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On the Regularity Conditions for the
Navier-Stokes and Related Equations

Dongho Chae

Abstract

We obtain a regularity conditions for solutions of the 3D Navier-
Stokes equations with fractional powers of the Laplacian, which in-
corporates the vorticity direction and its magnitude simultaneously.
We find that regularity assumption of direction field of the vortic-
ity compensates with the integrability condition for the magnitude
of vorticity. The regularity of direction field is most naturally mea-
sured in terms of the Triebel-Lizorkin type of norms. This unifies
and extends previous results in this direction of studies, where the
geometric structure of the vortex stretching term is used to obtain
refined regularity conditions, initiated by Constantin and Fefferman.

1. Introduction

We are concerned with the following ‘generalized” Navier-Stokes equations:

(1.1) % + (v-V)v=—-Vp—vA®,
div v =0,
v(x,0) = vo(),

where v = (v',v?%,0%), v/ = v/(x,t), j = 1,2,3 is the velocity of the fluid
flows, p = p(z,t) is the scalar pressure, vo(z) is a given initial velocity field
satisfying div vy = 0, and v > 0 is the viscosity constant. We are using
the notation, A® = (—A)%. We denote the system (1.1)-(1.3) by (N.S)a.
The case a = 2 corresponds to the usual Navier-Stokes equations, which we
denote simply by (NS). Heuristically, number « represents the ‘strength of
dissipation’, and in this paper we are concerned with the case 0 < a < 2.
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We note that the system (N.S),, was first considered by J.L. Lions in [25],
and the global regularity for av > g is shown there. We also remark that
more recently there were studies on the small data global well-posedness
on the same equation with 0 < « < 2 by the author of this paper, using
the scale invariant Besov spaces ([14]) (see also [33, 7] for related studies).
Taking curl of (1.1), we obtain the following vorticity equation.

ow

(1.4) 5 +(v-Vw=(w-V)v—vA%,

where the vorticity w is defined by
(1.5) w = curlv.

The incompressibility condition (1.2) combined with (1.5) implies the Biot-
Savart’s law,

1 y X w(x+y,t)
Am Jgs ly[?

(1.6) v(x,t) = dy
for sufficiently rapidly decaying vorticity near infinity. After pioneering work
by J. Leray ([24]) there are many comprehensive literatures on the existence
theory of the weak solution of the (NS) equations (say, [23, 31, 26]). The
regularity of this weak solution is known as one of the most challenging
problems in the mathematical fluid mechanics. In this note we are concerned
with the regularity condition of the weak solutions of (V.S),. The first result
for (IV.S) in this direction is the one by Prodi ([27]), which states that if weak
solution v(x,t) satisfies

r 3 3 2
(17) veL (O,T,LP(R )), 5+;§1
for 3 < p < oo, then v(z,t) is regular. After that there are further develop-
ments and refinements by Serrin ([29]), Fabes-Jones-Riviere ([20]), Kozono-
Taniuchi ([22]), and Escauriaza-Sverak-Seregin ([19]). In particular, Beirao
da Veiga ([3]) obtained regularity condition in terms of Vv, which is equiv-
alent to the one in terms of the vorticity due to the Calderon-Zygmund
inequality. This states that if the vorticity, w = curl v of the weak solution v
satisfies

3 2
(L8) we (0, T L(RY),  S+2<,

p T
for % < p < o0, then v becomes regular. This condition is later improved
in [13], requiring the same regularity condition only for the two components
of the vorticity.



REGULARITY CONDITIONS FOR THE NAVIER-STOKES AND RELATED EQuaTiONs 373

On the other hand, Constantin and Fefferman discovered remarkable
geometric structures of the vortex stretching term, the first one of the right
hand side of (1.4), which leads to the following statements [16] (see also [15]).
Let &(x,t) = w(z,t)/|w(x,t)| be the direction field of the vorticity, and let
0(z,y,t) be the angle between &(x,t) and {(z + y,t). If 0(z,y,t) satisfies

|sinf(z,y,t)| < Cly|

in the region where the |w(z, )|, |w(z+y,t)| > K for some large constant K,
then the solution becomes regular. After that this geometric structures have
been used by many authors, say [17, 11, 10, 5, 2, 21]. For the convenience
in the later discussion of our main result we describe here the results in [5]
and [2]. In [5] it is proved that if

|sinf(z,y,t)| < g(z,t)|y|*, for some function ¢ € L"(0,T; LF(R?))

3 2 1
1.9 ith 4= =s——
(1.9) with ~+ 7 =s-3,
for some s € [1/2,1], € [5-55, o0] in the region where |w(z, t)|, |w(z+y, t)] > K
for some large constant K, then the solution becomes regular on [0,7]. We
note here that for p = r = 0o, s = 1/2 the condition (1.9) reduces to

|sin6(z,y,t)| < Clyl?,

which shows genuine improvement of [5] from [16]. In order to handle the
case s € (0,1/2] in (1.9) the following is proved in [2]. If

(L10)  [sinf(z,y,6)] < |y* and we L2(0,T: LP(RY), ° = s+ 1

I w

for some s € (0, 3] in the region where the |w(z,t)|, |w(z+y, )| > K for some
large constant K, then the solution becomes regular on [0,7]. We observe
here that there is an extra condition of suitable integrability of the vorticity
besides the regularity condition of the direction. Before stating our main
theorems below we note that all of the above regularity conditions for weak
solutions can be viewed as continuation principle for local in time strong
solutions in H*(R3), s > 5/2. In the case considered in this paper, since the
existence of weak solutions is not yet proved rigorously for 0 < o < 2, in
particular (although I believe it could be done following the same lines of
proof as the case of v = 2), the regularity conditions stated in Theorem 1.1
and Theorem 1.2 below should be understood as the continuation principle
for local in time strong solution. We now state our main results in this
paper. The main purpose of the following first result is to use it to prove
Theorem 1.2 below, which we state as a theorem, since it is interesting
in itself.



374 D. CHAE

Theorem 1.1 Let w is the vorticity of a solution of v for (NS),, 0 < a < 2,
satisfying

3
(1.11) we L0, T; IP(RY), with ~+° <a,
P T

where - < p < oo. Then, there is no singularity up to T

Remark 1.1: The above theorem says quantitatively that for the regularity
of solutions of weaker dissipative term we need higher integrability of the
vorticity. For a =2 (1.11) reduces to (1.8). For p = oo, r = 1 (1.11) reduces
to the Beale-Kato-Majda condition [1].

Remark 1.2: We observe that the system (NS), is invariant under scaling
transform,

v(x,t) — vMx,t) = X oAz, A1), p(a,t) — pP(z,t) = A2 2p(Aa, \“t),

which induces the scaling for the vorticity, w(z,t) — w*(x,t) = \w(Ax, \%).
For this scaling transform we have the norm invariance in the case of equality
in (1.11) as follows.

L3 «
”WHLT(O,T;LP(H@)) = ”W/\”LT(O,)\QT;LP(R3))7 if 2—9 + s = Q.

In this sense we can regard the condition (1.11) as optimal.

For the statement of our main result we introduce a function space. Given
0<s<1,1<p<oo,1<q< oo, the function space F;  is defined by the
seminorm,

(

(/ |f(a:+y)—f(l")|qdy)a if 1 <p<oo,l1<g<oo

|y[Fea

Lp(R™ dx)

£z, =

s s L@ +9) = (@)

. ifl1 <p<oo,qgq=00
ly|#0 ]

( LP(R" dx)

Observe that, in particular, f;’ooo = (%, the usual Holder seminormed space.
In order to compare this space with other more classical function spaces let
us introduce the Banach space F; , by defining its norm,

11z, = 1A llze + 1171

We note that for 0 < s < 1,2 < p < oo and ¢ = 2, F, = LE(R") =
(1—A)~3LP(R"), the fractional order Sobolev space (or the Bessel potential
space). (See [30, pp. 163]).

e .
fp,q
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n

g <85 < I, n <p<ooand n < g < oo, then F;  coincides
with the Triebel-Lizorkin space F};, (See [32, pp. 101]). We note that there
are previous papers (see [6, 8, 9, 11, 12]), where the the Triebel-Lizorkin
space I was used for the study of Cauchy problems in the fluid mechanics.
The following is our main Theorem.

Theorem 1.2 Let v(z,t) be a solution to (NS), and w(z,t) = curlv(z,t).
Let £(x,t) be its direction field, £(x,t) = w(x,t)/|w(z, t)|, defined for w(x,t)
#£ 0. Suppose there exists s € (0,1), ¢ € (52,00, p1 € (1,00], p2 € (1,3)

3—s7
satisfying 3 < p% + p% < o p% —1—5 <143 and 1,75 € [1,00] such that

the followings hold.
E(z,t) € LM (O,T;];"Shq) and w(z,t) € L(0,T; LP*(R?))

p

3 3
(1.12) with  —+2+2 4+ 2 <ats)
Pr P2 T1 T2

Then, there is no singularity up to T.

Remark 1.3: Intuitively, the above theorem says that assumption of higher
regularity of the direction vector field compensates with the assumption of
the weaker integrability of the amplitude of vorticity field.

Remark 1.4: We consider the two special cases for (NS) below (a = 2
case). First, let po = ro = 2. Then, we know that the Leray-Hopf weak
solution w satisfies fOT |w(t)||3.dt < oo, and the condition of the above
theorem becomes
. 3 2 1
(1.13) §(z,t) € L0, T3 F) ), —+—<s—+.
P 2
Comparing this with (1.9), we find the natural identification of the function
g(z,t) as the direction field £(x,t). Moreover, since we allow any finite
number for ¢ in (3—35, o0], not necessarily infinity, the condition (1.13) is a
generalization of (1.9).
Secondly, we observe that in the case p; = r; = oo, and s € (0, %] the
condition of the above theorem reduces to

. 3 2
(1.14) EeFs ., wel™0,T;L”[R?)) with —+ — <s+2.

b2 T2
Since fgoyoo = C° and |sinf(z,y,t)| < [{(x + y,t) — &(z,t)|, as can be
checked by elementary geometry, we have that

|sinf(z,y,t)| < Cly|* if e Lm(07T§ﬁ§O,m)~

q?

Hence, we find that (1.10) is a special case for ¢ = 0o,y = 2 of (1.14).
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2. Proof of the Main Theorems

We first recall the following continuation principle (blow-up criterion) for
the 3D Euler equations, due to Beale, Kato and Majda [1]:

Theorem 2.1 Suppose v(x,t) is a local in time classical solution of the 3D
Euler equation, namely the system (1.1)-(1.3) with v = 0, corresponding to
5

initial data vy € H*(R?), s > 5. If we have a priori estimate for vortic-

ity, fOT |w(t)[|Leedt < 00, then we have limsup, . [|[v(t)||gs < oo, and in
particular there is no singularity up to T

In order to apply this theorem to our system (IN.S),, we just observe that the
exactly same continuation principle holds for our system for any « € [0, 2],
which can be proved by obvious modifications of the proof in [1].

Prof of Theorem 1.1 Let p; € [2,00) be of the form p; = 2™, where m is
a positive integer. We take D = (0,,, O, Or,) to (1.4), and then take inner
product it with Dw|Dw|[P1=2. After integration by part we have

1
Dol + v [ (A D DADLP e
D1 dt R3
= —/ D[(v - V)w] - Dw|Dw|P*~2dx +/ D[(w - V)v] - Dw|Dw|P2dx
R3 R3
(21) =I1+J.

The viscosity term on the left hand side is estimated by

u/ (A*Dw)Dw|Dw|P*~2dzx > 1/
R3 P1 Jgs

3—a
C, R C,
(22) > ([ i) T = Sy,
D1 R3 y%i L3—«a

AG (|Dw\p71> )2 dx

where we used Lemma 2.4 of [18] for the estimate of the fractional derivative
in the first inequality (we note that the special form p; = 2™ is used to apply
this lemma), and used the Sobolev imbedding, LQ% (R?) — L7-% (R?) in the
second inequality, where LP(R"™) is the Bessel potential space introduced in
the previous section before Theorem 1.2. Next, we estimate I, J below.

I = — [ Dv-Vw-Dw|Dw|P* 2dx — / (v-V)Dw - Dw|Dw|P*~%dx
R3 R3
= L+ L.
Integrating by part, and using the fact, div v = 0, we obtain
1 1
L=—— [ (v-V)|DwlP'dz = —/ (div v)|Dw[P*dz = 0.
D1 Jgs DP1 Jgs
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By Holder’s inequality and the standard L”—interpolation inequality to-
gether with the Calderon-Zygmund inequality we estimate,

Bl = [ IDuDelIDeP e < Dulol, g I
R3 1,P—P1

1_3P1 3p1 1
< Cllwllze | T [y
3p1 3p1

p [e3 ap
(2.3) = Clwlzrllzn ™ 1 %%,

[e3

We note that the interpolation inequality used in here requires that p; <

ppf’;l < ;p ~, which is equivalent to p; < <%, Combined with p; > 2, we have

p > 6/a. In order to estimate J we ﬁrst decompose it into two terms as
follows.

J = / ~Vv~||p12dx+/ (w-V)Du - ||P2dz
R3 R3
- J1—|—J2.

Since

7 < / Vo] de,
RS

the estimate of J; is the same as that of I;. On the other hand, by the
Holder and the Calderon-Zygmund inequalities,

—1 —1
Jo S Nlleo[[D*]] ey 1757 < Cllwllpell e |70

Hence, the estimate of J is also the same as that of [;. Combining the
above estimates I, with (2.1)-(2.2), we have

P 3p1 3p1

HLm + Gy, < Cllwllzrllpe ™l oy
L3—« L3—«

ap C
< ClwlE 5 +=

3p1 )
—a

2

where we used Young’s inequality, ab < %~ ~ 1O bu/ J1/u+1/v = 1. Ab-
sorbing the viscosity term to the left hand 81de, we find

l/C

(2.4) HLPl 3p1 < CHWHW e | Lp1-

Now, observe that the condition (1.11) is equivalent to

ap
~ap—3
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Hence, applying Gronwall’s lemma and Holder’s inequality to (2.4), we ob-
tain

T _ap
IO < Tollz oo | [ ol ]
0
T T
o[ hetisae) ™
0

for all ¢ € [0, T], By the Gagliardo-Nirenberg inequality,

S ”oHLm exp

< 0oQ.

e T e T
Vo)l < Cllo@llZ2*ID* (Ol < Cllvoll 2 1Dw () 2~

A\

Cl[voll2, [ Dwol| e, T), - VE € [0, T,

and . .
| lotlmdt < [ 90@lma < CT.
0 0

We have shown that w satisfies the Beale-Kato-Majda criterion, and hence
we have regularity up to 7. [ |

Note after the proof. After finishing the paper the author was informed
that the estimate (2.2) with o = 2 is obtained in [4]. The case 0 < a < 2,
however, is much more delicate, and could be successfully handled thanks
to Lemma 2.4 of [18] as described above by assuming integer power of p;.

Proof of Theorem 1.2 Let p be of the form p = 2™, m € N, and sat-
isfy

3
(2.5) Z<p< oo

a
Taking L?(R3) inner product of (1.4) by w(z, t)|w(z,t)[P~? and substituting v
from (1.6) into it, we have after integration by parts

1d

- p A& A p—2
LGOI+ [ (A7) wlp s

“i /R /RSW’ 1) Pz +y,8) xw(zt) @)\;‘%‘W(x, lPda

where the integral with respect to y in the right hand side is in the sense of
principal value. Here we used the notation, § = y/|y| for y € R3, y # 0.
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We first estimate the viscosity term in the left hand side as follows.

v [ aw) - wlepiae = 2 [ (agQufh)]

3—a
c., 50,
(2.7) > Y w|52a da = D,
P
R3 p L3~a

b

which is similar to the estimates in (2.2) of the previous proof. Note that the
assumption p = 2™ is used here as previously (see lines after (2.2)). Next,
using the fact, &(x,t) x £(z,t) = 0, we estimate the vortex stretching term
as follows.

— i/R?) R3(€($,i) - (E(z+y,t) x E(x,t) - g)|w(x + y, 1) ‘d‘3‘w(x t)|Pdx
=2 [ [ ) )l +.0 €le.0) x €60

dy
< folar+ 3. ) oo, P
< 3 ety t) — & 0l + v )1 L (e, )P da
47'(' R3 |y|3

3 €(z + y, t) — E(x, )7 )
— d
= 4m Jgs (/]R3 |ly|3+sa Y

|lw(@ +y, 017
o[ ) ot

Qe

3 oy L
28) < el , [ Gl | Il
where
1 1 1 1
(2.9) —+—+E_ S =1,
b1 P2 D3 q q

and I,(-), 0 < o < 3, is the operator defined by the Riesz potential as
follows.

I'(g
R R

IG‘ 7
WP”

From the well-defined property of the Riesz operator we have the restriction

0 < sq’ < 3, which gives us ¢ € (32, 0] due the second equation of (2.9).
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Using the Hardy-Littlewood-Sobolev inequality ([30]), we estimate

1
[t |, = Wl
1
(2.10) < Cllwl?llfr = Clwll s = Cllwll oz
1 _ ¢ _ 3p
where we used the relation, - = g— + Sg , and hence r¢' = 3 +1; 2 Observe

that we require here that ps > ¢’. On the other hand, using the standard
LP—interpolation inequality, we estimate

3_P,_+ 1p 3_3p

ol < Cllll ol
@11) Ol
. - Lp LB% I

where we used the relation (2.9). Note that use of the interpolation in-
equality in (2.11) requires that p < p3 < ?)?’_—pa, which, in turn, gives us the
condition

(2.12) 0<—+—-<3

due the first equation of (2.9). Combining (2.8) with (2.10) and (2.11), we
derive

p—-3p _ 3P Bp , 3p
I < ol s Bl o
3—a
O‘PéPQ % C
ap1pg —3p1 1/
213) < (Il Jol_ ) Noll + S

where we used Young’s inequality, ab < C’Eﬂ + 6’% with

p—30 _ 3 8p | 3p.
o= [&llz Noll o lloll™ ™, b=1lwll 4, ™,
and ~ ~
" — ap1p2 o = ap1p2
apipz — 3(p1 + pa)’ 3(p1 + Pa)
Setting 3_?’1%2 = po, we have py = 331;202. We observe here that there is a

restriction of py, < % due to positiveness of p,. Combining this equality
with the previous condition, p, > ¢ (see lines after (2.10)), we also have
3p2 > (3 — sp2)q’, which implies that

1 1 S

2.14 —t+—-<14 -
(2.14) P2 q 3



REGULARITY CONDITIONS FOR THE NAVIER-STOKES AND RELATED EQUATIONS 381

Substituting the value of py into (2.13), we obtain

vC,
2p

(2.15) I< CHﬁHQﬁl B o

where we set
apip2

Q= :
(o + 8)p1p2 — 3p1 — 3p2
We note that the restriction (2.12) becomes

S 1 1 o
2.16 - < —4+—< =+
( ) 3 b1 P2 3

S

3

in terms of py, po. Substituting the estimates (2.15) and (2.7) into (2.6), and
absorbing the viscosity term, ”Ca ||w||p . to the left hand side, we have

I/C
OF o <CIEDIZ, oIl

217) S,

Now the condition (1.12) becomes

1 1 1
<

roore - @

in terms of (). The Gronwall lemma applied to (2.17) combined with Holder’s
inequality provides us with

lw®lzr < llwoll o exp {C/O 1€(8)]

Q Q
T - 1 T ro T9 (17&7&)
< [lwoll» exp 0/ IS, dt / lw(@)lLoodt | TH 2
0 p1.9 0

for all ¢ € [0,T]. Hence, w € L>(0,T; LP(R?)). Integrating (2.17) over [0, T],
we have

ol + 252 [ 101 g, a

<C swp wlt)lf, / 130]

Q Q
% 1wl

Q

L w () Zeadt + [lwollE < o0
fplaq

for all ¢ € [0,T], and hence

/0 ) de < oo
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Since w € L*(0,T" L (R?)), and our choice of p in (2.5) implies

3 3
—+g§a with r = P
r o p 3—«

which is a special case of the condition in (1.11). Hence, applying Theo-
rem 1.1, we find that the solution v(z, ) is regular up to 7. [
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