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The punishing factors
for convex pairs are 2n−1

Farit G. Avkhadiev and Karl-Joachim Wirths

Abstract
Let Ω and Π be two simply connected proper subdomains of

the complex plane C. We are concerned with the set A(Ω,Π) of
functions f : Ω −→ Π holomorphic on Ω and we prove estimates
for |f (n)(z)|, f ∈ A(Ω,Π), z ∈ Ω, of the following type. Let λΩ(z)
and λΠ(w) denote the density of the Poincaré metric with curvature
K = −4 of Ω at z and of Π at w, respectively. Then for any pair (Ω,Π)
of convex domains, f ∈ A(Ω,Π), z ∈ Ω, and n ≥ 2 the inequality

|f (n)(z)|
n!

≤ 2n−1 (λΩ(z))n

λΠ(f(z))

is valid. The constant 2n−1 is best possible for any pair (Ω,Π) of
convex domains.

For any pair (Ω,Π), where Ω is convex and Π linearly accessible,
f, z, n as above, we prove

|f (n)(z)|
(n + 1)!

≤ 2n−2 (λΩ(z))n

λΠ(f(z))
.

The constant 2n−2 is best possible for certain admissible pairs (Ω,Π).
These considerations lead to a new, nonanalytic, characterization

of bijective convex functions h : ∆ → Ω not using the second deriva-
tive of h.

Let Ω and Π be two simply connected proper subdomains of the complex
plane C and

A(Ω, Π) = {f : Ω → Π | f holomorphic}.
Furthermore, let λΩ(z), z ∈ Ω, and λΠ(w), w ∈ Π, denote the density of the
Poincaré metric with curvature K = −4 at z ∈ Ω and w ∈ Π, respectively.
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In a series of papers (compare in particular [2] and [3]) the authors of
the present article considered inequalities of the Schwarz-Pick type∣∣f (n)(z)

∣∣
n!

≤ Cn(Ω, Π)
(λΩ(z))n

λΠ(f(z))
, z ∈ Ω,

where f ∈ A(Ω, Π) and Cn(Ω, Π) represents the smallest number possible at
that place that is not dependent on f and z ∈ Ω.

After a colloquium talk of the second author on the results of [2], [3],
and [4] Ch. Pommerenke ([19]) suggested looking at this inequality in the
following way. The quotient (λΩ(z))n/λΠ(f(z)) reflects the influence of the
positions of the points z and f(z) in Ω and Π on the nth derivative f (n)(z),
whereas the quantities Cn(Ω, Π) are factors punishing bad behaviour of Ω
or Π at the boundary. This motivated the title of the present paper.

Let ∆ denote the open unit disc. The oldest and most famous inequality
of the above type is the classical Schwarz-Pick lemma which says that
C1(∆, ∆) = 1 and in turn C1(Ω, Π) = 1 for any pair (Ω, Π) of hyperbolic
domains. The identity

Cn(∆, Π) = 2n−1

has been proved by St. Ruscheweyh (see [20] and [21]), when Π is a half
plane or a disc and by the authors for convex domains Π in [2]. In this paper
the authors conjectured that Cn(Ω, Π) = 2n−1 for any pair (Ω, Π) of convex
domains. The main aim of the present paper is the proof of this conjecture.

Theorem 1. Let Ω and Π be two convex proper subdomains of C and let
f ∈ A(Ω, Π), n ∈ N. Then for any z0 ∈ Ω the inequality

(1)
|f (n)(z0)|

n!
≤ 2n−1 (λΩ(z0))

n

λΠ(f(z0))

is valid. The constant 2n−1 can not be replaced by a smaller one independent
of f ∈ A(Ω, Π) and z0 ∈ Ω for any pair (Ω, Π) of convex domains.

Proof. In the following we consider only the cases n ≥ 2, since the case
n = 1 is given by the Schwarz-Pick lemma. We first prove that

Cn(Ω, Π) ≤ 2n−1.

For that proof we use a representation for f (n)(z0) proved in [2] and [3].
For z0 ∈ Ω let

ΦΩ,z0 : ∆ → Ω

be the conformal mapping of ∆ onto Ω, which is normalized by ΦΩ,z0(0)=z0,
Φ′

Ω,z0
(0) > 0. Then

λΩ(z0) :=
1

Φ′
Ω,z0

(0)
.
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For f ∈ A(Ω, Π), z0 ∈ Ω, we consider the functions

s(ζ) := (ΦΩ,z0(ζ) − z0) λΩ(z0), ζ ∈ ∆,

and t(ζ) :=
(
ΦΠ,f(z0)(ζ) − f(z0)

)
λΠ(f(z0)), ζ ∈ ∆.

Both of them belong to the class K of functions univalent in ∆ that map ∆
onto a convex domain and are normalized as usual, e.g. t(0)=0 and t′(0)=1.

The fact that f(Ω) is a subset of Π may be expressed in terms of the
function

u(ζ) := (f(ΦΩ,z0(ζ)) − f(z0))λΠ(f(z0)), ζ ∈ ∆.

The above inclusion is equivalent to the fact that u(ζ) is subordinate to t(ζ).
This will be denoted by the abbreviation u ≺ t and means that there exists
a holomorphic function v : ∆ → ∆ such that

u(ζ) = t(ζv(ζ)), ζ ∈ ∆.

Using the Taylor expansions

u(ζ) =

∞∑
k=1

akλΠ(f(z0))ζ
k

and (
s−1(w)

)k
=

∞∑
n=k

An,k(z0)w
n,

where s−1(w) denotes the function inverse to s(ζ), we get as in [2] and [3]

(2)
f (n)(z0)

n!
=

n∑
k=1

ak An,k(z0) (λΩ(z0))
n .

Now it is evident that for the proof of (1) via (2) it is sufficient to prove
the following proposition, which may deserve some interest of its own. �
Proposition 1. Let

g1(z) =

∞∑
n=1

cnzn ≺ g(z),

where g ∈ K and let F be the inverse function to an arbitrary function
g2 ∈ K. If the powers F k, k ∈ N, have the Taylor expansions

(F (w))k =

∞∑
n=k

An,kw
n.

in a neighbourhood of the origin, then the inequality

(3)

∣∣∣∣
n∑

k=1

ckAn,k

∣∣∣∣ ≤ 2n−1

is valid for any n ≥ 2.
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The first part of the proof of (3) is adopted from the proof of (3) in the
special case g1(z) = z/(1 − z) that was given in our paper [5].

For m ∈ N, we consider the Taylor expansions(
z

g2(z)

)m

=
∞∑

ν=0

aν,mzν .

Then the Schur-Jabotinsky theorem (compare for example [13, Theo-
rem 1.9.a]) implies that for 1 ≤ k ≤ n the identities

An,k =
k

n
an−k,n

are valid. Hence, we have to prove that

(4)

∣∣∣∣∣
n−1∑
l=0

n − l

n
cn−l al,n

∣∣∣∣∣ ≤ 2n−1.

To that end we use that for a convex function g2 one of the well-known
Marx-Strohhäcker inequalities (see [16] and [24]), namely

(5) Re

(
g2(z)

z

)
>

1

2
, z ∈ ∆,

holds. For unified proofs of this and many related inequalities one should
consult [17]. The formula (5) is equivalent to the existence of a bounded
holomorphic function ω : ∆ → ∆ such that

(6)
g2(z)

z
=

1

1 + zω(z)
, z ∈ ∆.

The tool for the proof of (4) is the resulting representation(
z

g2(z)

)n

= (1 + zω(z))n = 1 +

n∑
σ=1

(
n
σ

)
zσ(ω(z))σ, z ∈ ∆.

If we define

(ω(z))σ =
∞∑

j=0

dj,σz
j , z ∈ ∆,

we get the following formula for the sum appearing in (4)

(7)

n−1∑
l=0

n − l

n
cn−l al,n = cn +

n−1∑
σ=1

1

n

(
n
σ

) n−1∑
j=σ

(n − j)cn−jdj−σ,σ.
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For the proof of (4) via (7) we use that the functions ωσ map the disc ∆
into ∆, too. Therefore, we may replace the coefficients dj−σ,σ by the coeffi-
cients dj−σ of a unimodular bounded function when we estimate the modulus
of the inner sum in (7). We will prove that∣∣∣∣∣

n−1∑
j=σ

(n − j)cn−jdj−σ,σ

∣∣∣∣∣ ≤ n − σ.

This is a consequence of the following proposition with p = n − σ.

Proposition 2. Let

ω̃(z) =
∞∑

τ=0

dτz
τ

be holomorphic in the unit disc and such that ω̃(∆) ⊂ ∆ and g1 as in Propo-
sition 1. Then for p ∈ N the inequality

(8)

∣∣∣∣∣
p−1∑
τ=0

(p − τ) cp−τdτ

∣∣∣∣∣ ≤ p

is valid.

Proof. For the proof of (8) it suffices to prove

Re

(
p−1∑
τ=0

(p − τ) cp−τdτ

)
≤ p

for any g1 ∈ s(K) := {g1 | g1 ≺ g for some g ∈ K}. Since the extreme
points of the closed convex hull of s(K) are the functions

xz

1 − yz
, z ∈ ∆,

for fixed (x, y) ∈ ∂∆ × ∂∆ (see [12, Theorem 5.21]), it remains to prove

Re

(
p−1∑
τ=0

(p − τ) xyp−τdτ

)
≤
∣∣∣∣∣
p−1∑
τ=0

(p − τ) xyp−τdτ

∣∣∣∣∣ ≤ p.

The right hand estimate, however, follows directly from Fejér’s inequality∣∣∣∣∣
p−1∑
τ=0

(p − τ)dτ

∣∣∣∣∣ ≤ p,

which has been known to be valid since long (see [11] and [26] and com-
pare [5]). This concludes the proof of Proposition 2. �
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Now it is easy to prove (4). The triangle inequality together with (7)
and Proposition 2 immediately imply∣∣∣∣∣

n−1∑
l=0

n − l

n
cn−l al,n

∣∣∣∣∣ ≤ |cn| +
n−1∑
σ=1

(
n
σ

)
n − σ

n
≤

n−1∑
σ=0

(
n − 1

σ

)
= 2n−1.

The desired inequality immediately follows from Proposition 1 in the way
indicated above.

Now, we shall prove that the constant 2n−1 in (1) is best possible in any
of the cases in question.

Proposition 3. Let Ω and Π be two convex proper subdomains of C. Then
for any n ≥ 2 the inequality

Cn(Ω, Π) ≥ 2n−1

is valid.

Proof. The proof of Proposition 3 is analogous to the proof of Theorem 1
in [2]. As it is shown in [2], the constant Cn(Ω, Π) is invariant under linear
transformations of Ω and Π. Hence, without restriction of generality, we
may assume that

(9) ∆1 = {z | |z − 1| < 1} ⊂ Ω ⊂ Λ = {z | Re z > 0}
and

(10) ∆1 ⊂ Π ⊂ Λ.

Let α ∈ (0, 1) and ξ ∈ (0, 1) and consider the function

fα(z) = α
z + 2

z + α
, z ∈ Ω.

Obviously, fα ∈ A(Ω, Π). As a consequence of the principle of the hyperbolic
metric (see [1, Theorem 1-10]) applied to the inclusion relations (9) and (10)
we get

lim
β→0+

λΩ(β) 2β = lim
β→0+

λΠ(β) 2β = 1.

Now, by use of these asymptotic equalities, we prove Proposition 3 with the
following chain of inequalities and equations.

Cn(Ω, Π) ≥ lim
ξ→0+

lim
α→0+

∣∣∣f (n)
α (ξ)

∣∣∣
n!

λΠ (fα(ξ))

(λΩ(ξ))n = lim
ξ→0+

lim
α→0+

∣∣∣f (n)
α (ξ)

∣∣∣
n!

(2ξ)n

2α ξ+2
ξ+α

= lim
ξ→0+

lim
α→0+

α(2 − α)

(ξ + α)n+1

(2ξ)n

2α ξ+2
ξ+α

= lim
ξ→0+

2n

2 + ξ
= 2n−1 . �

This concludes the proof of Theorem 1.
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Remark 1. The last part of the proof shows that the constant 2n−1 is
approached for any pair of convex domains, when z0 and f(z0) approach the
boundaries of Ω and Π at certain points. But there are simple special cases
where the constant is attained at inner points. This happens if Ω and Π are
half planes. For instance, if Ω = Π = Λ and f0(z) = 1/z, then, at any point
z0 = x > 0,

f
(n)
0 (x)

n!
=

1

xn+1
=

2n−1 (λΩ(x))n

λΠ(1/x)
, since 1/λΛ(z) = 2 Re z.

Remark 2. Our proof of Theorem 1 shows that the estimate (1) at z0 ∈ Ω
is valid for any simply connected domain Ω such that the function

g2(z) := (ΦΩ,z0(z) − z0)λΩ(z0)

satisfies the Marx-Strohhäcker inequality (5). Evidently, such a domain is
not necessarily convex.

Remark 2 leads to the following question. Let h be a function holomor-
phic on ∆. Suppose that h′(ζ) �= 0 for any ζ ∈ ∆ and that h(∆) has the
Marx-Strohhäcker property for any point z0 = h(t) ∈ h(∆), i.e. the function
g2 defined by

g2(w) =
h
(

w+t
1+tw

)
− h(t)

h′(t)(1 − |t|2)
satisfies inequality (5) for any t ∈ ∆. This is equivalent to the inequality

(11) Re

(
h(z) − h(t)

h′(t)
1 − tz

z − t

)
>

1 − |t|2
2

, z ∈ ∆, t ∈ ∆.

What can be said about Ω = h(∆)? We find that h(∆) is a convex domain,
so that an assertion inverse to the Marx-Strohhäcker theorem is valid.

Proposition 4. Let h be a function holomorphic in ∆, such that h′(ζ) �= 0,
ζ ∈ ∆, and such that condition (11) is satisfied. Then

(i) the function h is injective on ∆ and h(∆) = Ω is a convex domain,

(ii) for any n ≥ 2 and any z ∈ ∆ the following sharp estimate is valid

(12)

∣∣∣∣h(n)(z)

h′(z)
− nz

1 − |z|2
h(n−1)(z)

h′(z)

∣∣∣∣ ≤ n!

(1 − |z|)n−1(1 + |z|) .
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Proof. The condition (11) immediatly implies h(t) �= h(z) for z ∈ ∆, t ∈ ∆,
t �= z, and therefore the injectivity of the function h on ∆.

Now, we fix t ∈ ∆ and we consider the function

ϕ(z) = 2
h(z) − h(t)

h′(t)
1 − tz

(z − t)(1 − |t|2) − 1, z ∈ ∆.

It is evident that ϕ(t) = 1 and that Reϕ(z) > 0 for any z ∈ ∆. In a
neighbourhood of the point t we have the Taylor expansion

ϕ(z) = 1 + 2

∞∑
n=2

(
h(n)(t)

h′(t)n!
− t

(1 − |t|2)(n − 1)!

h(n−1)(t)

h′(t)

)
(z − t)n−1.

Since 1/λΛ(ϕ(t)) = 2 Re ϕ(t) = 2, using the Schwarz-Pick lemma one easily
gets

|ϕ′(t)| =

∣∣∣∣h′′(t)
h′(t)

− 2t

1 − |t|2
∣∣∣∣ ≤ 2

1 − |t|2 , t ∈ ∆,

which is equivalent to the inequality

(13)

∣∣∣∣w − 1 + |t|2
1 − |t|2

∣∣∣∣ ≤ 2|t|
1 − |t|2 , t ∈ ∆, where w = 1 + t

h′′(t)
h′(t)

.

The condition (13) implies Re w > 0. Therefore (see for instances [18]
and [23]), h is injective on ∆ and Ω = h(∆) is a convex domain.

To get (ii) for n ≥ 3 we apply Ruscheweyh’s generalization of the
Schwarz-Pick lemma ([20], see also [2]) to get the sharp estimates for the
derivatives

ϕ(n−1)(t)

(n − 1)!
= 2

(
h(n)(t)

nh′(t)
− nt

1 − |t|2
h(n−1)(t)

h′(t)

)
, t ∈ ∆,

indicated in (ii). Equality in (12) at the point z = z0 ∈ ∆ occurs if

h(z) =
z

1 − z0z/z0
=

z z0

z0 − z0z
∈ K.

This completes the proof of Proposition 4. �
Remark 3. According to the above, the condition (11) is a new necessary
and sufficient condition for h(∆) to be convex that does not use the second
derivative of h. It may be worthwhile to mention the conditions of this type
that have been proved before. Up to our knowledge the first one was

Re

(
zh′(z)

h(z) − h(t)

)
> 0, |t| < |z| < 1,

proved by Brickman in [9].
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Suffridge ([25]) proved the characterization

Re

(
zh′(z)

h(z) − h(t)
− t

z − t

)
>

1

2
, z ∈ ∆, t ∈ ∆,

of convex functions h.

The third condition we want to cite seems to be the most famous, since
it was used by Ruscheweyh and Sheil-Small in [22] to prove the Pólya-
Schoenberg conjecture. This one is as follows.

Re

(
z

z − ζ

ζ − t

z − t

h(z) − h(t)

h(ζ) − h(t)
− ζ

z − ζ

)
>

1

2
, z ∈ ∆, t ∈ ∆, ζ ∈ ∆.

One curious difference between these characterizations of convexity of h(∆)
and (11) seems to be that (11) contains nonanalytic terms.

A method of proof analogous to that of Theorem 1 works in the case
that Ω is convex and Π is linearly accessible. This means that C \ Π is
the union of closed halflines such that the corresponding open halflines are
disjoint (compare f.i. [8], [18], and [14]). We prove

Theorem 2. Let Ω be a convex proper subdomain of C, and Π linearly
accessible. Let further f ∈ A(Ω, Π), n ≥ 2. Then for any z0 ∈ Ω the
inequality

|f (n)(z0)|
(n + 1)!

≤ 2n−2 (λΩ(z0))
n

λΠ(f(z0))

is valid. The constant 2n−2 is sharp in the following sense. There exist cer-
tain pairs (Ω, Π), chosen as above, such that the constant cannot be replaced
by a smaller one.

Since the proof runs in lines analogous to the proof of Theorem 1, we
indicate only the differences to that proof. A further apology for the short-
ness of the proof given here may be that meanwhile the authors have shown
that Theorem 2 remains even true, if one replaces Π linearly accessible by Π
simply connected (see [6]).

Since the normalized conformal mappings of ∆ onto linearly accessible
domains are the close-to-convex functions (see f. i. [14] and [18]), we have
to consider in the analogon to Proposition 1 the functions g1 subordinated
to a function g ∈ C, the family of normalized close-to-convex functions and,
naturally, replace 2n−1 by (n + 1)2n−2. In the analogon to Proposition 2 we
have to act likewise concerning g1 and to replace the inequality (8) by

(14)

∣∣∣∣
p−1∑
τ=0

(p − τ) cp−τdτ

∣∣∣∣ ≤ p2.
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More precisely, we have to prove the following generalization of Propo-
sition 2.

Proposition 5. Let

ω̃(z) =
∞∑

τ=0

dτz
τ

be holomorphic in the unit disc and such that ω̃(∆) ⊂ ∆. Let further

g1(z) =
∞∑

n=1

cnzn ≺ g(z),

where g ∈ C, i.e. g is univalent, normalized in the origin as usual, and g(∆)
is a linearly accessible domain. Then (14) holds.

To prove this, we replace the convex hull arguments in proof of Propo-
sition 2 by the use of the following theorems (see [10] and Theorems 2.20
and 2.22 in [23]).

Theorem A. Let T = ∂∆ × ∂∆. The closed convex hull of C is equal to
the set of functions ∫

T

k(z; x, y) dµ(x, y), z ∈ ∆,

where µ is a probability measure on T and

k(z; x, y) =

⎧⎨
⎩

1
2(y−x)

((
1−xz
1−yz

)2

− 1

)
if x �= y

z
1−yz

if x = y,

for (x, y) ∈ T .

Theorem B. Let c ∈ ∆,

F =

{
f | f ≺ 1 + cz

1 − z

}
, and F 2 = {f 2 | f ∈ F}.

Then the closed convex hull of F 2 is equal to the set of functions

∫
∂∆

(
1 + cη z

1 − η z

)2

dµ(η), z ∈ ∆,

where µ is a probability measure on ∂∆.
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The use of theorems A and B implies that for the proof of (14) it is
sufficient to show instead of Fejér’s inequality that∣∣∣∣∣

p−1∑
τ=0

(p − τ)(p − τ + (p − τ − 1)u)dτ

∣∣∣∣∣ ≤ p2,

for any u satisfying ∣∣∣∣u +
1

2

∣∣∣∣ ≤ 1

2
.

To prove this, we first write the above sum in the form

p−1∑
τ=0

(p − τ)
(
p − τ + (p − τ − 1)u

)
dτ =

=

p−1∑
τ=0

(p − τ)
(
(p − τ − 1)(u + 1) + 1

)
dτ .

Then, the proof is a simple consequence of the inequality∣∣∣∣∣
p−1∑
τ=0

(p − τ)(p − τ − 1)dτ

∣∣∣∣∣ ≤ p(p − 1),

proved in [7], the triangle inequality, and |u + 1| ≤ 1 together with Fejér’s
inequality. Now, we only have to replace the last formula of the proof of
Cn(Ω, Π) ≤ 2n−1 above by the formula

∣∣∣∣
n−1∑
l=0

n − l

n
cn−l al,n

∣∣∣∣ ≤ |cn| +
n−1∑
σ=1

(
n

σ

)
(n − σ)2

n
≤

n∑
σ=1

(
n

σ

)
σ2

n
= (n + 1)2n−2

and the proof of first assertion of Theorem 2 is finished.

There are several examples showing that the constant 2n−2 of Theorem 2
is best possible in special cases. Analogous to Remark 1, there are cases
where the constant is attained at inner points of Ω. Let Ω = Λ, f1(z) =
1/z2, and Π = f1(Λ). Then, for z = x > 0, it is easy to compute

λΩ(x) =
1

2x
, λΠ(f1(x)) =

x2

4
.

Since
|f (n)

1 (x)| = x−(n+2)(n + 1)!,

the constant 2n−2 is attained at all points x ∈ (0,∞).
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Another example for the validity of the second assertion of Theorem 2,
which is well-known (see [15] and [3]), is the following. Take Ω = ∆, let f
be the Koebe function, f2(z) = z(1 − z)−2, Π = f2(∆), and consider the
limiting process z0 → 1, z0 = x ∈ (0, 1). Then

lim
x→1

f
(n)
2 (x)

(n + 1)!

λΠ(f2(x))

(λΩ(x))n
= 2n−2.

But there are more general situations where the best possible constant is
approached. We want to describe some of them.

Let Ω be convex and as in the proof of Proposition 3

∆1 ⊂ Ω ⊂ Λ.

Furthermore let Π be linearly accessible and such that

∆2 ⊂ Ω ⊂ Λ2,

where
∆2 = {z2 | z ∈ ∆1} and Λ2 = {z2 | z ∈ Λ}.

Then we get, using again the principle of the hyperbolic metric

lim
β→0+

λΩ(β) 2β = lim
β→0+

λΠ(β) 4β = 1.

For α ∈ (0, 1) and ξ ∈ (0, 1) and

fα(z) =

(
α

z + 2

z + α

)2

, z ∈ Ω,

we see that fa ∈ A(Ω, Π) and we derive by computations similar to those in
the proof of Proposition 3

Cn(Ω, Π) ≥ lim
ξ→0+

lim
α→0+

∣∣∣f (n)
α (ξ)

∣∣∣
n!

λΠ (fα(ξ))

(λΩ(ξ))n = (n + 1)2n−2.
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