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of bounded orthonormal systems
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Abstract

In this article we prove that for any orthonormal system (cpj);-‘zl C
Lo that is bounded in L., and any 1 < k < n, there exists a subset I
of cardinality greater than n — k such that on span{y;}icr, the L
norm and the Ly norm are equivalent up to a factor p(log ,u)5/ 2 where
u = /n/ky/logk. The proof is based on a new estimate of the
supremum of an empirical process on the unit ball of a Banach space
with a good modulus of convexity, via the use of majorizing measures.

1. Introduction

We study some natural empirical processes determined by uniformly convex
Banach spaces with modulus of convexity of power type 2. Results of this
kind were extensively studied in a Hilbertian setting, and became an impor-
tant tool for investigations, for example, of the behaviour of various random
sets of vectors (as in [14, 15, 7, 16, 2, 6]). We then apply these results to ad-
dress a problem of selecting a subset of a bounded orthonormal system (for
example, a set of characters), in the spirit of a result of Bourgain (see [20])
and of Talagrand [20], that also has applications to a sparse reconstruction
([2, 16, 6]). A particular case of this result, formulated in Theorem 3, is a
so called Kashin’s splitting of a set of 2k orthonormal vectors in L, that is
bounded in L.
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Theorem. There exist two positive constants ¢ and C' such that for any
even integer n and any orthonormal system (¢;)5_, in Ly with ||l < L
for 1 < j <mn, we can find a subset I C {1,...,n} withn/2 —cy/n < |I| <
n/2 + cy/n such that for every a = (a;) € C",

’ Zaigoi < C' L +/logn(loglogn)®?
2

Z a;P;

iel L icl Ly
and

> aipi| < C Ly/logn(loglogn)™?| Y " ap;

igI Lo igI L

This result strengthens Theorem 2.4 of [6] and is almost optimal. We
have been told by J. Bourgain that the term \/logn is necessary. We would
like to thank L. Rodriguez-Piazza for showing us the details of the proof
of this optimality in the case of the Walsh system and for allowing us to
present the argument at the end of this paper. We thank also the referee
who remarks that this construction allows to show that this bound is almost
optimal for the trigonometric system as well. The technical proof of The-
orem 1 about empirical processes will be presented in the first part. It is
based on a construction of majorizing measures developped in [14] and [7]
and the main new ideas we use are some observations on packing and cov-
ering numbers.

2. Maximal deviation of the empirical moment

We begin this section with some definitions and notation. If £ is a normed
space we denote by E* the dual space to E' and the dual norm is denoted
by || [|«. The modulus of convexity of E' is defined for any ¢ € (0,2) by

r+y
2

5p(c) = inf {1 -

H el = Lyl = LJle —yll > }

We say that F has modulus of convexity of power type 2 if there is a constant
¢ such that dg(e) > ce? for every ¢ € (0,2). It is well-known (see e.g.,
[11], Proposition 2.4) that this property is equivalent to the fact that the
inequality

2

+ 272

r+y 2

2

r—y
2

(2.1) < (el + 1P)

holds for all x,y € E (where A > 0 is a constant depending only on c).
If (2.1) is satisfied then we say that F has modulus of convexity of power
type 2 with constant A (in such a case it is clear that dg(g) > £2/2)?).
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The notions of type (and cotype) of a Banach space were studied exten-
sively during the 70’s (see, for example, [10] and the survey [9]). A Banach
space E has type p if there is a constant C' such that for every N € N and
every ri,...,Tn

(2.2) E

N N 1/p
> g <0 S lal)
=1 =1

where g1, ..., gy are standard independent gaussian variables (that is g; ~
N(0,1)). The smallest constant C' for which (2.2) holds is called the type p
constant of £ and is denoted by T,(E).

Moreover, it is well known that if £ has modulus of convexity of power
type 2 then the dual space E* has also modulus of smoothness of power
type 2, and therefore, E* has type 2 (see, for example, [8, Theorem 1.e.16]).

2.1. Results on empirical processes

Our first theorem generalizes a result of Rudelson [15], proved in a Hilbertian
setting, to the case of a Banach space with modulus of convexity of power
type 2. In fact, in Theorem 1 we solve a question left open in [7] by remov-
ing the condition on the distance of F to an Euclidean space of the same
dimension.

Theorem 1. There exists an absolute constant C for which the following
holds. Let E be a Banach space with modulus of convexity of power type 2
with constant . Then, for every vectors X, ..., X,, in E*,

(2.3) E sup

yEBE

<

> el X))
j=1

m 1/2
< ON (e Viom s 1] s (10600
<j<m

yEBE ]:1
where the expectation is taken over the i.i.d. Bernoulli random variables
(€j)1<j<m and TH(E™) is the type 2 constant of E*.

The proof of Theorem 1 uses the same construction of a majorizing mea-
sure used in [14] and in [7], and this construction was inspired by the work of
Talagrand in [18]. The improvement in Theorem 1 compared with [7] comes
from entropy estimates that will be presented in Section 2.2. We will only
sketch the construction of the majorizing measure in Section 2.3 and explain
how the argument from [7] may be adapted using the new estimates.
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As it has been proved in [15], one can apply a symmetrization argument
due to Giné and Zinn [5] combined with Theorem 1 and deduce the following
result.

Theorem 2. There exists an absolute constant C' for which the following
holds. Let E be a Banach space with modulus of convexity of power type 2
with constant \. Let X be a random vector in E and set Xq,...,X,, to be
independent copies of X. If

1 1/2
A= CNTy(E") o8 (E max ||X]Hz> and o® = sup E|(X, y)|?

m 1<j<m yeBp
then
1 m
Esup [— Y106, — E[(X )2 < A2+ o A
yEBg | =1

We omit further details and refer the reader to one of the articles [15, 7,
16, 6].

2.2. Covering and packing numbers

The new ingredient of our proof, in comparison with [7], are estimates on
packing and covering numbers which we shall now discuss.

Definition 1. LetT" and B be symmetric convex bodies in a Banach space E .
Define N(T,B) to be the minimal number of translates of B mneeded to
cover T, i.e.

N(T,B) = inf {N,3{x,...,ax} C T such that T C U;V:lxj + B}.

We denote by M(T, B) the mazimal number of disjoint translates of B by
elements of T, 1i.e.

M(T,B) = sup {N,3H{axy,...,an} C T such that x; — xy ¢ B for j # k}.
It is well known that these two quantities are related by
(2.4) N(T,B) < M(T,B) < N(T,B/2).

Note that if E is a normed space, Bg is its unit ball and B = ¢Bp, then
M(T,eBg) is the cardinality of a maximal e-separated subset of 7" with
respect to the norm in E. Also, if S: X — Y is an operator, we sometimes
denote M (SBx,eBy) by M(S : X — Y,¢), and use a similar notation for
the covering numbers N.

The following is a combination of results that appeared in [1] and in [3]
(see Lemma 3.3 in [18]). We repeat its proof since we need precise estimates
on the dependence on the modulus of convexity of the space E.
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Lemma 1. Let E be a Banach space of modulus of convexity of power type 2
with constant A and denote by To(E*) the type 2 constant of E*.

Let X, ..., X, be vectors in E* such that for every 1 <j<m, || X;|[, <L,
and define for everyy € F,

HyHoom = 1@?& ’(Xéa Y) }

If e >0 and z4,...,xN € B are e-separated with respect to || - ||co.m then

e/log N < CN\?* Ty(E*) L\/logm

where C is an absolute constant.

Proof. Let (e;)!, be the standard basis in ¢]* and define S : ¢J* — E* by
Se, = X, for every £ = 1,...,m. Hence, for every £ # 0/, |S*(xy — )| > €
where | - | denotes the norm in ¢7. Thus,

N<M(S :E—02¢).

Since ||S]| = maxj<p<n || X¢|l« < L and E* has type 2, Proposition 1 in [3]
yields that

e\/log N(S : 4" — E*,e) < C LTy(E*)\/logm

where C' is an absolute constant. By (2.4), a similar estimate holds for
M(S : " — E* e), where C' is replaced by a new constant, also denoted
by C'. Define the function

f(e) =e\/log M(S : " — E* ¢)

and observe that f is bounded by C' L T5(E*)+/logm.
Since E has modulus of convexity of power type 2 with constant A,
Proposition 2 in [1] states that for every 6 > ¢/5,

M(S*:E—(7,e) <M(S*: E— {2,0)M(S: 7" — E*, cedp(e/50))

and recall that dp(e/0) > 2/8A\%62. Therefore, if

h(e) = e\/log M(S* : E — (™ &),

then the previous inequality implies that

)\292 3
v+ () 1 ()

where ¢, ¢ are absolute constants.

h(e) <

| ™
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Choosing 6 = 2¢ and taking the supremum in ¢, it follows that h is

bounded by
C' N> LTy(E*)\/logm
proving the announced result. |
The next lemma is a simple application of Sudakov’s inequality [17].

Lemma 2. There exists an absolute constant C for which the following
holds. Let E be a Banach space such that E* has type 2. Assume that
Xi,..., Xy are vectors in E* with sup <<, | Xjll« < L. Let oy, ..., o,
such that Y ;" i <1 and for everyy € E set

Iz = > 1(Xe,y)Paf.
=1
Ife >0 and z1,...,xy € Bg are e-separated with respect to | - |, then

ey/log N < CTy(E™)L.

Proof. Let & be the ellipsoid in R™ consisting of all y € R™ such that
yle, == (00, a2(y, e)?)"? < 1. Set H = (R™, |-|¢,) and define the operator
S : H* — E* by Se; = X;, where (e;)"; is the standard basis in R™. Note
that for every xz;, z;,

S* (i —xy)], = Y a(S™(w; — 1), e0)? = |wi — x5,

(=1

and thus the points {S*(z1),...,5*(zn)} are e-separated in | - |¢, and be-
long to S*(Bg). By (2.4), N < N(S*(Bg),(¢/2)&1). On the other hand,
& = T7YBy) where T : R™ — R™ is the diagonal operator Te, = ay ey.
Applying Sudakov’s inequality [17],

(2.5) ey/log N < ey/log N(S*(Bg), (¢/2)T-Y(By")) < CE  sup (G,2)
2€T(S*(Bg))

where G is a canonical Gaussian vector in ¢7" and C' is an absolute constant.
Moreover

E sup (G,z) = Esup (TG, S*y)

2€T(S*(BEg)) yEBE
m m 1/2
—B| S awx| < mE)(Lainl) < nEr
/=1 * /=1

where we have used the type 2 inequality for £* and the fact that for every
1 <?<m, || X« < L. The result now follows from (2.5). |
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2.3. Construction of a majorizing measure

The construction that we present here is the same one that was presented
in [14] and in [7]. Let Xi,...,X,, be m fixed vectors in E* and define the
random process {V, : y € Bg} by

V=2 el

where ¢; are independent symmetric Bernoulli random variables.

Our aim is to show that when E has modulus of convexity of power
type 2,

E sup |V, | <
yEBE

m 1/2
26) < ONTE) s 1] Vo (s 310600
== YEPE =1
for a suitable absolute constant C.

It is known that the process {V, : y € Bg} satisfies a sub-Gaussian tail
estimate, namely, that for every y,7 € E and any ¢t > 0,

P(Vy = Vgl 2 1) < 2exp (_JQ(C; @)
where m
P(3.7) = 3 (0G0 = 106G, 5) )

and c is an absolute constant.

It will be preferable to consider the following quasi-metric

m

&y, 1) = > WXy =D (X0 + (X5, 9 )
=1
and the quasi-norm || -+ ||oo,m endowed on E by

[ loeam = i |(X, 2.
The proof of inequality (2.6) is based on the majorizing measure theory of

Talagrand [19]. The following theorem is a combination of Proposition 2.3,
Theorem 4.1 and Proposition 4.4 of [19].
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Theorem [19] Assume that the process {V, : y € Bg} is subgaussian with
respect to a metric d. Let r > 2 and ky € 7Z be the largest integer such
that r=* is greater than the radius of Br with respect to the metric d. For
every k > kg let ¢y, : Bp — RT be a family of maps satisfying the following
assumption: there exists A > 0 such that for any point x € Bg, any k > ko
and any N € N

for any points 1, ...,xnx € B,—x(z) with d(z;,z;) > r "1 i#j

1
(H) we have nax Orra(x;) > op(x) + 1 r~*\/log N.

Then
Esup |V, = V| <cA- sup ¢p(2).

yEBEg k>ko,ze K

The construction requires certain properties of the quasi metric d and
the quasi norm || ||oom- We refer to Propositions 1 and 2 in [7] for precise
properties of these metrics and list the ones we require in the following
lemma.

Lemma 3. For every y,y € R" and every u € Bg,

2.7)  d(y,y) <2d(y,7),
2.8)  d(y,7) < V2|ly — Fllooyn VM,

1<j<m

2.10)  d*(z,7) < 8(lz =z, + Mz = Zom(llz — ul® + 2 — ul®)) ,

m

2, =) (X, 2)*(Xi,w)® and M = sup Y (X, y)[*

i=1 veBe ;o

Moreover, for every x € E and p > 0, the ball (with respect to the quasi-
metric d) centered in x and with radius p, denoted by B, (p), is conver.

Note that by combining (2.8) and (2.9) it follows that for every p > 0
and every r € Bg, infycp, () [|y|| is attained.

Proof of Theorem 1. Since there is only a finite number of points
Xq,...,X,, then by passing to a quotient of F we can assume that F is
a finite dimensional space. We will denote its dimension by n and obviously
one can assume that m > n. Also, recall that if E is a Banach space with
modulus of convexity of power type 2 with constant \ then every quotient
of E satisfies that property with a constant smaller than A (see, e.g., [8]).
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By the homogeneity of the statement we can assume that

m

(2.11) sup > (X 9P =1

yEBE j=1

and by inequality (2.7), V], is a sub-Gaussian process with the quasi-metric 2d.
Therefore, if we denote

L= max ||X,].

1<j<m

our aim is to show that

E sup |V,| < C M\ To(E*) L +/logm

yEBE

for an absolute constant C'.

By inequality (2.8), the diameter of Bg with respect to the metric d is
bounded by 2v/2L. Let r be a fixed number chosen large enough, set ko to
be the largest integer such that r~ko > 92./21 and put k1 to be the smallest
integer such that r=* < L/\/n, where n is the dimension of E. We shall
use the same definition of the functionals ¢y : Bp — R* as in [14] and [7],
namely:

1 N
Vk > ki 41 =1 ~£\/log(1 + 4Lr*
2> K1+ ,¢k(x) +210gT+L\/m£:Zklr Og( + T)
k— ko

logm

Vko < k < ki, ¢p(x) = min {||y||*, y € Bg,—«(2)} +

It is easy to verify using definitions of kg and k; that

sup  ¢p(z) < ¢,
x€BE,k>ko

where c is an absolute constant.
It remains to prove that our functionals satisfy condition (H) for

A=CMNTy(E*)L+/logm,

and that will conclude the proof of Theorem 1. |

Proof of condition (H). Fixintegers N and k, let * € Bg and x1,...,xy €
B,-«(x) for which d(x;,x;) > r=F1,
For k > k; — 1, we always have

Vnlog(l+4Lrk+2)
,
L+/logm

GOrra(xi) — Pr(z) >



1084 O. GuEpon, S. MENDELSON, A. PAJOR AND N. TOMCZAK-JAEGERMANN

Since the points zy, ..., xx are well separated with respect to the metric d,

then by (2.8) and (2.9),
s — ;] > 71/ LV2.

By a classical volumetric estimate (see, for example [12]), N(Bg,tBg) <
(1+2/t)" where n is the dimension of E. Therefore,

Viog N < \/n log(1 4 2v/2Lrk+1),

which proves the desired inequality.

The case ko < k < ky — 2 is more delicate and the main ingredients in
this part are the entropy estimates proved in part 2.2.

For j = 1,...,N denote by z; € Bp points at which min{||y||*,y €
Bg,—r-2(x;)} is attained and set u € Bg to be a point at which min{||y||%,y €
Bg,-x(x)} is attained. Put

0 = max|| 1> = ul],

and then max; ¢ a(z;) — ¢r(x) = 0 + —2-. We shall prove that

logm*

(2.12) o4+ 2 > r~%y/log N /A.

logm

Following [7], it is evident from the properties of B, (see Proposition 1
and 2 in [7] and Lemma 3) that for any i # j, d(z;,z;) > cr "' and that
d(x,z;) < 8" It implies that (z; + u)/2 € Bg,—«(x) and by the definition
of u, ||u|| < ||z; +ul|/2. Since Bg has modulus of convexity of power type 2,
then for all j = 1,..., N ||z; — ul| < AV/20. Thus, the set

U=u-+\20Bg

contains all the z;’s.
Fix an absolute constant ¢ to be named later, set

5= a2

and let S be the maximal number of points in U that are § separated in
| - |loo,m- By Lemma 1,

5y/log S < C N2 Ty(E*) L\/logm A V0

where C' is an absolute constant. We consider now two cases.
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First, assume that S > +/N. Then by the previous estimate and the
definition of 9,

Viog N < CTy(E*) L\/logm N> V8/ 5 < C'0 1% N To(E*)L \/logm

which proves (2.12).
The second case is when S < +/N. Since S is the maximal number of
points in U that are § separated with respect to || - ||co.m, U is covered by S

balls of diameter smaller than 0 in || - ||« m. Thus, there exists a subset J of
{1,..., N} with cardinality |J| > v/N such that

V'L,] - J, ||ZZ — Zj”oo,m S (5

Recall that for any y € F,

m

Wiz, =D (Xe ) PUXe )2 = [(Xe, ) o,
/=1

(=1

It is evident from (2.11) that > «a? < 1 and from (2.10) that for every
z,Z,u € b,

d*(2,7) < 8(|z — 2z, + Iz — 2% m(llz — ull* + 12 — ul*)).
Since d(z;, z;) > cr*71
lzi —ul| <20V0  and ||z — 2j]lsemm < O
for any 7,j € J, we can define ¢ small enough such that for all ¢ # j € J,
|2i — 2jle, > cr L
Thus, there are |.J| points in u+ Av/20Bg that are cr*~!-separated for |- |g, .
Using Lemma 2,
Vg |J| < CTy(E*)L * AV,

and a simple application of the arithmetic-geometric means inequality proves

that
2
Vieg N < CTy(E*)L v X\\/logm (9 + 1—) :

ogm

completing the proof of (2.12) (because A > 1). |
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3. Selecting an arbitrary proportion of a bounded or-
thonormal system

In this section, we will prove the

Theorem 3. There exist two positive constants ¢, C' such that for any ortho-
normal system (p;)7_; in Ly with |[¢;]|L., < L for 1 < j < n, the following
holds.

1) For any 1 < k < n there exists a subset I C {1,...,n} with |I| > n—Fk
such that for every a = (a;) € C",

(3.1) ’ Zaz‘%’ < C p (log )™ Zaz’%’
icl Lo il Ly
where p = L \/n/k+/logk.
2) Moreover, if n is an even integer, there exists a subset I C {1,...,n}

with n/2 — cy/n < |I| < n/2+ cy/n such that for every a = (a;) € C*,

’ Z aiP; Z a;P;

iel el

< C' L +/logn(loglogn)®?
2

L Ly

and

Z a;P;

il

Z a;P;

il

< C' L +/logn(loglogn)®?
Lo

Ly

Remark. Theorem 3 is satisfactory when k is an arbitrary proportion
of n. It strengthens Theorem A from [6] and extends the result of Tala-
grand [20] which is applicable only when |I| = n — k is a sufficiently small
proportion of n. Here we get an arbitrary proportion, with the distance
Viogn(loglogn)®/?, which is the right power of logn as we will see at the
end of the paper.

Define p = pjn, the restricted Kolmogorov k-width of the system as
the smallest number p such that there exists a subset I C {1,...,n} with
|I| > n — k satisfying

(3.2) <p

Z a;Pi

el

Z a;P;

el

Lo L1

for every a = (a;) € C" (see [6] section 3). It was proved in [2] that p =

O(y/n/klog®n). This result was improved to p = O(y/n/kv/Iogn log®? k)
in [16].
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The proof of Theorem 3 is based on a random method and follows the
argument given in [6] for proving Theorem 2.1. However, instead of working
with the space L;, which is not uniformly convex, we will approximate it by
an L, space for p “close” to 1 and use the full strength of the estimate given
in Theorem 2.

Proposition 1. There exist two positive constants ¢, C' such that for any
orthonormal system (p;)i—; in Ly with |||, < L for 1 < j < n, the
following holds.

1) For any p € (1,2) and any 1 < k < n there exists a subset I C
{1,...,n} with |I| > n — k such that for every a = (a;) € C",

C
(3.3) ’ Zai% < 75/2Lvn/k:\/logk Zaz‘%‘
iel L (=1 icl Ly
2) Moreover, if n is an even integer, there exists a subset I C {1,...,n}

with n/2 —cy/n < |I| <n/2+ c\/ﬁ such that for every a = (a;) € C",

Zazgoz § 5/2L\/ k+/logk ’Zazgoz

i€l el
and o
Z a;p; < W n/k+/logk Z a;p;
il Lz il Ly

Proof of Proposition 1. Let X be the random vector taking the value ;
with probability 1/n and denote by E the complex vectorial space spanned
by {¢1,...,0n}. Let 1 < k < mn and let Xy,..., X} be independent copies
of X. We define an operator I' : E — (5 by

k
VyeE, Ty=> (Xiye

=1

where (eq,...,e;) denotes the canonical basis of £5. Since (p;)7_; is an
orthonormal system of Lo, the basic properties of I' are:

, k
(D E [Tyl =~ vl

(77) ker I' = Span{ () . T\ (X)) 1}
We shall first prove that for any 5 € (0, 1), with probability greater than
1 — 0, the set (¢i)ier = {(¥;)j=1 \ (X~)f_1} satisfies

Zaigpi 5/2 L \% n/ \% IOg ’

el

V(a;)ier € Cl[l,

Qi Py
el

Lg_é(

for a universal constant C'.
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Let Sp, ={v : |ly||lz, = 1} be the unit sphere in Ly and observe that for
any star-shaped subset T' C Lo the following holds: if p > 0 satisfies

k

3.9 o (S0 - | <
veTNpSL, | 55 n 3n

then

(3.5) diam(kerI'NT) < p.

Indeed, condition (3.4) implies that for all y € T'N pSy,,

39 20 <yl < 22

The homogeneity of (3.6) and the fact that 7" is star-shaped imply that
if the lower bound in (3.6) holds for all y € T'N pSyg,, then the same lower
bound also holds for all y € T" with ||y|/z, > p. This in turn shows that if
y € kerI'NT then ||y||z, < p, as required in (3.5).

Since kerI' = span{(g;)}_; \ (X;)i_,}, we get for T = By, N E that
whenever p satisfies (3.4), then

Z a;P;

el

Z a;P;

el

<p
Lo Ly

for all scalars a;, proving that (3.3) is satisfied with the constant p.

In order to find p that satisfies (3.4) with positive probability we use
Theorem 2. Denote by E, the complex Banach space spanned by ¢1,..., ¢,
endowed with the norm defined by

2 -2 2\ 1/2
Iyl = lyllz, +p~llyllz, ‘
2

It is clear that (B, N E)NpBy, C Bp, C V2(Br, NE)NpBy, and that the
following properties are satisfied:

E, is a Banach space with modulus of convexity of power type 2
with constant A\™2 = p(p — 1)/8,

Ex is a Banach space of type 2 and To(Ey) < C\/q = Cy/p/(p—1).
Indeed, the first property follows from Clarkson inequality [4], that for any

.9 €Ly,

2 2
<

Ly

f+y 1
1552 SO, + gl

+p@;UHf;g

Ly

The second property is evident because for any ¢ > 2, L, has type 2 with
constant C'\/q.
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By property (i) of I', we get, taking ' = By NE and applying Theorem 2
to B,

Z(<XJ7 y>2 - E<Xj7 y>2>
Z(<XJ7 y>2 - E<Xj7 y>2>

Jj=1

=E sup
yETﬂpSL2

<E sup
yETﬂpBL2

< E sup
y€BE,

E(X;,v)°)

M-
=

J=1

< Kk(A* + Ao)

where o = sup,c g, [[¥ll2o/v/ < v/2p/y/ and

« [logk 1/2
A= CNT(E) (Emax lpsl13;)"
1
<Cp-1)7"L —Oik

since for every 1 < j <n, [l¢;lz: < [l¢;llr.. < L. By Chebychev inequality,
for any § € (0,1), we conclude that with probability greater than 1—4, there
exists X1, ..., X such that for any positive p,

@»I?v

k
sup | [[Tylliy — —p° (A* + Ao).

yGTﬂpSL2

To conclude, we choose a constant ¢ large enough such that, for

\/7 v/ logk 5/2,

the inequality (3.4) is satisfied with probability greater than 1 — .
The cardinality of the set (¢;)ier = {(¢;)/—; \ (Xi)I_,} is greater than
n — k and the first part of the proposition is proven choosing 6 = 1/2.

To prove the second part of the proposition, we make two more obser-
vations. First, if p > 0 satisfies (3.4) then we have proved that (3.6) holds
true. The upper estimate of this inequality implies that for all y € T'NpSy,,

k
> {eny)’ > Z (piy)’ =D (Xj,w)* = 0’ (1—3—9
j=1

el
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Since T is star shaped, we conclude as before that this inequality holds for
all y € T for which ||y||z, > p. If £ < 3n/4 then we have proved that if
y €T and {(p;,y) =0 for alli € I (ie. y € TN (kerT)L), then ||y|lz, < p.
But (kerI')* = span{(¢;)i¢s} and we conclude that if p > 0 satisfies (3.4)
with & < 3n/4 and T' = By, N E then for any (a;)j-, € C",

‘ Z aipi|| = p Z aipi
iel L iel Ly
and
Z a;; <p ‘ ZaiSOi
igl Lo il Lyp

Secondly, it is not difficult to prove with a combinatorial argument (see
Lemma 1.3 in [6]) that if & = [An] with A = log 2 < 3/4 then with probability
greater than 3/4,

(3.7) n/2—cyn<|I|=n-|{Xy,...,Xe} <n/2+cv/n,

for some absolute constant ¢ > 0. Choosing 6 = 1/2, we get that with
a positive probability, both inequalities (3.4) and (3.7) are satisfied. This
concludes the proof of the second point of the Proposition 1. |

Proof of Theorem 3. For any p € (1,2), Holder inequality states that for
0= (2-p)/p,
1£1lz, < IFIZ AL’

Let = L+/n/k+/logk and choose p = 1 + 1/log u. Using Proposition 1,
there is a subset I of cardinality greater than n — k for which

Z a;P; Z a;P;

el icl

< Cpﬂ’

Lo Ly

where C, = C/(p — 1)>/2. By the choice of p and Hélder inequality,

Z aipi Z @i Pi Z a;Pi

iel icl el

< Cuh(p)

< pu C[I:/(%p)lt?(pfl)/(?fp)

Lo Ly Ly
where h(u) = (log £)°/? and C' is an absolute constant.

The same argument works for the second part of the Theorem 3. |
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Appendix

As we mentioned in the Introduction, from a result of J. Bourgain Theorem 3
is “almost” optimal. We would like to thank L. Rodriguez-Piazza for showing
us the details of the proof of this optimality in the case of the Walsh system.
We consider the Walsh system on L»[0, 1] and take the n first functions with
n = 2V, In that case, it is well known that (¢4, ..., ¢,) form a commutative
multiplicative group that we denote by (G, ). The main result is based
on constructing in any subset of a group a translate of a subgroup of big
cardinality.

Lemma 4. Let (G,-) be the multiplicative group generated by the 2N first
Walsh functions. For any ¢ € (0,1) and for any subset A C G with
IA] > ¢2V, we can find b € G and a subgroup T of G such that, when-
ever log(1/c) > 1/2N/2,

1. |P|=27> Nlog2/ (3log(1/c))

2. b-T'CA.

Assuming this result, we are able to prove the almost optimality of The-
orem 3 in the case of the Walsh system (1, .., p,) with n =2, Let I be
a subset of cardinality n — k with k& > y/n. Taking ¢ = 1 — k/n, we have
log(1/¢) > k/n > 1/y/n and Lemma 4 states that there exists b € (¢;)",
and a subgroup I" of G such that b-T' C (¢;)ic; and || > (nlogn)/(20k).

However, on any subgroup I' of G, the L; norm and the L, norm can not
be compared with a better estimate than /|I'| since

Syl =V

vyel Lo verl

Ly

Therefore, inequality (3.1) can not be satisfied with a better constant than
/nlogn/20k. In particular when k is proportional to n, the factor v/logn

is necessary in (3.1).

Proof of Lemma 4. We will prove the result in the case of the abelian
additive group G = ({0,1}",+). Note that this lands to a minor change of
notation. Let n = 2V be the cardinality of this group.

Let 71 € G\ {0} be such that |(y; + A) N A| is maximal and define
A1 = (1 +A)NT. Applying convolution, it is evident that

Yo llg+M)NA] = AP

geG
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and thus

2 _ —
A=Al o 1= 1en
n—1 1—-1/n

> ?n <1—i).
- cn

For notational convenience, we define 75 = 0 and Ay = A. We iterate
this procedure to construct a family of points 7; and sets A; such that

1
Ml = — > g+ M) NA|=
g€G\{0}

(Z) Yj é gr{71a"'a7j—l}7
(i)  A; = (v;+Aj-1) N A;_; has maximal cardinality,

) 2j71 _—
(ii) |Aj] > Fn (1 s (1/c+ 1)l ’)) ,
n

where gr{vi,...,7v,;-1} is the group generated by {71,...,7;-1}. Once v;_1
and A;_; are constructed, we again use the fact that

> g+ M) N A = A
geG
and deduce that
> (g + Ajm1) DAy | = Ay = 2770 A,

9€G\gr{V1,...,vj—-1}

Therefore, there exists v; ¢ gr{v1,...,7j-1} and A; = (y; + Aj_1) N Aj_; of
maximal cardinality such that
|A; 4] — 2771
Al = (A ===

and (7it) follows from a straightforward computation.
This construction can be continued as long as

p—1

-2 <1/c+ L+ 1/c2(”*1)) > 0.
This means that if p is an integer such that

(3.8) n > 1)2(”’1)/02@71>

then A, # 0. Let b € A, we shall prove that

b+ gr{v,..., 7} CA.
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Indeed let z € b+ gr{vi,...,7,} and define (eq,...,¢,) € {0,1}” such that
r=b+> &7. Sincebe A, =A,_1 N (7 + A,_1), there exists \,—1 € A,y
such that b = €,y,+ Ap—1. If one repeats the same argument for A\,_; instead
of b, then at the last step, we get Ay € Ay = AN (7 + A) and again, there
exists A € A such that \; = £19; + A\. Summarizing, we have found A\ € A

such that
p
i=1

Therefore
p
r=b+ eyi=AEA
i=1

To conclude, we have to notice that if p is chosen to be the integer such that

217 > M 2p_1 then
3log(1/c)
2(p—1) 2 Nlog2/3log(1/c)
pQ(p—l) 1 M 1 < N29N/2+N/3 < oN
c 310g(1/c)

using the fact that log(1/c) > 1/2V/2. The inequality (3.8) is satisfied and
Lemma 4 holds true. |

Remark. We would like to thank the referee for pointing out to us that the
bound of Theorem 3 is almost optimal for the trigonometric system as well.
Indeed, let n = 2" and let ¢;(t) = exp(2imjt) for j =0,...,n — 1. Define a
one-to-one mapping F : {0,1}¥ — {0,...,n — 1} by

N
F(El, R ,EN) = Zaﬂj_l.
j=1

Let I C {0,...,n — 1} be a subset of cardinality n — k. By Lemma 4, the
set A = F~1(I) contains b - T’ where I = gr(vi, .. .,7,). This means that for
any set J C {1,...,p}, F(b) +>_,c; F(v;) € I. Therefore, the function

p
H 1+¢F(’YJ

Jj=1

is contained in span(¢;,j € J). Obviously,

10z, = VT,
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