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On the NLS dynamics for infinite energy

vortex configurations on the plane

Fabrice Bethuel, Robert L. Jerrard and Didier Smets

Abstract

We derive the asymptotical dynamical law for Ginzburg-Landau
vortices in the plane under the Schrédinger dynamics, as the Ginz-
burg-Landau parameter goes to zero. The limiting law is the well-
known point-vortex system. This result extends to the whole plane
previous results of [8, 13] established for bounded domains, and holds
for arbitrary degree at infinity. When this degree is non-zero, the total
Ginzburg-Landau energy is infinite.

1. Introduction

The purpose of this paper is to investigate the dynamics of vortices for
the nonlinear Schrodinger equation on the plane, when the total degree at
infinity is non zero. The equation we are interested in, also often referred to
as the Gross-Pitaevskii equation, is written on R? x R as

, 1
(GP). i0pue + Au, = §(|ua|2 — 1)ue,

where 0 < £ < 1 denotes a small parameter. This equation is Hamiltonian,
with Hamiltonian given by the Ginzburg-Landau energy

B)= [ o= [ T, QLY

One peculiarity of E. and (GP). is that finite energy fields do not tend
to zero at infinity, but have instead to stay close to the unit circle S*. The
Gross-Pitaevskii equation possesses distinguished stationary solutions called
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vortices and labelled by an integer d € Z*, which have the special form, for
2 =T + 129,

z

ea(2) = e(r,0) = foalr) xp(idd) = oar) ()

2|
where f.4: RY — [0,1] satisfies f; 4(0) =0, f.q4(+00) =1, and

2 1d e 1 ,
ﬁfs,d + ;%fa,d - T_2fa,d + 8_2fa,d(1 - (fa,d) ) =0.

Notice that € has the dimension of a length and that by scaling

fealr) = ra(Z).

In particular ¢ is the characteristic length scale describing the core of the
vortex, and as € — 0

z

Uea(2) — (|7|>d = exptdf.

It is known (see e.g. [12]) that |Vu. 4(2)| ~ d/|z| as |z| — 400, so that

(1.1) /|Vu57d|2 = +o0.

On the other hand, the potential term remains bounded (actually
(1 = |uca?)?/4e® = wd?), as well as the modulus part of the gradient:
J IV |ucq||* < +00. Notice that u. 4 has winding number d at infinity, in the
sense that for each radius r > 0 large enough ( actually for any radius r > 0
in the case considered here) the map v, : 9B, ~ S — S* given by

0B, > z +— Ue.a(?)
e a(2)]

has topological degree d. Actually it can easily be proved that any contin-
uous field which does not vanish outside a compact set and has a nonzero
degree at infinity has infinite energy.

In this paper, we wish to study multi-vortex configurations, and the

dynamics near such configurations. More precisely, for given points a4, ..., a;
in R?, and integers d, . .., d; in Z*, we have in mind initial data of the form
19 (o d):) = [Lueal —a) = [Lfua (Z200) (220"
. uX(a;, d;)(z) = | | veq (z —a;) = , ,
£ 7 K P S,dl (3 o 1,d1 c |Z o azl

as well as small perturbations of the maps defined above.
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Notice that if ¥d; # 0, then

/ IVt (as, i) 2 = +oo,
R2

and that l
J(wi(a;, ;) = Y did, in D'(R?),

i=1
where for a map v : R? — C, Jv denotes its Jacobian
1

Ju = 5 Vs X VUgy.

We will often use the notation
Juv =v x Vo.

Physically, jv represents the momentum density associated with a wave
function v. Note that Jv = %V X jv, so that Jv is naturally interpreted as
vorticity.

This program has already been successfully carried out, in the case
|d;| = 1 for all i, on bounded domains with periodic, Dirichlet or Neumann
boundary conditions by Colliander and Jerrard [8], Lin and Xin [13] and Jer-
rard and Spirn [11], for suitable modification @*(a;, d;) of uX(a;, d;), according
to the boundary condition. These papers show that the vortex dynamics is
governed in the limit ¢ — 0 by exactly the same ordinary differential equa-
tions that describe the motion of vortices in an ideal incompressible fluid,
with suitable boundary condition.

In the bounded case, a crucial observation is the fact that the total
energy is bounded and that @%(a;,d;) is almost energy minimizing for the
given vortex configuration. More precisely, it is proved in [8] that if

l

J(ue) =7 Z d;0q,

=1

then
lim iglf E.(u.) — E.(uX(a;, d;)) > 0.

Moreover the last inequality is coercive in the sense that, if the left-hand side
is small, then wu. is close to @*(a;,d;) in various norms. This last property
makes it possible to compare the dynamics of (GP). with that of the fi-
nite dimensional Hamiltonian system whose Hamiltonian is essentially given
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Our main aim here is to extend the result to the whole plane and to
initial data of the form u’(a;,d;) and perturbations thereof. One of the
main additional difficulties we have to face is the divergence of the total
energy and various losses of control at infinity. A first issue is to solve the
Cauchy problem. This is done in [6]. It is proved there that the Cauchy
problem is globally well-posed in {U} + H'(R?), for any U € V, where

V={UeL*R*C), VU € L*,Vk > 2, V|U| € L*, (1—|UJ’) € L*}.

In particular, for any configuration (a;, d;), since uX(a;, d;) is in V, the Cauchy
problem is globally well-posed in {u*(a;,d;)} + H'(R?). It turns out that,
for any U € V, one may define a renormalized energy in {U} + H'(R?), de-
noted &, 7, whose definition depends on U, and that this renormalized energy
remains constant in time, for (GP). and intial data in {U} + H'(R?), i.e

(1.3) VEER,  Eplucl,t)) = Ep(ua(.,0)).

More precisely, &, i is given by

(1.4) 55,U(U+v):/ 'V”P—/RQ(AU)-H/ (U +of —1)°

R2 2 R2 4e 2

If moreover the map U verifies the additional condition |[VU(z)| < ~%= then

NGl

the renormalized energy &£,y may be defined as follows (see Section 3)

2
(1.5) o) = tim [ fe(w) — Y
f=co Jp(R) 2

We therefore restrict ourselves to the class

V, = {U eV, [VU(z

)| < \/%}

In contrast with the classical energy, we will show in Section 4 that the
renormalized energy is unbounded from below when the degree at infinity
of U is greater or equal to 2 in absolute value.

Working in {U} + H'(R?) for a single reference field u is in some places
too restrictive. In this direction, we introduce an equivalence relation on
the set V,. First, observe that if U € V), its zero set is bounded so that its
topological degree at infinity deg(U, co) is well defined. We write

U~U iff deg(U,o00) =deg(U' o0) and |VU]* - |VU'|? € L}(R?)
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and denote by [U] the corresponding equivalence class. As a consequence of
the second condition, if U’ € [U],

2
lim e-(u) — VU] exists

for any u € {U’} + H'(R?). This allows us to extend the definition of &. s
to [U] + H'(R?).

For every d € Z, we choose a smooth reference field U, such that
d
(1.6) U, = (ﬁ) — expidd, ¥z e R)\B(1).
z

Notice that for any configuration of vortices (a;,d;) with Y d; = D, one
has u*(a;, d;) € [Uy], whereas u*(a;, d;) € {Ug} + H*(R?) if and only if (see
Lemma 4.4) > d;a; = 0.

In the sequel, we decompose, for suitable choices of integer ny € N* the
plane R? as R? = B(2") U (U=, A,), where A, = B(2"™)\B(2").
Definition 1. Let ay,...,a; be | points in R?, let d; = +1, fori=1,...,1,
and set d = Xd;. We say that a family {u.}ocec1 of maps in [Ug) + HY(R?)
is well-prepared with respect to the configuration (a;,d;) if and only if there
exists R = 2" > max{|a;|} and Ky > 0 such that

(1.7) lli% | Jus — WZdi(saiH[Cg,l(B(R))]* =0,

(1.8) sup E.(u., A,) < Ky Vn > ny,
O<e<1

and

19) it €17, (1) — E2, 0 (00, 4)] = 0.

Our main theorem then can be stated as

Theorem 1. Assume that {ul}o.<1 is well-prepared with respect to the con-
figuration (a?,d;). Let {a;(t)}i=1...; denote the solution of the point-vortex
system with initial data (a?)=

-----

-----

4oy N g @) —a0)
(110) dt Z<t> ;dj |a2(t) _aj(t>|27 f 1,,[

a;(0) = a?, fori=1,...,1

and let (T,,T*) denote its mazimal interval of existence. Then, for every
T, <t <T* the sequence {uc(.,t)}o<ce<1 is well-prepared with respect to the
configuration (a;(t),d;).
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Notice that the system (1.10) is Hamiltonian, with Hamiltonian given by
the Kirchhoff-Onsager functional

W((ai, dz)) = —T Z dzd] log |ai — (I,j|
i#]
divided by 7. As a matter of fact, this quantity appears in the computation
of the expansion of the energy of u(a;, d;). We will show in Section 4 that

I
/ e-(ul(a;, d;)) =m Z d?|log e| + nd*log R + W ((as, d;))
B(R) i=1

l

+ 3 A(di]) + 0-r(1),

=1

where o, (1) — 0 as ¢ — 0 and R — +o00, and where the constant y(|d;|)
is given by

1 00 d2
wy @ =a( e [Ta- oS

1 2 [e’e)
d 2 \2
+/ ffd—d'r+/ u J;l’d) rdr).
o T 0

Eev (ut(a;, di)) =7 d|loge| + W ((ai,d;)) + > ~(|dil)

i=1 i=1

VU,
v VL 4 o).
B1) 2

The proof of Theorem 1 borrows many ideas from [8] and [11]. The start-
ing point in [8] is the remarkable identity for the evolution of the Jacobian,
valid for any solution u of (GP).,

Therefore,

d
(1'12) %JU = (|u$2|2 - |u$1|2>rlm2 + (uibl 'u$2>$1$1 - (uibl 'u$2>$2$2'

Integrating against a test function x € D(R?), this yields

d
(1.13) dt /11@2 xJu= AQ<|um2|2 - |uw1|2>xm1x2 + (Usy * Uay) (Xarer = Xaoan)s

which may be reformulated in complex notations as

d Py
(1.14) a |, xJu = —2 /R2 Im(w(u)@»
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where w denotes the Hopf differential given by
(1.15) W) = [t |* = |[tg,|* — 2ity, - Uy, = 40,udzu.

To derive the motion law, one specifies (1.14) for test functions y = xag
which are affine near a point a; and vanish near all the other ones, and one
takes advantage of the special form of the integral in (1.14) when w is close
to a map u(a;, d;). Indeed, for the map

d;
z—a
* T
u(ai,dz)—hmu a;, d;) ”(2 a) ,
£0 _
Z

=1

one computes

(1.16) J((u*(ai,di)):WZdiéai and w(u*(ai,di))=—<z i >7

i=1

so that
(1.17) / xJu*(a;, d;) = wd;ix(a;),
R2

and

] 9*x (a; — a;)*
(1.18) -2 /R Im(w(u (ai, di))ﬁ) - w; iy o (o)
Replacing u(-,t) by u*(a;(t), d;) one obtains formally from (1.12)

L a(t) - Vx(artt)) = 30,0t~ 60

=7 lai(t) = a; (1)

By varying Vx(a;) one is therefore led to (1.10). A rigorous justification of
the previous limiting procedure requires precise control of the distance be-
tween u(-,t) and u’(a;(t), d;). For bounded domains (using @} instead of u}),
this control was provided combining conservation of energy with the already
mentioned coercivity property near the @’ (a;, d;). In our context, the conser-
vation of energy is replaced by the conservation of renormalized energy. The
important new point is to establish a kind of coercivity of the renormalized
energy about the reference map u}(a;, d;), with respect to perturbations at
infinity. For that purpose, we use almost minimizing properties of the map

- Vx(ai(t)).

(ﬂ)d on annuli. This property is strongly connected to topological prop-
erties of Ginzburg-Landau maps on annuli, which we expose in the next
section. Thanks to the coercivity properties on annuli, we are able to adapt
the stoppiing time argument of [8] to our setting. This adaptation which
leads to the proof of Theorem 1 is carried out in Section 7 and 8.
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2. Topological sectors and almost minimizing proper-
ties

Let A = B(2) \ B(1) be a reference annulus. Although the zero set of
Ginzburg-Landau maps on A may be nonempty, a restriction on the Ginz-
burg-Landau energy allows us to define a notion of degree with suitable
continuity properties. First, notice that by Sobolev embedding, for u €
H'(A), the restriction wjgp() is continuous for almost every r € [1,2]. In

particular, if it does not vanish, we may define the degree of * Tl j05(r)"

therefore define, for u € H'(A), the set B(u) as the subset of of radii r
of [1,2] for which the restriction of u to dB(r) is continuous and does not
vanish. We set

Ty = {u € H'(A) s.t. 3B C B(u), meas(B) > 2,

and Vr € B deg(u, 0B(r) —d}

It is clear from the definition that (| |) € Ty and that TyNTy =0 if d # d'.

Of course, UgezTy # H'(A). Next, we restrict ourselves to the sublevel
sets EA of HY(A) defined by

EA = {u € H'(A), st. E.(u,A) = / ec(u) < A}
A
and set
Sh.=EXNTy.
The following result was proved by Almeida.

Theorem 2.1 ([1]). Let A > 0 be given. There exists a constant ep > 0,
such that for every 0 < ¢ < e,, we have the partition

(2.1) Er = Si.-
dez
Moreover, the map
deg : B} > Z, u€ Sy, —d
18 continuous.
It is also proved in [1] that, for d # d’, the threshold energy between S4 e
and Scjl‘, satisfies the lower bound, for every 0 < € < &y,

(2.2)
inf{ sup E.(p(s), A), p € C([0,1], H'(A)), p(0) € Si., p(1) € 59,5}

s€[0,1]
> olloge| = 24,
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where o > 0 is some universal constant. The set SC’I\’E is referred to in [1] as
the topological sector of degree d. An elementary computation shows that
E.(expidf, A) = wd?log 2, so that the condition expidf € E* is equivalent
to A > wd?log 2.

Our next results stresses the almost minimizing properties of the map
expidf.' Note that the proof shows that every energy-minimizer in a topo-
logical sector 525 is equivariant.

Lemma 2.1. Let d € Z. There exists a constant C' > 0 depending only on d
such that, for every 0 < e <1, and for every A such that Sé\,a s nonempty,

(2.3) rd*log2 = E.(expidf, A) < inf E.(v,A)+ Ce*.

A
UESd’E

Proof. It suffices of course to prove that (2.3) is satisfied for e sufficiently
small, the other cases being treated by considering a sufficiently large con-
stant C'. It is proved in [1] that E. satisfies the Palais-Smale condition
in EA and also (therefore) that the infimum appearing in (2.3) is achieved
in each topological sector Sé\’s. We denote by V; one such minimizer. Since
E.(Vy) < wd?*log?2 and Vj is a solution of the Euler-Lagrange equation with
Neumann boundary conditions on 0A, it follows from the n-ellipticity results
proved in [4] (for the interior) and [7] (Theorem 3, for the boundary) that
V4] > 2 on A. We may hence write

Vi = pexp(ip) on A

where p > % and ¢ : A — T! are smooth and satisfy
27 agp .
(2.4) %(r exp(if))df =2rnd VYV rell,2].
0

We claim that Vj is equivariant, in the sense that
(2.5) Ja € T s.t. p(rexp(if)) = a + db.

Proof of the claim (2.5). Let W, denote a minimizer among equivari-
ant maps in Sﬁe. Up to a constant phase shift, we may assume that
Way(rexp(i6)) = M(r)exp(idf), and we have

B = [ [0+ 22+ CIOY

rdr.

1See [2] for a somewhat related result.
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The minimality of W, amounts to

E'g(VVd):rnim{W/l2 [m'(r)Q—l—m(r)Qi—z—l—w} rdr, m € H*([1, 2])}

2e2

For r € [1,2], we set

(2.6) m(r) = ][ )

On the one hand, by Jensen’s inequality we obtain

(2.7) A@:w/jr(][ |V,0|2> drzw/lzr(][ |Vp|>2dr

dB(r) 0B(r)
2
> 7r/ (m/(r))?r dr.
1

On the other hand,
(2.8)
1

2 2 2\2 2 2 27 - 2 2\2
P*IVol (1—p%) / od / 2 / (1-p%)

> — = B2 ar

/A 5 + =z =) r|2m 2\ p + ; 12 dr

Indeed, for each r € [1,2], minimization over ¢ € H([0,2n]) with the
constraint (2.4) leads to 9p(p?p) = 0 and therefore to

dp ¢ /27T —2\—1
— = — where C =2nd p ,
0~ ( i )

from which (2.8) follows. Notice that since p > 1, for each r € [1,2]

2 21 -1 21 (1- ,02)2 2 2m -1 21 B(p)
20 -2 _ 928
=S (L) [ SR ) 4

where S is a smooth function with uniformly bounded derivatives at all
orders which coincide with p=2 on the interval [2/3, +00), and B is a strictly
convex smooth function which coincides with (1 — p*)? on [2/3, +00) and
which satisfies the growth condition B(p) < C(1 + p*). For e sufficiently
small, the functional

1

-t () 2
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is well-defined, smooth and strictly convex on L*([0,27]). It possesses
therefore a unique critical point over the affine space defined by the con-
straint (2.6). Since the constant function p(rexp(if)) = m(r) is clearly
such a critical point, it is also the unique minimizer and we are lead to
improve (2.8) by

2 2 2\2 2 2 2)2

p* IVl (1—p°) / od (1 —m(r)?)
. + > T -+ — .
(2.9) /A 5 122 1 [m(r) 3 522 rdr

Combining (2.7) and (2.9) we obtain
Ea(‘/;i) Z Ee(Wd)
from which the claim follows since all the previous inequalities are strict

unless Vj is equivariant.

Proof of Lemma 2.1 completed. Since V; = W, up to a constant phase
shift, we have p(rexp(if)) = m(r). On the other hand, m(r) solves the
ordinary differential equation

—m"(r) — %m’(r) + f—Zm(r) + gz(m(r)2 —1)m(r) =0 on [1,2]

with Neumann boundary condition. Since the constant functions r — 1
and r — /1 — £2d? are respectively upper and lower solutions of the same
equation, we infer from the maximum principle that

1—*d*> <m(r)* <1 Vre(l,2],
from which (2.3) follows, noticing that |e.(Uy) — e.(Wy)| < C[(1 —m(r)?) +
(1 —m(r)?)?/e? pointwise on A. [ ]

3. Energy at infinity and topological sectors

We use Theorem 2.1 next to define the smallest radius from which the degree
(at infinity) is well defined and constant, even for functions whose zero set
is unbounded. For that purpose, given A > A, := 27d?log 2 we set

Sqa=Si.,.
An easy consequence of the definition of [Uy] and (2.2) is

Corollary 3.1. Let d € Z, A > Ng and u € [Uy] + H*(R?). There exists
an integer n € N*| such that for any k > n, the function defined on the
reference annulus A by z — u(2%2), belongs to the topological sector Sy.
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This leads us to

Definition 2. For u € [Ug] + H'(R?), n(u) is the smallest integer such
that for k > n(u) the function defined on the reference annulus A by z +—
u(2%2), belongs to the topological sector Sq. This integer is finite in view of
Corollary 3.1.

We would like to emphasize that our definition of n(u) does not depend
on . By scaling and summation over the annuli A,, = B(2"!)\ B(2") we
infer from Lemma 2.1

Lemma 3.1. Let d € Z, and u € [Uy] + H (R?). Then, for any k > n(u),
we have, for every 0 < e < ey

(3.1) /A [ea(u) - 'vgdp} > (92,

It follows in particular that

(3.2) RliTw [ |:€a(u) _ |VUd|2} > (9%

and therefore

(3.3) £, (u) > —C2- 22 _ / VU
B(nw) 2

Proof. By definition of n(u), for & > n(u) the map Typ(u) : A — C
z + u(2¥2) belongs to Sy, so that in view of Lemma 2.1 we have for every
0<e<l1

(3.4) rd*log2 < Ex(Tyu, A) + c&°.
On the other hand, by scaling we derive the identity
Ea(u’ A) = E27k£(Tkua A)7

whereas a direct compution shows that

2
/ % = 7d?log 2.
Ak

Choosing £ = 27%¢ in (3.4) inequality (3.1) follows. Inequality (3.2) is
obtained by summation of (3.1), for £ > n. Finally, inequality (3.3) follows
from (3.2) and (1.5). [ |

Inequality (3.2) expresses the almost minimizing properties of U, at in-
finity. Taking into account the fact that u?(a;,d;) is very close to Uy at
infinity, we infer



NLS DYNAMICS OF INFINITE ENERGY VORTEX CONFIGURATIONS 683

Lemma 3.2. Letd€Z, u € [Uy|+HY(R?), a1,...,a; ER? and dy,...,d, €Z*
such that Y d; = d. Then, for k > 1+max{log, |a1],...,log, |a|,n(u)} and
R = 2% we have

35) [ ee) = eolutlon ) < e () — B d) +

where C' depends only on | and d.

Proof. In view of (1.5), we have

(3.6) /B " e=(ue) — ec(uZ(ai, di)) = [E v, (ue) = E v, (ul(as; di))]

2
= lim [eg(ua) _ VU ]
R/ —+o00 B(R')\B(R) 2
: ‘ [VUq/*
— lim [ea(ue(az,dz)) - ]

F'=+00 JB(R)\B(R)

It follows from (3.2) that the first limit in (3.6) is bounded from below by
—CR 2% For the second limit, we first infer from the explicit form of u}
and the know facts (see e.g. [12])

pamreof(5)) i wnd=0((5))

that for |z| > R,

(3.7) le<(uz (ai, di))(2) — [VU*(2)] < %

2|

where C' depends only on d. Integrating (3.7) on B(R') \ B(R) yields the
conclusion (3.5). [ |

Notice in particular that, if the family {u.}occ<1 is well-prepared with
respect to the configuration (a;,d;), and if the sequence {n(u.)}occ<1 is
bounded by a constant k (which we will prove always holds) then for R >2++1

/ ee(ue) < / ec(ul(a;, d;)) + g +o(1) ase — 0
B(R) B(R) R

and we may then rely on the coercivity results on B(R) proved in [8, 11] to
show that u. is sufficiently close to u?(a;, d;).
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To finish this section, we provide a proof of (1.5)
Lemma 3.3. Let U € V, and u € {U} + H'(R?). Then

2

E.u(u) = lim [es(u)

Proof. Writing u = U + v where v € H'(R?), we have by definition (1.4)
and the continuity of integration

2
Eu(u) = Rlim |V2v|
——400 B(R)

—(AU)-’U—I—/ M

R2 462

By integration by parts

2 2 _ 1)2 2
/ [Vl —(AU)-U+/ M:/ e.(u)— VYl —/ v,
B(R) 2 gz 4e B(R) 2 oB(r) Or

We claim that

ou
(3.8) lim —uv =0.
R—+o0 Jop(r) OF

To establish the claim (3.8) it suffices in view of the assumption |VU(z)| <
C'/+/|z| and Cauchy-Schwarz inequality to establish that

(3.9) lim lv]? = 0.
This follows from the next lemma and the inclusion WH(R) into Co(R). B

Lemma 3.4. For v € H'(R?), the function f : [1,+00) — R defined by
f(r) = Jopu [v]? belongs to WH([1, +00)).

Proof. We write

Fr) = / o [

so that
, 9 ov
fi(r) = [v|*(ry) dy + 2r v(ry)a—('f’y) dy
8B(1) 0B(1) r
“2 [ w2 [ o
T JoB(r) B(r) or '
Hence

/ 1 2 2
ol (o) [ plwars [ v d

and the conclusion follows by integration. |
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4. Some properties of u;

In this Section we present some properties of the reference maps u’(a;, d;),
where ay, ..., a; are | distinct points in R?, and dy, .., d; are [ integers in Z*.
We set d = Z§:1 d;. We consider also the limiting map u; = u* given by

We recall that (see e.g. [3])

(4.1) |[Vu*| = |Vy*|, where 9" =¢"(a;,d;) Zlog |z —

in particular, the real-valued function ¢*(a;, d;) satisfies the equation
(4.2) AY*(a;, d; —QWZdé on R?.

For R > R, = 2max;{|a;|} and r < r, := fmini{|a; — a;]}, we
introduce the domain

=1
We first have

Lemma 4.1. As R — 400,

Vu*(a;, d;
(4.3) %——WZCZ logr—ﬂde log |a; — a;

QR,r iF£]
s 1£]
+ md*log R+ O(%2),
whereas for 0 < e <1,
*(ag, d;)]? 2

wy o, d) - B0y < 0 (27,

R2\UL_, B(ai.r) 2 r

the constant C' depending only on | and max;(|d;|).

Proof. The proof of identity (4.3) is classical (see e.g. [3]). It relies first on
the identity (4.1), so that we may replace the integrand on the r.h.s of (4.3)
by |[V4*(a;, d;)|>. To derive the result, one then uses equation (4.2) and
integrations by parts, with suitable estimates for the boundary terms. For
the proof of (4.4) one uses the aforementioned estimates for f. ;4. |
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Concerning the energy near the core, we have

Lemma 4.2. Let 0 < e < 1. The following expansion holds for j =1,... 1,
. 9. € 7\ 2 €\?
(4.5) e-(ut(ai, i) = mdlog = +1(|d) + O( L) +0(2)
Bag.r) r "a r

We omit the proof. Here v denotes a fixed function v : N — R* whose
values are given by (1.11). We are now in position to assert

Proposition 4.1. Let 0 < o < 1 be given. Let 0 < e < 1 be such that
(4.6) e = 1min {la; — a;|} > &~
8 i#j o

Then, for R > R, + 1, we have

/ e-(ul(ai, d;) —WZd2|lOg€|—ﬂ'de log |a; — a;
B(R)

(4.7) i
—l—Z*y |d;|) +7Td210gR—i—O< ) + e,

where the remainder term r. satisfies, for some constant C,, depending only
on a, | and max; |d;],

(4.8) r. < Cuel™

Proof. We write

/B(R) ee(uc(ai, di)) = /QR,r ea(ui(%di))Jrzl:/B e (uz(ai, d;)).

j=1 7 Bla;r)

It follows therefore from (4.3), (4.4) and (4.5) that

I
/ e-(ul(a;, d;)) = WZ d?|loge| + W (a;, d;) + md® log R+
B(R)

i=1
2 2
o(=) +o(5) +o(L)"
R r Ty
Choosing r such that & = -, we obtain the conclusion (4.7) with the esti-
mate (4.8), taking into account (4.6). |
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Proposition 4.1 has the following consequence for the renormalized energy

Corollary 4.1. Let 0 < a < 1 be given and let 0 < € < 1 be such that the
condition (4.6) holds. Then, we have

l l
(4.9 Ev(utlad)) =m ) dilloge| + W(ai i) + ) ¥(|dil)

i=1 i=1

|VU4?
- +re,
B 2

where d = Zi‘:l d; and the remainder term r. satisfies the bound (4.8).
On exterior domains, similar computations yield

Lemma 4.3. For R > R, we have

R,
/ e-(u’(a;, d;)) — wd*log2| < C==.
B(2R)\B(R) R

We finish this section with the following elementary observations. First

we have
Lemma 4.4. Let {(a;,d;)}iz1,.0 and {(a}, d})}iz1,.v be two vortex configu-
rations. For every 0 < e < 1 the difference uf(a;,d;) — u’(a;, d}) belongs to
L*(R?) if and only if
l v l v

(4.10) Sodi=Yd  and Y dia; =Y dial.

i=1 i=1 i=1 i=1
In particular, for 0 < & < 1 the map u?(a;, d;) belongs to {uz(a;, d;) }+H' (R?)
if and only if condition (4.10) is satisfied.

Proof. For a given vortex configuration {(a;,d;)}i=1..; we write for i =

1.1,

.....

() - ()
al) T\ \TE)
Expanding for |z| — oo, we have
1— @\ d;a; 1 da; 1
=) =(1-"+0(5)) (1+ReEE 1 0(5)
11— z 22 z 22

z

z

so that
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In particular u*(a;, d;) — u*(0,d’) belongs to L?(R?) if and only if d = d’
and Zizl d;a; = 0. The conclusion follows for ¢ = 0 translating the origin.
For the general case 0 < € < 1, one observes that, since 1 — f. ; belongs to
L?(R?), the difference

) (ai7 dz)

belongs to L?(R?). [ |

s, ) — ut(as, di) = (1—

Next, we have

Lemma 4.5. The renormalized energy Equ, s bounded from below if and
only if |d| < 1.

Proof. Assume d > 2. We consider the configuration of two vortices {al, d; }
given by af = (0,0), d; = 1, a} = (n,0), do = d—1 > 0. We deduce
from (4.9) that & y,(u%(a;, d;)) behaves like —logn as n — +o00, and hence
the conclusion.

When d = 1, the conclusion follows from the locally minimizing proper-
ties of uj established by Mironescu [14].

When d = 0 the renormalized energy is defined by integration of a point-
wise non negative function. |

5. Kirchhoff-Onsager functional and the renormalized
energy

Proposition 4.1 shows that, removing the diverging and constant part of the
energy, the Kirchhoff-Onsager functional is the next important part of the
expansion in (4.7). In order to bridge our work with coercivity properties
derived on bounded domains in [8, 11] we need to compare the Kirchhoff-
Onsager functional with the renormalized energy considered there. For that
purpose, let © be a bounded simply connected domain in R? with C* bound-
ary, and let G(a;,d;) be the function defined on 2 by

AG(a;, d; —QWZd(Sa inQ,  G=0ond.

i=1

Let also H(-,y), for y € Q, denote the solution of

A H(-,y)=0in Q, H(x,y) = —log |z — y| for z € 09.
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Then, for x € €,

G(ai, d;)(z) = Z d; [log |z — a;| + H(z, a;)] .

=1

The renormalized energy Wq(a;, d;) is defined to be

(51) WQ((I,Z‘, dz) = —T ( Z dzd] IOg |CL7; — (le + Z dide(CLi, (Lj)) .

i#j 1,7
We next specify the domain 2 to the case 2 = B(R) and set Wr = Wp(o,r).

Proposition 5.1. Let {a;,d;}i=1..; be a configuration of vortices and set
R, = 2max{|a;|}. Then, for R > R, + 1, we have

(5.2) Wi(as, di) = W (ai, di) + md? log R + 0(%),

where d = 2221 d;.
Proof. In view of (5.1) we have
WR(CLZ‘, dl> - W(ai, dz) = —T Z dide(CLi, aj).
i,J
Since H is harmonic in each of its variables and for each j
R,
o) = o+ 0 12)

on the boundary of {2, we obtain
R,
izj dide((Li, (Lj) = — ; dzd] log R+ O(ﬁ)

and the conclusion follows from the identity >, ; did; = d?. (In fact we give
an explicit formula for H(z, a;) below.) |

Finally, we also recall the canonical harmonic map ug, on a bounded
domain €2, with vortices (a;, d;) and Neumann boundary conditions. This is
characterized (up to a constant phase) by the fact that

¢
Jugy = Z d;V x [log |z — a;| + H(z, a;)]
i=1
for G as defined above, depending on 2. When Q = B(R) we wil write uj,.
Similar to the previous proposition, we have
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Proposition 5.2. Let {a;,d;}, R., R be as in Proposition 5.1. Then

- - R,
(5.3) |jup(x; a;y di) — ju™(z; a4, d;)| = O(ﬁ)
for all x € B(R).
Proof. It is a classical fact that H(z,y) = —log (%m - %D as long as
y # 0, and that H(z,0) = —log R. Thus
! ! a; R?
i=1 i=1 !

If a; = 0 for some 7, the corresponding term in the sum is of course replaced
by 0. Tt is now easy to deduce the conclusion, since |z| < R*/R, in Bg,
and |“”T§| > 2R?/R, for all . |

|a;

6. Coercivity for &, y,

In this Section, we adapt to our setting coercivity results established in
[8, 11]. To that purpose, for a given configuration of vortices {a;, d;}i—1. 4
and u € [Uy] + H'(R?) where d = Y d;, the excess energy is defined as

Y =Y (uya4,d;) = Ep,(u) — E v, (ul(ag, d;)).
We also set

ro = - min{|a; —a;|, i #i} and R, = max{|a;|}.

8
We have
Theorem 6.1. Assume that d; € {—1,+1} for all i, and let v < r, and

R > R, be given. There exist constants €9 > 0 and ny > 0 (depending only
on l,7r,74, Ry, R) such that if € < g,

(6.1) n= HJu - Z di0q, NET— <o
and

(6.2) ") < R,

then

2

<T 4+ C(ne 2

L) v
63 [ el g - (o) !

|ul
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where C' is a continuous function which vanishes at the origin. Moreover,
there exist points b; € B(a;,r/2) such that

(6.4) HJu _ﬂ-zdiébi

< D(R, Y. )e|loge
[Wo ™ (B(R)))* ( Jel |

where D is a continuous function on R2.

Condition (6.1) suggests that the vortex structure of u inside B(R) is suf-
ficiently well approximated by the configuration (a;, d;), and condition (6.2)
ensures that no vortex of u is hidden far away. Under those assumptions,
the conclusion (6.3) asserts that the deviation of v from the canonical map
u*(a;,d;) is controlled by the excess X, away from the vortices.

For sake of conciseness we will not present a self-contained proof The-

orem 6.1 but instead rely on Theorem 2 in [11], which we use as a black
box.
Proof of Theorem 6.1. First notice that there exists 5 > 0 such that
if € < g5 and eE.(u, B(R)) > 4/ then (6.3) trivially holds. Indeed, since
E.(uZ(a;,d;)) < Clloge|+log R, for € small enough one even has 3. (u) < %,
so that (6.3) holds with C' = 0. In the sequel, we assume that ¢ < g5 and
eE.(u, B(R)) < \/e.

Let K; be the constant given by Theorem 2 in [11]. We choose 0 <e; <&y
and 7 sufficiently small so that

(6.5) 4 < r—a\/f Vo € [0,m0] and r—a\/no + /21 < min (7‘, r_a)
3 3 [K,

Finally, we choose 0 < gy < ¢; sufficiently small so that

€04 [ log <r_a) < no.
1K,

Assume that u is such that (6.1) is satisfied. We distinguish two cases.

Case 1: g/log(™=) < 7. In that case, we will apply Theorem 2 in [11]
with the choice s. = 1. From (6.5) and the fact that ¢ < g9 we infer that
ds. < 0" = /3 (sc +eE:(u, B(R))) < 7= and therefore the conditions of
Theorem 2 in [11] are satisfied and we get

2

i)
(o) eclful) + 7 |2 — j(u(ar, )
B(R)\UB(ai,0%)

[
< Ee(u, B(R)) — ml|loge| = Iy(1) = Wr(ai, di) + C [ —(n + V),

where C' is universal.
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By (6.5), 0* < r and we may therefore replace o* by r in (6.6). By (6.2)
we may apply Lemma 3.2, and combining (3.5), (4.7) and (5.2) we obtain

E-(u, B(R)) — rl[loge| — Iy(1) — Wa(a;, d;) < 5. + c(% +VE).
Also, it follows from Proposition 5.2 that
ljur(ai, d;) — julai, d;)|[72pr) < CR:/R* < CR*/R.
Combining these estimates we find that

2

i)
/ celul) + 5 |2 = s, )
B(R)\UB(a;,r) u

§25+C< ! (n+\/5)+%+\/5>.

5

Ta
Case 2: ¢,/log(™) > 7. In that case, we apply Theorem 2 in [11] with the
choice s, = £/log(™). This similarly leads to

2

/B<R>\UB( - )es(|u|) - % '](TU) — J(u(as, di))

[5
§25+C<\/—510g<r—a)+\/5+&+\/5>.
Ty € R

The maximum between those two error terms may serve as a definition of
the function C' which appears in (6.3). Without loss of generality, we may
assume that ny < 7,/(8K>,l%), where K is the constant appearing in [11,
Theorem 3], so that the existence of the points b; and the estimate (6.4)
follow by [11, Theorem 3]. [ |

7. Lipschitz continuity of vortex paths

The results in this section apply to initial data slightly more general than
the one in Definition 1. More precisely, we keep assumptions (1.7) and (1.8),
and we replace (1.9) by

(7.1) sup [ v, (ue) — Eep, (uZ(ai, di))] < K,
0<e<1
for some constant K; < +o0o. Without loss of generality, we may assume,
increasing possibly Ky, that K, > K, + wd?log 2.
The main result in this section is
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Theorem 7.1. Let (aY,d;) be a configuration of vortices such that d; €

{=1,+1}. Let (u®)ocecr satisfy (1.7),(1.8) and (7.1) with u? € [Uy)+ H*(R?)

for all0 < e < 1. There exist a time T' > 0, depending only on Ky, K1, r,

and R, a sequence e, — 0, and Lipschitz paths t — b;(t) defined on [0,T]

such that b;(0) = a? and

(7.2) sup ||Jue, (-,t) — ﬂZdiébi(t)||[W()1,OO(B(R))]* — 0, ask— +oo.
te[0,7)

Moreover, there exist constants Cy > 0 and C7 > 0, depending only on Ky,

Ky, rq and R, such that for allt € [0,T], n > ng and k € N,

(7.3) E., (ue, (- 1), Ap) < Co,
and
(7.4) EepUa(Ue, (1)) = Eop vy (uZ, (bi(1), di)) < Ch.

The proof relies on several arguments which we present separately.

Lemma 7.1. Assume A > K and let (u?)o<.<1 be as in Theorem 7.1. Then,
for 0 < e < ey and for n > ng we have u?(2"-) € Sy = Sé\’EA.
Proof. By Corollary 3.1, u?(2") € S, for n sufficiently large, say n > ny(e),
depending possibly on €. Since by assumption A > K, for each n > ny the
map u2(2"-) belongs to some Sg(,). It remains to prove that d(n) = d for all
n > ng. Assume by contradiction that this does not hold, and let N be the
largest integer such that d(N) # d. Consider the mapping p : [0, 1] — H*(A)
defined by p(s) = u?(2V*5.). We have p(0) € Syny whereas p(1) € Sq. It
follows therefore by (2.2) that there exists s € [0, 1] such that E.(p(s)) > 2A.
In particular, this would imply

E.(ul, Ay U Any1) > 2A > 2K,
a contradiction with assumption (1.8). |
Throughout the rest of this paper, we assume
(7.5) A > K.

The core argument (as in [8]) relies on the evolution equation (1.12) for
the Jacobians.

Lemma 7.2. Let ny be given by Theorem 6.1 for the choice r = r,, and
let T, be the largest time for which for all 0 < s < T,

| Ju(-, s) — WZdiéa(Z)H[WS,OO(B(R))]* <ny and wu.(-,s) € S;V¥n > ng.
Then we have

(7.6) liminf 7. > T'(ry, R, Ko, K1) > 0.

e—0
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Proof. First notice that since u.(-,#) — u? belongs to C(R, H'(R?)), the
map ¢ — Ju.(-,t) is continuous with values in L'(B(R)) and the maps
t — E.(uc(-,t), A,) are uniformly continuous with respect to n > ng. This
implies that

T.>0 V0 <e<ey.

Step 1. We have, for s € [0, T%]
E.(u.(-,s), B(R)) > wl|loge| — C

for some constant C' > 0 depending only on r, and R.

Proof. This directly follows from the positivity of e. and the inequality
(7.7) E.(uc(-,s), B(a},r,)) > w|loge| — C

valid for any ¢ = 1,...,[l. This last inequality is itself a consequence of the
bound ||Juc(-, s) — 7Tdi5a9H[ng(B(aO,ra))}* < 1o and Theorem 3 in [10].

Step 2. There exists a constant D > 0 such that for all s € [0,T.]
E.(u:(-,s), An) < D, Vn > ny.
Proof. We write the difference E.(u.(-,t), A,) — E-(u(a?, d;), A,) as

(7.8) > (B-(ur(ad, di), Ap) = Ec(uc(- 1), Ay))
k=ng, k#n
+ Ec(ul(a], d;), B(R)) — Ex(u(-,t), B(R))
+ ga,Ud(ua(" t)) - gS,Ud(u:(azoa dl))

For the first term on the r.h.s of (7.8) we invoke Lemma 3.1 and Lemma 4.3
to assert that

(7.9) ST Eul(ad di), Ay) — Bo(u.(- 1), Ay) < G

k=ng, k#n

The second term is bounded thanks to Step 1, whereas the last one is
bounded by conservation of &y, and hypothesis (7.1). The conclusion fol-
lows.

Notice that the computation in Step 2 leading to the definition of the
constant D does not depend on the precise choice of the constant A entering
in the definition of the topological sectors S;. Therefore, we may assume
that

A>D.



NLS DYNAMICS OF INFINITE ENERGY VORTEX CONFIGURATIONS 0695

Step 3. We claim that
n(us(-,T.)) <ng  Vte[0,T]
and that
[ Jue (-, o) — w5d;0 0|| wheBr))» = "o

This is an immediate consequence of Step 2, (2.2) for the first assertion, and
the definition of T, for the second assertion.

At this stage, we invoke Theorem 6.1 with the choice r = r,. Assump-
tions (6.1) and (6.2) are satisfied by definition of 7. so that we may assert
that for all s € [0, T¢]

1
/ eellue,8)) + 3
B(R)\UB(a?,ra)

where C' is independent of ¢ and s.
Next, fori = 1,...,1, we consider real-valued functions x; € D(B(af, %))
such that ; is affine on B(a?,r,) and |Vy;(ad)| = 1.

Step 4. We have, for 0 < s,t < T,

(7.10) ' [t = it

) | <c

< C|D*xi| L |t — s].

Proof. Since y; is affine on B(a?, r,), it follows that supp(‘?9 L C B(a?, %)\
B(a?,7,). The conclusion then follows from (1.12), (1.15) and the bound
provided in Step 2, which yields, for all s € [0, T¢],

[ (ue(, S))HLl(B(a?,S%)\B(a?,ra)) <C.

Step 5. Proof of Lemma 7.2 completed. For 0 < ¢t < T, let b;(t) €
B(a?, ™) be the points provided by Theorem 6.1 for u.(-,t) and satisfying

a;, 35
(6.4), that is

(7.11) | Tuc(-8) =7 diboyo)l i ((ayy- < Cellogel.
We write (in this Step || - [| stands for || - |1 W (B(R))* L)

no = ||Jue(+, T2) — 73d;9, 0||
< [ Jue(+, T2) — 7E8didy, (1) || + |7Edide0 — 75d;p, (72 ||-

From the definition of r, and the fact that b;(7.) € B(ay, %) is follows that
there exist real-valued functions y; . with the same properties as in Step 4,

such that
||7TZdi6a? — 7r2di5bi(Ts) H = <7T2di6a? — WZdi(Sbi(Ts), ZXi’€> .
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Moreover, the functions y; . may be choosed in such a way that || D?x; .||~
< C independently of 7 and e. Therefore, we obtain using Step 4 and (7.11)

Mo < || Jue(, T2) — 78y, my || + )(ﬂZdiéag — 0y, 1 ), SXie)

< C (|11, T2) = w5didy | + 108 — 7o)

/(Jus(-,Te) — Jug, YXie)
< Celloge| + CT-.

+

The conclusion (7.6) follows. |
We are now in position to present the

Proof of Theorem 7.1. Using Lemma 7.2, (7.11) and a diagonal argument,
we obtain the existence of a sequence ¢, — 0 and paths b;(t) defined for
te Q=QnN[0,T(rq, R, Ko, K1)] such that b;(0) = a? and the norm in (7.2)
converges to zero for each ¢t € Q. Passing to the limit ¢, — 0 in (7.10)
we infer that the paths b;(-) are lipschitz on Q. We still denote by b;(-)
their unique lipschitz extension on [0,7(r,, R, Ko, K1)]. By compactness
and (7.10) once more, it follows that the norm in (7.2) converges to zero
uniformly for every t € [0,7(r,, R, Ko, K1)].

By Lemma 7.2 Step 2, the bound (7.3) holds for the whole family of
maps (U )o<e<e, and for Cy = D.

Finally, the bound (7.4) is a direct consequence of (7.1), the conserva-
tion of & y,, the continuity of the b;(-) and the continuous dependence of
E.vu,(ut(a;,d;)) on a;. [ |

The convergence of the Jacobians in (7.2) actually holds on larger balls
passing possibly to a further subsequence. We have

Lemma 7.3. There ezits a subsequence (still denoted by ¢y) such that for
all for all L > 2™,

SElp} ||Ju8k(a t) - WZdiébi(t)||[W01700(B(L))]* — 0 as k — —+00.
te[0,T

Proof. From (7.8) and (7.9) we infer that for each n > ng and for L =
L, = 2" there exists C' > 0 (depending on n) such that

E., (u%, B(L)) < rl|logex| + C,

and therefore by compactness of the Jacobians (see e.g. [9]) there exists a
subsequence (still denoted by ¢;) and a configuration (a}, d}) such that

||Ju2,c - ﬂZd;éa”hWOl,oo(B(Ln))]* — 0 as k — +oo0.
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By (1.8) and e.g. the lower energy bounds of Theorem 5 in [10] it follows
that none of the a} lies in B(2") \ B(2"). By (1.7) we therefore obtain that
the configurations (a?,d;) and (a,d}) are identical. We may then replace
R =2" by R = L, = 2" when using Theorem 7.1. A diagonal argument
finally allows us to construct a fix subsequence which works for all n. |

Let ¥, denote the trajectory set in [0, 7:
Yo = {(bs(t),2), t €[0,T], i=1,....,1},

and G denote its complement in R? x [0, 7. It follows from Lemma 7.3 and
Theorem 6.1 that the sequence (jue, /|ue,|) is uniformly bounded in L2 (G).
The next lemma characterizes its weak limit.

Lemma 7.4. There exists a subsequence (still denoted €y, ) such that

J(ue, (5-))
e, ()]

weakly in L} (G) as k — +o0.

— ju*(bi(+), d;))

Proof. We already know from Lemma 7.3 that in D'(B x [0,T])
curl (jue,) = 2Ju., — QWZdiébi(.) = curl (ju*(b;, d;)).
On the other hand, since ., is a solution of (GP).,, we have in D'(B x [0, T1)

i |u8k~|2 —1

TR — 0 =div (ju*(b;, d;)).

div (jue, ) = —¢y,
Since by (6.3) and Lemma 7.3, |u., | — 1 in Lj (G) for every p < +oo, we
first infer that ju., is uniformly bounded in L{ (G) for every ¢ < 2 and
then, taking possibly subsequences, that

Jue, — ju* (b, d;) = VEH

in L1

L .(G) where H is harmonic on G. It also follows from Theorem 6.1 that

IVoH|[72g) < KT

Standard singularity removal theory yields then that H is harmonic on the
whole R? x [0,7], and then that it is constant (in x only). Using once
more the fact that |u., | — 1 in LP (G) for every p < 400, we thus obtain

loc
that ju., /|u.,| converges weakly to ju*(b;,d;) in Ll _(G) for every ¢ < 2.
(G) then follows from the already mentioned

loc
The weak convergence in L2

uniform bound of ju,, /|u.,| in that space. |
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8. Dynamical law for the vortices

The purpose of this section is to present the proof of Theorem 1. To that aim,
we consider a family (u?)g<.~; well-prepared with respect to a configuration
(a?,d;), i.e. such that d; € {—1,+1} and such that the conditions (1.7), (1.8)
and (1.9) are satisfied.

Notice that the results of Section 7, in particular Theorem 7.1, apply in
the present situation, providing a sequence &, — 0, Lipschitz paths b;(t) for
t € [0,T)] such that b;(0) = a? and (7.2) (7.3) (7.4) are satisfied. The main
point in order to prove Theorem 1 is to show that b;(t) = a;(t) for all i =
1,...,l, where a;(-) denote the unique solution of the Cauchy problem (1.10)
on its maximal interval of existence.?

We set

o(t) = Z |ai(t) — bi(1)]

for t € [0,7]. Note that ¢(0) = 0 and that decreasing possibly the time 7'
provided by Theorem 7.1, we may assume that o(t) < r, for t € [0,T]. We
will show that ¢ is identically zero by a Gronwall type argument adapted
from [8].
We set
Egk (t) = ggkﬂd(”%('? t)) - gS,Ud(u:(bi(t)’ dl))

Lemma 8.1. There exists C > 0 such that

limsup sup <Zak () — C’a(t)) <0.
k—+o00 t€[0,T]

Proof. By conservation of renormalized energy we have

EEk,Ud(ufk('v t)) = 5€k7Ud(u(a)k.>'

By Corollary 4.1 we have

lim sup |&.,v, (wZ (bi(1), di)) — Eep,(ul(af, di)| < [W(bi(t), i) — W (af, ;).

k—4o00 o
By conservation of W under (1.10) we have

W(ay(t), d;) = W(d°, d).

2In order to prove that the full family (uc(-,t))o<c<1 is well-prepared with respect
to the configuration (a;(t),d;), first notice that it suffices to show that for any sequence
e, — 0 the conditions corresponding to (1.7), (1.8) and (1.9) hold for a subsequence of €.
Indeed, the general case then follows from the uniqueness of the limits (a;(t), d;).
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The conclusion then follows from the inequality
W(bi(8), ) — Wai(t), di)| < Co()

which holds for C' > 0 depending only on r, and R, and for ¢t € [0,7]. W

From Section 6 we infer

Lemma 8.2. There exists C' > 0 such that for every L > 0 we have

limsup sup /U[egk(|u6k(~,t)|)+ ‘M—j(u*(bi(t),di))ﬂ—Ca(t) <0,

k—+oco t€[0,T] e, (5 )]
where U = B(L) \ U._; B(a?, %2).
Proof. Let

Nk = sup |[[Jug, (-, 1) — 7Tzaliébi(t)||[WOLOO(B(L))]*a
t€[0,T]

and note that Lemma 7.3 implies that n, — 0 as k — oco. For each n > ny,
let £9(n) and ng(n) denote the constants provided in the statement of The-
orem 6.1 for the choice R = 2". Then exists ny — oo and nondecreasing
(but not necessarily strictly increasing) in k such that e < eo(ng) and
M < no(ng) for every large enough k. We can then use Theorem 6.1 to
conclude that for

2

IO 00), )| < Oy () + e 27).

|u8k("t)|

The conclusion follows letting £ — +o00 and using Lemma 8.1. |

Jealluatn+
U

The control of the difference between u. and u* obtained in Lemma 8.2
allows us to control the difference of their Hopf differential, which was defined
in (1.15) as

w<u> = |u9E1|2 - |ur2|2 - 2Z>u‘701 * Ugy -

In the sequel, we set A = UL_, B(aY,2r,) \ B(af, %). Notice that point-

wise on A x [0,7] we have

(8.1) lw(u(a;(t),d;)) —w(u*(bi(t),d;)| < Co(t).

Lemma 8.3. There exists C' > 0 such that for 0 < t; < ty < T and
¢ € D(A) we have

lim sup
k—-+o00

/ /A wltiey) =@ (bi(-), i) @o' < Cllgllz= / " o(t) .

t1
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Proof. We start with the pointwise equality

U X Uz, U X Uy,

u:pp ' umq = + |u|$p|u|$q

ul — ful
which applies to u,(-,t) and u*(b;(t), d;) almost everywhere on U x [0,T].
Note that u x u,, is just the pth component of ju, which we will write (ju),.
Hence, since |u*(b;,d;)| = 1, w(ue,) — w(u*(b;, d;)) has the form

(82) 3 e[St 0s (o, ), (0 (1)), + gt | 1,

pa=1 e, | ue,l

for certain numbers ¢, d,; € C. For real numbers a,, a, and a;, a; be have
the equality

(8.3) apy — ayay = (a, — ay)(aq — ay) + ay(ag — ay) + az(ag, — ay).

We multiply (8.2) by ¢ and rewrite, using (8.3) with a, = j(u.,),/|u.,| and
ay = j(u*(bi, d;))p, and similarly a,, a}. Integrating over A x [ty,1,], letting
k — 400, and using Lemma 7.4, we see that the terms that are linear
in (jue,), — (ju*(b;,d;)), vanish, and the remaining terms can be easily
estimated to obtain

Jimsup / [ ot o) — )] 6

k—-+o00
2

to .
. u&‘ . *
< Ol ne hmsup/ / ’j( ) — j(u*(bs, dy))
t1 A ua‘kl

k—-+o00 |

The conclusion then follows from Lemma 8.2. [ |

+ IVluakHQ] :

We are now in position to present the

Proof of Theorem 1 completed. We first consider the interval [0, 7]
where T is as above. Let ¢t € [0,7] be a point of differentiability of all the
Lipschitz functions a; and b; (almost all points ¢ have this property). Since

all the points a;(t) and b;(t) belong to B(af, %), there exists x € D(R?)
(depending on t) such that y is affine on each B(a?,1,), |Vx(a?)| = 1,
suppg%< C A and

l l

(8.4) o(t) = Y lailt) = bi(t)] = (D" duut) = i X)-

=1 =1

On the other hand, for every 0 < ¢§ < t,

(85) o(t=6)= Y lai(t =)~ b(t - 9)| 2 <Z(5ai(t,5) Y X>.
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Integrating (1.14) on [t — §,t] and taking into account (1.17) and (1.18) we
obtain

(8.6)  ((Jue,(-1t) — T8dibay)) — (Jue, (1t — 0) — T8diba,-5)) + X)

— —Q/t 5/Im( w(ue,) — w(u*(a;, d;))] 22_;2()

Passing to the limsup k£ — 400 we are led, taking into account Lemma 7.3,
Lemma 8.3, (8.5) and (8.1), to

o(t)—o(t—96) < C’/t(S o(s)ds.

Passing to the limit 6 — 0 we finally obtain

olt) < Calt),

and since 0(0) = 0 Gronwall’s lemma yields
o(t)y=0 fortel0,T].

The conditions (1.7) (1.8) and (1.9) are therefore satisfied for a; = a;(t)
and t € [0, T]. Indeed, (1.7) is a consequence of Lemma 7.3 and the equal-
ity a;(t) = b;(t), (1.8) was already proved in (7.3), and (1.9) follows from
Lemma 8.1 and the fact that o = 0.

To conclude, it suffices to pass from the interval [0, 7] to [T}, T7], i.e. the
maximal interval of existence of (1.10). Since we obtained a lower bound
on 71" which depends only on r, and R,, this is readily achieved considering
translations in time and reversing time. ]
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