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(Quasi-similarity of contractions

having a 2 x 1 characteristic function

Sergio Bermudo, Carmen H. Mancera,
Pedro J. Padl and Vasily Vasyunin

Abstract

Let T} € B(H;) be a completely non-unitary contraction having
a non-zero characteristic function ©1 which is a 2 x 1 column vec-
tor of functions in H*°. As it is well-known, such a function ©; can
be written as ©1 = wimg [Zi] where wy,m1,a1,b1 € H*™ are such
that w; is an outer function with |wq| < 1, my is an inner function,
la1|? + |b1|> = 1, and a; Ab; = 1 (here A stands for the greatest com-
mon inner divisor). Now consider a second completely non-unitary
contraction Ty € B(Hy) having also a 2 x 1 characteristic function
Oy = woms ‘Z; . We prove that T3 is quasi-similar to 75 if, and only

if, the following conditions hold:
1. mi = may,
2. {zeT:|wi(z)| <1} ={z€T:|waz)| <1} a.e., and

3. the ideal generated by a; and by in the Smirnov class N equals
the corresponding ideal generated by as and bs.

1. Statement of the main theorem

Can one characterize the quasi-similarity of contractions in terms of their
characteristic functions? Quasi-similarity is an equivalence relation between
Hilbert space bounded operators which, being weaker than similarity, still
preserves many interesting features as the eigenvalues, the spectral multiplic-
ity or the non-triviality of the lattice of invariant subspaces (see [1], [3], [6]
and references therein).
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Two Hilbert space bounded operators 17 : H; — H; and T : Hy — Ho
are said to be quasi-stmilar if there exist two bounded operators X : H; —
Hy and V : Hy — H; such that

XT1 = TQX, ClOS{XU‘Cl} = J‘CQ, ker(X) = {0}7
T =VTy, clos{VHy}=%H;, ker(V)={0}.

Such operators X and V' are called deformations or quasi-affinities.

There have been several very deep and interesting approaches towards
the description of quasi-similarity in terms of the characteristic functions
of the operators involved. Namely, the Jordan model for Cy-contractions,
completed by Bercovici, Sz.-Nagy and Foiag and, independently, Miiller,
after pioneering work by Sz.-Nagy and Foias (see [6] and [1]); the Jordan
model for weak contractions due to Wu [7], [8]; and the classification, up to
quasi-similarity, of Cjg-contractions with finite defects and Fredholm index
equal to —1 due to Makarov and Vasyunin [2].

In particular, the theorem of Wu’s tells us that the quasi-similariry of
completely non-unitary contractions 77 and T with scalar (i.e., 1 x 1) char-
acteristic functions ©1,0, € H* can be expressed in terms of their inner-
outer factorizations, say ©1 = mjw; and Oy = mows, as follows: 17 is
quasi-similar to Ty if, and only if, m; = mg and {z € T : |wi(2)| < 1} =
{z €T : |wa(z)| < 1} a.e. The purpose of this paper is to study, with the help
of the coordinate-free function model developed by Nikolski and Vasyunin [5]
(see also [3, Ch. 1]), the quasi-similarity of contractions having characteristic
functions which are 2 x 1 matrices of elements in H*°. As we shall see, this
case seems to be already somewhat difficult to manage, but we hope that
it will provide hints to tackle a more general case when the characteristic
functions are (n + 1) x n matrices.

So let T' € B(H) be a completely non-unitary contraction having a non-
zero characteristic function © which is a 2 x 1 column vector of functions in
H®*. Asit is well-known, such a function © can be factorized as © = wm [Z} ,
where w, m,a,b € H* are such that (i) w is an outer function with |w| <1,
(ii) m is the greatest common inner divisor of the components of © (this
inner function m is unique up to a constant multiple of modulus one), (iii)
la|? 4+ |b|> = 1, and (iv) a and b are relatively prime inner functions, that is
aANb =1 where A stands for the greatest common inner divisor. Associated
to these functions we can consider the set

QL eT: ()| <1}

and the ideal N*{a, b} generated by a and b in the Smirnov class Nt Lf

{f/g: f,g € H>® and g is outer}, that is,
Nt{a, b} & {va+pb:v,pe Nt}
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We fix this notation (with subindices when appropriate) throughout the
paper.

The main result of this paper is the following.

Main Theorem Let T; (i = 1,2) be completely non-unitary contractions

having non-zero 2 x 1 characteristic functions ©; = w;m; [‘g} .

Then T} is quasi-similar to T, if, and only if, the following conditions
hold:

1. my = My,
2. Ql = QQ a.e., and
3. N+{&1,bl} = N+{&2,bg}.

Remarks. We would like to underline at this point that for characteristic

b;
Theorem follows from [2] and from the fact that such a contraction is quasi-
similar to the direct sum of its outer and inner parts (Proposition 6.1 below
gives a slightly more general result).

functions ©; = w; [ } without scalar inner factor m;, the assertion of the

However, the presence of scalar inner factors makes the situation more
complicated in spite of the fact that the Main Theorem tells us that every
part in the canonical factorization of one operator has to be quasi-similar to
the corresponding part of the second operator. As a matter of fact, one could
try, a priori, to prove this result by, as in the proof of Wu for the 1 x 1 case
mentioned above, showing firstly that the operators 77 with characteristic

function wm [‘;] and the operator T, with characteristic function

w 0
0 m
0 0

[N =)

are quasi-similar. On the contrary, even in a simpler case, this does not
hold; indeed, in Proposition 6.2 below we shall prove that the operators T}
with characteristic function m [a} and the operator T, with characteristic

b
O [ab]

are quasi-similar if, and only if, there exist three functions fi, fo, f3 € H*®
such that mf; + afs 4+ bfs is an outer function; a condition that not always
holds.
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Notations. In what follows, clos{-} stands for the closure of the linear
span of the set within the brackets. In particular, if T is a bounded operator
defined in a Hilbert space H and M is a linear subspace of H, we shall
frequently use that clos{7T clos{M}} = clos{TM}. Whenever we write L?
or L*(H), our underlying measure space is assumed to be the unit circle T
of the complex plane endowed with the Lebesgue measure; in particular, for
two sets 21 and €2y we shall write €); = ()5 whenever these sets coincide up
to a set of Lebesgue measure zero.

Otherwise, our terminology and notations are standard. A label (m.n)
refers to the n-th formula of section m.

2. The coordinate-free function model

Since we shall make an intensive use of the properties and the notation of
the coordinate-free function model for completely non-unitary contractions
given in [5] (see also [3, Ch. 1]), we shall describe it briefly for the convenience
of the reader.

Given a completely non-unitary contraction 7' € B(H), let

Dy & (1 —T*T)"/?
be its defect operator and
def
Dr = clos{ DrH}

be its defect subspace, and take two auxiliary Hilbert spaces € and &, such
that

dim(&) = dim(Dr) and dim(&,) = dim(D7+).

Now, let U € B(X) be the minimal unitary dilation of 7. Then U has a
triangular matrix with respect to the canonical decomposition KX = G, &
H PG, where G and G, are the so-called outgoing and incoming subspace,
respectively, and there exists a functional operator

= (m,7): L*(&,) @ L* (&) - K

where 7 and 7, are isometries intertwining U and the operator M, of multi-
plication by the independent variable and II has dense range in K. Among
other properties, the operator defined by

0 L (m)r € B(LA(E), L*(E.))
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is the operator of multiplication by a contractive-valued analytic function
z — O(z) € B(E,E,), that is, (Of)(z) = O(2)f(2), and this analytic func-
tion is equivalent to the characteristic function ©1 of T' defined by

Or(2) & (=T + 2Dy (I — 2T%) "' D) | Dr.

Moreover, T is unitarily equivalent to the model operator defined as the com-
pression of U to the subspace Hg, the orthogonal complement of <7TH 2&)®
m.H2(E,)) in K.

To describe the intertwining lifting theorem that we shall use, we need
to introduce some more operators appearing in this model.

Consider the function A & (I — ©*0)/2 defined a.e. on the unit circle.
Then A is the positive part of the polar decomposition 7 — 7,0 = TA

that also provides us with an isometry 7 acting from the so-called residual

subspace L2(A€) ¥ clos{AL2(&)} to K. Similarly, for A, & (I — ©©*)1/2

there is an isometry 7, defined in L*(A,&). These operators satisfy a number
of relationships [5, p. 237] and some of them will be used time and again in
the sequel, namely

T+ mri =1, T'r=A, 7m'm, =0, 71, = —0*, =710+ TA,

2.1
( )7'*7': +ar* =1, im,=A,, 7)1 =0, 771=-0, 7w =710*+ 1A,

*

We will also need the following equalities:

G =mH?*E) Hd§G=mH?(E)DTL*(AE

2.2 A

Now let 71 € B(H;) and T, € B(H,) be arbitrary completely non-
unitary contractions. Let X € B(H;, Hsy) be a bounded operator intertwin-
ing T} and T3, that is, 75X = XT). Then the liftings Y € B(XK;, Ks) of X
intertwining the minimal unitary dilations of T} and 75 and preserving the
outgoing-incoming structure, in the sense that YG; C Gy and Y*G,» C G.1,
can be parametrized in either of the following forms [5, p. 252-258|

Y = W*QA*TFil + TQAQA']TT + 72A07—:1

* * *
= ’/TQA'/Tl + W*ZA*A*lT*l + TQAOT*D

where the parameters z — A(z) € B(E1,Ey) and z — A.(z) € B(Es1, Esa)
are operator-valued, bounded analytic functions such that A,0; = G54,
and z — Ap(z) € B(A,1E41, A2Ey) is an operator-valued, bounded measur-
able function, which can be regarded as a function in B(E.1, As€y) equal
to zero on ker(A,;). This parametrization theorem will be essential in our
computations.
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3. Lifting quasi-affinities

The lemmas that we give in this section tell us how to relate the conditions
that define a quasi-affinity to the parameters of any of its liftings. These
lemmas are formulated in the general case.

Lemma 3.1 Let X : H; — Hy be a bounded operator such that X'T} =
T5X and let
Y = moAum + Do Ay + T AgT

be a lifting of X intertwining the minimal unitary dilations of T and T.
Then clos{X3H;} = H; if, and only if,

A O, 0 H22((€*1))
clos - H?(E
Ay AOT + AgAa Ay AyAA — AyO ] 2
(3.1) 2AO] + AgQy A2 QAL 091 L2(A8))
_ | H*E)
| L2(Ag8,) |

Moreover, in this case the operator [A,  ©,] defined on H*(€,1)®H?*(E,)
is outer, that is, its range is dense in H?(€,s).

Proof. Since XH; = P(H,)YH; and G5 L H,, we have that
clos{ XH;} = H; = clos{P(Ho)YH; & Go} = Ho & Go.

It follows from Y*G,o C G,y that Y(H; & G1) C He @ G2 and, using this, it
follows easily the equality

P(H)YH, @ Go = YIH; + 9.
Hence the equivalence above can be written as
clos{XH;} = H, = clos{YH; + G} = Ho @ Go.
Since Y'G; C Go, we have
Y(Hi @ G1) + G2 = YH; + G,
and therefore
clos{ XH;} = H; = clos{Y(H; & G1) + G2} = Ha & Gs.

Now let us express the left hand side of the latter equality in terms of the
parameters of the lifting Y = mo A7}, + A AT + 1 A7)
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Using (2.1) and (2.2) we obtain

ClOS{Y(J‘Cl &) 91) + 92}

. (’/T*QA*WL + TQAQAWT + 7'21407_ ) ( Tl ( ) S 7‘1L2(A181))
= clos
—|—’/TQH (8 )
(77'*214 +7'2A2A@*+7'2A0 )H(
= clos +(m202 + 129 H ( 2)
+ (12D AA] — 73 A001) L2 (A1 E4)
= clos l T A 202 . ] IZ ((8 ))
(A0 AOT+ AgAsr) Ty Ty (Ag AN — AgOy) 2(A, é )
2
_ |:7T*2 O]CIOS l A, O, 0 ] 1;12((%1))
0 7 DoAOTHAsda Do DoADi=A®n ]| 1 \E

Since 7, and 7y are isometries and, according to (2.2), we have Hy & Gy =
T H?(E40) ® T2 L*(A2€,), it follows from the above chain of equalities that
the identity clos{Y (H; @ G1) + G2} = Ha @ 9o is equivalent to (3.1). (Note
that, in fact, the removing from the formula the operators m,, and 75 is
equivalent to the choice of the standard Szdkefalvi-Nagy-Foiag functional
model with 7, = [é] and 7 = [(1)] )

This finishes the proof of the equivalence.

To prove that if clos{ XH; } = H, then [A* @2} is outer, it is sufficient
to look on the first line of (3.1)

clos { A,H?(E,1) + ©2H*(&5)} = H?*(E.2)

and this means that [A* @2} is outer. [ |

Our next result is a converse of the second part of Lemma 3.1.

Lemma 3.2 Let X : H; — Hy be a bounded operator such that X717 =
15X and let Y = oAl + 10 Ag Al + 1Ao7}, be a lifting of X intertwining
the minimal unitary dilations of T} and T,. If

(3.2) clos { (A AA| — Ag01) L2 (A€1)} = L*(A€s),

then the claim clos{XH;} = H, is equivalent to the assertion that the
function [A* @2] is outer.
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Proof. A straightforward computation shows that, under conjecture (3.2),
the criterion (3.1) of the fact that the operator X has a dense range is
equivalent to the equality

clos {A*HZ(E*l) + @2H2(82)} = HQ((C,*Q),
what just means that the function [A* @2] is outer. [ |

Taking into account that ker(X) = {0} if, and only if, clos{ X*H,} = 3,
and that X* is a compression of Y* the following lemmas can be proved
analogously.

Lemma 3.3 Let X : H; — Hy be a bounded operator such that X'T} =
15X and let Y = moAni 4T AN 1) +72AeT), be alifting of X intertwining
the minimal unitary dilations of T} and Ty. Then ker(X) = {0} if, and
only if,

clos

A CH 0 } 55((52)) _{ H%(el)}
A*lAIGQ‘i‘ASAQ A*l A*lAIA*Q_AEk)@; L2(A 2212) LQ(A*le*l) .

Moreover, in this case the operator [(;11 ] defined on H*(&,) is *-outer,
that is, the range of its adjoint [A* ©7] defined on H?(€5) ® H?(E.,1) is
dense in H?(&,).

Lemma 3.4 Let X : H; — Hy be a bounded operator such that X'T} =
15X and let Y = myAni 4T AN 1) +12AeT), be alifting of X intertwining
the minimal unitary dilations of Ty and T,. If

clos { (A*lA:A*Q — AS@;)LQ(A*QE*Q)} = LQ(A*le*l),
then the claim ker(X) = {0} is equivalent to the assertion that the function

Al
[@1 ] 1S *-outer.

4. Features of the model for the case at hand

Let us introduce at this point the following notation: given the characteristic

function © = wm [‘Z], we define

gt m and nd:efl—ab]>sothat9*=[5 o andn” = b —a].

Note also, for later use, that *0 = n*n =1 and 6*n = n*d = 0.
Let us now describe some of the embeddings and subspaces of the coord-

inate-free functional model of our operator T with characteristic function
O = wmé.
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If we consider the scalar outer function w as an 1x1 characteristic func-

tion, then we have A, =1/1 — |w|* and it is well-known that its residual sub-
space is L2(A,C) =clos{A,L*} =x,L? where Q & {z € T : |w(z)| < 1}.

Since © is a 2 X 1 vector with entries in H*®, we can take as auxiliary
spaces € = C and &, = C2.

Proposition 4.1 For © = wm# and the auxiliary spaces € = C and
€. = C2, the corresponding functions A and A, in the function model are
A=A, and A, ="+ AL007,

and the corresponding residual subspaces are

L*(AE) = L*(A,C) = x,L* and  L*(A.&.) =nL*>®0x,L>

Proof. On the one hand, we have
A*=1-0'0=1—-uwmblwml =1— |w|,
therefore A = A,, and, consequently,
L*(A&) = L*(AC) = L*(A,C) = x,, L*.
On the other hand,
A2E 100" =1 — wmbwmb* = I — |w|200".
Since
A= —|wPo9 y=n and A= (I—|w00")0 = (1 - [w]*)0,

we have that the eigenvalues of A? are 1 and 1 — |w|? with respective ortho-
normal eigenvectors 1 and 6. Therefore,

A, ="+ /1 — |w]200" = nn* + A,00".

Now, the multiplication by the matrix [9 77} is a unitary operator on C?,
hence

L*(C*) = [0 n| L*(C*) =6L* ®nL”.
Therefore,
clos { AL L*(C*)} = clos { (nm* + A,00%) (0L* & nL?)}
= clos {nL* ® A, L*} = nL* & 0x,L°,
So that, for the *-residual subspace L?(A,€E,) we finally have
L*(ALEL) =nl? @ Oy, L*
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5. Proof of the main theorem

Main Theorem 5.1 Let T; € B(H;) (i = 1,2) be completely non-unitary

contractions having non-zero 2 X 1 characteristic functions ©; = w;m; [‘;] .

Then T is quasi-similar to T, if, and only if, the following conditions
hold:

1. m; = mao,

2. O =y a.e., and

3. Nt{ay,b1} = NT{as, by}.

The proof of the Main Theorem has been decomposed in a series of
lemmas in order to make it more transparent the role of each condition in
the network of implications. First we prove two easy lemmas of general
character.

Lemma 5.2 Let a,b € H* such that |a|*> + [b]* =1 and a Ab = 1. Then
for any pair of functions f,g € H* satisfying af + bg = 0 there exists a
function ¢ € H* such that f = pb and g = —ya.

Proof. We take two functions f,g € H* satistying af + bg = 0. Firstly,
we suppose that they also satisfy |f|> + |g|*> = 1. Taking modulus in the
equality af = —bg we obtain |al?|f|? = |b]*|g|* = |b]*(1 — |f]?), therefore
6|2 = (|a]®*+]0?)|f]* = | f]?, in consequence |b| = | f| and |a| = |g|. Using the
properties of inner-outer factorizations we have the equality of outer parts

(b° = f¢, a® = ¢°), and therefore, for inner parts we get a' f' = —big'. Since a
and b do not have a common inner divisor, b' divides f!, that is, there exists
an inner function ¢ such that f' = pb' and, consequently ¢' = —pa'. Hence

we conclude that f = b and g = —a.

If we have now two functions f,g € H satisfying af + bg = 0, we
consider an outer function w € H* such that |w|? = |f|? + |g|*>. Then we
use the last result with f/w and g/w to obtain an inner function 1 such
that f = wyb and g = —wa. |

Lemma 5.3 Let a, b, and m be three functions in N*. The following
properties hold:
1. If a Nb =1, then there exists t, € |0, 1] such that (a + tob) Am = 1.
2. If b Am =1, then there exists ty € [0, 1] such that (a + tob) Am = 1.
Proof. We consider the function a + tb for every ¢ € [0, 1]. Firstly, if we

denote m; = a + tb, let us see that m; A my, = 1 for every t; # to. We
suppose that there exists a function ¢ which divides m;, and my,, then ¢
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divides (t; — t2)b and, therefore, it divides b. As ¢ divides a + ;b and b,
it also divides a, in consequence, ¢ = 1. By using the nonexistence of an
uncountable number of pairwise relatively prime inner divisors of an inner
function [1, 2.14], we obtain that there exists a real number ¢, € [0, 1] such
that (a; + tob1) A m = 1. Analogously, we can prove the property (2). W

Notation. We denote by N3 , the set of all 2 x 2 matrices with entries in

the Smirnov class N* and by det'(A) the inner part of det(A); as usual, we
assume 0' = 0.

Lemma 5.4 Let 0, = [‘Z] be such that a;,b; € H*, |a;|* + |b;]* = 1 and

a; Ab; =1 fori = 1,2, and let m be an inner function. If a;,b; € N™{as, b},
then there exists a matrix A € NJ, , such that

Ay=6, and  det'(A)Am =1.

Proof. Since a1, b; € NT{ag, bo}, there exist A;; ENT (i, j=1,2) such that
Ajrag + Ngby = a4 and Agras + Agoby = by,

that is, A & [Aij] is in Nj, ., and Afy = ;. If det'(A) A m = 1 then we are
done, so assume that det'(A) A m # 1. We shall prove that there exists a
matrix Q € HSS, such that Qf; = 0 and det'(A + Q) A m = 1; this matrix
A + @ does the job.

Since |ag]? + |ba]* = 1 and ag A by = 1, if Q € H52, is such that Qb = 0,
from Lemma 5.2 we know that ) = ¢n;, where the entries of ¢ = [2]
are in H> (we have used the notation introduced in the previous section:
ny = [bs —az]). So we have to find ¢,d € H*> such that the matrix Q = ¢n3
satisfies det'(A + Q) Am = 1.

A straightforward computation shows that
det(A + Q) = det(A) + (cby — day),

hence .
det' (A + Q) = [det(A) + (cby — day)]".

Since a; A by = 1, we can use the first part of Lemma 5.3 to find a real
number ¢ € [0, 1] such that (a; + tby) A m = 1. Then, using the second part
of the same lemma, we can find another real number s € [0, 1] such that

[det(A) + s(ar + thy)] Am = 1.

Then it suffices to take ¢ = st and d = —s. [ |



688 S. BERmMUDO, C. H. MANCERA, P.J. PAUL AND V. VASYUNIN

Lemma 5.5 Let T; € B(H;) (i = 1,2) be completely non-unitary contrac-

a;

bi |
Then there exists an operator X : H; — Hsy such that

tions with 2 x 1 characteristic functions ©,; = w;m; [

XTy =ToX, and clos{XH;}=H,

if, and only if, the following conditions hold:

1. moy divides myq,

2. 2y C )y a.e., and

3. Nt{ay1,b1} CNt{ag, bo}.
Proof. We suppose that there exists an operator X : H; — Hs, such that
XT, = TpX and clos{ XH;} = Hs,. Let

Y = Mo Al + Do An] + 1o Aol = MAT] 4+ Mo AcAaT) + 2 A0T)

be a lifting of X intertwining the minimal unitary dilations of 7} and 75.
Then Ay is a row vector with two entries in L*°, A is a function in H>
(formally, a 1 x 1 matrix) and A, is in H5Y,, say

Ax11  Ax12
A= l )

Ax21  Ax22
satisfying A,0; = ©,A. Multiply this equality by n;, then
H;A*@l = 77;6214 = wgmg’f];egA =0

because 130, = 0. Since ©1 = myw, 64, it follows that n; A0, = 0. It follows
from Lemma 5.2 that there exist functions f; and f; in H* such that

mA. = finf = fi b1 —ai] and A0, = fos.

Taking into account that [9 77} is a unitary matrix of determinant 1 we
have

0* f2 H*A*n1:|
det(A,) =det | | 2| A, |0 = det 2 = .
et(A,) = de (l%] [0 ﬁl}) e lo 1 fife
Now, since clos{ XH;} = H,, Lemma 3.1 tells us that

[A @2}: [G*n Q512 m2w2a2}

(x21  Qx22  MaWaby

is an outer operator.
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This implies that the three determinants of the 2 x 2 minors that can be
extracted form this matrix are relatively prime, i.e., have no common proper
inner divisors (see [4]). That is, the three functions

det(A.) = Gu110402 — u210012 = [1f2,

a 1

* *11 *

m2w2((1*1152 - &*21012) = MaWaT)y [a 21] = Mowany As {0}
*

« |1
= m2w2f1771 [0] = mows f1by,

*22

m2w2(a*1252 - CL*22CE2) = MaW2T)y [a 12] = m2w2n2A* L}

« 10
= m2w2f1771 [1] = —mows f1a1,

have no common proper inner divisors, hence f; must be an outer function
and fo Amo = 1.

Since
mQU)QQQA = @QA = A*®1 = mlwlA*‘gl = m1w1f2027

we have mows A = myws fo and, therefore mqy divides my.

To prove that 0y C €2 a.e or, equivalently, that x, (1 —x,, ) =0 ae.,
we will use Lemma 3.1. Since clos{ XH;} = H, and, by applying Proposi-
tion 4.1, & = C, &,;, = C?, A; = A,, and L*(A&;) = XQiLQ for i = 1,2;
Lemma 3.1 tells us that

2/ 2
clos 4, © 0 } H}(I(g)
Ay AOT + AgAur Auy Ay AAy, — 49O
(5.1) L O G, L
B HZ((CZ)
_ XQ2L2

Now, since the orthogonal projection from the space x,, L? onto XQQ(l —
Xgl)LQ is the multiplication by 1 — x,, , the orthogonal projection from the
space H*(C?) @ x,,, L? onto its subspace H*(C?) @ x,, (1 — x,, )L* is the
operator [ @ (1 — Xo, ). Therefore, if we apply this orthogonal projection to
the equality (5.1), taking into account that

(AMQAAM1 — Ao@l)xglLQ C Xo, Xa, L* 1 XQ2(1 — XQI)LZ,

we obtain

(R A, 0, [[H2(C)] [ HXC?)
COEV0 L= xg, [[AA0T + ApAn Au || H2 ST = X, )Xa, L
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or, equivalently

clos A O H2((C2) _ HQ((CZ)
(1_X91)(Aw2A@T+A0A*1) (1_X91)Aw2 o? B (1_X91)X92L2 .
We claim now that the matrix

A, O,
(1 - an)(AUQA@T + AOAH) (1 - XQI)AWQ

has rank 2 a.e., hence the preceding equality implies that for almost every
e T

1- Xa, )XQQ L?

two-dimensional, and this can only happen if (1 — XQI)XQQ =0 a.e.

z € T the evaluation at z of each of the vectors in {(

To prove our claim, start by noting that, plainly, 6,07 +mn7 = I so that
our matrix can be expressed as

A, O,
(1 — Xo, ) (Aer@T + AOAH) (1 - an)Aum

_ |: A*Qlef O, :| " [ A*nlnf 0 :|
(1- an)Aer@T (1- an)Awg (1- XQI)AOA*I 0"

Let us see that these two matrices have rank 1 a.e. Concerning the first,
consider the function defined a.e. by ¢ = Aw; 'm,0F. It will be enough to
prove that the factorization

A,0,0 0, B 0, X
|: (1 _an)szA@T (1 _an)sz :| B |: (1 _an)sz :| [ 5 ]

holds; note that both factors on the right hand have rank 1. Indeed, using
that ©,A4 = A,0; and that m; is inner, we have

@25 == @gAwflmlef = A*®1w1_1m1¢9f = A*mlwlﬁlwflmﬁf = A*QIHT,
and, using that |w;(2)| = 1 for all z ¢ €2y, also

(1 - an)Aqu = (1 - XQI)AWQAwl_lml‘gT
= (1 = Xq, ) Auw, AW 0] = (1 — x,, ) Ay, AO7.
Concerning the second matrix, since A, = mn; + Ay, 01607, by Proposi-

tion 4.1, and, on the other hand, (1 — x,, )JA,, = 0 by the definition of €,
it follows

(1 =X, )A0Au = (1 = X ) Ao(mny + A, 0167) = (1 = xq, ) Aomn;
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so that the following factorization holds

L

0
(1= xo ) AsAuy 0 1=y Ay | L7 O]

where both factors have rank 1.

This finishes the proof that x,, (1 — x,, ) = 0 a.e. or, as we mentioned
above, that €2y C () a.e.

So, finally, take an arbitrary element pa; + vby € Nt{ay, b1}, where
v, i € N*. Then

v 7 1, v
naq + Vb1 = [bl —al] |:—'u,:| =1mn |:_M:| = ETIQA* |:—M:|
which is in N*{ag, bo } since the entries of A, arein H*® and v/ f1,u/f1 € N*
because f; is outer.

This finishes the proof that the conditions are necessary.

Now, assume that m; = hms for some inner function A, 25 C € a.e., and
Nt{a1,b1} € NT{as,b}. We have to prove that there exists an operator
X : Hy — Hs such that

XT, =T,X, and clos{XH;} = Ho,.

We will prove the existence of such an operator X by using an adequate
parametrization to produce a suitable lifting ¥V = moAml + A7 +
7—21407—:1 of X.

Start by taking A = 0. Using Lemma 3.2 with the descriptions of the
residual subspaces given in Proposition 4.1, it suffices to find a function

A € H*® and a matrix A, = |11 12| iy H$2, such that the following
Ax21  As22

three conditions hold:
0,A = A,0,, clos {AwQAAleQILQ} = Xa, L? and [A, ©,] is outer.

Since aq,b; € Nt{ag, by}, Lemma 5.4 tells us that there exists a matrix

A € Ny, such that Af, = 6; and det'(A) A my = 1. So fix an outer

function ¢ such that ¢A € HSY, and call A o det(A). Then, we take

All A12 :|

A Y huy¢?\ € H™; note that A Amy = 1. Now, for A = {

define

A21 A22

A —A
Aad def 22 12 } ‘
{ —Ayy Ay

Then AA™ = A%MA = det(A)] = M. We take A, & wyg? A2
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Proof that ®,A = A,0;. Since Afy = 6;, multiplying by A*! we get
Ay = AN, = A0,

and, therefore,
@214 = (wgmgeg)(hw1¢2/\) = w2¢2w1m1(A92)
= w2¢2w1m1 (Aadel) = (w2¢2Aad)(w1m191) = A*@l

Proof that clos{szAAwlxnle} = Xq,L?. This is easy: simply
note that A never vanishes, that A,, does not vanish on §; (i = 1,2),
and that €y C ).

Proof that [A* @z} is outer . To prove that [A* @2] is outer, we need
to check that the three determinants of the 2 x 2 minors of this matrix have
no common inner divisor. But, as we saw in the proof of the necessity part,
it follows from the equality ©;A = A,0; that these three determinants are
det(A,), mawsy f1b1, and —mows fra;. It is easy to see that f; = niAm =
wy¢?. Hence, these three functions

det(A,) = wip?), mow3¢?b;, and — mawid3a.

have no common inner divisor because wy and ¢ are outer, a; A by = 1 and
mgo A X = 1. This proves that [A* @2] is outer and the proof of the lemma
is completed. |

Lemma 5.6 Let T; € B(H;) (i = 1,2) be completely non-unitary contrac-

bi |
Then there exists an operator X : Hy — Hy such that

XT, =T,X, and ker(X)={0}

tions having 2 x 1 characteristic functions ©; = w;m;

if, and only if, the following conditions hold:
1. m, divides mo,
2. Ql g QQ a.e.

Proof. We suppose that there exists an operator X : H; — Hs such that
XT, =T5X and ker(X) = {0}. Let

Y = mo Ay + Ao AT] + 1o AgT)| = M AT + T AlAa T + T2 A0Th

be a lifting of X intertwining the minimal unitary dilations of T} and T5.
Then Ap is a row vector with two entries in L*°, A is a function in H
and A, is in H,, say
A, = Ax11  Gx12 ’
Ax21  Ax22

satisfying ©,A = A,0;.
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The last equality yields
mawaAay = Miwi(a,1101+0a,12b1) and  mpwr Aby = Myw1 (w2101 +Gu02b1).

Therefore, m; divides both myAas and moAby, and as A by = 1 implies that
my divides moA. Now, since ker(X) = {0}, Lemma 3.3 tells us that the
operator [(?1 } is *-outer and this implies that its entries A, mjwia; and
mywi by must have no common inner divisor. Hence m; A A = 1 and since,
as we have just seen, m; divides moA, it follows that my divides my.

To prove that €2; C Q5 a.e. we will argue in the same way that in the
last lemma, we will prove that x, (1 — xq,) = 0 a.e.. For that, as in that
lemma, we know that there exist functions f; and f, in H* such that

As = finy = f1 [bl _al] ) Al = fobs and det(A.) = fifo

Since ker(X) = {0} and, by applying Proposition 4.1, & = C, &,; = C?
Ai = Awi, A*Z = 77277:+sz616: and L2(A*Z8*1) = T]ZL2@92X91L2 fori = 1, 2,
Lemma 3.3 tells us that

H2
H2(C?)
noL? & ‘92)692 L?

clos A 3 0
A ATOs + AZA,, Ay A ATA, — A6
H?
B {mLQ D 91X91L2] ‘

Now, since the orthogonal projection from the space n;L? & 91)(9 L? onto
01(1 = Xq, ) Xq, L* is the operator 61 (1 — x,, )0}, let us see that

01 (1 — X, )05 (A ATA o — AGO5) (112 L? @ bax,,, L?) = {0}.
Using that
(1 - XQ2)X92 = 07 A*ZT,Z = 1, erjnz =0 and AInZ = Tlnla

we obtain

01(1 = Xo, )01 (A ALA L, — A5O5) (12 L © b, L)

=0,(1— ) (AL AL A — AZOS)n L
=0(1— XQQ)Q A ATAom L?

=0,(1— X92)9 A*1f1771

= 01(1 = xo,)0im fL L = {0}
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Therefore
clos 1 0 A o7 H?
0 6:1(1—x,,)07 A A0y + AjAy,, Aa | [H2(C?)
sl . )
B 01 (1=Xq, )07 (A ALO2+ AFA,) 01(1—Xq, )07 A | | HZ(C?)

HZ
-zt
It remains to prove that the matrix

A CH
[ 01(1 = Xq, )07 (A ALO2 + ATAy,)  01(1 — Xq, )07 A }

has rank 1. Since
OrA, = Ay, 0, 0;AT=f,05 and (1 — Xa, )Auw, =0,
we have
011 — X0 )05 (A AZ0s + A3A,) = O1(1 = X, ) Az .
Now, from the equality ©,A = A,0; it follows that
Mawabh A = Aymiwi607 = mywq fobs,

consequently, A = mow, 'T, W, f,. Taking into account that (1 — Xq, ) W2 =
(1= Xq, )Wy ! we can write the matrix above as

miw; —1F e
[91(1 . XQQ)A'LUI:| [m2w2 f2 91} )

which is of rank 1. It follows from this fact that (1 — xq,)x,, = 0 a.e.
and, therefore, the inclusion €2; C €2y a.e. This finishes the proof that the
conditions are necessary.

Now, assume that ms = hm; for some inner function A and ; C 5 a.e.
We have to prove that there exists an operators X : H; — Hs such that

XT1 = TQX, and ker(X) = {O}

We will prove the existence of such an operator X by using an adequate
parametrization to produce a suitable lifting ¥V = moAml + A7 +
7—21407—:1 of X.
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Start by taking Ag = 0. Using Lemma 3.4 together with the descriptions
of the residual subspaces given in Proposition 4.1, it suffices to find a function
A € H*® and a matrix A, = {a*n a*u] in HSY, such that the following

Ax21  Ax22 x
three conditions hold:

1. @QA - A*@l
2. [gﬂ 1s *-outer

3. clos {A*lAIA*g(ngLQ ® O2x, LQ)} =mL*® ‘91XQIL2~

Since a; Ab; = 1, Lemma 5.3 tells us that there exists a number ¢t € [0, 1]
such that (a; + tby) A my; = 1. We consider the matrices

(T +b)ag (t—a1)ay ad _ [ty —(t—ai)ay
B - l bg tbg and B o —bg (1 + bl)&g

It is not difficult to check that
B@l = (@1 + tbl)eg, det B = ang(Gl + tbl) and Badeg = &26291.

Then, we take A def wi(ay + tby) and A, def hws B.

Proof that ®2,A4 = A,0;. Since Bb; = (a; + tby)fs we have

@214 = (wgmgeg)(wl (a1 + tbl)) = wgwlhml((al -+ tbl)gg)
= wgwlhmlBel = (hwgB)(wlmlel) = A*@l

Proof that [(:)41} is #-outer. Using that w; is outer and (a;+tby)Amy = 1,
we see that the components of

[A} ) wy(ay + thy)

miwia1
©1
mywiby
have no common inner divisor, in consequence, o is x-outer.
1

Proof that clos { A, AXA,,(n.L* & 02X, L)} =mL*® 01, L.
The inclusion

clos { A AL A (12 L2 @ Oax, L)} © mL® © O1x, L
is clear because

771[/2 &P legl L2 = ClOS {A*lLQ(CQ)} .
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A symmetrical relation 1 L* @ Oyx,, L? = clos { A, L*(C?)} yields

clos { A (o L* @ 02X g, L)} =nl*® 02X, L?,
whence,

clos {A*lAIA*Q(’r]QL2 D ‘92)(92 LQ)} = clos {A*lAI(ngLQ D QQXQQ L2)}
= clos { (mn} + Ay, 6107) AL (oL & 02X, LA}
Now, on one hand, we have
clos {Awl 0107 AL0ax, L2} = clos {Awl 01(A.01) 02, L2}

= clos {Awl 01 (hwgBel)*QQXQQ L2}

(52) = clos {Awl 91 (hwg(al + tbl)eg)*QQXQQ LZ}
= clos {Awlﬁlﬁwg (@ + 151_)1)XQ2 LQ}
= clos {91XQ1L2} = 01X, L.

We used here the following facts: the functions h, wy, and a; + tb; are

different from zero almost everywhere; 6, is an isometry; A, is different
from zero on €2; and vanishes outside ; and ; C .

On the other hand, we have

. 1+b)as (t—ay)a *
8= [~ [0 0 e - = et

therefore,

clos {A*lAIT]QLQ} = clos {A*l(n;‘A*)*LZ} = clos {A*l(hwgn’;B)*LZ}
= clos {A*l(h’LUQangT]ik)*LZ} = clos {EEQEQEQA*lmLQ}
(53) = clos {EEQ&QT)inLQ} = 771L2,

using that 7, is an isometry.

Recall that we need to prove that
mL? ® 01 x,, L C clos {(mn} + A, 0107) AL (2 L? & Oax, L) } .

If we take an arbitrary element u = nyu; +61x,, uz in 771L2@91X91 L? by (5.2)
and (5.3) there exist two elements hy, hy € L? such that

* A* €
HAw19191A*92X92h1 - 91XQIU2H < B
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and c
| At AZmahy — (muy — mny Alfaxg, h)l < 27

therefore
[AaAimhs + (mmy + Aw, 6107) ALbaX o, ha — (mur + 01xq, us)|| < e

As the element A Aimohy + (mn] + Ay, 0107) AL0ax,, M = A AL (mahe +
02X, h1) belongs to the space A, A%(n2L? @ byx,, L?), we get the required
inclusion and the lemma is proved. [

Lemma 5.7 Let T; € B(H;) (i = 1,2) be completely non-unitary contrac-

tions having 2 x 1 characteristic functions ©; = w;m; [Z] )

Then there exists an operator X : H; — Hy such that
XT) =TpX, and clos{XH;} =H,, ker(X)={0}

if, and only if, the following conditions hold:
1. mi =mo =m,
2. O =Qy =Q a.e., and
3. Nt{a1,b1} CNt{ag, bo}.

Proof. The proof that the conditions are necessary follows from Lem-
mas 5.5 and 5.6. To prove that the conditions are sufficient it is necessary,
from Lemmas 3.2 and 3.4, to find the parameters Ay, A, and A, of a lifting
of X satisfying the conditions

]_. @214 — A*@l

2. [A* @2} is outer

4. [éﬂ is *-outer

5. clos {(Auq Af A — A505) (e L? @ O3x,L*)} = m L* @ 6, x,, L*.

We take the same parameters that we took in the proof of Lemma 5.5,
that is, Ay = 0, A = w19’ and A, = wy¢’A*!, where A € Ny, satisfies
Afy = 0, and det'(A) Am =1, ¢ is an outer function such that A € HSY,

and the equality A0, = A0, is satisfied with A\ = det(A). From that proof
we know the conditions (1), (2), and (3) are fulfilled.
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Proof that [(:)41] is x-outer. Using that w; is outer, we see that the com-

ponents of
[A} w1¢2)\
= ([Mmwiay
@1 mw161

have no common inner divisor, in consequence, [ (';‘1 ] is x-outer.
Proof that clos {A*lA:A*z(nsz fasy 02XQL2)} =mL?>® 0, x,L>.
As in the proof of Lemma 5.6, it is sufficient to check two identities
clos {AMQIHTAIHQXQLQ} = QIXQLZ

and
clos {A*lAIﬁgLQ} = 771L2.

For the first expression we have
clos {Awﬁl@fAI@gXQLZ} = clos {Awﬁl (AL6y)"O2x,, L2}
= clos { Ay, 01 (wap® A*161)*0px,, L* }
= clos { Ay, 01 (wap” A* Ab) 5, L* }
= clos {Aw191 (w2¢2)\02)*02XQ L2}
= clos {Aw161w2$2xxﬂ L2}
= clos {1 x,L*} = 01x,L",

using that w, and @2\ are not equal to zero almost everywhere, 6, is an
isometry and A, vanishes only outside (2.
On the other hand, as Ay = 0, we have

A22 _A12 :|

A = [by —as) { A AL |7 (b1 —a] =,

therefore, for the second expression we get
clos { A Al L?} = clos { A (n3AL)*L?} = clos { Ay (wagn A*)* L}
= clos { A1 (wap?n})*L*} = clos {w2$2A*1n1L2}
= clos {%52771L2} =mL?
and the lemma is proved. [ |

Finally, Lemma 5.7 directly implies the Main Theorem.
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6. Concluding remarks

First of all we would like to observe that it is possible to separate the in-
ner and outer factors of © = mw#, i.e., to consider the quasi-similarity of
the operators with scalar outer and 2 x 1 inner characeristic function sepa-
rately. To see this, let us check that the contractions with the characteristic
functions

(6.1) @1:mwm:mwe and @QZH’ [5%]}:“’ 7730]

are quasi-similar.
For these characteristic functions we can take the auxiliary spaces as
&= (C, 8*1 = 82 = (CQ, and 8*2 = (Cg. Then

A=Ay, Ay =nn" + AL007%;
L*(A &) = L*(A,C) = x, L7, L*(Au€.0) = nL? @ O, L?;
A, 0 (A, 0]
A2:|:0 O:|7 A*2_|:0 7777*:|7
L? L?
L2(As€,) = {Xﬂo } , L3 (Awén) = hﬂLg} .

Proposition 6.1 The operators 17 and 15 with respective characteristic
functions given in (6.1) are quasi-similar.

Proof. To prove the assertion we construct two bounded operators X :
Hy — H; and X' : H; — H, such that

X'Ty =TX', clos{X'H;} =H,, ker(X')={0};
TlX = XTQ, ClOS{XU‘CQ} = g{l, ker(X) = {0}

To do this we present two suitable liftings Y = 7, Al +11 A ATs+ 711 AoT)
and Y’ = moAlnl + Ao Ay + 1 Ay, of X and X' respectively. We take
Ay = 0and A = 0. According Lemmas 3.2 and 3.4 it is sufficient to find four
matrix-valued functions A" € H3S,, A, € HSS,, A € HY,, and A, € H5Y,
satisfying the following ten conditions

L ALO, = 0,4,

A .
e | B8 *-outer,

1

2

3. [A; @2} is outer,
4. C].OS{AQA/AlLQ(Algl)} = LZ(AQ(CJQ),

5. C].OS{A*IA;*A*QLZ(A*QS*Q)} = LZ(A*lg*l), (62)
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. 01A = A,0,,
[éﬂ is x-outer,

[A* @1} is outer,
C].OS{AlAAQLZ(AQSQ)} = LZ(Algl),
10. ClOS{A*Q(A*)*A*lLQ(A*le*l)} = LQ(A*QE*Q).

It easy to check by direct calculation that all these conditions are verified
if we take

1 0
A/:[ma], A =11 o],

v 01

A= 1], 4, - m v SJ (b whys) .

Since this verification contains no specific difficulties we omit them. W

We will now see that, as we said in our remarks following the statement
of the Main Theorem, the situation is different if we try to split the inner
parts of the characteristic function and get quasi-similarity for the operators
with the characteristic functions

a m 0 m 0
(6.3) @1—m{b]—m9 and @2—{0 [‘;]}_{O 0},
Proposition 6.2 The operators 17 and T, with respective characteristic
functions given in (6.3) are quasi-similar if, and only if, N*{m,a,b} = N*,
i.e., if there exist three functions f1, fo, f3 € H* such that mf, + afs + bf3
is an outer function.

Proof. First we show that the necessity of the stated condition follows from
the density of the range of the intertwining operator X : Hy — Hy, T X =
XTy. Let Y = Al + nAATS + 11 AeT), = mAT, + ma ATl +
T1AoT)5 be the lifting of X with the parameter A being a matrix-valued
function from H7y, and A, from HgS 4, say

A= [&1 ag] and A* - |:A*1 A*Z} )

where A, is the first column of A, and A, is the square matrix consisting of
second and third columns of A,. Then the intertwining relation ©;4 = A,0,
yields

A*l = a1«9 and A*QQ = magﬁ.
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The second relation implies that 7*A,.0 = 0 and therefore (see Lemma 5.2)
there exists an H*°-function ¢ such that n*A,, = ¢n*. Check that ¢ is a
common divisor of all minors of the matrix [A* @1} = [a19 Ao m(ﬂ.
The situation is the same as in the proof of Lemma 5.5, where all minors of
the corresponding matrix were divisible by f;. Indeed, the determinant of
A, is divisible by ¢ (moreover, det A, = pmas) because it is its eigenvalue
(and the second eigenvalue is may), and minors containing one collumn
from A, and the second column being 6 are just the entries of the row
n* A = on*, therefore, they are also divisible by ¢. Since [A* @1] has to
be outer (Lemma 3.1), the function ¢ is outer as well.

Using again Lemma 5.2, the identity (A.o — magl)f = 0 guarantees the
existence of a vector ¢ = [i;] with H*-entries such that A, —masl = Yn*.
Therefore,

mas + by —a

A =maxl + 4" = [ b, mas — ay |’

whence

wmay = det Ao = (mas)? + may(bihy — ar)y),
which gives us the required property: the function mas + by — ay = ¢ is
outer.

To construct an intertwining operator X' : H; — H,y we need no addi-
tional properties of the functions m, a, and b. We take a number ¢ from the
first assertion of Lemma 5.3, i.e., such that m A (a + tb) = 1, and put

A’—l a+th } Al = Qia 2
m(2+b+a) b2+

To show that the operator X’ given as the compression of its lifting Y’ with
these parameters and A = 0, is as required it is sufficient to check the
first five conditions of (6.2). The first can be verified by direct calculation,
the second is evident, because A’ itself is already x-outer. So, let us check
condition (3) of (6.2). The minors of the matrix

1 t m O
(4, &) =|24a a 0 a
b 2+b 0 D

are the functions
2m(2+a+b), 2(a+th), —2mb, and 2ma

which are mutually prime due to the choice of .
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Condition (4) is trivial because A; are zero operators. Finally, to see
that (5) is fulfilled we need to write down the expressions for A,;:

N 100
Ay =", AWES {0 7777*} .

And since

« 10

A = 2n,

o] =2
we have
clos{A A" L*(A2€,2)} = clos {m]*A;* [ngg] } =2L* = L*(A€.).

To construct intertwining operator X we shall use three H°-functions
fi such that ¢ = mfi + afs +bfs is outer. We check the conditions (6)—(10)
of (6.2) for

and
a —mf1—bfs afs —f3] }
A, = =10 *—mfil :
lb b —mwf - afz] l l jo | T
Again, condition (6) can be checked by direct calculation. The matrix
L —h
Al |mw 0
@2 o 0 a
0 b

is *-outer because

1 —fAl I —fi|
det{0 &_—a and det{o b]—b

are mutually prime, i.e., condition (7) is fulfilled. The matrix

~fa —mf, —bf. af: ma
4. 0] = b blfg ’ —mflg—afg mb]

is outer because

a —mfi—bfs| _ a af. _
det lb blfg 3] =bp and det [b _mfs i an] = —ap

are mutually prime, i.e., condition (8) is fulfilled.
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Condition (9) is trivial because all spaces there are zero spaces. And
finally condition (10):

clos{ A (A,) AuL*(An€a)}
B 0 0 o 2
_CIOS{ 0 7777*] [n [—fs [ —mfllm] " }
B 0 0 0 |72
—CIOS{_O 77] l[—fy, fz}n—mﬁ] L}

S ([ T e

Conjecture

Concluding the paper we would like to conjecture that the same result could
be true for general contractions with (n + 1) X n characteristic function of
rank n. Namely, if we factor this function as a product of an inner *-outer
(n + 1) x n function and a square n x n characteristic function of a weak
contraction, then we have quasi-similar classification for both operators.
And in spite of the fact that initial operator is not quasi-similar in general
to the direct sum of these its parts, nevertheless the quasi-similarity of two
such operators occurs if, and only if, these parts of one operator are quasi-
similar to the corresponding parts of the other separately.
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