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The algebro-geometric Toda hierarchy
initial value problem

for complex-valued initial data

Fritz Gesztesy, Helge Holden and Gerald Teschl

Abstract

We discuss the algebro-geometric initial value problem for the
Toda hierarchy with complex-valued initial data and prove unique
solvability globally in time for a set of initial (Dirichlet divisor) data of
full measure. To this effect we develop a new algorithm for construct-
ing stationary complex-valued algebro-geometric solutions of the Toda
hierarchy, which is of independent interest as it solves the inverse
algebro-geometric spectral problem for generally non-self-adjoint Ja-
cobi operators, starting from a suitably chosen set of initial divisors
of full measure. Combined with an appropriate first-order system of
differential equations with respect to time (a substitute for the well-
known Dubrovin equations), this yields the construction of global
algebro-geometric solutions of the time-dependent Toda hierarchy.

The inherent non-self-adjointness of the underlying Lax (i.e., Ja-
cobi) operator associated with complex-valued coefficients for the
Toda hierarchy poses a variety of difficulties that, to the best of our
knowledge, are successfully overcome here for the first time. Our ap-
proach is not confined to the Toda hierarchy but applies generally to
1 + 1-dimensional completely integrable discrete soliton equations.

1. Introduction

The principal aim of this paper is an explicit construction of unique global
solutions of the algebro-geometric initial value problem for the Toda hierar-
chy with complex-valued initial data. More precisely, we intend to describe
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a solution of the following problem: Given p € Ny, assume a@ b to be
complex-valued solutions of the pth stationary Toda system s-T1,(a,b) =0
associated with a prescribed nonsingular hyperelliptic curve K, of genus p
and let r € Np; we want to construct unique global solutions a = a(t,),
b = b(t,) of the rth Tl flow Tl.(a,b) = 0 with a(ty,) = a®,b(ty,) = b for
some to, € R. Thus, we seek a unique global solution of the initial value
problem

1) Tl,(a,b) =0,
1.1

(a,b)], _,,, = (@, 69),
(1.2) s-TL, (@, 6@) =0

for some g, € R, p,r € Ny, where a = a(n,t,),b = b(n,t,) satisty

a:ZxR—C\{0}, b:ZxR—C,

(1.3) z 1
a(-,t),b(-,t) e C*, teR, a(n,-),bn,- )eC(R), neZ

In the special case of a self-adjoint Lax (i.e., Jacobi) operator L, where
a and b are real-valued and bounded, the actual solution of this algebro-
geometric initial value problem consists of the following two-step procedure
discussed in detail in [6] (see also [14, Sect. 1.3], [32, Sect. 8.3]): !

(¢) An algorithm that constructs finite nonspecial divisors D)€ Sym(/Cp)
in real position for all n € Z starting from an initial Dirichlet divisor D) €
Sym”(KC,) in an appropriate real position (i.e., with Dirichlet eigenvalues
in appropriate spectral gaps of L). “Trace formulas” of the type (3.25)
and (3.26) then construct the stationary real-valued solutions a®, b of
s-Tl,(a,b) = 0.

(77) The first-order Dubrovin-type system of differential equations (5.42),
augmented by the initial divisor Dyng.t,,) = Dp(ny) together with the anal-
ogous “trace formulas” (5.40), (5.41) then yield unique global real-valued
solutions a = a(t,),b = b(t,) of the rth T1 flow Tl.(a,b) = 0 satisfying
a(t07r) = a(o), b(t07r) = b(O)

This approach works perfectly in the special self-adjoint case where the
Dirichlet divisors fi(n,t,) = (f1(n,t.), ..., 4p(n,t.)) € Sym?(KC,), (n,t.) €
7 x R, yield Dirichlet eigenvalues pi1(n, t,), ..., uy(n,t,) of the Lax operator
L situated in p different spectral gaps of L on the real axis. In particular,
for fixed (n,t,) € Z x R, the Dirichlet eigenvalues p;(n,t,), j =1,...,p, are
pairwise distinct and formulas (5.41) for a and (5.42) for (d/dt,)p;(n,t.),
j=1,...,p, are well-defined.

'We freely use the notation of divisors of degree p as introduced in Appendix A.
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This situation drastically changes if complex-valued initial data a(®, b
or Dy t,) are permitted. In this case the Dirichlet eigenvalues fi;(n,t,),
j=1,...,p, are no longer confined to well separated spectral gaps of L on
the real axis and, in particular, they are in general no longer pairwise distinct
and “collisions” between them can occur at certain values of (n,t,) € Z x R.
Thus, the stationary algorithm in step (i) as well as the Dubrovin-type first-
order system of differential equations (5.42) in step (ii) above, breaks down
at such values of (n,t.). A priori, one has no control over such collisions,
especially, it is not possible to identify initial conditions Dy, 4, ,) at some
(no, tor) € Z x R which avoid collisions for all (n,t,) € Z x R. We solve this
problem head on by explicitly permitting collisions in the stationary as well
as time-dependent context from the outset. In the stationary context, we
properly modify the algorithm described above in step (7) in the self-adjoint
case by alluding to a more general interpolation formalism (cf. Appendix B)
for polynomials, going beyond the usual Lagrange interpolation formulas. In
the time-dependent context we replace the first-order system of Dubrovin-
type equations (5.42), augmented with the initial divisor Dy, by a
different first-order system of differential equations (6.27) with initial condi-
tions (6.28) which focuses on symmetric functions of y4(n,t,), ..., u,(n,t.)
rather than individual Dirichlet eigenvalues p;(n,t,), j = 1,...,p. In this
manner it will be shown that collisions of Dirichlet eigenvalues no longer
pose a problem.

In addition, there is a second nontrivial complication in the non-self-
adjoint case: Since the Dirichlet eigenvalues p;(n,t,), j = 1,...,p, are no
longer confined to spectral gaps of L on the real axis as (n, t,) vary in Z x R,
it can no longer be guaranteed that p;(n,t.), 7 = 1,...,p, stay finite for
all (n,t,) € Z x R. As discussed in Section 4 in the stationary case, this
phenomenon is related to certain deformations of the algebraic curve K,
under which for some ny € Z, a(ng) — 0 and p;(ng + 1) — oo for some
j €{1,....p}. We solve this particular problem in the stationary as well
as time-dependent case by properly restricting the initial Dirichlet divisors
Diino,to ) € Sym”(Kp) to a dense set of full measure.

Summing up, we offer a new algorithm to solve the inverse algebro-
geometric spectral problem for generally non-self-adjoint Jacobi operators,
starting from a properly chosen dense set of initial divisors of full measure.
Combined with an appropriate first-order system of differential equations
with respect to time (a substitute for the well-known Dubrovin equations),
this yields the construction of global algebro-geometric solutions of the time-
dependent Toda hierarchy.

We emphasize that the approach described in this paper is not limited to
the Toda hierarchy but applies universally to constructing algebro-geometric
solutions of 1 + 1-dimensional integrable discrete soliton equations. In par
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ticular, it applies to differential-difference (i.e., lattice) systems and we are
now in the process of applying it to the Ablowitz—Ladik hierarchy. More-
over, the principal idea of replacing Dubrovin-type equations by a first-order
system of the type (6.27) is also relevant in the context of general non-self-
adjoint Lax operators for continuous models in 1+ 1-dimensions. (In partic-
ular, the models studied in detail in [13] can be revisited from this point of
view.) We also note that while the periodic case with complex-valued a, b is
of course included in our analysis, we throughout consider the more general
algebro-geometric case (in which a, b need not even be quasi-periodic).
Finally we briefly describe the content of each section. Section 2 presents
a quick summary of the basics of the Toda hierarchy, its recursive con-
struction, Lax pairs, and zero-curvature equations. The stationary algebro-
geometric Toda hierarchy solutions, the underlying hyperelliptic curve, trace
formulas, etc., are the subject of Section 3. A new algorithm solving the
algebro-geometric inverse spectral problem for generally non-self-adjoint Ja-
cobi operators is presented in Section 4. In Section 5 we briefly summarize
the properties of algebro-geometric time-dependent solutions of the Toda hi-
erarchy and formulate the algebro-geometric initial value problem. Unique-
ness and existence of global solutions of the algebro-geometric initial value
problem as well as their explicit construction are then presented in our final
and principal Section 6. Appendix A reviews the basics of hyperelliptic Rie-
mann surfaces of the Toda-type and sets the stage of much of the notation
used in this paper. Various interpolation formulas of fundamental impor-
tance to our stationary inverse spectral algorithm developed in Section 4
are summarized in Appendix B. Finally, Appendix C summarizes asymp-
totic spectral parameter expansions of various quantities fundamental to the
polynomial recursion formalism presented in Section 2. These appendices
support our intention to make this paper reasonably self-contained.

2. The Toda hierarchy in a nutshell

In this section we briefly review the recursive construction of the Toda hi-
erarchy and associated Lax pairs and zero-curvature equations following [6],
[14, Sect. 1.2], and [32, Ch. 12].

Throughout this section we make the following assumption:
Hypothesis 2.1. Suppose

(2.1) a,b € C% and a(n) #0 for all n € Z.

Here C” denotes the set of complex-valued sequences indexed by J C Z.
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We consider the second-order Jacobi difference expression
(2.2) L=aS"+a S +b,
where S* denote the shift operators
(2.3) (SEf)(n) = f£(n) = f(nEl), ne€Z, feC=

To construct the stationary Toda hierarchy we need a second difference
expression of order 2p + 2, p € Ny, defined recursively in the following. We
take the quickest route to the construction of Ps,. s, and hence to the Toda
hierarchy, by starting from the recursion relations (2.4)—(2.6) below.

Define { fi}oen, and {g¢}een, recursively by
(24) fO = 1a go = —Cu,
(25) 2fg+1 + g0+ g; — zbfg =0, (e N(],
(2:6)  gerr = gy H2(a*f = (@) ) —blge—97) =0, (€N

Explicitly, one finds

Jfo=1,
fi=b+c,
(2.7) fo=a*+ (@) +b*+cb+cy, etc.,
Jo = —C1,
g1 = —2a° — ¢,

ga = —2a*(b" 4 b) 4 ¢1(—2a%) — c3, etc.

Here {c/}sen denote undetermined summation constants which naturally
arise when solving (2.4)—(2.6).

Subsequently, it will also be useful to work with the corresponding ho-
mogeneous coefficients fj and g;, defined by vanishing of the constants
cr, k€N,

]E():l, fesz}ck:o,kzl ..... p LEN

(2.8) R R
Go=0, Ge=0tl g1 ppr € ENo.
Hence,
¢ ¢
(2.9) fo=> cowfes 9= cordr—cerr, €Ny,
k=0 k=1
introducing

(2.10) o= 1.
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Next we define difference expressions Psp4o of order 2p + 2 by

p
(211) Pz =D+ (04 2068 ) L7+ fpa, pE N,
=0

Introducing the corresponding homogeneous difference expressions ﬁ2p+2 de-
fined by

(212) P2@+2 - ng+2 ep=0,k=1,..., 0 E € NQ,
one finds
p ~
(213) P2p+2 = Z Cp_gpgg_,_g.
(=0

Using the recursion relations (2.4)—(2.6), the commutator of Py,o and L
can be explicitly computed and one obtains

[P2p+2a L] - a(g;_ + 9p + fgj:l—l + fp+1 - 2b+f;)5’+
+ 2( - b(gp + fp+1) + aZf;r - (a7)2f; + bep)
(2.14) —a (9o + 9y + forr + fi1 —20f,)S™, p €N,

In particular, (L, Ps,12) represents the celebrated Lax pair of the Toda hi-
erarchy. Varying p € Ny, the stationary Toda hierarchy is then defined in
terms of the vanishing of the commutator of P, 5 and L in (2.14), that is,

(2.15) [Popi2, L] = s-Tl,(a,b) =0, p e Np.
Thus one finds

(2.16) 9p+ 9y + Jor1+ [ —2bf, =0,
(27) —blgp + Fyrr) + @ fF — (@2 + 02, =0,

Using (2.5) with j = p one concludes that (2.16) reduces to

(2.18) fot1 = fpi1s

that is, fp41 is a lattice constant. Similarly, one infers by subtracting b
times (2.16) from twice (2.17) and using (2.6) with j = p, that g, is a
lattice constant as well, that is,

(2.19) Gp+1 = Gpi1-
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Equations (2.18) and (2.19) give rise to the stationary Toda hierarchy, which
is introduced as follows

+
(2.20) s-Tl,(a,b) = ( Pl ffi“) =0, pe€N.
gp-i-l - gp—l—l

Explicitly,

s-Tly(a, b) = (2((;_+)§_[’ a2)) =0,

(@ =) () -
(2.21) s—Tll(a, b) = (2(@)2(1) + bf) - 2a2(b+ + b))

+ (2((;_+>2__b a2)> =0, etc.,

represent the first few equations of the stationary Toda hierarchy. By defin-
ition, the set of solutions of (2.20), with p ranging in Ny and ¢, € C, £ € N,
represents the class of algebro-geometric Toda solutions.

In the following we will frequently assume that a, b satisfy the pth sta-
tionary Toda system. By this we mean it satisfies one of the pth stationary
Toda equations after a particular choice of summation constants ¢, € C,
¢(=1,...,p, p €N, has been made.

In accordance with our notation introduced in (2.8) and (2.12), the cor-
responding homogeneous stationary Toda equations are defined by

(2.22) s-Tl,(a,b) = s-T,(a,b)| —0, peN,

ce=0, =1,..., p

Next, we introduce polynomials F, and G4, of degree p and p+ 1, with
respect to the spectral parameter z € C by

(2.23) Fy(z) = Z fo-ez = Z Cp%ﬁf(z)v
=0 £=0

p p+1
(2.24) Gpi(2) = =2+ g2+ i1 = Y cpr1-eGil)
{=0 /=1

with ]34 and @g denoting the corresponding homogeneous polynomials de-
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fined by
Fo(2) = Fol2) =1,
¢
2.25) =~ .
(2:25) Fy(z) = FZ(Z>’ck:O k=1,..., ézzf“kzk’ ¢ € No,
k=0
Go(z) = Gol2)|,_, =0, Gi(2) =Gi(z) =—z—b,
(2.26) 1 = s
Gei(z2) = Gz+1(z)}0k,0 het0= %t ZQZ—kZ + fer1, LEN.
k=0
Explicitly, one obtains
FO = ]-7
F1 =z+b+ C1,
(2.27) Fy=224bz+a’+ (a2 +0* +ci(z +b) + e, ete,
Gl = —z+ b,

Go=—2"+(a" )  —a®+b* +ci(—2+b), ete

Next, we study the restriction of the difference expression Psp,;o to the
two-dimensional kernel (i.e., the formal null space in an algebraic sense as
opposed to the functional analytic one) of (L — z). More precisely, let

(2.28) ker(L — z) ={¢: Z — CU{o0} | (L — 2)¢ = 0}.
Then (2.11) implies

(2:29) Papia [rer(L-2)= (2an(2)5'+ + Gp-l—l(z))

ker(L—z)"

Therefore, the Lax relation (2.15) becomes

(2.31) 20°F} —2(a”)°F; 4 (2 = b)(Gpy1 — G,1q) = 0.

Additional manipulations yield

(2.32) 20z =0, +Gp +G, =0,
33) (z = b)*F, + (2 — b)Gpi1 + aQFp+ - (a_)QFp_ = 0.

Indeed, adding G,41 — Gpi1 to the left-hand side of (2.30) (neglecting a
trivial summation constant) yields (2.32) and inserting (2.30) into (2.31)
then implies (2.33). Varying p € Ny, equations (2.32), (2.33) provide an
alternative description of the stationary Toda hierarchy.
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Combining equations (2.31) and (2.32) one concludes that the quantity

(2.34) Ropia(2) = Gpyi(2,n)? — da(n)?F,(z, n)Ff(z,n)

is a lattice constant, and hence depends on z only. Thus, one can write
2p+1

(2.35) Ropia(z) = [[ (2= En). {Ean}i% CC.
m=0

One can decouple (2.32) and (2.33) to obtain separate equations for F,
and G,41. For instance, computing G4 from (2.33) and inserting the result
into (2.32) yields the following linear difference equation for F,

0=(z=b*(z=b")F,—(z—b")*(z—b)F, +
(2.36) + ((a_)QFp_ - a2Fp+)(z —b )+ ((a__)2Fp__ — (a_)QFp) (z—0).

Similarly, insertion of (2.33) into (2.34) permits one to eliminate G+ and
results in the following nonlinear difference equation for F,,

(z = b)*F? — 2a*(z — b)*F,Ff —2(a”)*(z — b)*F,F, + a*(F,)?
(2.37) + (a7) (F,)? = 2a°(a” )*ESF, = (2 — b)*Ropsa(2).
On the other hand, computing F}, in terms of G4 and G}, | using (2.32) and

inserting the result into (2.33) yields the following linear difference equation
for Gpiq

a*(z = b )(Gyiy + Gpya) — (a7)* (2 = b7 )(Gyy + Gpy)
(2.38) + (2= b ) (2= b)(z = b)(Gyyy — Gpi1) = 0.

Finally, inserting the result for F), into (2.34) yields the following nonlinear
difference equation for G4,

(z = b)(z - b+>G;2;+1 - a2(G;+1 + Gpi1)(Gpia + G;;r+1>
(2.39) = (2 —0)(z = b")Ropya.

Equations (2.37) and (2.39) can be used to derive nonlinear recursion rela-
tions for the homogeneous coefficients f, and g, (i.e., the ones satisfying (2.8)
in the case of vanishing summation constants) as proved in Theorem C.1 in
Appendix C. This has interesting applications to the asymptotic expansion
of the Green’s function of L with respect to the spectral parameter. In ad-
dition, as proven in Theorem C.1, (2.37) leads to an explicit determination
of the summation constants ¢y, ...,c, in

(2.40) s-Tl,(a,b) =0, p e Ny,

in terms of the zeros Ey, ..., Ey, 11 of the associated polynomial Ry, in (2.35).
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In fact, one can prove (cf. Theorem C.1) that
(2.41) e =cp(E), k=1,...,p,

where

- (240)! -+ (2ap12)
c(E) = Z 22k (412 -+ (Jopr1))?2(2j0 — 1) - - - (2j2ps1 — 1)

jO ~~~~~ j2p+1:0
Jot++jepr1=k

(2.42) X BY - B3 k=1,....p,
are symmetric functions of E = (Ey, ..., Eyyi1).

We emphasize that the result (2.29) is valid independently of whether or
not P,y and L commute. However, the fact that the two difference expres-
sions Psp4o and L commute implies the existence of an algebraic relationship
between them. This gives rise to the Burchnall-Chaundy polynomial for the
Toda hierarchy first discussed in the discrete context by Naiman [28], [29].

Theorem 2.2. Assume Hypothesis 2.1, fix p € Ny and suppose that Py, 1o
and L commute, [P0, L] = 0, or equivalently, assume that s-Tl,(a,b) = 0.
Then L and Py, satisfy an algebraic relationship of the type (cf. (2.35))

Fo(L, Popya) = Py g — Ropio(L) = 0,

2.43 2+
(2:43) Rypia(z) = [[(z = En), z€C.

m=0

The expression F,(L, Pap2) is called the Burchnall-Chaundy polynomial
of the Lax pair (L, Ps,12) and it will be used in Section 3 to introduce the
underlying hyperelliptic curve associated with the stationary Toda system
s-Tl,(a,b) = 0 (cf. (3.1)).

Next we turn to the time-dependent Toda hierarchy. For that purpose
the functions a and b are now considered as functions of both the lattice
point and time. For each equation in the hierarchy, that is, for each p, we
introduce a deformation (time) parameter ¢, € R in a, b, replacing a(n), b(n)
by a(n,t,),b(n,t,). The second-order difference expression L (cf. (2.2)) now
reads

(2.44) L(ty) = a(-,t,)ST+a (-,6,)S™ +b(-,tp).

The quantities {fi}reng, {ge}een,, and Po,io, p € Ny are still defined by
(2.4)—(2.6) and (2.11), respectively. The time-dependent Toda hierarchy is
then obtained by imposing the Lax commutator equations

(2.45) Ly (t,) — [Papsalty), L(t,)] =0, t, €R,
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varying p € Ny. Relation (2.45) implies

(0, +algy +0p + flea + fora =26 ) S*
(2-46) - (_btp + 2( - b(gp + fp+1> =+ a2f; - (a_>2fp_ + b2fp))

+ (ay, +algy +gp+ f,0 + forr — 207 1)) 757 =0.
Applying the same method we used to derive (2.18) and (2.19) one concludes
0= Ly, — [Popr2, L]

= (at,, — a(f;h - fp+1)) ST — (—btp — 9p+1 T 9;;11)

(247) + ((Ltp - (L(f;:,_l - fp-l—l))i ST

Varying p € Ny, the collection of evolution equations

_ +
(2.48) Tl,(a,b) = (atp oy JE’“)) =0, (nt,) €ZxR, peN,,
be, + 9p+1 — Gpy1

then defines the time-dependent Toda hierarchy. Explicitly,

_ ) ) _
o) = (4, 58 ) =0
(2.49) Tl (a, b) = <at1 - CLE a (2)2 + (bT)? — b2)>
—a(bt —b)
)

+ (—2(a2 ~ (g 2)> =0, etc,,

represent the first few equations of the time-dependent Toda hierarchy. The
system of equations, Tly(a,b) = 0, is of course the Toda system.

The corresponding homogeneous Toda equations obtained by taking all
summation constants equal to zero, ¢, =0, £ =1, ..., p, are then denoted by

(2.50) Tly(a,b) = Tly(a, )|, _
Restricting the Lax relation (2.45) to the kernel ker(L — z) one finds that

(251) 0= (Ltp - [P2p+27 L]) }ker(sz) - (Ltp + (L~ Z)P2p+2) }ker(L*Z)

-~
- <a<— — L 42z = b)FS = 2(z = b)F, + Gy — G;+1)S+

p

_
+ (btp (2 =)=+ 2(a)F; — 2
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Hence one obtains

Qg

-
(2.53) —2 — 2= -2z~ b")Ef +2(2 =~ b)F, + Gy — Gy,

a a—

A, —\2 — 2 4 _
(2.54) b :—(z—b)af— (a™)°F, +2a°F) — (2 = b)(G, 1 — Gpi1)-

P
Further manipulations then yield,

(2.55) a, = —a(2(z — b ES + Gl + Gpia),
(2.56) by, =2((z = b)*F, + (2 — b)Gpy1 + a2Fp+ — (a™)?F,).

p

Indeed, (2.55) follows by adding G,+1 — Gps1 to (2.53) (neglecting a trivial
summation constant), and an insertion of (2.55) into (2.54) implies (2.56).
Varying p € Ny, equations (2.55) and (2.56) provide an alternative descrip-
tion of the time-dependent Toda hierarchy.

Remark 2.3. From (2.4)—(2.6) and (2.23), (2.24) one concludes that the
coefficient a enters quadratically in F, and Gpi1, and hence the Toda hier-
archy (2.48) (respectively (2.20)) is invariant under the substitution

(2.57) a—a.= {8(n)a(n)}nez, e(n) € {1,-1}, n € Z.

We conclude this section by pointing out an alternative construction of
the Toda hierarchy using a zero-curvature approach instead of Lax pairs
(L, Pyyy2). To this end one defines the 2 x 2 matrices

(2.58) U(z) = (_a(l la (2 _15) /a) ’

Gpia(2) 20" F, (2)
@50) o) = (SR 2t - Gyat))r 7T

Then the stationary part of this section can equivalently be based on the
zero-curvature equation

(2.60) 0= UV — ViU
0 0
2 [ o (-t"E —-bF, Q2F) —(a™)2Fy
Ta | oeieh-er)) e E=b(Gen—Gl)

+(Z_b)2Fp_(Z_b+)(z_b)FJ

Thus, one obtains (2.30) from the (2, 1)-entry in (2.60). Insertion of (2.30)
into the (2, 2)-entry of (2.60) then yields (2.31). Thus, one also obtains (2.32)
and hence the (2,2)-entry of V41 in (2.59) simplifies to

(2.61) Vi12,2(2) = _G;H(Z)
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in the stationary case. Since det(U(z,n)) = a=(n)/a(n) # 0, n € Z, the
zero-curvature equation (2.60) yields that det(V,41(z, n)) is a lattice constant
(i.e., independent of n € Z). The Burchnall-Chaundy polynomial F,(y, 2)
(cf. (2.43) and especially, the hyperelliptic curve (3.1)) is then obtained from
the characteristic equation of V,;1(2) by

det (yI2 — Vpya(z,n))
g+ det (Vi)
=y’ = G,1(2,n)° +4a” (n)°F,; (2,n) Fy(2,n)

(2.62) =y’ — Rypia(2) =0,

using (2.61). (Here I denotes the identity matrix in C2.) Similarly, the
time-dependent part (2.44)—(2.56) can equivalently be developed from the
zero-curvature equation

(2.63) 0=0U, +UVp =V, [, U

0 0
a” ((arp /a)=(ay, /a™)) —bt, —(2—b)(aty /a)

— = | +a (2-vH) B —2:-0)F, 1202 Ff —2(a™)2Fy
“ G —Cyy) +(z=b)(Cpa1—C )

+2(2=b)2Fp—2(z—b1)(z—b) F)f

The (2, 1)-entry in (2.63) yields (2.53), and inserting (2.53) into the (2,2)-
entry of (2.63) yields (2.54) and hence also the basic equations defining the
time-dependent Toda hierarchy in (2.55), (2.56).

3. Properties of stationary algebro-geometric solutions
of the Toda hierarchy

In this section we present a quick review of properties of algebro-geometric
solutions of the stationary Toda hierarchy. Since this material is standard
we omit all proofs and just refer to [6] (cf. also [14, Sect. 1.3], [32, Chs. 8, 9])
for detailed presentations and an extensive list of references to the literature.

For the notation employed in connection with elementary concepts in al-
gebraic geometry (more precisely, the theory of compact Riemann surfaces),
we refer to Appendix A.

Returning to Theorem 2.2, we note that (2.43) naturally leads to the
hyperelliptic curve K, of genus p € Ny, where

Ky: fp(z,y) = y2 - R2p+2(2) =0,

& Rops(s) = [[ = ) (B} cC

m=0
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Throughout this section we make the following assumption:

Hypothesis 3.1. Suppose that
(3.2) a,b € C% and a(n) #0 for all n € Z.

In addition, assume that the hyperelliptic curve KC, in (3.1) is nonsingular,
that 1s, suppose that

(3.3) En# Ep form#£m', mym' =0,...,2p+ 1.

The curve K, is compactified by joining two points Ps,, Px, # Px_,
at infinity. For notational simplicity, the resulting curve is still denoted
by KCp. Points P on K, \ {Px,, Px_} are represented as pairs P = (z,y),
where y(-) is the meromorphic function on K, satisfying F,(z,y) = 0. The
complex structure on X, is then defined in the usual way, see Appendix A.
Hence, K, becomes a two-sheeted hyperelliptic Riemann surface of genus
p € Ny in a standard manner.

We also emphasize that by fixing the curve I, (i.e., by fixing Ey, ..., Fopi1),
the summation constants ci,...,c, in the corresponding stationary s-Tl,
equation are uniquely determined as is clear from (2.41) and (2.42), which es-
tablish the summation constants ¢ as symmetric functions of Ey, ..., Eopi1.

For notational simplicity we will usually tacitly assume that p € N. The
trivial case p = 0, which leads to a(n)? = (E1— Ey)?/16, b(n) = (Ey+ E1)/2,
n € 7Z, is of no interest to us in this paper.

In the following, the zeros? of the polynomial F,(-,n) (cf. (2.23)) will
play a special role. We denote them by {s;(n)};_, and write

(3.4) Fyp(z,n) = H(Z = 11(n)).

The next step is crucial; it permits us to “lift” the zeros p; of F, from C to
the curve C,. From (2.34) and (3.4) one infers

(35) R2p+2(2’) — Gp+1(2)2 = 0, z € {,u]', Mz—}j,kzl,...,p'
We now introduce {fi;(n)}=1.., C K, by

(36)  fj(n) = (15(n), =Gpa(p(n),n)) € Ky, j=1,..p, n €L

2If a,b € (>(Z), these zeros are the Dirichlet eigenvalues of a bounded operator
on (%(Z) associated with the difference expression L and a Dirichlet boundary condition
at n € Z.
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Next, we recall equation (2.34) and define the fundamental meromorphic
function ¢(-,n) on K, by

y— Gp 1(2, n)
(3.7) o(P,n) = Qa(n)];;(z,n)
(3.8) _ _QG(n)Fp(Z’, n+ 1)’

y+GP+1<Zvn)
P=(zy) ek, nelZ,

with divisor (¢(-,n)) of ¢(-,n) given by

(3.9) (¢(-,1)) = Dr pn+1) = Ppae_js(n)s
using (3.4) and (3.6). Here we abbreviated
(3.10) po=A{f,...,fp} € Sym”(IC,)

(cf. the notation introduced in Appendix A). We note that several y;(n) may
be equal for a given lattice point n € Z. Moreover, since —Gp41(p;(n),n)
takes on the same value for all coinciding zeros ;(n), no finite special divi-
sors D) can ever arise in ¢ (cf. also Lemma 3.4).

The stationary Baker—Akhiezer function (-, n,ng) on K, \ {Px,} is
then defined in terms of ¢( -, n) by

T, é(Pom)  for n>mng+1,

(3.11) Y(P,n,ng) = 41 for n = n,
Hnm‘);i o(P,m)™" for n<ng-—1,
P e K\ {Pw.}, (n,ng) € Z2,

with divisor (w( -n, no)) of ¥ (P,n,ng) given by
(3.12) (¥(+,1,10)) = Dypny — Dpng) + (0 = n0)(Dp.., — Dr., ).
For future purposes we also introduce the following Baker—Akhiezer vector,

1/)7 (P7 n, nO)
(P, n,ng)

Basic properties of ¢, 1, and ¥ are summarized in the following result.
We abbreviate by

(3.14) W(f,9)=alfg"™ - fT9)

the Wronskian of two complex-valued sequences f and g, and denote P* =
(2, —y) for P = (2,y) € K.

(3.13)  W(P,n,ng) = < ) , Pe,\{Px.}, (n,ng) € Z°.
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Lemma 3.2. Assume Hypothesis 3.1 and suppose that a,b satisfy the pth
stationary Toda system (2.20). Moreover, let P = (z,y) € IC, \ {Px. } and
(n,ng) € Z*. Then ¢ satisfies the Riccati-type equation

(3.15) ap(P)+a ¢ (P) ' =2 —b,
as well as

3.16) PP = 2

(3.17) op) + o(P) = -2,
(3.19 o(P) = o(P) = S

Moreover, b and V satisfy

(3.19) (L —==2(P)¥(P) =0, (Pyps2—y(P))p(P)=0,
(3.20)  UT(P)=U()U(P), y¥(P)= "V, ¥(P),
B21) (P nu(P ) = £H
(3.22)  a(n) (Q/J(P, n,no)Y(P*,n+ 1,n9) + Y (P*,n,no)Y(P,n+ l,no))
_ Gpulem)
Fy(z,n0)’
n NN (il I
(323) WW(R ’ 0)7¢(P7 ’ 0)) Fp(Z,no)

Combining the polynomial recursion approach with (3.4) readily yields
trace formulas for the Toda invariants, which are expressions of a and b in
terms of the zeros pu; of F,,. We introduce the abbreviation,

2p+1

p
(3.24) b® (n Z Ef - pf(n), keN
j=1

Lemma 3.3. Assume Hypothesis 3.1 and suppose that a,b satisfy the pth
stationary Toda system (2.20). Then,

2p+1

(3.25) Z E,, Zuj(n), new
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In addition, if for alln € Z, pj(n) # px(n) for j #k, j,k=1,...,p, then,

(3.20) o = 3 " ylis () [T ng(m) = )
s

+ i(b@)(n) —b(n)?), nez.

The case where some of the y; coincide in (3.26) requires a more elaborate
argument that will be presented in Section 4.

Since nonspecial Dirichlet divisors D; and the linearization property of
the Abel map when applied to D, will play a fundamental role later on, we
also recall the following facts.

Lemma 3.4. Assume Hypothesis 3.1 and suppose that a,b satisfy the pth
stationary Toda system (2.20). Let Dy, i = {fi1, ..., fi,} € Sym”(K,), be the
Dirichlet divisor of degree p associated with a, b defined according to (3.6),
that is,

(327) ﬂ](n) = (,LL](’)’L), _Gp-l—l(luj(n)’n)) € le) ] = 1a oDy nE Z.
Then Dy is nonspecial for all n € Z. Moreover, the Abel map linearizes
the auxiliary divisor Dy, in the sense that

(3.28) g, (D)) = gy (Dime)) — (0 —10)Ap, (Poo,),

where Qp € K, is a given base point.
If in addition, a,b € (*(Z), then there exists a constant C,, > 0 such that

(3'29) |[’L](n)|§CM’ jzlﬂ""p7n€Z'

Remark 3.5. We note that by construction, the divisors Dy, n € Z, as
introduced in (3.6) are all finite and hence nonspecial by Lemma 3.4. On the
other hand, as we will see in the next Section 4, given a nonspecial divisor
Djy(ny), the solution Dy, of equation (3.28) may cease to be a finite divisor
at some n € 7.

4. An algorithm for solving the inverse algebro-geome-
tric spectral problem for (non-self-adjoint) Jacobi
operators

The aim of this section is to derive an algorithm that enables one to construct
algebro-geometric solutions for the stationary Toda hierarchy for complex-
valued initial data. Equivalently, we offer a solution of the inverse algebro-
geometric spectral problem for general (non-self-adjoint) Jacobi operators,
starting with initial divisors in general complex position.
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Up to the end of Section 3 the material was standard (see [6] and [14,
Sect. 1.3], [32, Chs. 8, 9] for details) and based on the assumption that
a,b € CZ satisfy the pth stationary Toda system (2.20). Now we embark
on the corresponding inverse problem consisting of constructing a solution
of (2.20) given certain initial data. More precisely, we seek to construct
solutions a, b € CZ satisfying the pth stationary Toda system (2.20) starting
from a properly restricted set M, of finite nonspecial Dirichlet divisor initial
data Dy, at some fixed ng € Z,

(4‘1) g(n(J) = {ﬂl(no)v e 7ﬂp(n0)} € MO, Mo C Symp(ICp),

f15(no) = (115(n0); =Gpr1(pj(no),mo)), j=1,....,p.

Of course we would like to ensure that the sequences obtained via our
algorithm do not blow up. To investigate when this happens, we study the
image of our divisors under the Abel map. The key ingredient in our analysis
will be (3.28) which yields a linear discrete dynamical system on the Jacobi
variety J(KCp). In particular, we will be led to investigate solutions D of
the discrete initial value problem -

Q0 (Dﬁ(n)) = 29, (Dﬁ(no)) - (n - nO)APCXL (POO+)7
ft(no) = {1 (no), - .., fip(no)} € Sym”(K,),

(4.2)

where @)y € K, is a given base point. Eventually, we will be interested in
solutions D, of (4.2) with initial data D) satisfying (4.1) and M, to be
specified as in (the proof of) Lemma 4.2.

Before proceeding to develop the stationary Toda algorithm, we briefly
analyze the dynamics of (4.2).
Lemma 4.1. Let Dy, be defined via (4.2) for some divisor Dy € SymH ().
(i) If Duewy is finite and nonspecial and Dyg,qvy is infinite, then Dyny1)
contains Py, but not Py, _.
(i) If Dy is nonspecial and Dy i1y is special, then Dy contains Ps, at
least twice.

Items (i) and (ii) hold if n+ 1 is replaced by n — 1 and Py, by Ps_.
Proof. (i) Suppose one point in Dj,11) equals Py_ and denote the remain-
ing ones by Dj(n+1)- Then (4.2) tells us

g, (Pam+1) + Agy(Poy) = gy (Da(m))-
Since we assumed Dy(ny to be nonspecial, we have
Djn) = Da(n+1) + Pro,

contradicting finiteness of Dj ).
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(i) We choose Qg to be a branch point of IC, such that A, (P*) = —Ag, (P).
In particular, if Dj,41) is special, then it contains a pair of points (@, Q")
whose contribution will cancel under the Abel map, that is, QQO(DM”H)) =

20, (Dint1y) for some Dy11) € Sym? *(K,). But invoking (4.2) shows that

QQ (Dﬁ(")) = 2, <D2(”+1)> + 2AQO (P00+)'

As Dﬁ(n) was assumed nonspecial, this shows that Dé(n) = Dynt+1) + 2Dpoo+,
as claimed. [}

This yields the following behavior of Dy, if we start with some non-
special finite initial divisor Dy ,): As n increases, Dj ) stays nonspecial as
long as it remains finite. If it becomes infinite, then it is still nonspecial
and contains P, at least once (but not P,_). Further increasing n, all in-
stances of P, will be rendered into P,,_ step by step, until we have again
a nonspecial divisor that has the same number of P, as the first infinite
one had P, . Generically, we expect the subsequent divisor to be finite and
nonspecial again.

Next we show that most initial divisors are nice in the sense that their
iterates stay away from P, . Since we want to show that this set is of full
measure, it will be convenient for us to identify Sym”(/C,) with the Jacobi
variety J(/C,) via the Abel map and take the Haar measure on J(IC,). Of
course, the Abel map is only injective when restricted to the set of nonspecial
divisors, but these are the only ones we are interested in.

Lemma 4.2. The set My C SymP(KC,) of initial divisors Dy, for which
Dy, defined via (4.2), is finite and hence nonspecial for all n € Z, forms
a dense set of full measure in the set Sym?(kC,) of nonnegative divisors of
degree p.

Proof. Let M, be the set of divisors in Sym”(/C,) for which (at least) one
point is equal to Py . The image ag, (M) of M is given by

(4-3) Qg (MOO) = AQ0<POO+> + Qg, (Symp_l(lcp)) - J(Icp)-

Since the (complex) dimension of Sym? ' (KC,) is p — 1, its image must be of
measure zero by Sard’s theorem (see, e.g., [1, Sect. 3.6]). Similarly, let My,
be the set of special divisors, then its image is given by

(4-4) Qg, (MSp) = QQO(SymZF%ICp))a

assuming )y to be a branch point. In particular, we conclude that

gQO (MSP) C gQO (MOO)
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and thus ag, (Miing) = ag,(Mos) has measure zero, where

(4.5) Maing = Moo U My,

Hence,

(4.6) U (QQO (Msing) + nAPOL (POO+))
ne”Z

is of measure zero as well. But this last set contains all initial divisors which
will hit P, or become special at some n. We denote by M, the inverse
image of the complement of the set (4.6) under the Abel map,

(47) Mo =ap <Symp(lcp)\ U (g, (Meing) +nAp_ (PM))).

neL

Since M, is of full measure, it is automatically dense in Sym?(/C,). [ ]

We briefly illustrate some aspects of this analysis in the special case p = 1
(i.e., the case where (3.1) represents an elliptic Riemann surface) in more
detail.

Example 4.3. The case p = 1.
In this case we have

F1<Z7n) =z :u1<n)7

(48) Gl m) = Ralin(m)" + (2 — b(n)) Fy (=, m),
Ry(2) = (z — En),

m=0

and hence a straightforward calculation shows that

Ga(z,n)* — Ry(z) = 4a(n)*(z — i (n)) (z — pa(n + 1))

4.9 .

(4.9) = (2 — p1(n)) (4a(n)?z — 4a(n)*b(n) + E),
where

(4.10) E = é(EO‘I’El — By — E3) (Ey— By + By — E3) (Eg — Ey — B> + E).

Solving for p;(n + 1), one obtains

(4.11) pui(n+1) =b(n) — Ta(n)
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This shows that 1 (ng+1) — oo, in fact, u(ne+1)=0(a(ng)~?) as a(ng) — 0
during an appropriate deformation of the parameters F,,, m = 0,...,3. In
particular, as a(nyg) — 0, one thus infers b(ng + 1) — oo during such a
deformation since

(4.12) b(n) = % S Bu—mn), nez,

specializing to p = 1 in the trace formula (3.25). Next, we illustrate the
set M in the case p = 1. (We recall that My, = ( and hence Miing = Mo
if p=1.) By (4.2) one infers

(4.13) Ap,. (a(n)) = Ap., (f1(no)) + (n —no)Ap,, (P ), n,n0 € Z.
We note that ji; € M, is equivalent to

(4.14) there is an n € Z such that fi;(n) = Px, (or Py _).
By (4.13), relation (4.14) is equivalent to

(4.15) Ap,., (u(no)) + Ap., (Poo )Z =0 (mod Ly).
Thus, Dy, (ne) € Mo C K if and only if

(4.16) Ape (ia(10)) + Ap (P )Z#0  (mod L)

or equivalently, if and only if

(417) Apoo, (ﬂl(no)) + APoo, (Poo+) Z 7& 0 (mod Ll)

Next, we describe the stationary Toda algorithm. Since this is a some-
what lengthy affair, we will break it up into several steps.

The stationary (complex) Toda algorithm:

We prescribe the following data:
(1) The set

(4.18) {Em}i::ol cC, E,#E, form#m', mm' =0,...,2p+1

for some fixed p € N. Given {Em ifi; , we introduce the function Ry,12 and

the (nonsingular) hyperelliptic curve IC, as in (3.1).
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(77) The nonspecial divisor

where ji(ng) is of the form

f1(no) = {f11(no), - -, fip(no) }
={

(420) ,EL (n0> . 7ﬂ1(n027 L 7@(](710)7 cee 7ﬂq(n0)4}
p1(no) times pQ(no)(;Lg) times
with
(4.21) fix(n0) = (px(n0), y(fix(n0))),
/uk(no) 7& Mk'(no) for k 7é k/a k, K = L... aQ(no)’
and
q(no)
(4.22) pe(no) €N, k=1,....q(no), Z pr(no) = p.
k=1
With {Em}f:;rg and Dy (ny) prescribed, we next introduce the following
quantities (for z € C):
q(no)
(4.23) Fy(z,m0) = [] (2 = salng)P",
k=1

(4.24)
q(no) pr(no)—1 (dz (R2p+2( )1/2)/d<’5 ’C i (o)
O(pr(nog) — € —1)!

dno)—t -1 : —pyr (o)
X APl (z—=¢) H (¢ — pwr (o)) Pw

)

K'=1, k' #k ¢=pr(no)
1 2p+1 q(no)
(4.25) =3 z:: Zpk (no) pr(no),
(4.26) Gpr1(z,n0) = — (2 — b(no))Fp(Z, no) + Tp—1(2,no).

Here the sign of the square root in (4.24) is chosen according to (4.21),

fur(no) = (pr(n0), y(iw(no))) = (uk(n0)7R2p+2(uk(n0 )",

am rn)”)
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Next we record a series of facts:

(I) By construction (cf. Lemma B.1),

d*(Rapya(2)'?
( o ) = Gyl (o). mo).
z=px(no)
(4.28) 0=0,....pk(no) =1, k=1,...,q(ng),

Tzﬂ(#k(no), ng) = —

(here the superscript (¢) denotes ¢ derivatives w.r.t. z) and hence

(4.29) fir(no) = (pr(n0), —=Gpr1(pr(no), no)),  k=1,...,q(no).

(II) Since Dj(no) 1s nonspecial by hypothesis, one concludes that

(4.30) pr(no) = 2 implies Ropio(pir(no)) #0, k=1,...,q(no).

(III) By (I) and (II) one computes

d’ (Gerl(Zu no)z) . dZRng(z)
(4.31) dz* o d! ’

z=pg(no) z=p(no)

2€C, £=0,....,px(ng) =1, k=1,...,q(ng).

(IV) By (4.26) and (4.31) one infers that F), divides Ry — G, ;.
(V) By (4.25) and (4.26) one verifies that
(1.32) Ropio(2) — Gpra(,mo)? = O().

zZ—00

By (IV) and (4.32) we may write
(4.33) Ropia(2) — Gpi1(2,m0)? = Fp(2,m0)Fp_r(2,m0 + 1), 2z €C,

for some r € {0, ..., p}, where the polynomial Fp_r has degree p — r. If in
fact Fy = 0, then Ropi2(2) = Gpy1(z,n0)* would yield double zeros of Rap o,
contradicting our basic hypothesis (4.18). Thus we conclude that in the case
r = p, Fy cannot vanish identically and hence we may break up (4.33) in the
following manner

Y- Gpr1(z,n0) B F, .(z,no+1)

4.34) ¢(P,ng) = = ., P=(z9) €k,
( ) ¢( 0) Fp(z,no) Y+ Gp+1(z,n0) ( y) D
Next we decompose

~ ~ p_r
(4.35) Foi(z,nog+1) = CH (z = pi(no+1)), ze€C,

=1
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where C' € C\ {0} and {p;(no + 1)}?;: C C (if r = p we follow the usual
convention and replace the product in (4.35) by 1). By inspection of the local
zeros and poles as well as the behavior near P, of the function gﬁ( £ M),
its divisor, ((ﬁ( . ,no)), is given by

(4.36) (o(+,m0)) = Dp.., i(no+1) — Dpo_p(no):

where

(4.37) f(no +1) = {fn(no + 1), ..., fiy—r(no + 1), Py, ..., Pooy }-
D ——

r times
In particular,

(4.38) Dijino+1) is a finite divisor if and only if 7 = 0.
We note that

(4.39) g, (Damo+1)) = @y (Do) — Ap. (Pooy ),

in accordance with (4.2).

(VI) Assuming that (4.32) is precisely of order z?P as z — oo, that is,
assuming r = 0 in (4.33), we rewrite (4.33) in the more appropriate manner

(4.40) Rapia(2) — Gpyi(2,m0)* = —da(ng)?Fy(z,m0)Fy(2,m0 + 1), 2 € C,

where we introduced the coefficient a(ng)? to make F,(-,ng + 1) a monic
polynomial of degree p. (We will later discuss conditions which indeed guar-
antee that r = 0, cf. (4.38) and the discussion in step (XI) below.) By
construction, F,(-,no+ 1) is then of the type

(4.41)

+

q(no+1) q(no+1)

no+1
Fy(z,no +1) = H (z — pr(no + 1))pk( o ), pr(no +1) =p,
k=1

1
pr(no + 1) # pi(nog +1) for k# kK, kK =1,...,q(no +1), 2€C,

ol

and we define

(4.42) fu(no+1) = (ur(no+1), Gpra(ur(no+1),no)), k=1,... q(no+1).
Moreover, we introduce the divisor

(4.43) Dino+1) € Sym”(K,)
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by
én0+1 { n0+1 ,ﬂp(n0+1)}
(444) {/QL ng + 1 ce ﬂl(no + 12, c. 7£Lq(n0+1)7 . 7ﬂq(n0+1l }
(n0+1) times pq(n0+1>(7:g+1) times

In particular, because of the definition (4.42), Djm,+1) is nonspecial and
hence B

(4.45) pr(no+1) > 2 implies Ropio (,uk(no—l—l)) #0, k=1,...,q(no+1).
Again we note that
(4.46) 20y (Dp(no+1)) = 0y (Patne)) — Ap, (Poo.),

in accordance with (4.2).
(VII) Introducing

2P+1 q(no+1)
(4.47) b(ng + 1) Z Enm— Y pelno+1)pk(ng + 1),
k=1

and interpolating G,1( -, ng) with F,(-,no+ 1) rather than F,(-,ng) yields

(4.48) Gpy1(z,n0) = —(2=b(no+1)) Fp(z,no+1)—T,_1(2,m0+1), z€C,

where
Ty_1(z,no+1) = F,(2,n0 + 1)

(449) x %nmmaﬂ (@(Fapa()'7) /C7) ’<=uk(no+1)
' Upg(nog+1) — ¢ —1)!

k=1 =0
qPr(not+1)—E—1 »
* (W ((z -
q(no+1)
X H (C - uk/(no + 1>)pk’(n0+1)>>
e C=pr(no+1)

Here the sign of the square root in (4.49) is chosen in accordance with (4.42),
that is,
fx(no +1) = (px(no + 1), y(jir(no + 1)))
= (ur(no + 1), Gpra(u(no + 1), no))
(4.50) = (p(n0 + 1), Ropia(pir(no + 1))"/2),
E=1,...,q(ng+1).
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(VIIT) An explicit computation of a(ng)? then yields

1 a(no) (de (R2p+2(z)1/2)/dz£) ’
2 k=1 (Pe(no) — 1)!

z=px(no)

(4.51) a(ng)® =

X

1
(o) — Mk'(no))ipk(m) + 1 (5(2) (no) — b(n0)2)-
k=1, k' £k

Here and in the following we abbreviate

2p+1

q(n)
(4.52) W) = 2 3 B — > pelma(n)?

for an appropriate range of n € N.

The result (4.51) is obtained as follows: One starts from the identity
(4.40), inserts the expressions (4.23) and (4.26) for F,( -, ng) and Gpi1( -, no),
respectively, then inserts the explicit form (4.24) of T,,_1( -, nop), and finally
collects all terms of order 2% as z — oo. An entirely elementary but fairly
tedious calculation then produces (4.51).

In the special case q(ng) = p, pr(ng) =1, k=1,...,p, (4.51) and (4.52)
reduce to (3.26) and (3.24) (for k = 2).

(IX) Introducing
(4.53) Gpy1(z,no+1) = —(2 —b(ng + 1)) Fy(z,n0 + 1) + Tpo1(z,m0 + 1)
one then obtains
(454)  Gpia(z,no+ 1) = =Gpia(z,n0) — 2(2 — b(no + 1)) Fy(z,no + 1).

(X) At this point one can iterate the procedure step by step to construct
F,(-,n), Gps1(-,n), T-1(-,n), a(n), b(n), ux(n), k =1,...,q9(n), etc., for
n € [ng,00) N Z, subject to the following assumption (cf. (4.38)) at each
step:

(4.55) Djny1) is a finite divisor (and hence a(n) # 0)
' for all n € [ng, c0) N Z.

The formalism is symmetric with respect to ng and can equally well be
developed for n € (—o0, ng] N Z subject to the analogous assumption

(4.56) Djn—1) is a finite divisor (and hence a(n) # 0)
' for all n € (—o0,ng| NZ.
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Indeed, one first interpolates G,41( -, no—1) with the help of F,( -, ng), then
with F,(-,no — 1), etc.

Moreover, we once again remark for consistency reasons that
(4.57) 20, (Pim) = 2y (Pa(ne)) — (n —n0)Ap, (Peo,), n €L,

in agreement with our starting point (4.2).

(XI) Choosing the initial data Dy, such that
(4.58) Dii(ng) € Mo,

where M, C Sym”(KC,) is the set of finite divisors introduced in Lemma 4.2,
then guarantees that assumptions (4.55) and (4.56) are satisfied for alln € Z.

(XII) Performing these iterations for all n € Z, one then arrives at the
following set of equations for F, and G,1; after the following elementary
manipulations: Utilizing

(4.59) G?

p+l T 4a2Fpr+ = Ropio = (G1)" —4(a”)’F,) Fy,

p+1 p

and inserting

(4.60) Gi=—Gp—2(z—b")F}
into
(4.61) G2 — (Gyy)? —4a’FEf +4(a”)°F F, =0

then yields
(4.62) 20°F, —2(a”)’F, + (z = b)(Gpy1 — G, 1y) = 0.

Subtracting (4.60) from its shifted version G, = =G| —2(z — b)F}, then
also yields

(4.63) 2z —bH)FF —2(z = b)F, + Gy, — Gy = 0.

As discussed in Section 2, (4.62) and (4.63) are equivalent to the stationary
Lax and zero-curvature equations (2.15) and (2.60). At this stage we have
verified the basic hypotheses of Section 3 (i.e., (3.2) and the assumption that
a, b satisfy the pth stationary Toda system (2.20)) and hence all results of
Section 3 apply.

Finally, we briefly summarize these considerations:
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Theorem 4.4. Suppose the set {Em}if;ré C C satisfies E,, # E, for

m #m/, m,m’ =0,...,2p+ 1, and introduce the function Ro,io and the
hyperelliptic curve IC, as in (3.1). Choose a nonspecial divisor Djne) € Mo,
where Mo C SymP(IC,) is the set of finite divisors introduced in Lemma 4.2.
Then the stationary (complex) Toda algorithm as outlined in steps (I)-(XII)
produces solutions a,b of the pth stationary Toda system,

foir = fonr
(4.64) s-Tl,(a,b) = | 7P+ - =0, pe Ny,
Ip+1 — Yp+1

satisfying (3.2) and

] q(n) (dZ(RQIH_Q(Z)l/Z)/dZZ)‘

2 _ 2= (n)
aln)” =3 ; (pr(n) —1)!
q(n)
(4.65) < I (ue(n) = () ™ + i(b@)(n) —~ b(n)?),
k'=1, k'#£k

2p+1 q(n)

(4.66)  b(n) = % > En—> pen)u(n), ne
m=0 k=1

Moreover, Lemmas 3.2-3.4 apply.

Remark 4.5. Suppose that the hypotheses of the previous theorem are sat-
isfied and that a(ng), b(ng), b(ng + 1), F,(z,n0), Fy(z,n0 + 1), Gpi1(z,n0),
and Gpi1(z,n9+ 1) have already been computed using steps (I)-(IX). Then,
alternatively, one can use

(4.67) (a™)’F, = a®F 427 (2 = b)(Gpy1 — G ) + (2 — b)*F,
—(z=b")(z=b)E;,
(4.68) G =2((z—bEf — (z—b)F,) + G,

(derived from (2.60)) to compute a(n), b(n), F,(z,n), Gpr1(z,n) forn < ng
and

(4.69) atFf* = aF, - 271 (z — D) (Gl — Gpr),
(4.70) Gl =Gp1 —2((z—b")F " — (2 = b")E))

to compute a(n — 1), b(n), Fy(z,n), Gpi1(z,n) forn >ng+ 1.

Theta function representations of @ and b can now be derived in complete
analogy to the self-adjoint case. Since the final results are formally the same
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as in the self-adjoint case we just refer, for instance, to [6], [7], [9], [10], [14,
Sect. 1.3], [18], [19], [20], [21] (cf. also the appendix written in [8]), [25], [30,
Appendix, Sect. 9], [32, Sect. 9.2], [33, Sect. 4.5].

The stationary (complex) Toda algorithm as outlined in steps (I )—(XII),
starting from a nonspecial divisor Dy, € My, represents a solution of
the inverse algebro-geometric spectral problem for generally non-self-adjoint
Jacobi operators. While we do not assume periodicity (or even quasi-
periodicity), let alone real-valuedness of the coefficients of the underlying
Jacobi operator, once can view this algorithm as a continuation of the in-
verse periodic spectral problem started around 1975 (in the self-adjoint con-
text) by Kac and van Moerbeke [15], [16] and Flaschka [12], continued in the
seminal papers by van Moerbeke [24], Date and Tanaka [7], and Dubrovin,
Matveev, and Novikov [10], and further developed by Krichever [18], McK-
can [23], van Moerbeke and Mumford [25], Mumford [26], and others, in part
in the more general quasi-periodic algebro-geometric case.

We note that in general (i.e., unless one is, e.g., in the special periodic
or self-adjoint case), D,y will get arbitrarily close to P, since straight
motions on the torus are generically dense (see e.g. [2, Sect. 51] or [17, Sects.
1.4, 1.5]). Thus, no uniform bound on the sequences a(n),b(n) exists as n
varies in Z. In particular, these complex-valued algebro-geometric solutions
of some of the equations of the stationary Toda hierarchy, generally, will not
be quasi-periodic (cf. the usual definition of quasi-periodic functions, e.g.,
in [31, p. 31]) with respect to n. For the special case of complex-valued and
quasi-periodic Jacobi matrices where all quasi-periods are real-valued, we
refer to [4] (cf. also [3]).

5. Properties of algebro-geometric solutions of the time-
dependent Toda hierarchy

In this section we present a quick review of properties of algebro-geometric
solutions of the time-dependent Toda hierarchy. Since this material is stan-
dard we omit all proofs and just refer to [6] (cf. also [14, Sect. 1.4], [32,
Chs. 12, 13]) for detailed presentations and an extensive list references to
the literature.

For most of this section we will make the following assumption:

Hypothesis 5.1. Suppose that a,b satisfy

a(-,t),b(-,t) € CE teR, a(n, ) bn,-)eC'(R), ncZ,

(5.1) a(n,t) #0, (n,t) € Z xR

and assume that the hyperelliptic curve IC,, p € Ny, is nonsingular.
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In order to briefly analyze algebro-geometric solutions of the time-depen-
dent Toda hierarchy we proceed as follows. Given p €Ny, consider a complex-
valued solution a(®,b©® of the pth stationary Toda system s-Tl,(a,b) = 0,
associated with K, and a given set of summation constants {c,}—1 _, C C.
Next, let r € Np; we intend to consider solutions a = a(t,),b = b(t,) of
the 7th T1 flow Tl.(a,b) = 0 with a(ty,) = a?,b(ty,) = b® for some
to,, € R. To emphasize that the summation constants in the definitions
of the stationary and the time-dependent T1 equations are independent of
each other, we indicate this by adding a tilde on all the time-dependent
quantities. Hence we shall employ the notation P,y 9, Vi1, F., Griq, fs,
Js, Cs, in order to distinguish them from Py, 0, Vi1, Fp, Gpi1, fo, 9o, o, in
the following. In addition, we will follow a more elaborate notation inspired
by Hirota’s 7-function approach and indicate the individual rth T1 flow by
a separate time variable ¢, € R. More precisely, we will review properties of
solutions a, b of the time-dependent algebro-geometric initial value problem

~ _ (a, —a ~p+ (a,0) = foa(a, D)) Z
Tl?’(a’ b> o ( by, + gp-:l(aa b) - gp_:;l(a’ b) ) -0

(@,b)|, _,, = (a9, 5),

11 (a0 = (U0 60) ~ fya (P 4} _
63 = Th e )—( gpfl(a(o),b((ﬂ)—9§+1(a(0),b(0)) =0

for some ty, € R, p,r € Ny, where a = a(n,t,),b = b(n,t,) satisty (5.1) and
a fixed curve K, is associated with the stationary solutions a(®, 4@ in (5.3).
In terms of Lax pairs this amounts to solving

(5.4) L)~ Porsolt). L) = 0, 1, € B,

(5.5) [Pop2(tor), Ltor)] = 0.

(5.2)

Anticipating that the T1 flows are isospectral deformations of L(ty, ), we are
going a step further replacing (5.5) by

(56) [P2p+2(tr>7 L@r)] =0, t e€R.
This then implies
(57)  Paa(t)? = Rapea(L(t) = [] (L) — En), . €R.

m=0

Actually, instead of working with (5.4), (5.5), and (5.6), one can equivalently
take the zero-curvature equations (2.63) as one’s point of departure, that is,
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one can also start from

(5.8) U + UV — VU =0,
UV}:H - foﬂU =0,

where (cf. (2.23), (2.24), (2.58), (2.59))

(oo
5.10) V() = ( Gpa(2) 20" F, (2) (z))’
(

Vi(z) = Gria(2) 2§_ﬁr_(z)
o —2a"F,(2) 2(z=D)F.(2) + Gr1(2))’
and
p p
(5.11) Fo(2)=> food =[[z—m), fo=1,
=0 j=1
p
(5.12) Gpii(2) = =21 + ng_éze + fp+1, go = —cu,
=0
(5'13) ﬁf(z) = Zﬁ’—szsa fO =1,
s=0
(5.14) Graa(z) = =21 + Zgrfszs + fre1, Go=—é,
s=0

for fixed p,r € Ny. Here fy, fs, g, and gs, £ = 0,...,p, s =0,...,7, are
defined as in (2.4)—(2.6) with appropriate sets of summation constants cy,
¢ € N, and ¢, k € N. Explicitly, (5.8) and (5.9) are equivalent to (cf. (2.55),
(2.56), (2.32), (2.33))

Qy

(5.15) L= —a(20z = bEF + Gy + G,

(5.16) b, = 2((z = b)2F, + (2 = )Gy + A2FF — (a7)2E)),

(5.17) 0=2(z — bY)E; + Gy + Gy,

(5.18) 0=(2—02F,+ (2 = b)Gpu1 + d°F, — (a”)’F,,
respectively. In particular, (2.34) holds in the present ¢,-dependent setting,
that is,

(5.19) G?

2 +
p+l 4a Fpr = R2p+2.
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As in (3.6) one introduces

(5'20) ﬂj(na t?“) = (Mj(n’ t?“)a _Gp-I—l(:uj(n’ t?“)a n, tT’)) S ICP’
j=1,....p, (n,t.) €EZXR,
(5.21) ﬂj(n, t,) = (N;‘F(na tr), Gp-i-l(ﬂj(na tr),m, tr)) € Ky,

j=1,....p, (n,t,) EZ xR,
and notes that the regularity assumptions (5.1) on a, b imply continuity of j;

with respect to t, € R (away from collisions of zeros, u; are of course C'*).

In analogy to (3.7), (3.8), one defines the meromorphic function ¢(-, n, t,)
on IC,,

o Yy — Gp+1(z7 n, tT)
(5.22) AP = S 4 Byl 1)

_ —2a(n,t.)F,(z,n + 1,t,)
) + Gp-!—l(zana tT’)
P(z,y) € K, (n,t,) € Z xR,

(5.23)

Y

with divisor ((b( -on, t,.)) of ¢(-,n,t,) given by

(524) (¢( N, t?“)) = DPoo+E(n+l,tr) - DPOOfE('I’L,l&’r))

using (5.11) and (5.20).
The time-dependent Baker—Akhiezer function (P, n,ng,t,,%,), mero-
morphic on K, \ {Px.,, Px_}, is then defined in terms of ¢ by

w(P7 n, Ny, tﬂ tO,r)

= exp (/ ' ds(?a(no, s)ﬁr(z,no, s)o(P,ng, s) + ér+1(z,n0, s)))

tO,r

(5.25)
[, o(Pym,t,)  forn>ng+ 1,
x Q1 for n = ny,
H:LTLO;; ¢(P7 m, t'r)_l fOI' n S ng — 1’
Pe ICP \ {Pooi}, (n7 nOatratO,T) € Z2 X Rz.

For subsequent purposes we also introduce the following Baker—Akhiezer
vector,

B P7n7n 7t'r,t T
\I[(P’n’no’t“toﬁ’) - (Z((P n noot tOO )>> )

Pe ICP \ {POOi}7 (n7n07trut0,r> S ZZ X R2.

(5.26)
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Basic properties of ¢, ¢, and ¥ are summarized in the following lemma.

Lemma 5.2. Assume Hypothesis 5.1 and suppose that a,b satisfy (5.15)-
(5.18). In addition, let P = (z,y) € Ky \ { Py}, (n,n0,tr,t0,) € Z? x R,
and r € Ng. Then ¢ satisfies

(5.27) ap(P)+a (¢~ (P))' =2 —b,
1, (P) = —2a(F(2)(P)? + F(2)) +2(z — bT)EF (2)$(P)

(5.28) +(Gi(2) = Gra(2))6(P),
(5:20)  o(P)o(P) = l;—(())
530 oP) - o(P) = S

Gp+1(z)

(5.31)  @(P)+o(P7) = -

alp(z)

Moreover, ¢ and V satisfy

(5.32) (L —2(P))p(P) =0, (Papsa—y(P))Y(P) =0,
(5.33) ¥y, (P) = Parsotp(P)
(5.34) =205, (2)¢" (P) + Gria (2)0(P),
(5.35) WH(P)=U(2)¥(P), y¥(P)="V,1¥(P),
( ) Vi (P) = ‘77"-}—1(2)\1[(}))7
. _ Fy(z,n,t,)

( ) iﬁ(Pan,no,%tomW(P 7n7n07tr7t0,r> - ma
( ) a(n,tr)(@D(P, n, No, tr, tor )Y (P*,n+ 1,10, t.,to)

+(P*, 1,1, b, o ) (P, n + 1,1, ey o)) = —%
y(P)

5.39) W P, - te tor), W(P*, - ng,ty, to,)) = ————"——.
( ) (@D( , 5, No, 0, ) 1/’( Ny 0, )) Fp(z,no,to,r)

In complete analogy to the case of stationary trace formulas one obtains
trace formulas in the time-dependent setting (cf. the abbreviation (3.24)).

Lemma 5.3. Assume Hypothesis 5.1 and suppose that a,b satisfy (5.15)
and (5.16). Then,

2p+1

1 p
(5.40) b:§m2::0Em—;,uj.
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In addition, if for all (n,t,) € Z x R, p;j(n,t,) # pp(n,t,) for j # k,
1, k=1,...,p, then,

Gan @ =Sy [T - )+ (00 - 82).

=1 =
J 25

ol
S

For completeness we next mention the Dubrovin equations for the time
variation of the Dirichlet eigenvalues of the Toda lattice.

Lemma 5.4. Assume Hypothesis 5.1 and suppose that a,b satisfy (5.15)
and (5.16). In addition, assume that the zeros pj(n,t.), 7 = 1,..,p, of
F,(-,n,t.) remain distinct for all (n,t.) € Z x R. Then,

d ~ y(ﬂ](n’tr))

—pi(n,t.) = —2F,(ui(n,t,),n, ¢, !

a1 ) = RO T o) = )
J

(5.42) j=1,....p, (n,t,) € ZxR.

When attempting to solve the Dubrovin system (5.42), it must be aug-
mented with appropriate divisors Dy 1) € Sym” K, as initial conditions.
For the ¢,-dependence of F}, and G, one obtains the following result.

Lemma 5.5. Assume Hypothesis 5.1 and suppose that a,b satisfy (5.15)
and (5.16). In addition, let (z,n,t,) € C x Z x R. Then,

(5-43) Fp,tr = Q(Fpér-i—l - Gp-i-lﬁ?“)a
(5.44) Gpirs, = 4a*(FEF — FSF).

In particular, (5.43) and (5.44) are equivalent to
(5.45) Vorig, = Vet Vo).

It will be shown in Section 6 that Lemma 5.5 in conjunction with the
fundamental identity (5.19) yields a first-order system of differential equa-
tions for fy, go, £ = 1,...,p, that serves as a pertinent substitute for the
Dubrovin equations (5.42) even (in fact, especially) when some of the y;
coincide.

As in the case of trace formulas, also Lemma 3.4 on nonspecial Dirichlet
divisors D;, and the linearization property of the Abel map when applied
to D, extends to the present time-dependent setting. For the latter fact we

need to introduce a particular differential of the second kind, 59), defined
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(2)

P,
kind (i.e., with vanishing a-periods) with a single pole at Py, of the form

as follows. Let w . be the normalized Abelian differential of the second

(5.46) wg;fq = (¢"* 9+ O0(1)) d¢ near Pw,, q€ Ny.
Given the summation constants é,, ..., & in F, (cf. (5.13)), we then define
(547) 0P =g+ DE W -l ). @=1

q=0

(2)

Since the differentials w P,

, Were supposed to be normalized we have

(5.48) /5252):0, i=1,....p.

Moreover, writing
(5.49) w; = (Z djvm(Pooi)gm) d¢ = i( > dj,m(PM)gm) d¢ near P,
m=0 m=0

relation (A.20) yields for the vector of b-periods U 52) of O,

(5500 0 =(0%.....02),
~ 1 ~ U .
(551) Ur(,QJ) = %/{; Q7(“2) =2 Cr—qdj,q(Poo+)7 J = 1a -+ D-
J q=0

The time-dependent analog of Lemma 3.4 then reads as follows.

Lemma 5.6. Assume Hypothesis 5.1 and suppose that a,b satisfy (5.15)
and (5.16). Let Dy, it = {ju, ..., 1} € Sym”(K,), be the Dirichlet divisor
of degree p associated with a,b, and ¢ defined according to (5.20), that is,

ﬂj(n’ t?“) = (Mj(n’ t?“)a _Gp-I—l(:uj(n’ t?“)a n, tT’)) € ICpa

5.52
( ) j:17"'7p7 (n7tT>EZXR'

Then Dpny,) s nonspecial for all (n,t,) € Z x R. Moreover, the Abel map
linearizes the auziliary divisor Dy in the sense that

~(2)
(5.53) 2o (Dg(n,tr)> = Qq, (Dg(no,to,r)> - (n_nO)APOL (POO+> —(t, _tO,r>Qr )

where Qo € K, is a given base point and Qf,m is the vector of b-periods of
the differential of the second kind O introduced in (5.51).
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In addition, if a,b € L>(Z x R), then there exists a constant C,, > 0 such
that

(5.54) lpjn,t,)| <Cu, j=1,...,p, (n,t,) € ZxR.
Proof. We will prove that

0(z(P, n,t,))
9(§(P, no, t077,))

P P
X exp <(n - no)/ w§;+,Pw, + (t, — t07r)/ QS?)) :
Qo 0

(555) w(P, n, nog, tr, tO,r) = C(”a tr)

where

(5.56) 2(P,n,t,) = Ag,(P) — ag,(Dumn.t)) + Eq,-

By Lemma 13.4 of [32] it suffices to show that the essential singularities at
P, are equal. That is, by (5.25) we need to show that

w(Pu g, N, tﬂ tO,r)

tr ~ ~
= €Xp (/ dS(QCL(nOu 8>F7“(27 no, t?‘)(b(Pv No, tO,T) + GT+1(27 No, S)))

tO,r

(5.57)  =exp <:|:(t7. —tor) Z ek 4 O(l)) for P near P, .
k=0

Using (5.22) and (5.43) one obtains

F t)\"* bR
(5.58) ¢<P,no,no,tr,to,r>=(m) exp <y / dsm)
tO,r

F,(z,n0,%0,) F,(z,ng,s)

and the desired asymptotics follow from Theorem C.1, which tells us that

(5.59) %ﬁk(z,no, §) =+¢* 14+ O(1) for P near P,
p\~y 10y
together with (2.23). [ |

Again the analog of Remark 3.5 applies in the present time-dependent
context.
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6. The algebro-geometric Toda hierarchy initial value
problem

In this section we consider the algebro-geometric Toda hierarchy initial value
problem (5.2), (5.3) with complex-valued initial data. For a generic set of
initial data we will prove unique solvability of the initial value problem
globally in time.

While it is natural in the special self-adjoint case to base the solution of
the algebro-geometric initial value problem on the Dubrovin equations (5.42)
(and the trace formula (5.40) for b and formula (5.41) for a?), this strategy
meets with difficulties in the non-self-adjoint case as Dirichlet eigenvalues fi;
may now collide on /C, and hence the denominator of (5.42) can blow up.
Hence, we will develop an alternative strategy based on the use of elementary
symmetric functions of the variables {y;};=1,. , in this section, which can
accommodate collisions of fi;. In short, our strategy will be as follows:

(i) Replace the first-order autonomous Dubrovin system (5.42) of dif-
ferential equations in ¢, for the Dirichlet eigenvalues y;(n,t,), 7 =1,...,p,
augmented by appropriate initial conditions, by the first-order autonomous
system (6.27), (6.28) for the coefficients f;, j=1,...,p,9;,7=1,...,p—1,
and g, + fy4+1 with respect to ¢,. (We note that f;, j = 1,...,p, are sym-
metric functions of py, ..., u,.) Solve this first-order autonomous system in
some time interval (to, — Ty, to, + Tp) under appropriate initial conditions
at (no, to,) derived from an initial (nonspecial) Dirichlet divisor Djn.t.,)-

(17) Use the stationary algorithm derived in Section 4 to extend the
solution of step (¢) from {ng} x (to, — 1o, to, +To) to Z x (to, — Lo, to,r + 1)
(cf. Lemma 6.2).

(7i1) Prove consistency of this approach, that is, show that the dis-
crete algorithm of Section 4 is compatible with the time-dependent Lax and
zero-curvature equations in the sense that first solving the autonomous sys-
tem (6.27), (6.28) and then applying the discrete algorithm, or first applying
the discrete algorithm and then solving the autonomous system (6.27), (6.28)
yields the same result whenever the same endpoint (n,t,) is reached (cf. the
discussion following Lemma 6.2 and the subsequent Lemma 6.3 and Theo-
rem 6.4).

(iv) Prove that there is a dense set of initial conditions of full measure
for which this strategy yields global solutions of the algebro-geometric Toda
hierarchy initial value problem (cf. Lemma 6.5 and Theorem 6.6).

To set up this formalism we need some preparations. From the outset
we make the following assumption.
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Hypothesis 6.1. Suppose that
(6.1) a,b € C% and a(n) #0 for all n € Z,

and assume that a,b satisfy the pth stationary Toda system (2.20). In addi-
tion, suppose that the hyperelliptic curve IC, in (3.1) is nonsingular.

Assumlng Hypothesis 6.1, we consider the polynomials Fp, Gpi1, ﬁr,
and G, given by (5.11)~(5.14) for fixed p,r € Ny. Here fy, fs, go, and g,
(=0,...,p,s=0,...,r, are defined as in (2.4)—(2.6) with appropriate sets
of summation constants.

Our aim will be to find an autonomous first-order system of ordinary dif-
ferential equations with respect to ¢, of f; and g, rather than s;. Indeed, we
will take the coupled system of differential equations (5.43), (5.44), properly
rewritten next, as our point of departure. In order to turn (5.43), (5.44) into
a system of first-order ordinary differential equations for f, and g,, we first
need to express f,', s, Gs, and fj in terms of f, and g, as follows.

Using (2.9), (2.23), (2.25), and Theorem C.1 one infers

(62) ﬁr(2> = Z J?rfszs = Z Erfsﬁ8(2>

y4 INp
(6.3) Fo(z) =Y fewd* fo=1, fi=> cwlE)fr, (€N,
k=0 k=0

where m A n = min{m, n} and ¢/(£) has been introduced in (C.4). Hence
one obtains

(64) f~0:1, fs:fl’s(fl,...,fp>, S:L...,T’

where F 5, s =1,...,r, are polynomials in p variables.
Next, using (2.9), (2.24), (2.26), and Theorem C.1 one concludes

r+1
GT’+1(’Z) = r+1 + Zgr sZ +fr+1 Zér-l—l—sGs(Z)a
s=0 s=1
(65)  Gol(2) =Go(2)],_, =0, Gi(2) =Gi(z) =—z—b,

14

Gri(2) = Gen(2)o s oo = =2+ DGk + frn, LEN,
k=0

—~
(@)
(@)

N~—

Na)

o

I

\'O

Na)

~

I

> e w(E)(gr + fri10pk) — éera(E), LEN.

k=0
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Hence one concludes

(67) go:_éb gs:f2,8(f17"'7fpuglu'"7gp717<gp+fp+1>>7 8:17"'7T7

where Fy5, s = 1,...,r, are polynomials in 2p variables. We also recall
(cf. (2.18)) that f,1; is a lattice constant, that is,
(6-8) fp+1 = f;;+1-

Next we invoke the fundamental identity (2.34) in the form

R2p+2 - Gz27+1
—F .

p

(6.9) —4a’Ff =

While (6.9) at this point only holds in the stationary context, we will use it
later on also in the t,.-dependent context and verify after the time-dependent
solutions of (5.2), (5.3) have been obtained that (6.9) indeed is valid for all
(n,t.) € Z x R. A comparison of powers of z in (6.9) then yields

4a® ff = =291 — 20,
4a2fé+ = f3,£(f17 e '7fp7g17 <5 9p—1, (gp + fp+1>>7 = 17 -y Dy

where F3,, £ = 1,...,p, are polynomials in 2p variables.
Finally, combining (6.2), (6.3), (6.9), and (6.10), one obtains

(6.10)

(6.11)  4a’fi = —2g1 — 2¢,,
4a2fs+ = f4,8(f17 .. '7fp7.qla <oy 9p—1, (gp+ fp+1)>7 s = 17 Y

where Fy 5, s =1,...,3, are polynomials in 2p variables.

We emphasize that also the Dubrovin equations (5.42) require an anal-
ogous rewriting of F, in terms of (symmetric functions of) p; in order to
represent a first-order system of differential equations for p;, j =1,...,p.

Next, we make the transition to the algebro-geometric initial value prob-
lem (5.2), (5.3). We introduce a deformation (time) parameter ¢, € R in
a = a(t,) and b = b(t,) and hence obtain t,-dependent quantities f, = f,(t,),
ge = gu(t,), Fp(2) = Fp(z,t.), Gpi1(2) = Gpya(z,t,), ete. At a fixed initial
time ¢y, € R we require that

(6.12) (@, 0)]1, =5, = (a!?,09),

where @ = a(-,ty,), b = b(-ty,) satisfy the pth stationary Toda equa-
tion (2.20) as in (6.1)—(6.11). As discussed in Section 4, in order to guaran-
tee that the stationary solutions (6.12) can be constructed for all n € Z one
starts from a particular divisor

(613) D@(ng,t(),r) € MOa
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where fi(ng, o) is of the form

i(no, to,) = {ﬂl(no, tor)s - - fp(no, to,r)}
(614) = {gl(nmt(],r)u"'7ﬂ1(n07t0,7’)j"'7

~
p1(no,to,r) times

.. 7£/’\Lq(n0,t[),r) (/n/O; tO,T’); e ,ﬂq(n()?to’r) (no, t07rl}

'

pq(no,ton,)(no,to,r) times
with
(6 15) [j’k‘(n@) tO,T) = (Mk.(’n,o, tOﬂ“)) y(ﬂk(’no’ t077,)))’
(i (10, tor) # p (nosto,) for k£ K, kK =1,...,q(n, tor),
and
q(n()vt(),r)
(6.16)  pr(no,tor) €N, k=1,...,q(no, to,), pe(no, tor) = p.
k=1
Next we recall
(6.17)
Q(n()vt(),r)
Fy(z,n0,t0,) = pr (no,tor)z" = H (= _/’Lk(n()at07r))pk(n07t0’r)’

k=1
Tp,l(z,no, 0,7’) = —F (Z no,to r)

X & ’")pk(”%r (dz <R2p+2( )1/2)/dce }C e (no,to,r)
—0 O (pr(no, to,) — € —1)!

k=1
dpk(no,to,r)* -1 1
(618) X <d<'pk('n0,t0,r)£1 <<Z B <>
q(no,to,r)
X H (e (no,to,r))pk’(”o’to,r)>> )
k=1, k'+£k ¢=pr(no.to,r)
2p+1 q(no,to,r)
(6.19) b(ng, to,) = Z E,, Z Pr(no; tor) fx(n0, tor),
k=1

Gpr1(z,no, to,) = —2P 4 ng—é(no, to,r)zé + for1(tor),
=0

(620) = —(Z - b(no, toﬂn))Fp(Z’, no, tQJ,) + Tp_l(Z, no, t077,).
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Here the sign of the square root in (6.18) is chosen as usual by

fu(no, tor) = (Mk (10, to,r), y(fur(no, tO,r)))
(6.21) = (1o, tor), Rapra(pia(no, to,))"/?)
= (r(no, to), =Gpr1(tr(no, to,r), no, o)),
E=1,...,q(noto,).

By (6.17) one concludes that (6.14) uniquely determines F,(z, no, to,) and
hence

(622) f1 (no, toﬂa), ey fp<n0, t077«).
By (6.18)-(6.22) one concludes that also Gp11(2, no, to,) and hence
(6.23) 91(nos tor)s - -+ Gp—1(n0, tor)s Gp(nos tor) + fps1(to,r)

are uniquely determined by the initial divisor Djne.t,,) in (6.13).
Summing up the discussion in (6.2)—(6.23), we can transform the differ-
ential equations

F,1,(z,mn0,t,) = 2(Fp(z, ng, tr)érﬂ(z, no, t,)

(6.24) — Gpi1(z,m0, t2) Fo(2, no, tr)),
Gpsra (2,m0,1:) = da(no, t,)* (Fy(2,m0,t.) F}F (2,10, 1)
(6.25) — F¥(2,n0,t,) Fy (2,00, 1))

subject to the constraint

Rypia(2) — Gpia(2,n0,t,)°
6.26 —4a’F} t,) = —2t pes
( ) a p (Z’ n(), ) Fp(Z,n(],tr> )

and associated with an initial divisor D4,y in (6.13) into the follow-
ing autonomous first-order system of ordinary differential equations (for
fixed n = ny),

fj7tr = ‘F.j(fla' . 'afpagla .. "gp—lagp_l_ fp+1)7 ] = 1a Y 2
gjt. = gj(fla"'7fpagla"-7gp—1agp+fp+1)7 ] - 1a-"7p_ 1a
(6.27) (9 + for1)te = Gp(frs s for 910+ o5 Gp15 Gp + for1)

with initial condition

fj(n()?t(],?’)u .j:lv"'up7
(628) gj(n(],t()ﬂ«% ] = 1,...,]9— 1,
ap(no, tor) + for1(tor),
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where 7}, G;, 7 = 1,...,p, are polynomials in 2p variables. As just discussed,
the initial conditions (6.28) are uniquely determined by the initial divisor
Dﬁ(noio,r) in (613)

Being autonomous with polynomial right-hand sides, there exists a 7> 0,
such that the first-order initial value problem (6.27), (6.28) has a unique
solution

fj:fj(n()atr)a jzla"'apa
gj:gj(n07t'r>7 j:17"'7p_17

Ip + for1 = gp(no, ) + fora(tr)
for all tr S (t07r - TQ, t(),r + TQ)

(6.29)

(cf., e.g., [35, Sect. II1.10]). Given the solution (6.29), we next introduce the
following quantities (where ¢, € (to, — To,to, + 10)):

q(”Oytr)

(6.30) (z,m0, tr pr (no,t.)2" = ] (= — pnlno, )yt

k=1
Tp71<27n07tr (Z no, ty )

a(no,tr) pr(no,tr)— (d (R2 1+2(C )1/2)/d€£)

’C ur(no,tr)

X
k=1 =0 £'<pk(n07 ) —{— 1)
(dpr(no,tr)—¢ 1
(6.31) X W (z—=¢)
Q(n07tr)
< JI «- Nkf(no,tr))pk'(no’tr)>> :
k=1,k'#k ¢=wx(no,tr)
1 ! a(no,tr)
(6.32) b(no, t, Z Ew— > pilno,t,)u(no,t,),
k=1
Gpr1(z,m0,1,) = =22 + ng—f(”oa t,)2" + fpu(t)
=0
(6.33) = —(z = b(no, t,)) Fp(2,m0, ;) + Tp_1(z, 10, t;).

In particular, this leads to the divisor
(6.34) Dino,tr) € Sym”(Kp)
and the sign of the square root in (6.31) is chosen as usual by

(635) ﬂk(n()’tf) = (:uk(n()’t )’ _Gp-i-l(uk(n()’t )anOatT’))
= (p(no. tr), Ropa(pr(no, t.))?),  k=1,... q(no, ),
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and

(636) E(n(b ) - {Nl(n07 Tyt 7”?(”07 tr)}
= {yl(/n'O; 7“)7 cee aﬂl(n07 t?”la s 7Hq(no,tr)(n03 t?”)a s 7,uq(n0,tr)(/n’07 t?”l}

vV g

p1(no,tr) times Pg(ng,tr) (n0,tr) times

with
(637) Mk(nm ) 7£ :uk?’(/NJO) ) for k 7£ k, k K = 1 q(n())tT’) )

and
a(no,tr)
(6.38)  pr(no,t,) €N, k=1, q(no,t,), > pilno,t,) =p.
k=1
By construction (cf. (6.35)), the divisor D, ) is nonspecial for all ¢, €
(to, — o, to, + To). -

In exactly the same manner as in (4.28)-(4.31) one then infers that
F,(-,no,t,) divides Rypiy — G2,y (since t, is just a fixed additional pa-
rameter) Moreover, arguing as in (4.32)—(4.38) we now assume that the
polynomial

(6.39) Ropya(2) = Gpaa(2,m0, )" = O(2™)

is precisely of maximal order 2p for all ¢, € (to, — 1o, to, + Tp). One then
obtains

R2p+2(z) - Gp—l—l(za No, tr)2 = —40,(710, tr)ZFp(za No, tr)Fp(Za no + ]-7 tT’)a
(640) (Z, t7«> e C x (toﬂa — To, toﬂ« + To),
where we introduced the coefficient a(ny, t,.)* to make F,( -, no+1,¢,) a monic

polynomial of degree p. As in Section 4, the assumption that the polynomial
F,(-,no+1,t.) is precisely of order p is implied by the hypothesis that

(641) ,D&(nmtr) € My for all ¢t, € (t(],r — Ty, to,r + T(]),

a point we will revisit later (cf. Lemma 6.5). Given (6.40), we obtain con-
sistency with (6.9) for n = ny and t, € (to, — 1o, to, + To).
The explicit formula for a(ng, t,.)* then reads (for ¢, € (to, —To, to,r+7Tp))

1 900) (d(Ropya(2 )1/2)/d2)‘

a(ng, tr 2=C z=px (no,tr)
( 0 ) 2 —1 (pk(no’ ) — 1)
Q(n07t'r)
(6.42) < JT (enlno,tr) = p(no, ) 7Peo)
k=1, k'#k

1 (b(Z) (no, tr) — b(no, tT)Z) .

1
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Here and in the following we use the abbreviation

2p+1 Q(nftT)
(6.43) b@ (n,t,) ZE? > peln ) p(n, t,)?
k=1

for appropriate ranges of (n,t.) € N x R.

With (6.30)—(6.43) in place, we can now apply the stationary formalism
as summarized in Theorem 4.4, subject to the additional hypothesis (6.41),
for each fixed ¢, € (to,,—T0, to,+1p). This yields, in particular, the quantities

(644) Fp, Gp+1, a, b and for ( ) € 7 X (t07r — To,t()ﬂn +TQ),

which are of the form (6.30)—(6.43), replacing the fixed ny € Z by an ar-
bitrary n € Z. In addition, one has the following fundamental identities
(cf. (4.54), (4.59), (4.62), and (4.63)), which we summarize in the following
result.

Lemma 6.2. Assume Hypothesis 6.1 and condition (6.41). Then the fol-
lowing relations are valid:

(6.45) Ropis — Gopy +4a’F,FF =0,
(6.46) 20z =0 ES 4+ G+ Gpyr =0,
(6.47) 20°F" —2(a”)’F; 4 (2 = b)(Gpy1 — G, yy) =0,
(6.48) 20z —0N)ES —2(2—-b)F,+ G}, — G,y =

on CxX7Z x (tO,r — T(],toﬂa + To)

and hence the stationary part, (5.9), of the algebro-geometric initial value
problem holds,

(649) UV;)-‘,-l — ‘/p—:'lU =0 on CxZX (toﬂn — T(),t()ﬂn + T())
In particular, Lemmas 3.2-3.4 apply.

Lemma 6.2 now raises the following important consistency issue: On one
hand, one can solve the initial value problem (6.27), (6.28) at n = ng in some
interval t, € (to, — 1o, to, + 1p), and then extend the quantities F,, G,41 to
all C x Z x (to, — To, to, + 1p) using the stationary algorithm summarized
in Theorem 4.4 as just recorded in Lemma 6.2. On the other hand, one can
solve the initial value problem (6.27), (6.28) at n = ny, ny # ng, in some
interval ¢, € (to, — T1,t0, + T1) with the initial condition obtained by ap-
plying the discrete algorithm to the quantities F),, G,1 starting at (ng, to,)
and ending at (nq,%p,). Consistency then requires that the two approaches
yield the same result at n = n; for ¢, in some open neighborhood of ;.
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Equivalently, and pictorially speaking, envisage a vertical ¢,-axis and a
horizontal n-axis. Then, consistency demands that first solving the initial
value problem (6.27), (6.28) at n = ng in some ¢,-interval around ¢y, and
using the stationary algorithm to extend F},, G+ horizontally to n = n; and
the same t,-interval around %,,, or first applying the stationary algorithm
starting at (no,to,) to extend F,, G,41 horizontally to (nq,%p,) and then
solving the initial value problem (6.27), (6.28) at n = n; in some ¢,-interval
around ¢y, should produce the same result at n = n; in a sufficiently small
open t, interval around ..

To settle this consistency issue, we will prove the following result. To this
end we find it convenient to replace the initial value problem (6.27), (6.28)

by the original t,-dependent zero-curvature equation (5.8), U, + UV,; —
V;,-:_lU =0on CxZx (toﬂn — To,t()ﬂn + T())

Lemma 6.3. Assume Hypothesis 6.1 and condition (6.41). Moreover, sup-
pose that (6.24)-(6.26) hold on C x {ng} x (to, — To, to, + To)-
Then (6.24)—(6.26) hold on C x Z x (to, — To,to, + To), that is,

(6.50)  Fpu(z,n,t,) = 2(Fp(2,n,,) Gy (2,1, 1)

— p+1(z,n,tr)Fr(z,n,tr)),
(6.51)  Gprs(z,m,t,) = da(n, t,)*(Ey(z,n, ) EF (2,0, t,)
- Fer(Za n, t?“)Fr(Za n, t?‘))7

(6.52) Ropia(2) = Gpia(z,n, t:)° — da(n, t,) 2 Fy(z,n, t,) Ef (z,n,t,),
(Z, n, tr) e Cx7Zx (toﬂn — T(),t()ﬂn + T())

Moreover,

(6.53) ér, (Pyn,t,) = —2a(n,t,) (F(z,n,t,)¢(P,n, )2 + Ff (2,n,t,))
+2(z = b"(n,t,)) EF (2,n,t,)0(P,n, t,)
+ (G (2, t) = Gy (2,m,1,)) 6Py, t,),

(6.54) ay, (n,t,) = —a(n,t,)(2(z — b* (n,t,))FF (2,n,1,)
+ é:ﬁrl(z, n,t.) + ér+1(z, n, tr)),

(6.55) br.(n,t,) =2((z — b(nltr))%:;r(z, n,t.) + (z — b(f, t:)Gri1 (2, )
+a(n, t,)*Ff (z,n,t.) — (a”(n,t,)*F (2,n,t,)),

(z,n,tr) eCxZx (toﬂn — To,t()ﬂn + T())
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Proof. By Lemma 6.2 we have (5.22), (5.23), (5.27), (5.29)—-(5.31), and
(6.45)-(6.48) for (n,t,) € Z x (to, — To,to, + Tp) at our disposal. Differ-
entiating (6.52) at n = ngy with respect to t,, inserting (6.50) and (6.51) at
n = ng, yields
(6.56) 2F a, +aF), =2a(GpiF7 — FGrp)

=2F a(—2(z—b")F = Gf — Gra)+ 20(Ff Gy — G EY)

at n = ny. By inspection,

(6.57) Ff(2)Gla(2) = Gra()F () = 0.

|z]—o00

This can be shown directly using formulas such as (2.23)—(2.26), (6.2), (6.3),
(6.5), and (6.6). It also follows from (5.43) and the fact that F}, is a monic
polynomial of degree p. Thus one concludes that

(6.58) 2FFa,, = 2F a( —2(z — bH)EF — Gy — Grpa)

at n = ng, and upon cancelling 2F;" that (6.54) holds at n = ng. This
and (6.56) then also prove that (6.50) holds at n = ng + 1.

Next, differentiating 2aF,¢ = y — Gp11 at n = ng with respect to ¢,, in-
serting (6.50), (6.51), and (6.54) at n = ng, and using (5.23) to replace 2aff
by —(y + Gp11)¢ and (5.22) to replace (Gp+1 — y) by —2aF,¢, yields (6.53)
at n = ng upon cancelling the factor 2aF,.

Differentiating (6.46) with respect to t, (fixing n = ng), inserting (6.46)
(to replace G}, ), (6.51) at n = ng, and (6.50) at n = ng + 1 yields

0= —2FF(bf —2(z — 072 FF + 2a°F, — 2(2 — b*)G}y)

F4(z = bHPEFES 4 4(2 — 00 Gpn BF + 4(0)*F,FF + Gy,

= 2FF (b —2(z — b2 EF —2(2 — b)Gy + 202 F, — 2(a)?EY)
— A(aTVEFES 4 Az — 0T EF RS 4 4(z — b G B
+da®FFF + Goivt,

= —2FF (b —2(z — 0"’ EF —2(2 — b)GFy + 202F, — 2(a™)?F)

(6.59)

+ G;Lrl,tr _ 4(a+>2Fp+ﬁ'r++
+ (4a’Fy +4(z — b2 Ef + 4(2 — b)) Gt EF

at n = ny. Combining (6.46) and (6.47) at n = ny one computes

(6.60) Aa")FlT =40’F, +4(z — b7’ F) +4(z = b%)Gpi
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at n = ng. Insertion of (6.60) into (6.59) then yields

0= —2FF(bf —2(z — b")2EF —2(2 — b)Ghyy + 20%F, — 2(at )P EHY)
(6.61)
+ Gy, — 4@ ESFTT A0 ) RS

at n = ng. In close analogy to (6.57) one observes that

(6.62) Ef(2)EH(2) = Ef*(2)FEF(z) = O(7") for pe N.

|z[—o00

Thus, since F; is a monic polynomial of degree p, (6.61) proves that
(6.63)  bf —2(z =07 EF —2(2 = 0")G,, + 26°F, — 2(a7)?FT =0

at n = ng, upon cancelling Ff. Thus, (6.55) holds at n = ng + 1. Simulta-
neously, this proves (6.51) at n = ng + 1.

[terating the arguments just presented (and performing the analogous
considerations for n <ng) then extends these results to all lattice points n€Z
and hence proves (6.50)—(6.55) for (z,n,t,) € C x Z X (to, — To,to, + To)-

|

We summarize Lemmas 6.2 and 6.3 next.

Theorem 6.4. Assume Hypothesis 6.1 and condition (6.41). Moreover,
suppose that

fi=fino,tr), J=1,....p,

g; = gj(no,t,), j=1,....p—1,
9p + for1 = gp(no, tr) + fpra(ts)
for all t. € (to, — To, to,r + 1),

(6.64)

satisfies the autonomous first-order system of ordinary differential equa-
tions (6.27) (for fized n = ny),

fj,tr = fj(flu"'7fp7g17'"7gpflugp+fp+1>7 .] = 17"'7p7
(665) gj,tr:gj(fla"'afpagla"'a p—lagp+fp+l)a j:]-)"'ap_]-a
(gp + prrl)tr = gp(f17 .. '7fp7.qla s 7gp717gp + fp+1)

with initial condition

fj(n07t0,7“)7 jzla"'7p7
(666) gj(n07t0,7")7 .] = 17"'7p_ 17
Gp(no, tor) + for1(tor)
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Then F, and Gp11 as constructed in (6.2)~(6.44) on CxZx (to,—To, to,+710)
satisfy the zero-curvature equations (5.8), (5.9), and (5.45),

(6.67) U, + UVpyy — VAU =0,
(6.68) UVp1 — VU =0,
(6.69) Vos1tr — [Vig1, Vo] =0

on Cx7Z x (toﬂa — To,t(],r + To),

with U, V41, and ‘Z_H given by (5.10). In particular, a,b satisfy the algebro-
geometric initial value problem (5.2), (5.3) on Z x (to, — Lo, to, + T0),

o (o —a(F @)~ F(a b)Y _
(6.70) T (a.0) ( bt,«Jrng:(a b) = Gpi1(a;0) ) .

(CL, b) (O)a b(o))a

tr=to,r (

(6.71) s-TI, (a(O)’b(O)) _ (—a(f+p+1 p(O),q(O)) — fpr1 p(O),Oq(o)))) 0.

and are given by

W08 (@' (Ropal2)!12) /)|

1 z=pp (n,tr)
6.72 1 i
o I ; (pr(n,t,) = 1)!
q(n,tr)
x H (luk(na tr) — Mg’ (’)’L’ tr))*pk(n,tr)
k=1, k'#k
1
+ 1(6(2) (n, t,.) — b(n’ tr)2),
1 2ptl Q(natr)
(6.73) b(n,t:) = 5 N Ew— Y milntm(n,t,),

(Z, n, tr) €7 x (toﬂn — T(), t(),r + TQ)
Moreover, Lemmas 3.2-3.4 and 5.2-5.6 apply.

As in the stationary case, the theta function representations of a and b
in the time-dependent context can be derived in complete analogy to the
self-adjoint case. Since the final results are formally the same as in the self-
adjoint case we again just refer, for instance, to [6], [7], [9], [10], [14, Sect.
1.4], [18] (cf. also the appendix written in [8]), [25], [30, Appendix, Sect. 9],
(32, Sect. 13.2], [33, Sect. 4.6], [34, Ch. 28].

As in Lemma 4.2 we now show that also in the time-dependent case, most
initial divisors are nice in the sense that the corresponding divisor trajectory
stays away from P, for all (n,t,) € Z x R.
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Lemma 6.5. The set My of initial divisors Dyngt,,) for which Dy,
defined via (5.53), is nonspecial and finite for all (n,t,) € Z x R, forms
a dense set of full measure in the set Sym?(kC,) of nonnegative divisors of
degree p.

Proof. Let Mg, be as introduced in the proof of Lemma 4.2. Then

674 U (ag,Man) +1.2.")

treR

= U (Aau(Pr) + g, Sy 016,) + 6.8,

treR

U U (Agu(Pos) + g, Sy () + 4,0,

treR

is of measure zero as well, since it is contained in the image of Rx Sym?~(KC,)
which misses one real dimension in comparison to the 2p real dimensions

of J(K,). But then

(6.75) U (QQO (Msing> + nAPOL (P00+) + trﬁiz))

(n,tr)EZXR

is also of measure zero. Applying gé(l) to the complement of the set in (6.75)
then yields a set M; of full measure in Sym”(/C,). In particular, M is
necessarily dense in Sym”(IC,). |

Theorem 6.6. Let Dyngy,,) € M1 be an initial divisor as in Lemma 6.5.
Then the sequences a,b constructed from ji(ng,to,) as described in Theo-
rem 6.4 satisfy Hypothesis 5.1. In particular, the solution a,b of the algebro-
geometric initial value problem (6.70), (6.71) is global in (n,t.) € Z x R.

Proof. Starting with Dj(ng4,,) € My, the procedure outlined in this
section and summarized in Theorem 6.4 leads to Dy(ny,) for all (n,t,) €
Z % (to, — To,to, + Tp) such that (5.53)holds. But if a,b should blow up,
then D,y must hit Py, or Py_ which is impossible by our choice of ini-

tial condition. [ ]

Note, however, that in general (i.e., unless one is, e.g., in the special
periodic or self-adjoint case), Dy ) Will get arbitrarily close to Py, since
straight motions on the torus are generically dense (see e.g. [2, Sect. 51]
or [17, Sects. 1.4, 1.5]) and hence no uniform bound on the sequences
a(n,t,),b(n,t,) exists as (n,t,) vary in Z x R. In particular, these complex-
valued algebro-geometric solutions of the Toda hierarchy initial value prob-
lem, in general, will not be quasi-periodic (cf. the usual definition of quasi-

periodic functions, e.g., in [31, p. 31]) with respect to n or t,.
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A. Hyperelliptic curves of the Toda-type

We provide a brief summary of some of the fundamental notations needed
from the theory of hyperelliptic Riemann surfaces. More details can be found
in some of the standard textbooks [11] and [27] as well as in monographs
and surveys dedicated to integrable systems such as [5, Ch. 2|, [8], [13, App.
A, BJ, [32, App. A].

Fix p € N. We intend to describe the hyperelliptic Riemann surface K,
of genus p of the Toda-type curve (2.43), associated with the polynomial

Folz,y) = y* — Ropia(z) = 0,

Al il
(&1 Ropia(2) = H(Z — En), {E.}24 cC.

m=0

To simplify the discussion we will assume that the affine part of K, is non-
singular, that is, we assume that

(A.2) E, # E, form#m', m,m' =0,...,2p+1

throughout this appendix. Next we introduce an appropriate set of (nonin-
tersecting) cuts C; joining E,;) and Eny (), j =1,...,p+ 1, and denote

pt1
(A.3) c=J¢. ¢nei=0, j#k
7j=1
Define the cut plane
(A.4) [I=C\C,

and introduce the holomorphic function
2p+1 1/2
(A5) Fapia(-)/2 M= C, 2 ( 1~ Em>)
m=0

on IT with an appropriate choice of the square root branch in (A.5). Next
we define the set

(A6) M, ={(2,0Rapsa(2)"*) | 2€C, 0 € {1,-1}} U{Pu,, P}

by extending Rap o - )12 to C. The hyperelliptic curve K, is then the set
M, with its natural complex structure obtained upon gluing the two sheets
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of M,, crosswise along the cuts. Moreover, we introduce the set of branch
points

(A7) B(Ky) = {(Em, 0} 2.
Points P € K, \ {P_} are denoted by
(A.8) P = (2,0 Ryp2(2)'"?) = (2, ),

where y denotes the meromorphic function on K, satisfying F,(z,y) = y* —
R2p+2(2) =0 and

1 2p+1 -
(A9) y(P) =, $<1 - é(mz_oEm)C + 0(42>)< Phas Po P, (=12

In addition, we introduce the holomorphic sheet exchange map (involu-
tion)

(Alo) *:Icp_)lcp’ P:(Z’y)l—)P*:(Z’—y), POOi’_)P:Oi:POO:F

and the two meromorphic projection maps

(A.11) 7: Ky = CU{oo}, P=(z2,y)— 2z, Py, — 00
and
(A.12) y: K, - CU{o0}, P=(z,9)—y, Py, — 0.

Thus the map 7 has a pole of order 1 at P, and y has a pole of order p+1
at Py, . Moreover,

(A.13) #(P*) =#(P), y(P*)=—y(P), PeKk,

As a result, K, is a two-sheeted branched covering of the Riemann sphere
CP' (2 C U {oo}) branched at the 2p + 4 points {(E,,,0)}%), Py,. K, is

m=0"
compact since 7 is open and CP! is compact. Therefore, the compact hyper-

elliptic Riemann surface resulting in this manner has topological genus p.
Next we introduce the upper and lower sheets 1. by

(A.14) e = {(2,£Rop2(2)"?) € M, | 2 € I}
and the associated charts

(A.15) (p: Iy =1, Pz
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Let {a;,b;}_; be a homology basis for I, with intersection matrix of
the cycles satisfying

(A.16) ajob, =0, ajoa,=0, bjob,=0, jk=1...,p.

Associated with the homology basis {a;, bj}§:1 we also recall the canonical
dissection of K, along its cycles yielding the simply connected interior IEP of
the fundamental polygon 0K, given by

(A.17) OIC, = arbyay by tasboay byt - - a by

Let M(K,) and M'(K,) denote the set of meromorphic functions (0-
forms) and meromorphic differentials (1-forms) on /C,,. The residue of a
meromorphic differential v € M'(K,,) at a point Q € K,, is defined by

1
A.18 reso(v :—,/ v,
(A.15) =55
where 7 is a counterclockwise oriented smooth simple closed contour en-
circling () but no other pole of v. Holomorphic differentials are also called
Abelian differentials of the first kind. Abelian differentials of the second kind
w® € MY(K,) are characterized by the property that all their residues van-
ish. They will usually be normalized by demanding that all their a-periods
vanish, that is,

(A.19) /w(2):O, j=1,...,p.

If wg)m is a differential of the second kind on K,, whose only pole is P; € /En
with principal part ("""2d(, n € Ny near Py and w; = (Zﬁzo djm(Pl)Qm) d¢
near Pp, then

1 @) djm(P1)

=dm U m=0,1,...

A.20 —
(4.20) 2mi Jy, T m+ 1

Using local charts one infers that dz/y is a holomorphic differential on /C,
with zeros of order p — 1 at P, and hence

2071z )
(A.21) 77,7: y ) -]:17"'7]97

form a basis for the space of holomorphic differentials on K,. Introducing
the invertible matrix C' in CP

(A.22) ¢ = (ijk)j,kzl ..... »’ Cir = / N>
(A23)  c(k) = (c1(k),....cp(k)), cj(k)= (C’_l)j7k, L k=1,...,p,
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the normalized differentials w; for j =1,...,p,
P

<A24) wj = ZCJ(€>7M7 / Wi = 6j,k7 .]7k = 17"'7p7
=1 @k

form a canonical basis for the space of holomorphic differentials on /C,,.
In the chart (Up,, ,Cp., ) induced by 1/7 near Py, one infers,

j)eridg
(A25) W = (wla---7 :FZ 2p+1 gE ))1/2

~ (et + 4(;@ mZ B clp = ) + O(62) 6 a5 P P
C=1/z

The matrix 7 = (TM)p in CP*P of b-periods defined by

=1
(A26) 7_]'7[:/(4]5, jagzla""p7
b;
satisfies
(A.27) Im(r) >0 and 750 =1,, 5,{=1,...,p.

Associated with the matrix 7 one introduces the period lattice
(A.28) Lp:{geC”g:m—l—@T, m,@EZp}

and the Riemann theta function associated with K,, and the given homology
basis {aj7 b]}j:l ..... n

(A.29) 0(z) = Z exp (2mi(n, z) + mi(n,n7)), z€C",
nezr
where (u,v) = uv' = Z?Zlu_jvj denotes the scalar product in C™. It has

the fundamental properties
(A30) O(z1,-..52j-1, =2, Zj41, - - -5 2n) = 0(2),
(A.31) O(z+ m+n7) =exp ( — 2mi(n, 2) — wi(n,n7))0(z), m,ncZ".

Next, fixing a base point Qg € IC, \ {Px.}, one denotes by J(IC,) =
C?/L, the Jacobi variety of K, and defines the Abel map A, by

Ag,: K= J(G,), Ag,(P) = (/w/w) (mod L,),

Qo Qo
(A.32) Pek,.
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Similarly, one introduces

(A33)  ag,: Div(K,) = J(K,), D ag,(D)= > D(P)Ay,(P),

Pek,

where Div(/C,) denotes the set of divisors on K,. Here a map D: K, — Z
is called a divisor on IC, if D(P) # 0 for only finitely many P € K,. (In the
main body of this paper we will choose )y to be one of the branch points,
i.e., Qo € B(K,), and for simplicity we will always choose the same path of
integration from @)y to P in all Abelian integrals.)

In connection with divisors on K, we will employ the following (additive)
notation,

(A.34) Dqo@ = Dq, + Dg, Dgq =Dg, +--++Dq,,
Q:{Qla"'7Qm}€SymmI€p7 QOEIC[M mENu
where for any @) € KC,,

1 for P=0Q,

(A.35) Dq: Ky = No,  P=Do(P) = {o for P € K, \ {Q},

and Sym™ K, denotes the mth symmetric product of K,. In particular,
Sym™ I, can be identified with the set of nonnegative divisors 0 < D €
Div(KC,) of degree m € N. A divisor Dg = Dg, + - - - + Dg,, will be called
finite if Qx € Ky \ {Po., Poo_}, k=1,....m

For f € M(K,) \ {0}, w € MY(K,) \ {0} the divisors of f and w are
denoted by (f) and (w), respectively. Two divisors D, £ € Div(K,) are
called equivalent, denoted by D ~ &, if and only if D — & = (f) for some
f e M(K,)\ {0}. The divisor class [D] of D is then given by [D] = {€ €
Div(K,) | € ~ D}. We recall that

deg((f)) =0, deg((w)) =2(p—1),
f € MK,)\ {0}, w e MY(K,) \ {0},
where the degree deg(D) of D is given by deg(D) = > peyc, D(P). 1t is
customary to call (f) (respectively, (w)) a principal (respectively, canonical)
divisor.

Introducing the complex linear spaces
(A.37) ={feM(,) | f=0o0r(f)>D}, r(D)=dimcL(D),
(A.38) L ={we MK, |w=0o0r (w) >D}, i(D)=dimcL (D)
(with Z(D) the index of specialty of D), one infers that deg(D), (D), and

i(D) only depend on the divisor class [D] of D. Moreover, we recall the
following fundamental facts.

(A.36)
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Theorem A.1. Let D € Div(K,), w € M'(K,) \ {0}. Then,
(A.39) i(D) =r(D— (w)), pe€Np.

The Riemann-Roch theorem reads

(A.40) r(=D) =deg(D)+i(D)—p+1, n €Ny

By Abel’s theorem, D € Div(K,), p € N, is principal if and only if
(A.41) deg(D) = 0 and aq, (D) = 0.

Finally, assume p € N. Then ag, : Div(KC,) — J(K,) is surjective (Jacobi’s
inversion theorem).

Theorem A.2. Let Dg € Sym” K, Q = {Ql, . .,Qp}. Then,
(A.42) 1 <i(Dg) =5

if and only if there are s pairs of the type {P,P*} C {Q1,...,Qp} (this
includes, of course, branch points for which P = P*). Obuviously, one has
s < p/2.

Next, we denote by =, = (EQo,n ce EQo,p) the vector of Riemann con-
stants,
1 & P
(A.43) Za0, = 5(1+7) - Z/ w(P)/ wi, j=1,...,p.
=1 Yo Qo
L#j

Theorem A.3. Let Q = {Ql, . ..,Qp} € Sym” K, and assume Dg to be
nonspecial, that is, i(Dg) = 0. Then, B

(A.44) 0(Zg, — Ag,(P) + aq,(Dg)) = 0 if and only if P € {Q1,...,Q,}.

B. Some interpolation formulas

In this appendix we recall a useful interpolation formula which goes beyond
the standard Lagrange interpolation formula for polynomials in the sense
that the zeros of the interpolating polynomial need not be distinct.

Lemma B.1. Let p € N and S,_1 be a polynomial of degree p — 1. In
addition, let F,, be a monic polynomial of degree p of the form

q q
(Bl) FP(Z)ZH(Z_Mk)pka pjeNa MjEC, jzla"-aqa Zpk:p
k=1

k=1
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Then,

Il )1<Nk)
(B.2) Sy Z m

1 ¢=0

o
dpk —-1 (

(¢ — Mk/)_p’“'>>
dgpk drt- k=1 k’;ﬁk

In particular, S,—1 is uniquely determined by prescribing the p values

(B.3) Sp1(pe): Sy (), - ST () k=10,

at the given points fu. . . ., .

, z€C.

C=p

Conversely, prescribing the p complex numbers
(B.4) al(ﬂo),a,(cl),...,a,(frl), k=1,...,q,

there ezists a unique polynomial T,,_; of degree p — 1,

q pr—1

(B5) Ta(e) = Fo(2) DY =
Mo — 7 — 1)
k=1 £=0 (px E 1)!
qrr—t-1 9
(F( AL ey )) e
k'=1, k'#k (=t

such that

0 1 -1 1
o Dl =l L) = o L () =

k=1,...,q.

Proof. Our starting point for proving (B.2) is the following formula derived,
for instance, by Markushevich [22, Part 2, Sect. 2.11, p. 68],

(B7)  Spals) = 2;75“5:(5(0 <<2 O]

where I' is a simple, smooth, counterclockwise oriented curve encircling
{1, ..., Hg. Since the integrand in (B.7) is analytic at the point ( = z,
we may, without loss of generality, assume that I does not encircle z. With
this assumption one obtains

z € C,

1 d¢Sp-1(C)

(B.8) prel

=0

and hence deforming I' into sufficiently small counterclockwise oriented cir-
cles T'y with center at pg, k = 1,...,q, such that no u, k' # k, is encircled
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by I'x, one obtains
_ B [ dCS(Q)
Sl =52 ey
O % 4¢ 5,1 (¢)
27 r Fp(0)(C—2)

k=1
R S S [ dC(¢ — )
T 2mi ZZ E! f FO(C—2)
L F(2) R S () de (¢ — i)’
T 2m ZZ e! f (€= ) Ty (C — )
C F(2) R S () (T
T 2m ZZ e! f (C— ) TTo_, (€ — )

K £k

Fy(2) =R S0 () dC (¢ — )™
(B.9) =Ny i ék 0 i [k

2m = o =2 lzif;:é;i(g — g )P
where we used
(B.10) f dC(C— )" f(O) =0 for £> pp, LEN,
Ly

for any function f analytic in a neighborhood of the disk Dy with boundary
Ik, £k = 1,...,q, to arrive at the last line of (B.9). An application of
Cauchy’s formula for derivatives of analytic functions to (B.9) then yields

q pr—1 (@)
S
Spi( @D > 1”’“
k=1 £=0
1 % 1 1
* omi r, (C— )p" DT = 2) [T s (€ — e )P
4R (pr)
B.11) = ” 2
(311 Dopapn

, z€C,

C=Hk

y <dpk5 1
d¢Pr=t=1\ (2 = Q) TT=y o (€ — puwr)P¥

and hence (B.2). Conversely, a linear algebraic argument shows that any
polynomial 7},_; of degree p — 1 is uniquely determined by data of the type

(B12) Do) Tyl T ), k=1, 0.
Uniqueness of the representation (B.2) then proves (B.5). [ |
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We briefly mention two special cases of (B.2). First, assume the generic
case where all zeros of F}, are distinct, that is,

(B.13) qg=p, pe=1, jpp#u for K£Kk, kK =1...p.
In this case (B.2) reduces to the classical Lagrange interpolation formula
- Sp—1(4x)

(B.14) Spo1(2) = Fp(2) z€C.

= ((dFp(Q)/dQ)c=u ) (z = )

Second, we consider the other extreme case where all zeros of F), coincide,
that is,

(B.15) q=1, p=p Fy(z)=(—m), =zecC.

In this case (B.2) reduces of course to the Taylor expansion of S,_; around

&= M1,

p—1 ()
s
(B.16) Spa(z) =3 :#(z —wm), zeC.
£=0 )

C. Asymptotic spectral parameter expansions and non-
linear recursion relations

In this appendix we discuss asymptotic spectral parameter expansions for
F,/y and G,+1/y as well as nonlinear recursion relations for the correspond-
ing homogeneous coefficients fg and g, and analogous quantities fundamental
to the polynomial recursion formalism for the Toda hierarchy.

We start by recalling the following elementary results (which are conse-
quences of the binomial expansion). Let

(C.1) {Em}m:O o1 C € forsome p e Ny
and n € C such that |n| < min{|Eo|™",..., |Eypu| '}

Then
2p+1 -1/2 0

(C.2) ( I] (- Emn)) = aEn",
m=0 k=0

where

. (250)! - (2J2p11)! L Jopi1
(C.3) ep(E) = E T - EP - By k € N.
N2... 12 p+1>
Joye-nsJopt1=0 2%(Jo!) (J2p+1))
Jo+-+jopr1=Fk
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The first few coefficients explicitly read

co(E) =1,
1 2p+1
(C.4) a(B) =5 > En,
m=0
1 2p+1 3 2p+1
&(E) = 7 > EmEm, + - Y EL, etc
m1,m2=0 m=0
m1<m2
Similarly,
2p+1 1/2 00
(©5) (Hu—m@):Zﬁ@W,
m=0 k=0
where
CO(E) = ]-7
- (20)! -+ (2aps2) B - - Bt}

06 C E == 3 ’
O oD = 2. B G P = D iy =T
Jot++jepr1=k

k e N.
The first few coefficients are given explicitly by

Co (E) = 1a
2p+1

(C.7) E)=—= Z By,

2p+1 2p+1

Z B, Ep, — = Z etc.

m1 ,ma=0
m1<m2

Theorem C.1. Assume (2.1), s-Tl,(a,b) = 0, and suppose P = (z,y) €
Kp \ {Px,,Px_}. Then F,/y and G,i1/y have the following convergent
expansions as P — P,

o0

Z ZCHI p+1 =+ Z ge CZH

(=0 (=—1

(C.8)
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where ( = 1/z is the local coordinate near Py, and ]Eg and gy are the homoge-
neous versions of the coefficients f, and gy introduced in (2.8). In particular,
fe and gp can be computed from the nonlinear recursion relations

f(] = 17
fl - _ba
fo=a>+ () + V7,
41 0+1

X 1 X X X X
(C9)  fiy2 = —3 ; Jovo—ifi — 25;% fos1—kfr

14

+ Z (— 362 foorfi + af,C fi + (a7>2f5*kf’;)

k=0
/—1
+ > (=20 foawfe+ 2070 f f+2(07)0fea i fy)
k=0
-2
+ 3 (PP f y  fut (@) 20 froaify + a?(a)2fy  f
k=0
Voage e Lo yap oo
3¢ Joiowfy — 5(“ ) o i e )’ teN,
and
g*l = _17
g(] = 07
~ 2
g1 = —2a 3

¢
R 1 . N 5 P
(C.10)  gewr = B Z (b+0")ge-1-xgx + 5 Zgé—kgk

k=-1 k=0
=

+ D) Z (bb+g€—2—k§k - az(ge_fsz + Go—2-1)(gr + Q,:’)), ¢eN.
k=—1

Moreover, one infers for the E,,-dependent summation constants c;, { =
0,....,p+1, in F, and G,41 that

(C.11) co=c(E), (=0,...,p+1
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cmd3

¢

(012) fZZZCZ—k(E)fka gzoa"'apa
k=0
¢

(C13)  go+ foribpe = > coilE)gr — cesa(E), =0,....p,
k=0
INAp

(C.14) fo=> ¢ew(BE)fr, (€N,
k=0

INAp

(C.15) Ge =Y to-r(E)(gk + fpr10pk) — Ce1(E), L € No.

k=0

Proof. Dividing F, and G,41 by R;ﬁQ (temporarily fixing the branch of

1/2 e .
RQIé "5 as zP*! near infinity) one obtains

Fy(2) _ — . k)( - 51) _ — ; ——1

(C.16) 7R2p+2(2)1/2 e <§Ck(ﬂ)z ;fzz = ;fzz )

(C.17) GLl(z) = <§:ék(E)zk> (%gng) =z f: Gzt
Rapa(2)V/2 lal=ee \ g ™ (=0 (=—1

for some coefficients fg and g, to be determined next. Here we have tem-
porarily introduced the notation

p p+1
(C18)  Gpr(2) = ="'+ gpee' + for1 =) _Gp-e”
=0 (=0

Dividing (2.37) and (2.39) by Rs,42 and inserting expansions (C.16) and
(C.17) into the resulting equations then yield the nonlinear recursion rela-
tions (C.9) and (C.10) (with f, and g, replaced by f, and gy, respectively).
More precisely, one first obtains |fy] = |g_1] = 1 and upon choosing the
signs of fo and §_; such that fo = fo = 1 and §_; = —1 one obtains (C.9)
and (C.10). Next, dividing (2.31) and (2.32) by R;z/:i% inserting the expan-
sions (C.16) and (C.17), and comparing powers of 27% as z — oo, one infers

that f, and g, satisfy the linear recursion relations (2.4)—(2.6). Hence one
concludes that

(C.19) fo="Ffo dg=g, (€N,

3m An =min{m,n}.
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for certain values of the summation constants ¢,. To show that f, = ]Eg,
Jr = g¢, and hence all ¢y, £ € N, vanish, we recall the notion of degree
as used in the proof of Lemma 5.4, which serves as an efficient tool to
distinguish between homogeneous and nonhomogeneous quantities. To this
end we employ the notation
(C.20)
ST, r>0
) = s — ez, s0=dE T20 g
f f7 f {f( )} €L ) (S_)_r, ’I"<0, )
and introduce
(C.21) deg(a™) = deg(b) =1, reZ.
This results in
(C.22) deg(fo) =0, deg(g))=(+1, (eN.

using induction in the linear recursion relations (2.4)—(2.6). Similarly, the
nonlinear recursion relations (C.9) and (C.10) yield inductively that

(C.23) deg(fo) = ¢, deg(ge)=(¢+1, (€N.
Hence one concludes that
(C.24) fo="fo, Ge=20d, (€N,

A comparison of coefficients in (C.16) proves (C.14). Similarly, we use (C.17)
to establish (C.15). Next, multiplying (C.2) and (C.5), a comparison of
coefficients of n* yields

k
(C.25) > —e(E)ci(E) = 0po, k€ Ny
=0

Thus, one computes

14

£ m
CZ—m(E)fm - Z Z
m=0 m=0 k=0
)4

2

(C.26) =3 ap(E)epk(E) fi

applying (C.25). Hence one obtains (C.12) and thus (C.11) (cf. (2.9)). The
corresponding proof of (C.13) is similar to that of f;. [ |
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