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Integration Operators on Bergman

Spaces with exponential weight

Milutin R. Dostanié

Dedicated to the memory of my mother Nadezda Dostanic¢

Abstract

We study operators of the form Ty f (2) = [ f(£) ¢’ (£) d (&) (gis
an analytic function unity disc) on weighted Bergman spaces L% (w)
of the unit disc where symbol g is analytic function on the disc. For
the case of

w(r) = exp (ﬁ) (a>0,0<p8<1)

it is shown that operator Ty is bounded (compact) on L2 (w) if and
only if (1 — |2))?*! ¢ (2)| = O (1) (= 0 (1)) as |z| — 1—, thus solving
a problem formulated in [2].

1. Introduction and notation

Let D be the unit disc in the complex plane and dA (z) the Lebesgue area
measure on D. Let w (r) (0 <r < 1) be a strictly positive weight function
which is integrable on (0,1). Let du (z) be a measure on D defined by

dp () = w (2)] dA(z) .

For 1 < p < oo the weighted Bergman space LP (w) is the space of all
analytic functions f : D — C such that

1 = /D £GP du () < oo,

2000 Mathematics Subject Classification: 47B38.
Keywords: Weighted Bergman’s space, radial weight function, Tauberian theorem of
Ingham.



422 M. R. DosTANIC

Standard estimates show that point evaluations are bounded linear function-
als on LP? (w), and LP (w) is a Banach space. It is a Hilbert space for p = 2.
We are interested in certain operators T, acting on L? (w). They are de-
fined by

T,f(z) = / PO g€ de, fell(w)

where ¢ is an analytic function on D.

See [1] regarding reasons for studying the properties of such an operator.
There, for a large class of weights it was shown that T} is bounded on L (w)
if and only if ¢ is in the Bloch space. Also, for the standard weight

w(r)=(1-r)", a > —1,

it was shown that operator 7, belongs to the Schatten p-class on L (w)
(p > 1) if and only if g belongs to the analytic Besov p-class.
However, for the weight

w (r) = exp (W

) a>0,0>0

it was shown that the conditions
(1= 12" g ()| =0 (1) (=0(1) as |[z] = 1 -0

are sufficient for operator 7, to be bounded (compact) on L2 (w), and a
conjecture was formulated that these conditions are necessary as well. (this
type of weight does not satisfy condition (P2) in [2], used to obtain the main
result, i.e. Theorem 1, hence, the method used in [2] cannot be applied to
establish that the above conditions are necessary.)

The study of similar problems can be traced back to the works of Hardy
and Littlewood about fractional integration operators acting from one Hardy
(or similar) space to another. Even though the problem is apparently very
specific, this is deceiving because by varying the function g one gets many
different operators, some of them important, notably the integration opera-
tor and the Cesaro operator. Among the relevant references we also mention
[1], 2], [3] and [8]

In this paper we show that the above mentioned conjecture is correct for
p=2and 0 <3 <1.

The key of our proof is finding a suitable test function and a precise esti-
mate of its norm as well as an estimate of the norm of the partial derivative
(with respect to z) of the Bergman kernel.
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From now on in this paper, even when not explicitly stated it is as-
sumed that

for functions f,g : [D,+00) — (0,+00) (sequences (a, )., (by).—,) we
use the symbol f (t) < g(t), t — +oo (a, < b,, n — 00) if there exist
positive constants C1,Cy such that Cig(t) < f(t) < Cog(t) for t > tg
(Cha, < b, < Csa, for n > ngp).

w(r):exp( ) 0<r<1l,a>00<p<1.

2. Main result

Theorem 1 Let

) ,a>0, 0< (<1

Then
a) T, is bounded on L% (w) if and only if

(L= g () =0 (1), [2] = 1-

b) T, is compact on L2 (w) if and only if
(=12 ) =0(1), |2| = 1—.

Remark 1 From Theorem 1, if T, is bounded (compact) operator on L2 (w)
then
(L= g (2) =0 () (=0(1)  as o] = 1-

and hence (according to the sufficient condition proven in [1, p.353]) it fol-
lows that T, is bounded (compact) on L (w) for any p > 1.

It would be interesting to establish the converse : If T, bounded (com-
pact) on LP (w) for some p > 1 does it follow that it is bounded (compact)
on L? (w) ? If that were to be true, then , according to Theorem 1, it would
follow that

L=z g () =01) (=0(1)  as o] = 1=

and so this condition would be necessary and sufficient for operator T} to
be bounded (compact) on any space Lf (w) for any p > 1.
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3. Proof
In order to prove Theorem 1, we first need to prove several Lemmas.

Lemma 1 I[f0< 3 <1 and

F(\) = /01(1 — )l exp ((1 :i)ﬁ) dr  (s€R,a>0)

then v s ,
F () = \552 exp <—Co)\m) D RS

where )

Cozam . <6ﬁ —}-ﬂ_ﬁ) .

Proof. The proof is given for 0 < § < 1. (It is similar for g = 1)
Consider the function F' and introduce the substitution r = e™*. We obtain

FA)=G\+1)

where

e ] _ > B
G(\) = / (1- 679“")_8_1 LML et (=) dx.
0

Let Gy (\) = f0°° (1— €_$)—s—1 e*=a7" 0. Let us show that

T G (A
Go (A) = A%%7 - exp <_CO)\%> A= +oo and that  lim GO(()\))

=1

from which Lemma 1 will follow.
Let us first show that

25—

8 8
(3.1) Go () < A26+2 - exp <—co)\m> ;A — +o00.
1
Introducing substitution x = (%) P+1 .t into integral

Go(\) = / v exp (—Az — az”) da
0

we get

A\ AR e
(3.2) GO(A):(@) /Otsles@'A dt
where
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Let A(p) =[St~ e Odt, p= NPT, By applying the Laplace method
([5, p-66]) to integral [~ ¢~ 'erS!dt we get

—pco

(3.3) A (p) = const

i (1+0(1), pn—o0

where const denotes a constant that does not depend on p. From (3.2)
and (3.3), (3.1) follows directly.
Let us now show that

G
(34) ey

R x g
g(z) = < ) exp ( —azr™"? < ) + axﬁ) — 1.
T l1—e®

If 0 < 8 < 1 then lim, g+ g () = 0, and so, for given ¢ > 0 there exists
0 > 0 such that

=1.

Let

(3.5) m@n<gmrxemﬁy
Since
50(&% Sl e e () g o)
then, having in mind (3.5) we get
(3.6) ’go(();\)) — 1’ < g . Gol(/\) /000 x5 exp (—)\x — aa:’ﬁ) dx+
+ Gol()\) /000 275 g (2)] - exp (—Az — az™") da.

Since |g (z)| < c1z'*1¥ for # > 6 (¢; does not depend on ) from (3.6) we get

G(\) ‘ 5 &) /°° s —Ar—az—f
-1 < 41 x\s| Se A\r—ax dr
'Go (M) 2 Go(N) Js
€ G - |s|]—s =22 =20 _qp—B
< =+ T e 2 e 2 -e dx
2 Go(N) /6
€ (&1 —as [ |s|—s =22
< =+ e 2 T e 2 dx
2 Go(N) /0
B E+cle%é _2|s|—5+lr(‘8| —s+1)
2 Gy (A) Asl—s+1

(I' is the Euler Gamma-function).
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Since
P

1
lim c:

A—too G (N) - Alsl=s+1
from the previous inequality it follows that

=0,

G\
— 1| < e when A > A.
GO ()\) £ when = A
This proves (3.4). Lemma 1 follows from(3.1) and (3.4). |
Lemma 2 Let0 < (<2, a€R and
S v
p(t) =
KD (kS + o+ 1)
then
2a+1 1
@ (t) <t 25#2 . exp <d0tm) , t— 400
where

do :ﬁﬁ +ﬁ_ﬁ,

Proof. Let us first assume that o > 0. Let A (t) = f(f ¢ (s) ds, t > 0; then
for any p, Rep > 0 the following holds:

k
ot ) 1
/0 ‘ dA(t)_pZF(kﬂJroﬁl)_pE%(p’aH)

k=0

where E, (z; ) = > Fik is the Mittag-Leffler function (see [4, p.117]).

k=0 (“+5)
According to Lemma 3.4 from [4, p.133], if % > QL i.e. B < 2 the following
holds:
k—1

(3.7) /OooeptdA(t) = %pgl-exp (Ll) _Zr(a—fl—kﬂ) +O(|p")

p* k=1

as p — 0 remaining inside the angle |arg p| < 6 where “—f < 0 <min{m, 5}.
Let 0 < 0y < 0 such that

2
— <
&

ro | )

Then, if |arg p| < 6, from (3.7) we get

OO 1 . 1
(3.8) / e P dA(t) = =pF ' exp (—1) “(140(1))
0 6 pﬁ
as p — 0 remaining inside the angle |arg p| < 6;. Equality (3.8) holds
uniformly over arg p inside the angle |arg p| < 6;.
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Now, from (3.8) by the Thauberian theorem of Ingham (see [9, p. 78-81]
or [10]) we get

28=20a—1

A(t) <t 2+ .exp (do tﬁ> t — +o00.

Therefore
¢ 28=20—1 1
(3.9) / ©(s) ds <t 252 - exp <dotﬁ+1) t — +oo.
0
Since ¢/ (t) = > Wwi—lm, function 7 has the same form as function ¢,
k=0

except that « is replaced by a+ (3 in the defining series. therefore from (3.9)
it follows that

28=2(atf)—1

¢
/ ol (s) ds <t 2p+2  -exp (dot#) t — +oo.
0

i.e.
2a+1

©(t) —p(0) <t 25+2 . exp (do tﬁ> t — +oo

and hence
2a+1

o (f) = £ 2552 . exp (dotﬁ> t — +o0.

If @ <0, the first finitely many (possible negative) terms of the series defin-
ing the function ¢ cannot change the asymptotic behavior of ¢ as t— +o0o. B

Let us now consider the function

—X

z|—>(1_z)—a_1€Xp<m) (OéER,[L’ER,O<ﬁ§1).

Here (1 — z)_a_l}zzo = (1-2)° ‘z:O = 1. This function is analytic in D.
Let its Taylor coefficients be L (x;0), ie.

Ba) =g e () =3 @)

Lemma 3 Iface R,z >0 and 0< g <1 then

L@ (—x; B) < n35¥s - exp <do P ~n%) .
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Proof. From

W - [ S (=)

2mi grtl ac

T

by expanding the function z — (1 — z)fa* exp ((1 oE

) into the series in

—— and integrating we get

(1-=2)
> —kB—a-—1
L(a) .
> Sk er ()

k=0

Keeping in mind that
(—1)" (—kﬂ—@— 1) _(kBtat+1)(kB+a+2)-- (kB+a+n)

n n!

we obtain
(3. 11)

Z% (kB4 a+ )(kﬁ+a+2)-~-(/€ﬁ+a+n);x>0‘
k=

n!

Consider first o > 0. Since for s > 0

(s + )(s+2)~-~(s+n)> n®
n! “T(s+1)

by letting s = k3 + « from (3.11) we obtain

e kﬁJra
(3.12) L (—z; ) Z — =n%p (zn”).

Since according to Lemma 2, ¢ (t) < ¢35+ - exp <d0tﬁ) t — +o0,
from (3.12), for fixed = > 0, we get

(3.13) nga) (—x:08) = C4 2573 - exp <d0 o ~n%>

where C7 > 0 and n > n; (C; does not depend on n).

Let us now prove the reverse inequality. A direct inspection shows that
(by changing the order of integration and summation) we have

(a) 1 Ooan— = (xtﬁ>k
(=2;8) = /0 t+et<;k!r(w+@+1) dt
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From Lemma 2 it follows that there exists a constant Ay, which does not
depend on s, such that

k

_ 2041
Zk'F (kB+a+1) —

< Ay - s 252 exp (do sﬁ) , Vs>1
and so

ZL‘tﬁ 2a+1 - (2;;;12)6
(3.14) < Ag-x 22t
Zk'F kﬁ+a+1) 0

_1 _B_
exp (do LB -tﬂH)
if 2t% > 1,1e. ift > 2

Since

1
N

1

e +n, —t xtﬂ
— t“ e dt =o0(1
), Zk'F k6+a+1) o(1),

from (3.14) and the equality

l&Nﬂmﬂzﬁ(Axidﬁ+é?CMQ

1
3
we obtain
(o) 2o 17
L (=23 6) < 0 (1) + Ay B

(2041)3 1 b

nl Jo
To complete the proof of Lemma 3, it is therefore sufficient to demonstrate
that for the sequence

1 o

(—t t dy P -t%) di
the following holds:

208 1 B
¢, =0 <n26+2 - exp (doxﬁﬂ -n6+1>> ., N — 00.
Let

B - a_(2a+1)ﬁ(:2a—ﬁ)
25+ 2
O .

doxﬁ and 0 = i
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Hence we need to show that
(3.15) ¢ =0 (nPexp (Cn’)), n— oo

Introducing the substitution ¢ = ns to the integral ¢, = & [ "B+,
we obtain

nn+B+1

(3.16) Cp =

Cn® > n+B fnerC-n‘s-(s‘sfl)
¢ . s e ds.
n! 0

Applying the generalized Laplace method (which concerns asymptotic be-
haviour of the integral of the form [ f (z,\)exp S (z, \) dz, when A — oo,
see [5, p.99-101]) to the integral

/ sPexp (nlns—ns+0n5 (55— 1)) ds
0

we get (if 0 < %, which is true here because % and 0 < § < 1):
[ Sn+Be—ns . €Cn5(55_1) ds =0 (2) , N — 00
J 7
and so, from (3.16) it follows that
o — O(nnJrBJrl €Cn5n) .
n! vn

From the above equality and the Stirling formula we obtain (3.15). This
proves Lemma 3 for a > 0.
If a <0, only finitely many terms of the series

im_’“(kﬂ+a+1)(w+a+2)...(w+a+n)
K n!

are negative and they increase polinomialy in n and cannot change the as-
ymptotic behavior of L\ (—x; 3) . This proves Lemma 3. [

Lemma 4 Let f)(z) = exp <ﬁ>, fr(0) = et where A = 2° . q,
0<B<1, AeD. Then

142 A2
1fally < K1 (1= |ADM2 exp (72)
A (1= 1AP)°

where Ky 1s constant which does not depend on A\ € D.
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Proof. From (3.10) it follows that

() X T
( Aret n>0
5 ) 1 2w A
190 = [ 1n@F due = [rowar [ lew (=)
b 0 0 (1 = Arei?)
by applying the Parseval equality, we get

617 AR = / Z»L DA B) P dr

and so keeping in mind that
2

do

2n+1

= QWZ]U D (=48 W"

\

From Lemmas 1 and 3 and (3.17), we obtain

B 1

2
Il < comt SN (B exp (w7478 )

B+2

-n 26+2 - exp (—do T . QBT am>
that is, after simplification
(3.18)  [Ifl2 < comst S AP0 5 exp <d0 A . 2R -am)
(const does not depend on A € D). Since according to Lemma 3
n- 2552 exp (do n A (Zﬂ )541“1) = L;—i%—ﬂ) (—Zﬂa; ﬂ)
then from (3.18) it follows that
Ifll3 < const Y AP L2 (=43 6)

and keeping in mind the equality (3.10) we have

2)A+2 A
1£2]l3 < const (1 —|A*)" exp (7)
2 (1=1AP)’
(where const constant which does not depend on A € D). From this, it
follows that

1+5 A2
Ifall, < Ky (1= A7 exp (72)
A (1= 1P)”

and K, does not depend on A € D. This proves Lemma 4. |
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Let 6, = ([, |z"? du)l/2 = (27 fol r2 (1) dr)l/Q. The system of func-
tions {z"/d,}, is an orthonormal basis of space L2 (w) and function

K(ng)zzzég

n

n=0

is the corresponding Bergman reproductive kernel (see [6]).
Lemma 5 The following inequality holds

(/D\Kz (&) du (6))% <Ko(1—]2)) 2 exp ((Ai/z)

E
1— =)

where the constant Ky does not depend on z € D. Here K, (2,€) = 6K6(j’5).

Proof. The proof is similar to proof of Lemma 4 (by applying the Parseval
equality, Lemmas 1 and 3 and equality (3.10). [ |

Lemma 6 If T, is a bounded operator on L2 (w) then, for any f € L2 (w),
the following inequalities hold
(1)~ ( A2 )
- exp AN - 1T
£ (2)] (1= 12 L
(L—1h" ( A2 )
- exp T A

Here A = 2%a. The constants Dy and Dy does not depend on f € L% (w) nor
onze€D.

(M=

a) (1—1|2))"" g/ () < Dy

Siey

b) (1 —[z)"" g7 (2)] < Dy

Proof. For a bounded operator T, on LZ(w) it is sufficient to prove the
inequality b) since a) follows directly from b).
As K (z,€) the Bergman reproducing kernel we have

6= [ KEOHOE, fe 2w
D
and so, if f € L2 (w) and T, is bounded operator on L? (w) we get

T, f(z) = /D K (2,6) (T,f) (€) dy (€).

Keeping in mind the way operator T is defined from the previous equality,
by differentiating with respect to z, we get

f@m@=é&@®@ﬁ@w@
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l.e.

(1— |z

() /DKz (2,8 (Tyf) (€) dp () -

Applying the Cauchy inequality to the integral on the right-hand side of the
previous equality we get

_ 2 1f3+1
= ol < S ([ R OF a0 @) I,

The inequality, together with Lemma 5, proves Lemma 6 part b). |

(L= [z)" g1 (2) =

4. Proof of Theorem 1

It is enough to show that conditions listed in Theorem 1 are necessary. (It
was demonstrated in [2] that they are sufficient.)

a) Let T, be a bounded operator on L2 (w).
Let us show that

(L=[z)" g () =0 (1) as z — 1 -

According to Lemma 6 part a), the following holds

E
(L—]zh) 2 A2
(41) (=) gr(2)] < Dy exp  ———5 | - | /],
(=)
for any function f € L2 (w); constant D] does not depend on f € L% (w)

nor on z € D. Replace f in (4.1) with f) (2) = exp <(1 ; )5), A € D. Then

)P (DT (A2
(A=) o () < DT p((l_‘zyg)ﬁ) I3

and so, letting z = A\, we get

_B

e (=ADTTE(AR
42) (=P o) < D e (s ) 1

(D} does not depend on \). According to Lemma 4, we have

(4.3) Ifally < Ko (1= AN exp (ﬁﬁjg)ﬂ)

(K does not depend on \).
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Since fy (\) = exp (W), from (4.2) and (4.3) it follows that

(1= M) gr (V)| < K D for A€ D

i.e.

=P gV =0(1), N —1-.

b) Let T, be a compact operator on L2 (w).
According to Lemma 6 part b), the following holds

(44) (1~ el gt ()] < Dy A (1_|Z‘2>ﬂ) 17,41,

for any f € L?(w). Here constant D, does not depend on f € L2 (w)
and z € D. Let

o

5 -
2 . (1

>

pa(2) = exp ( ﬁ) SL=ADT 5

(1 — Xz)
From Lemma 4, it follows that

leall, < G

(Cy does not depend on A € D). Replacing f in inequality (4.4) with ¢,
we get

o[

(1—=12])""" g/ (2)] < Dy o ()] p(u_‘zmﬁ) 1Tyl

(D5 does not depend on A and z). Letting z = A in the previous inequality
and simplifying we get

(4.5) (L= [z g7 ()] < D2 [Tyl
(D5 does not depend on A € D ).

Let us show that ¢, weakly converges to zero as |A| — 1 — . Since
loall, < Ch it is sufficient to show that for every n =0,1,2,...
(4.6) {ox 2") gy = 0 as [A[ =1 —.
(Here (-, -) denotes the scalar product in the Hilbert space L? (w).)

Since

(-] * 4/2
(o0 A" ) 2wy = 5 - OXP (7) XLV (-AB) -
Bl e (V)] (1= AP’

it follows that (4.6) is true.
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Since ¢, weakly converges to zero as |\| — 1 — 0 and 7} is a compact
operator, it follows that

[Tgeall, = 0 as [A] — 1—

and so from (4.5) we get
(1= g N =0(1), N —1-.

This proves Theorem 1. |

1
Remark 2 Let w(r) =e 07 IfT, is bounded on L2 (w) then

FR7 O = [ KEOTHOdE
D
50
1 @OF < ITI [ 1K P au© [ 1)

whence by integration with respect to dA (z), we get

22 |9/(2)‘2 ) < 2 2 .
4D WO e G rare O ST I [ ).
t

Le
iy (2) = lg' (2))? p
Jp 1K (2, dp (€)
Then from (4.7) it follows that
[lr@taE < ml [ 1)
D D

for every f € L2 (w). If 3 > 1, then by Oleinik’s theorem [7] there holds

A(z).

1
sup (1 — [z[)7>77 / , €017 dy (2) < +o0.
2€D e—zI<(1-|z)' =

In order that the preceding condition (via application of the sub-mean-value
property ) can be perhaps reduced to the form

sup (1 — [2])"*

zeD

lg' (2)] < +o0.
it 1s mecessary to give a precise estimate from above of the function

/D K. (2. &) du (€).

If 0 < B < 1 we have done this by using Lemmas 3 and 4. However,
if B> 1, this is connected with necessity of more precise (and mush more

difficult) estimates of the function F and the sequence L' (—x,0).
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Question. Is the condition (1 — |z))°™" ¢ (2)| = 0(1), |2| — 1—, neces-
sary for the compactness of the operator T, in the case 3 > 17

Acknowledgement. The author is grateful to the referee for many useful
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