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Entropy methods for reaction-diffusion
equations: slowly growing a-priori

bounds

Laurent Desvillettes and Klemens Fellner

Abstract

In the continuation of [8], we study reversible reaction-diffusion
equations via entropy methods (based on the free energy functional)
for a 1D system of four species. We improve the existing theory
by getting 1) almost exponential convergence in L' to the steady
state via a precise entropy-entropy dissipation estimate, 2) an explicit
global L™ bound via interpolation of a polynomially growing H'!
bound with the almost exponential L' convergence, and 3), finally,
explicit exponential convergence to the steady state in all Sobolev
norms.

1. Introduction

1.1. General presentation

This paper is part of a general study of the large-time behaviour of diffusive
and reversible chemical reactions of the type

(1.1) Ay + oAy = fA+ e+ BA @, B €N

in a bounded box Q C RY (N > 1).

Systems of type (1.1) are well known in the numerous literature on
reaction-diffusion systems. For the large time behaviour of global classi-
cal solutions (e.g. within invariant domains) we refer, for instance, to [31, 4]
and the references therein. For global weak solutions see e.g. [24, 28, 29] with
references. Many authors (e.g. [37, 23, 21, 36, 20, 22, 27] and the references
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therein) have deduced compactness and a-priori bounds from Lyapunov
functionals. We recall in particular [25, 15, 16], where generalized Lyapunov
structures of reaction-diffusion systems yield a-priori estimates to establish
global existence of solutions. We mention also [30, 26] and the references
therein where peculiar Lyapunov functionals are designed to show optimized
stability and instability properties for reaction-diffusion systems.

As in [8], we exploit as much as possible the free energy functional of
these systems. The basic idea consists in studying the large-time asymp-
totics of a dissipative PDE by looking for a nonnegative Lyapunov func-
tional E(f) and its nonnegative dissipation D(f) = —ZE(f(t)) along the
flow of the PDE, which are well-behaved in the following sense: firstly,
E(f) =0 < [ = fs for some equilibrium f,, (usually, such a result is
true only when all the conserved quantities have been taken into account),
and secondly, there exists an entropy/entropy-dissipation estimate of the
form D(f) > ®(E(f)) for some nonnegative function ® such that ®(z) =0
< 1z = 0. If $(0) # 0, one usually gets exponential convergence to-
ward f,, with a rate which can be explicitly estimated.

This line of ideas, sometimes called the “entropy method”, is an alter-
native to the linearization around the equilibrium and has the advantage of
being quite robust. This is due to the fact that it mainly relies on functional
inequalities which have no direct link with the original PDE.

The entropy method has lately been used in many situations: nonlinear
diffusion equations (such as fast diffusions [7, 6], equations of fourth or-
der [2], Landau equation [11], etc.), integral equations (such as the spatially
homogeneous Boltzmann equation [33, 34, 35]), or kinetic equations ([3],
(12, 13], [14]).

In the context of reaction-diffusion systems, especially in the theory of
semiconductors, the entropy method has been used e.g. in [19, 17, 18|.
In [17], for instance, exponential convergence towards equilibrium for general
systems of the type (1.1) (coupled with an equation for the electric potential)
was shown provided that globally existing solutions are known. Note that
in general global existence of weak solutions for systems of type (1.1) is
unknown and that boundedness of the entropy is insufficient to guarantee
that the reaction terms belong to L' (see [9]).

At variance with the work that we propose here, the method of proof
in [17] is based on a contradiction argument which does not lead to explicit
constants. With the above notation, it is shown there that assuming a
sequence of functions f, such that D(f,) = C,E(f,) for constants C,, — 0
as n — oo, and such that E(f,) is bounded, it is possible to extract a
subsequence of f,, which converges to a limit, causing finally a contradiction
(once the conservation laws have been taken into account).
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In our previous paper [8], we have proven quantitative exponential con-
vergence to equilibrium with explicit rates (all constants are also explicit)
for the systems modelling the reactions 2. 4; = A, and A; + Ay = Asz. The
proven entropy/entropy-dissipation estimate used global L> bounds on the
concentrations, which are known for these systems (they are consequences
of maximum principle type properties).

In this paper, we prove exponential convergence in L' (and consequently
for any Sobolev norms) for a system with four species

(1.2) Ai + A = Ay + Ay,

for which a global L*° bound was so far - up to our knowledge - unknown,
but for which, at least in 1D, a polynomially growing L*> bound can be
established. We focus on this particular system to present in a simple way
the proposed method, which is our primary aim rather than the actual as-
ymptotic result.

Note that for the equation that we consider, existence and uniqueness of
classical solutions in 1D is a consequence of [1] and [25, theorem 2.4]. Global
existence of weak solutions in any dimension follows e.g. from [28].

The method that we present here is very different from the tools used in
these works and can be summarized in this way: Firstly, we prove a poly-
nomially growing L bound for the solution of our equation (this a priori
bound is therefore called “slowly growing”). Then, we establish a precise
entropy/entropy-dissipation estimate, for which the constant depends loga-
rithmically on the L* norm of the solution thanks to a somewhat lengthy,
but elementary computation. Thus, a Gronwall type lemma implies “almost
exponential” decay in L' towards the steady state. Secondly, we prove an
explicit, uniform in time L bound by interpolation of the almost exponen-
tial L' decay with a polynomially growing H' bound. Finally, thanks to
this global L> bound, the entropy/entropy-dissipation estimate can be used
a second time and yields exponential decay towards the steady state.

Note that slowly growing a priori bounds have already been used in the
context of entropy methods in kinetic theory (cf. [34]), as well as interpola-
tion between an explicit decay in weak norm and controlled growth in strong
norm (cf. [10]). The last step (getting the exponential decay) is however a
new result in the context of entropy methods.

To state the problem, we denote with a; = a;(t,x) > 0, i = 1,2,3,4,
the concentrations of the species A; at time ¢t > 0 and point x € Q (Q is
a bounded interval of R), and assume that reactions (1.2) are taken into
account according to the principle of mass action kinetics, which leads to
the system

(13) atai - dz(?maz = (—].)Z (l ajas — k a2a4) s
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with the strictly positive reaction rates [,k > 0 and with a; satisfying ho-
mogeneous Neumann conditions

(1.4) Vo € 00, t >0, Opa;(t,z) =0,
and the nonnegative initial condition

(1.5) Vo e Q, a;(0,2) = a;o(z) > 0.
Without loss of generality - we assume

(1.6) l=k=1, 2l =1,

thanks to the rescaling t — %t, r— |Qz, a; — %ai. Finally, thanks to a
translation, we can suppose that € = [0, 1].

The solutions of (1.3)—(1.5) conserve the masses, that we assume to be
strictly positive:

(1.7) M, = /Q (a;(t,z) + a(t,z)) do = /Q (ajo(x) + aro(z)) dz > 0,

where we introduce the indices j € {1,3} and k € {2,4}. Note that only
three of the four Mj;’s can be chosen independently since they are linked
via the total mass

(18) M:M12+M34:M14+M32.

Moreover, the conserved quantities provide naturally the following bounds
su a;(t,r)dr < min M, M.t == M,
tz%))/g i(t, ) = k€{2’4}{ ik Jk} J

su arp(t,r)de < min M., M.t == M, .
t>Io)/Q () de < i { M, M i= My

(1.9)

When all the diffusivity constants d; are strictly positive, there exists a
unique equilibrium state a; « for (1.3) — (1.6) satistying (1.7). It is defined by
the unique positive constants solving a1 o 4300 = 02,00 G4,00 Provided a; o +
koo = My for (4, k) € ({1,3},{2,4}), that is:

M1 M MysMsy Mg M
CLLOO = M > 07 a3,oo — M32 o 124V132 _ 321V134 > 07
(1.10) M M 7
a = M >0 a = My — M12M14 _ M14M34 <0
2,00 M 9 4,00 14 M M )
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Finally, we introduce the entropy (free energy) functional F(a;) and the

entropy dissipation D(a;) = —4 E(a;) associated to (1.3) — (1.6):

E(a;) = AZai(ln(ai) —1)dzx,

(1.11) [ o
D(a;) = 426&// }0x\/a_i’2dxdt +/(a1a3—a2a4) ln( ! 3) dzx.
P 0Ja Q

A2 Ay

Outline of the paper: In section 2, we start by studying a priori bounds
entailed by the decay of the entropy functional. These bounds allow to
bootstrap an explicit, polynomially-growing (in time) L bound on the
concentrations a; (proposition 2.1), implying global existence of classical
solutions (this result of existence can be proven by other means, cf. for
example [1, 25]).

In section 3, we establish an entropy/entropy-dissipation estimate with
a constant depending logarithmically on the (polynomially growing) L
bound (proposition 3.1).

Hence, by a Gronwall lemma, we obtain in section 4 (proposition 4.2) an
almost exponential decay in L' towards the steady state a; o, of the form

Cit

4
(112) Z ]\4-i71||(]4'<t7 ') — ai,OOH%,l([O,l}) S 2\/§(E<a270) - E<a2,oo)) eiln(eth)7
i=1

with a constant C which can be computed explicitly (cf. appendix 5).

Furthermore, the almost exponential decay interpolates with a polyno-
mially growing H'! bound and we obtain an explicit, uniform in time L
bound (1.13). Finally, in return, exponential decay towards the steady state
can be proven, and we obtain our main theorem:

Theorem 1.1 Let Q) be the interval [0,1], and let d; > 0 fori = 1,2,3,4
be strictly positive diffusion rates. Let the initial data a;o be nonnegative
functions of L>() with strictly positive masses M), (defined by (1.7)) for
(4, k) € ({1,3},{2,4}). Then, the unique classical solution a; of (1.3)~(1.6)
1s globally bounded in L™ :

(1.13) ai(t) || L) < Cay,

and decay exponentially towards the steady state a; o given in (1.9)—(1.10):
4
> M ait, ) = disoll i) < 2V2(E(ai0) — E(ai)) e,
i=1

where Cy; and Cy can be computed explicitly (Cf. appendiz 5).
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Remark 1.1 Note that exponential decay towards equilibrium in all So-
bolev norms follows subsequently by interpolation of the decay of Theo-
rem 1.1 with polynomially growing H* bounds, which follow iteratively for
k > 1 from (1.13) and (4.5) inserted into the Fourier-representation used in
lemma 2.3 and presented in appendix 5 (Sobolev norms of any order are cre-
ated even if they do not initially exist, thanks to the smoothing properties
of the heat kernel).

Notations: The letters C, C}, Cy,,... denote various positive constants
(most of them are made explicit in appendix 5). It will also be convenient
to introduce capital letters as a short notation for square roots of lower case
concentrations and overlines for spatial averaging (remember that |2] = 1)

A; = \/a;, Aivo = /Timo E:/Aidx, 1=1,2,3,4.
Q

Finally, we denote || f||3 = / f?dx for a given function f:Q — R.
Q

2. A-priori estimates

In this section, we establish a polynomially growing L> estimate (proposi-
tion 2.1) for the solution of eq. (1.3)—(1.6). We start with the

Lemma 2.1 (A-priori estimates due to the decay of the entropy)
Let a;, i = 1,2,3,4, be solutions of the system (1.3)—(1.6) with initial data
such that a;oln(a;) € L'([0,1]). Then, for all T > 0 (and with M; defined
n (19)),

1

(2.1) 10, A7 (OTIXO1) = g 0) dx +4e”t = Oy,

(2.2)  sup |la;In(a;)||1 (o) / Zajoln (aj0) dx + 5e " = Cj,

t€(0,7T)]

(2-3) sup ||A HL2 [0,1]) < M;.

t€[0,T]

Proof of Lemma 2.1. Integration of the entropy dissipation (1.11) yields

4 4 T 4
/ Z a;In(a;) dx(T) + 4 Z d; / / ’@Ai ’2 dxdt < / Z a;oln(a; o) de
=1 i=1 0/Q =1

so that (since —a;|In(a;)| < e7!), estimates (2.1) and (2.2) hold. Then,
estimate (2.3) is just the conservation of masses. [ |
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Lemma 2.2 (A-priori bounds in L?([0,T] X [0,1])) Fori=1,2,3,4,
the solutions a; of (1.3)—(1.6) with initial data a;oIn(a; o) € L'([0,1]) satisfy
forT >0,

(2.4) ||ai||2L2([0,T]x[o,1}) <GCei(1+T),
where the constants Cg; are stated explicitly in appendix 5.

Proof of Lemma 2.2. Note first that

’Ai(t,x)—/olAi(t,y) dy| = /01 [LiyauAi(t,u) dudy' g/;o}auAi(t,u)}du.

1 1
|A,~(t,x)|2 < 2/ |(?uAi(t,u)|2du+2/ |Ai(t,u)|2du,
0 0

which yields (2.4) (using (2.3) and (2.1)), thanks to the following computa-
tion:

T 1
||ai||%2([0,T]><[0,1}) S/ < sup |A,~(t,y)|2> (/ |Az‘(t,$)|2d$)dt
0 \yelo 0

T r1
< 2Mi/ / |0, As(t, w)|” dudt + 2M2T < Cgi(1+T).
0 JO

Hence

The next technical lemma provides classical polynomially growing bo-
unds for the solution of the 1D heat equation, which can be proven in an
elementary way.

The main steps of this proof are explained in appendix 5, together with
a formula for the constant C7 which appears in (2.6).

Lemma 2.3 (Ezplicit L™ bounds (r > 1) for the 1D heat equation )
Let a denote the solution of the 1D heat equation (t > 0,z € [0, 1], with
constant diffusivity d,) with homogeneous Neumann boundary condition, i.e.

(2.5) oa—d, Oppa =g, 0ya(t,0) = dya(t,1) =0,

and assume for the initial data a(0, x) = ag(x) and for the source term g(t, x)
that

ag € L([0,1]), g € LP([0, +00) x [0,1]).
Then, for the exponents r,p > 1 and q € [1,3) satisfying % 11 = % 4 % and
for allT > 0, the norm ||a||L-jo,r1x[0,1)) grows at most polynomially in T like

1,1
(2.6) lallzrqo,mxj0,1)) < Tl/r||ao||Loo[o,1} + Cr (1+ Tq+2)||g||Lp([0,T]x[o,1}) .
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Next, we apply lemma 2.3 to the right-hand side g = aja3 — asay of our
system, which is bounded in L! by lemma 2.2. As result, we obtain an L"
bound with » < 3 on the a; and thus an improved bound on g. Hence, after
three iterations (detailed below), we obtain that the L> norm increases at
most polynomially in time:

Proposition 2.1 Let a;, i = 1,2, 3,4, be solutions of the system (1.3)—(1.6)
with bounded initial data a;o € L>(Q2). Then, for T > 0,

21
l[@i]| Lo 0.1 x10,17) < Cs.i (1 + T ) .
The constants Cg; and the constants in the proof are stated in appendiz 5.

Proof of Proposition 2.1. By lemma 2.2, we have

4
2: (14T,

Then, by lemma 2.3 with p =1 and r = ¢q € [1,3), for i = 1,2, 3,4,

|aras — azaal| L1 (j0.17x]0,1)) <

l\DIr—t

1 Cr 11
@l zrqo,mxp0,17) < T+ |asoll oo, + 77 Z Coi (L +T772)(1+1T),

=1
3 4
1,3
(2.7) < (llaioll oo,y + 5@@2%,»(1 4T

Next, for any s € [2,3),

2
lazas — oy < Cis (1+T779).

a2a4||L%([o,T]x[
Using again lemma 2.3, but with p = 3, ¢ € [1,3) and r € [1, 00), it follows
that
1 1.1 2
laillLro.11x[0,7) < 17| @ioll Lo + C7 Chs (1 + Ta ) (14T
(2.8) < Ches(1+ T3,

. 11124 1.9 . . . .
since T« ™27+ =T +"2, and with the constants Ci4; given in appendix 5.
Then, for s € [2,00), we see that

4
1
(2.9) laraz — a2a4HL%([O,T1X[071}) B) Z Haz‘||%s([o,ﬂx[o,1])
i=1
4
2
S 2012 i(1+Tg+9>7

i=1
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and, secondly, by a last application of lemma 2.3 with p = 3, r = oo, and
1=141
P q’

4
1,1 2
laill < ozixioy < lasollzmpon + Cr Y Clgs (L 4+ To2)(L+T57)

i=1

< (g, (1 +T22_1),

since Tat2T3+9= T %, and with the constant Cg; defined in appendix 5.1

3. Entropy/entropy dissipation estimate

In this section, we prove proposition 3.1, which details an entropy/entropy-
dissipation estimate for E(a;), D(a;) defined in (1.11). The proof uses the
technical (but elementary) lemmata 3.1 and 3.2. Despite being lengthy, we
believe that the lemmata 3.1 and 3.2 provide a strategy which extends to
more general reaction-diffusion systems. In particular, in the special case
of spatial-independent (nonnegative) concentrations, lemma 3.1 establishes
a control of a L?-distance towards the steady state in terms of a reaction
term, which - due to the conservation laws (1.7) - can’t cease until the steady
state is reached. Lemma 3.2 generalizes this control to spatial-dependent
concentrations.
We begin with the :

Lemma 3.1 Let A; ., ¢ = 1,2,3,4, denote the positive square roots of the
steady state (1.10). Let A; > 0 be constants satisfying the conservation

laws (1.7), ice. A" + Ay = A2+ A2__ for (j,k) € ({1,3},{2,4}). Then,

4
(3.1) DA = i3 < Co |41 A5 = A5 A4l3,
i=1
where Cy is given in appendiz 5.
Proof of Lemma 3.1. The proof exploits the ansatz
(3.2) A=A (1 +p)?,  —1<p, fori=1234.
The conservation laws (1.7), more precisely the relations
(3:3)  Aloe(m+pd) + (1) A7 (20 + pif) =0, i=2,3,4,

allow to express po, u3, and uy as functions of puy :

2

AT ,
(3.4) i = pi(pa) = =1+ \/1 — (1) A;7 (21 + N%) , 1=2,3,4.
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The function gy — p3(p1) is monotone increasing, while pq — (1)
and pq — p4(pq) are monotone decreasing. Moreover, p;(pq) = 0 if and only
if 4y =0 (for i = 2,3,4).

Since pa(p1), ps(pa), pa(pr) are real, py is restricted to

(35) Nl,min S H1 S ,U/Lmax7

with

min{A2 __ A2 o min{ A2 OO,A2 o
(36) Ml,min:_l—i_\/l_%u Ml,mam:_l%—\/l_’—%'

Due to the above monotonicity properties, we see that

-1 < ,U/3<,U/1,min) < N3(0> =0 < M3(:U/1,ma:p) ;
-1 S ,ui(ﬂl,ma:c) S Nz(o) - O S Mi(/ul,min) ) 1= 274

We now quantify how pq +— p; (1) (for i = 2,3, 4) are “close to proportional”
to p1. In particular, for s, we Taylor-expand

A%,oo 2\ 1+C¢ A%,oo
\/1 B n) =1 e e e A

for some ¢ € (0, 1), and consider the remainder

_ A oo (14¢) _ A A% oo 2
Bsl) = 7ot g e — A i <_1 ' \/1 T @ma) )

for p; € [ul,mm,ume]. It is straightforward that Rs(p;) is continuous
at p; = 0 with R3(0) = A; ., and monotone increasing or decreasing in
H1 € [H1,mins 1,maz) if and only if Ay o < Ag oo Or A oo > As o, respectively.
Therefore,

0< R3(,U/1,min) < R3(M1,mam) S A3,oo ) for Al,oo S A3,oo )
0< RS(Ml,maw) < RS(Ml,min) < 2141,007 for Al,oo Z AS,oo )
so that
(39) 0< Rg S max{2A17oo, A3,oo} .

For s (and analogously for ju4), we expand

_ Al 2y _ 1 _ 14¢ AT o
\/1 A oo (2[“ * Ml) =1 V1-(A2 /A% )(20+¢?) Ag,oo’ul ’



ENTROPY METHODS FOR REACTION-DIFFUSION EQUATIONS 417

for some ¢ € (0, p1), and consider the remainder

_ Aoe (140) I A2 )
Bol) = 7y T eee — A ( - \/1 — s (2mt “1))’

which is continuous with R2(0) = A; o, and increases with respect to p;.
Therefore,

0< RZ(Nl,min) < R2(N1,mam> < Ao+ \/A%,oo + min{A%,oo? A?l,oo}’
so that finally,

(3.10) 0< Ry, Ry < Ajoo+ \/A%oo +min{A3 , A7 .}

Using the ansatz (3.2) to expand (3.1) (and using the identity A; oo As 0o =
Ay Ay ), we see that in order to prove lemma 3.1, we only have to establish
that

AR opd 4 A5 s+ A3 s+ AG o
< CQ ’

(3.11) — _ <
A3 GAS o (ly s A piafis — pho — g — fiofia)

fOI' M1 € [Ml,min7 ,U/Lma:p} .
Considering the numerator of (3.11), we estimate thanks to (3.9), (3.10)
that

R} R RS
(3.12) i_zlAi,ooMi < M1A1,oo <1+A§700 + Agm + Aioo) < ulAl,ooAS,ooCb’

where CYy is given in the appendix 5. Regarding the denominator of (3.11),
we assume first that p; < 0. Then, thanks to the properties of monotonicity
of iy > te(ju1), we observe in the sum i + 3 + frfts + (—ptz) + (—pa) +
(—p2pt4) that only the term gy pg is nonnegative and all the other terms are
nonpositive. Moreover, we know in this case that —1 < p; and —1 < pg;
and therefore pu3 < —pqps, implying

(313) 1+ p3 + prapiz — po — g — fafia < fiy — Ho — fla — Hafta < —|p] .
If we secondly consider the case p; > 0, only the term —popy is nonpositive
and —1 < py as well as —1 < py, therefore g < —popy and

(3.14)  pn + p3 + papiz — p2 — fia — Hopla > fiy + fi3 + papiz — pa > [
Altogether, by (3.13) and (3.14), we estimate the denominator of (3.11) by

AT GAS (1 + i + papis — pio — g — o)’ > AT JAS it

which proves (with (3.12)) that we can take the constant (5.4), and then the
lemma 3.1 is obtained. |
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The following lemma extends Lemma 3.1 to nonnegative functions A;
which satisfy the conservation laws (1.7).

Lemma 3.2 Let A; o, t = 1,2,3,4, denote the positive square roots of the
steady state (1.10), and A; be measurable, nonnegative functions satisfying
the conservation laws (1.7), i.e. A_f + A2 = My, = A2+ AR for (5,k) €
({1,3},{2,4}). Then,

4 4
(3.15) D |4 — Ajoll3 < Cuo [ A1As — Az Aul3 + Ciu D> || A — A3,

i=1 i=1

where

AM AM
(3.16) Cio = max {09’?12%?3{, { Mngj4} sy { My My }} ’

with Cy defined in (5.4) and

Cho (\/M14M32 + M) , if \/A_? < eg; for somei=1,2,3,4,
(317) 011: /T A
Cov/MisMsy [ 1 4+ max {—} + max {Tm}, else.

i=1,2,34 i i=1,2,34
Here
/M M, My, \/ Mjy + My ,
1 P e etk e e | -1
(3 8) E] M]2 + M]4 ( + 2M ) .] 737
/M My, My, \/ My, + My,
3.19 =" 1+———-1), k=24.
(3.19) T My + My oM

Proof of lemma 3.2. In order to apply lemma 3.1, we expand around the
mean values

(3.20) A=A+ 6(x), 5 =0, i=1,2,3,4,

and consider the ansatz in lemma 3.1:

(3.21) L= (4p)?,  —1<pu,

which preserves the relations (3.3) and thus all the sequel of lemma 3.1.
The ansatz (3.20), (3.21) implies readily for the right-hand side of (3.15)
that

2

(3.22) 14 = Aill3 = A7 - 4

_5
=02,
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Since
52 —
(3.23) ———— =\ JA? A4,
A2 +74;
it follows that
_ 1 _
(3.24) L= Al ) — — =0
A2 4+ 4;

For the left-hand side of (3.15), we use (3.24) to expand

P F—
(3.25) 14; — Aiooll3 = Afsopti + —=""—107 .
VAZ+ 4

Thus the expansions in terms of 62 is unbounded for vanishing AZ > EQ
and we consider firstly the

e Case A2 > ¢2: (leaving the case for small A2 for later). We factorize

HA1A3 - A2A4H§ = HA_lA_3 - A_ZA_4H§ + 2(14_114_3 - A_zA_4) (m - m)
(3.26) + || A0 + A3y + 6105 — Azby — Ay — 2045

Since A; < \/A_f by Jensen’s inequality and A_%A_g < MyyMss, A_gA_?l <
M4 M35 by the conservation laws (1.7), we estimate the second term on the
right-hand side of (3.26) using Young’s inequality:

(A7 s — 3 77) (5285 — 538%) > —| A s — Ao G| (324 3 + 82 + 90)
(3.27) > —/ My Msy (53 + 03 + 03 + 63) .

Then, we insert (3.24) (recalling Ay A3.00 = A2.00A400) intO

., 2
| AL A3 — Ay Aq|, = AT JAS (Nl + 3+ paps — po — g — M2M4>
o (Jmm - Jaga) (B 4R SR
( BTVAELIUVRE T VEs | i/
VBB @R, &=
VAR VARE VA (VAT

2

V37 252
3.28 |V X I - L S
2% ’ VATHAL (V/A3+72)(v/ A3+ A7)

2
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For the second factor on the right-hand side of (3.28), we estimate like above
VAR - BE < Vi
and use (3.23) to compute
JhE | /R ____ g8 _,/Ram /i
VAR VA (AW PV 2 g P
and we compute in the same way the product proportional to %. Thus,

by A; < \/A_?< vV M for all i = 1,2, 3,4, we obtain

\/_+A3 (52 \/_+A1 52 _ \/7+A4 2 \/7+A2

\/_ Ay \/_+A3 3 \/7+A2 2 \/7+A4 4

(3.29) — /My M, Tg§4{%}(5_%+6_§+%+8).
Therefore, inserting (3.25) into the left-hand side of (3.15) and combin-

ing (3.22) and (3.26)—(3.29) for the right-hand side of (3.15) we have to prove
that

\/ 32

2
Z A7 i < CroAf JA7 (m + p3 + pafis — plo — fia — um)

4
+ <Cn — CiovV M4 Ms; (1 + max {%}) — max { \/QﬁfA } ) ;
When Cyy > Cy with Cy stated in (5.4), then Lemma 3.1 (see (3.11)) implies

@N|

2
Z A7 otti < CoAT JA] <M1 + pg + papis — po — pa — M2M4)

and we look for

2v/M 245 00
(3.30) C41 > Co/ M4 M3y (1 + Z 1111%4{ E}) + iﬁ%§74 {—\/Tg } )

7

We now treat the case
e Case A_f < % More precisely, we suppose that A_f < &2, where ¢; are

constants to be specified later. In particular for A4; < ﬁ/ < €1, we

estimate (using A3 < VM, Ay < \/Mis, Ay < /My, and Ag A4 = (A2
02)(AZ — §2) with (1.7) for the product AZ A2) that

(3.31) A A — A A=A A5 — 2A Ay Ay Ay + Ay Ay
> —21y/M My Mys + (Mg — £3)(Myy — €3) — A203 — A, 63
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Moreover by (1.7), a straightforward expansion yields

4
(3.32) D A — Aioll3 < 2M.
i=1
Thus, combining the left-hand side of (3.15) with (3.32) and the right-

hand side with (3.26), (3.27), and (3.31) where A2, A< M, we must prove
that

2M SCIO (Mlg M14 — 281\/ MM12 M14 — E%(Mm + M14> + 5%)
(333) + (CH — ClOV M14 M3 — CmM) (5_%4‘ 5_%+ (5_§+ (5_2) .

We treat the first bracket on the right-hand side of (3.33). After neglecting
e}, we denote the nonnegative solution of the (in terms of &) quadratic
equation xy — 2e/M xy — e*(xz +y) = h for 0 < h < a2y by

v M M —h
(3.34) e(x,y,h) = — L ny + .
T+y (x+y)? z+y

In the present case, where x = M5 and y = M4, choosing in particular
h = % confirms (3.33) with

Cpp > 2M = _4M —
(335) 0=h M2 Mia for A% S g1 = 6(M12, M14, M12M14) .
Cn > Cho (v My M3y + M) 2

Similarly, for the cases A_f < &2 i=2,3,4, we obtain the same C; and

aM — . Moo 0
Co 2 37005, > for \/ A3 < g 1= e(Mig, My, =257 )

(3.36) —
Cio > i, for \/AZ <&y i= e(Myy, My, 2sMse) - k=24,
and this yields (3.16) and (3.17). [ |

We are now in position to state the entropy/entropy-dissipation estimate
for £, D defined in (1.11), which holds for admissible functions regardless if
or if not they are solutions (at a given time t) of eq. (1.3) — (1.6).

Proposition 3.1 Let a; be (measurable) functions from [0,1] to R such that

0 < a < lallzegouy. and f3(a; +ar) = My for (k) € ({1.3},{2,4)).
Then,

4 { 1 min{dl,dg,dg,d4}

(3.37) D(ai)zc—lzmin G O PO }(E(ai)_E<ai,00))
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where P([0,1]) is the Poincaré constant of interval [0,1], Cig = Cio(Mjy) is
defined in (3.16), C11 = C11(Mjx) in (3.17), and

(3.38) Cra(llasl| Lo (0,17, Mjr) = max {®(llaill Lo, Gioe) } -

Here, ® is the function defined by the formula

z (In(z) —In(y)) — (z —y)
(Ve = /y)? ’

Proof of Proposition 3.1. Using the inequality (aja3 — asaq)(In(aias) —

In(asay)) > 4(A; Az — Ay Ag)? and Poincaré’s inequality, we obtain the esti-
mate

(3.39)  O(z,y) = O(z,y) = O(In(z)) .

4

4d;
(340)  D(a;) > 4| AAs — A Ay + > 2
i=1 P(%)

We show in the sequel that the right-hand side of (3.40) is bounded below
by the relative entropy E(a;) — E(a; ).
First, we use the conservation laws (1.7) to rewrite the relative entropy as

Bla;) — E(a;00) = /Q é <ai In -2 (q; — aim)) dx

ai,oo

—12
14 = A

and we use the boundedness of the function ® defined in (3.39), (see [8,
lemma 2.1]) to estimate

4
(3.41) E(a;) — E(ais) < Cr2 > _ |14 — A1 I3,

i=1
with C}y as defined in (3.38). The statement of proposition 3.1 follows now
from lemma 3.2 by comparison with (3.40). [ |

4. Estimates of convergence towards equilibrium

In this section, we use the estimates of the two previous sections in order to
obtain proposition 4.2 and theorem 1.1. We begin with a Cziszar-Kullback
type inequality relating convergence in entropy with L! convergence.

Proposition 4.1 For all (measurable) functions a; :[0,1] —R",i=1,2,3,4,
for which fol(aj+ak) = My for (j,k) € ({1,3},{2,4}), we have the inequal-
1ty
4
2V2(E(a;) = Etio)) = > M; Mla; — ainoll}
i=1

with M; defined in (1.9) and for the entropy functional E(a;) defined in (1.11).
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Proof of Proposition 4.1. We define
q(a;) = a;Ina; — a;

and rewrite
4 . 4

(4.1) E(a;) — Eai00) = Z/ a;In é dx + Z (q(a:) — qlaix))-
i=1 YO g i=1

Using the conservation laws (1.7), we define moreover
Qik(Mji, @;) = q(@7) + ¢(Mjy, — @;) = Quw(Mjx, ax) for aj, @y € [0, My],
and rewrite the second sum on the right-hand side of (4.1) as

4

S (a(ar) — alaie) =

i=1
= Qju(Mj, @5) — Qjk(Mj, ajoc) + Qi (M, a0) — Qi (M, ajr )
= Qir(Mj, ak) = Qjr(Mji, ak 00) + Qyin (Mjorr, @) — Qjrir (M it 0)
with j # j' and j,j/ € {1,3} and k& # k' and k, k' € {2,4}. Since the
derivatives Q) and Q7 satisfy
Qi (Mg, @5) + Qo (M, @) = Q. ( My, @) + Qi (M, @ir) = 0,
and

_ 4 . 4
Q;'Ik(Mjk,aj) > M—jk’ Q;‘/k(Mjkaak) > M—jk’

we Taylor-expand (4.1) (where the first order terms vanish due to a1 —a; o =
a3 — U300 aNd T3 — Gg00 = G — 4,00, Tespectively) and get

4

> (alai) = qlaice)) =Y M ai — a;00|*

i=1 i=1
Secondly, for the first term on the right-hand side of (4.1), we estimate with
the classical Cziszar-Kullback-Pinsker inequality (Cf. [5])

3 (3

. 1 _
/Qaim:%dx > —|a; i3,

for which moreover @; < M;. Alltogether, we obtain (by Young’s inequality
la; — aioollf < V2]la; = @7 +2v20@ — ai,00]*)

~ llas — il
=1 g

This ends the proof of proposition 4.1. |
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We now are in a position to state the

Proposition 4.2 Let d; > 0 fori = 1,2,3,4 be strictly positive diffusion
rates. Let the initial data a; be nonnegative functions of L*([0,1]) with
strictly positive masses My for (j,k) € ({1,3},{2,4}). Then, the unique
classical solution (t,x) — a;(t,x) to eq. (1.3) — (1.6) satisfies (for M; defined
n (1.9) and E in (1.11)) the decay (1.12), i.e

cit

4
ZMZ‘AHai(ta )= ai,ooHil([o,l}) < 2\/§(E(ai,0) - E(ai,oo)) e meFD,
i=1

with a constant Cy which can be computed explicitly (Cf. appendiz 5).

Proof of Proposition 4.2. Thanks to the entropy identity J E( ;) =
—D(a;), Proposition 3.1 yields

d 4 . 1 min{dl,dg,dg,d4}}
—In(E(a;) — Ela;)) > min{ —, ,
(B(w) = Bla)) 2 g min{ g, 0

dt
where Cha(t) = maxi—1,234{P(]|a;||L=(0.qx]0,1))> Bioo)} With ®(x,y) defined
n (3.39) (this function is monotone increasing in x, Cf. [§], lemma 2.1), and
Cho, C11 and P defined in proposition 3.1.
Moreover, it is easy to see that for k > 1,

kln(k) — (k —1) <\/E+1
(VEk=12  ~VEk-1

Note that the factor (vk+1)/(v/k—1) is strictly monotone decreasing in k.
Next, we know thanks to lemma 2.1 that ||a;|| zeo(jo,qx[0,1]) < Cs.i (1 —i—t%)
Thus, in order to apply (4.3) with e.g. k > 2, we estimate ||a;|| L ([0,4x[0,1]) <

max{Cs;, 2a; o } (1 + t2) so that
<||az||L°° [0,]x[0,1])5 i oo> < {fso: 2} (1 + t%l) ai,ooaai,oo>

_f“( ( {am })%—ln(l%—t%)
(52),1n2}—|—1n(1+t%)).

dt S 1 T
C58;;,1112}%—111(14—1t271) - (max{58;,1n2}+271) In(e +17T)’

(4.2)

(4.3) O(ky,y) = In(k), Vk > 1.

and therefore

Cualt) < (V241 (m {

1=1,2,3,4

Next, we notice that

(4.4)

0 max{ln
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since both sides vanish at 7" = 0 and the time-derivatives of the left-hand
side can be estimated below by

N 1 . 1 1
max{ln = In2} + 2 In(e+7T) ~ (max{ > In2} +2) In(e + 1)

(7% Qi 00

1 1 T 1
> 1— ,
(maX{Cs,i’1n2}+22_1)ln(e+T) ( e+Tln(e—|—T)>

Qi 00

which is the time-derivative of the right-hand side of (4.4).
Finally, estimate (1.12) follows from integrating (4.2) on [0,7] and the
Cziszar-Kullback type proposition 4.1. [ ]

We now present the proof of Theorem 1.1, which is based on interpola-
tion properties, and a second application of the entropy/entropy-dissipation
estimate (Proposition 3.1).

Proof of Theorem 1.1. To establish an H! bound on the solution of
equations (1.3)—(1.6), Proposition 2.1 and (2.1) yield

: 21
Ttel[rOIfT] ||azaz‘||%2([o,1]) < Hal’aiH%?([O,T]x[O,l}) < 4C4,; Cy;; (1 + 1 ) )

for all T > 0. Since the function (7! + lefg) assumes its minimum value at
time 7' = (2/19)%?!, there exists a time 7 € [0, (2/19)%/?'] when

19

21 [ 2\ ™
o) gy <40 i g (35)
Next, multiplying eq. (1.3) formally with 0,,a; yields with Young’s inequal-
ity

d [ 1 1 1
E/ |0,a;]? dx+di/ (Opea;)? dxg4d‘||a1a3—a2a4||%2([071})+d,~/ (0ppa;)* da .
0 0 i 0

We integrate over a time interval 7' > (2/19)%2! > 7 this formula and obtain
1
||(‘9Ia,~(T)||%2([071D < ||axai(7)||%2([o,1]) + 4—d||@1a3 - a2a4||%2([0,T]><[0,1]) :

Using the bound (2.9), i.e. [|a1as — azasl|r2(j0,77x[0,1]) < 2?21 Cei (1+ TE*Q),
we obtain

(4.5) 1000:(T)|| 720y < Crr (1+T")  for T > (2/19)**,

with the constant C'j; given in the appendix 5. This formal argument can
be made rigorous by approximations of the solution (see e.g. [24]).



426 L. DESVILLETTES AND K. FELLNER

Next, we use (see e.g. [32]) the Gagliardo-Nirenberg-Moser interpolation
inequality

(4.6) laall = oy < G0, 111wl ooy lall gy -

Then, interpolating the almost exponentially decaying L' norm of Proposi-
tion 4.2 for T' > (2/19)%?! > 7, we get

llai(T) || Lo (0,1)) < Giroo + ||@i — @ioo || Lo (j0,1))

1 1 1
< io0 + G([0,1])[|0:(a; — ai,OO)Hiz([o,u)Hai - ai,oonéoo([og})Hai - ai,oo||21([0,1])
< Cis,,
where (4.5), Proposition 2.1 and Proposition 4.2 lead to the constants C3;
given by (5.5) in appendix 5. Moreover, for 0 < 7 < (2/19)%2!, the L
bound of Theorem 1.1, i.e. the value of Cy; (5.1) follows from Proposi-
tion 2.1. Finally, using this global L> bound, the right-hand side of (4.2)

is bounded below by a constant and the exponential decay stated in the
theorem can be obtained by the standard Gronwall’s lemma. |

5. Appendix

In order to convince the reader that all constants in this work are explictly
computable, we provide the following formulas:

Lemma 5.1 (Ezplicit constants)

. 1 min{di,d2,ds,ds}
4m1n {Cl()’ CHP([O,l]) }

C, =
(V2 +1)2 (maXi:1,2,3,4 {fﬂ, In 2} + 22—1)

)

2l 2 \2/21
(5.1) Cgig{ﬁc&i’o<t§(ﬁ)/ 7

Cha,i it > (12—9)2/21 )

c Cio’  Cu1P([0,1])
3 pu—
max {®(Chsi, tine}) |

Amin {L mini:1,2,3,4{di}}

C6,i =2 MZ(MZ + 04,2‘) s

2+gq —3

*% M 7\ 2a(2¢-1) 1 q(gq—l) 1 q(gqfl)
(52)  Cr=d." 2@ 0 (7 7 T

+dz 2 (L) ,

2+q

Q=
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4
(53) C&Z’ = ||CLZ'70||LOO[Q71] + 3 C7 Z 0126,2‘ s

=1
1 4A%’oo 1 2
(5 4) C _ +max{ A?‘},oo7 } + 1 + 1 (A1’°O+\/A1100+min{A§,oo7Ai,oo})
' o A3 A3 AL A3 ’

(55) Clg,i = 0,00 -+ G(Q) 0117 Céz (2% Mi(E(ai’o) — E(awo))) : Bi 014 y

1 . 1 min{dy,dg,d3,dg}
_ 59\ 4 t mm{c_lo’ C11 P([0,1])
Cly = sup { (1 12 ) CXP | T mlet 5 Cg,i |, 21 ’
t€[0,00) 2(v24+1)2( max b2l

i=1,2,3,4 | %i,00

4

A 2
3
(5.6) Ci5 = Z (Hai,OHLOO[O,l} + 507 z; CG,i) ,

i—1
(5.7) Cigi = llaiollz=jo,1) +3C7 Chs,

19
2

21 f 2\
) — 40, C .22 [ =
(5.8) C17 =4C4,; Cs; 5 (19) +

4 2
(Z 0126,i> ’
=1

where M; is defined in (1.9), Cy; is given in (2.1), Cyo is defined in (3.16)
(depending on Cy given in (5.4)), C1y is defined in (3.17), Cy5 in (5.6), Cie,
in (5.7), and the function ® is given in (3.39). Moreover, P([0,1]) denotes
the Poincaré constant of [0, 1] and G(|0, 1]) denotes the Gagliardo-Nirenberg-
Moser constant in (4.6).

1
2d,;

We also provide a short proof of Lemma 2.3 for the sake of completeness.

Proof of Lemma 2.3. The proof uses Fourier series, which simplify
when (2.5) is mirrored evenly around x = 0, i.e. when the functions are
extended like

- a(t,z) x€[0,1],
(5.9) a(t, v) = { a(t,—z) = €[-1,0],

and when g and dy are defined analogously. Then, the eigenvalue-problem
Prz = A@ on [—1, 1] with homogeneous Neumann boundary and periodicity
conditions is satisfied by the eigenvalue-eigenfunction pairs

(As @) = (= (km)?, cos(kmz)) for k=0,1,2,...
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and yields the Fourier representation

(5.10)

aft,x) = /_ 11 do(y) dy + 2 g et ( /_ 11 do(y)Pr(y) dy) i)

t pl o t 1
+ / / 35, ) dyds +23 / (i) ( / g<s,y>¢k<y>dy) ds pr(z)
0J-1 = Jo ~1

Thanks to Poisson’s summation formula, we can write down

(2k+z—1y)>
- 4daty dy

(5.11) &(t,x):ﬁfldo(y) Z \/%e

// (iT(zy))dd
toE syz %t_s yds

k=—00

This yields the estimate
- .
@l L o.mx 1,1y < ﬁ 10 %z Sl Lr(jo,7)x[-1,1))
(5.12) 2\/— g *thHL’“ ([0,T)x[—1,1]) °

(2k+z)2

where S(t,xz) ==Y 2 —A=e” i satisfies (for ¢ € [1,3))

11
(5:13) 18w =2V, IS < Cr (1+T572)
The second formula of (5.13) can be obtained by using (when n # 0)
2n+x)> > 2n+z| >2n -1

in order to estimate

22 N
HSHL‘Z([O,T}X[fll =~ H(d t) %(6 4dat +QZ€ 4dat>

22

<H dt 26 4dat

La([0,T]x[—1,1])

+2H<d“t> %( 1/4dat 71/4dat)*1

La([0,T]x[—1,1] La([0,T]x[—1,1])

o2 1/q T 1o 1/q
dt 2 ef dt —|—4(/ 2(d,t th) .
(/ Ve 2# ) [ oty

Returning to (5.12), we can estimate each term in the right-hand side
in order to obtam Lemma 2.3, the fourth term being the most difficult. In
order to treat it, we apply Young’s inequality ||g * S|z < ||g|| || S]|za for
1+1= ]19 + é and estimate (5.13) for ||.S]|La. [ |
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