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The linear fractional model on the ball

Frédéric Bayart

Abstract

Given a holomorphic self-map ¢ of the ball of CV, we study
whether there exists a map o and a linear fractional transformation A
such that 0 o ¢ = Ao . This is an important result when N =1
with a great number of applications. We extend this result to the
multi-dimensional setting for a large class of maps. Applications to
commuting holomorphic self-maps are given.

1. Introduction

The story of this paper goes back to Konigs [17] in 1884: given a self-map ¢
of the unit disk D, fixing 0 and satisfying A = ¢’(0) # 0, he proved that
there exists a (non-zero) holomorphic function ¢ : D — C satisfying

(1.1) oo p=M\0.

When the map ¢ does not fix any point in D, the situation becomes more
involved. It is well known that in this case, there exists an unique 7 on the
circle T such that ¢ has nontangential limit 7 at 7 and ¢’ has nontangential
limit ¢'(7) = A, € (0,1] at 7: 7 is the Denjoy-Wolff point of ¢ and A,
is called the boundary dilation coefficient of ¢ at 7. If A\, < 1, then the
function is called hyperbolic, otherwise, it is called parabolic. Conjugating
by an automorphism if necessary, we may always assume that 7 = 1.

The problem is more clear on the right half-plane H = {z€C : R(2)>0}.
Setting U(z) = }f—j the Cayley transform which maps conformally D onto H
and ¢ = UopoU™!, ¢is a self-map of H fixing co. For the hyperbolic case,
Valiron [23] proved in 1931 that there remains a solution to (1.1). However,

there is no solution in the parabolic case, and we are led to solve the Abel’s
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equation: to find a holomorphic function ¢ : H — C and a complex number a
such that

cop="T,00,

where Ty, is the translation T,(z) = z 4+ a. This was done by several authors
at the end of the 1970’s (see [19], [3], [12]). We say that (o, Az) or (o,T,) is
a linear fractional model for ¢ since dilations and translations are the single
linear fractional maps of C fixing co.

The existence of a linear fractional model for self-maps of D has many
applications, concerning for instance the dynamics of the map itself, the
study of families of commuting mappings or questions related to composition
operators associated to a given map. Moreover, it turns out that the more
information one has on o, the more useful the model is. In this vein, we
have to speak about the work of Bourdon and Shapiro [6], where under
some regularity assumption of ¢ at the Denjoy-Wolff point, more accurate
information on the behavior of ¢ near infinity is given.

Recently Cowen and MacCluer have introduced in [13] a class of self-
maps of the unit ball By of CV, which seems to be a good generalization
of the linear fractional maps of . They called them the linear fractional
maps of the ball. The hope of these authors was that these maps would play
a similar role in several variables. In particular, the existence of a linear
fractional model for self-maps of the ball seems to be a central problem in
this circle of ideas.

In this work, we are concerned with the case N = 2. We try to extend
Bourdon-Shapiro’s work for self-maps of the ball B;. Namely, we would like
to obtain a linear fractional model for self-maps ¢ of B, with no inner fixed
points and some regularity conditions at the Denjoy-Wolff point 7. In the
following, we will always assume that 7 is equal to e; = (1,0). Our first
problem in Section 2 is to give an appropriate notion of regularity at e;. We
will explain why the classical notion of C™-regularity is not the best choice
in this context. Instead of it, we will provide a (related) notion of D™-
regularity. Next, we will carefully study how this notion of regularity at e;
transfers into a notion of regularity at co, when B is mapped on the Siegel
half-plane. Indeed, as for the one-dimensional case, it is more convenient to
work on the Siegel half-plane where the geometry of linear fractional maps
is easier to describe.

Suppose now that ¢ is differentiable at the Denjoy-Wolff point e;. Since
the problem of the existence of a linear fractional model is invariant under
conjugation by an automorphism, we may reduce dy.,. Basically, there are
three cases to consider:
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1. the hyperbolic case, when after reduction

dpe, = <)\1 0) with Ay € (0,1).

Q1 M1

2. the parabolic diagonalizable case, when after reduction dp., = ((1) /? )
1

3. the parabolic non-diagonalizable case, when after reduction

dpe, = <O}1 ?) , with oy # 0.
At a first sight, one might think that the parabolic non-diagonalizable case
should be the most difficult one. This is not the case, and in Section 3 we
will prove that a linear fractional model does exist under weak assumptions
on the regularity of ¢. The model map here is a generalized Heisenberg
translation (see [4]) and we will be able to give some informations on the
regularity of the intertwining map.

The hyperbolic case was already considered by Bracci and Gentili in [9]
under a (much more) restrictive condition on the regularity of ¢ and when
1| > A¥%. In Section 4, we will prove that a linear fractional model exists
for such maps in almost every case. However, the model map will be more
and more difficult to exhibit when |u;| decreases. In particular, the regularity
needed on ¢ for the existence of a linear fractional model will depend on the
value of |p1]. Moreover we will show that when certain algebraic relations
appear between p; and A;, there is no hope to obtain a linear fractional
model under reasonable conditions. Instead of it, we will provide another
model map which is not a linear fractional transformation. This problem of
the existence of algebraic relations between eigenvalues (called resonances)
already appears in the context of differential equations in the Poincaré-Dulac
Theorem (see for instance [21]).

The parabolic diagonalizable case seems to be the most difficult one. We
will give some indications for it in Section 5, like the linearization of the first
coordinate when |u;| < 1 and a complete linear fractional model for several
kinds of maps. Here our techniques involve the use of special functions,
especially the Lerch transcendent function. Section 6 will be devoted to
applications, in particular to the study of commuting self-maps of the ball.
Throughout this paper, several open questions will be asked. We end up
this introduction by noting that the study of (1.1) in the case of an inner
fixed point was done in [14].

Acknowledgement. We are grateful to the referee for his/her careful read-
ing and many valuable suggestions which improved the presentation of this

paper.
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2. Preliminary

2.1. Denjoy-Wolff and Julia-Caratheodory

Let By = {Z = (w,2) € C*: ||Z]]* = |w|* + |z|*> < 1} be the unit ball
of C? and let ¢ : By — By be holomorphic. The iterates of ¢ are denoted
by ¢l = po---0p. MacCluer has extended in [18] the Denjoy-Wolff theo-
rem to self-maps of By: suppose that ¢ has no fixed points in By. Then there
exists an unique & € 9B, such that ¢ converges uniformly on compact sub-
sets of By to €. Conjugating by an automorphism if necessary, we will always
assume that £ = e; = (1,0). At the Denjoy-Wolff point eq, the boundary di-
lation coefficient of ¢, defined by liminf_.. (1—|l¢(Z)]])/(1—]|Z]|) belongs
to (0, 1]. Hence, it is possible to apply the version of the Julia-Caratheodory
theorem for the ball, due to Rudin, which is recalled here in the form which
is useful for us.

Theorem 2.1 (]20],[1]). Let ¢ be a (holomorphic) self-map of By with no
inner fized point and suppose that ey is its Denjoy- Wolff point. Let A(y)
be the boundary dilation coefficient of p at ey. Then 1_“1’1_7(5“) 15 bounded in
every Kordnyi region. Moreover, it has restricted K-limit A(¢) at e;.

Suppose now that ¢ has an expansion at its Denjoy-Wolff point up to
the second order,

p(w,2) =14+ M(w —1)+ fiz + 112" +az(w — 1) + b(w — 1)* + &1 (w, 2),
ar(w—1) +pz+d 2% + 02w — 1)+ (w — 1) + e9(w, 2))

where &;(w, z) = o(||(w — 1, 2)||?). Observe that we have used greek letters
and roman letters. The notation for greek letters will be fixed during all this
paper, whereas the notation for roman letters will change. If the context is
not clear, then we will write Ay, u¥, ... instead of Ay, pq....

Taking w,, = 1—1/n and z,, = 0, the Julia-Caratheodory theorem ensures
that

A1 = lim L= @1 (wn, 20)
n—+00 1— Wp,

Moreover, if §; # 0, if we take w, = 1 — 1/n and z, = e™/\/n where
e By = |1, it is easy to check that |1 (wy, 2,)| > 1 for n large enough, which
is impossible. Finally, for this choice of (wy, 2,), with now ;e = ||,
one has

= Ap) € (0,1].

I(wn, 2a)[[* =1 = 1/n+ o(1/n)
lo(wn, 2) 7 = 1+ (Jal* — 20 + 2| ) /0 + o(1/n).
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Since A; = A(f), one has 2\; — 2|y1| — |p1|> > Ay, namely
(2.1) M2l + 2l

Remark 2.2. In general we do not have v; = 0. For instance, the map
o(w,z) = (14 (w—1)/2+ 22/16, 2/2) maps B, into By, has e; as Denjoy-
Wolff point and v = 1/16 # 0. In [9], the work on the hyperbolic case was
done assuming 7, = 0 (see [9, Remark 1.6]). This explains in part why our
paper works in a more general context.

Another useful result is Wolff’s lemma for the ball.

Theorem 2.3. [20, Theorem 8.5.3] Let ¢ be a (holomorphic) self-map of By
with no inner fized point and suppose that ey is its Denjoy- Wolff point.
Let \y be the boundary dilation coefficient of ¢ at e;. Then ¢ maps a
horosphere

1—wp

E(a) = {Z:(w,z) €B,: A

< a}, 0<a<l,
into the horosphere E(\ ).

2.2. Regularity at e; and at infinity

Let ¢ be a self-map of B, whose Denjoy-Wolff point is e;. The most natural
notion of regularity at e; is probably the following.

Definition 2.4. We say that ¢ belongs to C™(e;), m > 1, provided it can
be written

o(w, z) :(1 +A(w—1)+ Z a2 (w— 1)F + 1 (w, 2),

+k>2
J+k<m
aﬂw—D+um+-zjgm%w—Uk+@WJ0
j+k>2
j+k<m
with g;(w,z) = o(]|(w — 1,2)[|™). We define in the same way the class

C™*¢(e1), m > 1,0 < e < 1, by assuming ¢;(w, z) = O(||[(w — 1, 2)||™*°).

However, in the ball near e, the quantities |z| and |w — 1| do not play
the same role (this was already used in the previous subsection). Indeed,
one has |z]? <1 — |w|? < 2|1 — w]|. This leads us to the following definition:
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Definition 2.5. We say that ¢ belongs to D™(e1), m > 2, provided it can
be written

o(w, 2) :(1 +A(w—1)+ Z a; 2 (w—1)F + 1 (w, 2),
j+k>2
§/2+k<m/2

ar(w—1) 4z + Z b2 (w — 1)* + g9(w, z))
j+k>2
§/2+k<m/2

with g;(w, z) = o(|w —1|™/2). We define in the same way the class D™ (e,),
m > 1,0 < e < 1, by assuming &;(w, z) = O(|w — 1]|m+2)/2),

Clearly, the following inclusions hold true: C™(e;) C D™(e;) and D*™(e;)
C C"(ey).

As for the one-dimensional case, the existence of a linear fractional model
will be more clear if we transfer the problem on a half-plane. Let Hy =
{(w,2) € C*: R(w) > |2]*} be the Siegel half-plane, and let U(w, z) =
(“”rl 2) be the Cayley transform. U is a biholomorphic map from B,

l-w’ 1—w

onto Hy, which extends to a homeomorphism from B, onto Hy U {oo} Its
reciprocal is given by Ul (w, 2) = (“’ 1 ) Let ¢ = U o po UL, which

w17 w+1
is a self-map of Hy whose Denjoy-Wolff point is co. The boundary dllation
coefficient of ¢ at oo is Ao = 1/A; and Wolft’s lemma becomes: every

horosphere Hy g = {(w, 2) € Hy : R(w) > |z|> + R} is mapped under ¢ into
the horosphere Hj » _r.

Suppose now that ¢ belongs to D™"¢(e;). One has to study how this can
be translated on the expansion of ¢ near co. The situation is more involved
than that on the disk; in particular, one of the main problems comes from
the inequality 7; # 0. For the first coordinate, one has:

2
w,z) = —1+4+
(bl( ) 1 — (SD o U*l(w’ Z))l
B 2
- 2 _ 2k (— 1)k
X gz, Gk e+ (0,2)
where
el(w,2)=¢ (w_—l 2 )
1 ) —c1 + 17 W+ 1
satisfies €/(w, z) = O(|w + 1|7(™*4)/2). Setting ay = 2J+k;11(_1_)kajvk, we get
w+ 1 ‘ l
¢1(w,z) :—1—|—< )(14—2( Z m) —{—6’{(11),2))
J/2J;r15<>3b/2

with €} (w, 2) = O (7= ) -

|w+1‘(m+5)/271
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_ 1 __ 2a20 _ 27 _ 1 l
Let us set Yoo = a5y = % = T and Ao = - In (30...), we only

keep the terms which are not smaller than |w + 1|'~(™*)/2_ For this, we
write

/ 2
Z @ Z]j-l—k—l = Yoo - + A(w, 2),
=y (w+1) w+ 1
J =m

where A(w, z) = O(|w + 1|7"/2). Hence we obtain

e Y (X)) Zm(fj?év (W ) Atw 2y + 0+ 1109

>1 >1  r=0

A(w, z)" is a sum of terms hke . We just keep the terms with ¢—p/2 <

m/2 — 1 (the remaining terms are O(|w 4 1|1=(m+)/2)) " Moreover, such a
couple (p, q) comes from a product of r terms, and one has p = j; +- -+ j,,
q=n+-+4+k+---+k. —rwith j;+k;>2and k;, =0 = j; > 3.
Let w =card{i: k; =0}. Onehas g —p="Fk; + -+ -+ k, —r > —u. On the
other hand, the inequality j; > 3 provided k; = 0 gives p > 3u. We finally
obtain p < %q. Let us set

Em = {(p,q) eN*: (p,q) #(0,0),g <p/2+m/2—1and p < %}

&, is a finite subset of N2. If we arrange the terms of (2.2) in a suitable way
(in particular we change the orders of summation), then we find

1+Z(Z...)l:

21 m—2 2 —

1 2P z "

= = T E dp,q,r Cy <%o )
1= wtl  (p,g)€€m (w+1)7 w1

+ O(|w + 1|17(m+6)/2)
where d, ,, belongs to C. Observe that for each p, ¢, the function

UHdeqTZCl Yoott) "

I>r

is a continuous function on D since |7,| < 1. It reduces to a constant as
soon as Y, = 0. Finally, if we come back to ¢, we get

AsolW 2 1
<b1(w,2) 1— PR +Z pq<w+1)<w+1)q1+O<|w+1|(m+s)/22)

Towtl  (p.g)eém

E, ., is analytic on D and is constant if 7, = 0. Observe that if we assume
p1 # 0, then one has |y«| < 1 and the functions E, , are continuous on D.
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The statement for the second coordinate follows the same lines. Indeed
one has

+k 1
So(w, ) = ”ﬂ_”+zb$%m@ﬁﬁWWT+QW+ul”“%
2\W, 2) = )
(IS g | @i +Olw+ 1[0-4972))
We set fioo = p11/A1, Qoo = a1 /Ay and b)) = wbﬁk' This gives:
/
(b ( ) <,U/ooz_aoo+ Z bjkm>x
i3k Zm2

G —14(m+e)/2
(1 =+ S B (w+1)(w+1)q)+0(|w+1| )

w+1 (p,q)EEM
2

oo ? oo z z
= - Fuv
e oy g ()

Yoowrt L= Yoouiy w1

U

+ O(lw + 1|71+(m+s)/2)

where each F),, is continuous on D and constant if 7, = 0. w and v are
obtained by u = j +p, v=7j+k — 1+ q. If we observe that
3_11 oy 37+ 3k—3

_ >
> 5 j>-1,

we may take for F,, the set
fm:{(uav)eNZ: v#0, ug%—l—landvgu/Q—l—m/Q—l}.

The following proposition summarizes our work:

Proposition 2.6. Let ¢ be in D™(e;) (resp. in D™ (ey)) and p=Uopo U™!
Then ¢ may be written:

b1 (w, 2) = =t Z <w+1>( 2P — +eai(w, 2),

oo w+1 (1.9)€Em wt 1)
2 u
/JLOO (0% z zZ
¢2(w72) = 2 2 +ZFuv< ) v —|—82(U),Z),
1=You7  1=Yeouts (e Fn +1/ (w+1)

where Aoo = 1/A1, floo = 1/ A5 Yoo = 271/ A1, Qoo = a1/A1. The functions
E,, and F,, are analytic on D and even continuous on D provided p; # 0.
They are constant if v, = 0. Moreover, one has 1(w, z) = o(|w + 1|>7™/2)
(resp. e1(w,z) = O(|w + 112~ M+9)/2) and e9(w, 2) = o(jw + 1|*~™/2) (resp.
ex(w, 2) = Offw + 1[92 )
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It is worth noting that (2.1) translates with these new notations into

(2.3) Ao = |:u0<>|2 + Yoo | Aoo-

Sometimes the previous way for writing ¢; and ¢, will not be convenient.
In particular, the iteration will be easier to compute without the factor

L and the estimations easier to obtain with w instead of w + 1. Now,

177oow—+1
it is almost trivial to observe that for |w| > 1,
2 p 2 P 2 u
< z - z z AN
pq<w + 1) (w + l)q—l - Ep,q(;) wi-1 + ( Z E%”(E) J + 5(w, z)
u,v)EEM;
u—2v<p—2q

where E! _ is analytic in D and continuous on D and |e(w, 2)| = O(|w|?>~(m+1/2),

Indeed, we expand E, ,(u) = Y, qju’ and we write
2

z 2P
B 1) -
PONw + 1/ (w + 1)a1
)

S e T

r>1
A suitable reorganization of the terms shows the claim. We shall do the
Ae® _ wwhich becomes

same for —2=¥
17700 w—+1

2 2
2 Z " <
AooW + 2°E9 4 <E) + g E, <E> + e(w, 2).
(P,9)€EM

Finally a similar action on ¢ gives rise to the following corollary.

Corollary 2.7. Let ¢ be in D™(e1) (resp. in D™ (e;)) and ¢ = UopoU™L.

Then ¢ may be written:
22 2P
<_> + 51(w7 Z)a

2
$1(w, 2) = Aoow + 2°Ey <E)+ Z Epq w ) wi-l
(p,9)EEM
bl ) R (D) Y R (D) D e
W, Z) = Hoo? — Qoo + — - wo \ ) e e\ 2
2(w, H I ()Ef,wwv2

The functions E,, and F,,, are analytic on D and even continuous on D
provided j1y # 0. They are constant if 3 = 0 with F5; = Ey; = 0. More-
over, one has e1(w, z) = o(|w|>™?) (resp. e1(w,z) = O(Jw|>=™*+)/2) and

e2(w, 2) = o(Jw|*="™/2) (resp. ex(w, z) = O(|w|'=(m+)/2)).
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2.3. The three cases

Suppose that ¢ € D?(e;) and set

A0
dpe, = :
ve ( a1 M )
It is obvious that if ¢ is an automorphism of By fixing e;, then one has
dptopoh),, = dy. ' odpe, odi.,. Now, there are automorphisms of
B, fixing e; (the Heisenberg translations) whose differential at e; is equal

to (L9) = M,. Moreover, provided A; # pp, it is possible to choose a =
a1 /(A — pp) such that

A O

-1 _ 1

M, dpe, M, = ( 0 )
Thus, we distinguish three cases:

1. the hyperbolic case, A\; < 1. If pu; # Ay (or equivalently if po, # 1), it
will be possible to assume a; = 0.

2. the parabolic diagonalizable case, Ay = 1 and by conjugation if neces-

sary,
1 0
dpe, = ( 0 ) .

This happens in particular if py # 1.

3. the parabolic nondiagonalizable case, Ay = p; = 1 and «ay # 0.

2.4. Linear fractional maps of Hs

Following [13], a linear fractional map of C? is defined as a map of C? which

may be written ¢(Z) = éch;fd where A € M,(C), B,C € C? and d € C.
If ¢ is a self-map of the domain U, we will write ¢» € LFM(U). The linear
fractional maps of the Siegel half-plane with oo as attractive fixed point have

been determined in [8]. They can be written

P(w,z) = (Aw +az + b, pz + ¢)

with A > 1, |¢|?> < X and some other conditions on a,b, c. In particular, if
|| = X, these conditions become

R(b) > |c]?, a = 2ue.
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When p # 1, we can conjugate 1) by a Heisenberg translation (i.e. an
automorphism of Hj sending (w, z) on (w+2az+ 3, z+a) with R(5) = |a|?)
to ensure that ¢ = 0. Hence, we can classify the linear fractional map
following their derivative at the Denjoy-Wolff point. This is done in the
forthcoming table. Since our approach is based on a careful study of the
orbits of (w, z) € Hy under ¢, we also include in this table a supplementary
information: for (w,z) € Hy, let (w(n), z(n)) = ¥ (w, 2). The behavior of
(w(n), z(n)) is a key tool for our work.

Derivative Model map Behavior of orbits
(g\ 2),>\ >1, p#1 Y(w, z) = (Aw, pz) ZU((:));:::
(3 ?)’“1 Y(w,z) = (Aw, z +a) u;((z))zi?;w
(i (1)) V(w,2) = (w+ 2az + b,z + a) “;((%zfaf
( ; 0) P(w, 2) = (w+b,2) w(n) ~ nb
0 1 B
( (1J 2 ) N d(w, 2) = (w+ b, p2) Zfﬁ)fﬂi

3. The parabolic nondiagonalizable case

Throughout this section, ¢ is a self-map of By whose Denjoy-Wolff point
is e;, which belongs to D?(e;) and such that

1 0
ds@el:(()él 1)

with a; # 0. The linear fractional maps of By having the same differential at
a boundary fixed point are the generalized Heisenberg translations (see [4]),
namely (on Hy) the maps (w,2) — (w + 2az + 3,z + «) with R(3) > |al?
Thus this case will be also called the Heisenberg translation case, and our
hope is to find a map o : B, — C? and a generalized Heisenberg translation
7 such that o0 o ¢ = 7 oog. This will be the case, up to regularity conditions:



776 F. BAYART

Theorem 3.1. Let p€ D5V (ey). There exists a holomorphic map o : Hy — C?
and a generalized Heisenberg translation 7 : (w, z) — (w + 2az + 3,z + «)
such that:

cop=rToo.

Moreover, there is a domain €2 contained in a neighbourhood of oo such that,
for any (w,2) € Hy, ¢ (w,2) € Q for n large enough and such that, on €,
one has for any 6 € (0,1/2):

(3.1) o (w, 2) —w| = ojw|"*?),
(3.2) log(w, 2) — 2| = o(|w]®).

Our first step is to work more on the expansion near infinity of ¢ =

UogpoU™L.

3.1. More on the expansion near the boundary point

We suppose that ¢ € D3(ey). Following the work of Section 2, since ; = 0,
we know that ¢ may be written near oo

é1(w,2) =w+az + bf + o(|w|Y?),
z2w 2
Po(w, 2) = Z—l—c—l—da te s +o(1).
The coefficients a, b, ¢, d, e are not free.

Lemma 3.2. Under the above definitions and notations, one has a = 2¢

andb=d=e=0.

Proof. We first suppose that ¢ extends to 0Hy, with the same expansion
near oo. Let us write a = ape™®, b = bye™®, ¢ = cpe?, d = dpe? and e = eye™.
Let P = (t2(1+1)),e"t) with 0, A € R. We know that R(¢;(P)) > |¢o(P)|%.

Writing 4 = \/ﬁeig(’\) with cos(g(N)) = \/117 and sin(g(\)) = \/%,

the expansion near oo gives

R(p(P) = 2+ <a0 cos(a +6) + \/% cos(f + 36 + g(A))) t+o(t),
|p2(P)? = t*+2 <co cos(y —0) + \/%cos(évLﬁng()\))—i—
: jov cos(e + 30 + 2g()\))) t+ o(t).

Fix any 6 € R such that cos(a+6) # 0 and cos(y —0) # 0. Letting A — oo,
we get

ag cos(a + 0) > 2¢q cos(y — 6).
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Since this is true for almost every 6, this means a = 2¢¢ and v = —«, namely
a = 2¢. Coming back to the inequality R(¢;(P)) > |¢2(P)|?, this in turn
implies

260
V14 A2

for any 6, A € R. The leading term in X of the left handside of this inequality
is \/_% sin(3 + 36) whereas at the right handside this is \;121—0;2 sin(é + 0).
As previously, we obtain by sin(5+ 360) < 2d sin(d+0) for every 6 € R. This
is clearly impossible, unless by = dy = 0. This implies also ey = 0.

For the general case, instead of P, we consider P, = (t2(1+4\) + 7, ¢t)
with 7 > 0 and we write R(¢1(P;)) > |p2(Pr)|?. Letting 7 — 0, we obtain

the same inequality as above and we conclude in a similar way. |

bo cos(B + 30 + g(\)) > 2dgcos(d + 0 + g(N)) + cos(e + 36 +2g(N))

Observe that up to conjugation by an automorphism of Hy of the form
(w,2) — (w,e?z), it is always possible to suppose that a € R*. Since a is
a multiple of a; # 0, one has in fact @ > 0. We will keep this assumption
during all this section.

3.2. Behavior near infinity, Step 1

We now suppose that ¢ belongs to D>7(e;). Changing slightly the notations
and using the results of Lemma 3.2, we may write, near infinity:

2 4 6
z 2 z

1w, z) = w+2az+bte—+d—+e—+
w w w

2 23 hz5 27 29 o 1
—Q—fa‘i‘g@‘i‘ $+T@+S$+ WP/TE/Z

3 5 7

z z z z
Go(w,2) = z+a+d—+V—=+—+d— +
w w? w? w?
1 22 2 28 28 210 1
+e—+fS+¢d—=+N—+r"—=+5—=4+0|—5

w / w2 I w w? wb |w|3/2
where a > 0. We could expand one more term of ¢o. However this is
unnecessary.

Let us introduce some notations. For (w,z) € Hy, (w(n), z(n)) means
¢l"(w, z). For M, A > 0, the set Ky 4 is defined by

< - and

Kua :{(w,z) € H,: R(2) > A, R(w) > M, St 1}.

1
4 (w) — 2

=

In particular, on K4, R(w) and |w| are comparable. For M, A large
enough, Ky 4 is preserved by ¢. This is easy to check for the conditions



778 F. BAYART

R(w) > M and R(z) > A. On the other hand, for M, A large enough,
one has

[S(6aw. 2))| _ [S(2)] +a/8 _ 1
R(pa(w,2)) ~— N(z)+7a/8 ~ 4
In a similar way, there exists a constant C' > 0 such that
[S(n(w, 2))| _ [S(w)| +2a[3(2)] + C

R(p1(w,2)) = R(w)+2aR(z) = C

IN

1
2

> % provided A is large enough.

since 2a (@ — |%(z)|> > aéﬁz(z)

Finally, as a matter of notation, for u,v € R*, u <y, 4, v means that

there exists a positive constant C' depending only on ¢ and on A;, As, ...
such that u < C' x v. We just write u < v if C' depends only on ¢.

Lemma 3.3. Let K be a compact subset of Hy, M, A>0. There exists ng € N
such that, for every (w,z) € K, (w(n), z(n)) € Kaa for every n > ny.

Proof. There exists a neighbourhood V' of co in Hy and C' > 0 such that,
for any (w,z) € V,

R(p1(w, 2)) — R(w) — 2aR(2) > —C and R(p2(w, 2)) — R(2) > a/2.
By the Denjoy-Wolff theorem, there exists a natural number k; such that
k>k = (w(k),z(k)) € V. Now, for k > k;, one has
R(z(k)) > minK%(z'(lﬁ)) + (k — k1)a/2 > max(A, C/a)

(w’,2")e
for k > k. In the same vein, for k > ko, we get

R(w(k) = min R/ (k) + (k= k2)C = M

for k large enough. On the other hand, we have eventually |S(z(k + 1)) <
|S(2(k)| + 5. Combining this with the inequality above, we get |§E§Eg;| <1
as soon as k is large enough. The proof of the last inequality follows exactly

the same lines. |

Our method to construct the map o is based on a very careful analysis of
the behavior of (w(n), z(n)) followed by a suitable normalization. The pre-
vious lemma allows us to restrict the study to the case where (w, z) belongs
to K4 with M and A as large as necessary. We obtain a first estimate on
the behavior of (w(n), z(n)) thanks to the asymptotic expansion of ¢. Next,
if we introduce this estimate into the expansion, then we get a better esti-
mate. We will repeat the process as many times as necessary. Moreover, we
have to keep precise estimations to ensure that ¢ is holomorphic, nonzero,
and satisfies some inequalities near infinity. We begin with the first step.
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Lemma 3.4. For M, A large enough, for any (w,z) € K a, the following
estimates hold true:

lZl+ns ()] Slz[+n
Rw) +n* < Rw(n)) < Rw) +ni
Proof. For M, A large enough, Ky 4 is stable by ¢ and one has, for any

(w,2) € K a:
1R(P1(w, 2)) — R(w) — 2aR(z)| < 1,
[P2(w, 2) — (2 +a)| < a/2.

In particular, the second inequality gives |z(n) —na —z| < %, which in turn
implies the first assertion of the lemma. For the second one, observe that

IR(w(n)) — R(w) — 2aR(2(0) + - + 2(n —1))| < n.

Using % + R(z) < R(z(k)) < 22 + R(z), we get the result. [ |
Proposition 3.5. For M, A large enough, for any (w, z) in Ky one has:
(a) |z(n) —na| Slog(n +1) + |2],

(b) lw(n) —n(n —1)a?| < nlog(n +1) + n|z| + |wl.

Proof.
a) Let us write z(n) = na+2'(n). Using the expansion of ¢ and Lemma 3.4,
we get:
2] | 12| | 12Pm)]  [T(n)] 1
|Z'(n+1)—2'(n)] < + + + +
[w(n)| w2 (n)]  Jwin)]  fwt(n)]  |w(n)]
< 1
~ w2
< L
~ n+1

Summing the differences z'(n + 1) — 2’/(n) and using 2’(0) = z, we obtain
assertion a).
b) We write now w(n) = n(n — 1)a® + w’(n). The expansion gives:
W(n+1)—w'(m)] S |2(n) —nal+1

S log(n+1)+ |z + 1.
We conclude as above. [ ]

In particular, the result of Proposition 3.5 shows that for the parabolic
non-diagonalizable case the orbits of ¢ mimic very well the orbits of the cor-
responding linear fractional map. It is interesting to compare this property
with the example of Section 4.6.
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3.3. Behavior near infinity, Step 2

To go further in the expansion of w(n) and z(n), we need to have an es-
timation of the following terms in the expansion of ¢. This will be done
thanks to the results of Step 1. We begin with the terms coming from the
expansion of ¢s:

Lemma 3.6. For M, A large enough, for any § € (0,1), for any (w,z) €
K a, for anyn > 1, one has

z(n) 1] log(n + 1) N lwl|®
w(n) an| ™ n2 (n+1)+2°
The same holds true for ’232((2)) — =, ;3((2)) — |, 5}1((2)) — =

Proof. Since the proofs are similar, we just proceed with the last term. We
write

Zi(n) 1 anz’(n) —w'(n) an(2"(n) — (an)") — (wi(n) — (an)®)

wi(n) an anw*(n) anw*(n)

Using successively the mean value theorem, Lemma 3.4 and Proposition 3.5,
we have:

27(n) = (an)"| < Tmax(|z(n)|%, (an)°)|z(n) — an|
< (log(n+1) +[2[)(n + |2])°.
In a similar way, one gets

lw*(n) — (an)®| < (nlog(n + 1) + n|z| + |w|)(n? + n|z| + |w|)>.
On the other hand, one has:

(n+2))° < (n+ |w[?)° S (n® + w])®
and
(n® +nlz] + |w])* < (n* + [w])®.

Using |w(n)| > R(w(n)) 2 n? + R(w) > n? + |w| on Ky .4, we get:
@ 1

o nlog(n+1)+ njw|Y? + |w|
wi(n) an

~ n(n? + |w))

To conclude, it suffices to observe that

w2 _ Jwl® |wl w]®
and .
n? + |w| = n? n(n? + |w|) = nl+2




THE LINEAR FRACTIONAL MODEL ON THE BALL (81

Lemma 3.7. For M, A large enough, for any § € (0,1), for any (w,z) €
K a, for anyn > 1, one has:

1/2 |w|

20| g st D) el R b

n)

The same holds true for Z)i((n) - 1‘.

w2(

24(2)) — 1‘ and

We omit the proof which is very similar (see also Lemma 3.11 below).
We are ready to obtain two other terms in w(n) and z(n).

Proposition 3.8. For M, A large enough, there exists a holomorphic func-
tion D(w, z) on Ky a such that, for any (w,z) in Ky a:

/ / / l 1/2
(a'+V+c+d) < log(n + 1) N |w

~Y Y

n n

(a)

and for any § € (0,1), |D(w, 2) — 2| <5 |wl°.

z(n)—na— log(n+1)—D(w, 2)

(b) ’w(n) —n(n—1)a* —2(a’ + V' + d + d')nlog(n + 1) — (2aD(w, 2)
—2(a'—|—b'+c’+d')+(b+c+d+e))n) < Jw|?log(n+1)+log?(n+1) + |w|.

Proof. (a) Let us write z(n) = na + M log(n 4+ 1) + 2'(n). The
expansion of ¢y gives

z/(n+1)—z’(n):a’<z(n) 1 )+b/<z3(n) _i)

w(n) an w?(n) an

)

+C,<@ 1)+d,<z7(n) 1)+an(w,z)

wi(n)  an w(n) an n?

where €, is bounded on Kj; 4 independently of n. Using the result of
Lemma 3.6, we have

DI+ 1) =2 ()] S5 lwl’,
n>0

Hence the sequence (2'(n)) converges uniformly on K 4 to a holomorphic
function D. Moreover, since z'(0) = z the previous inequality becomes
|D(w, 2) — 2| Ss |w]®. Let us write now

(d+V+d+d)

z(n) = na + log(n+ 1) + D(w, 2) + 2" (n)

where 2”(n) goes to 0 as n goes to infinity.
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Applying Lemma 3.6 with 0 = 1/2, we have

log(n + 1 w]|l/?
gn 1) |

7 "
20+ 1) = ()] § BT 4 T

Finally this gives

log(n +1 1/2
sn+ 1) Jul
n n

() <Y 12"k +1) = 2" (k)] S

k>n

as desired. Concerning (b), we write
w(n) =n(n —1)a® +2(a’ + b+ +d)nlog(n +1)
+ (2aD(w, 2) —=2(d' + V' + +d) + b+ c+d+e))n+w'(n).
We have

/ / / /
(a'+b ZC +d) log(n + 1) — D(w, z))

o 20 ) (2 ) (2 ).

w(n) w?(n) w3(n)

w'(n+1)—w'(n) =2a (z(n) —na —

Lemma 3.7 and the first part of the proof of this proposition ensures that

log(n +1 wll/? w
gt 1) | w2l

! 1) — < .
w/(n+1) — w'(n)] s B2 Y

The result of Proposition 3.8 follows now from a summation as before. W

3.4. Behavior near infinity, Step 3

We have almost done the work for z(n). However, we need to have a constant
term in w(n) and this requires to go further in the expansion of z(n). To
this aim, we need to have an estimation of the remaining terms coming from
the expansion of ¢, and also to improve the content of Lemmas 3.6 and 3.7.

Lemma 3.9. For M, A large enough, for any § € (0,1), for any j > 0,
one has:

2% (n) 1| log(n+1)  |wl®
w'ti(n)  a?n?| ™ n3 + n2+28
1 1 < log(n + 1) lwl|®
wti(n)  (a2n2)H |~ 2l 22426
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Proof. Using successively the mean value theorem and Proposition 3.5, one

has:
) 1| o1 |n2a®(2¥(n) — (a’n®)¥) — (w7 (n) — (a®n?)'")
wti(n)  a?n?| "~ n? w*i(n)
1

N3 12 (2 + [w]) (200 + w2~ (l0g(n + 1) + ] /%) +

+ (nlog(n + 1) + nfuw[*2 + fuw])(n? + nfw|"? + w])’)
< (nlog(n + 1) + n|w|*? + |w|)(n? + |w|)?

~J n?(n? + |w|)+I
< nlog(n + 1) + n|w|"/? + |w|
~ n?(n? + |wl)

We conclude as in Lemma 3.6. The proof for ‘ — fj o (a%%)l = ‘ is the same.

Lemma 3.10. Let j > 0. There exist two complex numbers 6, and 65 such
that, for M, A large enough, for any 6 € (0,1/2), for any (w,z) € Ky a,
for any n > 1, one has:

22 (n) 1 Oilog(n+1) 6y D(w,z2) < log? ! (n + 1)|w|1/2+5.

VY 5
witi(n)  an n2 n2 azn? |~ n2+26

Proof. For the sake of clarity, we set:

/ b/ / d/
Z(n) = na+ 2 rores log(n + 1) + D(w, z),
a

W(n) = n(n—1)a*+2(d +b+ +d)nlog(n+1) +
+(2aD(w,z) —2(a" + 0+ +d)+ (b+c+d+e))n.

We argue as in Lemma 3.6, replacing Proposition 3.5 by the better Propo-
sition 3.8. Thus, we write:

A2 () 1 1

W) an = iy (A ) = Z70) (0 ) - W ()

" (anZHQj (n) — Wt (n))

On the one hand, Proposition 3.8 and the mean value theorem give:

i) = W )| _ (ol g+ 1) + Togk(n+ 1)+ [wl) (2 + fuly

anwti(n) ~I n(n? + |w|)+
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If we observe that
lw|*?1log(n + 1) - w270 Jw|’log(n + 1)

n.(n?+w|) — |w|[/29 nn2(1/2+3)
and that
I L O
n(n2 + w]) = |w[t/2=8 © pp20/2+9)

then we get the appropriate estimates for this part of the sum. The same rea-
soning applies for n|z'7%/ (n)—Z'"2(n)|. It remains to consider naZ'™% (n)—
Wi (n). We expand the products and we remark that the terms in n?*2
vanish. We then find

P (ulog(n+1)+a—a® D (w, 2)) 437 13 Oy log! (n+1) D(w, 2)"
k<2j—1 1+m<2j+1—k

where the p;’s and the 0y ,,’s are complex numbers. Furthermore, we have:

n' (uilog(n+1)+pa— ¥ D(w, 2))  ulog(n+1)+p— a®*'D(w, z)

naw'+i(n) - a2i1+3p2
142; 1
P n
S5 (log(n +1) + |w[’) naw'ti(n)  a2+3n?
1 1

Sj (log(n +1) + |w|6)”2j Wi (n) - (a?n?)1+i

log(n + 1 w|®
S tlogln+ 1)+ ul®) x (<25 4 B

This gives also a correct majoration, since 29 < 1/2+ 4 for 6 € (0,1/2). To
conclude, we study the last term: for £k < 25 — 1, [,m > 0 with [ +m <
2j — 14k and m > 1, one has:

[t log (n + DD™(w, )] - nHlog!(n + D]/
[naw!*i (n)] ~ n(n? + w[)+7
log!(n + 1)|w|™/?
(n? + |w|) 1+ —H/2
log! (n + 1)]w|*/?>+
R T y R e YR

Now, j—(m—1)/2—k/2>1/2 >0, and | < 2j + 1, which finally implies

‘nk+1 logl(n+ I)Dm(w,z)} - 10g2j+1(n + 1)_|w|1/2+6

Inaw™i(n)| ~0.] n2+28 :

S

If m=0, then the previous inequality holds trivially true, using £ < 25 — 1.
[ |
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Lemma 3.11. Let j > 1. There exists a compler number 6, such that, for
any § € (0,1/2), for any M, A large enough, for any (w,z) € Ky a:

2% (n) - 2]

< lw |2 1og® (n + 1)
wi(n)

~30,j ni+2o

Proof. As above, we write

(2% (n) — Z%(n)) — (wi(n) — Wi(n)) N Z%(n) — Wi(n)

wl(n) wi(n) wl(n)
Our (now classical!) argument shows that

jw/(n) = Wi(n)]| |¥(n) — Z%(n)] _ log’(n+1) | |uw]"/*"
witn)] T Jwi(n)] Y 2 nit?s

Moreover, when we compute Z% (n)—W7(n), the terms in n*, n?~tlog(n+1)
and D(w, z)n®~! simplifies. We obtain a sum like

¥~ Y 0t Y T G log!(n+ 1) D(w, )™

k<2j—2  I+m<2j—k

We proceed as above to show the existence of #; such that

‘ZQJ' (n) — Wiln) 6

log® (n 4 1)|w|"/?+9
. AP .

J nlt+26

It is time to build the second component of o.

Proposition 3.12. For M, A large enough, there exists a holomorphic func-
tion E(w,z) on Ky a and complex numbers 0y, 0o, 03, 04, 05 with 05 =

G such that, for any (w, z) in Kaa, for any 6 € (0,1/2), one has:

(d+V 4+ +d) 6, log(n + 1)
n

_ w107+ 1)

9 nl+20 :

(a) |z(n) —na—

log(n 4+ 1) — D(w, z)

by 63D(w,2)
n n

(b) w(n)—n(n—1)a* —2(a’ + ¥ +  +d)nlog(n+ 1) — (2aD(w, z)
—2(d +V ++d)+ (b+c+d+e))n—bslog*(n+1)
—O5log(n+ 1) — 2a03D(w, 2) log(n + 1) — E(w, z) = o(1),

with |E(w, z) — w| s Jw]V/#9.
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Proof. (a) As usual, we write

<d+y+d+d)
a

z(n) = na + log(n + 1) + D(w, z) + 2'(n)

and we use the expansion of ¢, to estimate 2/'(n + 1) — 2/(n):

= (- o (-

(n) an an

2'(n) e /Zg(n) ,24(n)
( wi(n) ) w(n) w2(n)+gw3(n)
, 2%(n 2n) | ,20%n) | M,(w,2)
oy T ) T T

where M, is bounded (independently of n) on K 4. Fix § € (6,1/2). Using
Lemma 3.9 and Lemma 3.10, we find complex numbers 1, o such that:

pilogin+1) pp  d+V+I+d
2 ST 2,2
n n a’n
|w|1/2+5 log"(n + 1)
S n2+26 :

Z(n+1)—2(n)—

D(w, z)

This gives (a) by a summation and the triangle inequality. The sum is now
from n to 400 (this explains the sign of 63) and we use the fact that 2'(n)
tends to 0 as n goes to 4o00.

(b) We write now, with the notations of Lemma 3.10, w(n) = W(n)+w'(n).
The expansion of ¢, near infinity implies:

w'(n+1)—w'(n)= —2na* —2(a’ +V + +d)log(n+1) — 2aD(w, 2)

the function M ,, being bounded (independently on n) on Ky 4. We replace
2az(n) by the expression obtained in part (a) of this proposition, the rest
being M, ,(w, z) with

]!+ log"(n + 1)

|M2,n<w7 Z)| Sﬂ; ni+2e
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Next, we replace 2(n) by 14 2 4+ M, (w, z) with

w(n)

lw|?+9 log?(n + 1)

|M3,n<w7 Z)| Sﬂ; ni+2e

24(n) 2%(n)
w?(n) w?(n)

We do the same for and we replace 212 by L+ My (w, z) with

w(n)

| 1
Mo, 2)| <s |w] og(n + 1)

nlt2s n2
(the same for ;z((z)), e ;fo(zz) ). We finally find:
1 1 0 D
(3.3) w'(n+1)—w'(n)— 6’4M — 2 a0, (w, 2)
n n n
g () 1
~0 nit+2s nlte’

Hence, w'(n) — O4log*(n + 1) — 05log(n + 1) — 2af3D(w, 2) log(n + 1) con-
verges uniformly on K 4 to a holomorphic function E. Moreover (3.3) and
w'(0) = w ensure that

|[B(w, 2) — w] S Jw]/*.
|

In the previous proposition, the precise value of 6, 65, 6, and 65 can be
computed but is unimportant. On the contrary, the value of 65 is crucial for
the simplification which appears in the forthcoming argument.

3.5. Proof of Theorem 3.1

Our candidate for the function o is 0 = (£, D) which is defined only on K/ 4
(but satisfies the appropriate estimates of Theorem 3.1 on © = Ky 4). Take
now K any compact subset of Hy. There exists an integer ng such that,
for n > ng, the sequence (w(n),z(n)) belongs to Ky 4. Hence, the whole
estimates given by the previous lemmas and propositions remain true if we
suppose everywhere n > ng and if we replace (w, z) by (w(ng), z(ng)). In
particular, we may extend the definitions of E and D to K where they are
still holomorphic and satisfy

a+b+J+d

log(n + 1))

D(w,z) = lirf (2(n) — na —

E(w,z) = lim (w(n) —n(n—1)a® —2(d + b + + d)nlog(n + 1)

n—-+0o0o
— (2aD(w, 2) — 2(d'+ V' + +d')+ (b+c+d+e))n — Oy log?(n+1)
(@ +b0 +d+d)

—0O5log(n+1) —2
a

D(w, z) log(n + 1))
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(the only thing that we do not keep is the asymptotic evaluation of D and E,
because now we just consider sums between ng and +oo and w'(ng) # w).
We claim that 0 o ¢ = 7 o ¢ for 7 an appropriate generalized Heisenberg
translation. Indeed, one has:

/! b/ / d/
Do¢(w,z) = lil}g (2(n+1) —na — i log(n + 1))
/ b/ / d/
= hI_"I_l (z(n+1) = (n+1)a— grvtetd log(n+2)) +a
n—-+0o00 a

= D(w,z) +a.
Using this, we also have

Bod(w,z) =
N E _ _ 2 / / / U
= nl_lHH_lo (w(n—i— 1) —n(n—1)a" — 2(a’+b' 4+ +d")nlog(n+1)
— (2aD o ¢(w, z) — 2(a'+b'+ +d')+ (b+c+d+e))n

/ b/ / d/
— O, log?(n+1) — 05 log(n+1) — QMD o p(w, z) log(n+ 1))
a

= lim (w(n—l— 1) —n(n+1)a* — 2(a/+0' + +d)(n+1) log(n+2)

—_ZZD(w, z) = 2(d +V'+¢ +d)+ (b+ct+d+e))(n+1)

— O, log?(n+2) — 05 log(n+2) — QWD(’LU, z) log(n+2)
+ 2(a’+b'++d') log(n+1)+2(a'+b 4+ +d')+2aD(w, z)

+2(a'+V ++d)+ (b+c+d+e) — 2(a'+b 4+ +d') log(n+ 1))

= FE(w, z) + 2aD(w, z) + (b+c+d+e).
Thus, 0 0 ¢p =700 with 7(w,2) = (w+2az+ (b+c+d+e),z+a).

Remark 3.13. Taking for instance § = 1/4 in Theorem 3.1, we have for
any (w, z) € Hy:

1D o ¢ (w, 2) — @5 (w, 2)| = ol (w, 2)|/4).

Using the asymptotic behavior of gb[l"] (w, z) and qb[;} (w, z), this means that
we have
(Do gl(w, ) = 65" (w, 2)| = 0(65" (w, 2))

which corresponds to the estimations that we will have in the hyperbolic
case.
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Remark 3.14. We may observe that the linearization of the first and of
the second coordinates have to be done simultaneously. This will not be the
case for the hyperbolic maps, where the study of the first coordinate will be
considerably easier.

Remark 3.15. We cannot improve in general the estimations on £ and D.
For instance, we cannot have E(w,z) —w = O(Jw|"?). Indeed, we know
that £ o ¢["/(1,0) = n%a® + O(n) via the functional equation whereas

(1,0)+ O(|gl(1,0)"/2) = n%a® + 2(’ + ¥ + ¢ + d)nlog(n + 1) + O(n).

Remark 3.16. It should be observed that the model map 7 is not unique.
Indeed, if (E, D) satisfies (E, D)o ¢ = (E +2aD + 3, D + 3) and if we set
Ey = E+ D, then E10¢ = E; +2aD + 3+ «. On the other hand, if we fix
the model map 7(w, 2) = (w +2az+ 3,z + () and if (F, D) is a solution to
(E,D)o¢ =710 (E,D), then any couple (Ey, Dy) with Ey = E + 60,D + 65,
D, = D + 6, remains a solution. Does there exist another kind of solutions?
The analog problem in the one-dimensional case (the uniqueness in Abel’s
equation) was solved quite recently (see [11]).

4. The hyperbolic case

4.1. Presentation of the results
Throughout this section, we suppose that ¢ € D?(e;) and that A\; < 1. This
is the hyperbolic case and the application ¢ may be written

d(w, 2) = (A“%w +ojw + 1)), 1% n 0(1)>.

22
1 =Yoo — Yoo g1
This case has already been considered by Bracci and Gentili in [9] when
Yoo = 0 (or equivalently when v; = 0, namely when there is no pure term
in z? in the expansion of ¢;, see also [9, Remark 1.6]). Their result with
e =1/2 reads:
Bracci-Gentili’s Theorem. Let o € D3(e;) with Yoo = 0, Ao > 1 and
|fhoo| > ALY, Then there exists a holomorphic map o = (E,D) : Hy — C?
such that

gop(w,z) = (Ao E(w, 2), i D(w, 2)).
Moreover,
E(w, z) —w = O(|w|"?) and D(w, z) — z = O(|w|'/*).

o is the unique map with the previous properties. In the case where || <

)\éé4, the conclusion remains true for the first coordinate.
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Our job in this section consists in building a linear fractional model with-
out any assumption on ., and pio. We remark that using (2.3) the condition
|ltoo]® = Moo implies that 7o = 0 and |pe| > AL a case that is already
covered by Bracci-Gentili’s theorem. Thus we may suppose that |pe| < A2.

Theorem 4.1. Let p € D?(e) with Moo > 1, 0 < |pioo] < A2, and an # 0
if oo = 1. Let m = 4 if || Ao > 1 and the least integer such that
|,uc,o|)\$/2_1 > 1 otherwise. We assume that ¢ € D™(e;) and we suppose
also that \¥_ ., # 1 for any integer k. Then there exists a holomorphic map

o= (E,D):Hy — C? such that

oo p(w,z) = A E(w,2), poc D(w, 2)) if oo # 1
gop(w,z) = (AoE(w,2), D(w, 2) + o) if oo = 1.

Moreover, there is a domain Q such that, for any (w, z) € Hy, ¢ (w, z) € Q
for n large enough and such that

E(w,z) —w = o(|w|) when (w,z) — oo along €,

P
|D(w, z) — 2] < % for (w,z) € Q
w
where P 1s a polynomial. Moreover, E is the unique map with the previous
properties and it exists under the weaker assumption o € D3(ey).

The proof of this theorem will be rather long. It begins with the con-
struction of domains such that one of them will be 2 and with a first analysis
on the behavior of z?(n)/w(n) on this domain. We then linearize the first
coordinate and we construct E. The study of the second one is easier when
|ftoo| Ao > 1 and we first exhibit D in this case (the value p = 1 requires
particular attention). If |poo|As < 1, we have to take into account high-
order terms in the expansion of ¢9. That is the reason why the regularity
of ¢ must increase when |u.| decreases. Finally, “resonances” will appear
when |po0|A\¥. = 1 for an integer k. We will observe that in this case we can-
not expect to obtain a linear fractional model under reasonable conditions
on the behavior of D near infinity. In such a case, we will provide another
type of model map.

4.2. Three lemmas on the behavior near infinity

We retain the notations of Section 3, especially for (w(n), z(n)) and k.
As for the parabolic non-diagonalizable case, our first job is to find do-
mains Ly, stable under ¢ and to prove that the sequences (w(n),z(n)) lie
eventually in these domains, uniformly on compact subsets of Hj.
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Thus, for M > 0, we set

2| 1
Ly = H, : > M and < .
M {(w,z) € H,: |wl an w1172 < oglw 1 1]

Lemma 4.2. Let o€ D3(e1) with Ao > 1, |fioo]? <Aoo, let & >max< 7, |/’\ﬁ
We may find M > 0 such that

1. Ly is stable under ¢.

D).

2. For any (w, z) in Ly,
O NPEES
wle) + 17~ Ty 17
Proof. Let 1 < X < A < X and p/ > |peo|. For M large enough, the
expansion of ¢ near infinity gives for any (w, z) in Lyy;:
Nw+ 1] < |¢1(w, z) + 1| < N|w + 1|
|f2(w, 2)| < p'lz[ + A
where A € R*. This implies:

oaw ) A
|o1(w, 2) +1|V2 = N2 Jw+1|V2 N2 w+ 1|12
74 1 A

N log [6(w,2) + 1] ~ log(\') NP2+ 1]72)

If we choose p/ and X with kg = p//NY? < 1 and if we choose M large
enough we obtain

|gz52(w,z)| < 1
|¢1(w, 2) + 112 7 log [¢1(w, 2) + 1

which means that L,; is stable under ¢. Finally, an easy induction shows
that, provided (w, z) € Ly;:

|2(n)| n 2| =Yy 1/2
jw(n) + 1]1/2 = fo lw + 1|1/2 )\’1/2 ZHO 7+

n—1
2] !
< n
~ ko (|w—|—1|1/2 +jz /j|w+1|1/2

< g |Z| _’%O//’Lm 1
SRS T 1—1/u jw + 1[1/2

It suffices now to arrange A" and p’ so that ko and ko/p" are less than «. B
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We point out the interest of working with L;;: the term L does
A

not play any important role in the estimations when (w, z) belongs to Ly, as
this appears clearly in the previous argument. Our aim is now to prove that
for a given (w,z) € Hy, (w(n),z(n)) lies eventually in Ly;, M > 0. This
control of |22(n)|/|w(n) + 1] will be done in two steps.

Lemma 4.3. Let ¢ € D*(e1) with Ao > 1 and |pieo]® < Aoo. For any (w, 2)

in Hy, there ezists w € (0,1) such that |1Lz(2n()72‘1| <w.

Proof. This follows from [10, Section 3]. Indeed, since ¢ is a self-map of By
which is of hyperbolic type, the orbit o™ (w, Z) stays in a Kordnyi approach
region at e; for every (w0, 2) € By, namely

ol s
1 — [, 2)]]

for some constant M < +oo. Translating this information into the language
of the Siegel half-plane, this gives

jw(n) +1]

Rw(n) — zop =T

which can be rewritten

|2(n)[? R(w(n)) 1 1
i) +1] = Jom) =1 =1

Lemma 4.4. Let p € D3(ey) with Ao > 1 and |pioo]? < Aoo. Let K be a
compact subset of Hy and let M > 0. There exists an integer ng such that,
for every n > ng, for any (w,z) € K, (w(n),z(n)) belongs to Lyy.

Proof. By compactness of K, it suffices to prove the existence of ng for a
single (w, z). Let w € (0,1) be given by Lemma 4.3 and let k = %
We observe that s < 1: this follows from the assumption |ue|? < Ao if
Yoo = 0 and from (2.3) otherwise. On the other hand, writing the expansion

of ¢ near infinity as

(4.1) dr(w,z) +1= M(1+O(|w+1|l/2)),
o
Ga(w, 2) = —E= (24 0(1)),

1—

OO w1
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we get

¢2(w7 2)2 :U’c2>o 2
2

= 1171/2y
B N R A

In particular, one has

|z(n + 1) <. |2(n)? A
lwin+1)+1] = |wn)+1|  |w(n)+ 1|2

(4.2)
where A > 0. To conclude, we apply Wolff’s lemma which shows in par-

ticular that |w(n) + 1| > R(w(n)) + 1 Z(w,:) M. Coming back to (4.2) an
induction shows:

n—1
[2(n)? 1
o S K1Y
fw(n) +1] ~? Z NLri

n 1
Finally, equation (4.1) shows that |w(n)+ 1] < (X)"|w+ 1] for some positive
constant \'. Taking the logarithm, we get the lemma. |

4.3. Linearization of the first coordinate

The study of the first coordinate is much easier in the hyperbolic case than
the study of the second one.

Proposition 4.5. Let ¢ € D3(ey) with Ao > 1 and |pieo]* < Ao There
exists a holomorphic function E : Hy — C such that

Eod=)\E.

Moreover, for M large enough, one has E(w, z)—w=o(|w|) when (w, z) — oo
along L. E s the unique map with the previous properties.

Proof. In view of Lemma 4.4, it suffices to construct £ on the set L,; given
by Lemma 4.2. Hence, consider (w, z) € Ly, and write

Mool

¢1(w7 Z) =

- +e1(w, z) where |e1(w, 2)| $ |w + 112,
_fYOOerl

By induction, we get

AESTY(§y emm—" ry ; g— )

§=0 00 w(j)+1 §=0 -

k=j+1 + T Voo um)+1
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Now, an application of Lemma 4.2 with K < 1 gives

Z Z |2 |Z|2+1 <1
= lw(j)+ 1] S |lw+1] ~

This gives successively, for any n > 1 and any 0 < j <n —1

n—1

H 1
22(4) |~
k=j+1 1_%<>w(j)]+1
and
n—1 n—1 n—1
1 1 1
H 1 22(4) _1’§ Z (H 1 22(1) )'1 22(k) -1
k=j+1 + Yoo u()+1 k=j+1 \i=k+1 '+~ Yoou@)+1 Voo wm) 11
- Z (k)|
~ 2 Twlh) + 1
2* +1
4.3 <z
(4.3) ~ w4 1|

Moreover, using the notations of the proof of Lemma 4.2, one has
le1(w (i), (I S w(F) + 1172 < (V)2 w + 172,

If we choose (\")'/2 < A, and if we adapt the choice of M accordingly, we
finally get that ‘w(")‘ converges uniformly on L,; to a holomorphic function £
satisfying

n—1 1 )\// 1/2
|E(w, z) —w| < limsup H— ‘ w| + E ( ) w + 1|2
n gl BV
J= w(j)+1

< |2 + Jw + 1]V2.

This gives the estimation, since when (w, z) — oo along Ly one has |z|? =
o(Jw|). E satisfies the functional equation F o ¢ = A FE since

. wn+1) . wn+1)

Let us conclude by showing the uniqueness of E. Suppose that E’ is another
solution with the same asymptotic control. Fix (w), z) in Hy and observe that

(B = E')(w(n), 2(n))| = [As["|E(w, 2) — E'(w, 2)]

whereas
(B = E')(w(n), 2(n))| = o(w(n)) = o(A%,).
This implies that E(w, z) = E'(w, 2). [ |
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4.4. Linearization of the second coordinate, case |fioo| oo > 1, oo # 1

In this subsection, we complete the proof of Theorem 4.1 when || Aoo > 1
and fioo # 1 (or g3 # A1). As explained in Section 2, up to conjugation
by a Heisenberg translation (which does not change the statement of Theo-
rem 4.1) we may suppose that a; # 0. Since ¢ belongs to D*(ey), collecting
the terms of order 0 (respectively —1/2) together, we may write ¢y as

2

oo z z
w,z) = + Alw, z) + ——B(w, 2) + e(w, z
bulw.2) = 1 A+ B el

where |e(w, )| < Jw + 1|7! and the functions A, B are uniformly bounded
on Hj. It suffices to construct D on a suitably chosen L,; and an iteration
shows that

. n—1 1 n—1 n—1 1 1
) =\ ==+ 2 1] = 0N DYk
k

G=0 0 ()1 =0 \k—=j+1 Voo w1/ Hee

A g
20 Blu). ) + e(ul) z(y»)).

In the proof of Proposition 4.5, we have shown that the product

20) i o
< (At =) +

n—1 1
k=j+1'+ " ooy (k)+1

is uniformly bounded on some Lj;. Thus we find

Hﬁ 1 1 ‘ ‘ e SRR 21
=0 k:j+11—%ow(k()k) I w(g) +1 j;(] s lw + 1]

where k is any number greater than max <%/2, [(‘1;7!) Because ﬁ <1

and ‘“ =l <1 we may adjust s so that the previous series converges. For the
second term, we have:

n—1| n—1 . .

1 2(7)/ sl N
> |11 o | o 21| B0 20
7=0 lk=j+1 1= 0w (k)+1 J

2|
o Z moolﬂ lw(j) + 1| w+ 1

< i’i K Tzl +1
N oo (V)2 ) w41
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<1and <1,

we may adjust k£ and X so that the previous series converges. For the third
term, we have

— 1
11 TN

Kej41 L Voo wk)+1

where )\ is any constant smaller than A,. Since

oo Ao

1
[loo

| (w(

umN Iw+i|

=0

and this series is convergent provided )\ is close enough to A. Using the
uniform convergence of

n

H 22(_]

7@MH1

on Ly, we get that Z(") converges uniformly on Lj; to a holomorphic func-
tion D which satisﬁes, as for the first coordinate, Do ¢ = s D. On Ly, D
satisfies

n—1

1 |22+ 1
|D(w, z) —z| < limsup | |—2.—1 |z| +
’ ~ z2(4)
n j=1 1—’700w(j)+1 |w+1|
2" +1
4.4 S (Jg]+1 :
(4.0 S A+ 0P

This shows that D is not constant.

Remark 4.6. We can prove that D is the unique solution which satisfies the
relation (4.4). Indeed, if we replace (w, z) by (w(n), z(n)) in this inequality
and using our previous estimates on the behavior of w(n) and z(n) this gives

[D(w(n), 2(n)) = 2(0)] S (Heol” + 1)
< oo +1

On the other hand, for D(w, z) # 0, z(n) ~ p D(w, 2). Since |pe|* < Ao
and |feoAoo| > 1, we obtain that D(w(n),z(n)) = z(n) + o(z(n)). The
uniqueness of D is proved along the same lines than the uniqueness of E.
Indeed, let D, D’ be two solutions and let €2y be the open non-empty set
{(w,z) € Hy : D(w, 2) # 0 and D'(w, z) # 0}. The asymptotic behavior of
D and D’ ensures that for (w, z) € €y one has

(D = D) (w(n), 2(n))| = o(2(n)) = o(uz,)

whereas (D — D')(w(n), z(n)) = p (D — D")(w, z). Thus D and D’ coincide
on 2y hence on Hs.
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4.5. Linearization of the second coordinate, case ji,, =1
We finish here the proof of Theorem 4.1 in the case where po = 1 and
Qoo 7# 0. We write

¢2 (U), Z) =

2 — Qs 22

z
Alw, z) + ——B(w, z) + e(w, z
where |e(w, 2)| < |w+1]7! and A, B are bounded functions on H,. Tterating
the function, we have now

1 1
Z(">:H—1_ 20) Z*Z(H . 2® )X
=0 Voo w(G)+1 J=0 \k=j+1 w(k)+1

2(j) N z(J) Ny N
(et o aw), 200+ B, 20) + (w00 )

On a suitable domain L,;, the product

22(k)
k=j+1 1 = Yoo s

is uniformly bounded. This yields

n—1 n—1 1 n—1
ST RIS P
1— z2(k) ~

§=0 \k=j+1 * = Toouk)F1 =0

The other terms are estimated exactly like in the previous subsection, re-
placing everywhere i, by 1. Thus, one has |z(n)| < |z| + n.

Next we decompose z(n) into z(n) = —nas + 2'(n). Using Lemma 4.2,
we have
|2'(n+1) — 2/(n)] < ‘ ! o 1]z(n) — ag|
L= eoumyet
i ‘ L Aw(n), 2(n))| + ﬂB(w(n) z(n)| + le(w(n), 2(n))|
w(n)+1 ’ w(n)+1 ’ ’
mlzP+1 mlZP+1 K" |z 41 1

w K — —+ .
~ lw + 1 lw—+1] A% jw+ 1] A% |wl
In particular, we get that z’(n) converges uniformly on L, to a holomorphic

function D satisfying (as for the Heisenberg translation case) the functional
equation D o ¢ = D — ay,. A summation ensures that

D(w,2) = 2| < Y[ (n+1) = 2'(n)] < %

where P is a polynomial of degree 3. Moreover its uniqueness with the
previous asymptotic behavior is proved along the same lines as above.
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4.6. Linearization of the second coordinate, case o[ A < 1.

Our method of proof breaks down while |poo|Aee < 1. This is not just a
technical problem. The following very simple example points out that the
behavior of z(n) is not given by u? z.

Example 4.7. Let ¢p(w, z) = (2w+2, z/4+1/(w~+1)) which is a holomorphic
self-map of Hy. It is easy to prove that for a given (w, z) € Hs, one has

wn)=2"(w+2)—2~2"w+2)

) 1 +"‘1 47 1
z\n)=—|\ % - ~ .
4n 2(w+2)—2 2n=1(w +2)

J=0

If we compare this example with the table of orbits for linear fractional maps
given in Section 2.4 then we can give a (negative) answer to a question raised
by Bracci and Poggi-Corradini in [10]:

How closely are the orbits of ¢ trying to imitate the behavior of
a corresponding linear fractional map of Hy?

For ¢ given by the previous formula, the imitation is very bad!

Thus a new difficulty arises in several variables. However, even for this
kind of maps, we will be able to provide a linear fractional model. The nov-
elty is: when |uo| becomes smaller and smaller, other terms z?(n)/w?(n)
come into play. This explains why we need more regularity when |u..| de-
creases.

So let us suppose that |peo|Aeo < 1 and that ps A% # 1 for any k > 1.
We consider m > 4 the least integer such that | ,uoo|)\£/ *71' > 1. Let us first
produce an enhancement of Lemma 4.2 with these new assumptions.

Lemma 4.8. Let o satisfying the previous assumptions and let k > @

There exists M > 0 such that, for any (w,z) € Ly, one has

I | [2* +1
[w(n) + 1112~ \Jw+ 1172w+ 1372 )

Proof. Let X < Ay. We write and majorize |z(n)| as in Section 4.4,
using Lemma 4.2 with £ = 1/(\')*/2 (observe that max(l/)\ééZ, |,uoo|/)\éé2) —

1/A4%):

n—1
2> + 1 2" +1
_ . < | —
lz2(n)] S (ool <|Z| + Zj_o (M) | pool? Jw + 1] )~ el (N)rlw + 11
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Thus,
2l o lpall 2P+ 1
lw(n) + 1172 ~ (W)2)w + 1)1/2  (N)32|w + 12
We conclude by noting that ‘)’\‘1?2‘ < )\;T u

We need yet another way to describe ¢, and ¢ near infinity. As Exam-
ple 4.7 shows, w(n) behaves like A\ and z(n) behaves like 1/A% . This leads
us to order the terms i—z; with respect to the value of p 4+ ¢. To this aim, let
1 <1 <m/2—1. We keep the notations of Corollary 2.7 and we decompose
each term in the following way:

z 22 P Z Zp+2k
N — ap———
Pa\ o, wi-1 kwq_1+k

E>0
P2k pt2ho+2 ( 22)

- Zakwqﬂﬂe + wdtko Epvq
k<ko

w

where ko is the biggest integer such that p +2ko + ¢ — 1+ ko <! —1 and
E , is bounded on D. Let p’ = min(p + 2ko + 2,1). We factorize

P+2ko+2 P op+2ko+2—p

watko o wl=p qatko—l+p’

Now for any (p,q) € &, U{(2,1)} it is easy to check that (p + 2ky + 2 —
P)—2(q+ko—1+7p) <2 (we distinguish p’ = and p’ = p+ 2ko + 2). This

yields
!
Zp+2k()+2 Zp E”
witko  l- p,q(w’z)

where |E] (w,z)] < P(|z]), deg(P) < 2. We then put together the terms

Sp+2k

—~ = with the same value of p + 2k + ¢ — 1 + k. We finally find that on
Ly, ¢1 may be written

-1
2P 2P
d1(w, 2) = Aow + Z Z Ua’ g + Z EEp,q(w, z) + e1(w, 2)

Jj=0 p+q=j p+q=l

with a,, € C, |E, ,(w, z)| < P(|z]) on Ly, deg(P) < 2, and |e;(w, 2)| Sm
m. We do the same for the second coordinate, except that we retain

the terms until order [ (instead of order [ — 1). With kq the biggest integer
such that u + v + 3ky <! and v’ = min(u + 2ky + 2,1 + 1), we write

Zu+2ko+2 u’ ZU+2k0+2*Ul

z
wv—}—k()—l—l = ,wl-l—l—u’ wv-{—lm—l—}—u’
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and we observe that u 4+ 2kg +2 —u' —2(v + ko — 1 + ') < 0 for (u,v) €
Fm U{(3,1)}. Since a couple (u,v) in F,, satisfies v # 0, ¢ may thus be
written on Ly,

¢< Mmz+zzbuv_+ Z uuU)Z+€2(w Z)

_] 1 u+v 7 utv=Il+1
v>0

with by, € C, |Fyu(w, 2)] Sy 1 on Ly and |eo(w, 2)| Sy W In fact,
considering more precisely what &,, and F,, are, we could prove that many
of the a,,’s and b, ,’s are zero. However, this will not affect our work. We
will often use iterate versions of the previous expansions. Namely, for M
large enough and (w, z) € Ly, one has

S S Dap Sp

k=0 °° 7=0 p+q=j

w(n)

s 1t comes
foo}

Since E(w, z) = lim,,

o = (& 2 (k)
(45) w(n) = )\OOE(w,Z) _)\OO Ak+1 (Z Z'ap’qwq—(k‘)

The forthcoming proposition is the main step for this part of the proof.
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Proposition 4.9. Let [ be in [1,m/2 — 1]. For any (w,z) in Ly for M
large enough, one has

Y B %
’lU(TL) - )\ooE(wa Z) + a2 + )\QOE(’U), Z) + + )\<(>lo_2)nEl_2(’w, Z) + 5n(wa Z)
by by

M Bw.2) T B w, )

z(n) = + po 2+ np(w, 2)

where a;, b; € C, |>\c(>lo_1)n5n(waz)| Swm P(|2]) and

z
it 2 Sar S (17" ),

on Ly, P,Q being polynomials.
Proof. We prove this by induction. We begin by applying (4.5) with [ =0
to get

+oo
wln) = NLBw A < NS sy (Boo(w(k), 2(k))] + e (k). 2(8)])

k=n

+oo

n N R

SRS P I F
k=n o0

since Lemma 4.8 shows that |z(k)| is dominated by |z| + 1. This inequality

yields in particular that on a well-chosen Ly, one has |w(n)| Za A% |w].

Concerning z(n) we use (4.6) with [ =1 to write

o) = e+ 3 e (ufzg) + g Pan(w(k). 2(6)

+ mFM(w(k‘), 2(k)) + ea(w(k), z(@))

1

n—1

n n b )

e i i (s + RO 0))
k=0 T *° ’

1 o R(w(k), z(k))

1
n n—1p/ >
_ b N
MOOZ -+ luoo 0,1 ()\QOMQOE(U), Z) + E(’LU, Z)) +Moo —~ Mlé;rl

We recall that |E(w, z)| 2 |w| on Ly, which explains why the term E?:‘}"Z)

goes into 7, (w,z). It remains to estimate the four terms which come in
R(w(k), z(k)). Using our work on w(n), one has:

11 P(|2])
wk) M E(w, z)| ~M Akw]?
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Thus,

uooz 1 <w A&Etw,z))

g Moo

1 P
<,/ max (_ Iuool") (I21)

A% |w]?

(here, the fact that po AL, # 1is crucial). The term with w+(k) and that with

eo(w(k), z(k)) are handled under a similar fashion. Indeed, the first one is

dominated by /\2+|w‘2 while the second one is dominated by /\(mm%l)k” (we
oo fove) w

observe that )\m/% < |poo])- To achieve the first step we have to consider

|z(k)|/|w(k)|. We proceed in two steps. First, fixing k € (/\3%, 1), using

Lemma 4.8 and the estimation A2 |w| <y |w(n)|, one has

NG IZI)

k=0
R

" z
(4.7) <Samax <|,uoo|", )\20/2) #

wl

This does not give immediately the desired estimation since «/ AL > A2
However putting all the previous inequalities together implies that

n 1 K"
o S (Il + i+ ) PO

P(|z
< P

(4.8)

Second we can come back to (4.7) and we replace in it the estimate on z(k)

given by Lemma 4.8 by the previous one. This allows us to replace k"/ W
by 1/A2" and to complete the first step of the induction.

Suppose now that the proof has been done until step [ —1 and let us show
how to derlve the result at step [. We need first to study how to replace the

terms 22 1 1
wq(k y AT IEr+a(w,z)

Lemma 4.10. For any ¢ > 1, one has

1 _ Cq Ly Cr_1
wi(k)  MEEa(w, 2) AL DR i Hw, 2)

+ 6k(w7 Z)

where ¢; € C,

P(2l)

)\kl <
| oo‘gk<wvz>| ~M |w|
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Proof. It is sufficient to prove the lemma for ¢ = 1 to deduce it for all
values of ¢g. Thus, we prove by induction on r <[ — 1 that

1 — ! + + L
w(k) A E(w,2) NEET (w, 2)

+ 5r,k(w7 Z)

where |)\<(>2+1)k5r7k(w,z)| < %. For r = 1, this has already been done
above. For a given r, since by induction the result of Proposition 4.9 is true

at step [ — 1, we may write

I
wk) M B(w, z)

. —Q9 aj—1 1 i 5k(w, Z)
-\ EB(w, 2) AP EE) (w, 2) ) wk) — Mw(k)E(w, 2)°
This last term goes into &, ;(w, z) because r < [ —1. We then use the induc-

tive hypothesis to replace the term ﬁ which lies at the right handside of
this inequality and we finish by collecting the terms in an appropriate way. B

Lemma 4.11. Letp>1,q>0 and j > 0 with p+ q = j. One has:

k) i S SR S
= — e w, 2
wi(k) — A Ei(w, 2) NEEl(w, z) | PeR
where d; € C, )\];émin(lH’Hpﬂ_l)ép?q?k(wa Z)’ Su \wf;(i‘ri‘g,q>'

Proof. We write

)~ (Zp“f) - (% et Aélo_”kz:l(w, z>> p)+

P
b1 bi—1 1 Cq
(e —
A E(w, 2) ACVEBI-1 (), 2) wi(k)  AEE(w, 2)

P N R — Clil
ACVER1 (), 2)

4 L 4+t by " % +
N E(w, 2) ACVERI-1 (0, 2) ) \NEE9(w, 2)

4+ 4 G-1 )
)\g{l)kEl—l(w, z)

=1+1I+111.
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The last term has exactly the desired form. The first one is estimated using
the mean value theorem and inequality (4.8):

I <y -1 P QU _  R(eD
A T e P

For the second term, one has:

1 P(z)) o _P(=)
1711 < < )
] < AP wlP - AEJw| ™ € gy

Let us now come back to step [ of Proposition 4.9. We write w(n) as
in (4.5). Fix j <l—1 and p, ¢ with p+¢ = j. Using the result of Lemma 4.10
if p =0 and that of Lemma 4.11 otherwise, one gets

+o0
)\" =

_\n dlfl
)\ Z )\k+1 ( k']E-] 'LU Z e + )\(()lo_l)kEl—l(w’ Z) _I_ 6p7q7k(w; Z))

where |6, 4 x(w, 2)|

1 c
it - .
= Z AV Br(w,2)  ARET(w, 2)

k=n 7'
On the other hand we obtain

8 k w, z) s P(E) A=)
)\n 1 | pq < )\Zol S
Z — )\];él+1)|w| )\’gé

The same type of inequality holds true for the remaining terms. For instance,
suppose that p+ ¢ = [. Lemma 4.10 and 4.11 ensure that

z%m’< Pi(|z)

wilk) |~ )

whereas we have |E, (w(k),z(k))| Su Pa(|2(k)]) Sm Ps(]z]). We thus
obtain

o N2 Bpgw®), 20 2R S
(19) A }j — ] S SRR S S

< Qiljl)_
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In the same vein, we have

+oo
le1(w(k), 2(K))|
oD Su N D ST
— )\]gg—l — )\k )\k( /2 2)|'LU|

+oo
" 1L _ P(z)
(4.10) Suo A D g S NG
k=n "~ 00

Let us now consider z(n) given by (4.6). Since we have a further term in
the expansion of w(n) we get immediately a further term in the expansion
of 1/w?(n) given by Lemma 4.10. On the other hand for a given (u,v) with
v # 0, u# 0 one has u+v — 1 > 1 meaning that the estimation on the rest
of Lemma 4.11 becomes

P(z)

INEDG, o (w, 2)] < ]

Therefore, for u+ v <[, v > 0 one has

n—1 . bu,v Zu(k) -
Yo o (k)
— n—1 i 71 o 7[
e o k) ()\’goE(w,z) T N E(w), 2) +7]u,v,k<w,2))
where |>\I§£I+1)nu,v,k(w, 2)] < P(: ‘D These terms have the desired form, since

wl

For the other ones, we proceed exactly like for w(n). Indeed, when u +v =
[+ 1, v >0, one has:

(4.12) o™ S |Fu,v$(’f)72(k))l

|k+1
00

LI \ P(l2))
(411)  [poo] ZWInu,v,k(w,Z)ISM max( | fhoo| ,1/A’££””)|7
k=0 "

EOEpY

n
k= |:uc>o|k w

P(lz])
|

|>\(Olo+1)n

whereas the rest is estimated by:

n . 1
| oo 27| |k+1|€2(W(’f)7Z(k))| Su el Z m/2 T
k=0 Hoo | oo|)\

|M00|n
w|

)¥[w]

(4.13) Swm

because of the choice of m. [ ]
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We are ready to finish the proof of Theorem 4.1. In fact, setting [ =
[m/2] — 1, we have A\fYuo| > 1. Looking carefully at the last step of
Proposition 4.9, we observe that, when we divide them by 1/u” , the series
appearing on the left handside of (4.11), (4.12) and (4.13) converge uni-

formly on Lj,;. This implies that ;%” (z(n) — #ﬁwz) ————— /\b,il E'(w, z))
converges uniformly on L,; to a function D which satisfies
P
(4.14) ID(w, 2) — 2| < |(|z||>.
w

In particular, D is not a constant function. Moreover, if we compose by ¢,
then we obtain

Do ¢(w,z) = lim Ln(z(n+1)—b—1—~-~— b )

=00 [y )\&+1E<w7 Z) )\gﬂ)lEl(w, Z)

= looD(w, 2).

We can observe that (4.14) shows that D(w(n), z(n)) = O(z(n)) in this case.

4.7. Linearization of the second coordinate, case of resonances

To finish the study of the hyperbolic maps we have to examine the existence
of “resonances” namely when there exists an integer [ such that Ay, = 1.
In the proof of Proposition 4.9 this affects only two steps. For step [ — 1, a
change appears only in the estimation (4.13). We now have

ny, P(2])

This implies that the majoration of 7, (w, z) is slightly worse,

Q(z).

|w|

[ (w, 2)] < o[ n

In the last step, we have to take care of this in the evaluation of 27 (k) /wi(k).
With the notations of Lemma 4.11, I becomes

1] L kP(2) QU2 _ kR(Z)
T wlr M AR St

This means that we have to replace the condition on 0, ,x(w, z) by

| ) £P(l2])
k.min(l+1,l4+p+q—1
P\oo ( p+q )5p,q,k(w,z)} < m
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When we report this on w(n) this just multiplies the estimations obtained
in (4.9) and in (4.10) by a factor n. This in turn gives |)\<(>lo_1)n5n(w,z)| <
nP(|z]). The most important change happens during the last step of the
expansion of z(n). Indeed one has now

n—1
n

. = Hoo T
(oo AL,) ’fEl (w, 2) e El(w z)

M

T3
k=0

The rest does not change and we find that
1 (z(n)_bil_..._blin>
T A E(w, z) AU EY w, z)
converges uniformly on Ly, to a function D satisfying

|D(w, z) — z| Su M

Y

|w]
D is not constant and one has
. 1 b1 bln
D — lim — ) —
o ¢(w7 Z) 7L~1>1:|I>100 l,Lgo (Z(n + ) )\'go+1E<w’ Z) Ag+1)lEl(w’ Z))
by

= oo D(w,z) + lim —

= looD(w, 2) +

Thus we have obtained the following

Theorem 4.12. Let p € D*(e1) with Moo > 1, 0 < |piso] < 1 and as, # 0.
Let m be the least integer such that |,uc,o|)\m/2 1 > 1. We assume that ¢ €
D™(ey) and we suppose also that there exists | € N with Ny = 1. Then

there exist a holomorphic map o = (E, D) : Hy — C? and a complex number
b such that

b
gop(w,z) = ()\OOE(w, 2), oo D(w, 2) + m) :
Moreover, there is a domain Q such that, for any (w,z) € Hy, ¢ (w, 2) € Q
for n large enough and such that

E(w,z) —w = o(|w|) when (w,z) — oo along €2,

P
|D(w, z) — z| < |(|7|) for (w, z) € Q
w
where P 1s a polynomial. Moreover, E is the unique map with the previous
properties and it exists under the weaker assumption @ € D3(eq).
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Here, the model map is (w, z) — (Aoow,,uooz + %) which is not a lin-
ear fractional map. We can ask whether we can find a map D such that
Do¢ = o D. This is obviously the case: it suffices to take D(w, z) = m
However, this does not seem to be an useful model. We would like to
find a map D which depends in a maj(|)£ (v;/‘ay of z, namely a map D sat-

isfying something like |D(w,z) — 2| < oy on a domain £ like above or

D(w(n), z(n)) = O(z(n)). This is generally impossible.

Example 4.13. Let ¢(w, z) = (2w +2,2/2 4+ 1/(w + 1)) which is a holo-
morphic self-map of Hy. It is easy to prove that for a given (w,z) € Hy,
one has

w(n) ~ 2" (w + 2)

If Do¢=1iD, then D(w(n),z(n)) = 5= D(w, z) whereas

P
)~ sy ™ e S Twra

z(n) ~

The two conditions |D(w, z) — z| < P‘(Jj‘) or D(w(n),z(n))=0(z(n)) cannot
be satisfied!

The fact that uoo)\’go = 1 for £ > 1 means that p; is resonant in the sense
of Poincaré-Dulac (see [2]). Our work shows that all non-resonant terms can
be annihilated, a situation similar to the classical Poincaré-Dulac theorem
on differential equations.

5. The parabolic diagonalizable case

5.1. The case |u| < 1 —First coordinate

The parabolic diagonalizable case seems to be the most difficult one. It can
be divided into two subcases, provided |uo| < 1 (which is in some sense a
mixing between parabolic and hyperbolic cases) or not. We first discuss the
case |fioo| < 1 and obtain a linearization under mild assumptions on ¢. So,
let p € D?*(e;) with Ay = 1, |u1] < 1 and a; = 0 (these assumptions on ¢
will be kept throughout this subsection). As the proof of the hyperbolic case
shows, the study of the quotients wz(i(f le is crucial for our work. However, it
turns out that it is difficult to obtain an analogue of Lemma 4.2 in the par-
abolic diagonalizable case. Indeed, since A\, = 1, there is nothing between
1 and A ! This explains in part why we are reduced to give supplementary
conditions on ¢.
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We know by Wolff’s lemma that for any (w, z) € Hs,
R(d1(w, 2)) — [d2(w, 2)[* = R(w) — |2

We will assume that we have a stronger form of this inequality, namely
that there exists > 0 such that, for any (w, z) € Ha,

(5.1) R(p1(w, 2)) = |ga(w, 2)* = R(w) — [2]* + 0.

This assumption will play the same role than that made by Bourdon and
Shapiro, when they require that a parabolic self-map ¢ of C, extends contin-
uously to C, and maps C, into C. Here, (5.1) ensures that R(w(n)) = n.
Our second condition is that the inequality in (2.3) is strict, namely

(5.2) |too|* + 10| < 1.

As a matter of notation, we will say that ¢ satisfies the strong Wolff condition
provided (5.1) and (5.2) hold true. Our result reads:

Theorem 5.1. Let p € D™(e;) with \y = 1 and oy = 0. Suppose more-
over that ¢ satisfies the strong Wolff condition. There exist a € C and a
holomorphic function E : Hy — C such that

Eo¢p=FE+a.
Moreover, for any (w, z) € Hsy, one has E(w(n), z(n)) —w(n) = o(w(n)).
The first step toward the proof of Theorem 5.1 is the analogue of Lemma 4.2.
Lemma 5.2. For any (w, z) € Hsy, one has
z(n)|? 1
o 71 S
Proof. As in Lemma 4.4, we write

2(n+1)” Moo 22(’”)
w(n—|—1)+1 1 — Yoo wn)

+ O(lw(n) + 1|_1/2).

w(n

We set k = 1‘“?"' - < 1. Since R(w(n)) 2 n, there exists A > 0 such that,
for any (w, z) € Hy, one has
22(n+1) ’ 2%(n) ’ A
wn+1)+1| = |wn)+1] nl/?2
Lemma 5.2 follows now from an easy induction. [ ]

This lemma allows us to control the behavior of z(n):

Lemma 5.3. There exists 0 < k < 1 such that for any (w, z) € Hy, one has
2(n)] S K"2| + 5272
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Proof. We proceed as in Section 4.4, writing

X

n—1
. 1 1
Z(n)zﬂoo(H N Z+Z< H ) ) j
j=o L — %Ow(y)+1 §=0 Nk=j+1 + = Tooum1/ M
(o AwG) )+ - B 20 + o)) )
w1 w2 el ’
where A, B are bounded on Hy and |e(w, 2)| < Iw—il\ By Lemma 5.2, we
may estimate the products appearing above

. For a,b, c three well-chosen
positive numbers, one has
n—1 n—1 n—1
1 22(k) D < b )
IIl——=1=<1I (1 ta|l————) < [ (1+
20k | = = 172
k=j+1 1 - %Ow(k)ﬂ k=j+1 w(k;) +1 =Jj K

k=j+1
exp (cn'/?)
< exp ( Z k1/2>

207 ) S sl + D7)
Now, for any x > 1 and any ¢ > 0, there exists C(z) such that

n

Y P O(x) "
= eXp(cjl/Z)jl/Z — eXp(Cnl/Z)nl/Z'

Indeed, we write

n n—

ST
J=

exp(c(n — 11/2)(n 2

)_l

k)

n

2 - n 1/2
_ 2 1/2 _ 1/2
~ exp(ent/?)n1/? po 2 (n —]> exp(cn c(n—j)"%)

n—1
vl

1/2
S 0l

IA

and the last series is convergent. We come back to z(n) and use the previous
lemma to finish the estimation

= 1 exp(cn'/?) 1
< n 1/2 n
20 S el explen e+l 3 e OO L

SRz + pyes

where £ is any positive number with k£ > ||
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Lemma 5.3 gives immediately an improvement of the statement of Lem-
ma 5.2, which becomes
l2(n)]* [P+ 1/n o,
< W2
lwn)+ 1] ~“ n+Rw)+1 n?

In turn, this estimation allows a dramatic enhancement of Lemma 5.2, since
it shows that the infinite product

+o0 1

H 22(k)

jeo L ™ Yoo ()41

converges uniformly on the compact subsets of Hs, with the estimation

n—1

11

k=j+1

1

0
1 =Yoo iyt

< 1.

Y

Using the same induction formula for z(n) and noting that
22(5) 1 z(5) 1
- ] )| < — A A ] N < ——
oo 100 5 5 |0 1B0G) 00 £
we finally find

n 1
()] S lrool"[2] + .

Thus |z(n)| behaves (at most) like 1/n whereas |w(n)| behaves (at least)
like n. This invite us to proceed as in Section 4.6, namely to order the terms

z

w—’; in the expansion of ¢; and ¢, near infinity with respect to the value of

p + q. Hence, keeping in mind that

1 0
dwel:(oul)’

if we suppose moreover that ¢ € D%"¢(e;), we write for |w| large enough

P P
O1(w,z) =w+a+ Z ap,q27+ Z g (w, z) + e1(w, 2)

pt+q=1 <w . 1)q p+q=2 <w * 1)q "

with a,a,, € C, |E,(w, 2)| < P(|2]), deg(P) <2, |e1(w, 2)| < WI;HE and

U

b z
¢2<w7 Z) = Hoo? + w——H + H;Q mFu,v(wv Z) + 82(11), Z)

v>0

with b, bu,v S C7 |Fu,v(w7 Z)| SJ 17 |52(w,z)| ”S \w|12+5'
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Lemma 5.4. There exists 0 < k < 1 such that, for any (w, z) € Hsy, one has
w(n) —na| < K"[z[* +log(n + 1) + |w].
Proof. We have
w(n) —w+na+z Zapq +ZEM ))(Z&
w(j) + 1)1

J=0 p+q¢=1 p+q=2
+er(w(j), 2(4))-
The lemma follows now immediately from

#U) | < ' oo™ 2| + 1/0P
wi(g) |~ nd

. . . 1
and | Ep o(w(5), 2(1))| S |peol |21 + — + 1.

Remark 5.5. Lemma 5.4 implies a# 0 and even R(a) > 0 since R(w(n)) 2 n.

Lemma 5.6. For any (w, z) € Hy, for any 6 > 0, one has

| T DR CL 8 e L
wn)+1  na+1|~° Rw) -+t

Proof. This follows easily from Lemma 5.4 and the inequality |w(n)]

>
R(w(n)) 2 R(w) + n. [ |
Lemma 5.7. For any (w, z) € Hs, one has

< 2+ 14wl
~90 — *
R(w)1—on1+o/2

n) — bul g -
0 11
- O,uoo ka+1

Proof. We write

) = et X (o + X oty Pl 2(4)

k+1
k=0 'LLOO utv=2
v>0

+ 52(w(k:),z(l<:))>).

In view of Lemma 5.6, we replace W by ﬁ We estimate the difference
by using

n—1

> T S T
5 e [F T (R + 1T g Pl 072

The remaining terms are handled as before. |
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Proof of Theorem 5.1. We have

n—1 n—1
001
w(n) =w +na+ g ar02(j) + E
w(y
J=0

]:

+ ( B, (w (j),z(j»%+81<w(j),z<j>>)-

et (w(7) + 1)1

Let

j) = by E .
00 +1
= s k+1

Lemma 5.7 shows that the series T 120 #(j) = Z(j) converges uniformly on
the compact subsets of Hy with

30— 20 s

Lemma 5.6 shows the same statement for Z;L:_& m — m whereas the

convergence and the estimations for the last terms have already been done
in Lemma 5.4. We deduce that

n—1

w(n) —na —apg Z Z(j) — % log(na + 1)
=0

converges uniformly on the compact subsets of Hy to a holomorphic func-
tion E satisfying

(5.3) |E(w, z) — w| Ss |Z|4+1+8%(7|UUL)|15'
Moreover, E satisfies the functional equation E o ¢ = E + a, since
n—1
Eo¢(w,z) = nkrfoo (w(n +1) —na— ;CLLOZU) - % log(n + 1))
— nl_lgloo (w(n+ 1)—(n+1)a— ZoaloZ(j) — %log(nvL 2))
fas nl_{moo (aLOZ(n) log(n +2) — - log(n + 1) aO,l)
= E(w, z) + a.

The last assertion concerning the behavior of E follows easily from (5.3) and
from the previous estimations on the behavior of z(n) and w(n). |
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5.2. The case |u| < 1 —Second coordinate

As the formula for ¢9 shows, we have here an induction formula which is
similar to that of a hyperbolic map. However, there is a big difference: since
Moo = 1, there does not exist an integer k such that |p.o|\*, > 1. In particu-
lar, if we consider the expansion of z(n) the term p? z will always be smaller
than m for any p. In particular, the regularity condition ¢ € D™ (e;)
is not sufficient to understand completely the behavior of z(n), even if n is
very large. Instead of it, we could expect to obtain a linear fractional model
provided ¢ is analytic at e;. We mention here the work of T. Ueda [22]
where the linearization of a holomorphic self-map of C? has been studied at
a fixed point where the differential has exactly the form studied here.
Unfortunately, even under the condition of analyticity, we have not been
able to provide such a model. In particular, we do not succeed to manage
2P

at the same time the terms ﬁ and the terms e with p > 1. We give

a partial answer with the linearization of three kinds of maps.

Example 5.8. Let © € D%(e;) with \; = 1, a; = 0 and suppose that
¢ satisfies the strong Wolff condition. Suppose moreover that ¢, may be

written
d

— aj

Provided fi is not real, there exists a € C, R(a) > 0 and two non-constant
holomorphic functions D, E : Hy — C such that (F, D)o ¢ = (E + a, pieoD).

The existence of E and a is already given by Theorem 5.1. We set
Y(w, z) = (w+ a, p2(w, z)). We have to be careful because we do not know
whether H, is preserved by ¥ or not. However, there exists a large enough
M such that the domain Ey = {(w,2) € Hy : R(w) > M and |2]* <
R(w)/2} is mapped into itself by . Let (w,z) be in such a Uy and set
(w(n), z(n)) = ¥ (w, z). We have

n—1 d

a.
2(n) = phoz + pid! -
;]Z_; (w+ ka+ 1)7pk,

Let us introduce the Lerch transcendent function

+o0

L(z,s,v) = Z(v +n) %"

n=0

defined for |z| < 1 and v =0,1,2,... (our reference for this subject is [15]).
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This function satisfies the functional equational, for any m > 1,

3

(5.4) L(z,s,0) =2"L(z,s,m+v)+ » (v+mn)*2".

n

Il
o

An integral formula shows that for a fixed couple (s,v) with R(s) > 0 and
R(v) > 0, L can be extended analytically in the first variable to C\[1, +oo].
Of course, relation (5.4) remains true. Thus, provided o, is not real,

=

-1

3

aj _ aj
O(w—l—kaJrl)j,u’go _goaj (k+LH)jM§O

_ %La/ﬂm,]y (w+1)/a) — L(1/ oo, J, (w + 1) Ja +n).

B
Il

aw&

In particular, the sequence

2(n) + 305 G L1 ooy gy (w + 1) /a + )
M

converges uniformly on the compact subsets of Uy, to a holomorphic func-
tion D; satisfying Dy o ¥ = puD;. We transfer this property on ¢ in the
following way. Let (w, z) € Hy. Using the asymptotic expansion of E, there
exists an integer p such that (E(¢F(w, 2)), P (w, z)) € Uy. We set

D(w,2) = — D (B(@P(w, 2), 6P (w, 2))).

[e.e]

This does not depend on p since

Dy(E("H), o) = Dy (w(E(6"), 1)) = e Di(E(6, 611)).

The same argument shows that D o ¢ = s D. The condition jis is not real
is rather intriguing and irritating. It appears here just to extend the Lerch
transcendent function.

Example 5.9. Let ¢ € D5(e;) with \; = 1, a; = 0 and suppose that ¢ sat-
isfies the strong Wolff condition. Suppose moreover that ¢, may be written

IR ol o ;‘jpff

p=1 ¢=1

There exists a € C, R(a) > 0 and two non-constant holomorphic func-
tions D, E : Hy — C such that (E, D)o ¢ = (E + a, piec D).
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As above, we may and shall assume that ¢;(w, z) = w + a. We have

apy (K
=1 (153 e Tty ) -

p=1 ¢=1 °°

Using the results which appear during the proof of Theorem 5.1, we write

d d’ p lk b
Zzapqz—)_1+7+}%k(w’z)a
p=1 ¢q=1

ko (w+ ka+1)7 w+ka+1

where |Rg(w, z)| <

H <1+Zz%q w:k:alj—)l) ) = (w + na + 1)°C,(w, 2)

k=0 p=1 ¢=1

Cw,2)
k2

. It is then easy to check that

where C,(w, z) converges to a non-zero holomorphic function C(w, z). It suf-

fices now to set
D(w,z) = lim 2(n)

n—+oo u (w + na + 1)t

Example 5.10. Suppose that ¢(w, z) = (w—l—l,uooz—i-,uooﬁ—i-ﬁ). Then
there exists a non-constant holomorphic function D : Hy; — C such that

DO¢:MMD

By induction, one has

n n—1 n—1
1 : 1 1
i TT (1 7) b i (1 )
)= (+k+w+1 o Z”C’O H +k‘+w+1 w+j+1
k=1 7=0 k=j+1
n—1 1
= % (Nt w+2) ——+ bl (ntw+1)
+2 = fho(w+5+1) (w+5+2)

1
—um(n+w+2)?+bu" '(n+w+1) L(MTO, 1, w+1)

__L< ,1,w+n—|—1> L( L ,1,w—|—1>+—L< ,1,w+n+1)>

D is now defined by

- z(n)+b(n+w+1) (L(s5, L, wtn+1) — L(==, 1, w+n+2))
D(w, z)= lim £ i .
n—-+00 pi (n+w+2)

Of course, a miracle happens in this example: there is a simple expression

for the product [];_ —i1 (1 + k+w+g)' If the coefficient before 25 was not
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lloo, & major step toward the linearization of the second coordinate would
be to have an analytic expansion of the function

C(w+ k + u) P
ZHZ Tw+ k) ktwtl

(exactly like for the Lerch transcendent function) However, this would not

solve the problem if there existed other terms @it +1) with p > 1.

Question 5.11. Under the conditions of Theorem 5.1 and ¢ analytic at ey,
does there exist a holomorphic and non-constant function D : Hy — C such
that D o ¢ = oD ?

5.3. The case |uw| =1

The second subcase occurs when |po| = 1. The situation here seems quite
difficult. Indeed the behavior of z(n) and of 2%(n)/w(n) can be very different,
and of course very different from the model map.

Example 5.12. Let ¢(w,z) = (w +14+ %,z + 53—5}) which is a self-map

of Hy. Let (w, 2) 6H2With'u)>0 z>OSothatw( ), z(n) > 0 for any n.
2(n+1) 22(n)
ot~ wln)
z}((:)) converges to [ € (0,1]. We then obtain that w(n) ~ (14 %) n. Now,
one has

It can be easily shown that = for n large enough. In particular,

2%(n) 1+1_2l>< 1 —I—O(l)
w(n) 5 (14 21/5)n n%/ )’
Since z%(n)/w(n) converges to a non-zero limit, one has necessarily [ = 1/2.

This in turn implies that w(n) ~ & and z(n) ~ |/ Sn'/2. The linearization

for the second coordinate will be obtained by taking lim,, z(n) — 4/ %nl/ 2,

Example 5.13. Let ¢(w,z) = <w+ 1,2+ 10(1}}7“)) which is a self-map
of Hy. One has w(n) = w+mn and 2(n) = 2+ >, _| 1 w+k If we suppose

that w > 0, one has Y ;_, w+k = log(n + w) + G,(w ) where G, (w) con-
verges when n goes to infinity. In particular, one has z(n) ~ %. The
linearization for the second coordinate has to be obtained by considering

lim,, z(n) — 10%").
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Example 5.14. Let ¢(w, z) = (w +1,z2+ %) which is a self-map of H for
A €[0,1/2). Let (w, z) € Hy with w > 0, z > 0. We get w(n) = w + n and

z(n) = zﬁ (1 + %) = 2H,(w)(n + w)*

where H, (w) converges to H(w). In particular, z(n) ~ (n + w)*zH(w).
The linearization for the second coordinate can be obtained by considering

lim,, (nZJEZ)) <.

The three previous examples show the complexity of this subcase and
the (at least) three different behaviors which lead to a different way for
linearizing the second coordinate. Hence, we ask the following question:

Question 5.15. Does there exist a linear fractional model for the parabolic
diagonalizable case with s = 1 under weak assumptions on p?

6. Applications

6.1. Commuting self-maps of the ball

In this section, we apply the theory developed above to the problem of com-
muting holomorphic mappings without fixed point in the ball. We show
how the existence of a linear fractional model shed some light on this prob-
lem. It turns out that two maps which do not have the same model cannot
commute.

Theorem 6.1. Let ¢, ¢ be holomorphic self-maps of By. Suppose that ¢
and v do not have any fized point in By and let P,, Py their respective
Denjoy-Wolff point. We assume that ¢ and 1 satisfy one of the following
three conditions.

1. ¢ is of parabolic non-diagonalizable type, ¢ € D*(P,), v is of parabolic
non-diagonalizable type with ;ﬁf # 1, 1y € D*(Py).

2. ¢ 1is of parabolic non-diagonalizable type, ¢ € D*(P,), v is of hyper-
bolic type, 1 € D*(Py).

3. ¢ is of parabolic diagonalizable type with |\uy| < 1, ¢ satisfies the
strong Wolff condition and ¢ € DT(P,), ¢ is of hyperbolic type,
1 € D*(Py).

Then ¢ and v do not commute.
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Proof. We argue by contraction and suppose that ¢ o) =1 o . Suppose
that P, # P, and, without loss of generality, that P, = e; and that dy,
has its reduced form. From a result of [7] we know that ¢ and ¢ fix (as a
set) the complex slice joining the two different Wolff points and that they
are hyperbolic automorphisms of this slice. Let v be the complex direction
of this slice, v ¢ ef = Cey. v is an eigenvector of dy,., corresponding to an
eigenvalue of modulus smaller than 1. This cannot happen if ¢ is of parabolic
non-diagonalizable type, since the spectrum of dip,, is {1}. This does not
hold also for the parabolic diagonalizable type since now the eigenspaces are
Ce; corresponding to the eigenvalue 1, and Cey. Hence, P, = Py, = e;. We
set g =UopoU ' and ¥ =U o1 oUt. We distinguish the three cases:

1. One has dye, d)., = dip.,dp., which can only happen if di),, is a scalar
multiple of the identity. This is not true.

2. The same argument shows that one has necessarily p; = Ay which
contradicts |p1]? < A and Ay > 1.

3. We know that there exists a map F : Hy, — C and a € C, a # 0 so
that £ o ¢ = E 4 a. Since ¢ and ¥ commute, we get

EoWog¢M=FEoU+na.

In particular, one has Eo\Ilogb[”](l, 0) ~ na. On the other hand, using
the asymptotic expansion of E given by (5.3) and the expansion of v,

one has
EoWog¢l(1,0) ~ W o0¢(1,0)
~ Ana.
This is a contradiction since A2 # 1. |

Remark 6.2. We can observe that above not only is the existence of a linear
fractional model important, but also the behavior of the intertwining map o
plays a crucial role. This illustrates the fact that the more information one
has on o, the more useful the model is.

6.2. Supercyclic composition operators

We end up this paper with an application of the linear fractional model for
the unit disk to the dynamics of composition operators. Let us first recall
several definitions from this very active field of operator theory.

Definition 6.3. An operator T" on a Banach space X is said hypercyclic if
there exists a vector # € X such that its orbit Orb(T,x) = {T"z; n > 0} is
dense in X.
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Definition 6.4. An operator 7" on a Banach space X is said supercyclic
if there exists a vector x € X such that its projective orbit Orb(T,z) =
{cI"x; n >0, c € C} is dense in X.

If ¢ is a self-map of the unit disk D without any fixed point in D, the
dynamics of the composition operator C, defined by C,(f) = f o ¢ has
been intensively studied by Bourdon and Shapiro in [6] and by Gallardo and
Montes in [16]. Their results on the Hardy space H?*(D) are:

e If  is a hyperbolic linear fractional map of D or a parabolic automor-
phism, C,, is hypercyclic on H?(D) whereas it is not if ¢ is a parabolic
linear fractional map which is not an automorphism. Via the linear
fractional model, these conclusions remain true if ¢ is a self-map of
parabolic or hyperbolic type which is sufficiently regular at the Denjoy-
Wolff point (see [6]).

o If ¢ is a linear fractional map of parabolic non-automorphism type,
then C,, is not even supercyclic (see [16]).

We show in this section how the linear fractional model of Bourdon and
Shapiro allows us to extend the result of Gallardo and Montes to a large class
of self-maps. Suppose that ¢ is a parabolic self-map of D whose Denjoy-
Wolff point is 1 and has C*™-smoothness at 1 (the relative definition is
given in [6]). We know that R(¢”(1)) > 0. If we suppose that ¢”(1) # 0,
the condition R(¢”(1)) > 0 is equivalent to the fact that ¢ is of parabolic
non-automorphism type. Such maps are best understood on the right half-
plane C, = {w € C: R(w) > 0} via the Cayley map o(z) = 1. Setting
¢ =0o0poc ! one has

¢(w):w+a+wL+1+F(w+1)

where a = ¢"(1), b = —2(S¢)(1) (S¢ is the Schwarzian derivative of )
and [I'(w + 1) < W, e > 0. We suppose moreover that ¢ extends
continuously to C; and that ¢(C,) C C,. We may also assume that ¢ is
univalent (otherwise C,, is not even cyclic). In this case, Theorem 4.12 of [6]

gives the existence of a holomorphic map v : C, — C satisfying
e vop=v+a.

e 1 is univalent.

e v may be written v(w) = w — 2log(1 4+ w) + B(w) with B a bounded
function.
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We assume moreover that R(b/a) > 0 (or equivalently Re”(1)(Sp)(1) < 0).
We are going to prove that C, is not supercyclic on H*(D). On the half-
plane, this means that Cjy is not supercyclicon H = {foo™': f € H*D)}
endowed with ||f o o7 |l% = [|f||u2m). We need the following elementary
lemma.

Lemma 6.5. There exists a« € C such that v(C1) DCo={weC : R(w)>a}.

Proof. Fix w € C, and z € C. The equation v(w) = z may be rewritten
b
w=2z+ alog(l +w) + B(w) :=z + f(w).

Now, it is easy to check that R (2log(1 + w)) = R(b/a)log |1 + w| + C(w)
where C'is a bounded function. In particular, our assumption R(b/a) > 0
ensures the existence of § € R such that R (2log(1+w)+ B(w)) > B.
Moreover, it is clear that f'(w) goes to 0 as $(w) grows to co. Thus there
exists 7 € R such that R(w) >~y = |f'(w)| < 3. To conclude, it suffices
to observe that if the real part of z is large enough, then w — z + f(w)
maps C, into itself and to apply the fixed point theorem. |

Of course, if v is a solution to vo¢ = v+a, then v —a remains a solution.
The previous lemma says that we may assume that C; C v(C,.).
We are going to inverse the linear fractional model (this is the main
-1

novelty of this part of the proof). Denoting 7,(w) = w + a and 0 = Ve

the linear fractional relation reads
Vo@g=T,0U.

We compose by o at the right handside to get:
vopoo =T,

This implies in particular that for any w € C,, v o ¢ o o(w) belongs to C,.
A composition by o at the left handside gives

poo =T,00.

Moreover, o(iR) is a Jordan curve. A standard argument now ensures that
the supercyclicity of C, would imply that of C.,, which is not supercyclic
by the result of Gallardo and Montes. For the sake of completeness, we give
the details. Suppose that Cy is supercyclic on ‘H, and let f be a supercyclic
vector for C. Let ubein H, and € > 0. Since o(iR) is a Jordan curve, Walsh
Theorem shows that C,, has dense range. So, let v € H with ||lu—vool| < e.
There exists n, € N and A\, € C such that

||)\pC¢[np]f — UH <e.
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Applying C, we get
IApf o gl oo —voal <el|Cy.
The use of the inverse linear fractional relation gives
[Ap(f 0 0) 0 Tnpa — ull < e+elColl.

This shows that f oo is a supercyclic vector for (', a contradiction. Sum-
marizing the previous discussion, we have proven the following.

Theorem 6.6. Let ¢ be a self-map of D, whose Denjoy-Wolff point is 1,
satisfying ¢'(1) = 1, R(¢"(1)) > 0 and R(¢"(1)(S¢)(1) < 0. Suppose
moreover that ¢ extends continuously to D with (T\{1}) C D. Then C,, is
not supercyclic on H?*(D).

Remark 6.7. The condition (¢”(1)(S¢)(1) < 0 already appears in [6].
It was the most difficult case to prove that the operator C, is cyclic. It is
not surprizing that it is the most easy case to prove that C, is not super-
cyclic. Of course, we may ask whether Theorem 6.6 remains true without
this condition.

On the ball, the situation concerning linear dynamics is not so clear
even for composition operators with linear fractional symbols. There are
(positive) results for the case of two boundary fixed points in [5] and the
following negative result in [4]: if ¢ is a generalized Heisenberg translation,
not an automorphism, then C, is not hypercyclic on H?*(B,). Our work
suggests the following natural question:

Question 6.8. Let ¢ : By — By be holomorphic, whose linear fractional
model is a generalized Heisenberg translation, not an automorphism. Is it
true that C, is not hypercyclic on H*(By)?
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