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On the regularity of averages over
spheres for kinetic transport equations

in hyperbolic Sobolev spaces

Nikolaos Bournaveas and Susana Gutiérrez

Abstract
We study the smoothing effect of averaging over spheres for solu-
tions of kinetic transport equations in hyperbolic Sobolev spaces.

1. Introduction

In this paper we consider solutions f : R; x RY x RY — R of the kinetic
transport equation

(1.1) Of+v-V.f=yg,

and study their averages over spheres

(1.2) pltr)= [ flt2,0)do(w),
Sgd—1

These averages come up in the radiative transfer equation which describes
the scattering of photons in a hot medium [1, 2, 16, 25, 8|. Averages over
balls of solutions of (1.1),

(1.3) pp(t,x) = / f(t, z,v)dv,
lvl<1

are known to be smoother than f, in all dimensions, by half a derivative.
More precisely,

T R IR T o) I
< CA)(If |2 @irasmy T 19l 2 @iraxs))

where B := {v € R? : || < 1} and p, denotes the space-time Fourier
transform of p,,.
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The same gain of half a derivative is observed in all dimensions for aver-
ages over balls of solutions f : R? x R? — R of the stationary equation

(1.5) v-V.f=g.

These smoothing effects were first discovered in [18] and [17] and later
developed in several papers [4, 7,9, 10, 11, 12, 13, 15, 19, 20, 21, 22, 23, 26].
See [24] for a review and an extended bibliography.

We now turn our attention to averages over spheres whose study was

initiated in [6]. For solutions of the stationary equation (1.5) averages over
spheres gain half a derivative in all dimensions, even in dimension d = 2.

Proposition 1.1. Let d > 2. Let f: R% x R? — R be a solution of (1.5)
and define

(1.6) [f](z) = f(x, v)do(v)

§d—1

Then
an |a+enie)

The proof uses the standard technique of [17] and is sketched in Section 2.

LQ(Rd) S C <HfHL2(Rd><Sd—1) + HgHLQ(RdXSd_1)> .

The situation is different for averages over spheres of solutions of the
time-dependent equation (1.1). It is important to notice here that in the
case of the stationary equation the ambient x-space has dimension d and
we average over d — 1 dimensional spheres, while in the case of the time-
dependent equation the ambient (¢, x)-space has dimension d+ 1 and we are
again averaging over d — 1 dimensional spheres. It was proved in [6] that
in dimensions d > 3 averages over spheres gain half a derivative, exactly
the same gain as for balls, although spheres have higher codimension. In
dimension d = 2 however averages over spheres only gain a quarter of a
derivative. It was also shown in [6] that the loss of 1/4 derivatives in two
dimensions occurs near the characteristic cone |7| = |£| in phase space and
that we can recover the missing regularity by working in hyperbolic Sobolev
spaces (see (1.10) below). Both in the case d = 2 and in the case d > 3
these estimates for averages over spheres imply the classical estimate (1.4)
for balls and in that sense they are stronger.

There is a simple geometric explanation for this discrepancy between two
and higher dimensions. Suppose we can show that for some a € (0,2) the
following estimate holds, for all 7 € R, all unit vectors ¢ € R? and all A > 0:

(1.8) cf{veS i r+u-g <A} SA(Y)

1A < B means that there is a positive constant C, depending only on the dimension
(and possibly on various other harmless parameters) such that A < CB.
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where o denotes the usual surface measure on S¢~1. We can then show(?)
that averages over spheres gain a/2 derivatives. To see how the mea-
sure of the set in estimate (1.8) behaves let us take & = (0,...,0,1) and
consider the following two extreme cases: if 7 = 0 then the set becomes
{ve St juy| < A} and it is a strip around the equator of ‘width’ A whose
surface measure is S . If 7 = £1 then the set is {v € ST 1 |[£1 + vy < A}
and it is a ‘cap’ centered at the South or North Pole whose surface measure
is < 25 We may restrict our attention to small A’s. If d > 3 then d;21 >1
hence Az < A (the measure is concentrated near the equator). In this case
a = 1 and the gain is 1/2 derivatives. On the other hand, if d = 2, then
A< AT =A%, 50 @ =1/2 and the gain is 1/4 derivatives.

Let us now recall the main estimate of [6]:

Theorem. ([6]) Let f be a solution of (1.1). Then the average over the unit
sphere defined in (1.2) satisfies the following estimates: If d > 3 then,

19 |a+i+lentaee)

L2 (R1+d)

< O (Il aqgasanisy + N9l araxgan)

If d =2 then,

(1.10) |1+ I+ D (L + N7l = el (. ©)|

L2(R1+2)

< C (Iflrvansy) + 19l griann )

In Section 6 we give a counterexample which shows that the pair (s,0) =
(1/4,1/4) in two dimensions and the pair (s,d) = (1/2,0) in three dimen-
sions are best possible.

The geometric viewpoint discussed above suggests that there should be
an improvement to these estimates in dimensions d > 4. Indeed, the measure
in the left hand side of (1.8) behaves differently depending on the relation
between |7| and |£|, because it is this relation that determines the location
of the set on the unit sphere. We expect better estimates when the set
is near one of the Poles, and this happens when (7,¢) is ‘near the light
cone’ |7] = [£|. This improvement will be expressed, as in [6], in hyperbolic
Sobolev spaces. We shall prove in Section 3 the following

2The proof uses a standard technique from [17]. See also the presentation in [3]. With
a little care in the proof we can actually replace | f| + ||g|| in the right hand side by

£t =2 Il
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Theorem 1. (Hyperbolic Sobolev regularity) Let d > 2 and f solve (1.1).
Let 5,6 € R be such that:

(1.11) s+0<

N| —

s<min {94t 1}, if d#5
and
s <1, if d=5.

Then the average p defined by (1.2) satisfies the following estimate:

(1.12) ([ + |7l + 16D (@ + {171 = 1E1D° AT )| o gy

S I e @ivaxsa-1y + 19l 2 i+axga-ry

Some remarks are in order. In all cases we would like s, the exponent
of the ‘good’” weight 1 + |7| + |{], to be as large as possible. For d = 2
the best that (1.11) allows is s = 1/4, and we can then take § = 1/4.
This recovers (1.10). For d = 3 we can take s = 1/2 and 6 = 0 and this
recovers (1.9). Let us examine more closely dimension d = 4 (*). We can
take s = 3/4 and 0 = —1/4. The estimate then is:

(1.13) [+ I+ €D @+l = €)™ BT O oo

S Il z2@ivaxss) T 191 2@ivasss

Observe first that (1 + 7| + [§))*/* (1 + [|7[ = [¢][)7* > (L + [7] + [¢))"/?
so (1.13) implies (1.9). However, (1.13) also shows that for (7,&) with
7] = |€]] £ 1 (‘near the cone’) we can control (1 4 |7|+ |€])¥4p(T, &) i.e.
gain 3/4 derivatives - an extra gain of 1/4 derivatives over the classical
1/2-gain. We have similar gains ‘near the cone’ in all dimensions d > 4.
This is in sharp contrast to what happens in two dimensions where a loss of
regularity occurs ‘near the cone’.

In dimension d = 5, condition (1.11) excludes the end point case s = 1.
Actually, we can take s = 1 (and 6 = —1/2) if we allow for a logarithmic
term in 1+ ||7] — ||| (see (1.15)).

It was noted in [6] that in the ‘elliptic’ region |7| > [¢| we have an
extra gain of regularity (see (19) and (20) in [6]). In the present paper
estimate (1.12) will be a consequence of the estimates in the following The-
orem which take into account this gain in the region |7| > [£]. In these
estimates x, denotes the positive part of the real number x.

3Tt turns out that one can use the corresponding pointwise four dimensional estimate to
improve considerably estimates (50) and (51) of [6] (see Theorem 3 below and Remark 4.1
on p.498). The new estimates we present in this paper are best possible.
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Theorem 2. Let d > 2 and f be a solution of the equation (1.1). Then, the
average over the sphere in (1.2) satisfies the following estimates:

(i) If d # 5, define s =1+ min {20} and
. [d—=5 1 . [d—=5
01 = —mm{T,O}, 09 = —3 —mln{T,O}.
Then:

(L4 17l + 16D L+ (7] = 1€D-)™ L+ (€] = D)™ BT, )| poggosay
(1.14) S fllzmiva, i1y + |9l 2ita,sa-1y

(ii) If d = 5,

a1 1 eIl (14108 (H))ﬁ( 3]
(1.15)

L2(R1+5)

S fllz@is sty + |9l 2 r+s, s0)

The proof of this Theorem uses the methods of [6] together with a de-
tailed study and sharp estimates for the integrals J™ (see Proposition 3.1).
In the region |7] > |£] (inside the cone) we use estimates for the integrals Hy
(see Lemma 3.2) introduced by Foschi and Klainerman in [14] in connection
with sharp bilinear null form estimates for solutions of the wave equation.
To deal with the region |7| < |¢| we introduce and estimate the new integrals
F¢ and GY (see Lemmata 3.3 and 3.4).

Estimates on averages of solutions of kinetic equations with right hand-
sides which contain derivatives with respect to v are used in the study of the
Maxwell-Vlasov equations. In Section 4 we will study averages over spheres
for the equation

(1.16) Ouf +v-Vaof =Qilg

a%j —vja% are tangential derivatives. We restrict ourselves to
tangential derivatives because we need to be able to integrate by parts on the
sphere. Moreover, if we take the point of view that f and g are only defined
on the sphere then only tangential derivatives make sense. In [6] it was
shown that if d > 3 then p gains 1/4 derivatives (exactly the same gain as for
balls), but gains only 1/8 derivatives if d = 2. The operators Q% introduce
a special structure which is reminiscent of the null forms structure for the
wave equation and allows better than expected estimates (see the Remarks
in Section 4 of [6]). Taking this into account the following improvement to

the 1/8 gain in two dimensions was established in [6].

where Q% = v;
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Theorem. ([6]) Let f solve equation (1.16) in d = 2 dimensions and define p
by (1.2). Let (s,0) = (3,0) or (&,23). Then

7 167 16

(117) [+ llr] = [l (@ + 7]+ 1ED*A(T, )| o ey

< C (Il aqgasaxny + 9l agivesen)

In this paper we improve these results to (s,d) = (3,0) and (s,8) =

(%, é) and show that the new results are best possible. We shall prove the

following
Theorem 3. Let f,g: R x St — R satisfy
(1.18) Of +v-Vof =g,

where QY = via% — vja%. Then, the average p defined in (1.2) satisfies:

1
(119) L+ 171+ €D )l garvay S (1 llqarvansn + 19llzaquasecen)

and the hyperbolic Sobolev estimate:

(1.20) [[(1+ |7] + [€D)% (1 + |I7[ = [€I)* A7, €)l| o oy

S (11 2oraen) + 190l aqgasane ) -
In Section 5 we study the Initial Value Problem
(1.21) Of+v-Vof =0, f(0)=fo

and prove averaging lemmas in hyperbolic Sobolev spaces in all dimensions.
These estimates improve and generalize those of [6]. We present here a
proof which works in all dimensions and also provides a pointwise estimate
for p(7, &) (see (5.5) ) while the proof in [6] only gave an estimate for a certain
weighted 7-integral of p(7, &) (see (5.4)). We shall prove the following

Theorem 4. Let d > 2 and f be a solution of the IVP (5.2). Then the

corresponding average p satisfies
d—3

d—1 _d-3 _
(1.22) [[(I+|7[+lED) = (Lt[l7] =€) A(m, )l 2 @reey S W foll 2 gawsa—ry:

Notation: We use f (&) to denote the Fourier transform of a function f
on R and F (7, &) to denote the space-time Fourier transform of a function ¥
on R!. For simplicity we assume that all initial data and right hand sides
of our equations are smooth functions which decay sufficiently fast at infinity.
Throughout the paper, p < ¢ means that p < C' ¢ for some positive constant
C which may depend on the dimension. Also p ~ ¢ means ¢ < p < q.

Acknowledgements: The authors acknowledge with pleasure several
helpful discussions with Benoit Perthame and Luis Vega.
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2. Averages over spheres for solutions of the stationary
equation

In this section we sketch the proof of Proposition 1.1 and show that the
exponent 1/2 is best possible.

Proof of Proposition 1.1. We have f(£,v) = ﬁz’:E, where h = f + g,
therefore

A= [ e o)

a1 1+ 5
Applying the Cauchy-Schwarz inequality we get

MGIE (/S

where J(£)* = [o. 1i‘(’ vé 5, so it suffices to show that J(£)? < % This

integral can easﬂy be estnnated in all dimensions as follows:
™ (sinf)4-2
J(€)? = ————df
(&) /0 1+ |€]? cos? 6

T 1
< | ——————db
N/O 1+ |€]2cos?

ﬁ(g,v)fda@))m I(r8)

1
1
~ dxr (x := cost
o e ( )
1/2
<) T
~Jo 1+‘5‘2$2 |§| 1/2 1—952

\5\
dy + —=
ISI/ 1+y2 \5\2
1

< —.
€]
This settles the case |{| > 1. The case [¢| < 1 is trivial. |

To see that the exponent 1/2 in Proposition 1.1 is the best possible we
observe that estimate (1.7) implies the corresponding estimate for averages
over balls (*). If (1.7) was true with an exponent larger than 1/2 then the
same argument would show that averages on balls gained more than 1/2
derivatives. Since 1/2 is the best possible exponent for balls [23], it follows
that it is the also the best possible exponent for spheres.

dwrite Joj<1 (@, 0)dv = fol Jsa-1 f(z,v)do(v)dr and use the analogue of (1.7) for the
sphere of radius r.
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3. Averages over spheres for O;f +v-V,f =g

The proof of Theorem 2 relies on sharp estimates for the integrals

i : 0 m
3.1)  J™1,€) :/0 T (T(S—ll—n\f\)cose)Q]l 49, rtER,EeRY

Proposition 3.1. Let m > —1, | > 1/2 and define o = min {254 0}.
Then the integrals J"(7,&) satisfy the following pointwise estimates:
(). If 7| = l&],

(3.2a)
(1+ 7] — leD° |
iy ] HITHTEDT JomelAd
1 \T, ~
! 1 ||+ 1el) _
(1+ 7] + gD (HIOgm)’ fomyl=4Al
(id). If 7] < [¢l,
(3.2b)
(1+’€’ _ ‘T’)Ql—l-l—a .
ey <4 AT gt
T, ~
| (4 le] = Irp (1+lo M) if m+1=4l
(T4 [€[+ ) BT el =7/

Estimate (3.2) is sharp, except in a certain case explained in Remark 3.5 on
page 494. In the next three Lemmata we collect some estimates that come
up repeatedly in the proof of Proposition 3.1.

Lemma 3.2. Let b > —1, a € R. For A > 0 define

1
(3.3) HE(\) = / (A t)*t°dt
0
Then
(3.4a) HE(\) &~ A, if A1,
(3.4b) HE(N) mo Amindatbt L0t e 0 < X <1, a+b+1#0,
(3.4¢) Hy(A) =1+ |log\l, if 0<A<1l,a+b+1=0.

Proof. See Lemma 4.2 in [14]. [ |
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Lemma 3.3. Leta > —1 and b > 1. For \y >0, XAy > 1 define

A2 ( a
Y+ )\1)
3.5 FoA, ) = [ YA
(3.5) Fon) = [
Then,
1. If M > Ao,
(3.6) FE(A, As) ~ A2

2. [fO S )\1 S 1 S )\g,then

1+10gA2, Zf a—b+1:0,

3.7 Ep (A1, Ag) =
(3.7) b (A1, A2) {)\;nax{a—b-f—l,O}’ if a—b+1#0.

3. ]fl S /\1 S )\g,then

(3.8a) FAOLA) SA X df a—b+1>0,
A
(3.8b) Ff (A1, Ag) = A2 + log A—2 if a—b+1=0,
1
(3.8¢) FP (A, Ag) = A, if a—b+1<0,

Proof. First assume that \; > A\y. Then y + A\; & A\ therefore,

A A
“ 2 _'__A a “ 2 d “
Fb(/\17/\2):/ udﬂ“&/ (7(1/&,%/\1
0

o (1+y) 1+vy)
Next, assume that 0 < \; <1 < \g. Split F' as follows:
1 A
(y + A\1)? / > (y+ A)°
3.9 FA (A, ) = ——dy + - d
(39) ) /0 TR R A

The first integral is clearly &~ 1. For the second integral we have y + A\ =~ y
and 1 + y ~ y, therefore,

A2 (g4 )\ A2 , log Ao, if a—b+1=0,
/ b dy%/ yrrdy & {a—b+1,0}
1 (I+vy) ! APPAabHLOY i b1 £ 0.

Finally, assume that 1 < A\; < Ay. Split £y} as follows:

>\1( a A2 a
y+A) / (y+ A1)

3.10 FP (A, A :/ ——dy + ~——dy:=A+B
B S () A W (e
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In A, y + Ay & \; therefore,

Al 1
A%)\a/ — —dy~ \¢
Yo (+y) Y !

In B, y+ A\ ~y and 1+ y =~ y, therefore

A2
B~ / ya—b dy
A1

D AR fa—b+1>0
~ logf ifa—b+1=0
AT NG <A = AT <0 ifa—b+1<0
n
Lemma 3.4. Let a > —1,b > 1. For A > 1, define G¢()\) = [ ((Lz
Then G¢(A) =~ \*.
Proof.
G“(/\)—/; M-y, Jr/A A—y)
O A I R PO TR D
% 1 1 A
~ \¢ E—— A\ — oy ~ \* )\a—b—i—l ~ )\
/0 (1+y)”y+k”/( y)dy ~ AT n

Proof of Proposition 3.1. We may assume that 7 > 0 because J™(—7,§)
= J"(7,€) (to see this change variables § — m — ). When 7 + |£| < 1 esti-
mates (3.2) are easily seen to be true as J"(7,£) < 1 and all the right-hand
sides are then ~ 1. From now on we assume that 7 + || = 1. Performing
the change of variables § — z = cos#, we have

m—1

m oy [ (=2
(3.11) J; (T,eg)_/1 T T

Write J™(7,€) = J4 + J_ where

m—1

-y
(3:12) = e e

P -
(3:120) = | T

1

I
(3120 o) T

Observe that J; < J_, hence J"(7,&) ~ J_, so it suffices to estimate J_.
We split the proof into two cases depending on the region where the pair

(1,€) lies.
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Case 1: Estimates inside the cone: Fix (7,£) such that 7 > |¢]. If 7 > 2|¢]
use the fact that for 0 <2 <1, 1+ (7 —|¢|z)* = 1 + 72 = 72 to get,

1

1 2\ m—1
(1—2%)2
J_:/ dx
o [L+ (17— [&lz)?)!
1 1 2m—1
~— 1— "2 d
[0
1 (Tl
Y W e

(3.13)

It remains to deal with the case |{| < 7 < 2|{|. Recall that we are assuming
7+ €] = 1, hence |£| = 1. Using 1 — 2% &~ 1 — x and then changing variables
r — y=1—x we have:

m—1

1 m—1
J = o dy
/o [+ (7 — (€] + 1€ )]

m—1

1 YT
~ / 2ldy
o [1+7—1¢+I[€y]

—1

1 /1 YT
€% Jo [1+T—\§|

21
G “’}
1 1+7—|¢
3.14 = —H% (7)
. e

where H %, is defined in (3.3). Notice that HE'&' < %hﬂ S 1 IEm+1-41 #
2
0 then, by (3.4b),

e <1+T—m) . (1+T—\s\)min{@“”70}: (1+T—ra)“
RN €] €]

which gives,

LTl (T

(3'15) ’6’214—0( ~ (1—|—7—|— |§‘)2l+a

If m +1— 4l = 0 then, by (3.4c),

B 1+T—M) ' 1+T—Kw
H 2_l1 - 2l =1 log ——MM >
’”—( € T
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which gives,

1
(3.16) J_~— [1 + ’1 og

e
I 1+7+
AT ll“"glw—m}

1+T—\§|H

(3.17)

Case 2: Estimates outside the cone: Fix (7,€) such that 0 < 7 < |£]. Recall
that we are assuming |7| + |£| 2 1, hence || 2 1. By an appropriate choise
of the constants we may assume that |¢| > 4.

Suppose first that || > 27. Write J_ = JY + 7% where
J(l) - /3/4 (1 — ZEQ)mT_ldl‘ ,](2) . /1 (1 —_ :L‘Q)mT_leE
o QA=) T Jsu 1+ (€] 2)Y)
For J use 1 — 22 ~ 1 and then change variables x — y = 7 — || x to get

) / /+°° 1
JV o~ — ~ —
1€l (e \5\ 1+¢2 [

: 3l¢] l€|
Since = — 71 > &

> 1

T dy
> 1, we also have f_($_ﬂ T > | Ty & b

therefore J ~ L. For J® use €| x — 7 =~ [£], to get:

€]
I _ 1
J® %—zl/ (l—x)Tldfo—.
1€]™ J3/a €]

Therefore J_ ~ %‘ (®).

Suppose next that 7 < || < 27 and |{] — 7 < 1. Changing variables
x—y=|£(1—2x) we get:

~ Ml

7 N/l (1—x)m771d;1: 1 €l ymTfldy
T oo L —lelet et o [+ (v - (1 - 1)

Observe that, since 0 < [¢] —7 < 1, we have 1+ (y — (|¢| = 7))* = 1 + 32
(if y < 1 then both sides are ~ 1, and if y = 1 then both sides are ~ 3?),

5Note that the decay rate is independent of the parameters m and [. This estimate
shows that, in the various versions of the averaging Lemmas, we cannot expect a gain
better than 1/2 derivatives. Also note that this ‘worse decay’ occurs when |£| >> 7.
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therefore, using (3.7), we have

~ /Kfy@ e Fa (0]
~ T m+1 m+1 2l )
€2 Jo L+ e

pn e {E ] it m+1—-41#0

1+ 1loglél], if m+1—41=0

Q

Ié\

(L[]~ 1+ :
HEFrore it m+1—-41#0

—T 2l—1 - .
e [Hlog ii{ﬁ}:] i mA+1—41=0

Q

(3.18)

It remains to deal with the case 7 < || < 27 and || — 7 > 1. Change
variables * — y = 7 — || x and then split J_ as follows:

' (l-a)de L [T W+l - dy
J_ = =
/0 L+ (r—lgle?) jg™s /|s ~7) [1+y?
__1 /T@+¢ﬂ—r>zdy+ LTyl =) dy
€]

1+ o7 \frm*“ [1+y?
1 m—1 1
N By ([T T) e Gy J (1€l =)
g g
(3.19)
T (j¢| - )T
N —r by (KT + B2
g €1

where we have used Lemma 3.4 in the last step. If m + 1 — 4] < 0 then,
using (3.8¢) of Lemma 3.3, we obtain:

m—1

O IR N S s
g e

If m+1—40 =0 (hence 251 = 2] —1 > 0) then, using (3.8b) of Lemma 3.3,
we obtain:

m—1

(3.20) “a_llQ -

7T log T
€] g el =T

(= l ]
<MSI7 7 7 1

g =)t 1+ ¢+ 7
SN GENTIEEE l”loglwl _J

(3.21)
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If m+1—4[]> 0 then, using (3.8a) of Lemma 3.3, we obtain:

(3.22) ~ U= T) N
[N €™
<M= (1) R (S
€1 € [
(3.23) R~ (L+g] = r)* e (v =0 in this case)

1 2l+a
A +1+7) .
Remark 3.5. Our proof shows that estimate (3.2b) is sharp in all cases
except when m + 1 — 41 > 0 and (7,€) is in the region || — |7] > 1 and
|7| < €] < 2]|7|. In this case the sharp estimate is (see (3.20) and (3.22)):

(€] = |7z | .
(324) JZn(T7 5) m—+1 + m+1 ) lf m+1 _4l >O
I{xn {En
—1
1
o2 g~ EEID T Lo P i 1o
PG

In particular in the case |7| < [¢| and m 41 —4{ < 0 (3.2b) is sharp and
gives:
(L+ [ = |r)™
(L[] +|rl )™

Proof of Theorem 2. By taking the Fourier transform with respect to the
spacetime variables in (1.1) it is easy to see that

(3.26) I 8) =

h(r,€ v)
a1 1 +i(t+v-§)

where h = f + g. Apply the Cauchy-Schwarz inequality to get:

0P ([ ) ([ i eopam).

We can use a basis in v-space such that & = (0,...,0,|¢]). Thus, using
spherical coordinates we get that

do(v) T (sin §)42 o
(3:27) /Sd_l I+ (r+v-£)? S /0 1+ (7 +|&| cos 0)? db = J{ ()

The estimates in Theorem 2 are proved by first applying the pointwise es-
timates for J%2(7,¢) given in Proposition 3.1, and then integrating with
respect to (7,&). [ |

i) = | frev)do(w) = /S do(v).

gd—1
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Proof of Theorem 1. We present the proof in the case d # 5. The
case d = 5 is similar. Fix (s,0) with s + 6 < § and s < 1+ m, where
m = min {(d — 5)/4,0}. Set wy(7,§) = 1+ |7| +|¢| and w_ = 1+ ||7| — ]|
Theorem 2 implies that

1
I4+m, —3~ M~
Her w_> p

L2(R1+4) S HfHLQ(R1+d><Sd—1) + HQHLQ(R1+dXSd_1)

so it suffices to show that

1
s ,,,0 14m, —2~ 1
wiw? < wTTw_
Indeed,

s ,,,0 s 3-8
2
wiw? < wiw2

1+m—s
-
= wlMMw_? —
w4

1
< wfmw 2 (because 1 +m — s > 0)

1
(because § < 5 s)

4. Averaging Lemmas for 8;f + v-V,f = Q%gin2+1
dimensions
Proof of Theorem 3. Since d = 2, we can set (,7) 2). Take the

(i) = (1,
spacetime Fourier transform in (1.18) and add Af(7,&,v) to both sides to
obtain that

At i(r+v- ) f(7.6,0) = 025(r, 6, v) + M (7.6, v)
The parameter A = \(7, ) depends on (7, &) and will be chosen later. Then,
Q,%9(r, €, v) M(T,€,0)
~ _ v 'Sy d S d '
pm¢) /S1)\—|—i(7'+v-§) U(U)+/S1)\+i(7+v-§) o)
Integrate by parts in the first term to get:

- _ S € 018§ — v2€1 (v )\f(T,f,v)da(v)
P €)= /Slg( N )()\+i(7+v~£))2d ( )+/Sl Ai(t+v-§)

Therefore,

(41) |p~(7—7 §)|2 < ||§(7—7€7U)Hi% 11(7—7 5) + Hf(7—7§7v)||i% 12(7—7 5)7

where

. 2
h(no) = /S (AJT(QT +v§2§-1l)2)2 do(v)



496 N. BOURNAVEAS AND S. GUTIERREZ

and
do(v)

I = \? .
2(7—75) \/Sl)\Z—f-(T—f‘f'U)Z
Set 7' = { and §' = § Then

_ P [vnf — vagl?
Ii(7,§) = MOt (-0 do(v)
_leP (sin )2 p
Ao [ (7 1€ cos0))
(4.2 KL

and

B do(v) i do B
(43) 12(775) - \/Sl 1—}-(7”4—5’-1})2 SJ/O 1+ (T/—}- ‘gl‘COSQ)Z - J?(T7§)

with the J/"-integrals defined as in (3.1). As a consequence of (3.2) we have,
in all regions,

(L +|[g] = |7t
(1+ €] + |7 )**e

provided that v = min {2+=4L 0} £ 0.
With (7,&) fixed, choose A = A\(7, ) such that

(4.4) JMTLE) S

(45) A> 1 and A= (A JE] + ) A+ [le] = [l
Then
nr < e
<P A+l =17

Mg+ 7))
o Qe+ 1TD* A O+ gl = 1D
- At A+ e+ I7])?

O E DT O+ I = Il
_ L

SIS

SIS

(4.6) <

1

A+ 1€+ 75 (A +11€] = Il
1
(

1+ (¢ = |7|l)?

I e

(L + 1€l + 7))
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and
1

L(r,€) < JU(r, &) S : :

; 1 (L+1€]+ 72 (1 +[[&] — |[|])?

_ A _ 1

A+ EL+ITDE A+ El = ITIDE - A+ €]+ 7)) A+ (€] = 77
(4.7)
1
<

(L4 (€[ + 7D+ (L + [1€] = [+
Combining (4.1), (4.6) and (4.7) in the usual way we get (1.20). Next we
prove (1.19). With (7, &) fixed, choose a new A = A(7,€) such that

(4.8) A>1 and A=A+ [[+][7))¢ (A +[[E] = |7]])?
Then

2
o) < Bl e e

_ P a+g =171
- TN g+ )
_ P a+g =171
TN+ g+ )
< O+ +I7D? A+ llgl = 171D
b A A+ g+ 7))

A+ [e]+ 17)E A+ (€] = |7])3
/\5

[N [Sl[s

1

A+ [¢] + 7))
1

(1+ 1€+ 7))

(4.10)

Ll

and
1
T 1
(L+ [T+ A+ = 17]])2
A 1

L(r,§) S /(7€) <

A+ e+ 17D A+ IEl = ITDE A+ 1] + )
1

1
(L4 [€] +[])?
Combining (4.1), (4.10) and (4.11) in the usual way we get (1.19). |

=

(4.11) <
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Remark 4.1. The estimates for the J/™ integrals are applied with m = d —2
(see for example (3.27) in last Section). In this sense J3 corresponds to d = 4
and behaves like a four dimensional term while J{ corresponds to d = 2 and
it is a two dimensional term. It is the sharp estimates for these integrals in
higher dimensions that allow us to improve the results of [6].

Corollary 4.2. Under the assumptions and notation of Theorem 3, the
average over the sphere satisfies:

(4.12) [+ |7+ 1€)X+ |I7] = [EID° AT, )l 2z

S (I egrregn) + 9l )
whenever the pair (s,0) satisfies
(4.13) s+0<1/4, 6s+25<1, ands<1/6.

Proof. Define w; =1+ [£|+ |7| and w_ = 1+ [|¢] — |7||. Interpolating
between the two estimates in Theorem 3 we easily get (4.12) for any pair
(s,0) lying on the line segment with endpoints (s,0) = (1/6,0) and (s,0) =
(1/8,1/8). Now fix (s,0) as in (4.13). If s < £ then

and the result follows from (1.20). If on the other hand % <s< é then

1—6s
s 2
< wiw_

)

s
erU)

and again the result follows as (s, 1_65) lies on the line segment with end-

points (s,d) = (1/6,0) and (s,9) = (1/8,1/8). |

5. Averaging Lemmas for the Initial Value Problem

In this section, we continue the investigation started in [6] on studying the
smoothing effect on the averages over the sphere:

(5'1) p(t, l‘) = i f(tv I7U) dO‘(U),

where f : R4 x S9! — R is a solution of the homogeneous initial value
problem:

Of+v-Vof =0,
52 {

f(O,I,U) = fO(I7U)'
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Proof of Theorem 4. We have

(5.3) plr.&) = fo(€,0)0(7 + € - v) do(v).

gd-1

and supp p C {(7,€) : [¢] > |7|}. We prove first the following two pointwise
estimates:

[ s . ,
5 [ T ) TR 9l 5 [ e v doto)

d—1
d—3

(5.5) ol s S [

€=

i do(v)

(&)

Fix (7,€) with |7| < |£]. Then

p(1,€) = /Sgl_2 /07T fo(&,wsin 0, cos 0) 8(7 + |€] cos B) (sin 0)42 df do (w)

1 el e
= 5 s 1- ; :
al.). fo(“’\/ () )

d—3

: (1 - ("”"'g'T)Z) N §(z) dedo(w)
(5.6) »
~a oo () @) (- (7)) e

where we have performed the change of variables x = 7+|{] cos in obtaining
the second identity. Using a trivial Cauchy-Schwarz inequality on S%2, we

get that
P ™\> T
weey- () )
or, equivalently,
s 00

(- (&) |
(o))

d—3

(@)

P OF < [

gd—2

d—3

‘L. () o
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Now integrate with respect to 7 (recall that |7] < [¢|) and then change
variables 7 — 6 where cos = —7/|¢| to obtain:

[ e
@ (€= )= (gl + 1) T )

<[ Lbplefr-(a) @) (- (@) ontore
= ]f]/o /d2(sin9)d_2\fo(f,wsin9,cosH)Fda(w) do
—1¢l [ e v doto)

Using |7| + |€| ~ |£] we obtain (5.4) (°).
Going back to (5.3) and applying Cauchy-Schwarz we get

fo(g,v)fda(v)

(5.7) rm@aFSIv@)/

§d—1

where
(5.8) [(T,f):/ M1 +v-&)do(v) C/ §(7 + €| cos ) (sin 0)?~2d6
Sd—1

We change variables § — z = 7 + |{| cos § and use £ + |7]| =~ |{] to get:

d—3

o= L (- C))
O
(5.9) G el

This proves (5.5). Now we write

d—1 _d=3 _
1@+ I+ 16D = @+l = 1€l Am Ol ragivay = A+ B

6Strictly speaking our proof of (5.4) makes sense only for d > 3, but the case d = 2
requires only minor modifications of the argument. See Section 5 of [6] for the proof in
two dimensions.
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where

o) A= [ [ @) T 1 - 1) B ) drdg
R4 Jo<[|¢]—|T|<1

Gy B=[ [ @ )T el - i) () ard
RE Jg|—|r[=1

To estimate A we first use 1 + |7| + [{| =& 1+ || and 1 + || — |7] = 1 and
then apply estimate (5.5) to get:

S P la+eE
A< AN S P sdr| d d
SR i G ] o(v)dg
If |£] > 1 then
(1+16)*7 : :
Lrisz 2 dr S —x)dr 51
3 /0<|5||T<1(‘€| = ar /fll(m v
and if |{] <1 then
(1+1¢)*=

1 €]
a1 — d < — . - d < 1
[ /0<|£||f<1(‘ d |T|) ! ‘5‘7/0 (¢l x) x

therefore
2
A 5 HfOHLQ(]Rngd—l)

For B we have 1+ |7| 4+ [£| = [¢| and 1 + |£] — |7] = |£| — |7|, therefore the
corresponding estimate follows by integrating (5.4) w.r.t &. [ |

Remark 5.1. Integrating (5.5) w.r.t. £ we obtain that the following esti-
mate is also true:

(512)  |I(17] + [E) T II7l — L&l Al Ellzz@iay S [ foll p2gaxsiy:

This is slightly better than (1.22) near the cone {|¢| = |7|} N {|{] > 1} when
d>A4.

Corollary 5.2. Let d > 2. Under the assumptions and notation of Theo-
rem 4 we have

(5.13) (1 + 7] + 1D + 17 — E1N°B(r, €) | paavay S [1foll g2 axgary-
provided that s+ < § and s < d%‘f

Proof. Fix (s,6) with s+6 < 1 and s < &L, Define wy (1,€) = 1+ [¢] +|7]
and w_(7,&) = 1+ [|¢| — |7[[. Then,

s 1, a1 _d-3 [ T -1 _d-3
S s 2 J— 4 4 — 4 4
wiw? <w w2 =w.t w — <w,* w_

and the result follows. [ |
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6. Counterexamples

In this Section we show that the conditions on s and ¢ in Theorem 1
and Corollary 4.2 are necessary. We use the following notation: For ¢ =
(&1,...,&) € R weset & = (&1,...,&-1) and write € = (£/,&,). We denote
the Lebesgue measure in R'*¢ by u and its restriction on S*! by o.

Proposition 6.1. The conditions (1.11) in Theorem 1 are necessary.

Proof. We prove first that s + 6 <
(s,0) € R x R. Define

% is necessary. Fix N >> 1. Fix

(6.1) A={(1,§) eR":5<7<10,[¢] <1, N <& <2N}
1

(6.2) B= {U €St vyl < N}

Define g € L? (R'*4 x §4°1) by

(6.3) g(7, &, v) = xa(7,§)xs(v)
Observe that o(B) ~ + (7) and

"g"LQ(Rlerde*l) ~ HEIHLQ(Rlerdefl) = M(A)%U(B)%
For (7,£) € A and v € B we have
€ o] <INV + [€al Jval <3
and since 5 < 7 < 10 we have
(6.4) T+ v

Moreover,
L+ + gl = 1+ l7| = [Ell = N
Define f € L* (R x S%71) by
7 g(Tafav)

(6.5) f(r,6,v) = e

Then f is well defined thanks to (6.4), and satisfies 0,f +v-V,f = g in
the sense of distributions. Also,
9(1. &, v)

’f(ﬂ@v)’ = rrew ~ g(1,&,v)

"B is a strip of width % around the equator.
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therefore
(6.6) HfHL2(R1+d><sd—l) + H9HL2(R1+dX§d—1) ~ "g"LZ(R1+dX§d—1) = u(A)20(B)2

On the other hand

00 =i [ D500 — g [

do(v)
T+E v

therefore

(L4 |7+ €)D" (L+ |Ir] = €] 16(r, €)] = N*Ho(B)xa(r,£)

which gives

(6:8) ||(1-+lrl+1eD* L+ lirl =€l 13 )| ~ N*o(B)u(4)}

L2 (R1+d><gd—1)

If estimate (1.12) is true then (6.6) and (6.8) imply that N**¢(B)"/2 < 1,

and since o(B) ~ 1 we have N*+=3 <1 Since N >> 1 was arbitrary we

conclude that s + 9 < %
Next we show that the conditions

s<min {11} ifd#5
s<1 ifd=>5

are necessary. Define

(6.9) A={(r,§):10<7—[¢{[ <20, €| <1, N <& <2N}
1

(6.10) B:{UESd_I:—1+N§vd§O}

For (7,£) € A and v € B we have

T—Ff'?):’i'—i-fd’l)d—i-f/"l)/

and
7+ &ava 2 7+ [¢] (—1+i) g+ s g 210
N N
while [¢"- | < 1. Therefore
(6.11) THvRTH s 21

Moreover
L+|r|+ =N, 1+ 7] =[] = 1
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Define f,g € L* (R x 1) by
~ . XA(T7 g)XB(U) r _ g(Tv &, U) _ XA(T7 g)XB(U)
9(7—757”)_ T+§'U f(T’S’U)_Z'(T—}-f'U)_ Z'(T—i-g'l))Q
Both f and g are well defined thanks to estimate (6.11) and satisfy 0, f +v -
V.f = g in the sense of distibutions. For fixed (7,§) € A we have

(6.12) [ it o doto) = xar91(.6)
where

1
(6.13) J(T,g).::!/; e

Using (6.11) and changing to spherical coordinates (¢ is the angle between v
and (0,...,0,1)) we get

arccos(flJr%) . d—2
1= [ e~ | L

T+ Eva)’ z (T + €acos )’
(6.14) = ¢/ N%dam/ N(ix)de
o (T8 o (T—&w)
Now change variables x +— t := deéd (1 —x) to get:
d—1 £d d—3
1 T—&\ 2 /T—Ed t 2
I(1,6) ~ dt
R e G B M e
T—Eq N
Recall that & ~ N, |{'| < 1 and 7 — |£] &~ 1. Therefore 7 — §; ~ 1, hence
N t%
I(1,6) ~ dt
n9~ 5w | e
L itd#5
Nmm{ d—1 } ;é
(615) ~ = Id,N
e X if d =
Therefore
(6.16) [, Jatrg o)l doto) = xa(r &) lan
Sd—1

hence
(6.17) 9l 2 (g anga) = w(A) L%

For f we have, since 7+ ¢ -v 2 1 by (6.11), that
F(r.g0)] Sl €.v)]



AVERAGING LEMMAS IN HYPERBOLIC SOBOLEV SPACES 505

therefore

1/2
(6.18) HfHL2(R1+d><sdfl) + HQHB(Rdesd%) R H9HL2(R1+dxgd71) ~ U(A)l/QId,/N
For the average p we have:

p(1,&) = —ixa(r, §)I(7,)
therefore
(7, 6) = xa(T,)lan
therefore

(619) |1+ 1]+ JED -+ lird = 1A ) ey = N (A) 2Ly
If estimate (1.12) is true then
N (A I € (AL
hence
N*Ie <1

If d # 5 this gives

stmin{%,l} <1
therefore s < min {%, 1}. If d =5 then

N*YlogN)*? <1
therefore s < 1. [
Proposition 6.2. The conditions (4.13) in Corollary 4.2 are necessary.

Proof. We show first that 6s + 20 < 1 is necessary. The construction is
similar to those used in Proposition 6.1 but because we need to integrate
by parts we replace the characteristic function yp(v) by a smooth cut-off
function ¢(v). Recall that we are working in 2 4+ 1 dimensions. Given a
non-zero vector & € R? we denote by arg¢ the angle in [0,27) formed by
¢ and (1,0). For v € S' we write v = (cosf,sinf) with 6 € [0,27). Then
QL2 = 110, — 1:20,, = Z. For £ € R*\ {0} and v € S*! we denote by
£(&,v) the angle in [0, 7] between these two vectors.
Fix N >> 1. Define a; = arcsin —%5 (k € N). Define

E

(6.20) A={(1,&): N <|¢| <2N, 0 < argé < a5, N3 <7 —|¢| <2NY3}
Choose a smooth cut-off function ¢ : St — [0, 1] such that

(6.21a)  ¢(v) = ¢(cosh,sinf) =1 when 7 —ay <O <71 —

(6.21b)  ¢(v) = ¢(cosb,sinf) =0 when 0 < 0 < 7m—a;z or 27> 0> 1—0
(6.21c) Q)% (v)| = |9 [¢(cosb,sin0)]| < N3
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Observe that

(6.21d) o(supp ¢) ~ N11/3

For (7,&) € A and v € supp ¢ we have

(6.22) T—2a5 < L(&v)<T—0q
therefore

1—cosa; <1+cosL(§,v) <1—cos(2as)

Now 1 —cosa; ~ ﬁ and 1 — cos(2a5) ~ N2/3 therefore 1 + cos £(&,v) ~

N2/3 Hence
1

(6.23) 7+& v=7— ||+ €[ (1 +cos £(§,v)) ~ NV 4 N o N9
From (6.22) we also get sin £(€,v) & w7, therefore
(6.24) by — 01y = €] sin £(&,v) ~ N/
We define f,g € L*(R*? x S') by

1,2
029 3nE) = xan o) and firgo) = LS

Thanks to (6.23) they are well defined and satisfy 9, f +v-V, f = Q1?¢g in the
sense of distributions. Integrating by parts we find that the corresponding
average is given by:

p(r,8) = . f(r, & v)do(v) = —ixa(r,€) /Sl %ﬁ@gda(v)
(6.26) = ia(r) [ o) B ao(0)
and using (6.23), (6.24) and the fact that [, ¢(v)do(v) = w175 We obtain,

(. ) ~ AT

therefore
(6.27)  [|(L+ 7] + €))L+ 7] = I 77, )] pagureny = N33 ()2

On the other hand

—ixa(1, ), %¢(v)
f(r.&v) = S

and using (6.21c), (6.23) and (6.21d) we find
1 |2 sasry S 1(A) 2o (supp §)'/? & u(A) 2N
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Also,
g/l 2 12wy < (Ao (supp ¢)'/? < p(A) VPNV

If estimate (4.12) is true then N t55 < ~i75 and since N was an arbitrarily
large positive integer this implies 6s + 26 < 1.
To see that s < é is necessary replace the set A in (6.20) by

A={(1,§) : N<|¢{|<2N, 0<argé < a5, 1 <7—[¢ <2}

Then (6.23) becomes
1
THE v =T [g+ [ (14 cos L(Ev) 1+ N = ~ N3
and since now 1 + ||7] — [£]|| &= 1, (6.27) becomes

1

1L+ 7]+ 1ED* @+ [17] = EIN° AT, )| o rsansry = N3 u(A)Y?
( )

Everything else is exactly the same as before and we get N =3 < N}/G ie.
s < %
Finally we show that the condition s + § < i is necessary. Fix N >> 1.

Define new angles oy by oy = arccos (1 — £) (k € N) and a new set A by

A={(1,§):1<7<2, N<[|¢{<2N,0<argé < as}
and choose a cut-off function ¢ : S' — [0, 1] such that

(6.28a) ¢(v) = ¢(cosf,sinf) = 1 when g —ays <0< g — g
(6.28b)  ¢(v) = ¢(cosb,sinf) =0 when 0 < 0 < g—% or 2 > 6> g—al

(6.28¢)  |Q,%¢(v)| = |Dpep(cos b, sinb)| < N1/2
Observe that

1
(6.28d) o(supp ¢) ~ T
For (7,€) € A and v € supp ¢ we have
T
5—2045 < L(¢, ) 5—041
therefore .
cos £(&,v) &~ Nz sin £(&,v) = 1
Thus 1
~ N1/2
T+E- U—T+\§\cos4(§v)~1+NN1/2 NV
and

U2§1 — Ulfg = ‘5‘ sin K(S,U) ~N.
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Define f and g as in (6.25). Using (6.26) and [y, ¢(v)do(v) ~ 17 we
find

~ XA(Ta 6
(r,6)) ~ XA
therefore

U+ 171+ 16D° (0 Nl = ED° A0 )] o gaeay = (AN

On the other hand it is easy to see that

HfHL2(R1+2xS1) + H9HL2(R1+2xS1) S M(A)l/QU(SUPP ¢)1/2 ~ U(A)1/2N71/4
If estimate (4.12) is true then N**~2 < N3 and since N was arbitrary,
s+0< i. [ |

and s < =1 in

Proposition 6.3. Let d > 2. The conditions s + 0 < o

Corollary 5.2 are necessary.

1
2

Proof. First we show the necessity of the condition s < (d — 1)/4. Fix
N >> 1 and consider the following sets:

(6.29) A={¢eR? : N <|¢| <2N},
and
(6.30) B=<veS™:v=(wsind,cosh) L <9< L w €S2
: ) ’ PANY2Z =7 — 9N1/2? ’
Define fy by
(6.31) fo(€,v) = xa(€)xa(v).
Define
1 1
Den = | =gl cos o — l€] cos oo
We show that
_ 1 72 £
632) 9 =cdig (1- %) @)
Suppose d > 3. Using (5.6) we have

(6.33)

- 408 L)) e
(6.34)
™\ 7 72\ Y2 T
= ﬁ (1 - W) xa(§) /sd? XB ((1 - @) W, —m> do(w)

|
w

Y
|
w
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Fix £ € A. It is easy to check that if T € D x then for all w € S*? we have

((1 — %)1/2% —%) € B, and therefore the integrand in (6.34) is identically

equal to one. On the other hand, if 7 ¢ D x then for all w € S*? we have

<(1—%)1/2w, —é) ¢ B, and therefore, the integrand in (6.34) is identically

equal to zero. This proves (6.32) when d > 3. If d = 2 we replace (6.33) by
(see Section 5 of [6])

_ 1 2\ 77 2\ 7
(6.35) p(T, &) = m (1 - @) Jo <f> (1 - @) ,—m>

and work similarly. It follows from (6.32) that

- 1 1
(6.36) suppp = {(7’,5):5614, —|§|COSW <7< —\S\COSQN—I/Q}

therefore, for (7,&) € supp p, we have |{|~ N and 7~ —N hence |7|+|¢| ~N.
Also,

c 1 1 c
therefore 1
— = ~IEl—=~1
1€l = I7ll = lel + 7~ €]
It follows that

e R

p(1, &) = Xa(§)XDen (T)

therefore

1+ Jel+ 7D+ 11l = 171D )] 2

SR Al B RN

1 1
_ A72s—(d-1) .
=N /A €| (cos TNz oS —2N1/2) d¢

(6.37) ~ N2 (A)
On the other hand,
p(A)
(6.38) HfOHiQ(]RdXSd—l) = u(A)o(B) ~ NG
We conclude that in order for the estimate (5.13) to be true it is necessary
that N2s—(@-1) < N—% for arbitrarily large N. Thus, s < (d —1)/4.
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Next we show that s + ¢ < 3 is necessary. We define A as in (6.29),
define a new set B by

1 T 2
39) B={veS2:p=(wsinh cosh), = + — <0< = + —, we S
(6.39) {UG v = (wsin 0, cos ),2+N_ S5 tywe
and a new set D¢ y by
(6.40) Do = |lelsin . , ¢]sin
. eN = sin 7, [€]sin

We define fy by (6.31). Working as above we can show that
d—3

(6.41) ) =l (1 - H) C al©xo ()

Therefore, on the support of p we have [{| &~ N and 7 & 1, hence |7|+|¢| =& N
and ||7| — |¢]| = N. This gives p(7,§) = %XA(f)XD&N(T), and working as in
the proof of (6.37) we get

s ~ 2 s+26—
[+ €]+ 17 + [1€] = I71))° A, o grvay = N 2021 (A)
On the other hand

(A
||fOHiQ(RdX§d71) = M(A)O'(B) ~ %

These two estimates give N2t20-2 < N~ hence s + § <

N[ =
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