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Quasilinear equations

with natural growth

David Arcoya and Pedro J. Martinez-Aparicio

Abstract

We study the existence of positive solution w € H(Q) of the
quasilinear equation —Aw + g(w)|Vw|? = a(x), = € §, where
is a bounded domain in RY, 0 < a € L>®(f2) and g is a nonnegative
continuous function on (0, +0c) which may have a singularity at zero.

1. Introduction

We study the existence of solutions for the quasilinear b.v.p.

—Aw + g(w)|Vw|? = a(z), z€Q
(P)
w e H(Q)

where € is a bounded open set in RY, (N > 3), 0 < a € L®(Q) and ¢
is a continuous function in (0, +oc). Following the terminology of [15], we
say that the quadratic growth in Vw of the nonlinear differential operator
in (P)is “natural”. Two reasons can be given to use this term. Firstly, the
invariance of this growth under the simple change of variables v = F(w),
where F is a smooth function!. On the other hand, recall the nonexistence
result given in [22] for the case in which the growth in Vw is faster than
quadratic.

The existence of solutions of this problem for every function a(z) in a
given Lebesgue space has been systematically studied by Boccardo, Murat
and Puel, see [5, 6] and references therein and by Bensoussan, Boccardo and
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On the contrary, the class of semilinear equations is unnatural in the sense that it
is not invariant if one makes such a change of variable v = F(w), because the resulting
equation in v involves |Vv|? (except in the trivial case where F is linear).
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Murat [4]. They consider a continuous ¢ in R which does not satisfy any
growth restriction with respect to w. In [4] they impose the sign condition
g(s)s > 0, for every s € R. On the other hand, in [5, 6] the authors consider
the Dirichlet boundary value problem for an equation with a more general
quadratic term f(z,w, Vw) (instead of the term g(w)|Vwl|?). In that case,
they require (see (2.10) in [5] and (3.10) in [6]) a more general "one-side
condition” than the sign condition. However, we point out that in the case
f(x,w, Vw) = g(w)|Vwl|? this one-side hypothesis is equivalent to the sign
condition.

In [21] (see also [8]), the sign condition is not assumed and the existence
of solution of (P) is proved provided that the asymptotic condition

e | oty

lim =0

|s|—o0 14 /8 6|f0t g(r)drdt'
0
holds.

On the other hand, in [12, 14] the existence of solution of (P) is proved
without assuming neither the sign condition nor the asymptotic condition
at infinity, but requiring that the data a(z) is small enough.

Regularity of the solutions are studied in [9]. Some extensions to systems
of elliptic partial differential equations are discussed in [2, 3, 18], while the
case of unbounded domains (2 is treated in [10]. More recently, the case
g < 0 and decreasing is studied in [1].

The scope of this work is to study the existence of positive solution of (P)
in the case that g may have a singularity at zero. Our simplest model is the
equation

—Aw + i|Vw|2 =a(x), x€.
w

This kind of singular equation appears for instance if, for p > 1, we make the
change of variables w = fu+°° ds/ sP/>=1) in the simple semilinear equation

Au = a(x)u?/ PV zeq.

Recalling the invariance of the quadratic growth in Vw, we see hence the
interest of studying this singular equation. We point out that, up to the
authors’” knowledge, existence results for singular g are unknown in the lit-
erature of elliptic equations with quadratic growth in Vw. Our main result
is the following.
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Theorem 1.1. Let a € L*>®(Q)) be a function satisfying
(1.1) inf{a(z) /z € w} >0, YwCCQ.
If g : (0,+00) — [0, +00) is a continuous function such that

(1.2) lim sup sg(s) < +o0,

s—0

then problem (P) has at least one positive solution w € H(Q) N C*(Q),
(0<a<l).

The idea to prove it consists in approximating (P) by a sequence of
problems (P,) which fall into the framework in [6] and to prove that their
solutions w,, converge to a positive solution of (P). Here, due to singularity
of g, g(w,(z)) blows up as w,(x) is converging to zero. This is the reason
why it is not possible to apply the ideas of [4, 5, 6] to show the strong
convergence of Vw, in L?(Q) (and thus the strong convergence of the ap-
proximated solutions w,, in H}(Q) to a solution of (P)). To overcome this
difficulty, we show that w, are uniformly away from zero in every compact
set in €). This allows us to prove that the sequence of approximated solu-
tions converges locally to a solution of (P). The argument for the uniform
estimate of w, is based on an a prior: estimate for the subsolutions of the
semilinear equation Au = a(z)u? with p > 1. This estimate will be proved
in Proposition 2.3 by applying the result in [16] (see also [20]) about the
existence of boundary blow-up solutions of the latter equation, i.e. for the
semilinear problem

Au = a(z)uP, in Q

(1.3) ‘
lim  u(x) = +oo,
dist (z,60)—0

where a € L*(Q).

As a by-product we can use the above ideas to improve the previous re-
sults in [6, 7, 21] by showing the existence of positive solution for the prob-
lem (P) under the only assumption of continuity of g on [0, +00). In particu-
lar, we remark explicitly that it does not matter the value of g(0) € [0, +00)
(observe that the sign condition in [4, 5, 6] implies necessarily that g(0) = 0)
or the behavior of g at infinity. Specifically, we prove

Theorem 1.2. Consider 0 # a € LY(Q), for some ¢ > 5 with a > 0 and let
g :[0,400) — [0, +00) be a continuous function. Then problem (P) has at
least one positive solution w € H(Q) N L>(Q).
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The rest of the paper is organized as follows: Section 2 is devoted to give
some a priori estimates for the approximated problem. In Section 3, we give
a detailed proof of Theorem 1.1. The proof of Theorem 1.2 is similar and
we just give its outline.

Acknowledgement. The first author wants to thank very warmly Lucio
Boccardo for fruitful discussions.

2. The approximated problem

Let us denote by S the Sobolev constant, i.e.

Jul?

weHH(Q)—{0} |lu

S:

2
P*

with 2* = 2N/(N —2), (N > 3). Also, we denote

Z

+2

N
2 N—2,

(2.1) C =87 |a]|% 0722

By the continuity of g in (0,400) and (1.2), there exists A > 1 such that

w | >

g(s) < =, Vse(0,C].

Observe that we can rewrite the problem as

—Aw + A (w)|Vw|* = a(z) in Q
(P)
w € HHQ)

where h : (0, +00) — [0, +00) is defined by h(s) = g(s)/A, for every s > 0.
Thus it satisfies

(2.2) his)< =, Vse(0,C].

» | =

We approximate the function A by functions h, : R — R, n € N, which
are defined by
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Observe that h,, is continuous by (1.2) and verifies

ha(s) "=5° h(s), Vs >0,
hn(s) < h(s), Vs >0,
and  h,(s)s >0, Vs € R.

Then, by applying [6, Theorem 3.2, p. 43], there exists a solution w,, of
the approximated problem

—Aw + My, (w)|[Vw|? = a(z) in Q
(Fn)
w e H(Q).

Choosing w,, as test function and using that h,(s)s > 0 and a > 0 we get

/|an|2 < /|an|2—|—)\/wnhn(wn)|an|2 = /awn <0

Q Q Q Q

i.e. w, > 0. In addition w, # 0 because a(z) # 0.

The following a priori estimate will be useful.
Lemma 2.1. Let w, be a solution of (F,).

i) If a € LUQ), for some q > &, then the sequence {w,} is bounded in
HL(Q) and in L=(Q).

ii) If a € L*(Q), then
lwnlle <C, Vn €N,
where C'is given by (2.1). In addition, w, € C**(Q) (0 < a < 1).

Proof. i) Taking ¢ = w, as test function in (P, ), and using that h,(s)s > 0,
Vs € R we deduce from the Holder inequality that

/ Vel < / Vel + A / o ()00 | V02 = / aw, < allqllwnly-
Q Q

Q Q

Since ¢ > N/2, we have ¢ = ¢/(¢ — 1) < (N/2) = N/(N —2) < 2* and
hence, if we divide the above inequality by ||w,]|, we obtain from the Sobolev
embedding theorem that for some K > 0,

[wn] < Kllally,  ¥n €N
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On the other hand, for every solution w,, of (F,), the hypothesis h,(s)s > 0,
for every s € R, implies
—Aw, < a(x).

Then using that a € L4(Q2) and [23, Lemme 4.1, p. 19] we derive

(2.3) wnlleo < S [|a]|¥ 10512 77 = C,

2%
q

N+2 2%

N-2 q’
ii) By taking the limit as ¢ tends to +o0 in the previous inequality, we
yield

where S is the Sobolev constant and 3 =

walleo < 8% |al|%|Q|F222 %2 = C.

This L*-estimate of w,, and the boundedness of a allow us to apply the
Theorem 1.1, p. 251 of [17] to conclude that w, € C*(2).

We devote the rest of the proof to show by using similar ideas to those
in [11] that w, € C**(Q). Applying [7, Proposition 3.8], there exists m > 2
such that w, € W™ Q). Thus, |Vw,|?> € L™*(Q) which together to the
L*>-boundedness of w,, and a(x) gives

(2.4) —Aw, = — Ay (w,)|Vwn|? + alz) € LT,

Hence, the LP-theory of Agmon, Douglis and Nirenberg [13] and the
C“-smoothness of w, given by Lemma 2.1-ii) yield

w, € Wi? (2) N C*(9).
Using the interpolation theorem due to Miranda [19]:

s(2—a)—«a

W25(Q) N C%(Q) € WEP(Q), p=

loc loc

> 25 > 2,
1—«

we deduce that
w, € WP (Q),

loc

with p; = e ) Returning to (2.4), we get

11—«

—Aw, = =Ny (w,)|Vw,|? + a(z) € LPY?

Pr1
and again by the LP-theory we obtain w, € T/Vlz; 2(Q).
By iterating the process, we derive that

w, € WP (),

. L pijl(Zfa)fa . .
with p; = 2F—+—>p; 1 >2,7=23,...
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Taking into account that p; is converging to +oo, we have that

w, € W2P(Q), Vp > 2,

loc

and hence, by the embedding of W27(Q) into C**(Q) if p > N, we conclude
that
w, € CH*(Q).
|

Proposition 2.2. Let w, be a solution of (P,). If a(x) € L>*(Q) satis-
fies (1.1), then
wy(x) >0, Ve .

Proof. Fix x5 € 2 and choose R > 0 such that the sphere centerei at zg
with radius R, B = B(xy, R) CC €. From Lemma 2.1, w, € C%*(B) and
thus there exists K, > 0 such that

|Vw,(2)|* < K,, Vz¢cB.

On the other hand, taking K, = SUDse (0,01 n(s)/s, (C given by (2.1)), we
also have

B (wn(2)) < Kpwn(z), Yz € Q.
Consequently, there exists K >> 0 (depending on n) such that

—Aw, + Kw, > —Aw, + M, (w,)|Vw,|* = a(z) >0, z¢€ B,

w, >0, O0B.
By hypothesis (1.1), @ # 0 in B and hence the strong maximum principle
implies w,, > 0 in B. Therefore w,(zq) > 0. [ |

Now, we are going to prove that the sequence of approximated solutions
are uniformly away from zero in every compact set in €2. This will be a
consequence of the following

Proposition 2.3. Letz : [0, +00) — [0, 4+00) be a nondecreasing continu-
ous function such that f(t) >0 fort >0 and

/+°° dx
© L T()dz

Assume also that the function a satisfies (1.1). Then for every open set
Qo CC Q there exists a positive constant Coq, such that for everyu € C(2)N
HY(Q) satisfying

(2.5) < 400, Va > 0.

it holds
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Proof. Consider €2y CC 2. Choose a open set w in €2 such that y CC
wCC Q. By (1.1),
ap = inf{a(z) /z € w} > 0.
Since u € C(R2), we also have

Qp = maxu < +00.
w

For o > oy, taking into account that f is nondecreasing, it is proved the
existence and uniqueness of solution v, for the b.v.p.

Avy(z) = aof(va(z)), T €W
Vo(z) =, x € Jw.
Using that f > 0 and the definition of g, we deduce for every a > « that
A (va = u) < aof(va(2)) — a(@) f(u)<ao [f(va(z)) = f(u)], z€w
Vg —u=0oa—u>0, z€iw,
and, applying the maximum principle, we have that
u<wv, Inw.

Now, by [16] (see also [20]), v,(z) is nondecreasing in a and pointwise
convergent in w to a solution v, for the b.v.p.

Avy(z) = aof(vu(2)), € w,

lim  v,(z) = +o0.
dist (z,0w)—0

Therefore u < v,, in w and, in particular, recalling that €y CC w,

u(z) <v,(xr) <maxv, = Cq,, x € Q.
o |

Remark 2.4. The hypothesis (2.5) is usually called the Keller-Osserman
condition and was introduced in [16, 20| for the study of the problem (1.3).

In the sequel, we denote

(2.6) Fi(s) =8V, (X = % > 1) .



QUASILINEAR EQUATIONS WITH NATURAL GROWTH 605

Observe that for every a > 0 it holds

+o0 +oo

ds ds
0

fx(s) fx(s)

a

This allows us to define the nonincreasing function H, : (0,+o00) —
(0, +00) given by

(2.7) H(t) = /t 0075(85)'

Lemma 2.5. Consider the functions f, and Hy given respectively by (2.6)
and (2.7). If 0 <w € H} N C(Q) is a supersolution of

1
—Aw + )\E|Vw|2 =a(x), x€Q,

then u = Hy '(w) is a subsolution of
Au = a(z)fy(u), z€Q.

Proof. Suppose that w € H}(2) N C(Q) is a supersolution of
1
—Aw + )\E|Vw|2 =a(x), x€Q,

ie.,

[ Te@veln) + [A—se@ITu@P > [ awpta)

for every ¢ € C§°(€2), with ¢ > 0.
Observe that by the chain rule,

p = Fa(u)y € Hy(Q), Vi € G (Q)
and thus, choosing it as test function,
-, _ 1_ ) _
[ ve[Bvee+ Tiwve] +a [ SR@olvel = [ o we
Q Q Q

for every ¢ € C§°(Q2), with ¢» > 0. Using again the chain rule,

{(wW)Vu = —= L u
Vw = V[Hy\(u)] = H\(u)V f/\(u)v
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and we obtain

Ta(u
! ||2*

[Vul? -
/ f)\ f)\( ) > Q/af)\(u>w7
for every ¢ € C’(‘)’O(Q), with ¢ > 0. Since

Aizfxﬂsmwzfxw,

we deduce that

- / Vuvi > / (T, Vi€ CF(Q), ¢ >0,
Q

Q
i.e. u= Hy'(w) is a subsolution of

Au = af,(u), in Q. -
Corollary 2.6. Let a € L>*(Q2) and assume that g : (0,4+00) — [0, 4+00) is

a continuous function satisfying (1.1) and (1.2). If w, is a solution of (P,),
then for every 2o CC Q there exists a constant cq, > 0 such that

wy(x) > cq,, Y € Q.

Proof. Consider C' given by (2.1). From (2.2) we have h,(s) < h(s) < 1/s,
for every s € (0,C]. This and the strict positiveness of w, (by Proposi-
tion 2.2) imply that w, € Hj(Q) satisfies, in the weak sense,

1
a(x) = —Aw, + )\hn(1,un)|an|2 < —Aw, + )\w—|an|2, x €N

i.e. w, is a supersolution of

—Aw+ AL |Vul> = a(z), z€Q

w e H(Q).
As w, € H}(Q)NC(Q), applying the Lemma 2.5, u,, = H, '(w,,) is a subso-

lution of B
Au = a(z)f,(u(x)), in Q.
Fix now Qy CC Q. By Proposition 2.3, there exists Cq, > 0 such that
Uy, S CQO, Vx € QQ

and thus, since H) is nonincreasing,

wn:HA(un)ZHA(CQO)ECQO > 0, Vr € (. ]
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3. Positive solution for (P)

In this section we study the convergence of the approximated solutions w,, to
a solution of (P). We use the notation w™ = max {w,0}, w~™ = min {w, 0}
and for k£ > 0, we also denote by T}, and Gy, the real functions given by

k, s>k,
Ti(s) == s, —k<s<k, Gi(s) :=s—Tk(s), seR.
—k, s<—k,

From Lemma 2.1, up to a subsequence, we can assume that
w,—w, in Hy(Q).

By the L*>-estimate given in Lemma 2.1 and the almost everywhere conver-
gence of w, to w in Q we get w € L>(12).

We are going to prove that for every w CC Q, {w,} converges to w in
H}(w). Specifically, we prove

Proposition 3.1.

n—-+4o00

lim /|V(wn —w)|*Y =0, Y e€Cr(), >0.
0

Remark 3.2. A consequence of the above proposition is that for everyw CC
Q, there exists h, € L*(w) such that, up to a subsequence,

\Vw,| < h,, ae w,

Vw, — Vw, ae. w.

In particular, we have
Vw, — Vw a.e. £
Proof. Decompose w,, —w in the way
wy, —w = (w, — Tp(w))" + (w, — Ti(w))” — Gr(w).

We claim that for every k > ||w|| and ¢ € C5°(2) with ¢ > 0, it holds:

n—-+00

1. lim /|V(wn—Tk(w))+|2w(x):0,

n—-4oo

2. lim /|V(wn—Tk(w))_|2¢(x) =0.
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For convenience of the reader, we postpone the proofs of these items to
the next two lemmas and we use them here to conclude the proof of the
proposition. Indeed, by the inequality

IV (wn = w)* < [V([wn = Ta(w)] ) + [V([we = Te(w)])]* + [VGr(w)[?

we deduce that

/ IV (wn — w)? < / 19 ([t — Te(w)] )2 + / 1V ([t — Te(w)] )20

Q
+ [ [VGr(w)]*0.
/

Thus, given € > 0, by the convergence of Gj(w) to 0 in H} () as k — +o0,
we can choose ko > ||w||o such that

<e.

[ 9Gu
Q
In consequence,

n——+o00 n—+00

limsup/|V(wn—w)|2@D < e+ lim /lV([wn—Tko(w)]+)|2¢
Q 0

n—-+00

© lim /|v<[wn—Tk0<w>]>|2w

(items 1. and 2.) < ¢

from which the proof of Proposition 3.1 is concluded. |
Now we prove in several lemmas the items 1. and 2. of the above proof.

Lemma 3.3.

lim /|V(wn—Tk(w))+|2 =0, V> |w]w.
Q

n—-4o00

Remark 3.4. Taking into account that

n—-4oo

i [ 19, = Tiw)) P0le) < [0l Jim_ [ 1900, = Tetw)) P

item 1. in the proof of Proposition 3.1 is deduced from the above lemma.
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Proof. Denote w,; = [w, — Tj(w)]. Using w;, as test function in the
equation satisfied by w,,

/anVw:{k—l—)\/hn(wn)|an|2w:k = /a(z)w:{k.
) ) Q

Since w,, > 0, we have h,(w,) > 0 and

/anVw:{k < /a(x)w:{k.
Q Q

Adding and subtracting the term [ VT (w)Vw,, we obtain:
Q

(3.1) [1vuil <= [9nives + [a@u,.

Q Q

The boundedness of {w,,} in H;(2) implies the boundedness of the sequence
{w’, } in H}(Q), and, up to a subsequence, for fixed £,

wh = (w—T(w))" as n— 4oo.

Then, passing to the limit in (3.1) as n tends to infinity we get

lim_ [ [Vui,f <~ [ V@90 - ) + [ a@)w - Tiw)".

n—+o0o
Q Q
Observing that (w — T(w))™ is 0 for k > ||w]|, we conclude that the right
hand of the above inequality is tending to zero and the lemma is proved. B

With respect to item 2. in the proof of Proposition 3.1, we show it in
the sequel.

Lemma 3.5. For every k > ||w]|c,

n—-4o00

lim /|V(wn — Ti(w)) ™ 1 (x) = 0.

Proof. Consider ¢ € C3°(Q), ¢ > 0 and ¢,(s) = s¢?* where the positive
constant v will be chosen later in a suitable way. Denote, as in the above
proof, wy,x = [w, — T (w)]. Since

—k<w,, <0,
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we have that w,, € H3(Q) N L>*(Q) and

0> o (w, )y € Hy(Q).

Following [6] we use ¢, (w,, )1 as test function to deduce

/anV(wnk)go’v(wnk)w(x) +/anvw($>%(wnk)

4 [ Aalwn) Wm0, )0(e) = [ alw)g, (wr)0ia),

where )y CC € is such that supp ) C £2y. Adding and subtracting the term

— / VwV(w;k)wg(w;k)w(fﬂ)a

Qo

+ [ VTt + [ M)V Pe v = [ ag v,
Qo Qo Qo
From Corollary 2.6,
1
(3.2) o (w3) [ Vw,|* < h(w,)|[Vw, | < C—|an|2, Vo € Q
Qo
and since 0 > ¢, (w;, )1, we obtain by using V(w, — w)Vw,, = |[Vw,,|?

that

/ IV (w2 (o + / VWV (w; )¢, (wo )
Qo Qo

A
+ [ Vo) + [ 21Tl < [ag (g

Qo Qo Qo

1.

- - A -
[ IV P e + [ 219w w0
Q() QO

< —/Vwankgo’v(wnk)w—Q/anVQﬁ%(wnﬁ+/a807(wnk>¢-

Qo QO
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Observing that

[IVule e = [ Vel
Qo

wn—Tg (w)<0
= [ VwPetges [ IVR@Pe )
wn—T (w)<0 wn—Tg (w)<0
-2 / Vw, VT (w)es(w,, ),

wn—T (w)<0

we derive

/ [V T4(w) P (w6 — 290, VT (1) 0 (w7 )]

wn—T (w)<0

(3.3)
- [V e = [ Vuuie ) + [ ap e,

For k > ||w]|e we have
(3.4) Tp(w) =w

and by the Lebesgue dominated convergence theorem and the almost every-
where convergence of w,, to w in 2 we get

n—oo

35 Jm o [ VIR w00 = i [ ke (w00 =0
Qo

wn—Tg (w)<0

In addition, if x, denotes the characteristic function of the measurable
set 0y, this theorem also implies the following strong convergences in L?(€):

B B (3.4)
VT (W) oy (W, 1) VX fwn—Tr(w)<0p — VIe(w)e, ((w — Ti(w)) )X, = 0,
V! (W, )X fwn Ty (w)<0y — Vwepl ((w — Ti(w)) )X, ;

_ - (3.4)
vw¢v(wnk)X{wn—Tk(w)<0} — Voo, ((w — Ti(w)) )XQO =0,
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which together to the weak convergence of Vw,, to Vw (and thus of Vw,
to 0) in L?*(Qy) gives us

n—oo

(3.6) lim / Vw, VT (w) ey (W, 1)V X fw, 1y (w)<0p = 0

wpn—Tk(w)<0

and

(3.7) lim | VwVw, ¢ (w,, ) = Tlan;o/anvww,y(wnk) =0.
Qo

n—oo

Qo

Therefore, by (3.5), (3.6) and (3.7), the inequality (3.3) shows that

n——+4oo CQO

i [ 190 () + 2 o =0

2
Now, choosing v > (20)5‘) 0) , we have

A A 1
QD/V(S) + _QDV(S) = 6732 |:1 + 2752 + S—:| Z ) Vs < Oa
CQO CQO 2

and we deduce from the above limit that

lim / V()P = 0,
Qo

n—-4oo

for every k > ||w]]oo- [ |

We conclude this section by showing that the limit w of the approximated
solutions w;, is a solution for (P), i.e. proving our Theorem 1.1:

Proof of Theorem 1.1. We can pass to the limit in the equation satisfied
by the approximated solutions w,:

/anv¢+/)\hn(wn)|an|2¢:/aqb, Vo € C5°(Q).
o) ) Q

Indeed, for fixed ¢ € C§°(2), Proposition 3.1 (see also Remark 3.2) implies
that

n—-+400
Q

On the other hand, from Corollary 2.6, there exists ¢y > 0 such that

lim Vw,V¢ = /VwVQS.
Q

wp(x) > 9 >0, Vo€ w = supp ¢.
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Thus
1
(3.8) hn(wn(x)) < h(wn(2)) < —, Vrew
Co
and, again by Proposition 3.1, the dominated convergence theorem of Lebes-
gue implies

tim [ Mha0,) [V 6 = / ()| Vw26,
Q Q

Therefore, passing to the limit as n goes to infinity in the equation satisfied
by w,, we deduce

[vuvos [anwivupo= [e, voecr@),

Q Q Q

i.e. we H(Q) is a solution of —Aw + g(w)|Vw|? = a in Q.

On the other hand, as it has been observed, given w CC €2, by Corol-
lary 2.6, w,(z) and thus w(x) is away from zero for z € w. Hence, [17, The-
orem 1.1, p. 251] shows that w € C*(@), for every w CC Q, i.e. w € C*(Q).

|

As it was mentioned in the introduction we devote the last part of this
paper to show how the previous arguments can be adapted to prove the
Theorem 1.2.

N

Outline of the proof of the Theorem 1.2. For ¢ > 3, we consider

a € Li(Q) and the constant C, given by (2.3). Since, in this case, g is
continuous in [0, Cy], there exists M > 0 such that
g(s) <M, Vse|0,C,].

We approximate the function g by continuous functions g,: R - R, n € N
defined by

gn(s) =

Observe again that g, verifies
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Applying [6, Theorem 3.2, p. 43], there exists a nonnegative and nonzero
solution w,, of the approximated problem

—Aw + g, (w)|Vw]* = a(z) in Q
w e Hy(Q

).
From Lemma 2.1-i), w,, is bounded in H}(Q2) and in L>(). Specifically, it
has been proved in this lemma that

HwnHLoo S Cq, Vn € N.

Hence, we can assume that w, is weakly convergent to w € H}(2) N
L>=(Q2). To prove the convergence of w, to w in H}(w) for every w CC ,
we follow the same arguments to those in Proposition 3.1 by showing that

39) i [ 19w, - Tw) P =0,
and
(3.10) i [ 9~ Tiw) Pute) = .

The proof of (3.9) is deduced as in Lemma 3.3. On the other hand, the
arguments of Lemma 3.5 can be adapted to obtain (3.10) without using the
Corollary 2.6. Indeed, we just have to replace the estimate given in (3.2) by
the following

Gn (W) |[Vw,)? < g(w,)|Vw,|* < M|Vw,|*, Vs €0, Cyl-

Consequently, we can assume that w, — w in H}(w) for every w CC Q. To
conclude it suffices to pass to the limit in the equation satisfied by w,. This
is done by applying similar arguments to those in the proof of Theorem 1.1.
The only change is to replace (3.8) by gn(w,(z)) < M for every x € w. W
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