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L? boundedness for commutator
of rough singular integral

with variable kernel

Yanping Chen and Yong Ding

Abstract

In this paper the authors prove the L?(R") boundedness of the
commutator of the singular integral operator with rough variable
kernels, which is a substantial improvement and extension of some
known results.

1. Introduction

Let S~ ! be the unit sphere in R” (n > 2) with normalized Lebesgue
measure do. A function Q(x, z) defined on R™ X R™ is said to be in L>(R") x
Li(S™Y), g > 1, if Q(x, 2) satisfies the following conditions:

(1) for any =, z € R" and A > 0, Q(x, \z) = Q(z, 2);

1
(2) 19l eryaasnty = U ( fonn [0, )7 do(2))/7< o0, where
Z = p, for any z € R" \ {0}.

If Q(x,2') € L®(R™) x LY(S"!) satisfies
/ Qz,7')do(2') =0 for all x €R", (1.1)
Sn—1

then the singular integral operator with variable kernels is defined by

Tf(x) :p‘v‘/ Nz,z —y)

R™ |x - y|n

f(y) dy.
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In 1955, Calderén and Zygmund [1] investigated the L? boundedness of
the operator T. They found that these operators are useful in the study
of second order linear elliptic equations with variable coefficients. In [1],
Calderén and Zygmund obtained the following result (see also [2]):

Theorem A. If Q(z,2)) € L>®(R") x LI(S"), ¢ > 2(n — 1)/n, satis-
fies (1.1), then there is a constant C' > 0 such that | T f||1z < C||f]| Lz

On the other hand, it is well known that the commutator of the Calderon-
Zygmund singular integral operator 7" and a BM O(R™) function plays an im-
portant role in characterizing the Hardy space H'(R") and in understanding
the regularity of solutions of second order elliptic equations (see [3], [4], [6],
for example).

To study interior W?? estimates for nondivergence elliptic second order
equations with discontinuous coefficients, in 1991, Chiarenza, Frasca and
Longo [3] proved the L?*(R") boundedness of the commutator T} with vari-
able kernel for £ = 1, which is defined by

Toud ) = . [ QLT =8) () b)) £ ) dy,

R |5U - y|n

where k € N and b € BMO(R"™). That is,
1
16l :=sup — [ |b(y) — bg|dy < oo,
e 1QlJo

where the supremum is taken over all cubes () in R" and bg = HUI /. 0 b(z)dz.

Theorem B. ([3]) Suppose that Q(x,2') € L®R™) x C®(S"') satis-
fies (1.1). Then there is a constant C > 0 such that ||Ty1 f| 2 < C||b]].] f]| z2-

In 1993, Di Fazio and Ragusa [6] gave the weighted form of Theorem B,
which was used to obtain the local regularity in Morrey spaces of the so-
lutions of second order elliptic equations with discontinuous coefficients in
nondivergence form.

Note that the kernel function €(z,2’) has no any smoothness in the
condition of Theorem A. However, in Theorem B, (x, z') was assumed to
be very smooth in its second variable. Hence, a natural problem is if the
smoothness assumption of Q(x, z') can be removed and 7}, is still bounded
on L*(R™). The purpose of this paper is to give a positive answer to the
above problem. More precisely, our result is an improvement and extension
of Theorem B.
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Theorem 1. If Q(z,2') € L®(R") x LI(S"'), ¢ > 2(n — 1)/n, satis-
fies (1.1). Then for k € N, there is a constant C > 0 such that | Ty f| 2 <
ClDIENS N 2.

Remark 1. L. Tang and D. Yang [9] considered the above problem for
n = 2 only. However, the method presented in this paper is different from
the one in [9].

2. Some lemmas

We begin with some lemmas, which will be used in the proof of Theorem 1.

Lemma 2.1 ([8]) Let n > 2, and f € L*(R™) N L*(R™) have the form f(x) =
fo(|z|) P(x), where P(x) is a solid spherical harmonic of degree m. Then the
Fourier transform of f has the form f = Fy(|z|)P(x), where

Fo(r) = i~ My~ [(n+2m=2)/2] / fO(S)J(n+2mf2)/2 (27?7‘8)3("+2m)/2 ds,
0

r = |z|, and J, is the Bessel function.

Lemma 2.2 Suppose that 0 < 8 < 1, a € Z, m € N. Denote by H,, the
space of surface Sphem'cal harmonics of degree m on S™', and let D,, be the
dimension of H,,. {Ym]} denotes the normalized complete system in H,,

Let .
Oam,;(2) = %X{zaslﬂsza“}(m)-
Then
|Tamy ()| < Cm™" 1+B/2mm{2a|g| |2°€1 772 Y (€)]. (2.1)
s (©)] < Cn i (€)
Voam, (&)] < C2°

where A = (n —2)/2 and & = =

Proof. We start with the estimate (2.3). Since

d
Uozm] / / —27rz7"x fd ( ) T’
Sn— 1 T

by |Vl 2(sn-1) = 1, we get
2a+1

V) <C | / Yoy (a')| do(a')dr < C2°

2a+1
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To show (2.1) and (2.2), we set P, j(z) = Y, j(2')|z|™. Then P, ; is a solid
spherical harmonic of degree m and o, (z)=|z[7"""Pp,; (x)x{2a<‘z‘<2a+l}(x).
Since Yo(|z]) = |z|7" " (z) is a radial function in z, using
Lemma 2.1 we have

T (&) = Wo(I€]) Pn (€) = Yo s (€)1EI™ Vo I8]), (2.4)

{20<|z| <201}

where

Uo(r) = oMy l(nA2m=2)/2] / 1/)0(5)J(n+2m,2)/2(27rrs)s("+2m)/2 ds
0

om20tly J(

n+2m— t
= (2m)V2mpmm w dt.
om0 L

From this and (2.4) we have
2m20t1g| Jint2m—2)/2(t)

It (2.5)

Tamj(€) = (2m)"27"Y,5(€)) /

2m2 €|

Now we consider three cases, namely
1°. 27 < 1, 2°0 1 <29 <m+ A, 3°. 2%E| > m+ A

Case 1. By a classical formula for Bessel functions (see [10, p.48]), we get

_ (t/2>m+>\ ! 2\m+A—=1/2 itr
}Jmﬂ@)‘_)F(m+)\+1/2)1“(1/2) /_1“_"’) Pt dr

(t/2)m
— I'(m+A+1/2)
Applying Stirling’s formula, for x > 1
V2ra® YV2e7® < T(z) < 2V 2ma® V272,

Thus, by 2%£| < 1, we have

2m2otlg] g " C 2m2t (¢
[ ) [
27T20‘|§| t 2 F(m + )\ + 1/2) 27T20‘|§|
C 1
< s 2 2a+1 m
- o2kl 221yt
T om 22 (m 4+ A 4 1/2)mtAemm—A
4™ m—+A
S C2a|€|m—)\—l( 7T) €

< Om~ 12l
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Case 2. By Lemma 2 in [1], there exists C'>0 such that for any 0 < a,b <oo

m+)\
i,

Thus, by (2.6) and the fact that 1 < 2%|¢| < m + A, we get

/2“2““5 (1) dt' < O
2

A1
20| A

< Cm (2.6)

i)ﬁhmluﬂ/?(m + A) A2 < OmT AP (04 g)) 702,
m

gc(1+

Case 3. Since |J),, \(t)| < 1 for t > 0, using the second mean-value theorem
and the following differential equation for J,,, (see [10])

+

Jmia(t) maa(t) _ maa(t)
AL A= (m+ N2 P2 = (m+ \)2)’
there exists 2m22|¢| < h < 272°FL|¢| such that
2m20t ¢ J () 2m2ot1 g C h
m+X —2—) 1"
dt| < C Y E——— / " (t)dt'
/2n2a|g| A+t ‘ 2m2e¢| IENM] Jamgare] "
2m20 1 g
L )\( )dt
el
< O < OmT IR0 g )T,
where we use the assumption 272%|¢| > 2m(m + A). Thus, from (2.5) and
the above estimates in three cases, we get
[Fam i (€| < Cm= 7P min {2%¢], 27772} Vo 5(€)].
On the other hand, by (2.5) and (2.6) we have
|Gamy (§)] < Cm 1Yo 5(8)]. -

Lemma 2.3 For 0 < 6 < ooom € Nand j = 1,...,D,,, take Bs,,; €
C3°(R™) with supp(Bsm,;) C {0/2 < €| < 20}. Let Ty, ; be the multiplier
operator defined by

Tomif(€) = Boms(E)F(€), j=1,...,Dp.

Moreover, for b € BMO and k € N, let Ty jpnf(2) = Tsm;i((b(z) —
b(-))*f)(x) be the k-th order commutator of Ty, ; and

D

1/2
Tsmibif () = <Z(T57m7j;b,kf(x))2> :

j=1
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If for some constant 0 < 3 < 1, By, ; satisfies the following conditions:
| Bsm (&) < Cm 102 min {6,672}V, ;(€)], (
}Bs,m,j(f)’ < Cm_k_llym,j(fl)},

[V Bsm;(§)] < C,

~—~

2.7)
2.8)
2.9)

)

then for any fivred 0 < v < 1, there exists a positive constant C' = C(n, k,v
such that

| Tsmsvafllze < Cmt= 92 min{6”, 572} |[o]| 7] £]] 2.

Proof. We may assume that ||b||. = 1. Consider a C§°(R") radial function ¢,
such that suppg C {1/2 < |z| <2} and Y, , ¢(27|z]) = 1 for any |z| > 0.

Set ¢o(z) = Z?:_Oo #(27Yx]) and ¢(x) = ¢(27Yz|) for any positive
integer . Then ¢y € S(R™) and supppy C {x : 0 < |z| < 2}. Let K, j(x) =

(Bsm.,;)" (z), the inverse Fourier transform of Bs,, ;. Denote K}, (x) =
K i(z)py(x) for [ =0,1,..., we have
1=0

Denote by Tém ; and Tém bk the convolution operator with kernel K (l57m7 i
and the k-th order commutator of T({m’j and b, respectively. Then by the
Minkowski inequality

Dp oo 2 1/2
Timan Sl = ([ S| S Thasf @ ) (210)
R™ j=1" 1=0
o) D 9 1/2
S Z (/ Z ‘Té,m,j;b,kf(x>) dﬂ?)
1=0 R™ =1

00
= T e N2
=0

where s
T i (@ (Z}Tgm]bkf }) |

By (2.10) it is easy to see that for any fixed 0 < v < 1, if there exists 7 > 0
such that

IT5 e |22 < Cm 20270 min {6, 6772} £ 12, (2.11)

then Lemma 2.3 follows.
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To do this, for [ > 0, we decompose R" = (J= __ Qq, where Qs are
non-overlapping cubes with side length 2. Set f; = fxg,- Then

o0

f(x) = Z fa(z), ae. x€R"

d=—o00

Since supp (K

bm) C {x o |z] <22} it is obvious that supp(T},, i xfa) C

10nQ)4, and that the supports of {Tim,j;@kf d }Zifoo have bounded overlaps.
So we have the following almost orthogonality property:

00
||T(£,m7j;b,kf||%2 < ¢ Z ||Té,m,j;b,kfd||%2‘

d=—00

Thus

||T(§,m;b,kf||%2 Z ||T5m]bkf||L2 < C Z Z ||T5m]bkfd||L2

d=—o00 j=1
_ l 2
=C E 15 mip i fall 72
d=—o0

Hence, it suffices to verify (2.11) for the function f with suppf C @, where
Q has side length 2!. Choose ¢ € COO(R") 0<p<1 pis identically one
on 50nQ, and suppy C 100nQ. Set Q = 200nQ, and by = Q| fQ

Let b= (b(x) — bg)p(x). It is easy to see that

k

Thmgwaf (1) = D CLV (@) T3, ; (01 f) ().

pu=0

m 1/2
Tém <Z}T5m] ) ’

Denote

then we have

2
T3 e f 72 = C“b“ 2) T (0 f) ()| d (2.12)
<c/ ZZ ()T (O ) )
R™ 7=1 p=0

DT’!L

k
< CZ . (@)D T3 g O ) ()P da = C Y T3 (04 )2
n=0 j=1

=0
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Thus by (2.12) we need only show that for any function f supported in Q
with side length 2/,

I TL (35 )l g2 < Cm 922~ min {57, 5902} | Lo (2.13)

Let us first show that for g € L7 (R"), 1 < ¢’ < 2 (hence 2 < ¢ < 00),

O<t<1
2t (=24+B)(1-t) 1 2)+2t>\ n(1 2)

||T5mg||Lq <C2 am VT a0 (2.14)
X (min{d,d" B})
In fact, by the definition of Ty, j» we have

T 0() ( ( JRC y>||g<y>|dy)2)1/2

1/2
< [ (S —v) i
Dm 1/2
< [ (X1 @r) dlolu.
R\ 5T

gl

Since
KL, () = Koy * di(x) = / By (t — )éi(y) dy. (2.15)
Rn

By (2.8) and the fact Z VYo (2)]2 ~ m? (see [2, p.225, (2.6)]), we get
D

2\ 1/2
|T§,m9($)|§/(z ) dz gl 11
=1
Do 2
S//<Z|Bam,j($—y)l2> du(y) dyda || g]| s
rr Jrr \ ST
1/2 R
/ (Z|B5mﬂ 2) dx || 1 [|g]| e
8/2<|x|<20

1/2
s m //2|| J(ZIYW 2) 4 ol
<|x|<2

< Cm='6" ||gllre,

[ Bt~ i) dy

1.e.

T gl < Cm™' 6" gl e, (2.16)
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On the other hand, note that [, (E(n) dn = ¢(0) = 0, so by (2.15) and
(2.9) we get

K / ((Bany (& — 27y) — By (e)13()| dy
< C2! |V Byl / Wll3(y)] dy < C2
Rn

Thus, by the Plancherel theorem and the fact D,,, ~ m?* (see [2, p.226, (2.8)]),
we have

1/2
||T5mg||m<( / Zl TT: >|2d£) < CrmMglle (217)

Applying the Plancherel theorem again, and by (2.15), (2.7) and

Z|ij 2 ~om?,

we obtain

172 gl < / Zlesm] GO de

<c/ S | Bams * SO GO de
e
’ D, 2\ 1/27 2
go/w{(z af ) b aera

<c / { / ( |Ba,m,j<£—y>|2)1/2|$l<y>|dy}2|§<£>|2d£

<mTT 2+ﬁ(mm{é 6 ﬁ/Z})

<[ (] (;ym,j((g—y)')ﬁ) 1/2|&<y>|dy)2|a<£>|2d5

< Om~2 (min{8, 52}) || o2 1] 2.

/R ) Bsm i (€ — y)ou(y)

That is,
IT5mgllze < Cm T2 min{s, 672} |g 2. (2.18)
Hence, by (2.17) and (2.18), for any 0 < t < 1,
1T glle < €27 mPAmEH D00 (mins, 6721 gz (2.19)

Thus we obtain (2.14) by interpolating between (2.16) and (2.19).
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Let us return to the proof of (2.13). For 2 < ¢;, ¢ < co with 1/¢1+1/¢q2 =
1/2, by (2.14) and the fact that

10]]- < Cllp]#1QIY < €27 for 1< o < oo,
we have
109 T3 (05 F) N 2 < O] par ([T, (05 )| L2 (2.20)
2 M_(l_q&”_m

<C2 o 5", w

< (mindd, 672}) % (0] [0 £

L9
< or Byt g
x (min{d, 0~ 5/2}) IIb"Ilmllbk || p2azstas-2 || | 22
< 09 - )m7< O (1 2)+ 22 (n(1-2)

x (min{5,67%7}) % |1

For any fixed 0 < v < 1, we choose g2 > 2 and sufficiently close to 2, ¢ > 0
but sufficiently close to 0, such that ¢, and t satisfy:

2t/q2 > n(1 —2/q2), B(1—1)/qe >n(l —2/q) +vB/2+2t\3/qo.

Then there exists v > 0, independent of [, such that 2-2#/e+nl(1-2/a2) — 91
We also can get

m (2P (=1)/a2—(1-2/g2)+2t\ /g2 < m(~1H8/2)v.
If 6 > 1, then by (2.20)

P TL,, (05 )| 2 < Oml—1H0/D0g=tygn(1=2/a2) =50=0/az | ||
< Cm(flwtﬁ/?)vgflvgfﬂv/?Hf||L2_

If 0 < 0 < 1, then by (2.20)

0T, (B4 )2 < O/ trgn(=2/a) 20-0/az | )|,
< Cm(’1+ﬁ/2)”2’l'76”||fHLz.

Therefore we get (2.13) and the proof of Lemma 2.3 is complete. [ |

Remark 2.1 When k£ = 0, Lemma 2.3 also holds.
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Lemma 2.4 ([7]) Let ¢ € C3°(R™) be a radial function such that supp(y) C
{1/2 < [¢] < 2} and 3, ,0*(271) = 1 for |€| # 0. Define the multi-

plier S; by - R
Sif(€) = v(27'€) f(©).

For b € BMO and a nonnegative integer k, denote by Sipy the k-th order
commutator of S;. Then for 1 < p < oo,

@) | (X 15ur?) [ < kB2

lez

@ (SS12) | where () € 2222,

lez

S 1Sushil| < ok p)lb
lez L

3. Proof of Theorem 1

As in [2], by a limit argument we may reduce the proof of Theorem 1 to the
case where f € C5°(R") and

DT’!L

a,2') =Y (@) Yn(2)

m>0 j=1

is a finite sum. Notice that ((z, 2’) satisfies (1.1), so ap; = 0. Define

7j=1
and (2)
A, (T
bm,j<x> - a ]<(L’>
Then
DT’!L
> B =1, (3.1)
j=1
and 5
Az, 2) = am(@) > b (@)Y (=)
m>1 j=1
If we write
Ym,j(x y)

T jpif (T) = /

R |:1: - y|n
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then by using Holder’s inequality twice and (3.1), we have

(Tyf (2))? = (mz me] Loy >)2
s(mzm@m)(mszZb fmjbkf )

<{ Wi & om <} ni e i(Tm,j;b,kf@))?}.

By [2, p.230], if we take ¢ > 2(n — 1)/n, 0 < € < 1 and sufficiently close to

1 then
(Saom) o[ peamee)” 62

m>1

S CHQHLOO(R'”)XL‘Z(S"*I)'
Let

Dm 1/2
mbkf <Z|Tm]bkf ) .

Applying the Minkowski inequality and (3.2), for ¢ > 2(n — 1)/n and 0 <
£ < 1 which is sufficiently close to 1, we get

1Toif 12 < ClUTw@myxzasn-ty Y 1| Tt f1IZ2- (3-3)

m>1
If we can show that for some 0 < 8 < (1 —¢)/2, such that
T flI72 < Cm7> 27| ][22, (3.4)

then from (3.3) and (3.4) we immediately get the conclusion of Theorem 1.
Hence, it remains to show (3.4) to prove Theorem 1.

Let ¢ € C3°(R™) be a radial function such that 0 < ¢ < 1, suppv C
{1/2 < [ <2} and ZlEZ Y3(271¢) = 1 for |¢] # 0. Define the multiplier S

by Sif(€) = ¥(27€) F(€). Let
Yinj(2')

|z["

O'a,mJ(fL') = X{2a§|x|§2a+l}(]})

foraez, m=1,2,...,and j=1,...,D,,.
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Set

Bam(€) = Tami(€): Bam;(€) = Bams()$(277'€).

Define the operator Ty, ,,, ; and T by

a,m,j

~ — ~

Toomi f(€) = Bams(©)F(€), TL,. . f(€) = B, () F(©).

Denote by Ty mjbr and T,

a,m,j;b,

T! respectively. Define the operator V; ; by

a,m,j’

Vi £ (@) = ((Si—aTln;Si-a)orf) ().

a€Z

We claim that

m]bkf Z‘/l_]f

lez

Once (3.5) holds, then by the Minkowski inequality, we get

e ([ EI 5wl )

Jl lez

<Z(/ Zm,f |2d:c) .

lez

So by (3.6), to prove (3.4), it suffices to show (3.5) and

1/2
(/ ZWuf Idfc) < Cm™ | £l e
lez.

where C' is independent of | and f. Let us first consider (3.5).

definition of o, , ;,

m]f Zgamj

a€Z

For a fixed cube @), write

Tngaaf (£) = Y Cp(b(2) = b) Ton g (b — b(-)**f) ().

 the k-th order commutator of Ty, ,,; and

(3.6)

(3.7)

By the
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Thus as in [5, p. 545], it follows that
m] b kf Z Cli - bQ)SZUOhmJ * (Zsls—a((bQ - b())k_sf)) (IL’)

a€Z lez

x ZZ St-aGam * Si-aSi-a((bo = b())f)) ()

= i) = 50)* DD (Si-aTh ySial(bg = b()FF)) ()
= Z Z ((SlfaTi,m,jSlfa%,kf) ().

This establishes (3.5). Hence it remains to show (3.7). With the aid of the
formula

(b(x) = b(»))" =" Ca(b(x) = b(2))" (b(=) = b)) ", w.y.z € R,

we can write

Vijfz) = Z(SlfaTi,m,jSlfa%,kf(x)

acZ

= ZCkZSl ;b k— 5 a7m7j5’l—a)b,sf)($)'

a€Z

This together Lemma 2.4 (ii) now tells us that

Dm,
L st (58)

" k Dm

<O [ (S lseamo(Thsnn)@])

s= 0] 1 [e1SVA
<OZ||b||2““ /ZZ} T gSi-clnsf) (@)] da.
a€Z j=1
Write

( am]Sl @ be Z am]bu Sl*a;b,sfuf>(x>7 (39)
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then by (3.8) and (3.9)

D,
| S Ware ds (3.10)

2

k Dm s
<C Z b 2%) / Z Z ) Z C;LT(i,m,j;b,u(Slfa;b,sfuf)(513> dx
s=0 R™

a€Z j=1 u=0

k Dy s
S ¢ Z HbHE(kiS) /]R; Z Z Z |T(i7m,j;b,u(5lfa;b,sfuf) (I>|2 dx
s=0 "

a€Z j=1 u=0

ks Dm
XS [ ST gl Srane 0

s=0 u=0 a€Z

IN

Let
Do 1/2
T (o) = (Z |Tci,m,j;b,uh<x>|2) .
=1

Thus by (3.10), we get

D k s
[ > Wur@Pde <355 bl (.11

s=0 u=0 a€Z

X / |Tolz,m;b,u(Sl—Oé;b,s—uf) ($)|2 d$
R?’L

For 0 < B < (1—¢)/2, if we can prove that there exists 0 < vy < 1 such that

IT:

a,m;bu

hlgz < O~ P2 ol o2 A e, (3.12)

then we have (3.7). In fact, by (3.12) and Lemma 2.4 (i), we have

1/2
H (Z |T(i,m;b,u(Sla;b,suf)|2>

a€Z

2 (3.13)

L2

< O 2289 Buolll | p||2u Z [Sim—y
a€Z
< Cm=2+299- Pl 25 2.

Then from (3.11) and (3.13), we get

D, 1/2
(/ > IVz,jf(x)|2d$) < Om~ 027wl b)) £ . (3.14)
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So we get

lez

Dm 1/2
> ( / DM@ dx) < Cm ) e

This is (3.7). So to prove (3.7), it suffices to show (3.12).

Define Tolém]f(ﬁ) =B, ;2 aﬁ)f(ﬁ). Denote by T(imj . the u-th order
commutator of Tcly mj- et
1/2
Tolzmbu <Z| am]bu ) :

—

Recall By () = 0am,;(€), by Lemma 2.2, we get for any 0 < 8 < 1,

| Bam,j (€)] < Crn 271482 min {22(¢], (2°1¢]) 2} Yo 5 ()],
| Bam,j(§)] < Cm™ 1}me (&)
}VBa,m,j(g)} < (C2¢

Thus supp(B’,,, ;(27%)) C {2!71 < |¢| < 21}, and

a,m,j

| B ;(2776)] < Om A2 min {28, 2772} |Y,,, (€N,
| Bl s (2776) ] < Cm= Y0 ,(60),
VB!, (27%¢)| < C.

Using Lemma 2.3 and Remark 2.1 with § = 2!, we know that for any fixed
0 < v < 1 and nonnegative integer u, we have

fllze < CmCHHo2o= B2 ||| £ 2.

|| a,m;b,u

For 0 < f < (1 —¢)/2, we can find 0 < vy < 1, such that vy(—1 + 3/2) <
—1+4 (. Then

Fllze < Cm 027l 2| || £ 2,

|| a,m;b,u
which, by dilation-invariance, implies

Fllzz < Cm=HHO27 P2 p] 2| £ 2.

|| a,m;bu

So (3.12) is proved.
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