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Abstract

The main result in the paper states the following: For a finite
group G = AB, which is the product of the soluble subgroups A
and B, if (a,b) is a metanilpotent group for all a € A and b € B, then
the factor groups (a,b)F(G)/F(G) are nilpotent, F/(G) denoting the
Fitting subgroup of GG. A particular generalization of this result and
some consequences are also obtained. For instance, such a group G
is proved to be soluble of nilpotent length at most [ + 1, assuming
that the factors A and B have nilpotent length at most [. Also for
any finite soluble group G and k > 1, an element g € GG is contained
in the preimage of the hypercenter of G/Fy_1(G), where Fj_1(G)
denotes the (k — 1)th term of the Fitting series of G, if and only if
the subgroups (g, h) have nilpotent length at most k for all h € G.

1. Introduction

The study of factorized groups whose factors are linked by some particular
property has received considerable interest recently. The focus in this paper
is on a connection property introduced by Carocca [5] (based on a remark
of Maier in [14]):

Let £ be a non-empty class of groups. Subgroups A and B of a group G
are L-connected if (a,b) € L for alla € A and b € B. A group G = AB
is an L-connected product of A and B if A and B are L-connected. Of
course, the special case A = B = G has been dealt with before; there are
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numerous results considering the question when for a group G containment
of all 2-generated subgroups in £ implies that G is contained in L. For
finite groups, the most famous result in this direction is a consequence of
Thompson’s classification of minimal simple groups [15]:

A finite group is soluble if all of its 2-generated subgroups are soluble.

A nice elementary proof of this theorem has been given by Flavell [9]. As
a further example we mention the work of Carter, Fischer and Hawkes [7]
where results of the same type are obtained for various important subclasses
of finite soluble groups.

We note also that results of this type follow from the theory of varieties
of groups, and for finite groups in particular from studying finite varieties
introduced by Brandl in [4].

For general L£-connected products, up to now only the cases £ = S, the
class of finite soluble groups, and £ = N, the class of finite nilpotent groups,
have been studied.

Carocca [6] showed that S-connected products of soluble groups are solu-
ble. Structure and properties of N'-connected products are understood very
well (cf. Ballester-Bolinches, Pedraza-Aguilera [2] and Hauck, Martinez-Pas-
tor, Pérez-Ramos [12]). For instance, in an A/-connected product G = AB,
A and B are subnormal subgroups and the nilpotent residual AV of A is
centralized by B (and vice versa). Also the product G = AB is N-connected
if and only if G modulo its hypercenter is a direct product of the images
of A and B. A further study of the behaviour of N -connected products of
groups, in relation to certain inheritance properties between the factors and
the whole group, was carried out by Beidleman and Heineken [3].

In this paper we consider mainly the case £ = N2, the class of finite
metanilpotent groups. It is obvious that G = AB is an N ?-connected prod-
uct of A and B if G/F(G), F(G) denoting the Fitting subgroup of G, is
an N-connected product of AF(G)/F(G) and BF(G)/F(G). The main the-
orem of this paper says that for soluble groups the converse holds, too. Thus,
the structure of soluble A/?2-connected products is reduced to the structure
of N-connected products which is quite transparent by the results mentioned
above.

It is an open question whether a corresponding statement is true if N
is replaced by N*, the class of finite soluble groups of nilpotent length at
most k, for k& > 3. However, under certain conditions on A and B such a
generalization can be obtained which has already interesting implications.
For instance, let £ > 1 and let g be an element of a finite soluble group G;
then (g, h) € N* for all h € G if and only if ¢ is contained in the preimage
of the hypercenter of G/F;_1(G), where Fj_1(G) denotes the (k—1)th term
of the Fitting series of G.



SOLUBLE PRODUCTS OF CONNECTED SUBGROUPS 435

2. Notation and preliminary results

All groups considered in this paper are assumed to be finite.

We shall adhere to the notation used in [8] and we refer also to that book
for the basic results on classes of groups. In particular, P denotes the set of
all prime numbers and o(G) the set of all primes dividing the order of the
group G. Also A denotes the class of all abelian groups.

We now gather some results on products of groups and on N -connected
products which will be needed in the paper.

Lemma 1 Let the group G = AB be the product of two subgroups A and B.
Then:

1. ([1, Lemma 1.3.2]) If A, B, G are D,-groups for a set ™ of primes,
then there exist Hall w-subgroups Ay of A and By of B such that AqBy
15 a Hall w-subgroup of G.

2. ([1, p. 3, Lemma 1.1.4(i)]) For a subgroup S of G, the factorizer X(S)
of S in G = AB satisfies S < X(5) = (AN X(9)) (BN X(9)). Ifin
addition S is normal in G, then X(S) = ASN BS.

3. ([13, Theorem 4.4.1)) If A and B are subnormal subgroups of G, then
GN = ANBN.

Lemma 2 ([12, Proposition 1 (2), (8), Proposition 4]) Let the group G =
AB be an N -connected product of the subgroups A and B. Then:

1. A and B are subnormal in G.
2. ANB < Z,(G) < F(G).
3. F(G) = (F(G)NA)(F(G)nB).

Lemma 3 If two elements x,y of a group G have coprime orders, then

(z,y) = [(z), (v)].

Lemma 4 Let the group G = AB be the product of the subgroups A and B.
If F(G) = (F(G)N A)(F(G) N B), then

O,(G) = (0,(G)N A) (0s(G) N B),
for any prime s. If in addition F5(G) = (F2(G) N A) (F5(G) N B), then
0, = 0,(G mod F(G)) = (0,1 A)(0, 1 B),

for any prime s.
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Proof. The first part is easily proved. From this part we deduce in order
to complete the proof that

O, = (OsNAF(G@))(0,NBF(G)) = (0O,NA)F(G)(OsN B) =
= (0,NA)(F(G)NA)(F(G)NB)(0sNB) = (0,NA)(O,N B)

and we are done. [ ]

Lemma 5 If the group G = AB is an L-connected product, then G = A*BY
1s an L-connected product, for any pair of elements x,y € G.

Proof. Let z,y € G. Since G = AB it is known by [1, Lemma 1.3.1] that
G = A*BY. Moreover, there exists an element z of G such that A* = A®
and BY = B?. The result follows now by a straightforward argument. |

Lemma 6 Let the finite group G = AB be the product of the subgroups A
and B. Then the following statements are pairwise equivalent:

(i) A and B are N -connected.

(17) For every pair of primes p and q such that p # q, [Ap, By] =1 for all
A, € Syl (A) and all B, € Syl (B).

(iii) (a) [AN,B] =1, [BN,A] =1;

(b) for every pair of primes p and q such that p # q, there exist A, €
Syl,(A) and B, € Syl (B) such that [Ay, By = 1.

Proof. (i) implies (ii). This is clear.

(ii) implies (i4i). Let ¢ be a prime number and B, € Syl (B). From (i)
it follows that [AV, B,] < [0(A), B,] = 1. Consequently [A", B] = 1. The
second part is clear.

(4ii) implies (7). We notice that for every prime p, if P € Syl (A), then
ANP is normal in A and so Syl,(4) = {P'|t € AV}. Analogously, if
Q € Syl,(B), then Syl,(B) = {Q"|t € BV}. Then (ii) is easily deduced
from (i27). On the other hand, for every prime p, we recall that there exist
X, € Syl,(A4) and Y, € Syl,(B) such that XY, € Syl,(G). Then it can be
also proved that every Sylow p-subgroup of A permutes with every Sylow
p-subgroup of B.

Now, let a € A, b € B and let us consider (a) = Xpep(a),, (b) =
X pep (b)p. It is clear that (a,b) = x,ep((a),, (b),) is nilpotent and so A and
B are N-connected. |
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Lemma 7 If N is a subgroup of a group G normalized by an element g € G,
then [N, (9)] = [N, g].

In addition, if N is abelian, the map N — [N, g|, which sends each
n € N to [n,g] € [N,g], is an epimorphism of groups with kernel Cn(g). In
particular, N/Cy(g) = [N,g] = {[n,g]|n € N}.

The above-mentioned results will be used freely throughout the paper,
usually without further reference.

Lemma 8 Let F be a formation of soluble groups. Let G be a group, N
a subgroup of G and o, 3 € G. We say that N,a, 3 satisfy Condition (x)
provided that

N is normalized by {«, (),

N is an abelian p-group for some prime p,
0,((a, 3)7) < N and

(a™ ™y € NF for alln,m € N.

(It is clear that the last part of (x) holds if {(a, f") € NF for alln € N.)
Assume that N, «, B satisfy Condition (x). Set

T:N<a7ﬁ>7 C:CN«aaﬁ)}—)’ R= [N’ <O‘aﬁ>]_—]a
Ni={neN|(na,B) ENF}, No={neN|{anf8) e NF}.
Then:

1. N=CxR and C{a", ™) is an N F-projector of T for alln,m € N.
(Notice that N'F is a saturated formation for any formation F.)

R = Cg(a) x Cr(B).

Ny, = C|N,{a)] = C[R,a] and Ny = C[N,{B)] = C|[R, f].

If p € Ny, then N, pa, (8 satisfy Condition (x).

If L1 < Ny, Ly < Ny and N = LyLs, then CLy = N1, CLy = N.

If in addition A C F, then

N = Ny if and only if N = C' if and only if § normalizes Nj.

Proof. Note that T'= N{a, () is a soluble group and that C' = CN(<oz, /6>f)
and R = [N, («a, 3)7] are normal subgroups of 7.

1. Let n,m € N. Notice that we have N(a", ™) = N{(«, ) = T, which
implies that N (o™, 3™)” = N{a, 8)”. Since (a, ) eN'F and O, (o, 8)7) <

S

N, it follows that N{a,8)" = NOy ({(a,3)”"). Thus O,({a™,™)7”) < N
and consequently, NO, ({(a”, 3™)7) = N(a™, ™% = N{a, 8)*. Since N is
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abelian, we conclude that C' = Cy ({a, 3)7) = Cn(Op ({a™, B™)7)). More-
over, R = [N, N{a, 3)"] = [N,Op({a™, ™)%)]. Therefore, by coprime ac-
tion it follows that N = R x C and that R = [R, O, (", 3™)7)].

We claim that C{a”, ™) is a complement of R in 7. We have T
N{a", ™) = RC(a", ™). Observe that [N N (a”, ™), Oy({a", f™)7)]
NN Oy ({a",™7) = 1. Hence N N {(a™, ™) < C. Thus, RN C{a", f™)
RNNNC(a", ™) = RNC(NN{a",3™) =RNC = 1. This proves that
C(a™, /™) is a complement of R in T.

Since C(a", 3™7% € N, it is clear that TV < R. In particular, TN"
is abelian and by [8, Theorem I1V.5.18], the complements of TN in T are
precisely the N F-projectors of T. Thus, to complete the proof of Part 1
it is sufficient to show that 7V% = R. Since R = [R, N{«a, 8)”] = R, T7],
then R < T7. Furthermore R < (Tf)N = TVNF < R and we are done.

2. In order to show that R = Cr(«)Cg(0), let n € R. By Part 1, C{a, 3) and
C{a™, B) are N F-projectors of T, which implies that C(a™, 3) = (C(«, 5))*
for some p € R. Since C{a, ) is a complement in the group 7' of the
normal subgroup R, we obtain that § € C{«, ) N (C{a, B))* < Cr(p).
Since C'la, B) N (Cla, BY)* " < Cp(pun~?), it follows that a € Cr(un™),
and so we have that n = (un™')"'u € Cgr(a)Cgr(B3). This means that
R = Cgr(a)Cg(B). Furthermore, Cr(a) N Cr(B) < CN R =1, so we have
R = Cgr(a) x Cr(B).

3. Letn € Ny ={p € N | (ua,B) € NF}. We have that T = N(na, 8) and
(na, B) € NF. Therefore N{na, )" = N{a, )" = NO, (o, 8)). Hence
we obtain that NO, ((na, 8)7) = N{a,3)” and so Cx(Oy({na, 8))) =
C. Arguing as in the proof of Part 1, it follows that C'(na, ) is an N F-
projector of T. By Part 1, C{«a, ) is also an N F-projector of T and it is
a complement of R in T. Therefore C(na, 8) = (C{a, 3))" for some p € R.
Thus we have na = ca? with ¢ € C and = € (o, ). This means that
n = clp,z za™! = [p,x7exa™! with [p,z7!'] € R and cxa™! € Cla, 3).
On the other hand, n € N = RC, which implies that cxa™! € C because
C(a, ) is a complement of R in T'. Then x = ¢y for some ¢ € C' and so we
have n = cz’a™! = ccoaPa™t € C[N, (a)]. This proves that Ny C C[N, (a)].
To prove the reverse inclusion, let n € C[N, («)]. By Lemma 7 we may
write n = cutapa™! with ¢ € C and pu € N. Therefore C(na,3) =
Clca*, 3) = C{a#, 3) and we have C(na, 8)" = C(a*, 3)7 because C is a
normal subgroup of 7. We have already seen in the proof of Part 1 that
N{a, )" = N{a*, B)7, so it follows that C centralizes (a*,3)”. Since
(a*, B)F € N, we have C(na, 3)7 = C{a*, )" € N. Then (na, 3)” € N
which means that n € N;. We conclude that N; = C[N, (a)]. Moreover
CIN,(a)] = C[CR,a] = C[R, «]. Similarly N, = C[N, (5)] = C[R, 3].

Al
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4. Let p € Ny. Evidently N is normalized by (u«, ). We have already seen
in the proof of Part 3 that N(ua, )" = NOy((a, 3)”), so we have that
Op((uoz,@f) < N. Finally, let us see that (ua,3") € NF for all n € N.
Let n € N. Since u € Ny = C[N,a™ Y], we may write u = cp~tapa~" with
c € C and p € N. Thus pa = ca”. Arguing as in the proof of Part 3 we
have that: C{ua, 3") = C{af, "), N{a,3)" = N{a*,3")”, C centralizes
(af, BT, Clua, BT = Clar, ") € N and (ua, ") € NF.

5. Assume that L1 < Ny, Ly < Ny and L1L, = N. We notice now that
Ny = C[R,a] and R/Cgr(a) = [R,a]. By Part 2, R = Cg(a) x Cg(5),
so it follows that | N;/C'| = |[R,a]| = | Cr(5)|. Analogously, | No/C'| =
| [R, 5] | =|Cgr(a)|. We have:

| R| = |N/C|=|(CL/C) (CLy/C)| < |CL/C||CLy/C| <
< [N /C[N2/C| =R
Therefore | CL; | = | N; | and so we have that CL; = N; for i = 1, 2.

6. Assume that A C F.

First suppose that N = Nj, we claim that N = C'. We have that

CxR=N=N;,=C[N,{(a)] =C|[R,q].

Therefore R = [R, a]. Since R/Cr(a) = [R,a] = R by Lemma 7, we have
that Cr() = 1. By Part 2, R = Cr(a)Cgr(f3), so it follows that R = Cg(f3).
Since A C F, we have (a, )" < (8)(*? < Cr(R), which implies that
R < C and so N = C as claimed.

Since C' < C[N, («)] = Ny < N, we have proved that

N =N, if and only if N =C.

Now assume that § normalizes N;. Let us see that N = C. Since N; =
C[N, ()], it follows that N; is normalized by («, (3). In the proof of Part 1 we
have seen that C' = Cy (Oy({a, 8)7)). Then we conclude that O,({c, 8)7) <
C' < N;. Hence it is clear that Ny, «, 3 satisfy Condition (x). Note that
{n €N | (na, ) € Nf} = N; and so, by the above equivalence we have
that Ny = Cy, ({o, 3)7) = Ny N C = C. Therefore [R, (a)] < [N, {(a)]N R <
CNR=1andso R= Cg(a). Arguing as above we have that R < C' and
so N = C. Now, Part 6 is clear. |

Lemma 9 Let F be a formation of soluble groups containing all abelian
groups. Let G be a soluble group such that G = AB is the N F-connected
product of the subgroups A and B. Assume that {(a, b>]E < F(G mod K) for
all a € A,b € B and all non-trivial normal subgroup K of G, and assume
that there exist ag € A and by € B such that (ag,by)” £ F(G).

Then G has a unique minimal normal subgroup N, N = Cg(N) =
0,(G) = F(G) for a prime p, N,a,b satisfy Condition (x) of Lemma 8
forallae Aandbe B, N £ Aand N £ B.
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Proof. Since F(G mod ®(G)) = F(G), it follows that ®(G) = 1. Let N be
a minimal normal subgroup of G. Let a € A and b € B. By the hypothesis
we have that (a,b)” € N. Since Z := (a,b)” < F(G mod N), it follows that
ZN<<G. Moreover, ZN/N € N. Therefore, [G,kZ] < N for a suitable
k > 1. If there were another minimal normal subgroup U of G, N # U, then
G, 1Z] < NNU =1, for a suitable [. In particular, Z<<G, which would
imply the contradiction (a,b)” < F(G) for all a € A,b € B.

Therefore GG is a primitive group. In particular, N = Cg(N) = O,(G
F(G) for a prime p, and Fy(G)/N = F(G/N) is a p'-group. Since (a, b)”
F5(G), it follows that O, ((a, b}f) < N. Hence N, a,b satisfy Condition (x
of Lemma 8.

If either N < A or N < B, then by Lemma 8 (6) it follows that N =
Cn((a, b>f). Consequently (a,b)” < Cu(N) = F(G) for all a € A,b € B,

which provides a contradiction. |

IA I

~—

3. The main result

Theorem 1 If the soluble group G = AB is the N*>-connected product of
the subgroups A and B, then

G/F(G) = (AF(G)/F(G))(BF(G)/F(G))
is an N -connected product of the two factors.

Proof. We observe first that the statement of the theorem is equivalent to
the fact that (a,bY" < F(G) for all a € A and all b € B.

Assume that the result is false and let G be a counterexample with
|G| + |A| + |B| minimal. Let a € A and b € B. By the hypothesis we have
that (a,b) € A2 and consequently (a,b)" € . The choice of G implies that
(aK,bKYY = (a,bVK/K < F(G/K) for all non-trivial normal subgroup
K of G. By considering F = N in Lemma 9, we obtain that

(1) G has a unique minimal normal subgroup N,
N = Cg(N) = 0,(G) = F(G) for a prime p,
N, a,b satisfy Condition (%) of Lemma 8 with F = N,
N £ Aand N £ B.

Let us denote Fy = Fy(G) = F(G mod N) and notice that Fy/N is a p'-
group. Since {(a,b)" < F, it follows that

(2) G/F, = (AF,/F,) (BF,/F,) is an N-connected product.

We point out also the following fact:
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(3) Whenever U < A,V < Band N < UV < G, then (UN/N)(VN/N) is
an N -connected product; equivalently, for every pair of primes [ and r

such that r # [, [U,, V)] < N for all U, € Syl.(U) and all V; € Syl;(V).

To prove this we notice that F(UV) is a p-group, since N = Cg(N) <
F(UV) and N is a p-group. Now, for any U, and V] as above, we have by
the choice of G that [U,, V)] < F(UV)NFy < N.

We split now the proof into two cases:

Case 1: NA < G and NB < Q.
Case 2: NA=Gor NB=4d.

Case 1: AN < G and BN < (.
We claim first:
(1.1) N=(NNnA)(NNB).

Let X := X () the factorizer of N in A, B,, for some A, € Syl,(A) and
B, € Syl,(B) such that A,B, € Syl,(G). We will show that X <<G,
which implies N = X and proves the claim, as NN A= NN A, and
NNB=NNB,.

We know that
NA,=XA,=(XNB,)A, and NB,=XB,=(XNA,)B,.
Then
NA=XA=(XNB,)A and NB=XB=(XNA,)B.

Since NA < G, we deduce from (3) that AN/N and (XN B,)N/N are
N-connected. In particular, X = (X N B,)NJI<AN. From NB < G
we obtain analogously that X<<<BN. Hence X<9<(AN)(BN) = G
(see [13, Theorem 7.7.1]).

Our next aim is to prove that G has the following structure, after inter-
changing the roles of A and B if necessary:
(S) A= (NnA)A/a), A, € Syl,(A), a an r — element,

a normalizes (N N A)A,,

r,q €o(G),r#q#p,

B=(NNB)By, B, € Syl,(B), [By,a] £ N,

A,B, € Syl (G), NA,B, <1G.

This is derived in the next two steps by distinguishing the cases when
p}|G:N| and when p [ |G : N|.
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(1.2) If p ’ |G : NJ|, then G satisfies (S).
We split the proof of this fact into the following steps:
Since AFy, BF2 <4 4G from (2), F(AF,) = F(G) = F(BF,) and also
Fy(AFy) = Fy = Fy5(BF,).
Assume that AF2 < @. Since AFy, = A(AF, N B), it follows by the
choice of G that AF>/F(G) = (AF(G)/F(G)) ((AF.NB)F(G)/F(G))
is an N-connected product. Then by Lemma 2 (3), we have that
FQ/F<G> (AFz/F( ) =
(R/F(G)) N (AF(G)/F(G)) (F2/ N((ARNB)F(G)/F(G))
= ((F ﬁA) (@)/F(G ))((Fz ﬂB) (G)/F(G)),

and so

B = (RNA)F(G)(FNB) =
= (RNA)(F(G)NA)(F(G)NB)(F,NB) = (F,NA)(F>NB),

as we wanted to prove.
If BF;, < G, the result follows analogously.

Assume now that AF, = G = BF,. Let A, € Syl,(A) and B, €
Syl,(B) such that A,B, € Syl,(G). It is clear that NA, NB, €
Syl,(G) and so NA, = NB, = A,B,. Let us consider

NA=ANA=B,NA=B,NNB)(NNAA=B,A<G.

By (3) it follows that A, normalizes B,N = A,N, VA, € Hall,(A).
Analogously B,y normalizes A,N = B,N, VB, € Hall,(B). But this
implies that A,N = B,N is a normal subgroup of G and so G/N is a
p/-group, a contradiction.

(1.2.b) There exist a prime ¢ # p, and w.lo.g. A, € Syl,(A) and B, €
Syl,(B) such that [A,, B,] £ N.

Moreover G = O,A,, where O, := O,4(G mod N).

If A, € Syl.(A), B, € Syl,(B), p # q # r # p, then F3A, B, is
a subgroup of G by (2) and FyA,B, = A.(F, N A)(F, N B)B, < G.
By (3) we have that [A,, B,] < N. Then the first part of the statement
follows from Lemma 6. Moreover G = F,A,B,.
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Now Lemma 4 and (1.2.a) imply that
O, := O0,(G mod N) = (O, NA)(O, N B) € Hall g, ,3(F),
for any prime r # p. Hence

O,NAE€ Hall{pﬂ.}(Fg N A), O,NA<A,
O,NBe Hall{p,r}(Fg N B), O,NB<dB.

In particular, F N A =1T[, (0, N A) and N B =], (0,NB).

We prove next that G = O,A,. If F,A, = G, then B, < O,. Hence,
if 0,4, = (0,N B)(0O,NA)A, < G, we would deduce from (3) that
[A,, B,] < N, a contradiction. Thus we can assume that FyA, < G.

It follows from the choice of (G, A, B) that A = A,(Fo N A) and B =
(Fy, N B)B,. In particular,

Hallg, 1 (4) = {A2(0, N A)|a € A} and
Hally,y (B) = {(0, 1 B)BY|b € B}.

We consider X, € Syl,(A) and Y, € Syl,(B) such that
T := X,(0,N A)(O,N B)Y, € Hallg, 4(G).

IfT'= G, then G = O,X,Y, = O,A,B,is a {p, ¢}-group. In particular,
Fy, = O,. Moreover, F,B = F»,B,<G and F»,B, € N2, that is B, < F».
This implies that G = O,A, and we are done.

Assume now that 7' < G. By (3), [X,,Y,] < N. On the other hand,
for any @ € Syl,(B), we have that FoQ = (F, N A)(F, N B)Q < G
because p ’ |G : N|. Then [O, N A, Q] < N whenever r # q. Moreover,
for any P € Syl,(A), we have F3P = (Fy N B)(Fy, N A)P < G because
FyA, < G. Then [F,N B, P] < N.

Now, A, = X! for some t = t;t, € F,NA = (O,NA) (H#q(OT NA))
with ¢ € O, N A, ty € [],,,(O- N A). Moreover, B, = Y/, for some
s € F5N B. So it follows that

04, By = O XIY72 = 0, XY = (0,X12Y,)* =
= (0, X,Y,)"* € Hally, 4(G).

Consequently, O,B,A, = B,(0, N B)(O, N A)A, < G which implies
[A,, B,] < N by (3), a contradiction.
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(1.2.c) G = Oy(a), for any a € A, such that [B,,a] £ N. Moreover,
B=0,NB=(BNN)B, and
A= (0,NnA)a) =(ANN)A a), A, € Syl (A).
We can assume A,B, € Syl,(G). Also O, = NA,B, < G and G
satisfies (S) with r = p.
By (1.2.b) we have that G = O A, and so B, < O,. The choice of
(G, A, B) implies that G = O,(a), B=0,N B and A = (O, N A){a),
for any a as in the statement. In particular, B = (B N N)B, and
O,NA=(NNAA, A, € Syl,(A), because N € Syl,(O,).
(1.3) If p f |G : N|, then G satisfies (S).

Let us consider A, € Hall,(A) and B, € Hall,(B) such that M :=
A, B,y € Hall,(G). In this case, G = NM, M is a maximal subgroup
of G and Coreg(M) = 1. We notice the following fact: whenever
X <Ay and Y < By, then XN/N and YN/N are N-connected if
and only if X and Y are NV-connected. In particular, the choice of G
implies that A, and B, are not N-connected.

On the other hand, by the choice of (G, A, B) and taking into ac-
count that N = (N N A)(N N B), the following fact is easily deduced:
Whenever X < A,, Y < By, XY =YX and | X|+ |Y|+ |[XY]| <
|Ay| + |By| + |M], then X and Y are N-connected.

We set H = A, and K = B,,. We notice also that, since M = HK is
the product of the N 2-connected subgroups H and K, the choice of
G implies that HF(M)/F(M) and KF(M)/F(M) are N -connected.

For every r € o(M), we consider
C,={(H,,K,)| H € Hall,,(H) and there exists K, € Hall,»(K)
such that H, K, € Hall.(M);
K, € Syl,.(K) and there exists H, € Syl,.(H)
such that H, K, € Syl.(M)}
and
Co ={(K,, H,) | K, € Hall,,(K) and there exists H,» € Hall,,(H)
such that H, K, € Hall,.(M);
H, € Syl,(H) and there exists K, € Syl .(K)
such that H, K, € Syl,(M)}.

It is known that C; # () and Cy # (). The following steps lead now to
the desired structure of G.
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(1.3.a) There exist r € o(M) and wlo.g. (Hy,K,) € C; such that
Hy K, F(M) = M.

Moreover,

W= F(H.K,) = (W N H,)(W N K,) and
F(M) = 0y (F(M))O,(F(M)) < WO, (F(M)) = WF(M).

Assume that for every r € (M), we have H K, F(M) < M and
KT/HTF(M) < M for all (HTI,KT) € C; and (KT/,HT) € Cy. Let
r € o(M). We claim that H. K, F(M) < M, (H,, K,) € Cy, implies
that [H,, K] = 1. We consider X, := OT(F(M))KT < H,K, and
Y, = O,./(F(M))Hrr < H.K,. Clearly X, = (X, N H,)K, and
YT,/ = HT/(Y;/ N Kr/). Then

R:= Hy K. F(M) = H.0.(F(M))O,(F(M))K, =
= Hr’(Y;J N Kr’)(Xr N Hr>Kr

contains S := (H.., X, N H (Y, N K., K,.).
We set S; = (H,, X, N H,) and Sy = (Y,» N K,», K,.). We notice that

|IS1NS | <|HNK|=|HNK||HNK|»=|H. NK,||H»N K|

because H, K, € Hall,,(M), H.K, € Syl.(M) and M = HK. Conse-
quently;,

_ |SI||SZ| > |Hr’||erHT||}/;’mKr’||Kr| >
|Slﬂ52| - |Slm5’2| N
|Hr’||}/;’ OKT’HXT erHKrl _ |R|

- |H, N K, ||H» N K, '

Since S C R, we deduce that S = R < M. Moreover S = 5153,
S1 < H and S5 < K. By the choice of (G, A, B) we have that S; and
Sy are N -connected. In particular [H,/, K,] = 1, as claimed.

Let (H,/, K,) € C;. We have now that HK, = H.H,K, = H. K.H, =
K,H < M. We prove next that H and K, are N-connected. If
|H|+ | K| + |HK,| < |H| + |K| + |M]|, then the result is true by the
choice of (G, A, B). So we may assume that HK, = M and K = K.
Let @ € Hall,.(H). We notice that in this case (@, K,) € C;, which
implies [@, K] = 1 by the initial assumption. But this means that H
and K, are N -connected by Lemma, 6.

5]

By what we have shown, [HV, K,] = 1 for all 7 € o(M). Consequently,
for all 7 € o(M) and every pair (H,/, K,) € C;, we have [HV K] =1



446 M. P. GALLEGO, P. HAuCK AND M. D. PEREZ-RAMOS

and [H,., K,] = 1. In an analogous way we deduce [K", H] = 1 and
[K,.,H,] =1 for all r € (M) and every (K, H,) € Co. Lemma 6
implies now that H and K are AN -connected, a contradiction. This
proves the first part of (1.3.a).

For the second part, since r € o(M), H.K,» < M and so H,» and K.
are N -connected. Consequently, W = F(H.K,) = (W N H.)(WnN
K,s) by Lemma 2 (3). The rest is clear.

(1.3.b) WE(M) < Hy K, F(M) = HyF(M) and WF(M)K, < M.
By the choice of G' we have that H,.F(M)/F(M) and K,.F(M)/F(M)
are N-connected, which implies that H.F(M) < M and H. K, <
H, F(M) by (1.3.a). In particular we have WF(M) < H. K, F(M) =
H.F(M) and WF(M) = (WF(M) N H,)F(M). Consequently, it
follows that WF(M)K, = (WF(M) N H.)K,F(M) < M because
H.F(M)/F(M) and K,F(M)/F(M) are N -connected.
(1.3.c) f WF(M)K, < M, then F(M) = (F(M)NH)(F(M)NK).
We notice that H,» normalizes F'(M)K, and also W. Since M =
H. K,F(M) by (1.3.a), we deduce that WF(M)K, < M, and so
F(M) = F(WF(M)K,). Moreover, O,(F(M))K, = H,K, because
O,(F(M))K, € Syl,(M) and O,(F(M))K, < H,K,. By (1.3.a) it
follows now that
WE(M)EK, = (W N H ) (W 0 KO (F(M)K, =
=WnH, ) WnK,,)H.K, O (WnH,.., H)WnK,,K,).

Let 71 := (WNH,., H,) and Ty := (WNK,., K,). We notice again that
”TyNT| < |HNK|=|H.NK.||H.-NK,|. Moreover H, N K, <W
because H, K, is an N -connected product. In particular, W N H,» N
K,» = H. N K,.. Consequently,
LT W He|[HAA[W O Kp K]
Ty NTy| — |H. N K ||H, N K,
W H W N K| [H K
- WnH.NK.| |H NK,|
Since T1Ty C WF(M)K, we have that WF(M)K, = T1T,. But T} <
H, T, < K and T'T, < M. Then the choice of (G, A, B) implies that
Ty and Ty are N -connected. Consequently,
F(M)= F(WF(M)KT) = (F(M) ﬁTl)(F(M) ng) C
C (F(M) OH) (F(M) OK) C F(M).

This means that F(M) = (F(M)NH)(F(M)N K) and we are done.

TVT| =

= [WF(M)K,|.
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(1.3.d) If WE(M)K, = M, then F(M) = (F(M)n H)(F(M) N K).
In this case we have that M/F(M) € N. This is because [K,, H./] <
F (M), which implies [K,., W] < F(M), since W < H,.F(M) by (1.3.b).

Let X := X(F(M)) be the factorizer of F(M) in M = HK. Then
FM)<X=(XNH)(XNK). Since M/F(M) € N, it follows that
X <9 <M and F(M) = F(X).

If X < M, then X N H and X N K are N-connected by the choice of
(G, A, B). Therefore

F(X) = (F(X)NXnH)(F(X)NXNnK) = (F(X)nH)(F(X)nK)
and F(M) = F(X) yields the assertion.

Assume that X = M = F(M)H = F(M)K. Let | € o(M) and let
H, € Syl,(H) and K; € Syl,(K) such that H, K, € Syl,(M).

We notice that O)(M)H, = O,(M)K, = H, K, because H,K;, O;(M)H,,
O(M)K; € Syl;(M) and both O;(M)H, and O;(M)K, are contained
in HlKl.

On the other hand, since M/F(M) € N, we deduce that HY < MV N
H < F(M)N H and, consequently,
H= [[ (F(M)nH)H,
leo(H)
as (F(M)NH)H, < H for all | € o(H). Moreover,
F(M)NH =0y(F(M)NH) x O(F(M)NH),
Ov(F(M)N H) < H and O,(F(M) N H) < H,.

In particular, H; normalizes Oy (F(M) N H). Since O;(M) centralizes
Ol/(F(M) N H), we can deduce that H,K; = O;(M)H, normalizes
Ov(F(M)N H). In particular, Oy (F(M) N H)K, < M.

If M = Oy (F(M) N H)K;, then
F(M)=0y(F(M)NH)(F(M)NK,) C
C(F(M)NH)(F(M)NK) C F(M),
that is, F(M) = (F(M)N H)(F(M)N K) and (1.3.d) is proved.

If Oy(F(M)N H)K, < M, then Oy(F(M) N H) and K, are N-
connected. In particular, [Op(F(M) N H),K;] = 1. Since O)(M)
centralizes Oy (F(M)NH) and H,K; = O;(M)K), we deduce now that
Oy (F(M)N H),H) = 1. But this means that

(F(M)NH)H, = Oy (F(M)NH)H, € N
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Consequently;,

H= [ (F(M)nH)H € NoN =N

leo(H)

In an analogous way we can assume that KX € N. But this implies
that F(M) = (F(M)NH)(F(M)NK) by [1, Lemma 2.5.7] and the
step is proved.

(1.3.e) F(M) = (F(M)Nn H)(F(M)NK). In particular,
Os(M) = (O,(M)N H)(O,(M) N K) for all s € o(F(M)).

This follows from (1.3.c), (1.3.d) and Lemma 4.

We take now 1 # x € H, x an l-element, 1 # y € K, y a g-element,
l € o(H), q € oK), # q, such that [x,y] # 1, whose existence is
assured by Lemma 6.

(1.3f) M = F(M)(z)(y), o(M) ={l,q} and w.l.o.g. one of the following
cases holds:

L Oy(M)(z) = M;

II. F(M)(z) < M and F(M){y) < M.

Since HF(M)/F(M) and KF(M)/F(M) are N -connected, it is clear
that [z,y] € F(M). Then

F(M){,5) = F(M) (@) {y) = () (F(M) 0 ) (F(M) 0 K) {y),
where (z)(F(M)NH) < H and (F(M) N K){y) < K. By the choice
of G it follows that F'(M)(x){y) = M.

Assume that the case II does not hold and w.l.o.g. F(M)({x) = M.
Then y € Oy(M)NK. Again the choice of G implies that O,(M)(z) =
(Og(M)NK)(Oy(M)N H)(x) = M and I holds.

We prove next that (M) = {l,q}. This is clear in the case I. Assume
that IT holds. Let

K1 = (5)(04(M) N K) (X 2qu(OL(M) N K))(O:(M) N K)
and
H, = (Oq(M) N H)( X s (Os(M) N H)) (OI(M) N H) (x).

Since M = F(M)(x)(y), it is clear that M = H K, and so K = K,
and H = H; by the choice of (G, A, B). Let us consider F(M)(z) =
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(F(M)NK)(F(M)NH)Q < M, for any Q € Hally,;,(H). By the
choice of G we have in particular that [xs.,;(Os(M) N K),Q] = 1.
From F(M)(y) < M, we deduce that [X..,,(0s(M) N H),P] =1 for
any P € Hallg,;3(K). We consider now X € Hallg,;3(K) and Y €
Hallg, 1 (H) such that XY =Y X € Hally,;;(M). Then we have that

Xy = X" = () (0,(M) N K) (O(M) N K) < K,
for some u € xs¢q7l(Os(M) N K), and
Vi:=Y"= (0,(M)NH)(O(M)NH)(z) < H,
for some v € X.,,(O0s(M) N H). Moreover
X1V, = XYY = XY™ = (XY)" < M.

If |[o(M)| > 3, then X;Y; < M and we would obtain the contradiction
[z,y] = 1. Therefore o(M) = {l, q} and we are done.

(1.3.g) (1.3.£)I holds and G satisfies (S) with r = [.

Assume that M = F(M){x)(y), o(M) = {l,q}, F(M)(z) < M and
F(M)(y) < M. By the choice of (G, A, B) we have that H = (O ,(M)N
H)(Oy(M) N H)(z) and K = (y) (Oy(M) N K)(O(M) N K).

(

We claim that H < <M and K < <M. Since HF(M)/F(M) and

F(M)/F(M) are N-connected, we have HF (M) <4 IM. More-
over F(M)H = (F(M)NK)H = F(M)(x) < M, which implies that
(F(M)NK) and H are N-connected by the choice of G. In particular,
H<<LF(M)H and so H Q<M. Analogously, K <<M. Consequently
MY = (HK)N = HYN KN by Lemma 1 (3). But HV < O,(M)NH and
KN < O)(M) N K, which implies HY = O,(M*") and KV = O;(M*)
since M/F(M) € N. In particular, O, ({(z,y)") < Oy(M") < H and
O1({z,y)N) < O;(MV) < K. Then

(@, ) = (@), )" (y) = (@)O0g ((x, y)) O ((z, y)V) (),

where ()0, ((z,y)V) < H and O;({z,y)V){y) < K. It follows that
M = {(z,y), H = (2)O,(M") and K = O;(M*){y), by the choice
of (G, A, B).

We notice now that N, z, y satisfy Condition (%) of Lemma 8. In
particular Cy ((z,y)V)(z,y) is an N-projector of G, which implies
Cn({z,y)") = 1. Moreover N = (N N A)(N N B). By Lemma 8 (5)
we deduce that NNA = [N, (z)] and NN B = [N, (y)]. In particular it
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follows that N N B = [N, (y)X]. But KV < (y)¥ and KV = O;(M7)
is a normal subgroup of M. Consequently, [N, KN] < NN B < N, be-
cause N £ B, and [N, KV]<(G = NM. This implies that [N, KV] =1
and so KN < Cg(N) = N, that is, K~ = 1. Analogously we deduce
that HY = 1. But M"Y = HVYKV = 1, a contradiction. This proves
that (1.3.f)I holds and the choice of (G, A, B) provides the desired
structure for G.

Assuming the structure (S) for the group G, let 5 € B, such that [«, 5] ¢ N,
C:=Cn({a, BYV) and L := NA,®(A,B,;)<JG. We denote by bars the images
in the factor group G = G/N. The final contradiction for case 1 is derived
next:

(14) LN B, = 1.
We claim first that [L N B,, ] < N. Since A < L{a) < AB = G, it
is clear that L(a) = A(L{a) N B). If L{a) = G, we obtain the contra-
diction G = NA,(a) = NA, because ®(A4,B,) < ®(G). Consequently
the claim follows by (3).
Assume that L N B, # 1. Since L N B, < By, there exists 1 # z €

LN B,NZ(B,). We notice now that N, a, 8 and also N, «, 23 satisfy
Condition (x) of Lemma 8. Moreover,

Cn (e, 28)Y) = Cn (N (@), (28)]) = Cy (N[(@). (B)]) = C,

because [a, z] € N by the previous claim. By Lemma 8, we deduce in
particular that

C(NNB) = CIN,(B)] = CIN, {z5)],

as N = (NNA)(NNB) by (1.1). Hence [z, N] < (NN B)C.

If (NN B)C < N, then Cn(z) # 1 by coprime action since z is a
g-element, ¢ # p. But N(B,,a) = G by (3), which implies that
z € Z(G mod N). Hence Cn(z) = N, but this means z € Cs(N) = N,
a contradiction.

Therefore C[N, ()] = N. By Lemma 8 (3) and (6) it follows that
N = C, which implies [«, 5] € N, a contradiction. This proves that
LNB,=1.

(1.5) A, = 1.

We have NA, < L < A,B,N. Consequently, by (1.4), L = NA,(B, N
L) = NA,, whence NA, <G and A, < A,B,. Assume that A, # 1.



SOLUBLE PRODUCTS OF CONNECTED SUBGROUPS 45H1

Then 1 # S = A, N Z(A,B,;). Let s € S. By coprime action we
have that S = C’S( )[S,{a)]. Then 5 = $%, 5 € Cgla), $ €
[S,( )] 51,82 € S. Moreover, since S is abehan [S,{a)] = [S,a7!] =
{7715 15 e S}. In particular, 5, = 6 ~15°7" for some & € S. Then
5a = a°, with & € S, is an r-element centrahzed by 5, € Z(A,B,).
Hence (3, 5a) = (33, 51, 52a) = (51)(3, 5,&), which is a central product.

Consequently,

(8, 50y N/N = (B, 50)" = (B, 520)" = (3,a")"
= ((B,@)")7 = (B,a)" (ﬁ,aWN/N-
Then it is clear that C' = Cn ({8, sa)"). By Lemma 8 applied to N, a, 3
and N, sa, § we have in particular that
C(NNA)=CIN,{(a)] = C|N, (sa)].

Therefore we have that [N, S] < (NN A)C. Since S is a g-group and
NS <G we can argue as in (1.4) to deduce that C[N, (a)] = N. But
again Lemma 8 (3) and (6) implies that N = C, which yields the
contradiction [a, 3] € N.

Q I

(1.6) Final contradiction for case 1.

By the structure (S) of G, (1.4) and (1.5) we have that NB, 4G =
NB,(a), ®(B,) < LN B, =1 and « is an r-element, r # ¢. Hence B,
is a completely reducible (a)-module over GF(q). If V is a proper (a)-
submodule of B,, V < B,, we can consider NV {(a) = V(N N B)(N N
A){a) < G and deduce that [V,a] < N by (3). But this implies that
B, is an irreducible GF(g)(a)-module, because otherwise [B,, a] < N,
a contradiction. It follows in particular that

G = N<ﬁaa> = N<ﬁaaa> = N<51,Oz>,
for 4y € B, such that 3% = np;, for some n € N. We notice that
C = Cyn({f1,aYY) = 1. By Lemma 8 we obtain that

[N, 5] = NN B=[N,3] = [N,np] =[N, =[N, 5]
which implies by Lemma 8 (6) that N = C' = 1, the final contradiction.

Case 2: AN =G or BN = (.

We may assume that AN = G. Then A is a maximal subgroup of G and
ANN =1.

Let A, € Syl,(A) and B, € Syl,(B) such that A,B, € Syl,(G). We
consider again X = X(N) the factorizer of N in A,B,. Then we have
(XNA)XNB,) =X =NA,NNB,. Moreover, recall that N £ A and
N £ B by (1).
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We will derive a contradiction in this case by means of the following
steps:

(2.1) B=XnNB,isap-group, NB=X =(XNA,)B and X N A, # 1.

Suppose that X N B, < B. Since G = AN = AX = A(X N B,),
by the choice of (G, A, B) we obtain that G/N is the product of the
N-connected subgroups AN/N and (X N B,)N/N. In particular X =
(X N B,)N is subnormal in G. Hence X = N and so we conclude
that N = (NNA)(NNB)=NnNB < B, a contradiction. Therefore
B = X N B, Thus B is a p-group and furthermore we have BN =
X = (X NA,)B, which implies that X N A4, # 1.

(2.2) Let T be a normal p'-subgroup of A. If T(X N A,) < A, then
T,XNA) =1

Weset S=T(XNA,)N <G. Since (XNA,)N =X =(XNA,)B, it
is clear that S =T(X NA,)B. f T(XNA,) <A, then S<G=NA
and so S/N = (T(X N A,)N/N)(BN/N) is an N-connected product
by (3). In particular, BN is subnormal in S and so BN < F(S5).
By (2.1) it follows that X NA, < BN < F(S). Therefore [T, XNA,] <
F(S)NOy(A) =1.

(2.3) A= F(A)A,, XNA,=A, and NB = NA,.

Since A =2 G/N, we have that F'(A) is a p/-group. Assume that
F(A)(XNA,) < A. Hence [F(A), XNA,] =1by (2.2). Then it follows
that X NA, < Ca(F(A)) < F(A), and so XNA, =1, a contradiction.
Therefore F(A)(X N A,) = A. We conclude that A, = X N A, and
A = F(A)A,. By (2.1) we have NB = X = A,B. Since A,B is a
Sylow p-subgroup of G and X < NA,, it follows that NB = NA,,.

(2.4) F(A) is a g-group for some prime ¢ # p. Moreover, F(A)/®(A) is a
minimal normal subgroup of A/®(A) and ®(F(A)) = P(A) = Z(A) =
Cray(4A,).

As we have seen in (2.3), F'(A) is a p’-group. Let ¢ be a prime divisor of
|F(A)]. IfO,(A)A, < A, then [O,(A), Ay)] = 1 by (2.2) and (2.3). Since
A, # 1, it is clear that A, is not centralized by F(A). Consequently,
there exists a prime g # p such that O,(A)A, = A, which implies that
F(A)=0,A).

Notice that F/(A)/®(A) = Soc(A/P(A)) = Li/®(A) x - -- x L,/ ®(A),
where L;/®(A) is a minimal normal subgroup of A/®(A) for i =
1,...,s. If s > 1, then L; < F(A) and L;A, < Afori =1,...,s.
By (2.2) again we obtain that A, is centralized by L, ... L, = F(A),
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a contradiction. Therefore s = 1, which means that F'(A)/®(A) is a
minimal normal subgroup of A/®(A). We have

A/2(A) = (F(A)/2(4)) (4,2(A)/2(A))

and obviously A, # A # A,®(A), so it follows that A,P(A) is a non-
normal maximal subgroup of A. Thus, O (A)®(A) = A = O¥(A).
Since ®(A) < F(A), it follows from (2.2) that A, < C4(P(A)). Hence,
A =0 (A) < C(P(A)) and we have ®(A) < Z(A).

Since ®(A) < Z(A) < Cra)(4,) < F(A) and Z(A) and Cpay(A,) are
normal subgroups of F(A)A, = A, we conclude that ®(A) = Z(A) =
Cr(a)(Ap) because F(A)/P(A) is a chief factor of A.

Since F'(A)/®(F(A)) is a completely reducible A,-module over GF(q)
and ®(F(A)) < ®(A) < F(A), there exists an A,-module T'/®(F(A))
such that F(A)/®(F(A)) = ®(A)/P(F(A)) & T/P(F(A)). Conse-
quently, A= F(A)A, = ®(A)TA, =TA,. Then F(A) =T and so we
have that ®(A) = ®(F(A)).

(2.5) Let « € A, a € A,. Then N, o, a satisfy Condition (*) of Lemma 8.

By (2.3) NB = NA,, so we have a = pub for some pp € N, b € B. We
recall that NV, a, b satisfy Condition (%) of Lemma 8. Since {(a, ub) =
(a,a) < A € N?, we conclude by Lemma 8 (4) that N, «,a satisfy
Condition ().

(2.6) F'(A) has exponent ¢ and ®(A) has order 1 or g.

Let x € F(A) \ ®(A). First we claim that Cy(x) # 1. If Cy(z) = 1,
then [N, z] = N by coprime action. In particular, Cy ((z,a))[N, 2] =
N for all a € A,. By (2.5) N, z,a satisfy Condition () of Lemma 8,
so it follows from Lemma 8 (3) and (6) that N = Cy({z,a)"). Thus,
(z,a) < NN A =1 and we have [r,a] = 1. This holds for all a € 4,,
which means that x € Cpa)(A4,) = ®(A), a contradiction. Therefore
Since F'(A) is a g-group, we have that 27 € ®(F(A)) = Z(A) by (2.4).
Now it is clear that Cy(z9) is a normal subgroup of NA = G. Since
1 # Cn(x) < Cy(27), it follows that Cy(z?) = N and hence that
x9€ NNA=1. This proves 27 =1 for all z € F(A) \ ®(A).

Now, let z € ®(A). We can consider y € F(A) \ ®(A), then yz €
F(A)\®(A). Since ®(A) = Z(A), we have that 1 = (yz)? = y9z? = 2.
Therefore 27 = 1 for all z € F(A).

Since N is an irreducible and faithful A-module over GF(p), it follows
that Z(A) is cyclic (see [8, Corollary B.9.4]). Now the result is clear.
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(2.7) Let x € F(A),a € A,. Then [2% 2] € (z,a)" = (a®, a)V.

We set z = [2% z]. Notice that z € F(A) < ®(A) = Z(A). We have
z = (x) o~ lxax and so z%zx~! = [z,a]. Thus, [r,a] = 2% 'z =
la,z71]z. In particular, since  and a have coprime orders, we have
that z € [(z),(a)] = (z,a). Since [r,a] = a 'waz~'z, we have
that (a,a) = (a~'a*,a) = ([z,a],a) = (rar 'z,a) = (a® 'z, a).
Since z € Z(A) and a* ' and z have coprime orders, it follows that
(a*,a) = (a® ", z, a). Tt is clear that this subgroup is normalized by z
and so it is a normal subgroup of (x,a). Let () denote the normal
closure of (z) in (z,a). Since @ < F(A) and (z,a) = (a®,a)Q, it
follows that (z,a) = (a®, a)V.

(2.8) Assume that F'(A) is not abelian. Then F(A) is an extraspecial ¢-
group. Moreover, there exist v € F(A) \ ®(A), e« € A, such that
®(A) = ([, 2]).

Assume that F'(A) is not abelian. Then 1 # ®(F(A)) = ®(A) by (2.4
and it follows that ®(F'(A)) has order g by (2.6). Therefore, F'(A) =
®(F(A)). Furthermore, we have that ®(A) = Z(A) < Z(F(A))
F(A), whence Z(F(A)) = ®(A). Thus we have that ®(F(A)) has
order ¢ and Z(F(A)) = ®(F(A)) = F(A), i. e., F(A) is extraspecial.
We can consider some z € F(A)\ ®(A). Since ®(A)(z)[(x), A, is a
normal subgroup of A contained in F(A) and x ¢ ®(A), we deduce
that ®(A)(x)[(z), A)] = F(A). Thus, we have that (x)[(x), A, =
F(A). If 2% € Cg(x) for all a € A, then F(A) < Cg(z) and = €
Z(F(A)) = ®(A), a contradiction. Therefore, there exists a € A, such
that [z, 2] # 1. Since [z, z] € F(A)" = ®(A), the desired conclusion
follows.

(2.9) Assume that F'(A) is not abelian and let = € F(A) \ ®(A). Then N,

regarded as a GF(p)(z)-module, is a direct sum of regular GF(p)(x)-
modules. In particular, we have that |[N| = |Cy(z)|%
Assume that F(A) is not abelian. Notice that N is an irreducible A-
module. Let V' be an irreducible F(A)-submodule of N. By Clifford’s
theorem, we have that N = V* @-..@V* for certain a; € A, and V%
is an irreducible F'(A)-module fori=1,...,s.

Let us see first that V% is a faithful F'(A)-module for ¢ = 1,...,s.
Notice that Cpa)(V*) = Cra)(V)* is a normal subgroup of F'(A)
for i = 1,...,s. Suppose that Cp4)(V) # 1. By (2.8), Z(F(A)) has
order ¢, so it follows that Z(F(A)) < Cpa)(V) and so we have that
Z(F(A)) < Cray(Ve) fori=1,...,s. Thus, Z(F(A)< Cray(N)= 1,
a contradiction. Therefore Cp)(V) = 1 and Cpay(V*) = 1 for
1=1,...,s



SOLUBLE PRODUCTS OF CONNECTED SUBGROUPS 455

Now V% is an irreducible and faithful F'(A)-module for i = 1,...,s.
Let x € F(A)\ ®(A). Then, z € F(A) \ ®(F(A)) and x has order q.
By (2.8), F(A) is an extraspecial g-group, so we can apply [8, Corollary
B.9.20] to deduce that V% is a direct sum of regular GF(p)(x)-modules.
Therefore N is a direct sum of regular GF(p)(z)-modules. In other
words, we have that N = Ly x --- x L;, with L; normalized by z,
|L;| = p? and |Cp,(z)| =p fori=1,...,t. Now it is straightforward
to verify that Cy(z) = Cp,(z) x --- x Cp,(z), so we can conclude that
IN| = (p")" = |Cn(2)]".

(2.10) F(A) is an elementary abelian g-group and ®(A) = 1.

Suppose that F'(A) is not abelian. By (2.8), there exist x € F(A) \
®(A), a € A, such that ®(A) = ([z* z]). Notice that N,z,a and
also N, a”, a satisfy Condition (x) of Lemma 8 by (2.5). By (2.7) we
have that ®(A) < (z,a)V = (a®,a)N. We let C = Cn((z,a)V) =
Cn((a®,ayV) and R = [N, (z,a)N] = [N, (a®, a)N]. We have that
D(A) = ®(F(A)) # 1, Cy(P(A)) < N and Cy(P(A)) is a normal
subgroup of G, so it follows that Cn(®(A)) = 1. Therefore C' =1 and
so, by Lemma 8 (1) and (2), we conclude that R = N and Cy(z) X
Cy(a) = N = Cn(a”) x Cy(a). Hence |Cn(z)| = |Cn(a®)| = |Cn(a)|,
and consequently |N| = |Cx(z)|?. On the other hand, we have |N| =
|Cn(x)]? by (2.9), and so ¢ = 2. Since F'(A) has exponent g, it follows
that F'(A) is abelian, a contradiction. Therefore F'(A) is abelian and

it is an elementary abelian g-group. Moreover, we have that ®(A) =
O(F(A) =1.

(2.11) Let a € Z(A,), |[{a)| =p. It S < F(A) and |S| = ¢, then S* # S. In
particular, p # 2.

Let S < F(A) and |S| = q. Then S = (z) with 1 # = € F(A). We
suppose that S¢ = S and obtain a contradiction. Notice that N, x,a
satisfy Condition (%) of Lemma 8 by (2.5). We let C' = Cy({z, a)")
and N; = CI|N,(z)] = C[N,S]. Then a normalizes N; and from
Lemma 8 (6) it follows that N = C. Thus, (r,a) < NN A = 1.
Since x and a have coprime orders, we conclude that x € Cpa)(a).
By (2.4) and (2.10), F(A) is a minimal normal subgroup of A. Since
1 # Cpeay(a) and Cpay(a) is normalized by F(A)A, = A, it follows
that Cp(a)(a) = F(A) whence a € F'(A), a contradiction. This proves
that S # S.

Let us see that p # 2. We can take 1 # z € F(A). If p = 2, then zz®
is fixed under a since F(A) is abelian and a® = 1. Hence zz® = 1 and
so (x)* = (x), a contradiction. Therefore p # 2.
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(2.12) The final contradiction.

Since Z(A,) # 1, we can take a € Z(A,) such that |(a)| = p. We
also take 1 # z € F(A). By (2.11), (x)* # (). In particular z® # z,
(z,a)N # 1 and Cy({z,a)) # N. Notice that by (2.5) both N,z a
and N, a”, a satisfy Condition (*) of Lemma 8. Using (2.7) we set

¢ = CN(<I7Q>N> = CN(<G’$7 a>N>7 R = [Nv <I7Q>N] = [Nv <a$7a>N]'

Since C' # N, it follows from Lemma 8 that R # 1 and CN R = 1.
Let @ denote the normal closure of (z) in (z,a). Since @ < F(A),

@ is an elementary abelian g-group. We have that (z,a) = Q(a) and
(z,a)N = (a®,a)N < Q.

Since R is normalized by (z,a) and R # 1, we can consider an irre-
ducible GF(p)@-submodule V' of R. Because @ is abelian, QQ/Cq (V)
is abelian, which implies that Q/Cq(V) is cyclic (see [8, Proposition
B.9.3]). We have that CNR = 1, and so V is not centralized by (z, a)".
In particular, Co(V) < @ and therefore QQ/Cq(V) has order ¢q. Ob-
serve that @ is completely reducible as GF(g)(a)-module. We claim
that Cq(V)* # Cg(V). Otherwise, Co(V) is a GF(q)(a)-submodule
of @. Then we have Q = Cy(V) & S for some GF(q)(a)-submodule
S of . Therefore S has order ¢, S < F(A) and S* = S, which
contradicts (2.11). This proves that Cq(V)* # Co(V).

It is clear that V, Ve V... V9 " are irreducible Q-submodules of R.
Let us see that their sum is direct. Since the sum of these submodules
is a completely reducible (-module, it is sufficient to show that Ve and
V' are not isomorphic as Q-modules if a' # o’. If this is not so, then
for some a’ # a’ we have that Co(V®) = Co(V?) and consequently,
Co(V)* = Co(V)®. Since (a) has order p, it follows that Cp(V)* =
Co(V), a contradiction. Therefore we may write L=Va&V*@- - -@V*
It is clear that L is an (z, a)-submodule of R.

We notice that L is isomorphic to V9@ the induced module of V
from @ to Q(a) = (x,a). Then, by Mackey’s theorem, we obtain that

Ly (V)02 (Vora)'™ = (Vi)™ = GF(p)(a) @- - - @ GF(p)(a),

a direct sum of copies of the regular GF(p)(a)-module: L=L,®- - -® L.

It is straightforward to verify that Cp(a) = Cp,(a) & --- & Cr (a), so
we can conclude that |Cp(a)| = p*. Hence, |L| = p?* = |CL(a)?.

On the other hand, recall that N, a® a satisfy Condition (x)of Lemma 8.
Since {a”,a)N < @, we have that O,({a®, a)") = 1. Moreover, L is
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normalized by (z,a), so it follows that L, a”, a satisfy Condition (*) of
Lemma 8. Observe that Cr({a”, a)\') = CNL < CNR = 1. Therefore,
it follows from Lemma 8 (2) that L = CL(a”) x Cr(a). Consequently,
|IL| = |CL(a®)]|CL(a)| = |Cr(a)|?>. Finally, this implies that p = 2,
which contradicts (2.11). [ |

Remark 1 In contrast to all essential properties of A/-connectedness(cf.[12]),
Theorem 1 does not generalize in the obvious way from products with two
factors to products with n > 3 factors. It is easy to construct examples of
groups G = ABC' of pairwise permuting subgroups A, B, C' such that A, B
and A, C and B, C are N'*-connected, but AF(G)/F(G) and BF(G)/F(G)
are not N-connected; e. g. G = Sym(4), A = ((12)), B = ((123)), C =
(12)(34)) x {(13)(24)).

However, let us consider another generalizing condition to the case G =
Sy --- S, where G is soluble with Sy,..., 5, pairwise permuting subgroups.
It follows from [12, Proposition 1 (5)] that, in this case, the subgroups
S1,...,S, are pairwise N-connected if and only if (ay,...,a,) € N for all
a; € S;, 1 = 1,...,n. Now, assume that G = S;---5, is a product of
pairwise permuting subgroups such that (a,...,a,) € N? for all a; € S;,
1 =1,...,n. Then it is clear that, for every i = 1,...,n, S; and H#i S;
are N2-connected subgroups of G. By Theorem 1 it follows that the sub-
groups S1F(G)/F(G),...,S,F(G)/F(G) are pairwise N -connected and so
that (ay,...,a,)F(G)/F(G) € N for alla; € S;, i =1,...,n.

It is still possible to state another generalization for products of more
than two factors. Let the soluble group G = S;--- S, be again a product
of pairwise permuting subgroups with n > 3. Assume that S; and S, are
N?-connected and S; and S; are N-connected for all i # j with {i,j} #
{1,2}. For any prime p, let P € Syl,(S;) and @ € Syl,(S2) such that PQ €
Syl,(S5152). From [12, Proposition 1 (3)] and Lemma 6 we deduce that
PQ@Q and S3---S, are N-connected permuting subgroups. Consequently,
Op(slsg) ﬂ PQ Sl ﬁPQSg cee Sn and so also Op(Slsg) Sl §151525’3 cee Sn It
follows now from Theorem 1 that (aj,as)V < F(S1Sy) < F(S;---S,) =
F(G) for all a; € Sy and ay € Sy, that is, S1F(G)/F(G) and S2F(G)/F(G)
are N -connected.

Remark 2 The hypothesis in Theorem 1 that G is the product of the
N2-connected subgroups A and B is essential; it cannot be replaced by
G = (A,B). For instance, let G = (Alt(4) x Alt(4))C, be the wreath
product of Alt(4) with Cy, A = Alt(4) x 1, B = Cy. Then G = (A, B),
A and B are N?-connected, but AF(G)/F(G) and BF(G)/F(G) are not
N -connected.
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We draw some immediate consequences of Theorem 1.
Corollary 1 Let F be a class of soluble groups and assume that
(1) F is a Q-closed Fitting class, or
(it) F is a formation containing N .

If the group G = AB is the N**-connected product of the subgroups A and B,
then A, B € F implies G € NF, and G € NF implies A, B € N'F.

Proof. Suppose that A, B € F. Then G = AB is an S-connected product of
the soluble subgroups A and B. Hence G is a soluble group by [6, Theorem].
By Theorem 1 and Q-closure of F, G/F(G) is the N-connected product
of the F-subgroups AF(G)/F(G) and BF(G)/F(G). Each of the condi-
tions (i) and (i¢) implies that N -connected products of F-subgroups are
F-subgroups, by Lemma 2 (1) and [12, Proposition 3] respectively. There-
fore, G € NF. The second part is proved similarly. |

As a particular case of Corollary 1 we state explicitly:

Corollary 2 If the group G = AB is the N*-connected product of the sol-
uble subgroups A and B of nilpotent length at most I, then G is soluble of
nilpotent length at most | + 1.

4. Concluding remarks

It is natural to ask whether Theorem 1 can be extended to the general case of
N F-connected products, F a formation. The following example shows that
this is only possible for formations F containing all finite abelian groups.

Example Let F be a formation such that A € F. Then there is a cyclic
group C' = (c) which is not contained in F. We consider now V a faithful C-
module over GF(p), for a prime p ¢ o(C), and G = [V|C the corresponding
semidirect product.
Obviously
(g9) e N CNF for all g € G,

this is to say that G = GB is the N/ F-connected product of G and B = 1.
But
() £ F(G) =V,

that is, G/F(G) and BF(G)/F(G) are not F-connected.
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We have not been able yet to prove a version of Theorem 1 for any
soluble N/ F-connected product G = AB, where F D A is a formation. This
is however possible under certain conditions on the factors A and B. In
the following we just present one such result which has already interesting
consequences (Corollaries 3 and 4).

Proposition 1 Let F be a formation of soluble groups containing all abelian
groups. Let G be a soluble group such that G = AB is the N F-connected
product of the subgroups A and B. Assume that one of the factors A, B is
normally embedded in G. Then

G/F(G) = (AF(G)/F(G)) (BF(G)/F(G))
15 an F-connected product of the two factors.

Proof. We observe first that the statement of the theorem is equivalent to
the fact that (a,b)” < F(G) for all a € A and all b € B.

Assume that the result is false and let G be a counterexample with |G|
minimal. By Lemma 9 we have that G has a unique minimal normal sub-
group N, N £ A and N £ B. In particular, for the prime p dividing | V|, it
follows that p||A| and p||B|. We may assume that A is normally embed-
ded in G. Therefore we have 1 # A, € Syl,(A) and A, € Syl,(K) for some
normal subgroup K of G. Since N is the unique minimal normal subgroup
of G, we have N < K and so N < A,, a contradiction which concludes the
proof. |

For a group G we set Fy(G) = 1 and Fi(G) = F(G mod Fj,_1(G))
for k > 1.

Corollary 3 Let G be a soluble group, g € G and k > 1. Then (g, h) € N*
for all h € G if and only if g € Z (G mod Fk_l(G)).

Proof. If g € Z..(G mod F,_1(G)), then (g, h) Fy_1(G)/Fy-1(G) is nilpo-
tent and so (g, h) € N* for all h € G. We will show the other implication
by induction on k.

If k =1, then (g) and G are N'-connected and g € Z,.(G) by Lemma 2 (2).
Suppose inductively that the result holds for £ > 1. Assume that (g, h) €
NF1for all h € G. Then (g) and G are N**-connected. It follows from
Proposition 1 with F = N* that (g) and G are N*-connected, where we
denote by bars the images in the factor group G/F(G). By inductive hy-
pothesis we have § € Z..(G mod Fj_1(G)). Since the N*~lradical of G is
Fr, 1(G/F(Q@)) = F,(G)/F(G), we conclude that g € Z,.(G mod Fy(Q)).
This completes the induction argument. |
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Corollary 4 For a soluble group G, an element g € G and k > 1, the
following statements are equivalent:

1. g € Fx({g,h)) for all h € G.
2. {g,h) € N* for all h € Fy(G) and {g,h) € N**1 for all h € G.

Proof. Assume that Condition 1 holds. Then it is clear that (g, h) € N*!
for all h € G. On the other hand, if h € Fj(G) we deduce that (g,h) <
Fi.({g,h)) and so (g, h) € N*. Hence Condition 1 implies Condition 2.

Assume now that Condition 2 holds and we prove Condition 3. First
it follows from Corollary 3 that g € Fj1(G) since (g,h) € N*! for all
h € G. Now if = as € X := F,(G)(g) with a € F(G) and s € (g), then
(z,9) < {a,g) € N* by hypothesis. We deduce that g € F.(X) = F(G) by
Corollary 3 again and since X < <JG. This proves Condition 3.

Finally Condition 1 is easily deduced from Condition 3. |

Remark 3 The equivalence of Condition 1 and Condition 3 in Corollary 4
is a result of Flavell [10, Theorem 2.1] in a paper that was motivated by
the following conjecture of the same author: “The soluble radical of a finite
group G coincides with the set of elements y € G satisfying that (y,x) is
soluble for all x € G”. This conjecture has been recently proven in [11].
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