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Flux terms and Robin boundary
conditions as limit of reactions and

potentials concentrating at the boundary

José M. Arrieta, Angela Jiménez-Casas and
Anibal Rodriguez-Bernal

Abstract

We analyze the limit of the solutions of an elliptic problem when
some reaction and potential terms are concentrated in a neighborhood
of a portion I' of the boundary and this neighborhood shrinks to I"
as a parameter goes to zero.

We prove that this family of solutions converges in certain Sobolev
spaces and also in the sup norm, to the solution of an elliptic problem
where the reaction term and the concentrating potential are trans-
formed into a flux condition and a potential on I'.

1. Introduction

Let Q be an open bounded smooth set in RY with a C? boundary 0. Let
I' C 092 be a smooth subset of the boundary, isolated from the rest of the
boundary, that is, dist(I', 02 \ I') > 0.

Define the strip of width € and base I' as
(1.1) we ={x —oii(x), x €T, 0 €0,¢)}

for sufficiently small €, say 0 < € < gy, where 7i(x) denotes the outward
normal vector. We note that for small €, the set w. is a neighborhood of T’
in €2, that collapses to the boundary when the parameter € goes to zero.
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Figure 1: The set w.

We are interested in the behavior, for small e, of the solutions of an
elliptic problem when some reaction terms and some potentials are “concen-
trated” in w,.

Hence, we consider two family of functions f. and V. with the prop-
erty that

1

(1.2) -

1
e 2 fwrsc

for some 1 < r, p < 0o, where we understand that r or p = oo means that
| fell oo ey || Vel oo () are bounded uniformly in €. Moreover, we assume
that there exist functions f, € L™(I') and Vj € LP(I") (or bounded Radon
measures on I', fo,Vo € M(T") if » = 1 = p) such that for any smooth
function ¢, we have

1 1
13 ms [ o= [fe mz [ Vo= [V
We I I

e—0 ¢ e—=0¢ -

For instance, if f. = f € WP(Q) where W1P(Q) has a well defined trace
in L"(I"), then (1.2) and (1.3) hold for f and the function f; is given by the
trace of f in I.

Notice also that from condition (1.2) we get that the functions %st fe,
1X,,.V. are uniformly bounded in L' (), where X,,_ denote the characteristic
function of the set w.. We refer to %st fe, %XWEVE as the concentrating
functions in w,.
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Hence, we will consider general elliptic problems in divergence form of
the type,

—div(a(@)Vue) + o(@)us+ M+ L2, Va(@)us = 1, fotrge n

(1.4) a(x)%%—b(x)uE = Je on I,

u®t =0 on I'p,

where I'p = 902\ T and A € R. We will show that, for sufficiently large A,
independent of €, with p > N — 1, under appropriate values of r and assum-
ing that the terms g. and j. converge in certain weak sense to gy and jg,
respectively, then the solutions of (1.4) converge to the unique solution of

—div(a(x)Vu) + c(z)u + Au= go in €,
(1.5) a(z) g + (b(z) + Vo(2))u= fo+jo onT,
u=>0 on I'p.

We will consider two different cases, according to the smoothness prop-
erties of the coefficients of the underlying elliptic operator. If a, b and ¢
are C'! functions, we can use the scale of interpolation-extrapolation spaces
associated to the elliptic operator, [2]. This scale is given basically by the
scale of Bessel potentials H*P?({2), incorporating the boundary conditions
accordingly. This scale provides us with a powerful tool to treat pertur-
bations, like the one given by the potentials %XMEVE and to consider the
concentrated reactions %st f- as convergent sequences in H~*P(Q2) for some
appropriate s, p. This will allow us to prove that the solutions of (1.4) con-
verge to the unique solution of (1.5) in some Bessel potential spaces H*?(£2)
and even in spaces of Hélder functions in €.

In case the coefficients are not smooth enough, we will rely in the Hilbert
space theory and will be able to prove the convergence in H(§2) and, via
the De Giorgi-Moser procedure, we will also show the convergence of the
solutions in L> ().

Observe that earlier versions of this work, containing weaker results can
be found in [5, 6]. Also, [7], contains some related results for some nonlinear
eigenvalue problems.

We describe now the contents of the paper. In Section 2 we will prove sev-
eral technical results on the behavior of concentrating reactions and poten-
tials as ¢ — 0. In Section 3 we deal with the case where the coefficients a, b
and c are C'. In Section 4 we deal with the case where the coefficients a, b
and ¢ are non-smooth. Finally in Section 5 we present several extensions
and important applications of the results of this paper.
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2. Concentrating integrals

In this section we prove several results that describe how different concen-
trated integrals converge to surface integrals.

As we mentioned in the introduction, we consider a bounded smooth
domain Q C RY with smooth boundary 9Q and we also consider I' C 912,
a subset of the boundary isolated from the rest of the boundary, that is,
dist([', 02 \ ') > 0. Then for sufficiently small o > 0 we can define the
“parallel” interior boundary

Iy ={z—ori(z), x eI}

where 7i(z) denotes the outward normal unit at x € I'. Note that 'y = T
Define also the strip of width ¢ and base I as

we ={z—oii(x), ze€l, c€0,e)} = U I,

0<o<e

for sufficiently small e, say 0 < € < g¢.
Note that if we take a continuous function, v, in a neighborhood of T,
then it is clear that we have

(2.1) lim sup |v| = lim sup |v| = sup |v|.
e—0 we e—0 T, T

In what follows we will be interested in such type of convergence but when
certain weighted integral norms are considered.

We will extensively use the scale of Bessel Potential spaces H*?(€2), which
are obtained via complex interpolation procedure of the usual Sobolev spaces
WkP(Q) with k = 0,1, ..., see for instance [1, 14, 2]. This scale of spaces are
suitable to study elliptic and parabolic problems, see [2] for a nice survey on
this topic.

Note that the regularity of €2 and standard trace theory, see [1], imply
that for any function v € H*P(Q), with s > %, and for any o > 0 small
enough, the trace of v is well defined and it lies in L(T',), provided s—N/p >
—(N —1)/q, that is, with ¢ < %. Also in case s = 1 = p the trace is
well defined in L*(T,).

The value gy above will be chosen small enough so that, for all 0 < € < g,
the strip w. can be parameterized in a C? way by I' x [0, ), that is, the map

T.: T x [0,e) — we
(x,0) — x—oii(z)

is a C? diffeomorphism.
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Notice that if we define ()5 = Q\(Dg_, for 0 < 0 < €9, then we can construct
the following C? diffeomorphism 75 : Q — €5 defined by

o if dist(z,I") > ¢
ma(7) = { z—s(o)ni(z) it x=z—o07i(z), 0 €10,&)

where the function ¢ : [0, &) — [, g0] is a C? function such that ¥s(gq) = &,
Yi(eo) = 1, ¥§(g0) = 0, ¥s(0) = 6, it is strictly increasing, [s(0) — o] +
|V5(o) — 1] + [¢¥(o)| — 0 uniformly in o € [0,&0] as 6 — 0 and the map
§ — s € C*([0,¢]) is continuous.

Observe that 75 is a C? diffeomorphism between € and €5 which satisfies
I75]lc2, |75 tle2 < C with C independent of 6§ € (0,g0), the map § — 75 €
C?(€2) is continuous for § € [0,e0] and |75 — I||c2(@) — 0 as § — 0. Note
also that 75 is C? diffeomorphism between I' and I's

These diffeomorphisms induce isomorphisms 75 : H*?(25) — H*P?(2)
forall 0 < s <2and 1 < p < +oo, which are defined by 75 (u) = uo 5. The
C2-bounds obtained above for 75 and 75 ' and the fact that |75 —Ilc2i0) — 0
as § — 0 imply that the isomorphisms 7} and (77)~! are uniformly bounded
in § € (0,e0). Moreover, we also have that for u € H*?(§), we get ||75(u) —
ul|grsp(s) — 0. They also induce the isomorphisms 75 : L9(I's) — L(I), for
1 < g < o0, defined by 75(v) = vor7s. Similarly, as we have argued for 75 we
will have that 75 and 75 ! are also uniformly bounded. It is not difficult to
prove now that if we denote by s the trace operator from H*?(Q) to L(Ts)
and 7 the trace operator from H*?(2) to LI(I") then

50% —7, asd—0

and this convergence is pointwise from H*?(Q2) to L") if s > 1/p, s — % >
—2=1 and in the operator norm if s > 1/p, s — % > —%. Notice also that
we have 750y =7vyoTy

We refer to [7] for more details in the case of s =1 and p = 2.

We can show the following lemma,

N-1)
q 7

Lemma 2.1 Assume that v € H¥P(Q)) with % <s<2ands— % > L
orve HY(Q), i.e, s=1=p and g =1 below.

Then for sufficiently small €y, we have
i) The map

(2.2) 0,&0] 2 0 — lv]?
I's

18 continuous.
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i1) There exist a positive constant C' independent of € and v such that for
any € < gy, we have

(2.3) suPocfoe) [Vl Lory) < Cllollaarq)-

iii)

(2.4) /w |v|q:/:(/rg |v|q)da.

with the same equality, without the absolute value, if ¢ = 1.
In particular

1
(2.5) = [ 1017 < ol
and

1
(2.6) lim — |v|q:/|v|q.
r

e—0 g we

Proof. Throughout the proof we will use the bounds obtained above for
the isomorphisms 7, 7, and their inverses.

i) Notice that, under the change of variables given by the diffeomorphism 75,
we have

|v(z)|quU:/|v070(x)|qJ(x,a)dSo
Ty r

where S, is the surface measure associated to I',, 0 < 0 < g and J(z, o)
is the jacobian of the transformation 7, : I' — I',. Notice that J(z,0) is a
function involving the first derivatives of the function 7, and therefore it is
a C! function in x . Moreover, the map ¢ — J(-,0) € C! is a continuous
map. Also, from the smoothness of I' and the definition of I's we have that
there exists constants 0 < J; < Jy such that J; < J(z,0) < Jy forall z € T’
and for all o € [0, g¢].

If v e H*P(Q2) then vor, € H*?(Q2) and the map 0 — vor, € H*P(Q) is
continuous. For oq € [0, &o], we denote by LZ (T'), the space LI(I") with the
weighted norm given by J(-,0¢), that is ”fH%?,O(F) = [ |f(2)|%](z,00)dSo.
The norm of L{ (I') is equivalent to the standard norm (without weight)
of L4(T"). Hence, by standard trace theory we have that the embedding
H*P(Q) — L2 (T) is continuous for any fixed oy € [0,¢0]. In particular, for
any fixed oo € [0, o] we have that the map o — [, [vo7,(2)|?J(x, 09)dSy is
continuous.
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To show the continuity of the map o — [, v o 7,(z)|9J(2,0)dSy at og
we notice that

/ |v o1, (x)|J(x,0)dSy — / [V 0 Toy (1) [? T (2, 00)dSo
r r

<

/ v 0 7 (2) |1 (3, 00 )ASy — / [0 0 7o (1)1 (2, 00) Sy
I

r
+ [ o, ()1 J(x,0) — J(x,00)|dS
T

and both terms go to 0, the first one by the continuity of the map ¢ —
Jo v o7, (2)|%J(x,00)dSy and the second one by the continuity of the map
o— J(-,0) e CYT).

ii) Observe that, if v € H*?((2), we have

170 (0) [ Lars) < Cll7e (Vo (0) | Loy = Cllv (75 (0)) | Loy
< Cllr5 (W)l asw@) < Cllv]

mow(0,) < Cllv||mer@),

where C' is a constant independent of v and o € (0, g¢). This shows (2.3).
iii) Statement (2.4) follows from Fubini’s theorem.

iv) Statement (2.5) follows from (2.3) and (2.4). Finally, statement (2.6)
follows from (2.4) and the continuity of (2.2). |

Using this result, we can now analyze how concentrating integrals con-
verge for certain families of functions which vary with ¢ and have weak
regularity properties. More precisely we have the following.

Lemma 2.2 Assume that a given family f. defined on w. satisfies (1.2),
that 1s, for some 1 < r < oo and a constant C' independent of ¢,

1
—/ hr<c,
g we

sup [ f(x)| < C

TEWe

or

for the case r = co.
Then, for every sequence converging to zero (that we still denote e — 0)
there ezist a subsequence (that we still denote the same) and a function

fo € L™(T') (or a bounded Radon measure on I, fo € M(T) if r = 1) such
that
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i) For any smooth function p, defined in Q, we have

(2.7) li_lgé/%fe@:/rfo@-

i) If u® — u® weakly in H*P(Q) with s > 1/p and
N N -1

2.8 -—> -

29) =S

or strongly in case of equal sign in (2.8), then

1
2.9 lim= [ fouf = 0,
(29) i~ [ g = [ fou

Y

Proof. Define, for sy > pio and sg — pﬂo > —NTTI, the linear forms
1
Le(p) = = fep

on H*P(()). Note that Lemma 2.1 and the assumption on f. imply that L.
are well defined and indeed

210 izl ([ 1) (¢ [ )" <cne

(with obvious modifications for the case r = 00). Hence {L.} is bounded in
the dual space of H%P0 ().

Hence, by the Banach—Alaouglu—Bourbaki theorem and taking subse-
quences if necessary, we have that there exists Lo € (H%7 () = H o ()
such that

H#00(Q)

L.(¢) — Lo(p), forall p € H*P(Q)

as € — 0 and the limit is uniform for ¢ in compact sets of H*0P°((2).
In particular, from (2.10) and Lemma 2.1, we get

ml e [ 1)

and since traces of H*0P°(Q) are dense in L" (') we get that there exist
fo € L"(T") such that

Lo(p) :/FfOSO

which proves i). Note that if 7 = 1 then we obtain f, € M(I') = (C(F))/.
Now if u® is as in ii) note that, in the case of weak convergence, there
exist s and pg as above such that H*P(Q) — H®0P(Q) with compact em-
bedding, which proves ii). In the case of strong convergence, the conclusion
follows from the argument leading to L. |



REACTIONS AND POTENTIALS CONCENTRATING AT THE BOUNDARY 191

Remark 2.3 Observe that the Lemma above implies that F
bounded family in H*P(Q)) = (Hs’p/(Q))/ for s > z% and s +

éX%f8 s a
> 148

S|z

In the following example we characterize the limiting boundary integral
in two different situations.

Example 2.4 Assume that f € C(9).

i) Define f. = X, f. Then Lemma 2.2 applies with 1 <r < oo and fy = fir.
ii) Define f. = Xy_f, where 6. C w, is defined as 0. = {z — o7i(z), x € T,
eki(x) < 0 < €ko(x)} for some continuous and nonnegative functions 0 <
ki(x) < ko(z) <1 defined on I'. Then, Lemma 2.2 applies with 1 < r < co

and fo(z) = (ka(x) — ki(2))f(2) -

We can also prove,

Lemma 2.5 Assume we have a family of functions V., 0 < e < g, verifying
the hypotheses of Lemma 2.2. Moreover, assume that (taking subsequences if
necessary) there exists a function Vo € L™(I') (or a bounded Radon measure
on T, Vo € M(T) if r = 1) such that for any smooth function p, we have

1
lim — Vapz/%so-
We I

e—0 &

Then, for s > l,a> % ands+a—%—ﬁ>— —, if we define the

q 7./ )

operators, P. : H”(Q) — H=79(Q) for 0 <e <¢gg by

1
< P(u),p >= g/ Vous o

< Bo(u), o >= /Vbuw,
r
then P. — Py in L(H*P(Q), H=79(2)).

Proof. Note that for every u € H*0P°(Q) and ¢ € H7%(Q)) using Lemma 2.1,

we have
1 w1 2\ 7
L[ e < G L) G ) ([ )
< Cllul[msoro (@)l Hoo 0 @)
where 1+ L +1 = 1andr m nauresuchthautso—pﬂO > NT with sg > o

and 00——> , with 00>—
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’

Then the operator P. from H*#((2) into H "% () := (H7®(Q)) is
uniformly bounded.
Hence, fixed u € H*oP°(Q)) we have by Lemma 2.2 that

1
<P€(u),go>:g/ V;u<p—>/\/bu<p:< Po(u), o >
We I

uniformly for ¢ in compact sets of H7%(Q2). Hence if ¢ > ¢go with o > %
and o > o then H79(Q) C H%(Q) with compact embedding, and then,
in particular

P.(u) — Py(u) in H_‘”ql(Q).

Again this implies uniform convergence for u in compact sets of H*0?0((2).
Hence if p > po with s > L and s > sy then H*P(Q2) C H** () with
compact embedding, and then, in particular, we have

(2.11) P. — Py in L(H*"(Q),H "7 (Q))

which gives the result. |

3. Elliptic problems with smooth coefficients

In this section we analyze the behavior, as ¢ — 0, of the solutions of the
elliptic problem (1.4) with smooth coefficients a,c € C*(Q), b € CY(T'), with
suitable nonhomogeneous given terms g., j. and concentrating potentials V.
and concentrating nonhomogeneous terms f-..

Throughout this section we will assume, as in (1.2) and (1.3), that

1 1
(3.) “[itr<e [ wrsc

and that there exist functions fy € L"(I') and V, € L?(I') (or bounded
Radon measures on I, fy, Vo € M(I) if r = 1 = p) such that for any smooth
function ¢, we have

1 1
(3.2) 111%—/ fssoz/fow, lim—/ Vssoz/%so,
e=0¢g We I e=0¢ We I

where w; is defined by (1.1), see Lemma 2.2 and Lemma 2.5. We will always
assume that p > N — 1 and that

ge — go weakly in L*(Q)
(3.3)

Je — jo weakly in L*(T")

for some z,t > 1.
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Now we consider an adequate setting for the elliptic problems (1.4)
and (1.5). For this define the elliptic operator Ay by Ag(u) = —div(a(z)Vu)+
c(z)u, regarded as an unbounded operator in X% := LP(Q), for 1 < p < oo,
with domain given by X' := {u € W*P(Q) : u = 01inT'p, a(z)2% +b(z)u =
0 in I'}. Using the interpolation—extrapolation techniques in [2], for which
the reader is referred for further details, the operator Ay has also an as-
sociated scale of interpolated Banach spaces X*? 0 < a < 1 with the
property that X*? — H?*P(Q)) where we denote by H®*P(2) the Bessel
Potential spaces. We also have that the scale can be extended to the neg-
ative exponents with X~P = (X~*?')' for 0 < a < 1. Moreover, we have
H=2P(Q) = (H*7(Q)) «— X~P,

Now using the different realization of Ay in the extrapolated spaces,
see [2], problems (1.4) and (1.5) can be written as a perturbation of a fixed
elliptic operator, i.e.

Agu® + \u + Pu® = k°,

for 0 < ¢ < gy. Note that we identify (1.5) with the case ¢ = 0 and P.
and P,y are defined as in Lemma 2.5, that is, < P.u,p >= %fws V.up and
< Pyu,p >= [ Vouyp. Also, note that k° accounts for nonhomogeneous
terms and from Lemmas 2.2 and 2.5 we have P, — F, and k* — k in some
sense.

In fact this convergence will be used to prove that solutions of (1.4)
actually converge to solutions of (1.5).

With regards to the behavior of the operators Ay + A\l 4+ P. we have the
following

Theorem 3.1 Assume the conditions above and also that V. satisfy (3.1)
with p > N — 1. Then, there exists some \g independent of €, such that
for X > X the elliptic operator Ag + A\ + P. in (1.4) is invertible and for

aG(i,Q—%),OSeSeO we have

~1
(Ao + M + P.) || c(r-ee(),m2-or)) < C,
where C' is independent of € and \.

Proof. With the notations of Lemma 2.5, taking ¢ = p/, we have that

1 /
< P(u),p>= g/ Viup, forall we H*P(Q), p € H? (Q)

< Py(u),p > = /Vouw, for all we H*P(Q), p € Ha,p’(Q)
r
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is uniformly bounded, for s > 1/p, o > 1/p’ and

N-—-1
s+o>14+ ——-.
p

Moreover
P.— Py in L(H*(Q),H7P(Q)).
Since p > N — 1 we can take s + ¢ < 2 and then Ay + Al + P. is well

defined from H?~7?(Q) into H 7?(Q) for any o € (]%, 2 — %), 0 <e < ey

In particular for given g € H~7?(Q2) the equation Agu + Au + P.u = g can
be written as

u=(Ao+ )\I)_l(g — Pu) = (Ao + )\I)_lg — (Ao + )\I)_ngu = T% (u).
If g € Ho%(Q), (Ag+ AI)"'g € H2oP(Q) and

-1
1(Ao + A1) gllaz-ew) < Cliglla-on)-

Moreover, from Lemma 2.5, P. — Py in L(H?7°?(Q), H=9?(Q)) for some
o < o and close to 0. Using now the resolvent estimates for Ay, see [3],

C
-1
(Ao + X)) c—sr @), m2-or(0)) < 72

and we get that the Lipschitz constant of T : H?>~7P(Q) — H?* 7P(Q) is
bounded by I/\\("%W Therefore it is a contraction, with Lipschitz constant
6 < 1 uniform for large enough A and 0 < ¢ < ¢p. This implies that the
unique fixed point of 75 satisfies

1 _ C
lellrz-eri0) < 7= 11(A0 + X) 7 gllmzon@) < 75l n-000),

which proves the result. |

We can prove now,

Corollary 3.2 Assume we are in the conditions of Theorem 3.1 and also
that (3.1), (3.2) and (3.3) holds with p > N —1, z > Nr/(N —1+7r) and
t > r. Assume also that X\ > X\ is fized. Then, u®, the solution of (1.4),
satisfies
ut—u in H*(Q)
for any s < 1+% where u is the unique solution of the limiting problem (1.5).
In particular, if r > N —1, 2 > N/2 andt > N — 1, then

wt —u in CP(Q),

for some 3 > 0.
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Proof. First note that from Remark 2.3, F. = éX% f- is bounded in
H="(Q) for 0 > 4. Also, fo belongs to H=7"(Q) for 0 > L. More-
over, for the choice of z and ¢, g. € L*(Q2) and j. € L(T") are also bounded
in H=7"(Q) for o > % and 0 < e < g.

Hence, from Theorem 3.1, the solutions of (1.4) and (1.5) are unique and
they are bounded in H?~7"(Q), provided we can take o < 2 — % These two
conditions are satisfied since we can always choose % <o<2-— % =1+ %

Notice that choosing o > 1/7" but arbitrarily close to 1/r’, we have that
2—0 < 14 1/r but it is arbitrarily close to 1+ 1/r. Hence, by Theorem 3.1
the sequence u, is bounded in H*"(2) for all s < 1+ + and therefore it is
a relatively compact sequence in these spaces. Hence, under a subsequence
we have that u. — u € H*"(Q).

Next, we prove u satisfies the elliptic problem (1.5). In effect, multiplying
the equation (1.4) by ¢ € CR (Q), the space of C* functions in € which
are identically zero in a neighborhood of I'p, we obtain

oyt o+ - [ Vilaycs

We

[ @9 o+ elw) + Mo + [
(3.4) o r

1 .
=—/ fs<p+/gss@+/15<p-
€ we Q I

Now we assume first ¢ € C°(£2) and taking the limit as € goes to zero,
using (1.3), we get

/ a(x)VuVe + /(c(:c) +Nup = / o .
Q Q Q
Therefore the limit function satisfies

(3.5) —div(a(x)Vu) + (c(z) + N)u = go, in .

Now, we consider ¢ € C° () in (3.4) and using (1.3) and the conver-
gence of the traces above, we get

[a@vuves [ @@+ et [0+ Vo= |

Jolu <P+/(fo +Jo) .
r Q r

Now, since A > )y, from the uniqueness of solutions for the limit prob-
lem (1.5) obtained above, we have that all the family u® converges to w.

Ifr>N-—1,2z> N/2and t > N — 1, we get that, maybe choosing
a smaller 7 but still » > N — 1 we have z > Nr/(N —1+7r)and t > r
and therefore u. — wug in H*"(Q2) for all s < 1+ . Hence, the Hélder
convergence is obtained using the embedding H*"(2) < C?(Q) for s < 141
but arbitrarily close to it and » > N — 1. |
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We will be able to include a non homogeneous Dirichlet boundary con-
ditions in I'p. More precisely we have,

Corollary 3.3 Assume we are in the conditions of Theorem 3.1. Let h be
a function defined in T'p such that h € HY?(Tp) N C#(Tp). Then if in
problems (1.4) and (1.5) we substitute the condition u =0 on I'p by u=h
on I'p, then the same conclusions of Corollary 3.2 hold.

Proof. Let us denote by H the unique solution of the following problem

—div(a(z)VH)=0 in §,
(3.6) a(x)aa—g =0 onT,
H=h onlp,

which, by standard elliptic theory, it is known to exists and H € H'(Q) N
CP(Q).

Rewriting both equations (1.4) and (1.5) in terms of the new variables
v* =u° — H and v = u — H, we obtain,

—div(a(z)Vv?) + c(x)v® + M + 1, V(z)v" = %stfa +g. in

(3.7) a(z) 25 + b(x)v® = j. on T’
ve=0 onlI'p
and
—div(a(z)Vv) + c(z)v + A= go in €,
(3.8) a(z) 5% + b(x)v + Vo(z)v=fo + jo onT,
v=10 on ['p,
where

fa = fa - Va(x)Ha ge =0 — (C(x) + A)Haja = je - b($)ha
and similarly
fo=fo—Vo@)h, go=go— (c(x)+NH, Jo=jo—b(z)h.

Applying Corollary 3.2 to problems (3.7) and (3.8) we obtain that v* — v
in C#(Q). This implies that u* — u in C?(Q). |
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4. Elliptic problems with nonsmooth coefficients

In the arguments of the previous section we have used in an essential way
that the coefficients in the elliptic operator are smooth so we can use the
associated scale of interpolation-extrapolation spaces which are well char-
acterized in terms of the Bessel potential spaces. In case the coefficients
are not that smooth, still some analysis can be carried out in a Hilbert
space setting. More precisely, we consider the elliptic problem (1.4) with
0<ap<aec L>®) and

N
(4.1) ce LP(Q), p> 5 be L*(T'), s>N-—1.

Assume, as before, that
1

(4.2) -

1
e [ mrsc

and there exist functions fy € L"(I') and V; € LP(I') (or bounded Radon
measures on I', fo,Vo € M(T") if » = 1 = p) such that for any smooth
function ¢, we have

o1 1
(4.3) llggg/wgfaw—/rfoso, gggg %Vaw—/FVow-

Moreover, we will always assume that p > N — 1 and that

g- — go weakly in L*(Q2)

(44) Je — Jjo weakly in L*(£2)

for some z,¢ > 1 and consider the formal limit problem (1.5).

We have the following,

Theorem 4.1 Assume the above notations and assumptions. Moreover,
assume r >2(N —-1)/N, p> N —1, 2 >2N/(N+2) andt > 2(N —1)/N.
Then there exists some Ao such that for X > Ao the family of solutions of
(1.4), u®, converges in H'(Q), as ¢ — 0, to the unique solution of (1.5).
Even more \g =0 if b,c, V. > 0.

Proof. We split the proof in several steps.

Step 1 We prove that there exists Ag such that for A > \q the bilinear forms
in H1(Q)

(0.6 = [ al@Vovet [ (etw)+ noc+ [ bwpoe 2 [ vioe
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and
a0, €) = /Q o) VEVE + /Q (c(a) + Nt + /F (b(x) + Vi(x)) ¢

are uniformly coercive. In particular, from the choice of 7, z and ¢, there
exists a unique solution in H'(Q) of (1.4) and (1.5).

For this note that for every ¢ € H'(2) we have that, for the negative
parts we have the bound

S oer< (C [ a00r) 2 [ ]

Now, since p > N — 1, from Lemma 2.5, with p = 2 = ¢, r = p, we have, for
som63:a<1and32N2—;1+%

1
—/(%)MFSQW@mﬁﬂMW%mWhm

€

Finally using Young’s inequality, we get for any 6 > 0

1
—/(%)MFSMW@mrHMWﬁmr

€

On the other hand, from Holder’s inequality we have

(4.5) l}(@WPs[}(@wstrmWMMEWW

Since p > & we have that H'(€2) C L% (Q), and there exist 0 < s < 1 such
that H*(Q) C L% (), and then we have

[fmePs&wmmm+cww;@

with 0 << 1 and Cj independent of .
Finally, since s > N — 1, we have H'(Q) C L*'(I') and there exits
0 < s < 1 such that H*(Q) ¢ L*'(I') and then we have that

2
(4.6) /F ~@lof < lb-Nlpl19®
< 918l () + Csll ol Z2(q)-

Hence, we can take ¢ small enough and A large enough such that

0.(6,6) =AamWW+[&uHAMW+
1
+ [s@lor+ 2 [ VioR > Clolfng,

with C' = C(\) > 0 independent of .

Ls ) — ||b Ls(T ||¢||L2s )

(4.7)
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A similar argument using that Vj € LP(I') and p > N —1 gives the result
for the bilinear form ay.

Step 2 For A > )y, the family »* is uniformly bounded with respect to ¢ in
HY(Q).

In fact from (1.4) we have

1
(4.8) ac(u, u’) = - / fou® + / g-u + / Jeu’.
€ Jo. 9 r

From Remark 2.3, with s = 1, p = 2, or (2.10), we get that, for sufficiently
small 6 > 0,

(49) E / ot

< el @) < dllufllEn ) + Cs

2(N-1

since r > T) On the other hand, from the assumptions on z and ¢, we
have

(4.10) )/Qgeue < ||95HLZ(Q)||“EHL2’(Q) < 5||UE||§{1(Q) +C5||96H%Z(Q)

and

CRUV I / o] < el ooy < 016l @y + Collie ey

From this, using the boundedness of ||g.||1-(q) and ||j:|| ¢y and (4.7) we
obtain

(4.12) sy < €

for some C' independent of ¢.

From this, there exists a subsequence that we still denote u® which con-
verges weakly to u in H*(€2). Moreover, from Sobolev’s embedding, we can
assume the subsequence converges also strongly in H*(2), with s < 1, and

in LP(2) with p < % and almost everywhere. Even more, we can assume
2N-1)

the traces converge in LI(I") for ¢ < 5=~

and almost everywhere on I'.

Step 3 The limit function satisfies (1.5). From this and the uniqueness of
solutions of (1.5), we get that the whole family u® converges to w.

Note that from (1.5), for any smooth test function ¢ € C*°(2) we obtain

/Qa(x)VuEVgo + /Q(c(x) + Aufp + / b(z)u® ¢ + é/ Vo(x)ute

r We
1 .
== feot+ | geo+ [ Jeo.
€ Ju. 9 r
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Now note that since p > N — 1, from Lemma 2.5, with p=2=¢q,r=p
and for some s = 0 < 1 we can pass to the limit in the first term of the
right hand side. This and the convergence of u® in Step 2, allows us to pass
to the limit above, to get

[ a@vuvor [ @y eNups [ @va@)ue = [ oo+ [Gore
Q Q r Q r
Hence, u is the weak solution of the limit problem (1.5).

Step 4 Now we prove that u® converges to u strongly in H'(£2). Note that
for this it is enough to prove convergence of the norms.

For this, note that in (4.8), using the convergence from Step 2 and

Lemma 2.2 with s =1, p=2 and r > w, we have

1
(4.13)  lim (—/ feus—l—/ggue—l—/jsue) :/f0u+/gou+/jou
e—0 \ g we Q T T Q T

and also
iy [ (cla) + Mo = [ (ela) + lul?
e—0 Q Q
(4.14)
lim b(x)|u€|2:/b(:c)|u|2.
e—0 r T

On the other hand, using again p > N —1, from Lemma 2.5, with p =2 = ¢,
r = p and for some s =0 < 1, we get

1
lim — Va(x)|u5|2:/V0(x)|u|2.
e r

e—0 ¢ w

With this, passing to the limit in (4.8), we get

/a(x)|Vu|2 < liminf/a(:(:)|Vu€|2 glimsup/a(:c)|V1f|2
Q € Q € Q

< [+ 0 = [Vl + [ G+t [ g

Finally from the variational formulation of the limit problem we have

[ a@ivar == [ (eta)+ Dlal? = [ Vil + [ G+ fau+ [ guu

and we conclude. [ ]
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In particular, from this we can obtain

Corollary 4.2 Under the assumptions and hypotheses of Theorem 4.1, we
denote by A. and A, respectively, the linear unbounded selfadjoint operators
in L*(Q) induced by the bilinear forms a.(-,-) and ay(-,-) above.

Then, a point in the resolvent set & € p(A) also satisfies & € p(A.) for
small €, and

(415) ||(A8 — g[)il — (A — 61)71”5([/2(9)7111(9)) — 0, e — 0.

Even more, if v denotes a simple closed curve contained in p(A), then the
corresponding projection

(4.16) P(A) = 5 [ (e = ud)

- 2mi ),
converges to P,(A) as e — 0 in L(L*(Q), H' (). Moreover, if uo is an
isolated eigenvalue of A with finite multiplicity m, then any curve v enclosing
o but not other point of o(A) encloses, for sufficiently small €, eigenvalues
of A. with total multiplicity m.

Proof. Using Theorem 4.1 we obtain that the resolvents converge in norm
at some point p, i.e.

(417) ||(Aa — [LI)il — (A — MI)71||L(L2(Q),H1(Q)) — 0, e — 0.

Therefore, from the theory developed in [10] or applying directly Theo-
rem 9.10 in [13] we conclude the spectral convergence of the corollary. Bl

Remark 4.3 i) The convergence of the spectra given by Corollary 4.2 can
be restated in the following way: if {\5}22, is the set of eigenvalues of A,
for 0 < e <eg, with \] < X5 < ... A2 and counting multiplicity then, for all
n=12...,

A=A as e —0.

Moreover, if we denote by {5 }°2 | a corresponding set of orthonormal eigen-
functions of Ac, if \) < X0 = ... =0 < X0 ., and if we consider the finite
dimensional spaces U. = span{g:, ... ¢= } for 0 < e < &g, then U. — Uy
in the sense that the unit balls of U. converge in the symmetric Haussdorf

distance to the unit ball of U,.

it) From the Corollary above the following can also be obtained. Assume
{5150, is the set of eigenvalues of A, for 0 < e <eg, with A\ < A5 < ...\
and counting multiplicity. Also, assume for each € and n an associated
eigenfunction is chosen such that {©S(x)}2, is a Hilbert basis of L*(Q).
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Then there exists a subsequence, that we still denote € — 0 such that for
every n € N,

(@) = pu(z) in H'Y(Q)
and {¢, ()}, is a Hilbert basis of L*() of eigenfunctions of {\0}22,.

i11) Note that the spectral convergence above also apply in case the coefficients
of the elliptic operators are smooth, as in Section 3.

Now we will show that under natural but more restrictive assumptions
than in Theorem 4.1, we can actually conclude the uniform convergence of
solutions, that is

u® —u in C(9).
For this we will use the classical De Giorgi-Moser technique; see [11] and we
follow closely the approach in [4].

Our first result shows that under suitable conditions, the solutions u°
are uniformly bounded in L>°(2). Note that, even if V¢ = 0 this result does
not follow straight from [11] nor [4], since in such cases one needs the right
hand side to be uniformly bounded in L?(Q2) for p > N/2, which is not the
case here, since we only have uniform bounds in L*(Q) .

Theorem 4.4 Under the above assumptions and notations and assuming
r,p,t >N —1and z > N/2, we have u® € L*(Q2), and

|[uf|| o) < Ch

for some constant C7; > 0 independent of € and depending on s,p,r,p, N,
0]l llellze [lgel

17 NJellprr)-
Proof. We proceed in several steps.
Step 1 We will prove first that u. € L¥(Q2) for all 1 < y < oo and that
||| vy < C(y) for some constant C(y) independent of .

For this, we will show that for any ]3—_]:72 <d < &, then v € LNdiM(Q)
and

(4.18) el g, < C(d)

N-2d(Q) —

for some constant C' independent of e. Throughout the proof we will denote
m = infq a.

Note first that for ]3—12 <d< %, we have that ¢ = (%:Zd > 2. If we
multiply the equation by |u.|97?u. and integrate by parts we obtain

— q q q 1 q
00 [ a9t [ e+ Al + [0l + 2 [ Vil
Q Q r € Jw.

1 . _ _
= g/ falualq_2ua+/]a|ua|q 2u5+/gg|ug|q 1.
we I Q
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Denoting by v. = |u.|#, we have

1 L
o] < [t [
Q Q

2
1 -5
=mwm4ww1~wwm@mwﬂ

Ld(Q)
Now, since 2q—cf/ = ﬁNZ we have
2
(4.19) | [ gl <l
Q
_ (N—1)yd
If we denote by n = “F—= < N — 1, we have
1 _ % % 1 2/ 57
2 [ ] < [2 ] [ [ e < alz [ ]
€ Jwe € Jwe
Now, since 2q—7",”’ = 2%\/:21), we have, using Lemma 2.1, that

—2 2
7

2(N 1) -1 q 2
<Gy /Wm < CllecllZn e

In a similar way, we have

l L L
| [adur2a < [ 1] [ [ =i [ [ o]
r

2 _ 2(N-1)
and using again that 2% = R

(4.20) / felue|®™ 2,

we get

2
< CH”EH}}l(Q)-

(4.21) ‘/j€|u5|q2u5
N

Putting all these estimates together, we have

4g—1) 2 2 g 1 2 7
(4.22) — Q0L|Vv€| + Q(c+)\)v8+ Fbvg%—g ’ Velve|™ < Cllve 71

We can add to both sides of the previous inequality a term of the type
I fQ vZ, with 1 = p(q), so that the left hand side is uniformly coercive,
obtaining,

2
C(Nvelli ) < Cllvell fra gy + Cllvelliz oy
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Hence,

2
Cl@)llvellir o) < Cllvell fpqy + Clivellza)
2 2 2
< CHUaHIq{l(Q) + C||Ua||131(9)||va||2q(g)-

From where we get

2

ol on < Cq) (1 + lluellLa)
LV-2(Q)

(N—2)d
N—2d ’

< Clq) (1 + [Jue| | Logey) -

. q
and since v, = |u.|2 and ¢ =

e |

we get

LquN ba Q)

and since N 7 2 v we get

e | < C(q) (1 + ||ue|l agy) -

LIt NED 2(Q)

Applying a bootstrap argument, starting at ¢ = 2 we obtain that u. €
L1(Q) for all ¢ < co and that

el ooy <

where C' may depend on ¢ but it is independent of ¢.
Step 2 We now prove that we have u® € L*({2) and

|uf || o) < C

for some constant C' independent of ¢.

Let k > 0, ¢. = (u* — k)t < |u.| and A, = {x € Q: v®(z) > k}, where
we drop the dependence of ¢ in these sets to simplify the notations. Notice
first that, from Step 1, for any ¢ > 2 the following inequality holds

(4.23) [Pell o) < [Juellza@) < C,

where C' is independent of € and k, but may depend on g. Now note that
using interpolation we have

1_1 L
16c 220y < 10l ooy | Axl* 7l L35 o [ AR
2(Q)

1 i_l
SC||<Z5a||m(ﬂ)||<Z5a||zﬁfl(9)|f4k|2 N,
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From here, taking ¢ = 2N and using (4.23), we obtain

(4.24) 19:1720) < Clidell (@ Aul 227

Using ¢. as a test function in the equation we have, for A > 0,

fawor+ [eenes [ [ vior

429) =2 [ foot [Go-mont [fo. - e .- 2 [ wvo.

Next we estimate each term on the right hand side of the above expres-
sion, for this, we use extensively Holder’s inequality, Sobolev embeddings
and trace theorems.

Now, denoting ¢ = g. — k(¢ + A) and taking N/2 < py < p, z, we have

’ / gs ¢8
On the other hand, using Lemma 2.1

L el <[ 1] [ e’

L
< llgellzro@liell ) < CA+ RNl 2, |Ak|2 ot

< O+ k)| @ell oy | Al 70

S COquEHHL%(Q) = CO||¢EHH1 SN2 N+1 (Q)
Hence, using NT»N7N+1 < 2 we get
1 L
(426) ‘g fs@bg < (j||¢s||H1(Sl)|/4]f|2 T Nry,

and in a similar way we get

1
(1.27) 2 [ vikod] < Chlo.lma| s+

For the terms on the boundary, if we note that j* = j. — kb and we
choose a N — 1 < sy < s,t, we have

)/Fji(ba < /m 5[ o]

(1+E)l¢- < CA+Rloel

L O(F 'N_N_(Q)
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. . Nso
and using again oo NTT

(1.25) i,

Now, using the estimates above and choosing § enough small, we obtain

< 2 and proceeding as for (4.26), we get

N—

1Nt
S CAH+ k)| o] ar)|Al? =07 .

m
(4.29)  Zllelline) < /Qa|v¢5|2 + A/ngg
< C(A+k)||o: o)
X (|Ak|%7%Jrﬁ + |Ak|%_%+N%o + |Ak|%+%_ﬁ + |Ak|%+%)

while we also have

+2 N+2

Pellrany S NPl oy AR < Cllde]l oAkl =,
(Ak)

N-2

where C' = C(2, N). With these, we get that

el 1oy < (1 + k)| Axl*

where

r—(V-1) so—(N—-1) 2py— N 3}>0.

O‘:mm{ Nr ' Ns;, ' Npo 'N

In particular, for £ > 1 we have
[6ellLr (@) < 27E[ Ak
Now, using the Lemma 5.1 in [11] we have that
max{u®(z); z € Q} < C.
With a similar argument for w. = —u®, we obtain the desired result. ]

Remark 4.5 Let us observe that to obtain the results of Theorem 4.4, that
is, the uniform boundedness of u® in L*°(Q) we do not need the convergence
hypotheses of (4.3) and (4.4), but it will be sufficient to guarantee the bound-
edness hypothesis given by (4.2) and to assume that the family g. and j. are
bounded in L*() and L*(T) with the appropriate z and t.

Now we can show the uniform convergence.

Theorem 4.6 Under the conditions above, we have

ut —u in L2(Q).
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Proof. Note that v, = u® — u satisfies

—div(a(z) V) +c(2)ve +N0et 2 X, Ve A1) =1 X, fo4g-—go in O
(4.30) a(z) 2 + b(z)v-=—fo — Vou onT

v.=0, on I'p.
As in Theorem 4.4 if Ay = {z € Q:v. > k}, we obtain
(4.31) [(ve = k) [l 1) < (1 + k)| Ag|'T, for every k > 0.

From (4.31) we get that there exists a constant K, independent of £ such
that ||v]||ze(@) < Ko uniformly in e. Hence, if 0 < k < Ky we have

[(ve = k) llrg) < (1 + Ko)| AT, for every 0 < k < Ko

and if k > Ky we have (v. — k)™ = 0. Hence we can assure that we always
have for 4 = (1 + Kj) that

[(ve = k)| 1) < AlAk|"T, for every k > 0.
Since for every k > ko > 0 we have |Ag| < |Ag,]|, then
(- = k)o@ < 1Ak Z[Ak['T%, for every k > kg
and using Lemma 5.1 from [11] we get
ol < ko + ClA |52,

where C' is independent of kg, £ and €. Now, observe that the convergence
in Theorem 4.1 implies that |Ag,| — 0 as € — 0. Since ko is arbitrarily small
we get the result. |

As in the case of smooth coefficients, analyzed in the previous section, we
can also obtain the convergence in the case where we have a nonhomogeneous
Dirichlet boundary condition in I'p. We have

Corollary 4.7 Assume we are in the conditions of Theorem 4.6. Let h be
a function defined in Up such that h € HY?(Tp) N L>(Tp). Then if in
problems (1.4) and (1.5) we substitute the condition w =0 in I'p by u=h
in U'p, then the convergence result of Theorem 4.6 also holds.

Proof. The proof follows the same ideas as the one from Corollary 3.3. B



208 J. M. ARRIETA, A. JIMENEZ-CASAS AND A. RODRIGUEZ-BERNAL

5. Final remarks

We present in this section some important remarks related to the results
obtained in the preceding sections.

Remark 5.1 Note that the convergence results in Sections 3 and 4 for (1.4)
and (1.5) can be seen as a tool for transfering information from the interior
to the boundary. In particular, the results above, allow to approximate the
solution of the particular case of (1.5)

—div(a(z)Vu) + c(x)u+Au=g¢ inQ
(5.1) ou

a(x)a—n + Vo(z)u = fo on I' =90

by the solutions of the concentrated problem
—div(a(z)Vue) + c(z)u® + M + 12, Vo(z)u® = g+ 1X,_ f- in Q

(5:2) Ou =0 on I' = 09.
on

As a matter of fact, we may define V. and f. extending the functions Vj
and fy to w. in the direction of the normal. That is, if 2 € w. then z can be
written in a unique way as z = x — o7i(x), for some o € (0, ). Therefore, we
define V.(2) = Vo(z) and f.(2) = fo(z). With this definition we may easily
prove that if Vy € LP(T'), fo € L"(T'), then V. € LP(w.), f- € L"(w.) and that
both (1.2) and (1.3) hold. If we also assume r,p > N — 1, g € L*(2) with
z > N/2 and A is large enough, then we may apply the results of Section 3 if
we are in the case of smooth coefficients a, b, ¢ or we may apply the results
of Section 4 if a, b and ¢ are not smooth and in both cases we obtain the
convergence of the solution of (5.2) to the solution of (5.1), see Corollary 3.2
and Theorem 4.6.

In other words, nonhomogeneous Robin problems can be approximated
by homogeneous Neumann problems efficiently. Note that this leads to some
applications for numerical approximations, since Neumann conditions are
casier to implement; see [8].

Remark 5.2 Observe that in case the domain is not smooth, it may be dif-
ficult to give a meaning to the boundary condition in (5.1), although (5.2)
has a natural and simple variational formulation not involving surface inte-
grals or traces. Hence the limit functions of (5.2) can be taken as proper
way of defining solutions of (5.1).
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Remark 5.3 It is not difficult to see that all the results from Sections 3
and 4 can be carried out with minor changes to the case in which w. col-
lapses to a regular hyper-surface I' C €, not necessarily the boundary of
the domain. In such a case, for the problem

—div(a(z)Vus) + c(x)u® + M + 21X, Vour = LA, f. + g in Q
(5.3) a(z) 25 + b(z)u® = j on 0g
u*=10 on 02p

the limit problem reads

—div(a(z)Vu) + c(z)u + A+ Vooru = foor + g in
(5.4) a(z) 2 + b(z)u=j on 0Qg
u=20 on 0€p

where we denote by foor and Vyoru the functionals

<foc5r,<p>=/foso and < Vou, ¢ >=/Vbus0-
r T

We also denote by 0€2z and 0€2p two disjoint sets of €2 where Robin and
Dirichlet type boundary condition are imposed, respectively.

By this we mean that if V., f., Vj and f, satisfy (1.2) and (1.3), then if
p>N—-1,r>N-—1,g¢€ L*(Q) with z > N/2 and X is large enough, then
Corollary 3.2 holds for the case of smooth coefficients a, b and ¢ and Theo-
rem 4.6 holds for the nonsmooth coefficients case, where u, is the solution
of (5.3) and w is the solution of (5.4).

Observe also that by taking test functions with support near points on I'
it is easy to see that the limit problem (5.4) is in fact a transmission problem
across ', where the jump condition reads

e =0, fa(r) 50 + VaCaulr = fo.

Hence, in particular, the solution of the transmission problem

—div(a(x)Vu) + c(z)u+ Au = g in Q
[ulp =0, [a(z)5s + Vo(2)ulr = fo onT
u=>0 on 0f)

can be approximated by the solutions of the concentrated problems

—div(a(z)Vuf) + c(z)uf +  uf + 21X, Viud = g+ X, f. inQ
0 on 0f2.
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This approach may lead to significant applications to numerical schemes for
such problems.

In this direction observe that (1.4) and (5.3) can be understood as ap-
proximate regularized problems for (1.5) and (5.4) respectively.
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