e* _1)1/4) in B (Q, (g) ,0')
for all @ € 99, k > 1 where o) = V2Ve2'-lR, and 1 € (O, i) (see
Lemma 4.3 and the proof of Theorem 2.1, namely (4.28) and (4.29)).

By Lemma 3.3, B(0,R;) € Q C B(0, R,) with e < 0,R} < 0,R} <
¢ . Note that since G € F (%/, %/, (e — 1)1/4) in B (Q, (g)k,o’> for k > 1
then G € F(&,8, (e — 1)Y/*) in B(Q,r) for r € (0,p'). Thus there exists
% n
ng, € S" so that

(5.14) G(X)=0  for (X —Q;ng, ) < —6'r

and

(5.15)  G(X) > h(Q)[(X —Q;ng, ) —d7r] for (X —Q;ng,)>dr
To estimate the term in the right hand side of (5.13) consider

X _
(5.16) 0 < / <VG; ¢ >dH”
OB(Q,r)NQ X — Q)

(s =G o

<

/83(Q77')ﬂ{1+t7m #>2v/5'r}

+ / VG|dH"
IB(Q,r){z+tng., :—8r<t<2v8r}

Here the decomposition  + tng, means that z € L(Q,r) where L(Q,r) is
an n-plane through @), orthogonal to @ :
Given our choice of r, Lemma 4.3 guarantees that

(5.17) S VG| < MQ)(L+ (e = 1)) < h(Q)(1 +2(")*),

for e(, small enough.



52 D. PRrEiss AND T. TORO

Using (5.17) a simple computation yields

(5.18) IVG|dH" < C, Vo™,

/BB(Q,T)D{erth’T =8 r<t<2V/8'r}

Combining (5.14), (5.15) and (5.17) we have for X € B(Q,r), X = x+tng,
with t > 28'r > 2V/0'r

(5.19) hQ)(t — 6'r) < G(X) < hQ)(1 4 2()Y*)(t + &'r).

Note that for such X, if d(X) denotes the distance from X to 92 then

(5.20) r>dX)>t—48r>

DO | o+

As in (4.22) and (4.23) we have that

(5.21) VG(X) = ﬁrz)m/alg(xm)@(o(?f—odc

2
2n+2

- _W /E)B(X,@)(G(C) — h@))(X = ¢)d¢

2n+2

C wand(X)n /a (x,900) MQ)E(X = ¢)de,

Where%vg = ((—Q, W) Notethatif ( € OB (X, M), then ¢ € B(Q,2r).

2
The first equality in (5.21) applied to the function ;5} rather than G guaran-
tees that

2n+2 ~ —
62) /a e QX = O = Qo

2

Since |t¢| < 2r using (5.19) we have that

(5.23)
V600 = M) = 577 [ 16O MG
Crh(Q) P /
= d(X)n+1 /83()(,01(2)())((6) M(Jte] + 6'r) + 8'r)d¢
Cnh(Q)

< D oy g < €MD e )
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Using (5.20) and (5.23) we can estimate the remaining term in (5.16).

Namely

X —

(5:24) / <VG(X); ! > dH"
OB(Qr)N{a+tT ¢, :t>2v/8r} |1 X — Q)|

X-Q
Sh(@)/ <W ,2ra7> dH"
OB(Q,r)N{z+tw Q’T:t22\/5_’r} “ ‘X - Q|

(6/)1/4+5/ .
Tr .

Choosing ) > 0 so that &) < (&), and recalling that h(Q) < e < 2
(5.24) becomes

X —
(5.25) / <VG; Q >d7—(”
OB(Qr)N{a+tng,, t>2v/8'r} | X — Q|
X -0
Sh(Q)/ <ﬁ 72r,7>dHn
OB(Q,r){z+t7T ¢ 0mt>0} @ ‘X — Q|

+oH" (aB(Q, "N <{x YT g  T20YA [z + 1T o, ¢ tzzx/%}))
+ Cn\/gr”.

A simple computation shows that the angle between 7 o, and ﬁ Qr 18
less than C'¢§’. This fact combined with (5.13) applied to the function t 7 ¢ o,
instead of G and (5.25) implies

X —
(5.26) / <VG, ¢ >dH"
dB(Q,r) N {z+tT g t>2V87} ‘X - Q|

< Q) / dH" + C,Vo'r™
L(Q,2r)NB(Q,r)

+ C,h(Q)

Combining (5.13), (5.16), (5.18) and (5.26) plus the fact that e~ <
h(P) < e’ for P € 99 we conclude for r < v/2ve2 — 1R,

(5.27)  H"(B(Q,r)NdN) = /B — h(P)h™ Y (P)dH"

< es// hdH" < €% wr™ + C, V'™,
B(Q,r)noQ
By our choice of g > 0 (so that &, < (§)?) we have that for r <
\/5\/ 625, — 1R1
(5.28) HY(B(Q,r) N IN) < w,r™(1+ CpVo).

Choosing &' > 0 so that C,(8')"/? = §, and ¢, the corresponding &) we have
proved the statement of Lemma 5.2. |
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Corollary 5.4 Assume that Q C R™! satisfies (2.9). Given § > 0 there
exists € > 0 such that if supyq |log h| < € then Q is a 6-chord arc domain.

Proof. From the proof of Lemma 5.1 (see (5.3)) and Lemma 5.2 we have
that given § > 0 there exist ¢ > 0 and p > 0 so that if supy |logh| < ¢
then for r € (0, p) and Q) € 99

H™(09 N B(Q,r))

WpTt™

(5.29) (1+6)7'< <1494

By Theorem 2.1 we also know that p > 0 can be chosen so that

(5.30) 0(Q.p) <.
N

This is a straightforward consequence of Corollary 4.5 (for the proof,
see [7, §2]).

Corollary 5.5 Assume that Q C R™ satisfies (2.9). Given § > 0 there
exist € > 0 and p > 0 such that if supyq | logh| < € then

1/2
(5.31) |7 ||+(p) = sup sup (f |'m — 7Q7r|2d0) < 0.
Qean 0<r<p \ J B(Q,r)noQ
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