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L2 boundedness for commutator
of rough singular integral

with variable kernel

Yanping Chen and Yong Ding

Abstract

In this paper the authors prove the L2(Rn) boundedness of the
commutator of the singular integral operator with rough variable
kernels, which is a substantial improvement and extension of some
known results.

1. Introduction

Let Sn−1 be the unit sphere in R
n (n ≥ 2) with normalized Lebesgue

measure dσ. A function Ω(x, z) defined on R
n×R

n is said to be in L∞(Rn)×
Lq(Sn−1), q ≥ 1, if Ω(x, z) satisfies the following conditions:

(1) for any x, z ∈ R
n and λ > 0, Ω(x, λz) = Ω(x, z);

(2) ‖Ω‖L∞(Rn)×Lq(Sn−1) := supx∈Rn

( ∫
Sn−1 |Ω(x, z′)|q dσ(z′)

)1/q
< ∞, where

z′ = z
|z| , for any z ∈ R

n \ {0}.
If Ω(x, z′) ∈ L∞(Rn) × Lq(Sn−1) satisfies∫

Sn−1

Ω(x, z′) dσ(z′) = 0 for all x ∈ R
n, (1.1)

then the singular integral operator with variable kernels is defined by

Tf(x) = p.v.

∫
Rn

Ω(x, x− y)

|x− y|n f(y) dy.
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In 1955, Calderón and Zygmund [1] investigated the L2 boundedness of
the operator T . They found that these operators are useful in the study
of second order linear elliptic equations with variable coefficients. In [1],
Calderón and Zygmund obtained the following result (see also [2]):

Theorem A. If Ω(x, z′) ∈ L∞(Rn) × Lq(Sn−1), q > 2(n − 1)/n, satis-
fies (1.1), then there is a constant C > 0 such that ‖Tf‖L2 ≤ C‖f‖L2.

On the other hand, it is well known that the commutator of the Calderón-
Zygmund singular integral operator T and a BMO(Rn) function plays an im-
portant role in characterizing the Hardy space H1(Rn) and in understanding
the regularity of solutions of second order elliptic equations (see [3], [4], [6],
for example).

To study interior W 2,2 estimates for nondivergence elliptic second order
equations with discontinuous coefficients, in 1991, Chiarenza, Frasca and
Longo [3] proved the L2(Rn) boundedness of the commutator Tb,k with vari-
able kernel for k = 1, which is defined by

Tb,kf(x) = p.v.

∫
Rn

Ω(x, x− y)

|x− y|n (b(x) − b(y))kf(y) dy,

where k ∈ N and b ∈ BMO(Rn). That is,

‖b‖∗ := sup
Q

1

|Q|
∫

Q

|b(y) − bQ|dy <∞,

where the supremum is taken over all cubes Q in R
n and bQ = 1

|Q|
∫

Q
b(x)dx.

Theorem B. ([3]) Suppose that Ω(x, z′) ∈ L∞(Rn) × C∞(Sn−1) satis-
fies (1.1). Then there is a constant C > 0 such that ‖Tb,1f‖L2 ≤ C‖b‖∗‖f‖L2 .

In 1993, Di Fazio and Ragusa [6] gave the weighted form of Theorem B,
which was used to obtain the local regularity in Morrey spaces of the so-
lutions of second order elliptic equations with discontinuous coefficients in
nondivergence form.

Note that the kernel function Ω(x, z′) has no any smoothness in the
condition of Theorem A. However, in Theorem B, Ω(x, z′) was assumed to
be very smooth in its second variable. Hence, a natural problem is if the
smoothness assumption of Ω(x, z′) can be removed and Tb,1 is still bounded
on L2(Rn). The purpose of this paper is to give a positive answer to the
above problem. More precisely, our result is an improvement and extension
of Theorem B.
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Theorem 1. If Ω(x, z′) ∈ L∞(Rn) × Lq(Sn−1), q > 2(n − 1)/n, satis-
fies (1.1). Then for k ∈ N, there is a constant C > 0 such that ‖Tb,kf‖L2 ≤
C‖b‖k

∗‖f‖L2.

Remark 1. L. Tang and D. Yang [9] considered the above problem for
n = 2 only. However, the method presented in this paper is different from
the one in [9].

2. Some lemmas

We begin with some lemmas, which will be used in the proof of Theorem 1.

Lemma 2.1 ([8]) Let n ≥ 2, and f ∈ L1(Rn)∩L2(Rn) have the form f(x) =
f0(|x|)P (x), where P (x) is a solid spherical harmonic of degree m. Then the

Fourier transform of f has the form f̂ = F0(|x|)P (x), where

F0(r) = 2πi−mr−[(n+2m−2)/2]

∫ ∞

0

f0(s)J(n+2m−2)/2(2πrs)s
(n+2m)/2 ds,

r = |x|, and Jv is the Bessel function.

Lemma 2.2 Suppose that 0 < β < 1, α ∈ Z, m ∈ N. Denote by Hm the
space of surface spherical harmonics of degree m on Sn−1, and let Dm be the
dimension of Hm. {Ym,j}Dm

j=1 denotes the normalized complete system in Hm.
Let

σα,m,j(x) =
Ym,j(x

′)
|x|n χ{2α≤|x|≤2α+1}(x).

Then ∣∣σ̂α,m,j(ξ)
∣∣ ≤ Cm−λ−1+β/2 min

{
2α|ξ|, |2αξ|−β/2

}∣∣Ym,j(ξ
′)
∣∣, (2.1)∣∣σ̂α,m,j(ξ)

∣∣ ≤ Cm−λ−1
∣∣Ym,j(ξ

′)
∣∣, (2.2)∣∣∇σ̂α,m,j(ξ)

∣∣ ≤ C2α, (2.3)

where λ = (n− 2)/2 and ξ′ = ξ
|ξ| .

Proof. We start with the estimate (2.3). Since

σ̂α,m,j(ξ) =

∫ 2α+1

2α

∫
Sn−1

Ym,j(x
′)e−2πirx′·ξ dσ(x′)

dr

r
,

by ‖Ym,j‖L2(Sn−1) = 1, we get

∣∣∇σ̂α,m,j(ξ)
∣∣ ≤ C

∫ 2α+1

2α

∫
Sn−1

∣∣Ym,j(x
′)
∣∣ dσ(x′)dr ≤ C2α.
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To show (2.1) and (2.2), we set Pm,j(x) = Ym,j(x
′)|x|m. Then Pm,j is a solid

spherical harmonic of degreem and σ
α,m,j

(x)= |x|−n−mPm,j(x)χ{2α≤|x|≤2α+1}(x).

Since ψ0(|x|) := |x|−n−mχ{2α≤|x|≤2α+1}(x) is a radial function in x, using
Lemma 2.1 we have

σ̂α,m,j(ξ) = Ψ0(|ξ|)Pm,j(ξ) = Ym,j(ξ
′)|ξ|mΨ0(|ξ|), (2.4)

where

Ψ0(r) = 2πi−mr−[(n+2m−2)/2]

∫ ∞

0

ψ0(s)J(n+2m−2)/2(2πrs)s
(n+2m)/2 ds

= (2π)n/2i−mr−m

∫ 2π2α+1r

2π2αr

J(n+2m−2)/2(t)

t
n−2

2
+1

dt.

From this and (2.4) we have

σ̂α,m,j(ξ) = (2π)n/2i−mYm,j(ξ
′)

∫ 2π2α+1|ξ|

2π2α|ξ|

J(n+2m−2)/2(t)

t
n−2

2
+1

dt. (2.5)

Now we consider three cases, namely

1◦. 2α|ξ| ≤ 1, 2◦. 1 < 2α|ξ| < m+ λ, 3◦. 2α|ξ| ≥ m+ λ.

Case 1. By a classical formula for Bessel functions (see [10, p.48]), we get

∣∣Jm+λ(t)
∣∣ =

∣∣∣ (t/2)m+λ

Γ(m+ λ+ 1/2)Γ(1/2)

∫ 1

−1

(1 − r2)m+λ−1/2eitr dr
∣∣∣

≤ C
(t/2)m+λ

Γ(m+ λ+ 1/2)
.

Applying Stirling’s formula, for x > 1
√

2πxx−1/2e−x ≤ Γ(x) ≤ 2
√

2πxx−1/2e−x.

Thus, by 2α|ξ| ≤ 1, we have∣∣∣∣
∫ 2π2α+1|ξ|

2π2α|ξ|

Jm+λ(t)

tλ+1
dt

∣∣∣∣ ≤ C

2m+λΓ(m+ λ+ 1/2)

∫ 2π2α+1|ξ|

2π2α|ξ|
tm−1dt

≤ C

2m+λΓ(m+ λ+ 1/2)
· 1

m
(2π2α+1|ξ|)m

≤ C
2α|ξ|
m

(2π2α+1|ξ|)m−1

2m+λ
√

2π(m+ λ+ 1/2)m+λe−m−λ

≤ C2α|ξ|m−λ−1 (4π)m

2m+λ
· em+λ

(m+ λ+ 1/2)m

≤ Cm−λ−12α|ξ|.
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Case 2. By Lemma 2 in [1], there exists C>0 such that for any 0 ≤ a, b ≤∞∣∣∣∣
∫ b

a

Jm+λ(t)

tλ+1
dt

∣∣∣∣ ≤ Cm−λ−1. (2.6)

Thus, by (2.6) and the fact that 1 < 2α|ξ| < m+ λ, we get∣∣∣∣
∫ 2π2α+1|ξ|

2π2α|ξ|

Jm+λ(t)

tλ+1
dt

∣∣∣∣ ≤ Cm−λ−1

≤ C
(
1 +

λ

m

)β/2

m−1−λ+β/2(m+ λ)−β/2 ≤ Cm−1−λ+β/2(2α|ξ|)−β/2.

Case 3. Since |J ′
m+λ(t)| ≤ 1 for t > 0, using the second mean-value theorem

and the following differential equation for Jm+λ (see [10])

Jm+λ(t)

tλ+1
= − J ′

m+λ(t)

tλ(t2 − (m+ λ)2)
− J ′′

m+λ(t)

tλ−1(t2 − (m+ λ)2)
,

there exists 2π2α|ξ| ≤ h ≤ 2π2α+1|ξ| such that∣∣∣∣
∫ 2π2α+1|ξ|

2π2α|ξ|

Jm+λ(t)

tλ+1
dt

∣∣∣∣ ≤ C

∫ 2π2α+1|ξ|

2π2α|ξ|
t−2−λ dt+

C

(2α|ξ|)λ+1

∣∣∣∣
∫ h

2π2α|ξ|
J ′′

m+λ(t) dt

∣∣∣∣
+

C

(2α+1|ξ|)λ+1

∣∣∣∣
∫ 2π2α+1|ξ|

h

J ′′
m+λ(t) dt

∣∣∣∣
≤ C(2α|ξ|)−λ−1 ≤ Cm−1−λ+β/2(2α|ξ|)−β/2,

where we use the assumption 2π2α|ξ| ≥ 2π(m + λ). Thus, from (2.5) and
the above estimates in three cases, we get∣∣σ̂α,m,j(ξ)

∣∣ ≤ Cm−λ−1+β/2 min
{
2α|ξ|, |2αξ|−β/2

}∣∣Ym,j(ξ
′)
∣∣.

On the other hand, by (2.5) and (2.6) we have∣∣σ̂α,m,j(ξ)
∣∣ ≤ Cm−λ−1

∣∣Ym,j(ξ
′)
∣∣. �

Lemma 2.3 For 0 < δ < ∞, m ∈ N and j = 1, . . . , Dm, take Bδ,m,j ∈
C∞

0 (Rn) with supp(Bδ,m,j) ⊂ {δ/2 ≤ |ξ| ≤ 2δ}. Let Tδ,m,j be the multiplier
operator defined by

T̂δ,m,jf(ξ) = Bδ,m,j(ξ)f̂(ξ), j = 1, . . . , Dm.

Moreover, for b ∈ BMO and k ∈ N, let Tδ,m,j; b,kf(x) = Tδ,m,j

(
(b(x) −

b(·))kf
)
(x) be the k-th order commutator of Tδ,m,j and

Tδ,m; b,kf(x) =

( Dm∑
j=1

(Tδ,m,j; b,kf(x))2

)1/2

.
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If for some constant 0 < β < 1, Bδ,m,j satisfies the following conditions:∣∣Bδ,m,j(ξ)
∣∣ ≤ Cm−λ−1+β/2 min

{
δ, δ−β/2

}∣∣Ym,j(ξ
′)
∣∣, (2.7)∣∣Bδ,m,j(ξ)

∣∣ ≤ Cm−λ−1
∣∣Ym,j(ξ

′)
∣∣, (2.8)∣∣∇Bδ,m,j(ξ)

∣∣ ≤ C, (2.9)

then for any fixed 0 < v < 1, there exists a positive constant C = C(n, k, v)
such that

‖Tδ,m; b,kf‖L2 ≤ Cm(−1+β/2)v min{δv, δ−βv/2}‖b‖k
∗‖f‖L2.

Proof. We may assume that ‖b‖∗ = 1. Consider a C∞
0 (Rn) radial function φ,

such that suppφ ⊂ {1/2 ≤ |x| ≤ 2} and
∑

l∈Z
φ(2−l|x|) = 1 for any |x| > 0.

Set φ0(x) =
∑0

l=−∞ φ(2−l|x|) and φl(x) = φ(2−l|x|) for any positive
integer l. Then φ0 ∈ S(Rn) and suppφ0 ⊂ {x : 0 < |x| ≤ 2}. Let Kδ,m,j(x) =
(Bδ,m,j)

∨(x), the inverse Fourier transform of Bδ,m,j. Denote K l
δ,m,j(x) =

Kδ,m,j(x)φl(x) for l = 0, 1, . . . , we have

Kδ,m,j(x) =
∞∑
l=0

K l
δ,m,j(x).

Denote by T l
δ,m,j and T l

δ,m,j;b,k the convolution operator with kernel K l
δ,m,j

and the k-th order commutator of T l
δ,m,j and b, respectively. Then by the

Minkowski inequality

‖Tδ,m;b,kf‖L2 =

( ∫
Rn

Dm∑
j=1

∣∣∣ ∞∑
l=0

T l
δ,m,j;b,kf(x)

∣∣∣2 dx)1/2

(2.10)

≤
∞∑
l=0

( ∫
Rn

Dm∑
j=1

∣∣∣T l
δ,m,j;b,kf(x)

∣∣∣2 dx)1/2

=
∞∑
l=0

‖T l
δ,m;b,kf‖L2,

where

T l
δ,m;b,kf(x) =

( Dm∑
j=1

∣∣T l
δ,m,j;b,kf(x)

∣∣2)1/2

.

By (2.10) it is easy to see that for any fixed 0 < v < 1, if there exists γ > 0
such that

‖T l
δ,m;b,kf‖L2 ≤ Cm(−1+β/2)v2−lγ min{δv, δ−βv/2}‖f‖L2, (2.11)

then Lemma 2.3 follows.
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To do this, for l ≥ 0, we decompose R
n =

⋃∞
d=−∞Qd, where Q′

ds are
non-overlapping cubes with side length 2l. Set fd = fχQd

. Then

f(x) =

∞∑
d=−∞

fd(x), a.e. x ∈ R
n.

Since supp(K l
δ,m,j) ⊂ {x : |x| ≤ 2l+2}, it is obvious that supp(T l

δ,m,j;b,kfd) ⊂
10nQd, and that the supports of

{
T l

δ,m,j;b,kfd

}∞
d=−∞ have bounded overlaps.

So we have the following almost orthogonality property:

‖T l
δ,m,j;b,kf‖2

L2 ≤ C
∞∑

d=−∞
‖T l

δ,m,j;b,kfd‖2
L2.

Thus

‖T l
δ,m;b,kf‖2

L2 =
Dm∑
j=1

‖T l
δ,m,j;b,kf‖2

L2 ≤ C
∞∑

d=−∞

Dm∑
j=1

‖T l
δ,m,j;b,kfd‖2

L2

= C

∞∑
d=−∞

‖T l
δ,m;b,kfd‖2

L2.

Hence, it suffices to verify (2.11) for the function f with suppf ⊂ Q, where
Q has side length 2l. Choose ϕ ∈ C∞

0 (Rn), 0 ≤ ϕ ≤ 1, ϕ is identically one

on 50nQ, and suppϕ ⊂ 100nQ. Set Q̃ = 200nQ, and b
�Q = |Q̃|−1

∫
�Q
b(y) dy.

Let b̃ = (b(x) − b
�Q)ϕ(x). It is easy to see that

T l
δ,m,j;b,kf(x) =

k∑
µ=0

Cµ
k b̃

µ(x)T l
δ,m,j (̃b

k−µf)(x).

Denote

T l
δ,mf(x) =

( Dm∑
j=1

∣∣T l
δ,m,jf(x)

∣∣2)1/2

,

then we have

‖T l
δ,m;b,kf‖2

L2 =

∫
Rn

Dm∑
j=1

∣∣∣∣
k∑

µ=0

Cµ
k b̃

µ(x)T l
δ,m,j (̃b

k−µf)(x)

∣∣∣∣2 dx (2.12)

≤ C

∫
Rn

Dm∑
j=1

k∑
µ=0

∣∣∣∣̃bµ(x)T l
δ,m,j (̃b

k−µf)(x)

∣∣∣∣2 dx
≤ C

k∑
µ=0

∫
Rn

|̃bµ(x)|2
Dm∑
j=1

|T l
δ,m,j (̃b

k−µf)(x)|2 dx = C

k∑
µ=0

‖b̃µT l
δ,m(̃bk−µf)‖2

L2.
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Thus by (2.12) we need only show that for any function f supported in Q
with side length 2l,

‖b̃µT l
δ,m(̃bk−µf)‖L2 ≤ Cm(−1+β/2)v2−lγ min{δv, δ−βv/2}‖f‖L2. (2.13)

Let us first show that for g ∈ Lq′(Rn), 1 < q′ ≤ 2 (hence 2 ≤ q < ∞),
0 < t < 1

‖T l
δ,mg‖Lq ≤ C2−

2tl
q m

(−2+β)(1−t)
q

−(1− 2
q
)+ 2tλ

q δn(1− 2
q
) (2.14)

× (
min{δ, δ−β}) 2(1−t)

q ‖g‖Lq′ .

In fact, by the definition of T l
δ,m,j, we have

|T l
δ,mg(x)| ≤

( Dm∑
j=1

( ∫
Rn

|K l
δ,m,j(x− y)||g(y)| dy

)2)1/2

≤
∫

Rn

( Dm∑
j=1

|K l
δ,m,j(x− y)|2

)1/2

|g(y)| dy

≤
∫

Rn

( Dm∑
j=1

|K̂ l
δ,m,j(x)|2

)1/2

dx ‖g‖L1.

Since

K̂ l
δ,m,j(x) = K̂δ,m,j ∗ φ̂l(x) =

∫
Rn

Bδ,m,j(x− y)φ̂l(y) dy. (2.15)

By (2.8) and the fact
∑Dm

j=1 |Ym,j(x
′)|2 ∼ m2λ (see [2, p.225, (2.6)]), we get

|T l
δ,mg(x)| ≤

∫ ( Dm∑
j=1

∣∣∣∣
∫

Rn

Bδ,m,j(x− y)φ̂l(y) dy

∣∣∣∣2
)1/2

dx ‖g‖L1

≤
∫

Rn

∫
Rn

( Dm∑
j=1

|Bδ,m,j(x− y)|2
)1/2

φ̂l(y) dy dx ‖g‖L1

≤
∫

δ/2<|x|<2δ

( Dm∑
j=1

|Bδ,m,j(x)|2
)1/2

dx ‖φ̂l‖L1 ‖g‖L1

≤ m−λ−1

∫
δ/2<|x|<2δ

( Dm∑
j=1

|Ym,j(x
′)|2

)1/2

dx ‖g‖L1

≤ Cm−1δn ‖g‖L1,

i.e.

‖T l
δ,mg‖L∞ ≤ Cm−1δn‖g‖L1. (2.16)
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On the other hand, note that
∫

Rn φ̂(η) dη = φ(0) = 0, so by (2.15) and
(2.9) we get

|K̂ l
δ,m,j(x)| ≤

∫
Rn

|(Bδ,m,j(x− 2−ly) −Bδ,m,j(x))||φ̂(y)| dy

≤ C2−l‖∇Bδ,m,j‖L∞

∫
Rn

|y||φ̂(y)| dy ≤ C2−l.

Thus, by the Plancherel theorem and the factDm ∼ m2λ (see [2, p.226, (2.8)]),
we have

‖T l
δ,mg‖L2 ≤

( ∫
Rn

Dm∑
j=1

|K̂ l
δ,m,j(ξ)|2|ĝ(ξ)|2 dξ

)1/2

≤ C2−lmλ‖g‖L2. (2.17)

Applying the Plancherel theorem again, and by (2.15), (2.7) and

Dm∑
j=1

|Ym,j(x
′)|2 ∼ m2λ,

we obtain

‖T l
δ,mg‖2

L2 ≤
∫

Rn

Dm∑
j=1

|K̂ l
δ,m,j(ξ)|2|ĝ(ξ)|2 dξ

≤ C

∫
Rn

Dm∑
j=1

|Bδ,m,j ∗ φ̂l(ξ)|2|ĝ(ξ)|2 dξ

≤ C

∫
Rn

{( Dm∑
j=1

∣∣∣∣
∫

Rn

Bδ,m,j(ξ − y)φ̂l(y) dy

∣∣∣∣2
)1/2}2

|ĝ(ξ)|2 dξ

≤ C

∫
Rn

{∫
Rn

( Dm∑
j=1

|Bδ,m,j(ξ − y)|2
)1/2

|φ̂l(y)| dy
}2

|ĝ(ξ)|2 dξ

≤ m−2λ−2+β
(
min{δ, δ−β/2})2

×
∫

Rn

( ∫
Rn

( Dm∑
j=1

|Ym,j((ξ − y)′)|2
)1/2

|φ̂l(y)| dy
)2

|ĝ(ξ)|2 dξ

≤ Cm−2+β
(
min{δ, δ−β/2})2‖φ̂l‖2

L1‖g‖2
L2.

That is,

‖T l
δ,mg‖L2 ≤ Cm(−1+β/2) min{δ, δ−β/2}‖g‖L2. (2.18)

Hence, by (2.17) and (2.18), for any 0 < t < 1,

‖T l
δ,mg‖L2 ≤ C2−tlmtλm(−1+ β

2
)(1−t)

(
min{δ, δ−β/2})1−t‖g‖L2. (2.19)

Thus we obtain (2.14) by interpolating between (2.16) and (2.19).
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Let us return to the proof of (2.13). For 2 < q1, q2 <∞ with 1/q1+1/q2 =
1/2, by (2.14) and the fact that

‖b̃µ‖Lσ ≤ C‖b‖µ
∗ |Q|1/σ ≤ C2nl/σ for 1 < σ <∞,

we have

‖b̃µT l
δ,m(̃bk−µf)‖L2 ≤ ‖b̃µ‖Lq1‖T l

δ,m(̃bk−µf)‖Lq2 (2.20)

≤ C2
− 2tl

q2 δ
n(1− 2

q2
)
m

(−2+β)(1−t)
q2

−(1− 2
q2

)+ 2tλ
q2

× (
min{δ, δ−β/2}) 2(1−t)

q2 ‖b̃µ‖Lq1‖b̃k−µf‖
Lq′

2

≤ C2
− 2tl

q2 δ
n(1− 2

q2
)
m

(−2+β)(1−t)
q2

−(1− 2
q2

)+ 2tλ
q2

× (
min{δ, δ−β/2}) 2(1−t)

q2 ‖b̃µ‖Lq1‖b̃k−µ‖L2q2/(q2−2)‖f‖L2

≤ C2
− 2tl

q2
+nl(1− 2

q2
)
m

(−2+β)(1−t)
q2

−(1− 2
q2

)+ 2tλ
q2 δ

n(1− 2
q2

)

× (
min{δ, δ−β/2}) 2(1−t)

q2 ‖f‖L2.

For any fixed 0 < v < 1, we choose q2 > 2 and sufficiently close to 2, t > 0
but sufficiently close to 0, such that q2 and t satisfy:

2t/q2 > n(1 − 2/q2), β(1 − t)/q2 > n(1 − 2/q2) + vβ/2 + 2tλβ/q2.

Then there exists γ > 0, independent of l, such that 2−2tl/q2+nl(1−2/q2) = 2−γl.
We also can get

m(−2+β)(1−t)/q2−(1−2/q2)+2tλ/q2 ≤ m(−1+β/2)v.

If δ ≥ 1, then by (2.20)

‖b̃µT l
δ,m(̃bk−µf)‖L2 ≤ Cm(−1+β/2)v2−lγδn(1−2/q2)δ−β(1−t)/q2‖f‖L2

≤ Cm(−1+β/2)v2−lγδ−βv/2‖f‖L2.

If 0 < δ < 1, then by (2.20)

‖b̃µT l
δ,m(̃bk−µf)‖L2 ≤ Cm(−1+β/2)v2−lγδn(1−2/q2)δ2(1−t)/q2‖f‖L2

≤ Cm(−1+β/2)v2−lγδv‖f‖L2.

Therefore we get (2.13) and the proof of Lemma 2.3 is complete. �

Remark 2.1 When k = 0, Lemma 2.3 also holds.
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Lemma 2.4 ([7]) Let ψ ∈ C∞
0 (Rn) be a radial function such that supp(ψ) ⊂

{1/2 ≤ |ξ| ≤ 2} and
∑

l∈Z
ψ3(2−lξ) = 1 for |ξ| �= 0. Define the multi-

plier Sl by
Ŝlf(ξ) = ψ(2−lξ)f̂(ξ).

For b ∈ BMO and a nonnegative integer k, denote by Sl;b,k the k-th order
commutator of Sl. Then for 1 < p <∞,

(i)
∥∥∥(∑

l∈Z

|Sl;b,kf |2
)1/2∥∥∥

Lp
≤ C(n, k, p)‖b‖k

∗‖f‖Lp;

(ii)
∥∥∥ ∑

l∈Z

|Sl;b,kfl|
∥∥∥

Lp
≤ C(n, k, p)‖b‖k

∗
∥∥∥(∑

l∈Z

|fl|2
)1/2∥∥∥

Lp
where {fl} ∈ Lp(l2).

3. Proof of Theorem 1

As in [2], by a limit argument we may reduce the proof of Theorem 1 to the
case where f ∈ C∞

0 (Rn) and

Ω(x, z′) =
∑
m≥0

Dm∑
j=1

am,j(x)Ym,j(z
′)

is a finite sum. Notice that Ω(x, z′) satisfies (1.1), so a0,j ≡ 0. Define

am(x) =

(Dm∑
j=1

|am,j(x)|2
)1/2

and

bm,j(x) =
am,j(x)

am(x)
.

Then

Dm∑
j=1

b2m,j(x) = 1, (3.1)

and

Ω(x, z′) =
∑
m≥1

am(x)

Dm∑
j=1

bm,j(x)Ym,j(z
′).

If we write

Tm,j;b,kf(x) =

∫
Rn

Ym,j(x− y)

|x− y|n (b(x) − b(y))kf(y)dy,
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then by using Hölder’s inequality twice and (3.1), we have

(Tb,kf(x))2 =

( ∞∑
m=1

am(x)

Dm∑
j=1

bm,j(x)Tm,j;b,kf(x)

)2

≤
( ∞∑

m=1

a2
m(x)m−ε

)( ∞∑
m=1

mε

Dm∑
j=1

b2m,j(x)

Dm∑
j=1

(Tm,j;b,kf(x))2

)

≤
{ ∞∑

m=1

a2
m(x)m−ε

}{ ∞∑
m=1

mε
Dm∑
j=1

(Tm,j;b,kf(x))2

}
.

By [2, p. 230], if we take q > 2(n− 1)/n, 0 < ε < 1 and sufficiently close to
1, then (∑

m≥1

a2
m(x)m−ε

)1/2

≤ C

(∫
Sn−1

|Ω(x, z′)|qdσ(z′)
)1/q

(3.2)

≤ C‖Ω‖L∞(Rn)×Lq(Sn−1).

Let

Tm;b,kf(x) =

( Dm∑
j=1

|Tm,j;b,kf(x)|2
)1/2

.

Applying the Minkowski inequality and (3.2), for q > 2(n − 1)/n and 0 <
ε < 1 which is sufficiently close to 1, we get

‖Tb,kf‖2
L2 ≤ C‖Ω‖2

L∞(Rn)×Lq(Sn−1)

∑
m≥1

mε‖Tm;b,kf‖2
L2. (3.3)

If we can show that for some 0 < β < (1 − ε)/2, such that

‖Tm;b,kf‖2
L2 ≤ Cm−2+2β‖f‖2

L2, (3.4)

then from (3.3) and (3.4) we immediately get the conclusion of Theorem 1.
Hence, it remains to show (3.4) to prove Theorem 1.

Let ψ ∈ C∞
0 (Rn) be a radial function such that 0 ≤ ψ ≤ 1, suppψ ⊂

{1/2 ≤ |ξ| ≤ 2} and
∑

l∈Z
ψ3(2−lξ) = 1 for |ξ| �= 0. Define the multiplier Sl

by Ŝlf(ξ) = ψ(2−lξ)f̂(ξ). Let

σα,m,j(x) =
Ym,j(x

′)
|x|n χ{2α≤|x|≤2α+1}(x)

for α ∈ Z, m = 1, 2, . . . , and j = 1, . . . , Dm.
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Set

Bα,m,j(ξ) = σ̂α,m,j(ξ), Bl
α,m,j(ξ) = Bα,m,j(ξ)ψ(2α−lξ).

Define the operator Tα,m,j and T l
α,m,j by

T̂α,m,jf(ξ) = Bα,m,j(ξ)f̂(ξ), T̂ l
α,m,jf(ξ) = Bl

α,m,j(ξ)f̂(ξ).

Denote by Tα,m,j;b,k and T l
α,m,j;b,k the k-th order commutator of Tα,m,j and

T l
α,m,j , respectively. Define the operator Vl,j by

Vl,jf(x) =
∑
α∈Z

((Sl−αT
l
α,m,jSl−α)b,kf)(x).

We claim that

Tm,j;b,kf(x) =
∑
l∈Z

Vl,jf(x). (3.5)

Once (3.5) holds, then by the Minkowski inequality, we get

‖Tm;b,kf‖L2 =

( ∫
Rn

Dm∑
j=1

∣∣∣ ∑
l∈Z

Vl,jf(x)
∣∣∣2 dx)1/2

(3.6)

≤
∑
l∈Z

( ∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx
)1/2

.

So by (3.6), to prove (3.4), it suffices to show (3.5) and

∑
l∈Z

( ∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx
)1/2

≤ Cm−1+β‖f‖L2. (3.7)

where C is independent of l and f. Let us first consider (3.5). By the
definition of σα,m,j ,

Tm,jf(x) =
∑
α∈Z

σα,m,j ∗ f(x).

For a fixed cube Q, write

Tm,j;b,kf(x) =
k∑

s=0

Cs
k(b(x) − bQ)sTm,j

(
(bQ − b(·))k−sf

)
(x).
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Thus as in [5, p. 545], it follows that

Tm,j;b,kf(x) =
k∑

s=0

Cs
k(b(x) − bQ)s

∑
α∈Z

σα,m,j ∗
(∑

l∈Z

S3
l−α

(
(bQ − b(·))k−sf

))
(x)

=

k∑
s=0

Cs
k(b(x) − bQ)s

×
∑
l∈Z

∑
α∈Z

(
Sl−ασα,m,j ∗ Sl−αSl−α

(
(bQ − b(·))k−sf

))
(x)

=
k∑

s=0

Cs
k(b(x) − bQ)s

∑
l∈Z

∑
α∈Z

(
Sl−αT

l
α,m,jSl−α

(
(bQ − b(·))k−sf

))
(x)

=
∑
l∈Z

∑
α∈Z

(
(Sl−αT

l
α,m,jSl−α)b,kf

)
(x).

This establishes (3.5). Hence it remains to show (3.7). With the aid of the
formula

(
b(x) − b(y)

)k
=

k∑
s=0

Cs
k

(
b(x) − b(z)

)s(
b(z) − b(y)

)k−s
, x, y, z ∈ R

n,

we can write

Vl,jf(x) =
∑
α∈Z

(Sl−αT
l
α,m,jSl−α)b,kf(x)

=

k∑
s=0

Cs
k

∑
α∈Z

Sl−α;b,k−s

(
(T l

α,m,jSl−α)b,sf
)
(x).

This together Lemma 2.4 (ii) now tells us that∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx (3.8)

≤ C

k∑
s=0

Dm∑
j=1

∫
Rn

( ∑
α∈Z

∣∣Sl−α;b,k−s

(
(T l

α,m,jSl−α)b,sf
)
(x)

∣∣)2

dx

≤ C
k∑

s=0

‖b‖2(k−s)
∗

∫
Rn

∑
α∈Z

Dm∑
j=1

∣∣((T l
α,m,jSl−α)b,sf

)
(x)

∣∣2 dx.
Write

(T l
α,m,jSl−α)b,sf(x) =

s∑
u=0

Cu
s T

l
α,m,j;b,u(Sl−α;b,s−uf)(x), (3.9)
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then by (3.8) and (3.9)

∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx (3.10)

≤ C

k∑
s=0

‖b‖2(k−s)
∗

∫
Rn

∑
α∈Z

Dm∑
j=1

∣∣∣ s∑
u=0

Cu
s T

l
α,m,j;b,u(Sl−α;b,s−uf)(x)

∣∣∣2 dx
≤ C

k∑
s=0

‖b‖2(k−s)
∗

∫
Rn

∑
α∈Z

Dm∑
j=1

s∑
u=0

|T l
α,m,j;b,u(Sl−α;b,s−uf)(x)|2 dx

≤ C

k∑
s=0

s∑
u=0

∑
α∈Z

‖b‖2(k−s)
∗

∫
Rn

Dm∑
j=1

|T l
α,m,j;b,u(Sl−α;b,s−uf)(x)|2 dx.

Let

T l
α,m;b,uh(x) =

( Dm∑
j=1

|T l
α,m,j;b,uh(x)|2

)1/2

.

Thus by (3.10), we get

∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx ≤ C

k∑
s=0

s∑
u=0

∑
α∈Z

‖b‖2(k−s)
BMO (3.11)

×
∫

Rn

|T l
α,m;b,u(Sl−α;b,s−uf)(x)|2 dx.

For 0 < β < (1−ε)/2, if we can prove that there exists 0 < v0 < 1 such that

‖T l
α,m;b,uh‖L2 ≤ Cm−1+β2−βv0|l|/2‖b‖u

∗‖h‖L2 , (3.12)

then we have (3.7). In fact, by (3.12) and Lemma 2.4 (i), we have∥∥∥∥
( ∑

α∈Z

|T l
α,m;b,u(Sl−α;b,s−uf)|2

)1/2∥∥∥∥2

L2

(3.13)

≤ Cm−2+2β2−βv0|l|‖b‖2u
∗

∑
α∈Z

‖Sl−α;b,s−uf‖2
L2

≤ Cm−2+2β2−βv0|l|‖b‖2s
∗ ‖f‖2

L2.

Then from (3.11) and (3.13), we get

( ∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx
)1/2

≤ Cm−1+β2−βv0|l|/2‖b‖k
∗‖f‖L2. (3.14)
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So we get

∑
l∈Z

( ∫
Rn

Dm∑
j=1

|Vl,jf(x)|2 dx
)1/2

≤ Cm−1+β‖f‖L2.

This is (3.7). So to prove (3.7), it suffices to show (3.12).

Define
̂̃
T l

α,m,jf(ξ) = Bl
α,m,j(2

−αξ)f̂(ξ). Denote by T̃ l
α,m,j;b,u the u-th order

commutator of T̃ l
α,m,j . Let

T̃ l
α,m;b,uf(ξ) =

( Dm∑
j=1

|T̃ l
α,m,j;b,uf(ξ)|2

)1/2

.

Recall Bα,m,j(ξ) = σ̂α,m,j(ξ), by Lemma 2.2, we get for any 0 < β < 1,∣∣Bα,m,j(ξ)
∣∣ ≤ Cm−λ−1+β/2 min

{
2α|ξ|, (2α|ξ|)−β/2

}∣∣Ym,j(ξ
′)
∣∣,∣∣Bα,m,j(ξ)

∣∣ ≤ Cm−λ−1
∣∣Ym,j(ξ

′)
∣∣,∣∣∇Bα,m,j(ξ)

∣∣ ≤ C2α.

Thus supp(Bl
α,m,j(2

−α·)) ⊂ {2l−1 ≤ |ξ| ≤ 2l+1}, and

∣∣Bl
α,m,j(2

−αξ)
∣∣ ≤ Cm−λ−1+β/2 min

{
2l, 2−βl/2

}∣∣Ym,j(ξ
′)
∣∣,∣∣Bl

α,m,j(2
−αξ)

∣∣ ≤ Cm−λ−1
∣∣Ym,j(ξ

′)
∣∣,∣∣∇Bl

α,m,j(2
−αξ)

∣∣ ≤ C.

Using Lemma 2.3 and Remark 2.1 with δ = 2l, we know that for any fixed
0 < v < 1 and nonnegative integer u, we have

‖T̃ l
α,m;b,uf‖L2 ≤ Cm(−1+β/2)v2−β|l|v/2‖b‖u

∗‖f‖L2 .

For 0 < β < (1 − ε)/2, we can find 0 < v0 < 1, such that v0(−1 + β/2) ≤
−1 + β. Then

‖T̃ l
α,m;b,uf‖L2 ≤ Cm−1+β2−β|l|v0/2‖b‖u

∗‖f‖L2 ,

which, by dilation-invariance, implies

‖T l
α,m;b,uf‖L2 ≤ Cm−1+β2−β|l|v0/2‖b‖u

∗‖f‖L2 .

So (3.12) is proved.
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