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A new type of solutions for a singularly

perturbed elliptic Neumann problem

Gongbao Li, Shuangjie Peng and Shusen Yan

Abstract

We prove the existence of positive solutions concentrating simul-
taneously on some higher dimensional manifolds near and on the
boundary of the domain for a nonlinear singularly perturbed ellip-
tic Neumann problem.

1. Introduction

The aim of this paper is to construct solutions concentrating on some higher
dimensional manifolds for the following singularly perturbed elliptic prob-
lem:

—2Au+u=uP"t, u>0, inQ,

(L) @ =0, on 012,
on
where € > 0 is a small number, €2 is an open domain and n is the outward
unit normal of 02 at y € 9N.
We assume that € is a domain in R”Y, whose boundary is Lipschitz
continuous, and satisfies the following condition:
(Q4): there is an integer m, 1 < m < N, such that y € Q, if and only
if (|3/|,4") € D, where y = (¢/,vy"), ¥y € R™, y" € R¥"™_ D is a relatively
open domain in ]Rf —mHand

RY ™ = {2 = (21, 2vomen) 20 2 0},
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In this paper, we do not assume that €2 is bounded. The domain €2 can be
a bounded domain, or an exterior domain in RY, or many other unbounded
domains.
We assume that p satisfies
pe2,2(N—m+1)/(N—m-—1)) ifm<N—1,
p€ (0,+00) ifm>N—1.
In view of the assumption on 2, we will work on the following subspace
of H'(Q):
Hy = {u:ue H(Q),uly) =u(ly],y")}

Let U be the unique solution of the following problem:
{_AU +v=v" v>0, in RV
v(0) = max,cgy-mi1 v(z), ve HY(RN-™H),
Then U(z) = U(|2]), U’ <0,
|z|(N—m)/2e|Z|U(|z|) —c¢>0, |2| = +oo,
and U(z) also satisfies
~Av+v=0v*"1 v>0, inRY "™
v(0) = Max, cpN-m+1 v(z), v€ [—]1(]RJJ\FPWA>7

v _ N—m+1
oo = 0 r € ORY .

Furthermore, U(z) is nondegenerate. That is, the kernel of the operator
—Aw +w — (p— 1)UP2w in HY(RN=""1) is spanned by

{8U<Z>,z’:1,---,N—m+1},

82;
and the kernel of the operator —Aw +w — (p — 1)UP 2w in H'(RY ™)
with Neumann boundary condition &CNBE” o= 0 is spanned by
ou
{ G ,N—m}.
0@
See [15, 23].

For any y = (y,y") € RV, 3 € R™, ¢ € RV, we denote § =
(Iy'l,y") € RN-™1 Let W(y) = U(y). For any z € D, let We,(y) =
U(|lg — z|/e). Then, W, ; satisfies

(12) —EQAV_V&;E + We’j =



SOLUTIONS FOR A SINGULARLY PERTURBED ELLIPTIC NEUMANN PROBLEM 1041

In this paper, we assume that ) also satisfies the following condition:
(Qg): there exists T = (71,7"”) € 0D, such that

(i) there is a C? function ¢(2”) in RY=™ such that

DN Bs(7) = {z = (21,2") : 21 < (2")} N Bs(2),

and

ID N Bs(z) ={z = (21,2") : 21 = ¢¥(2")} N Bs(Z),
where 6 > 0 is a constant;
(11) T = w(i’//> = InaX,»epBs(z") w(Z//> > 0, and T > max.»coBs(z'") w(z”).

We will prove that for any positive integer pair (kq, k2), (1.1) has a solu-
tion u., which is close to Zfl+k2 W. s, in a small neighbourhood of |y/| = 7,
withz; € Dfor j=1,...,k and z; € 9D for j = k4, ..., ke, and is close to
zero elsewhere. Since the right hand side of (1.2) has a singularity at 3’ = 0,
we truncate W, ; as follows.

Let £ € C°(RN=F1) be a function such that £ = 0 if z; < K, £ = 1 if
21 > 2k, for some small k > 0. For any z; € D with z,; > 6, define

We a; (y) =&y, y//)We,:fcj (y).

Then W, satisfies

(1.3) — AW, + Wew, = EWPL + foo (y) inQ,

where

x m—1y| —z; g— g—x
f£7zj(y):_§€ / | ~| ]lU/<| J|)—2€D€DU(| ]l)
W1y — € €

2U<|y 6$]|)A£'

a—%JU(V—%Bzgj%%V—%W7

|z — ] € 0z €

and £ = 0 in a neighbourhood of |y/| = 0, it is easy to see that fmj is a
smooth function in both y and z;, and satisfies

Since

o) < 0o (U0,
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Let P. oW, ., be the solution of

(1.4) {—gzﬁv +0=EWP 4 fon(y), In Q)

g—fL =0, on 0f).

By the uniqueness, we know that P. oW, .. € Hs.
Let
<'LL,U>5 - /(EZDUDU+UU>7 HUHE = <U,U>;/2-
Q

The main result of this paper is the following.

Theorem 1.1. Assume that 1 < m < N. Suppose that § satisfies (1) and
(Q2). Then, for any positive integers ki and ks, there is an €9 > 0, such
that for every e € (0,e0], (1.1) has a solution of the form

k1+k2
(1.5) ue =Y PeoWes., +ws,
7j=1
with w. € Hy, where for j = 1,... ki, x.j = (v.j1,2.;) € D, and as
e — 0,
d(l’a7j, (9D) 400
€
Forj=Fk +1,...,k + ko, Tej = ("E&Ll’ajg,j) € oD.
Moreover, fori,7 =1,..., ki + ko,
|._'L'57j - $a,i| N +OO, v] 7£ i,
€
Tej — Tj = (@-71,@;’) € 0D N Bs(z), with ;; = @D(i;') = ”ggaic_”)@b(z”),
z 5 (T
and
w12 = (™7™,

In [18, 19], Malchiodi and Montenegro obtained solutions concentrating
on higher dimensional subsets of the boundary, which seems to be the first
results concerning solutions concentrating on higher-dimensional sets.

For (1.1) with the Dirichlet boundary condition, the results in [7, 10]
show that it has a solution concentrating on a manifold near |y'| = xy,
where x; > 0 is a local minimum of the distance of z to {z; = 0} for x € D.

For the Neumann problem, in [10], Dance and Yan constructed solu-
tions concentrating on higher dimensional subsets inside the domain and
on the boundary of the domain separately, and all the manifolds are close
to |y'| = &1, where Z; > 0 is a local maximum of the distance of z to {z; = 0}
for x € D.
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For problem (1.1) with potential functions V(z) and K(z) multiply-
ing the linear term u and nonlinear term uP~! respectively, Ambrosetti,
Malchiodi and Ni [1, 2] extended [18] to higher-dimensional spike-layers for
problem (1.1) with K(|z|) = 1, Q = RY and V(z) being radially symmetric.

Also, in [3, 4], Bartsch and Peng show that (1.1) has a solution con-
centrating on multi-dimensional subsets inside the domain, moreover, these
results are true for both Dirichlet and Neumann boundary conditions.

For a survey of this kind of results we can also refer to [17].

Our result here shows that (1.1) has solutions concentrating simultane-
ously on several higher dimensional interior and boundary manifolds.

There are many works in the case m = 1 since the pioneering works
[22, 23]. See for example [5, 8, 9, 11, 12, 13, 14, 16, 24, 25]. To obtain the
results mentioned above for the case m = 1, no symmetry condition is
imposed on the domain §2.

In the case m > 1, we use the solution U of a lower dimensional problem
as an approximate solution for problem (1.1). So, there is no control in some
directions for the corresponding linear operator

Lov= —Av+v—(p— )W in HY(Q).

As a consequence, L.v = \v, v € H'(2), will have many small eigenvalues.
This is the main reason that Malchiodi and Montenegro [18] could only prove
the existence of solutions concentrating on a whole connected component of
oS for a sequence of ¢; — 0. By imposing some partial symmetry conditions
on 2, we can get rid of the small eigenvalues if we work on the subspace H,.

The functional corresponding to (1.1) may not be well defined in H,
because the exponent p may be supercritical.

Our objective is to construct solutions concentrating near the m — 1
dimensional manifolds |y'| = Z;. So we can modify the nonlinear term u?~!
in such a way that corresponding to the modified problem, the functional is
well defined in H,, and the modified problem has a solution concentrating
near |y'| = Z1, which is also a solution of the original problem. To this aim,
we define

(1.6) Fly.t) = 1pth" + (1= 1p) f(1),

where B ={y:y € Q,(|¢'|,y") € DNBs(z) C{(ly'],4") : [¢¥'| = s}}, 15 =1
in B, and is zero otherwise, and

_— G t<1;
f(t>_{1+(p—1)(t—1), t>1.
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Now we consider the following problem:

(1.7) —e?Au+u= f(y,u), u>0, inQ,
| v =0, on 9.

The functional corresponding to (1.7) is

1
I(u) = 5/(52|Du|2+uZ) —/F(y,u),
Q Q
where F(y,t) fo T)dr. For any y € B, we have |y/| > k > 0. We see

that I.(u) is well deﬁned in Hyif p € (2,2(N m+1)/(N—m—1)).

Remark 1.1. After this work was completed, the paper [20] was published.
In [20], © is supposed to be a unit ball B;(0) in RY and a solution con-
centrating on several spheres S]j ! was constructed, where SN ' c By(0)
is an (N — 1)-dimensional sphere with radius r;. and r;. — 1 as € — 0.
We point out here that if Q@ = B;(0), our result shows that for any integer
1 <k < N—1, there exists a solution concentrating on several k-dimensional
spheres which can be simultaneously in B;(0) and on 0B;(0), and all the
radii of these spheres tent to 1 as ¢ — 0. Hence our result gives a positive
answer to the conjecture proposed by Ni in [21].

2. Basic Estimates

In this section, we give some basic estimates needed in the proof of the main
result, under the assumption that z; € D, x;1 > 6k, d(x;,0D)/e is large
and d(x;,0D) is small. We assume that d(x;, 0D) is small enough such that
for z; € D with z;; > 6k,

Let pez;, = Wy, — PoqUe o, Then ., satisfies

—2Npe g, + Pen; =0, InQ,

a@sz- a”sz
L Ty
St =~ on 0f2.

(2.1)

Lemma 2.1. For any small 6 > 0, there is a constant C' > 0, such that

Cmin{e—d(:cﬁD)/a6—(1—9)d(g,8D)/a’ e—(1—9)|37—1’\/5}’ zeD,

lpee(y)| < )
Cee~(1-0)li-al/e x € dD.
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Proof. Let G.(z,y) and G(z,y) be the corresponding Green’s functions of
—eA+TinQand —A+TinQ., ={z€RY: ez +y € Q} subject to the
Neumann boundary condition respectively. Then

Ge(z,y) = 5LN G(Z;yﬁ).

Suppose x € D, then we have

oW, . —d(2.8D) /e
sl = | [ Glev) D52 < Cee @00 [ G (apldy
Ele! n Ele!

— Ced(m,aD)/s/ |G(Z, 0)|d2’ < Cefd(m,aD)/sef(lfﬁ)d(g,aD)/s’
00e y

since G(z,0) ~ 1/|z|¥"2 as |z| — 0 and |G(2,0)| < Ce Pl as |z — oco.
Since the solution of (2.1) is unique, we know ¢, , € H,. For any y € €,
let y* = (|¥/],0,...,0,4"). Then

2=yl = (= D+ Do+ 12—y )
=2
> (171 = D+ 2" = ") = 2 = gl.

As a consequence,

(022 (0)] = liealy™)| < Ce /8 (Gt

:C'a?l_N/ |G<Z_y ,O>|e_|2_x|/8dz
o0 €

<ot N [ L aayle - aleg,
- lz—y*[\N—2
o0 (51)

< Oel=N o~ (1-20)[g—zl/e 1 e 20z=y"l /e g,
= 2=y |\ N2

oo ( )
< Ce~(A-20)[g—al/e

Suppose x € dD, then

)% B
on |~

Using the same arguments as the case z € D, we deduce
|0e.a(y)| < Ceem(-OlT=al/e,

Hence we complete the proof. |
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Lemma 2.2. Let ¢ € [1,p—1) be a constant and suppose x; € D, x; € 0D.
Then there is a constant o > 0, such that

&,Tj

/ e TTAT T 8me+10<6*(2+0)dj/5 + 67(1+o>|miij\/e)
sL 5 » g .
Q

Proof. We have
/ng;qkps,m]’quE,ri :Cm1/ |Zl|m71W£;jliq|(Ps,mj|qu,mi-
Q D

Let d;; = |v; — z;|. Let ¢’ > 0 be a fixed small constant. Then using
Lemma 2.1, we obtain

(2.2) /D\B ( )|Z1|m1W£mj1q|<Ps,mj|qu,mi
O'ldij Zj

<c / o0 1-0)[—x1 /e ol /2
D\Bo'/dij ((E])

< Co-dul / o~ (0-2-0)[—;| /2
D\Baldij (wj)

< CrgN—m-l—le—dij/a‘—(p—2—9)dij/é’:‘

_ 08N7m+167(1+o)dij/6.
Using Lemma 2.1 again, we obtain
N a1
Bo"dij (zﬂ)

< Ceqdj/ee(lc’/)dij/e/ Wwr-1-a

€,
Bo”dij (:CJ)

Cngerlefqdj/sef(lfo’)dij /e

< CeN-m+1 (ef(zw)dj/e 4 67(1+U)\x¢7m]~|/5).

Combining (2.2) and (2.3), we prove this lemma. |

Lemma 2.3. Forz; € 0D and x; € D, there is a constant ¢y > 0, such that

’/ Wa?j;ijngW&,xi = COU<|:L,7;;71:]'|>€N—M+1 + O(gN—mﬁ-Q).
Q
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Proof. By (1.3), (1.4) and Lemma 2.1, we have
/szjlpa,QWmi

= /QﬁwﬁmmeW” L O(e/5)eN-m+

_ /Q (~2AWes, + Weg, = fon, (1)) oW, + e 7/5) N 1

OWe o, IP- oW ..
:/ <—527’JP59WM%-+52#WM.>
a0 an ’ ’ (971 [

+O(6_dj/8€N_m+2 +€N—m+2) + /( 52AP87QW5,1:1- +Pg7ﬂWg7xi)Wa7Ij

2 OWe, .
:/ 6 JPa QW5z1+/€Wp 1Wa:cj +O( —dj/agN—m+2_|_€N—m+2)
o0 on

oW, ..
o0
Since x; € 0€2, we have

)% < Cee” 0=/,

on

As a result, from Lemma 2.1, we conclude

’/ Wp 1P QWs . COU<|%‘ ; $j|>€Nm+1 + O(EN—erz).

Lemma 2.4. Let ¢ € [1,p — 1) be a constant and suppose that x; € D,
xn € D and x; € D are different mutually. Then there is a constant o > 0,
such that

E,Th,

)/ Po WP P oWe, PooW..,

< CEmeJrl <67(1+0)|mi7:pj\/5 + e*(lJrcr)\:pith\/e + 67(1+cr)\:pj7mh|/s>.

Proof. We only prove the case z; € 0D, x, € 0D and z;, € D, the
remaining cases are similar.
Without loss of generality, suppose that

dip, = |z, — 2| < min{|z; — x5, |on — 5]}
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Let ¢’ be a small constant. By Lemma 2.1, we deduce

‘/ EQWp - qP W PE,QWs,mi

E,Th,

<c / Wroimawa, e~(-oli-al/s

p—1—q11/9 (1=0)|g—=s|/e
—/ WE:BJ Wsmh i
DNB Tdgp ()

1— (1-6 T;
+C Wepxj qWEqwh Ng—zi|/e
D\B 'dm(z
< O (=0 lenl/e = (1-0)zi zj/e/ Wt

+C€ (1-0)|zp— (El| crdlh/e/ WP= 1—q—06'
D

< CeN-mt <€*(1+U)\$i*fbj\/€ 1 e (Ho)aiwnl/e 67<1+a>\xrmh|/s)_

[ |
Proposition 2.1. Suppose that x; € D N Bs(Z) for j = 1,---- - ky and
x; € 0D N Bs(Z) for j =ki+1,..., ki +ks. Then
k1+ko k1+k2
L(Y Paley,) =A™ m+1Zx + AeN N g
Jj=1 Jj=k1+1
1 & |z; — ]
T2 Ten e D U (78 ?)
j=1 1<Z<]<k1+k2
4 M- m+10<ze (2+0)d; /e | Ze—(Ha |zs—a;1/e +5)
J#i

where cg > 0 is a constant, o > 0 is a small constant,

1 1
A:<———>Cm_1/ U?
2 Y% RN—-m+1

(¢m—1 18 the area of the unit sphere in R™ ), and for j =1,... ki,

Tex; = / g 905 \T 5

(2.4)  CLeN—mHl o=(2+0)d;/ +5N7m+10(867dj/5)

_Ta,zj S ngN_m+1e_(2_9)dj/5 + €N_m+10(66_dj/5),

satisfying

<
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Proof.
k1+k2 k1 k1+k2
Ia( Z Pa,Qwa,xj> = Ia(ZPa,Qwa,xj> + ]5< Z Pa,Qwa,xj>
Jj=1 Jj=1 Jj=k1+1
k1 Eki+ko
+ Z Z <P6,QW6,:B¢7 PE,QWE,:BJ->€
i=1 j=ki+1
k1+k2 k1 k1+k2
25 __/ ZPEQWsm]> - <ZP6,QWs,m]> ( ZPEQW€$J> >
Jj=1 j=ki+1
Using the inequality
4 = O(lal?’?(bP7?), 2<p<4,
(a—i_b)g— - ag— - b{l)— —paﬁ b—pbﬁ_ a = {O(|a|p_2b2 + |b|p_2a2), p> 4
we obtain
1 k1+k2 k1+k2
_/<<ZP€QW€LBJ> (ZPEQWE:BJ) ( Z PEQWE:BJ> )
P Ja =1 j=ki1+1
k1 _ k1+k2
:/<ZP€QW€$1) ( Z PEQWEI])
Q%=1 j=k1+1
k1 k1+k2 1
+/<ZP87QW£,Z’1) < Z PaQwaxJ>
Q" =1 j=k1+1
k1 14o k1+ko 140
(2.6) +0( / (C1eamenl) (X 12amal) ),
Q"= j=k1+1

where o > 0 is a constant.
Using Lemma 2.1, Lemma 2.2 and Lemma 2.4, we see that,

k1 ki+ko
7)Y Y (PaWer, PalWen),
i=1 j=k1+1
k1 _ k1+k2
_/<ZP&‘,QW8,I1> ( Z PaQwaxj))
Q=1 j=ki1+1
k1 ki+ko p—1
_Z Z /)gWng 1+f51’1 ( aQW5x1> Pa,QWa,:cj
i=1 j=k1+1 +

L0 (E_:N—m—}—le—(l-i—a)\xi—xj\/a) }
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k1 kitk2

COY S{ [ W p Wes, 4 O (e ) )
— Z; s Ly, » L5
=1 _] lirl
+ O(eN )
k1 ki+ke
:6N_m+10<z —(2+ad/a_|_z Z —(1+0)|ai— m/e+€>
i=1 i=1 j=k1+1
Using Lemma 2.1,
k1 140 k1thko 1+o0
o([(Sramea) (X 1Paa)))
€= Jj=k1+1
k1 ki+ko
<030 ST [ Wm0
i=1 j=k1+1
+ |soa,xi|1+a|soa,xj|1+“)
k1 ki+ke
(28) :8me+10<z Z 67(1+o)|mi*m]~|/€).
i=1 j=ky+1

From Lemma 2.1, Lemma 2.3 and Lemma 2.4, we see that

k1 k1+k2 p—1
[)(;Paﬂwa,xl) ( Z Paﬂwaxj)_'_

k1 ki+tko k1 ki+ko
E E — N— 1 E E —(1 i =X
frd (PE,QWE,-’EZ')+WEP,:EJ-1 + 13 m-—+ O( e ( +0')|-'E -’E]|/€ + 8)
i=1 j=k1+1 i=1 j=k1+1
k1 ki1+ko k1 ki1tko
= ¢ § : z : U(|$z $]|> + 6me+10< E § 67(1+o)|mif:rj\/e + 6)
i=1 j=k1+1 i=1 j=k1+1

Now combining (2.5)-(2.9), we obtain that

k1+k2
LY Paly,)
Jj=1
k1 k1+ko k1 k1+k2
=1 PE,QWE,:BJ- +1. PE,QWs,mj —Co
j=1 j—k1+1 i=1 j=k1+1
k1 kit+k2

N m+10<ze (2+0d/€+z Z e —(1+o)|zi— wj‘/5+€>

1=1 j=k1+1
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Employing similar arguments as in [10], we conclude that

k1+k2 k1 1 k1+k2
L(DD PraWea,) = ANy Tt S ANl N g

j=1 j=1 j=k1+1
1 & |x; — ;]
— (]
+ = E Tew, — Coe™ " E U<7J )
24 £
J=1

1<i<j<ki+kz
k1

4 N-mt (Z e~ (2to)di/e | Z e~ (Fozi—wjl/e | 6>’

7j=1 jF#i

and 7., satisfies (2.4). |

3. Proof of the main result

Let

D = {x (21, Tan,) €D, < 0 gy
x; €0D, j=ki+1,... ki + ko;
z; € Bs(T), e lmimmille < 617(5’
i,j=1,- ,k1+k2,¢7gj}7

where 8 > 0 is a fixed small constant, d; = d(z;, dD).

Define
k1+ko
(31) J(I‘,u)) = IE( Z PE,Qwe,:pj +W>, Ve € D:, w € Hs-
j=1
Let
aPs,QWs,mj
E€7I7k‘1+k2 - {w E HS :<w, T‘N>D7g pnd 0’
J=1 ki, L= SN —m+1;
OP. oW, ..
< ) = : ]> = 07
87']-71 Die
G=k ek ke =1, ,N—m},
where

<u, v>D£ = / 2t (62DUDU + uv) dz,
' D

7 (l=1,...,N —m) denotes the N — 1 tangent vectors of 002 at x; € 0fQ,
(]:k1+177k1+k2)
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Lemma 3.1. There exists §g > 0 and g9 > 0 such that if ¢ € (0,e0] and
d € (0,60, (z,w) is a critical point of J in Df X E. 4 1k, if and only if

k1+k2
u= 3" PoW.., +w.

7j=1
1s a critical point of I. in H,.

The proof of Lemma 3.1 can be completed with the same arguments as
in [3], we omit it here.

We notice that (x, w) is a critical point of J in D X E_ , x, 1, if and only
if there are scalars A;; € R, j=1,... ki + kg, l=1,...,N —m+1, such
that

o V! PP oW, ..
so) DL TN (PR,
( ) 8:@-,1 Z ik 8xj7h8:cj,l © De
j=1,...k,l=1,...,N—m+1,
0] X P oW, ., >
—_— w s
D,

87']-,;187']-,1
j:kl,...,k1+k2,l:1,...,N—m,

ki N— 1 ki+ks N—
LAV aPmWMJ SN aPmWMJ

B Fu=2 X At X A

j=ki14+1 I=1

In order to prove Theorem 1.1, we show first that for z=(zy, ..., 2, +,62) e D;
given, ¢ small enough, there exist w., € FE. ;i +k, and scalars A]J, ] =

ki 4+ kol =1,...,N —m + 1, such that (3.4) is satisfied and the
mapping r — w., is C'. We then show that for sufficiently small , there
exists a point z. € DZ, such that (z.,w) € DI X E. ;k,+x, and (3.2), (3.3)
are satisfied with these scalars A, ;.

We expand J(z,w) near w = 0 as follows:

J(,w) = J(2,0) + hen(w) + %Qm(m CRe(w),

where

k1+k2

(3.5) Pe o (w Z / (e2DP. oW ,,Dw + PegW. . w)

k1+k2

_/(Z Pa,QWazj)ﬁ__lwa
Q j=1
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k1+k2
(36)  Q..(w)— / (1Dl +w?) — (p— 1) / (S PoaW., )%
Q Q .
and =t
k1+ko k1+ko
Realw)= [ F(0 Y PaWor,+w) = [ F(0. Y PalVes)
@ j=1 @ j=1
k1+k2 1 k1+k2
(37) - / ( Z PE,QWE,wj)i_lw - 5(]9 - 1) /( Z PE,QWs,mj)i_QWZ-
A € =

Lemma 3.2. There are constants C' > 0 and o > 0, such that

| he.a(w))]
k1
< CE(N,mH)/g(Z e~ (+o)d;/e 4 Zef(ucr)\xfmjl/(zs) +8(1+20)/2> w]]..
j=1 J#i
Proof. We have
k1+k2 B ~ k1+k2 L
hs,m(w> = Z /<§W£;p}"‘fe,z](y))w_/(z PE,QWE@J’)Z w
j=1 Y9 Q=1
k1+k2 ~ k1+k2 .
-y / (emrt - wr)o s / (Woe! — (PoalWs) Yo
7j=1 Q Jj=1 &
k1+k2 k1+k2 .
-1 -
(38) + /;)( Z (Pa,QWg,xj)ﬁ - (Z Pg7QW5,1’j)i )w
7j=1 7j=1
k1+ka B
+ Y / Fei; (Y
j=1 79
k1+ko
—0( 3 [ W) £ ool
j=1 79
k1+ka B
+ Y / Feie; (Y
j=1 79

T 0 (Z/{; |P579W571’i|(p_1)/2|Pa,QWa,zj |(p_1)/2|w|).
JF#i
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From Lemma 2.1 we obtain

1/2
/ng(lztzo)/chgl;;za 2| < </ Wg(lztza SOS:Z;QU) ]l

1/2
C<6—<1+2a>dj/a—(1+2o><1—9>dj/a / W (1+20) ) |lwlle  (z; € D)

E,L5

<
(3.9) CeN-m+2+20)/2|| || (z; € OD)

. Cle(N=m+1)/2 o~ (1+0)d; /anH6 (Ij e D)
Celr-mizaa) 2y, (a; € D)

where in the second inequality, we have used |y — z;| + d(y,0D) > d;
for z; € D.

Again by using Lemma 2.1, we deduce that for i # j,

(3.10) / |P€79W8,zi|(1+20)/2|PQ7QWQ7;5J.|(1+20)/2|W|
Q

1/2
< ([ 1Pl P )l
Q

Crg(N—erl)/Z6—(1+<7)|9cifgcj\/(25)HWH‘E (951'; zj € Q)
< C(g(N—m-i-l)/ —(1+0)|zi—z;|/(2€) +€(N m+p /2)||w|| (% € qQ, = 69)

C(a(N—m-f-l)/Qe—(l+0’)|£€i—£€jI/(28) 4 g(N—m+2p-1) /Q)HWHE (l’i, z; € 89).
On the other hand,
311 | [ Fae] < ([ 1Fon ) el < 02O .
Combining (3.8)-(3.11), we obtain the result. [ |

Let Q.. be the bounded linear map E. ; i, +k, t0 Ee 4 g+, Such that

k1+k2
(Qeowr,ws), / £*DwiDwy + wiwy) — / Z PeoWey,)" “wiws,

for wy, wy € E. 4k, +k,- Then we have

Lemma 3.3. There are constants g > 0 and p > 0, such that for each
e € (0,&¢], and x € Dz,

||Q5,zw||€ Z p”wH&a w € E&‘,x,kl-l—kg'
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Proof. Suppose to the contrary that Lemma 3.3 does not hold, then there
exist €, — 0, T = (Tn,1,- - Tnpythy) € D and wy, € E., 4, g4k, sSuch
that

||Q6n,:fcnwn||sn = on(1)[Jwn e,
that is

k1+k2

p—2
/ (€2 Dw, D + wap)—(p — 1) / (X~ QW)+ ¥
Q 27 =1

= on(Dllwnlle,ll@llens V0 € Eepanbrtho:

(3.12)

Assume without loss of generality that

N—m+1

(3.13) [wnlle, = &n

For each fixed j € {1,...,k1 + ko}, let @, ;(§) = wn(€ny + 24 ). Since
Tnj1 > C> 0, by (312),

/ (D@2 + |onyl?) < C,
Br

for any R > 0 large, where C' > 0 is in dependent of R, Br = Bgr(0) for
j=1,....k and Br = Bg(0) "NRY "™ for j = ky +1,... ki + ko, Br(0)
is the ball in RY~™*! with radius R and centered at the origin.

Thus there is a subsequence (still denoted by {n}) and an w € H'(RN=m+1),
such that for any R > 0,

On; — w, weakly in H'(Bg), and On; — w, strongly in L*(Bg).

Moreover, by the nondegeneracy properties of U which were stated in
Section 1 and using the similar arguments to [10, 6](see also [3, 8]), we
deduce that w = 0.

Now, for j=1,...,ki+ke, let Bjr ={y € Q: (|¥'|,y") € Ber(z,,,) N D}.
Then,

k1+ko p—2
/< Z Pan,QW&L,xn,j) widy
“ =1 k1+k2 p—2 k1+ko p—2
:/k1+k2 ( ZP&"’QW‘E"’I"’j> widy +/ kq+Fko ( ZP&"’ngn’I"’j> widy
Uj=1 “Bjr j=1 MU= “Bjr j=1

< C/k widz + og(1)||lwall2, = o(eN 1) + 0p(1)eN L,
U'1+k2B-R
Jj=1 Js

where og(1) — 0 as R — oo.
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Hence from (3.12), we have
o(en ™) = llwallZ, + olen ™) + 0r(L)e, ™,

which is impossible.

As a result, we complete the proof. |
Let
k1+ka )
S, = {w tw € Hy(Q), |lw| < Z e_o‘\y—%l/&}’
j=1

where o > 0 is a small constant.

(N=m+1)/2 e have

(314) R&x(W) _ 6me+10<€fp*(me+1)/2||w g*)’
(3.15) <R;7z(w)’€>a = 6(N—m+1)/20(5—(p*—1)(N—m+l)/2||w||1£)*—1) €]l

Lemma 3.4. For any w € S. with ||w|. <€

and
(3.16) R, (@)(61,6) = O(e7 2@ 020 |772) gy [l f1€a] e
where p* = min{p, 3}.

Proof. The proof of this lemma is similar to the proof of Lemma 3.3 in [10].
Thus, we omit it. [ |

Proposition 3.1. There is an €y > 0, such that for each ¢ € (0,¢], there
ezists a C'-map w., : D — H, such that w. , € E. 41,11y, (3-4) holds for
some constants Aj. Moreover, we have

(3.17) [we ol < Ce7TW=m+2)/2,
where 0 > 0 s a constant.
Proof. By Lemma 3.2, we know that there is a h., € E. ; i, +k,, such that
<hw,w>E =hep(w), Yw€E  kik,-
Thus, solving (3.17) is equivalent to solving
(3.18) he sy + Qe ow + R;z(w) =0, inFE. g,k k-
By Lemma 3.3, ()., is invertible. So we can write (3.18) as

(3.19) w=Geqw = —Q hey — Q- 1R. (w).

€,z e, x



SOLUTIONS FOR A SINGULARLY PERTURBED ELLIPTIC NEUMANN PROBLEM 1057

Let

_ k1+k2 i

Se = {w tw € Hy(Q), |w| < e Z e~eli=il/e Yy, < E(me+2)/2}’
j=1

where o > 0 is a small constant. . 3
Now, we prove that G, is a contraction map from S to S..
By (3.16), we see that for any wy,ws € S,

(3:20) [|Gepwr—Gegwnlle < ClIRL (1) = RL,(wo)[le < Ce® 22 ||wy — wl..
Thus, G, . is a contraction map. Moreover, by Lemma 3.2 and (3.15) ,

(3.21) [|Geawlle < Cllhealls + ClIRL p(w)[|le < CemHNmme2/2 < (Nmme/2,

To finish the proof of G, ,w € 35, we need to prove
k1+ko )
|G pw| < Z e—oli—z;l/e
j=1
Let wy = G¢w. Then, we have
Qs,mwl = _he,:p - R/<w>7 in Es,m,ka
which is equivalent to
(3.22)

k1 N—m+1 k1+k2 N—m
8P€ I/V6 . OP. oW, .
Q&xwl_l_hgz‘l'R, E E A]h ik J . f
Jj=1 h=1

Jh j=ki+1 h=1
for some A;, € R.
We claim that there is a ¢ > 0, such that
(3.23) |Ajp| < Ceot32 0 G =1k, h=1,--- ,N—m+1,
In fact, taking the scalar product in H*® of (3.22) with
ape QW€$' .
_— =1,....k, I=1,...,.N—m+1
8:(:-1 J
-77
aPe,QWE,:ch .
and T j:kl,...,k1+k2, lzl,,N—m
5l

respectively, we get a quasi-diagonal linear system with A;; as unknown.
Obviously, by Lemma 4.1 in Appendix, there exists ¢* > 0, such that if
g < €%, the coefficient matrix of this linear system is invertible, which means

|Ajn| < OO ((lin]l. + [lheglle + 1R/ (@)]le)

< Cel-(N=-m+1)/2, FH+o+(N—m+1)/2 < Ceo 32,
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Rewrite (3.22) as

k1+ko

— 62Aw1 +wi — (p - 1)( Z Pe,QWa,xj)i)_i2wl
j=1

k1+k2 k1+ko
p—1
=— > (gwp Y feas (y ) + (> PoaWea)”
j=1 j=1
k1+ko ki1+ko
20) = (v X PealWeu, +w) = f(1. Y PraWe,)
j=1 j=1
k1+ko
- f/ (y, Z Pa,QWa,:cj>W)
j=1
k1 N—m+1 k1+ko N—m
ag&u’l? aga:c
t2 2 A= WSy a2 ),
Jj= j=ki1+1 h=1

where f(y,t) is the function defined in (1.6), and g. ., (y) = §W€pm]1+fmj (y).
Since w € S., we see |w| < 1in @\ B. Thus

k1+k2 k1+ko
3 25 )f<y7 Z Pe QWE VT +W> - f(y7 Z PE,QWs,mj)
j=1 j=1
k1+ko

(v > PeaWey, )| < Clop™

Direct calculations lead to

k1+ko k1+k2
= W (Y PaalVy,)
j=1 Jj=1
ki+ko ki tko
—= 3 - )+ 3 0 )
7j=1
k1+ko 1 k1+k2 1
(326) ‘I‘( Z Pa QWg IJ>+ - Z (P&QW&IJ')Z)-
J=1 J=1
_ O(i edj/sUp2(|g — ) k§2 Up 2( x]l)
j=1 c J=k1+1

k1+k2
S i 0,

=1 i
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But by Lemma 2.1, we see for z; € D
|P.oWe 0| < Ce U051
so, we deduce that
| Pe@We |2 PegWe g |92
(327) < Qe (H0)A-O)zi—w;|/(4e) o~ (1=0)(1+0) [ —wil /(4e) o, —(1-0) (1+0)|[F—;/ (4e)
< Ce~ (o lwi—z;l/(4e) (67(1+0’)\?J*ri\/(26) + e*(1+0’)\§*9ﬂj|/(2€))’
for some ¢’ > 0. Combining (3.26) and (3.27), we are led to

k1+ko k1+k2

(328) — 3 eWrt 4 (S PoW.,)
=1 Jj=1

]_ =
k1 ~
—d;/eTTP— |y—:c|
e S

7=1
k1+ko k1+k2
" Z P 2<|y—:cy|> 4 Z esf/ewwj)
Jj=ki+1 Jj=1
+C Z e~ (I+o")|zi—z;|/(4e) (6*(1+0')|?3*$z‘|/(2€) + e*(1+0')|§*$j\/(4€)).
i#]

Direct calculations show that for z; € D, h = 1,...,N —m + 1 and
X EaD,l:L... N—m

(?x,h e e
99z, e ] 9 — @]
(3.30) 7)<C Ur- ( >+CU< )
07, € 3
Combining (3.23), (3.25), (3.28), (3.29) and (3.30), we find that
N~ (o 21\ | oy li =l -
G- |<CZ<’/EU W) 4 ey 6]))+|w|p*
i - o) 1|
+CZ —d/aUpQ g g1 +CZ Up2 ])
(331) j=ki1+1
+ CZ (I+0")|zi—z;|/(4e) (6—(1+U’)|17—~’0z‘|/(28) + 6—(1+U')|17—~’0j|/(4€))
i#]
k1+ka 1
<cy (E e—oli— ryl/s)
j=1

if a > 0 is small enough.



1060 G. L1, S. PENG AND S. YAN

With the same technique in [10] and using the theory of LP-estimate and
Schauder estimate on elliptic equation, (3.31) yields

(3.32) |wy| < Ce® Ve in B,
Let
k1+k2 p—2
as<y> = ( Z PE,QWE,:EJ-) 7,
j=1

where 7 is a C! function, such that n = 0 if y € B. It is easy to see that
a.(y) — 0 uniformly in Q as ¢ — 0. From (3.32), we have

k1+ko

(3:33) —=Awr+ (1= (p— Dacr = Gealy) + O V) (3 ij)p_Q.

Let @ € H be the solution of

- p—2
—e2AG + 1o = |Gealy) + O Do) (z?;kz Wg,mj) . mQ

(3.34) Py

o 0, on 0f).

n
By the maximum principle, we have w > 0.
Let v = w; — @©. Then
9 1 1

—e“Av + 5Y < —(5 —(p—1)ac)ws.

Multiplying the above relation by v, and integrating by part, we obtain

1 1
/(<€2|Dv+|2 +-v}) < —=(z = (p—1)a.) / vywy < 0.
Q 2 2 Q

Thus, vy = 0. That is, w; < @. Similarly, —w; < ©. Hence,
(3.35) lwr| < @.
Now, by the estimate (3.31) and the arguments used in the proof of

Lemma 2.1, it is easy to verify

k1+k2
(3.36) wi(y)] S@y) <ev > eelmmle,

7j=1
Therefore, the contraction mapping theorem yields that there exists an

We,z € Se g, such that
Wex = Ge,:}cws,m-

Moreover, by (3.21),

||wa,:c ||a < C€U+(N_m+2)/2.
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In the following, we will choose z. € D!

*, such that (3.2) and (3.3) are
satisfied with A;;.

Proof of Theorem 1.1. By our assumption on €2, we can deduce that
there is a constant ¢’ € (0,6), such that

max Z") < max 2.
z"eBg(f)\Bal(f)¢( ) z"EBg(f)¢( )

Define

D" ={z=(21,2") : ;1 € (V(2") =7, ¥(2")), 2" € By(2)},

where v > 0 is a small constant.
Define

(337) D.={ax= (21, Tp4k,): €D, x; €D*j =1, ki }.

Let
K(z) = J(z,w.z), € D..

Consider the following problem:

(3.38) max K (z).

z€D,.

Let . € D, be a maximum point of (3.38). We will prove that z. is an
interior point of D.. Thus, x. is a critical point of K (x).
It follows from Propositions 3.1 and 2.1 that for any x € D,,

K(z) = J(z,0) + O(eN—mT2+)

k1 1 k1+k2
— AeN-m+1 Zx;?fl + 5AgN—erl Z x}q}fl
j=1 j=k1+1
k1
(339) 1 N—m+1 |l’z — Ilfjl
T S )
7j=1 1<j
k1
+ EN_m+1O(Z 6—(2+U)dj/5 + Z 6—(1+0)\1’i—50j|/€ + 8).
j=1 i
Let T = (Tejn,22;) € D, Teju = T1 — Lje|lne|y(a”), 2d; = 77,
js = (f&l, s ,f&k), ] = 1, .. .,]{71, and je’j = (f&j’l,.flfg?j) € 8D, js,j,l =
1 — Lje|lne|, j = ky,..., k1 + kg, where L > 0 are large constants. Then
T. € D,.. Moreover,
7—57’5;' — O(gN—m-I—S)’
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for L > 0 large. It is easy to see that for j # 1,
elimwille = O(eN-mt3),
So, from (3.39), we obtain
(3.40) K(z.) = A(ky + ko/2)eN "Mz + V70 (e Inel).
Note that for any = € D., we have
Tew; <0, 7=1,..k;;  wj1 <Zy, j=1,... ki + ko
Suppose that z, € (91?8.
If e~2d(@e3.0D)/e = 21=0 for some j € {1,..., k1 }, then, by (3.39),
K(x2) < Alky + ky/2)eN eyt — %eN—m“ﬂH@)(l—é) + 0N )
< K(z),

since (1 —0)(1+460) < 1if 6 > 0 is small enough. This is a contradiction.
Suppose that there is a j € {1,...,k}, such that x.; satisfies x. ;1 =

Y(zl;) — v, or x.; € OBs(T), or that there is a j € {k1 +1,..., k1 + ka},

such that z; € 0D N 0Bs(Z), then z. ;1 < Z; —  for some small 5 > 0. So,
by (3.39),
K(z.) < Ak + ko/2)eN 41zt — N7 4 N0 (6) < K(z2),

where ¢ > 0 is a small constant. This is a contradiction.
Suppose that there are i, j € {1,..., ki+ko}, i # j, such that e~ lzi—=il/s =
=% Then

K(z2) < Alky + ko 2)eN g1 = cgeN—m+270 L O(eN-m42) < K (7).

This is also a contradiction.
So x. is an interior point of D.. As a result,
einK (1) =0, i=1,... ks h=1,...,N—-m+1;
DTMK(I'Q) :O, ]:k1+1,,k1+k2, l= 1,...,N—m,

where
oJ 0J Ow
D, K(xz:) = Dzin + <%a ax—m>D7gﬂ
oJ 0J Ow
DTj’lK({L'g) = GT]J + <a_wa GTN>D’€‘
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On the other hand,

0 O OP. oW, 5, O
R L e
N—m+1

PP oW,
= - E Az,k< 7 : ) UJ> )
A a$i7ka$i7h D,

<8_J’ 8_u)> _ NZmAjv,f@PE’QW%, ow >

Ow aTjJ D,e aTj’k aTjJ D,e

= aQPE QWe z; >
D,

= § Ak<7 w
"IN Ory0my

)

k=1
Therefore,
(9] Nt aZPa QWa T;
= Z Az k<%7 UJ> ;
(?xm 1 ' ﬁxi7k6xi7h D,e
aJ ' a Pe QWe T
= > A W)
07, 2; Tk 07 x0T} wD,a
which is exactly (3.2) and (3.3).
Using Lemma 3.1,
k1+k2
Z PE,QWE,xs’j + We z.
j=1

is a solution of (1.7). Since f(y,t) =0 if t <0, we see that

k
§ PE,QWE,IEJ' + We,ze

j=1

is positive. But w. . € S.. Thus |w.,.| < 3 in Q\ B, which gives

k1+k2 k1+k2
p—1
f(y7 E PE,QWE,(EEJ' + Ws,ms) = ( E PE,QWE,"EE’]' + ws,mE)Jr .
7j=1 7j=1
As a result,
k1+k2
E Pa,QWaxEJ + We,z.
=1

is a solution of (1.1).

1063
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4. Appendix

Lemma 4.1. Suppose z;,z; € D, z; # x; and l,n

1.....N —m—+1,

Th,Tp € 0D, xp £ xp, ryu=1,..., N —m, we have

OP. oW, .. OP.qW. .. .
< £ g o ) J> :Clngmfl_FO(Emeflefg)’
8@-7; 8@-7[ D,e
8P€ ng. (?Pg ng,. lzj—ajl ¢
< o L 2 , 1> _ O(Emeflef - J _’_EN*m*le*g)’
8@-71 8xm D,
an QWa x; an QWg z; N 1
) ) ’ ’ — —m— l
< (%M (?xm >D,e O<8 >7 7& "
aPe QWa Tp aPe QWe T} > N—m—1 N—m—1 —¢
i i ) sV h — C m O m c
< aTh7r ’ aTh’T Die 2 + (E € >7
an Wa:c an Wax 1 lznmrl —m—1 —¢
< Q »Zh Q2 ,k> :O(ENm 16 hsk +8Nm 1e 5>’
OTh.r 0Tk Die
an,QWa,xh an,QWax;L> - N—m—1
< aTh,r aTh,,u D,s— 0(8 )7 r # H,
an Wa:c- an Wax —m—1 _lzizThl —m—1 —¢
< Q ,Tq Q2 7}L> :O(ENm 16 sh +€Nm 1e 5>’
8:(:1-71 87;17# D,e

where C1,Cy > 0 are constants.

Proof. The proof is similar to [?] and [6] and we omit it here.
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