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The fractional maximal operator and

fractional integrals on variable L? spaces

Claudia Capone, David Cruz-Uribe, SFO and Alberto Fiorenza

Abstract

We prove that if the exponent function p(-) satisfies log-Holder
continuity conditions locally and at infinity, then the fractional maxi-
mal operator My, 0 <a < n, maps LP() to L10) | where ﬁ—ﬁ ==
We also prove a weak-type inequality corresponding to the weak
(1,n/(n — «)) inequality for M,. We build upon earlier work on
the Hardy-Littlewood maximal operator by Cruz-Uribe, Fiorenza and
Neugebauer [3]. As a consequence of these results for M,, we show
that the fractional integral operator I, satisfies the same norm in-
equalities. These in turn yield a generalization of the Sobolev em-

bedding theorem to variable LP spaces.

1. Introduction

Given an open set 2 C R™, and a measurable function p(-) : Q — [1,00), let
LP0)(Q) denote the Banach function space of measurable functions f on
such that for some A > 0,

/ 1 (@)/AP®) di < oo,
Q

p(x)
||f||p<.>,g=inf{x>o:/ﬂ(@) da:gl}.

These spaces are referred to as the variable LP spaces. They are a special
case of the Musielak-Orlicz spaces (cf. Musielak [23]), and generalize the
classical Lebesgue spaces: when p(x) = py is constant, LP()(Q) = LPo ().

with norm
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The variable L? spaces are of interest for their applications to model-
ing problems in physics, and to the study of variational integrals and par-
tial differential equations with non-standard growth conditions. In the past
decade they have been considered by a number of authors; see for example
(1,9, 11, 12, 13, 17, 18, 20, 22, 26, 28, 31] and the references they contain.

We are interested in extending the machinery of classical harmonic analy-
sis to the variable LP spaces. The first step was to determine sufficient con-
ditions on p(-) for the Hardy-Littlewood maximal operator to be bounded
on LP)(Q). Recall that given a locally integrable function f, we define the
maximal function by

M) =swp— [ 17()]dy,
B9x|£ﬂ BN

where the supremum is taken over all balls B containing x. In [3], Cruz-
Uribe, Fiorenza and Neugebauer proved the following result. For brevity,

hereafter let
p_ =essinf p(z), p, = esssupp(x).
€ 20

Theorem 1.1. Given an open set & C R", let p(-) : © — [1,00) be such
that 1 < p_ < p, < oco. Suppose further that p(-) satisfies

C
p(z) —py)| < ————, 7yeQ, |r—y/<1/2,
Ip(z) — p(y)| e — | | <1/
and
— < - 0 > |zl
Ip(z) p(y)l_log(eﬂxw r,y €Q, |yl >|z|

Then the Hardy-Littlewood mazimal operator is bounded on LP() ().

Theorem 1.1 was first proved by Diening [5] in the case when ) is
bounded; in this case only the first continuity condition is needed. He
later extended it to unbounded 2 with the stronger hypothesis that p(-)
is constant outside of a large ball. The full result was proved independently
by Nekvinda [24] with the second condition replaced by a somewhat more
general condition. (See Appendix I below.) Both of these continuity condi-
tions are, in some sense, close to necessary: see the examples in [3] and [25].
Recently, however, Diening [7] discovered a complicated necessary and suf-
ficient condition on the exponent function p(-) for the maximal operator to
be bounded on LP)(R™), which shows that (1.2) and (1.3) are not necessary.
In fact, Lerner [21] has constructed an example to show that p(-) does not
need to be continuous.
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Remark 1.2. As this paper was being prepared, we discovered a small but
significant error in the proof of Theorem 1.1 in [3]. A correction appeared
in [4]. In Section 4 we give a simpler proof and discuss the connections with
Theorem 1.3 below.

1.1. The Fractional Maximal Operator

In this paper we generalize Theorem 1.1 to the fractional maximal operator.
Given «, 0 < a < n, define M, f by

1
(1.1) M. f(z) = %ggw/gmg |f(y)l dy,

where the supremum is again taken over all balls B which contain z. In the
limiting case a = 0, the fractional maximal operator reduces to the Hardy-
Littlewood maximal operator. For 0 < a < n, M, does not map L into
itself, but instead satisfies the following norm inequality: if 1 < p < n/« and
q is such that 1/p —1/q = a/n, then M, : LP(Q) — LI(R2). If we assume
that p(-) satisfies the above continuity conditions, then this result extends
to variable LP spaces.

Theorem 1.3. Given an open set Q CR™ and o, 0 < o < m, let p(-) : Q@ —
[1,00) be such that 1 < p_ < py < n/a. Suppose further that p(-) satisfies

C

1.2 ) — <— x2,yef], |lr—y|<1/2,
(1.2) Ip(x) p(y)l__log|x_y| y lz—y[ <1/
and

. — < — > .
13 )= p)| < s swef bzl
Define q(-) : Q@ — [1,00) by

1 1 o}

1.4 - - -2 sea

- )

Then the fractional maximal operator is bounded from LPO)(Q) to L0 ().

In the setting of classical Lebesgue spaces, Theorem 1.3 follows imme-
diately from the boundedness of the Hardy-Littlewood maximal operator.
In fact, using Holder’s inequality it is straightforward to show that

(1.5) M, f(x) < ||FILEMF(x)Pe, e
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The desired inequality then follows immediately. When €2 is bounded this
argument can be adapted to the case of variable LP spaces, but inequal-
ity (1.5) is false in general. (See Proposition 3.3 and Example 3.4 below.)
However, for unbounded sets a weaker version of this inequality still holds
(Propositions 3.1 and 3.2 below), and this is sufficient to prove the desired
result.

Remark 1.4. Recently, Kokilashvili and Samko [19] proved norm inequali-
ties for a variable fractional maximal operator, with the constant « replaced
by a function «af(-).

1.2. Weak-type Inequalities

We have also generalized the weak-type inequality for the fractional maximal
operator. In the classical case, M, is not bounded on L', but the following
weak (1,n/(n — «)) inequality holds:

n/(n—a)
(16) [z eR': M f(z) >t} <C G [ 1@ dx)

When « = 0, Cruz-Uribe, Fiorenza and Neugebauer [4] proved an analog of
this inequality. To state it, recall that a function w € RH, if there exists
C' > 0 such that for all cubes @,

g/w(z) dx > esssup w(x).
|Q| Q T€EQ

Theorem 1.5. If p(-) : R" — [1,00] is such that 1/p(-) € RHy, then there
exists C' > 0 such that for allt > 0,

If(x)|>”("”’ "

t

|{x€R”:Mf(:c)>t}|§/n(

This modular inequality is remarkable since it requires minimal assump-
tions on p(-): the RH., condition is satisfied if p; < oo, and it holds even
for unbounded p(-). However, there does not seem to be a generalization
of Theorem 1.5 analogous to (1.6) since in the latter the exponent appears
outside the integral.

To avoid this problem we follow a suggestion made by Diening, Hasto and
Nekvinda [8] and rewrite (1.6) as a norm inequality. Let p =1; then ¢= -~
and (1.6) becomes

stggtHX{Maﬂm»t}Hq < C|flp-

This inequality has a natural extension to variable L? spaces.
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Theorem 1.6. Given an open set Q@ C R" and o, 0 < a < n, let p(-) :
Q — [1,00) be such that 1 = p_ < py < n/a. Suppose further that p(-)
satisfies (1.2) and (1.3) and q(-) is defined by (1.4). Then

(1.7) StliIOJt||X{Maf(r)>t}||Q(-),Q < O fllpe, e

Remark 1.7. The key difference in the hypotheses of Theorems 1.3 and 1.6
is that in the latter we need p_=1; when p(-) =1 then (1.7) reduces to (1.6).

1.3. Fractional Integrals

The fractional maximal operator is of interest because it is the natural max-
imal operator associated with the fractional integral operators (also known
as the Riesz potentials). For 0 < a < n, define the fractional integral of
order a by

(1.8) I.f(z) = /Q |:(;f(%dy, x €S

As a consequence of Theorems 1.3 and 1.6 and an inequality due to
Welland [30] relating M,, and I,,, we prove the following results.

Theorem 1.8. If Q, «, p(-), and q(-) are as in Theorem 1.3, then the
fractional integral operator I, is bounded from LPC)(Q) to L10)(Q).

Theorem 1.9. If Q, «, p(-), and q(-) are as in Theorem 1.6, then the
fractional integral operator 1, satisfies the weak-type inequality

(1.9) StggtIIX{uaf(x)m}||q(->,n < C|\ fllpe, 0

Theorem 1.9 is completely new. The boundedness of I, has been con-
sidered by several other authors. Samko [27] proved Theorem 1.8 assuming
that € is bounded, p(-) satisfies (1.2), and the maximal operator is bounded.
(Note that given Theorem 1.1, his second hypothesis implies his third.)

Theorem 1.8 can also be proved as a consequence of Theorem 1.3 and
a result by Diening [6], which is a generalization of an inequality like (1.5)
(due to Hedberg [16]) relating I, and the maximal operator. Our approach
is somewhat simpler. In the statement of his result Diening assumed that
p(+) is constant outside of a large ball, but this stronger hypothesis is only
needed to use his version of Theorem 1.1.

Kokilashvili and Samko [19] proved Theorem 1.8 on R™ with L¢) replaced
by a certain weighted variable L” space. (They actually consider a more gen-
eral operator I,(.) where the constant o in (1.8) is replaced by a function a(-)).
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1.4. The Sobolev Embedding Theorem

As an immediate application of Theorem 1.8, we extend the Sobolev em-
bedding theorem to variable LP spaces. Given a positive integer k, define
the variable Sobolev space W*?)(Q) to be the Banach space of functions f
such that for every multi-index o with || < k, the derivatives D*f (in the
sense of distributions) are in LP¢)(Q). (See Kovacik and Rékosnik [20] for
more details.) The classical Sobolev embedding theorem (see, for example,
Ziemer [32]) is that if 1 < p < n/k and 2 is an extension domain, then
WHkP(Q) C L), where 1/q = 1/p — k/n. We generalize this result in the
special case when (2 = R".

Theorem 1.10. Let p(-): R*—[1,00) be such that 1 <p_<p, <n and (1.2)
and (1.3) hold. If k is an integer such that py <n/k, and if we define q(-) by

1 J—
q(z)  plz)

then WHPO(R™) C L1O(R™).

S|

, r € R",

Theorem 1.10 follows immediately from Theorem 1.8, and the proof is
essentially identical to the proof in the classical setting—see, for instance,
Ziemer [32, p. 88]. This proof assumes that C°(R"™) is dense in W*P()(R™),
but this is the case since p(-) satisfies (1.2) and (1.3). (See Samko [28],
Diening [6], or [2].)

Diening [6] gave essentially the same proof of Theorem 1.10; again he
assumed that p(-) is bounded outside of a large ball in order to use his
version of Theorem 1.1.

There have been many attempts to extend the Sobolev embedding theo-
rem to variable LP spaces. Kovacik and Rékosnik [20] proved a weak version,
assuming that the domain € is bounded and p(-) is continuous on €2, but
with LI0) replaced by LI0)~¢ for any ¢ > 0. Edmunds and Rékosnik [9]
proved a version assuming that 2 is bounded and has Lipschitz boundary,
and p(+) is a Lipschitz continuous function on Q. More recently [10] they
improved their result by showing they could assume that p(-) € W1#(Q),
n < s < 0o, which in turn implies that p(-) is Hélder continuous (see Gilbarg
and Trudinger [14, section 7.7]). Finally, Diening [[6], Corollary 5.3] proved
the more general embedding theorem when 2 is bounded and has Lipschitz
boundary, assuming only that p(-) satisfies (1.2).
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1.5. Organization

The rest of this paper is organized as follows. In Section 2 we gather some
preliminary lemmas about variable L? spaces. The heart of the paper is
Section 3 where we prove Theorem 1.3. In Sections 4 and 5 we prove The-
orem 1.6. In Section 4 we prove an inequality for averages over balls which
lies at the heart of the proof. As a corollary we are able to give a new proof
of Theorem 1.1 which in turn leads to a conjecture related to the proof of
Theorem 1.3. In Section 5 we use this inequality to prove Theorem 1.6. In
Section 6 we prove Theorems 1.8 and 1.9. Finally, in Appendix A we con-
sider the relationship between condition (1.3) and the more general condition
(given for the case 2 = R") introduced by Nekvinda [24].

Throughout the paper, notation will be standard or defined as needed.
We will assume that the reader is familiar with the basic properties of vari-
able L? spaces, and refer to Kovacik and Rakosnik [20] for more information.
In order to emphasize that we are dealing with variable exponents, we will
always write p(-) instead of p to denote an exponent function. Given an open
set © and function p(+), 1 < p(z) < oo, x € Q, define the conjugate function
P'(+) to satisty 1/p(z)+1/p/(x) = 1, where we take 1/00 = 0. Given a set E,
let |E| denote its Lebesgue measure, and let p_(E) = essinf{p(y) : y € E'}
and p(E) = esssup{p(y) : vy € E}. For brevity, let p_ = p_(Q2) and
py = p+(Q). Given a function f, let

Flona = / F)PW dy.

Finally, C' and ¢ will denote positive constants which will depend only on
the dimension n, the underlying set 2 and the exponent function p(-), but
whose value may change at each appearance.

2. Preliminary Results

In this section we gather together a number of lemmas which we need in the
next section. First, we note that while the definition of the norm in variable
L? spaces given at the beginning of the Introduction is suitable for the
statement of our results, we need a somewhat more general definition in
our proofs.

Definition 2.1. Given an open set 2 C R", and a measurable function
p(-) : Q — [1,00], we say f € LPU)(Q) if for some A > 0,

00, 05N = [ AP dr 1 Nl <o
0\ Qoo
where Q. = {z € Q: p(z) = oo}. The norm on LPO)(Q) is given by

£ llpe).0 = nf {A > 02 p(p(-), 2, f/A) < 1}
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Next, we give three basic results about variable LP spaces. Note in
particular that the second one depends on Definition 2.1. Their proofs can
be found in Kovacik and Rakosnik [20].

Lemma 2.2. Givenp(-) : Q — [1,00) such that p; < 0o, then || f||p(), 0 < C1
if and only if | fp(),0 < Cs. In particular, if either constant equals 1 we can
take the other equal to 1 as well.

Lemma 2.3. Given an open set Q0 and p(-) : Q — [1, 00|, we have that for
all functions f and g,

| @t dz < o allglo o
Lemma 2.4. Giwen a set 2 with finite measure, and exponent functions

p(),q(-) : © = [L,00] such that p(z) < q(x),
1l < CQH QDI oo,

The next lemma is due to Diening [5]; a proof is also found in [3]. It is
through this lemma that we see the connection between (1.2) and maximal
operators.

Lemma 2.5. Given an open set Q and a function p(-) : Q@ — [1,00) which
satisfies (1.2), then for any ball B such that |B N Q| > 0,

|B|p—(BﬂQ)—p+(BﬂQ) <.
The next lemma is a variant of a lemma due to Diening [6]. For the
convenience of the reader we include its short proof.

Lemma 2.6. Given an open set Q and a function p(-) : Q—[1,00), p; <00,
which satisfies (1.2), then for any ball B such that |BNQ| >0 and |B| <1,

(2.1) IxBrallpe).o < C’|B|1/p("”).
Proof. Since p, < 0o, by the definition of the norm on LP*)(Q), and since
Bl <1,
Iaralbo.o =inf {A>0: [ Aot}
BNQ

_ inf{0<>\<1 : / AP gy < 1}
BN

< inf{o <A<1: / A—PHBO) g0 < 1} _ | B[V/p+(BO).
B

By Lemma 2.5,
|B|1/p+(BﬂQ) — |B|1/p(:v)|B|1/p+(BﬂQ)fl/p(:v)

< |B|1/p(r)|B|p7((309)7p+(309))/p3 < C|B|1/”("E).
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The next two lemmas allow one exponent function to be substituted for
another; it is here that (1.3) plays a central role. The first is a variation of
a result in [3] that was given in [4]; for completeness we include its short
proof. Here and below, for ¢t > 0 let R;(z) = (e + |z|)~™.

Lemma 2.7. Given a set G and two non-negative functions r(-) and s(-),
suppose that for each y € G,

C
= logle + 2@)])’

where z : G — R"™. Then there exists a constant C; such that for every
function f,

T(y) s(y) r_(G)
me @saémm @+mem dy.

Proof. Let Gt = {y € G : |f(y)| > Ri(2(y))}. Then

™Y qy = r(y) ¢ r(y) ¢
Luwrea = [ wroas [ mre

G\GFt

0<s(y) —r(y)

and we estimate each integral separately. First, since R;(2(y)) <1,

/’ mmW@s/ zmmwwws/&mm”@@
G\GEt G\GEt

G

On the other hand, if y € G, then

F)I = 1f )PP ()~
< f W)Y R, (2(y))~C/ st =D < | £(y)|*®.

The desired inequality now follows immediately. |

The second lemma is a variation of Lemma 2.7; its proof is the same,
mutatis mutandis.

Lemma 2.8. Given a set G and two non-negative functions r(-) and s(-),

suppose that for each y € G,

C
s(y) —r(y)| < m,

Then there exists a constant C; such that for every function f such that
fW) <1, yeq,

r@) dy < O, 5(y) ¢ Ri(y) (9 dy.
/Glf(y)l y < /G|f(y)| y+/G (y) Y
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3. Proof of Theorem 1.3

In this section we prove Theorem 1.3. At the heart of our argument are the
following two propositions; they generalize inequality (1.5) and the main
lemmas in [3] and [5]. Their proofs are somewhat technical, so we defer
them until after the proof of our main result.

Proposition 3.1. Given an open set Q@ C R", and a, 0 < a < n, let
p(+) : 2 — [1,00) be such that 1 < p_ < p, <n/a and such that (1.2) holds.
Let q(-) be given by (1.4). Then for all f € LPY(Q) such that || f|lpc).0 < 1
and such that |f(x)] > 1 or f(x) =0, x € Q,

(3.1) M, f(x) < CMf(x)P@/a@)

To state the next proposition, we need a definition. Given any exponent
function r(-) : Q — [1, 00), define

I(r) = ‘Sﬁlﬁ‘r(y)-

Proposition 3.2. Given an open set Q@ C R", and a, 0 < a < n, let
p(+) : 2 — [1,00) be such that 1 < p_ < p, <n/a and such that (1.3) holds.
Let q(+) be given by (1.4). Then for all f € LPO(Q) such that ||f|pe).0 < 1
and such that |f(z)] <1, x € Q,

(3.2) M, f(z) < CM f(x)P@/1a@),

Proof of Theorem 1.3. Fix f € LP0)(Q); without loss of generality we
may assume that f is non-negative and that || f|,.), o < 1. By Lemma 2.2
it will suffice to show that | M, f|q(),o < C. Further, since the hypotheses of
Theorem 1.1 are satisfied, || M f|l,),0 < C|fllpe),o < C. Therefore, again
by Lemma 2.2 we have that |M fl,.) o < C.

Define f1 = fX{a:f(2)>1y and fo = f— fi. Then || fill,c),.0 < | fllp0),0 = 1,
1 = 1,2. Therefore, since ¢, < oo, and by Propositions 3.1 and 3.2,

/ M f(z)"® do < 20+ / M, f1(2)?®) dg 4 29+ / M, fo(x)"®) dz
Q Q Q

< C/ Mfl <x>p(m) dx + C/ Mfz(x)p(x)q(:r)/lq(x) dzx.
Q Q
We estimate each integral in turn. The first is immediate:

C / M fy(2)P®@ dz < C / M f(z)P@ dx < C.
Q Q
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To estimate the second, we first need to control the quantity g(z)/I,(x).
Fix € > 0. Then there exists y, |y| > |z| such that [,(z) < (1+€)q(y). Then
by (1.3),

0 < I,(2) ~q(e) < (1+)a(y) ~a(x) < laly)—a(2)| +eqs < mJﬁ%

Since € > 0 is arbitrary and I,(z) > 1, it follows that

0<1—gq(x)/Iy(x )—m

Let r(z) = q(x)/Iy(x). Then r_ > q_/qy, so Raq,q ()" is integrable.
Therefore, by Lemma 2.7 (with s(x) = 1),

/ M fo ()P @@/ @) go < O / M f(z)P@ dz + / Ry, sq (2)~dx < C.
Q Q Q

This completes the proof. |

Proof of Proposition 3.1. Fix z € (), and fix a ball B containing .
Then by the definition of ¢(-),

1
—_— d
a Il

N ap@)m 1-ap(z)/n
iy fr00)™ (i 1)
=18 (157 0 BT Joea

am (1 v/ p(@)/a()
<ipl (g [ ifwldy) Mgy
N

To complete the proof we will show that

am 1 v/ 1-ato) o
| B B/, Q| (y)| dy < Ol flly '<c.
N

There are two cases depending on the size of B. Suppose first that |B| > 1.
Let Q = supp(f). By Chebyschev’s inequality and Lemma 2.2,

2] < | flo@o < 1 llp@.0 < 1.

Therefore, since p(z) > 1, by Lemma 2.4,
. ap(z)/n ap(z)/n
s (g [ wela) < ([ i)
1B JBna BNQ
< |IFlgTE

(CA+ 12D lney, )"
C.

IN
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Now suppose |B| < 1. If p_ (BN Q) > 1, then (p)+(BNQ) < oo and
p'(+) satisfies (1.2), so by Lemmas 2.3 and 2.6,

an 1 op(z)/n a/n—ap(x)/n n p(x)/n
|BJ/ (B/ If (y)ldy) < B @ ool I 0E
1Bl Jne
S |B|a/n ap(x) /nHXBﬂQH /n
< C|B|a/n7apm/n|B|W
< C.

The argument is the same when p_(B N ) = 1 except that instead of
applying Lemma 2.6 we note that by Lemma 2.4,

n

Ixsaallyy i < CL+IBDlxsrall5h < C.

Ixsrall " =

Then by Lemma 2.5,

|B|a/n—ap(l’)/n < |B|(p7(BﬂQ)—p+(BﬂQ))a/n < C.

This completes the proof. |

The above argument readily adapts to prove that (1.5) holds in variable
LP spaces if we assume that ) is bounded. Details of the proof are left to
the reader.

Proposition 3.3. Given a bounded, open set Q@ C R™, and o, 0 < o < m,
let p(+) : @ — [1,00) be such that 1 < p_ < p; < n/a and such that (1.2)
holds. Let q(-) be given by (1.4). Then for all f € LPO)(Q),

(33)  Maf(x) < CQn,pO))If s ™ Mf@p@@, zeq.

When €2 is unbounded (3.3) need not hold, even if p(-) satisfies (1.2)
and (1.3).

Example 3.4. There exists an exponent function p(-) : [1,00) — R such
that (1.2) and (1.3) hold but such that (3.3) does not hold uniformly for all
f € LPO(R).

Proof. Let Q2 =R, a = 1/4, and let p(-) be any smooth exponent function
such that p(0) = 2 and p(z) = 3 if |z| > 1. Define the sequence of functions
{fa}5° by fu(z) = n'X(n2n). We will show that inequality (3.3) does not
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hold with a uniform constant for this family. Defining ¢(-) as above, we have
that ¢(0) = 4. Straightforward computations show that

| falloe 2 =",

MEO) =5 [ 1y = (20
Maful0) 2 e [ ]y = ) 9

Therefore, if (3.3) held, then when = 0 we would have that for all n,
(271) 3/4 < Cn~ (2/3)(1— 2/4)(271)72/4 _ C«n75/6’

which is clearly impossible. ]

Proof of Proposition 3.2. Fix x € () and let B be any ball containing z.
It will suffice to show that

1

- dy < CM p(@)/1a(@),
Fr [ wldy< e

where C' is independent of B.
It follows at once from the definition of ¢(-) that 1/I,(x)—1/1,(z) = a/n.
Therefore, by Holder’s inequality,

1
—_— d
S [l

1 alp(z)/n 1 1—alp(z)/n
=15 (o i) (g [ la)
n n

a/n
< ( [ dy) M f ()o@ 1)
BN

Since |f(x)| < 1, Mf(z) < 1, so Mf(z)r@/Ma@) < M f(z)P@)/ a@),
Therefore, to complete the proof we only need to show that the last integral
is bounded by a constant. Define the sets

B, ={ye BNQ,ly| < |z[},
B*={ye BNQ,yl > |z|}.

Ip(z) dy = Ip(z) d Ip(2) du.
| a= [ a1

Then
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The second integral is easy to estimate. If y € B* then I,(x) > p(y);
thus, since |f(y)| < 1, by Lemma 2.2,

[ 1 dy< [ 1Py < oo < 1.

To estimate the first integral we will apply Lemma 2.8. If y € B,, then
by (1.3),

C
() = L)l < T

Therefore, for any ¢t > 1,

F)[*@Ddy <, [ [f(y)PY dy +/ Ri(y)-dy < C.
B By

x

This completes the proof. |

4. An Inequality for the Maximal Operator

In this section we prove the following inequality for averages over balls.

Theorem 4.1. Given an open set Q@ C R", let p(-) : Q@ — [1,00) satisfy (1.2)
and (1.3). Suppose f € LPO(Q) is such that |f|p.),0 < 1. Then for every
ball B and every x € B,

p(z) P
an (o [ i) <o ([ s a) s
where S(-) € L'(R™) and C = C(n, p(-)).

Before proving Theorem 4.1 we first want to make some observations.
As an immediate consequence of it, we have the following pointwise inequal-
ity for the maximal operator:

(4.2) M f(z)"® < CM(|f ()PP ) (@) + S(x).

Inequality (4.2) is a significantly simplified version of the two key lemmas
in [3]; given it, the proof of Theorem 1.1 is straightforward. Fix f € LP")(Q);
without loss of generality we may assume that || f||,),o < 1. By Lemma 2.2
it will suffice to show that |M f,.) o < C. Since ||f]|p.),0 < 1, again by
Lemma 2.2 we have that |f|,.),o < 1. If we integrate (4.2) over €, we get

/gMﬂx)p(” dv < C / M f()POP )@ da+ | () da.

Q
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Since S € L'(Q), the second integral is bounded by a constant; since
p— > 1, the maximal operator is bounded on LP-(Q2) (see, for example,
Stein [29, p.5]). Thus,

/Q M f(z)?@ de < C ( /Q | f(z)P®) dx) + /Q S(x)dr < C.

This completes the proof.

Our original goal in writing this paper was to provide a proof of Theo-
rem 1.3 which included the case a = 0; in other words, we wanted to give a
unified proof of Theorems 1.1 and 1.3, rather than use the former to prove
the latter. In light of (4.2) we made the following conjecture.

Conjecture 4.2. Let Q, «, p(-), q(-) be as in Theorem 1.3. If f is such
that | flpey,0 < 1, then for all x € Q,

Mo f(2)7) < CMu (| f()PVP7) (2) + S(2),
where S(-) € L'(R™) and C = C(n, p(-)).

We are unable to prove this: the proof of Theorem 4.1 below only holds
in the case o = 0. Nevertheless, we still believe that this conjecture or some
minor variant of it is true.

Proof of Theorem 4.1. The first part of this proof has some parts in
common with the proof of [3, Lemma 2.3]; however, there are significant
differences, so for the convenience of the reader we have included all the
details.

First note that without loss of generality we may assume that f is non-

negative. If we define fi = fx(u:r2)<1y and fo = f — fi, then fi(z) < f(2),
1=1,2, and

Mf(x)p(m) < P+ (Mf1 (@p(r) + Mf2<x>p(r)).

Therefore, it will suffice to prove that Theorem 4.1 holds in two special cases:
when f(z) > 1 or f(x) =0, and when f(x) < 1. We will treat each case in
turn. Throughout this section, let

1

Also define p(x) = p(z)/p—. Then p(z) > 1, and (1.3) holds with p replaced
by p.
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Proof of Theorem 4.1 when f(x) > 1 or f(x) = 0.

Fix z € Q, and fix a ball B of radius r > 0 containing = such that |[BN§| > 0.
Let B = BN ). We will consider three cases.

Case 1: r < |z|/4. By our assumption on 7, if 31,92 € B, then log(e +
ly1]) ~ log(e + |y2|). Hence, for all y € Bg,

< ¢
log(e +[y])

Therefore, by Holder’s inequality and by Lemma 2.7, with r(-) replaced
by the constant p_(Bg), s(+) by p(+), and with z(y) = y, t = 1, we have that

| W@ e )
Qme‘)> <<W|B“V(m@)
Q Q

o i p(@)/5_(Ba)
< < Fy)PW dy + R(y)P-Be) dy) :
|B| /g,

(4-3) 0 <P(y) —=p-(Ba) <

1Bl /g,
Since r < |z|/4, if y € B, R(y) < CR(z). Hence,

C ~ p(z)/P—(Bq)
< ( F(y)PY dy + CR(x>p(BQ)> .
|B| Bqo

Since p(x) /F_(Ba) < ps < o0,

p(z)/p_(Ba)
< +(C ( fly )p(y) dy) + 2P+ CR(x )p(l‘

1B| J,

Since p_ > 1, R(z)*™ € L'(R™). Hence, to complete Case 1 we will
show that the first term is dominated by a constant multiple of

1 p=
Fr )
(IB | /g
We argue as follows:

( 1 o p(z)/p_(Ba)
)Y dy
|B| /g,

1 ( p— 1 (p($)/ﬁ7(BQ))*p,
sordy) (o [ o )
<|BI Bo 1Bl /5,
|B| [(p(2)/P_(Ba))—p-]/p-

[(p(z)/P_(Ba))—p-]/p- 1 P
x( ﬂw@@) ( ﬂV@@)-
Bqo |B| Bq
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Observe that

_pi_ L—op((?g) _p_} =2le) {p(lx) - p—(lBQJ =0

Thus, if |B| > 1,
|B|—[(p(w)/ﬁf(Bn))—pf}/pf <1

Otherwise, if |B] < 1, we have that

1 1 b+
)| = | 2 B o (o) — pe(Ba).

so by Lemma 2.5,
|B|—[(p(1’)/11(BQ))—pf]/Pf < |B|(p+/p2,)(P7(BQ)—p+(BQ)) <C.

Similarly,

M—p- = P() p- —p- =0,

(Ba) p—(Ba)

D_
so, since | f|py,0 < 1,

<1

[(p(z)/P_(Bgq))—p-]/p-
( Fyy dy)
Bg

Combining these three estimates we get inequality (4.1).

Case 2: || <1 and r > |z|/4. As in Case 1, we apply Lemma 2.7.
For all y € Bg, since |z| <1,

C

0<p -1 (Bo)<p, — 97 < ————.

Therefore, by Holder’s inequality and by Lemma 2.7, with r(+) replaced by
the constant p_(Bg), s(-) by p(+), and with z(y) = x, t = 1, we have that

) @) s L\ P/ (Ba)
(31 L rwan) =< (g [ swr-ea)
Q Q

C )p(l’)/p (Ba)

- 1 ~
<5 [ " dy+ = | R dy
<|B| B 1Bl Je,

Since p(z)/p_(Ba) < p+ < o0,

C

< P+ <_ f(y)P® dy

|B| Bqo

p(2)/P_(Ba)
) + 2P+ CR(z)P@.
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We now argue exactly as in Case 1 to show that the integral on the last line
is dominated by a constant multiple of

(i L2 w)

Case 3: || > 1 and r > |x|/4. Since f(z) > 1or f(z) =0, p- > 1 and
.2 <1,

1 p(x) p(z)
<| Ak ) < |B| 7 ( fly)™ dy)
Bq Bq
< |B|fp(r) < C|x|fnp(:r) < CR(x)p(””)

This completes the proof of inequality (4.1) when f(x) > 1 or f(z) = 0.

Proof of Theorem 4.1 when f(xz) < 1.

In the previous argument we only used the fact that f(x) > 1 in Case 3.
Therefore, here it will suffice to fix x € Q, |x| > 1, and a ball B containing «
with radius r > |z|/4, and prove that

(|£13| . fly)d )p(m) < C(I;I A £y dy),, L S()

where S(-) is some function in L'.
Since p(z) < p; < o0,

([, s )p@)

1 p(z) 1 p(x)
< 2P+ E / f(y) dy + 2P+ g/ f(y) dy .

== ]1+12.

We will estimate each term separately. To estimate I, we will give an
argument very similar to that in Case 2 above. Let E' = Bq \ B (0). Then,
if w,z € E, by condition (1.3),

C .
log(e + |z])’

p(w) —p(2)] <
as a consequence, for all y € F,

0<ply) —P_(E) <P, (E) —p_(E) <
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Therefore, by Holder’s inequality and by Lemma 2.7, with r(-) replaced by
P_(FE), and s(-) by p(+), and with z(y) = =z, t = 1, we have that

. R ) p(@)/p_ ()
. = p_(E)
Qm/f@@) st/}m @)

p(z)/p_(E)
( / F(y)PY dy + R(x)P-P) dy) .
| B IB | J&

Since p(z)/P_(F) < py < oo and E C B,

C ~ p(z)/p_(E)
< P+ <® f(y)p(y) dy) + 2P+R($)P(I)
Bq

We estimate the first term exactly as we did for the corresponding in-

tegral in Case 1 in the above argument, using the fact that p(z) > p_(E).
Therefore, we have shown that

p(z) o
b= [ swa <c(1 f@mwﬂ L CR(p®
Bl JBo\B,. (0) |B| J g,

We now estimate I;. Let F' = Bj;(0) N Bq. Then for all y € F, by
inequality (1.3),
C
plx) =pW)| £ —F—
[p(x) = P(y)| Toale 7 1o

Therefore, by Holder’s inequality and Lemma 2.8 with r(-) = p(z), s(-) =
p()a = 17

( % /f(y) dy)pm S ( % / £ dy)pm/p(x) )
( |B|/f |B| oo R(y)p(x)dy>
(] el

since r > |z|/4, | B (0)| < C|BJ; hence,

1 B(y) )p 1 P(x) -
<C(|B| Bgf( y)" dy +C<|Bz<0>| /Bx(O)R(y) dy)
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To complete the proof we will show that the second term is dominated
by an L! function. Fix r, 1 < r < p_. Then by Holder’s inequality,

p— p_/r
<|Blml(0)|_1/ R(y)P® dy> < | By (0)] 7" (/ R(y)P@)r dy)
Bz (0) B(0)

Since p(x)r > p_r > 1 and R(y) <1,
[ rerras [ Rerra<c
By (0) By (0)
Furthermore, since |z| > 1,
|Bioy(0)| 7" < Cle+ |a) /" = CRy_ o (),

and the last function is in L' since p_ > 7. [ |

5. Proof of Theorem 1.6

In this section we prove Theorem 1.6. We will first prove it in the special
case a = (0, and then prove the general case.

Fix f € LP0(Q); without loss of generality we may assume that || f||,().0 =1.
Then by Lemma 2.2, |f|,),o < 1. Fix t > 0. Then again by Lemma 2.2 it
will suffice to prove that

/ (txqarrsny (x))p(m) dr = / @) do < C.
Q {M f(z)>t}

For each N > 0 define fy = fxBy(0). Then for each N the set {M fn(x) > t}
is bounded, and by the monotone convergence theorem,

/ @) dr = lim @) do.
(M f(z)>t} N=00 JiM fy (x)>t}

Therefore, it will suffice to prove that

/ ) 4y < C
(M (2)>1)

where C' is independent of N.
Fix N > 0. For each © € {M fy(z) > t} there exists a ball B, contain-
ing x such that
2n

YN fw)ldy =
12B,| 2me(2| W)l

v dy > t.
Bl Sy e )
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Therefore, by the Besicovitch covering lemma (see de Guzmén [15]), there
exists a countable subset {By} of {B,} such that

{Mfy(x) >t} | J2Bs

and such that the balls {2B} have finite overlap uniformly bounded by a
constant depending only on the dimension. Hence,

) g < / P g
/{MfN(:c)>t} Z 2B,NQ

k

1 p(x)
<oy | (— W) dy) dz;
kY 2BLNQ |2Bk| 2B,NQ

by Theorem 4.1, since p_ =1,

<oy [l FPY dy + 5(0)| ds

A 125, 2B;,NA

< [y [ s@e
k 2BiN2 2BiN2

Since the balls have uniformly bounded finite overlap,

C r(v) 4 d
< /Qlf(y)| y+/ﬂs<a:> v
< C.

This completes the proof when o = 0.
Now fix a, 0 < a < n, and fix f € LPO)(Q); without loss of generality
we may assume that || f||,.), o = 1. Define f = f; + fo, where fi = fxqy>1)

and fo = fxq <1y Then M, f(z) < M, fi(x) + M, fo(x), so
X{Maf(@)>t} < X{Mafi(2)>t/2} T X{Ma fa(z)>t/2}-
Therefore, by Propositions 3.1 and 3.2,

tixatarstllae), @ < X tatafist/23 a0, @+ HIX M0 fo>t/23 o), 0
< tHX{Mfl(:c)P(x)/q(x)>t/2C} o), 0 + t||X{MfQ(I)P<w>/Iq(x>>t/gc} lg(), -

We can estimate each of the last two terms using an argument essentially
the same as in the case when o« = 0. We consider the first. As above, it will
suffice to show that

/ 1) dy < C
{M fn(x)P@)/2(@) >t /20

where C' is independent of N.
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But for each # € {M fy(x)P®/4@) > #/2C} there exists a ball B, con-
taining x such that

on p(z)/q(x) 1 p(z)/q(x)
( |f ()] dy) > ( ()l dy) > t/2C.

|2B:Jc| 2BzN2 |B:Jc| BzN

Since ¢4 < oo the proof now proceeds exactly as it did above.
To estimate the second term we need to show that

/ 1@ qy < C
{M fn (z)P@/ (@) >t /20
where C' is independent of N. However, arguing exactly as we did at the

end of the proof of Theorem 1.3 we have (with the same notation as used
there) that

/ 9@ dg < C ta(®) gy
{M fn (z)P@/ (@) 51 /20) {M fn (z)P@)/ (@) 51 /20)

+ C/ Roq, jq_(x)"~ du.
Q

The proof now proceeds as it does for the first term.

This completes the proof of Theorem 1.6.

6. Proof of Theorems 1.8 and 1.9

The proofs of Theorems 1.8 and 1.9 depend on an inequality due to
Welland [30].

Lemma 6.1. Given a, 0 < o < n, fitr e, 0 < € < max(a,n — «). Then
there exists a constant C = C(«a,n,€) such that for all f € L} (R") and
all v € R™,

(6.1) [Lof(@)] < OMacef ()] [Mar e f (2)]/2.

Remark 6.2. In [30], Lemma 6.1 is not enunciated as a separate result,
but is part of a longer proof. In the proof it is assumed that € > 0 is small,
but this is a technical hypothesis related to the larger theorem, and is not
used to prove inequality (6.1). However, below we will assume that € is
close to 0.

Proof of Theorem 1.8. Fix f € LP")(Q); without loss of generality we
may assume that || f]/,.),o = 1. Since ¢ < 0o, by Lemma 2.2 it will suffice
to prove that |1, f|q),0 < C.
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Fix €, 0 < € < max(a,n — «), such that

2
(6.2) T > 1,
and define r(-) : Q — [1,00) by
2
r(r) = ———.
) a4

Then by (6.2) we have r_ > 1. Moreover, by elementary algebra, for all z €2,

1 1 oa—€
6.3 — =

1 1

(6.4) - _are

p(;p) 7"/(1’;‘1(1’) n

If we raise both sides of (6.1) to the power ¢(x) and integrate over € we get

/ﬁﬁmwmwsqﬂmﬁﬂmmmwaﬂmWWm.
& Q

If we apply Holder’s inequality for variable LP spaces with exponents 7(-)
and 7(-) (Lemma 2.3), then

/Qlfaf(l’)lq(““’) dz < C||[Maef (N2 lry.00 X NMasef 1|12

To complete the proof we will estimate each factor on the righthand side.
Without loss of generality we may assume that each is greater than 1, since
otherwise there is nothing to prove. In this case, in the definition of each
norm we may assume that the infimum is taken over values of A greater
than 1. But then, since for all z€Q and A>1, A>/9(®) > \?/%+ we have that

T r(z) r(x)q(x
(Moo f @)\ (Moo (@) )
Q A B Q \2/a(=)
_ Moo f () r(z)q(z)/2 .
~ Jg \2/a+ ’

Therefore, by (6.3) and Theorem 1.3,

. 2 2
I[Ma—e /12,0 < IMaceFITH2 0 < CIEIER, < C.

The norm ||[Macf(-)]%07%||,(.y.q can be estimated in the same way, re-
placing in the argument above a — € by a + ¢, r(+) by 7/(+), and using (6.4)
instead of (6.3). This completes the proof. [ |
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Proof of Theorem 1.9. Fix f € LP0)(Q); without loss of generality we
may assume that || f]|,.),o = 1. Since ¢ < oo, by Lemma 2.2 it will suffice

to prove that
/ 1) d < C.
{Laf1>t}

Fix €, r(-) and r/(-) as in the proof of Theorem 1.8. Since r_ > 1, ('), < oc.
By Lemma 6.1 and Young’s inequality, for each z,

|Iaf (2)] < CMorof ()" Moo f (2)"?
< [CMae{()x)]r(‘”)/Q N [CMQJFEIJE(x))]r’(:p)/z

< C’”Ma,ef(x)r(mw + O+ a+€f(x)r’(r)/2_

Therefore,

/ ﬁwwg/’ ﬂ@m+/ 1) .
{I1a 1>} {Ma—ef(2)r@/251/2C) {(Masef(a) @/251/2C)

We estimate each of these integrals as we did in the second half of the
proof of Theorem 1.6, using first the exponent pair p(-), r(-)g(-)/2 or the
exponent pair p(-), 7'(-)q(+)/2 to apply Theorem 4.1 and then arguing as
before. |

A. The Nekvinda Condition

In the case 2 = R™, Nekvinda [24] independently proved a more general
version of Theorem 1.1. To compare his result to ours, we first must slightly
restate one of our hypotheses. If the exponent function p(-) satisfies (1.3),
then this is equivalent to the existence of a constant p,, and a function ¢(-)
converging to zero as || — oo such that p(z) = po + ¢(z) and

C
(A1) [9(x) — o(y)] < M7

Nekvinda replaced this condition with the following: there exists g > 0
such that

(A.2) / 16(2) 390 dz < oo,
{z:|¢(x)[>0}

Clearly, condition (A.1) is easier to verify than (A.2); on the other hand, (A.2)
is better than (A.1): from (A.1) we have that |¢(z)| < Cllog(e + |z])] !, so
if we let 3 = e~ %, k > 0, the integral in (A.2) converges if we choose k suf-
ficiently large. (We remark in passing that this extends [24, Example 2.15]
to the case = 1.)

ly| > |z|.
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But, as the next example shows, the converse is false even for functions
which satisfy (1.2).

Example A.1. There exists a function ¢(-) : R — [0, 1] which satisfies (1.2)
and (A.2) but not (A.1).

Proof. We define ¢(+) as follows:
L_jen” — g 0§|e”2—x|§%, 1 <n< oo,
¢(x) = .
0 otherwise.

Then we have that
n2 1 n
qb(G )_ENlog(e_l_enz)a

so (A.1) cannot hold. On the other hand, it follows immediately from the
definition that ¢ is Lipschitz, so (1.2) holds. Furthermore, if we let 8 = e~ ?,
then

1/n 00
/ P(z)e V9@ dg = 2/ ye YV dy = 2/ 2377 dy < et
{|en® —z|<1/n} 0 n n2en

Hence,

$(e" +1/n) =0,

=1
o(x)e /9@ dy < — < oo0.
/{z:¢<x>>0} ; n?e

Given fairly weak additional hypotheses, (A.2) does imply (A.1): for
example, if the least radial majorant of the integrand in (A.2) is dominated
by a power function. This is the substance of the next result.

Proposition A.2. Given a bounded function ¢(-), suppose that for some
B > 0 there exists a > 0 such that for all x € {z : |¢(z)| > 0},

C
Yig@)| « =
(A.3) o(x)]6 S erene
Then (A.1) holds.

Proof. If we rearrange (A.3) and take the logarithm of both sides, we get
1
alog(e + [z]) < W(Cldﬁ(x)l — |¢(x)|log |[¢(x)| — log §).

Since ¢(+) is bounded, and since |t|log |¢| is bounded for ¢ close to 0, it follows
that

log(e + [z]) <

o)’
and (A.1) follows immediately. |
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Finally, we note that our proof of Theorem 1.1 can be generalized to
include additional exponent functions p(-). In the proof given above (or in
the proof in [3]), we can replace the function R(z) = (e + |z|)™" with any
function R such that RP- € L', and such that R is roughly constant on
balls whose radii are small compared to their distances from the origin—for
instance, functions which satisfy

x
R~ Rix), 2 <y <2l

Given such an R, we then modify condition (1.3) (or (A.1)), replacing
log(e + |x])~! with log(R(x))~!. If we do this, then the proof goes through
with only slight changes. Details are left to the interested reader.

Acknowledgment. The authors would like to thank the anonymous referee,
whose valuable comments considerably simplified the proof of Theorem 1.3.
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