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Modified logarithmic Sobolev

inequalities in null curvature

Ivan Gentil, Arnaud Guillin and Laurent Miclo

Abstract

We present a new logarithmic Sobolev inequality adapted to a
log-concave measure on R between the exponential and the Gaussian
measure. More precisely, assume that ® is a symmetric convex func-
tion on R satisfying (1+¢)®(z) < 2®'(x) < (2—e)®(z) for x > 0 large
enough and with € €]0,1/2]. We prove that the probability measure
on R pg(dr) = e @) /Zgdx satisfies a modified and adapted loga-
rithmic Sobolev inequality: there exist three constants A, B,C > 0
such that for all smooth functions f > 0,

Ent,, (%) < /H<1>< )fszQ>7

with ) 2]
z¢  if x| < C,
Ho(w) = { ®*(Bz) if 2| > C,

where ®* is the Legendre-Fenchel transform of ®.
1. Introduction

A probability measure p on R™ satisfies a logarithmic Sobolev inequality if
there exists C' > 0 such that, for every smooth enough functions f on R"”,

(1.1) Ent, ( /|Vf| d,

where
Entu(fQ) = /f2 log f2du — /f2d,u log/deu
and where |V f| is the Euclidean length of the gradient V f of f.
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Gross in [9] defines this inequality and shows that the canonical Gaussian
measure with density (27)~"/ 2= 121*/2 with respect to the Lebesgue measure
on R™ is the basic example of measure p satisfying (1.1) with the optimal
constant C' = 2. Since then, many results have presented measures satisfying
such an inequality, among them the famous Bakry—Emery I>-criterion, that
we recall now in our particular case. Let ® a C? function on R™ and note
to(dr) = exp (—P(x))/Zodx, Zg being the normalization constant so that
ke 1S a probability measure on R™. Assume that there exists A > 0 such that

(1.2) Ve € R", Hess(®(z)) > Ad,

in the sense of symmetric matrix. Then Bakry and Emery proved that p is
satisfying inequality (1.1) with an optimal constant C' € [0,2/\]. We refer
to [3, 2] for the Iz-criterion and to [1, 10] for a review on logarithmic Sobolev
inequality:.

The interest of this paper is to give a logarithmic Sobolev inequality
when the probability measure pg on R defined before does not satisfy (1.2)
but ®”(x) > 0, Vo € R. A first answer is given for the following particular
measure: let o > 1 and define the probability measure p, on R by

1 a
(1.3) o (dz) = Z—ae"x‘ dz,
where Z, = [ e~ 1" dz.
The authors prove, in [8], that for 1 < a < 2, the measure p,, satisfies
the following inequalities, for all smooth functions such that f > 0 and

ffzdlu’a =1,

B

f/
[Py,

f

where A and B are some constants, o' + 57! =1 and

var,, (f) = [ Fdi - ( / fdua)Q.

It is well-known that the probability measure p,, satisfies (still for o > 1)
a Poincaré inequality (or spectral gap inequality), i.e. for every smooth
enough function f,

(1.4) Ent,, (f*) < AVar, (f)+ B/

£>2

(1.5) var,, (1) < € [ [9fde

where 0 < C < 0.
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Then using (1.5) and (1.4) we get that p, satisfies also this modified
logarithmic Sobolev inequality for all smooth and positive function f,

(1.6) Ent, (f?) < /Haa< )f%m,

here and in the whole paper the convention that 0 - co = 0 is assumed,
otherwise stated where a and C' are positive constants and
7 if |z| < a,

Hoo(z) = { 2ff

with 1/a+ 1/ = 1. This version of logarithmic Sobolev inequality admits
a n dimensional version, for all smooth function f on R",

(1.7) Ent o (%) < C/HW (VTf)fzduff",

where by definition we have taken

W () En)

Note that Bobkov and Ledoux gave in [7] a corresponding result for the
critical (exponential) case, when o = 1.

if |x| > a

Our main purpose here will be to establish the generalization of inequal-
ities (1.4), (1.6) and (1.7) when the measure on R is only a log-concave
measure between e~ ¥l and e=*". More precisely, let ® be a function on R,
we say that ® satisfies the property (H) if this two properties are satisfied:

e @ is a C?, symmetric and strictly convex on R.
e There exits M > 0 and 0 < ¢ < 1/2 such that (M) > 0 and

Ve > M, (1+e)®(z) <a2d'(x) < (2—¢)P(x).
We assume along the article that the function ® on R verifies hypothesis (H).

Remark 1.1 The assumption (H) implies that there exists mq, my > 0 such
that
Ve > M, mya'/ (79 < d(x) < < moa®E.

This remark explains why, under the hypothesis (H), the function ® lies
between e and e’

Due to Remark 1.1, [e~ %@ ?)dx < oco. Then we define the probability

measure jig on R by
1
po(dr) = Z—q)@_q)(m)dx,

where Zg = fe_q’(m)dx.
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The main result of this article is the following theorem:

Theorem 1.2 Assume (H) then there exist constants A, A", B,D > 0 and
k > 0 such that for any smooth functions f > 0 satisfying [ f2due = 1
we have

!/

(1.9) Ent,, (f*) < AVar,, (f) + A’ /2 Hg (L) fPdug,

f f
where
a? i x| < D,
(1.10) He(r) = { ®*(Bx) if|z| = D,

where ®* is the Legendre-Fenchel transform of the function ®, ®*(x) :=
Supyep 17y — @(y)}.
It is well known that the measure ug satisfies a Poincaré inequality (in-

equality (1.5) for the measure pg, see for example Chapter 6 of [1]). Then
we obtain the following corollary:

Corollary 1.3 Let ® satisfying the property (H) then there exists A, B, D >0
such that for any smooth functions f > 0 we have

!/

(1.11) Ent,, (/%) < A/H<I> (7) fdue,

where Hg is defined on (1.10).

In [8] we investigate some particular example, where we have ®(z) =
|2|*1og” |z|, for @ €]1,2[ and 3 € R. Theorem 1.2 gives the result in the
general case.

Definition 1.4 Let p a probability measure on R™. u satisfies a Modified
Logarithmic Sobolev Inequality (M LSI) of function He (defined on (1.10))
if there exists A > 0 such that for any smooth functions f > 0 we have

(MLST) Ent,, (f*) < A / He (va) fdue,

w(F) =2 ()

The M LST of function Hg is the n-dimensional version of inequality (1.11).

where
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In Section 2 we will give the proof of Theorem 1.2. The proof is done
in two steps, Proposition 2.4 and 2.9. In Subsection 2.1, we will describe
the case where the entropy is large and in Subsection 2.2 we will study the
other case, when the entropy is small. This two cases exhibit very different
behavior as we will see in the next sections but they are connected via the
common use of Hardy’s inequality we recall now.

Let u,v be Borel measures on RT. Then the best constant A so that
every smooth functions f satisfy

(1.12) | @ = s duta) <4 [ gan

is finite if and only if

(1.13) fg:igg{”“““ﬂ{lm(%Z%)iﬁ}

is finite, where ¢ is the absolutely continuous part of v with respect to p.
Moreover, we have (even if A or B is infinite),

B < A<4B.

We refer to [12] or [6, 1] for a review in this domain.

In Section 3 we will explain some classical properties of this particular
logarithmic Sobolev inequality. We explain briefly how, as in the classical
logarithmic Sobolev inequality of Gross,

e the MLSIT of function Hg satisfies the tensorization and the pertur-
bation properties,

e the M LST of function Hg implies also Poincaré inequality.

The last application is the concentration property for probability measure
satisfying inequality (1.11). Indeed, we obtain Hoeffding’s type inequality:
assume that a measure p on R satisfies inequality (1.11) and let f be a Lip-
schitz function on R with || f||z;, < 1, then, for some constants A, B, D > 0

independent of the dimension n,
> 106w > A)
k=1

o 2em (—mA®(BN)) if A > D,
=) 2exp (—nA/\Q) ifo< A<D,

(1.14) P(%
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or equivalently,

n

(1.15) ]P’(%

ﬂX@—uUﬁ>A)<

k=1
2 exp < - nA@(B%)) if A > Dy/n,
< A< Dy/n.

2 exp (—A/\Q) if 0
Inequality (1.15) is interesting as for large enough n we find the Gaussian
concentration, this is natural due to the convergence of

%(Z ) - (1))

to the Gaussian distribution. This result is not a new one, Talagrand ex-
plains it in [13], see also [11] for a large review on this topic, the interest of
this part is to observe this phenomenon via Logarithmic Sobolev inequality.
Note also that it implies control of Laplace functionals which have applica-
tions for example in statistics.

Note finally that Barthe, Cattiaux and Roberto [4] have studied the same
sort of log-concave measure, they prove functional inequalities with an other
point of view, namely Beckner type inequalities or ®-Sobolev inequalities,
in particular one of their results is concentration inequalities for the same
measure fig.

2. Proof of the Modified logarithmic Sobolev inequality
(Theorem 1.2)

Let us first give a lemma stating classical properties satisfied by the func-
tion & under (H).

Lemma 2.1 Assume that ® satisfies assumption (H) then there exists C' >0
such that for large enough x > 0,

(2.1) 22 < CD*(x),
(2.2) cB( (1)) < D*(2) < (1 — )B(P'1(2)),
(2.3) Lo l(r) < q)*f) <O (a).

The proof of Lemma 2.1 is an easy consequence of the property (H).

For this we will note by smooth function a locally absolutely continuous
function on R. This is the regularity needed for the use of Hardy inequality
in our case.
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2.1. Large entropy

The proof of MLSI for large entropy is based on the next lemma, we give
a MLSI saturate on the left, with some weighted type energy.

Lemma 2.2 There exists C, > 0 and M > 0 such that for every smooth
functions g we have

(2.4) Ent,, (92) < C’h/gahd/@,
where h is defined as follows

1 oif |z <M

Proof. We use Theorem 3 of [5] which is a refinement of the criterion of a
Bobkov-Gétze theorem (see Theorem 5.3 of [6]).
The constant C}, satisfies

max(b_,by) < C, < max(B_, B;)

where

1 x €<I>(t)
b, — sup pe(]z, +oo)log (1 4+ ——— /Z—dt,
+ = sup pa(lz, o] g( 2uq><[x,+oo[>) 0

b ] Dlog (1 ! 2.5
_ =su — 00, 2])lo + ——~at,
P ) g( 2uq>(]—oo,w]))/z " )

B = sup o+ log 1+ m) [ %%’dt,

>0 T, +00

B = sup pa(] — o0, ]) log (1 + ﬁ;x[)) /; Zcp%dt.

An easy approximation proves that for large positive x

1

<1
2.6 — — e 20 g4 oy —————— —®(z)
( ) /‘Lq)([l" OOD /x Z@e Zq)q)/(l_)e ?

and

x €<I>(t) Zo
Dot~y — 22 P@),
/0 (1) h(a)®'(x)

and one may prove similar behaviors for negative x.
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Then, there is K and M such that for x > M,

<I>(t)

1 x
wollvtosh s (1+ ) [
d(x) d(z) \?
Nt K(x@(m)) '
The right hand term is bounded by the assumption (H).

A simple calculation then yields that constants by, b_, B, and B_ are
finite and the lemma is proved. |

Remark 2.3 Note that this lemma can be proved in a more general case,
when ® does not satisfy hypothesis (H).

Proposition 2.4 There exist A, B, D, A" > 0 such that for any functions
f = 0 satisfying

/fzd,uq> =1 and Ent,,, (f*) > 1

we have

(2.7) Ent,, (f*) < A'Var,,(f) + A/ Hgy (f )f dig,
232 f

where

B z?  if x| < D,
H“”—{@w@ if |z| > D.

As we will see in the proof, A" does not depend on the function ®.

Proof of Proposition 2.4. Let f > 0 satisfying [ f2due = 1. A careful
study of the function
r— —2’logr® +5(x — 1) + 2> — 1 + (z — 2)2 log(x — 2)2
proves that for every z > 0
r?logz® <5(x — 1) +2° — 1+ (z — 2)% log(z — 2)2.
We know that [(f — 1)?dus < 2Var,,(f), recalling that [ f2due = 1
and f > 0,
[ o fdne <5 [(7=12dps+ [ (2 = Vo
+ [ =2 osf — 22 d

< 10Var, (1) + [ (7~ 2 los(f ~ 2R da.



MODIFIED LOGARITHMIC SOBOLEV INEQUALITIES IN NULL CURVATURE 243

Since [ f?due =1, one can easily prove that

= 2Rdu <1

then [(f —2)2log(f —2)%due < Ent,, ((f —2)2), and
Ent,, (f*) < 10Var,,(f) + Ent,, ((f —2)3) .
Lemma 2.2 with g = (f — 2), gives

28)  Buty((/-22) <Ch [ (- Dhduo=Ci [ hda

=2
Due to the assumption (H), the function h(x) = z?/®(xz), is increasing
on [M, oo and
lim h(x) = oo.

r—00

We can assume that ®(M) > 0. We note m = h(M) > 0 Let us define the
function 7 as follow

_ [ 2®(h7(m))/(8Cym) if 0 < <m
(29) @) = { B (o) /(8Ch) o> m

For all z > M, we have 7(h(z)) = ®(z)/(8C},) and then, an easy calculus
gives that 7 is increasing on [0, col.
Let u > 0,

Co [ fPhdus = C, / u(f ) " 2
=2 =2 f

N 2
<Ch/f T*{U(J%) }fzd,uq,—i—/f ChT(u>f2d,ucb
>2 >2

For every function f such that [ f2dus = 1 and for every measurable
function g such that [ f2gdue exists we get

/ngd,u < Ent,, (fz) +log/egd,uq>.

Indeed, this inequality is also true for all function g > 0 even if the above
integrals are infinite.
We apply the previous inequality with g = 4C),7(h/u) and we obtain

Jolt) e froe (e

i(EntM} (fz) +10g/€40h7—(%>duq>>.
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If w =1 we have, by construction, [ 64Ch7(%)duq> < 00, then we get
uh—{{.lo 640}'7(%)03”@ =1.

Then, by the bounded convergence theorem, there exists ug such that we

get fe4ch7(u%)duq> <e
Thus we have

I\ 2
w2156 () e

Ent,,(f?) > 1, implies

"y
Ent,, (/%) <20Var,,(f) + QCh/ T*{uo (—> }de/w.
>2 f

[z
Then Lemma 2.5 gives the proof of inequality (2.7). [ |

Lemma 2.5 There exist constants A, B,C, D > 0 such that

Ba? if x < D,

* 2
Ve 20, 7 (x><{ Ad*(Cz) ifz < D.

Proof. Let x > 0, then 7*(x) = sup,>¢ {zy — 7(y)}. Let now m = h(M) > 0,
then

7' (z) = max { sup {zy —7(y)}, sup {zy — T(y)}}

ye[ovm[ y/m

< sup {xy —7(y)} +sup {zy — 7(y)}.

y€[0,m[ y=m

We have sup, (o, {2y — 7(y)} < xm, because 7 is positive. Then the defi-
nition of 7 implies that

sup (o = 7(0)} = sup f ! h -3,

y=m y=M (y) 8Ch,

Let define 9, (y) = zy*/®(y) — (y)/(8C),

)
20(y) —y®'(y)  P'(y)
q)z(y) 8C),

for y > M. We have

U (y) =y
Due to the property (H), there is D > 0 such that

2
(T D(y,)
Vo > D, - — — :
T j‘;}i{“’y 7(y)} Sy S0,
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where y, > M satisfies

! O'(y2) 2% (1)

The assumption (H) implies that

1—¢

Yo ®' (Y2) < 2P(Ya) — Y2 ®'(y2) < 1 Yo' (),
+¢€
then using the last inequality and again the assumption (H) one get
1 1

(2.10) (y,).

% (y,) <z

(1= )2 —2) S 8G9

We get with the assumption (H),

1 y? 1

T y

(2-¢)?
< —— D (y,).
SOl 1 o) )

P(yz)

Equation (2.10) gives,
ye < @7V Cx)

where C' > 0. Then we get

Vo > D, 5;12 {zy—7(y)} < %@(@/—l(ﬁ))

We obtain, using inequality (2.2) of Lemma 2.1,

Ve > D, sup{zxy—7(y)} ;)CD* <@>

<

then,
Ve > D, 7(x) <axzm+ Ko~ <\/C’x>.

Using inequality (2.1) of Lemma 2.1 we get
Ve > D, 7"(x) < K'®* (\/ C’:p),

for some K’ > 0.
On the other hand, the function 7 is non-negative and satisfy 7(0) = 0
then 7%(0) = 0. 7* is also a convex function, then there exists m’ such that

Ve €[0,D], 7(x)<am/,

which proves the lemma. [ |
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Corollary 2.6 For any smooth functions f > 0 on R satisfying

/deuq> =1, and Ent,,, (fQ) > 1,

we have P
Ent,, (f*) <C / Hcp(?) FPdpa,
where ) /Lo
x¢  aif || < D,
Ho() = { ®*(Bz) if |z| > D,
and B, D > 0.

Proof. Due to the property (H) the measure pe satisfies a Spectral Gap
inequality,

Var,, (/) < Csa [ o,
with Csg = 0. We apply inequality (2.7) to get the result. [ |

2.2. Small entropy
Lemma 2.7 Let A > 0 and define the function ¢ by

o — 2
d(z) = {(2*) " (Nog )}~
Then for all A > 0 there exists Ay > 0 such that the function i is well
defined, positive, increasing, concave on [Ay, 00| and satisfies 1(Ay) > 1.

Proof. Let A > 0 be fixed. Classical property of the Legendre-Frenchel
transform implies that ®* is convex. Due to the property (H), (®*)~" (A log z)
is well defined for # > M; with M; > 0. Then we get on [M;, o],

A
V'(x) = 2g'(Alog z)g(Alog z)

R
x

!
(y"(A log.2) — &

2

' (x) = 2g(Alog )

xr2

(Mogz)  ¢*(Mogz) )
A g(Alogz)

where, for simplicity, we have noted g = (@*)_1.

For x large enough ¢ is non-negative and increasing and then 1 is in-
creasing on [My, oo[, with My > 0.
An easy estimation gives that as x goes to infinity,

gl _
(2.11) o(0) s (1),

then since (®*)~" is concave, for all large enough z, ¢"(z) < 0. Then one
can find A, > 0 such that properties on the Lemma 2.7 are true. |
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The proof of MLSI for small entropy is based on the next lemma, we
give a M LSI saturate on the right.

Lemma 2.8 Let 17,15 € R such that T7 < Ty. Then there exists A > 0
which depends on the function ® such that for all g defined on [T, 00| with
T € [T, T3], and verifying that

g(T) = Ay, 9= VA and / P, <24, + 2,
T

where Ay is defined on Lemma 2.7.
Then we get

(2.12) / (9= VAN () e < 01/[ [g’Qduqn
T T,00
where ¥ 1s defined on Lemma 2.7.

The constant C7 depends on ® and X but does not depend on the value
OfT € [Tl,TQ].

Proof. Let use Hardy’s inequality as explained in the introduction. We
have g(7') = Ax. We apply inequality (1.12) on [T, 00] with the function
(9 — vV Ay)+ and the following measures
dp = ¥ (g°)dpe and v = pug.
Then the constant C' in inequality (2.12) is finite if and only if
B ZSUP/ eq’(t)dt/ (g% dpia,
2T JT T

is finite.
By Lemma 2.7, ¢ is concave on [Ay, oo[ then by Jensen inequality, for
all z > T we get

/j@/}(f)du@ < pa([z, oo[)@/)(

Then we have

(2.13) B < sup {/z eq’“)dtu@([:c,oo[)w(M)}

fzoo deucp )

pa ([, o)

z>Ty Ty /"L@([l‘7 OOD
Due to the property (H) there exists K > 1 such that
(2.14) P (2)e?@ L K@),
and ®(z) ®(z)
*Wqt < / —*0at <
feons gy [ < Gy

1
for large enough x.
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By (2.14) we get also for large enough z that

oK) foo e~ ®W gt
<=5 :
A4S Zp

Then for large enough x, uniformly in the previous g, one have

/T ' eq’(t)dtuq>([$,00[)@/)( l{iiiﬁ%) < ( éli))gw(ﬁo id”b ‘I’e“’(x)).

1

For x large enough,
Jo g*dpe
K
Then, by definition of v, for large enough =z,

[ e@@)dw@([x,oo[)w(%) < K(‘D“g{;f“”)z.

1

< 1.

There is also C, such that, for = large enough
o*(z) < (27 (Cex)),

as one can see from equation (2.2).

Then one can choose A = 1/(KC,) and the lemma is proved. Note that A
depends only on the function ®.

The constant B on (2.13) is bounded by K which does not depend on 7'
on [T, Ty]. |

Proposition 2.9 There exists A, A', B, D, Ay > 0 such that for any func-
tions f = 0 satisfying

/ f*dpe =1 and Ent,,, (f%) <1,

we have
!

Ent,, (f*) < AVar,,(f) + A’/ Hq>(J})f2d,uq>,
f22A

where

B x?  if |z| < D,
Ho() = { ®*(Bx) if|z| > D.

Note that contrary to Proposition 2.4, constant A depends on the function ®.
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Proof. Let f > 0 satisfying [ f2dp, = 1.
We can assume that Ay > 2. A careful study of the function

r— —2’logz® + Az — 1) +2* — 1+ (z — /A2 log(z — /A))2

proves that there exists A such that for every z € R™
2’ logz® < Az — 1) + 2% — 1+ (z — v/ Ay) L log(z — /A2
Then we get
(2.15) Ent,, (%) = [ 108 fdia < AVar,, (1) + [ (F=V/A3)? 1og P

where /A, is defined as in Lemma 2.8.
Fix A as in Lemma 2.8. We define the function K on [A,, o[ by

log 2
K(z) = .
@)=\ 5@
Let now define T} < T, such that
3 1 3
pa(o0, T1]) = 2, pa([T1, o)) = 7 and pra([Tz, +oo]) = 2.

Since [ f?due = 1 there exists T' € [T}, Ty] such that f(T) < A,.

Let us define g on [T, oo] as follow

g=A\+ (f— \/AA)Jr K(f) on [T, 00].
Function g satisfies g(T') = /A, and g(x) > /A, forall x > T. Then we have

/ GPdps <245 +2 PPE2(f)dpe
T

/[ThOO[ﬁ{f2 >Az}
<Ay 42 / F1og(f2)dus

[T17OO[

(2.16)

< 2AA+27

where we are using the growth of ¢ on [A,, 00| and ¥(A,) > 1.
Assumptions on Lemma 2.8 are satisfied, we obtain by inequality (2.12)

/T (9 — VAN2Y(g%)dpa < Cl/ ¢ dus.

[T,00[N{f22Ax}

Let us compare the various terms now.
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Due to the property (H), K is lower bounded on [\/Ay,o0[ by a > 1
(maybe for A, larger), then we get firstly

VA (= VA) K2 VA (F=VA) a2 on {24},
Then
(9= V) wle?) > (1 = VL) KDl = (£ = VAY) | log
by the definition of K, then we obtain
1) [T VAR o e < [0 VAU o
Secondly we have on {f > /74, }
g =TIKWD+(F=VA) FK(S
= ['K(f) (1 F(r-vay), K(( )).

But we have, for z > \/A,,

K@) K
'1+( VAT < 'K@ N
g ogw

sl+ log x z g(\2logx) |

where g(z) = ®* !(x). Using the estimation (2.11) we obtain that there
exists C' > 0 such that for all x > /Aj,

'H(x_m)% <c

We get then
PO on {ff 2 Ay}

for some C < oo and then

e s dpa < C | RR2(f)dpa.
[T,o0[N{f2>AN} [T,o0[N{f2>AN}

By equation (2.17) and (2.18) we obtain

| - vAR A <c | FPRR2(f)dpa.
T [T,o0[N{f22Ax}
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Let ug > 0,

/T T = VA log fdus <

I\ 2 2
K

c / s UO(L) s + / 72(ﬂ)f2du¢,
[T,00[N {2341} f [T,00[N {2341} Uo

where the function 7, is defined as in equation (2.9) by

1—c¢
(2.19) (z) = 1 ZAm

fo<z<m

if © > m,

where h is defined on equation (2.5) and m on equation (2.9). The function 7
is equal to 7 up to a constant factor.
Using Lemma 2.10 we get

/T T = VA log fdus <

I\ 2
1
C/ 75 UO(L) f2duq>+—/ f?log frdpg.
[T,00[N{/23 A1} f 2 Jircoln{f22A5)

The same method can be used on | — 00, T] and then there is ¢ < oo
such that

T
/ (f — /A2 log fdus <

I\ 2
1
c [ ™ (uo(i> )fzduq>+— / 1 log fdyia.
=00, TIN{2>A5} f 2 Jlmoomintr22 40}

And then we get

/ (f = /A2 log fdus <

2
! * ' 1
(C+cC )/ Ty (UO (L> )fzd/icb + 5/ f2 log f2d,uq,.
{f22Ax3 f {f22AN}

Note that constants C' and C” do not depend on 1" € [T7, T5].
Then by inequality (2.15) and Lemma 2.5, Proposition 2.9 is proved. B
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Lemma 2.10 There exists ug > 0 such that, for all x > Ay we have

K? 1
7'2( (x)) < §logx2.

Uo

Proof. Let k = 2)\/(1 —¢). For all x > M, where M is defined on equa-
tion (2.9), we have

(@()) - q)ff)'

Ty is increasing, then due to the property (H) we have for z > M

() <22

Using now inequality (2.2) one has

L 1
(z) = (1= )0(x))’

then for all z > M,

7 ((1 +e)? 2(z) ) o),

5 | <
(1 - () z

Take now z = (1 — €)®(z),

Tz((lltee)z @*—f@f) <Tan
=

log z? 1
T2 ((1 + €)%k et s | < Zloga?®.
-1 ((1;)»@ log x2> 2

to finish take

to obtain

Recall that A = (1 —¢€)r/2 and let take ug = 1/((1 + €)?k), to obtain the
result for x > C, where C' is a constant depending on .

If we have A, < C, one can change the value of uy to obtain also the
result on [A,y, C]. |
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Proof of Theorem 1.2. To give the proof of the theorem we need to give
an other result like Proposition 2.4. By the same argument as in Proposi-
tion 2.4 one can also prove that there exists A, A’, B, D > 0 such that for
any functions f > 0 satisfying

/deua =1 and Ent,_ (f2) > 1

we have for some C'(A,), C(A,)
> : f
(220)  Ent,, (f2) < C'(Ay)Var,, (f) + C(A)) / e (_

2d
; f)f Hao,

where Hg is defined on (1.10) and Ay on the Proposition 2.9.
Then the proof of the theorem is a simple consequence of (2.20) and
Proposition 2.9. |

3. Classical properties and applications

Let us give here properties inherited directly from the methodology known
for classical logarithmic Sobolev inequalities.

Proposition 3.1 1 This property is known under the name of tensoriza-
tion.

Let 1 and ps two probability measures on R™ and R™. Suppose that 1,
(resp. pe) satisfies the a M LSI with function He and constant Ay (resp.
with constant Ay ) then the probability jiy @ s on R™¥"2  satisfies a MLST
with function He and constant max {A;, As}.

2 This property is known under the name of perturbation.

Let v a measure on R™ a M LST with function He and constant A. Let h
a bounded function on R™ and defined [i as

eh

dﬂ = _d:u’a

where Z = [ eMdy.
Then the measure [i satisfies a M LSIT with function He and the constant

D = Ag?ose), where osc(h) = sup(h) — inf(h).
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3 Link between M LSI of function He with Poincaré inequality.

Let pn a measure on R™. If p satisfies a MLSI with function He and
constant A, then u satisfies a Poincaré inequality with the constant A.
Let us recall that p satisfies a Poincaré inequality with constant A if

Var,(f) < A/|Vf\2du,

for all smooth function f.

Proof. One can find the details of the proof of the properties of tensorization
and perturbation and the implication of the Poincaré inequality in chapters 1
and 3 of [1, Section 1.2.6., Theorem 3.2.1 and Theorem 3.4.3]. ]

Proposition 3.2 Assume that the probability measure p on R satisfies a
MLST with function He and constant A. Then there exists three constants
B,C,D > 0, independent of n such that: if F' is a function on R™ such that
Vi, |0;F||, < ¢, then we get for A >0,

(8.1) W(|F — u(F)| = A)

2 exp (—an) (C%)) if A >nDC,

n

< )\2
2 exp (—B—) if 0 < A< nDC.
ng?

Proof. Let us first present the proof when n = 1. Assume, without loss of
generality, that [ F'dy = 0. Due to the homogeneous property of (3.1) on
can suppose that ¢ = 1.

Let us recall briefly Herbst’s argument (see [1, Chapter 7] for more de-
tails). Denote ¢(t) = [e'¥du, and remark that MLSI of function Hg
applied to f2 = e'F', using basic properties of Hg, yields to

32) /() = (0 log () < At (5 ) (0
which, denoting K (t) = (1/t)log(t), entails
K'(t) < qu, (%)

Then, integrating, and using K(0) = [ Fdu = 0, we obtain

(3.3) W(t) < exp (At /Ot éH@ (g) ds> .
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Then we get using Markov inequality

‘1 s
_ > \) < i — — .
w(|FF—p(F) = X) <2exp (rg(r]l {At/o SZHq) <2> ds )\t})

Let note, for ¢t > 0,

t1 s
G(t) = At/o ?HCD(i)ds v
An easy study proves that G admits a minimum on R* on the value ¢ty which
satisfies for A > 0 G'(tg) = 0. Then due to the definition of Hg we get that
)\2
rgl(r]l{G( )} = 1 if A < AD.

Assume now that A > AD then we obtain after derivation

(3.4) min {G(1)} = — A®* (tog),

t>0

‘o 1 S to

We first prove that there exists C' > 0 such that for all ¢y large enough

to 1 S t()
. — - < .
(3.5) to/o 82H¢<2>ds CHq)(Q)

For k > 0 large enough and ty > k we get using then inequality (2.2) we get

o [ a(S)as<cn [ So(e(5))as

with C' > 0. Then by a change of variables and integration by parts, for
large enough ¢y,

o 1 —1 tO ‘1)/_1(%0) @(u) "
to/ﬁ —<I><<I> <2))ds =5 o) W )2<I>(u)du
to (P _1(ﬁ/2)) -1
< Szt 37
< Cto® ' (t0/2),

with

for some other C' > 0. Then we get, using inequality (2.3), for t, large
enough,

to / ! 1Hq>< )ds Ctod® " (t0/2) < C'®*(t/2).
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for some constant C” > 0 and for ¢y large enough. Then inequality (3.5) is
proved. By (3.5) and (3.4) one get for ¢y large enough,

t
Mo < A/ (50)

for some constant A’ > 0. But, using inequality (2.3) and property (H) we
get then, for other constants C,C’, A,

P(AN) < Cto,
mingse {G(1)} < —AD* (B (CA)) < —AD*(@'(C'N)),

if A\ is large enough and for some other constants A, B,C,C” > 0. Using
inequality (2.2), we obtain the result in dimension 1.

For the n-dimensional extension, use the tensorization property of M LST
of function He and

a t t
—0; < .
;Hq)(Q@ZF) < ”H¢<2)

Then we can use the case of dimension 1 with the constant A replaced
by An. [ |

Remark 3.3 Let us present a simple application of the preceding proposition
to deviation inequality of the empirical mean of a function. Consider the

real valued function f, with |f'| < 1. Let apply Proposition 3.2 with the two
functions

1 — 1 —
Flay,... oz ==Y flz) and Flay,... z)=—=Y f(z:).

We obtain then

1< 2exp (—mA®(BN)) if A = D,
P(E ;f(Xk)_'u(f)' - )\) S { 2exp (—nA)\2) if 0 <AL D,
1
Pl —
[

;:ﬂxm—uuﬁ>A)

< { 2 exp (—nAq) (B%)) if A
2 exp (—A)\2) if 0
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