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Extension of C™®-Smooth Functions

by Linear Operators

Charles Fefferman

Abstract
Let C™®(R™) be the space of functions on R™ whose mt" deriv-
atives have modulus of continuity w. For E C R™, let C™%(E) be
the space of all restrictions to E of functions in C™®(R™). We show
that there exists a bounded linear operator T : C™%(E) — C™®(R™)
such that, for any f € C™®(E), we have Tf = f on E.

0. Introduction

Let f be a real-valued function defined on a subset E C R™. Continu-
ing from [10,...,14], we study the problem of extending f to a function F,
defined on all of R™, and belonging to C™(R™) or C™®(R"™). (See also
Whitney [23,24,25], Glaeser [16], Brudnyi-Shvartsman [3,...,9,18,19, 20,
and Bierstone-Milman-Pawtucki [1,2]). Here, C™“(R™) denotes the space of
all C™ functions on R™ whose m*" derivatives have modulus of continuity w.
In this paper and [15], we show that an essentially optimal F can be found
by applying a linear operator to f. We begin with a few basic definitions.

As usual, C™(R"™) consists of all real-valued C™ functions F on R™, for
which the norm

| Fllcm@gn)= max sup 19PF(x)|
BI<m xeR™

is finite.
Similarly, for suitable functions w : [0, 1] — [0, 1], the space C™®(R")
consists of all real-valued C™ functions F on R™, for which the norm

OPF(x) — PF
(1) || F ||Cm.w(Rn): max{ || F ||Cm(Rn)’ ‘rnax sup ’ (X) (y)’}

Bl=m x,yern w(|x_y|)
0<|x—yl<1

is finite.
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We require that w be a “regular modulus of continuity”, which means
that it satisfies the following conditions:

w(0) = lim w(t) =0;
t—0+

w(l) =T,

w(t) is increasing;

w(t)/t 1is decreasing.

(We do not require that w(t) be strictly increasing, or that w(t)/t be strictly
decreasing.) This is a very mild restriction on w.

Now let E be an arbitrary subset of R™. We write C™(E) for the Banach
space of all restrictions to E of functions F € C™(E). The norm on C™(E)
is given by

(2) | f{lemE = inf{|| F||cm@n): F€ C™(R™) and F=fon E}.

Similarly, we write C™%(E) for the space of all restrictions to E of functions
in C™®(R™). The norm on C™®(E) is given by

| f]lcmwE = inf{|| F|lcmemgn: F€C™(R") and F=fon E}.

Theorem 1. Given a non-empty set E C R™, and given m > 1, there
exists a linear map
T: C™(E) —» C™(R"),

with the following properties.

(A) The norm of T is bounded by a constant depending only on m and n.

(B) For any f € C™(E), we have Tf =f on E.

Theorem 2. Given a non-empty set E C R™, a reqular modulus of conti-
nuity w, and an integer m > 1, there exists a linear map

T: C™®(E) - C™*(R"),
with the following properties.
(A) The norm of T is bounded by a constant depending only on m and 1.
(B) For any f € C™®(E), we have Tf =f on E.

This paper contains the proof of Theorem 2, together with a substantial
generalization of Theorem 2 that will be needed for the proof of Theorem 1.
The proof of Theorem 1 appears in [15].
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To state our generalization of Theorem 2, we introduce some notation and
definitions, most of which come from [12,14]. We fix m,n > 1 throughout
this paper. We write R, for the ring of m-jets of (real-valued) smooth
functions at x € R™ If F € C™(R™), then we write J(F) for the m-jet of F
at x. We identify J,(F) with the Taylor polynomial

T M ICC IR
IBl<m
Thus, as a vector space, R, is identified with the vector space P of mt
degree polynomials on R™.
Now suppose we are given a point x € R™ a subset 0 C R,, and a
positive real number A. We say that “o is Whitney convex with Whitney
constant A” if the following two conditions hold.

(I) ~ The set ¢ is closed, convex, and symmetric (i.e., P € o implies —P € o).
(I) Let P € o, Q€ Ry, d € (0,1]. Suppose that P and Q satisfy

(a) [0PP(x)| 5™ 1Bl for |B| < m, and

(b) [PPQ(x)| < &P for [B] < m.

Then P ® Q € Ao, where ® denotes multiplication in R,.

If w is a regular modulus of continuity, then we say that “o is Whitney
w-convex with Whitney constant A”, provided (I) and (IT) hold, with (II)(a)
replaced by

<
<

0PP(x)| < w(8) - 8™ Pl for [B| < m.

Note that whenever ¢ is Whitney convex with Whitney constant A, it follows
trivially that o is also Whitney w-convex with Whitney constant A.

The notion of Whitney convexity is not well understood, but there are
interesting examples of Whitney convex sets. Moreover, Whitney convexity
plays a crucial role in our solution [12] of “Whitney’s extension problem”,
which is closely related to Theorem 1, and which we discuss later in this
introduction.

Now let E C R™ be non-empty, and suppose that, for each x € E, we are
given a convex, symmetric subset o(x) C R,.

We will define a space C™(E, o(-)), generalizing C™(E).

This space consists of families of m-jets,

f = (f(x))xee, with f(x) € Ry for each x € E.

We say that f belongs to C™(E, o(-)) if there exist a function F € C™(R™)
and a finite constant M, such that

(3) | Fllemmn) < M, and Jx(F) € f(x) + Mo(x) for all x € E.

The seminorm || f||cm(g,o(.)) is defined as the infimum of all possible M in (3).
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Similarly, let E, o(x) be as above, and suppose once more that f =
(f(x))xer, with f(x) € R, for each x € E. Let w be a regular modulus of
continuity. We say that f belongs to C™®(E, o(-)) if there exist a function
F e C™®(R") and a finite constant M such that

(4) || Fllememny < M, and J4(F) € f(x) + Mo(x) for all x € E.

The seminorm || f ||cm.w (g o)) is defined as the infimum of all possible M
in (4).

Thus, C™(E, o(-)) and C™%(E, o(-)) are vector spaces equipped with
seminorms.

We are now in position to state our generalization of Theorem 2.

Theorem 3. Let w be a reqular modulus of continuity, and let E C R™
be non-empty. For each x € E, let o(x) C Ry be Whitney w-convex, with a
Whitney constant A independent of x. Then there exists a linear map

T: C™®(E, o)) = C™*(R™)
with the following properties:

(A)  The norm of T is bounded by a constant depending only on m,n and A.

(BBBB ) If || f|lcmw o< 1, then J«(Tf) € f(x) + A’o(x) for all x € E,
with A’ depending only on m,n and A.

To recover Theorem 2 from Theorem 3, we simply take
(5) o(x) ={PeRe: P=0atx} foreach x € E.

One checks trivially that o(x) is Whitney w-convex with Whitney con-
stant 1. Theorem 3 for the case (5) easily implies Theorem 2. (To see this,
we use a natural injection i from C™%(E) into C™®(E, o(-)) with ¢ as
in (5). The injection is given by (if)(x) = [the constant polynomial f(x)] for
fe C™®(E) and x € E.)

An intermediate result between Theorems 2 and 3 may be obtained as
follows. Let w be a regular modulus of continuity, let E C R™ be non-empty,
and let 0: E — [0, 00).

We say that F: E — R belongs to C™®(E, o) if there exist a function
F e C™®(R") and a constant M < oo such that

(6) | Fllemern< M and [F(x) —f(x)| < Mo(x) for all x € E.

The norm || f ||cm.w(g5) is defined as the infimum of all possible M in (6).
Taking

(7) o(x) = {PeR,: |P(x)] < o(x)} for each x € E,

we again find that o(x) is Whitney w-convex, with Whitney constant 1.
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In this case, Theorem 3 specializes to the following result.

Theorem 4. Let w be a reqular modulus of continuity, let E C R™ be
non-empty, and let 0 : E — [0,00). Then, there exists a linear map

T:C™“(E,0) - C™*(R™)
with the following properties.

(A) The norm of T is bounded by a constant depending only on m and n.

(B) If || f |lcmwEs < 1, then [Tf(x) —f(x)| < CoO(x) for allx € E, with C
depending only on m and n.

Theorem 4 specializes to Theorem 2 by taking o = 0.
The case w(t) =t of Theorem 4 was proven in [10].

We are interested in Theorem 3 in full generality, primarily because it
easily implies the following result, which forms a first step in our proof of
Theorem 1 in [15].

Theorem 5. Let E C R™ be a non-empty finite set.
For each x € E, let o(x) C R, be Whitney convex, with Whitney constant A.
Then there exists a linear map
T:C™E, o)) = C™(R™)
with the following properties.

(A) The norm of T is bounded by a constant depending only on m,m and A.
(B) If || fllemeorn< 1, then Jx(Tf) € f(x) + A’o(x) for all x € E, with A’
depending only on m,n and A.

To deduce Theorem 5 from Theorem 3, we invoke the following version
of the classical

Whitney Extension Theorem. Let w be a reqular modulus of continuity, and
let E C R™ be closed and non-empty. Suppose we associate to each x € E a
polynomial P* € P. Assume that the P* satisfy the estimates

(a) [0BPX(x)| <1 for |B] <m, x € E; and

(b) [PB(P*—PY)(y)l < w(lx—yl) - Ix—y/™ ¥ for |B] <m,|x—yl < T,
x,y € E.

Then there exists a function F € C™®C(R™), with the following properties.

(A) || Flleme@n)< C, with C depending only on m and n.
(B) Jx(F) = P* for allx € E.
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Now let E and o(-) be as in the hypotheses of Theorem 5. Since E is
finite, the constant & = miny yeg xzy X — Y| is strictly positive. We define
w(t) = min{d7't, 1} for t € [0,1]. One checks trivially that w is a regular
modulus of continuity. Since each o(x) is Whitney convex with Whitney
constant A, we know that o(x) is Whitney w-convex with Whitney constant
A. Moreover, we have w(|x —y|) = 1 for any two distinct points x,y € E.
Consequently, the Whitney Extension Theorem tells us that

(8) C™(E, o(-)) = C™(E, o)), and that
(9) [ fllemEon S lleme®orn < Crll fllem o)

for all f € C™(E, o(-)), with ¢y and C; depending only on m,n.

In view of (8) and (9), Theorem 5 follows at once from Theorem 3, by
taking w as above.

Thus, Theorems 2,..., 5 all follow from Theorem 3. We give the proof
of Theorem 3 in Sections 1,..., 5 below. See also Section 6, where we give
refinements of Theorems 2,..., 5.

This paper is part of an effort by several authors, going back to Whit-
ney [23,24,25], addressing the following questions.

Whitney Extension Problems. Suppose we are given a subset E C R™, and
a Banach space X of functions on R™ (We might take X = C™(R™) or
X = C™®(R"™).)

Let X(E) denote the Banach space of all restrictions to E of functions in X.

Problem 1: How can we tell whether a given function on E belongs to X(E)?

Problem 2: Is there a bounded linear map T : X(E) — X such that Tf‘E =T
for all f € X(E)?

Whitney [24] settled these questions for X = C™(R) in one dimension
(n = 1) using finite differences; and he discovered the classical Whitney
extension theorem.

G. Glaeser [16] settled the case X = C'(R™) in terms of a geometrical
object called the “iterated paratangent space”. Glaeser’s work influenced
all subsequent work on Whitney’s problems.

A series of papers [3,...,9,18,19,20] by Y. Brudnyi and P. Shvartsman
conjectured solutions to Problems 1 and 2 for X = C™®(R"™) and related
spaces. They proved their conjectures for the case m = 1 by the elegant
method of “Lipschitz selection”, which is of independent interest. Their work
on Problem 1 involves restricting attention to an arbitrary subset of E with
cardinality bounded by a constant k* determined by the space X. See [9],
which produces linear extension operators from (m— 1)-jets into C™®(RR™).
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This may be viewed as an instance of our Theorem 3. We refer the reader
to [3,...,9,18,19,20] for additional results and conjectures.

The next progress on the Whitney problems was the work of E. Bierstone,
P. Milman and W. Pawtucki [1]. They discovered an analogue of Glaeser’s
iterated paratangent space relevant to C™(R™). They conjectured a geo-
metrical solution to Problem 1 for X = C™(R™) based on their paratangent
space, and they showed that a version of their conjecture holds for subana-
lytic sets E.

My own papers [10,...,15] study Problems 1 and 2 above for X=C™®(R")
and X = C™(R™), and broaden the discussion by introducing o(x) and o(x)
as in Theorems 3 and 4 above. See also Bierstone-Milman-Pawtucki [2] in
connection with [12].

Theorems 1 and 2, as stated here, solve Problem 2 for X = C™(R™) and
for X = C™®(R™).

We refer the reader also to A. Brudnyi and Y. Brudnyi [4] for results
on the analogue of Problem 2 for X = Lip(1), with R™ replaced by a more
general metric space. See also N. Zobin [26,27] for the solution of another
problem, also going back to Whitney’s work, that may be closely related to
Problems 1 and 2.

We know very little about Problems 1 and 2 for function spaces other
than C™ and C™®.

It is a pleasure to acknowledge the influence of E. Bierstone, Y. Brudnyi,
P. Milman, W. Pawtucki, P. Shvartsman, and N. Zobin. I am grateful to
Gerree Pecht for IXTEXing my paper to the highest standards.

1. Plan of the Proof

In this section, we explain our plan for the proof of Theorem 3. We recall
the main result of [14], namely

Theorem 6. Given m,n > 1, there exists k*, depending only on m andn,
for which the following holds.
Let w be a reqular modulus of continuity, let E C R™, and let A > 0.
For each x € E, suppose we are given an m-jet f(x) € Ry, and a Whitney
w-convex subset o(x) C R, with Whitney constant A. Suppose that, given
S C E with cardinality at most k¥, there exists FS € C™®(R™), satisfying

| F° leme@y < 1 and J(F?) —f(x) € o(x) forallx €S.
Then there ezists F € C™®(R™), satisfying
| Fllemewrn < A"y and  Ji(F) —f(x) € A'a(x) for all x € E.

Here, A’ depends only on m,n and on the Whitney constant A.
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We will prove a modification of Theorem 6 in which the m-jet f(x) and
the function F depend on a parameter &. We take & to belong to a vector
space =, equipped with a seminorm | - |.

We don’t assume that our seminorm is a norm, or that = is complete.

Our modification of Theorem 6 is as follows.
Theorem 7. Given m,n > 1, there exists k*, depending only on m andn,
for which the following holds.

Let = be a vector space with a seminorm | - |. Let w be a reqular modulus
of continuity, let E C R™, and let A > 0.

For each x € E, suppose we are given a linear map & +— fg(x) from =
mto Ry.

Also, for each x € E, suppose we are given a Whitney w-convexr subset
o(x) C Ry, with Whitney constant A.

Assume that, given & € = with |E| < 1, and given S C E with cardinality
at most k7, there exists Fg € C™®(R"), satisfying

(1) | F lomw@n< 1, and Jx(F?) —fe(x) € o(x) for allx € S.

Then there ezists a linear map & — Fg, from = into C™®(R"™), such that,
whenever |E] < 1, we have

| Fe [lemwmn)< A’y and Ji(Fe) — fe(x) € Alo(x) forallx € E.
Here, A’ depends only on m,n, and on the Whitney constant A.

Theorem 3 follows easily from Theorem 7. To see this, assume the hy-
potheses of Theorem 3, and take = = C™%(E, o(-)), equipped with the
seminorm & = 2 || f ||emw(gor) for & = f € C™@(E,o(-)). There is a
tautological linear map & +— f¢(x) from = into R,, for each x € E. In fact,
for & = (f(x))xee € C™@(E, o(-)), we just set f¢(x) = f(x).

We check that hypothesis (1) of Theorem 7 holds here.
In fact, suppose & =f = (f(x))xee € =, with |E] < 1.

Then || f ||cmw g o)< 1/2. By definition, this implies that there exists
F e C™®(R"), satisfying

| Fllememn<1, and Jx(F)—f(x)€o(x) foralxet.

Consequently, given any subset S C E, (1) holds with F =F.
Thus, (1) holds here, as claimed.
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Applying Theorem 7, we obtain a linear map f — F¢, from C™%(E, o(-))
into C™“(RR™), such that, for f = (f(x))xee € C™®(R™) with || f ||cme (£,00))
< 1/2, we have

| Fellemeo@mn< A, and  Jy(F¢) —f(x) € A'o(x) for all x € E.

This immediately yields the conclusion of Theorem 3, with 2A’ in place
of A’. The reduction of Theorem 3 to Theorem 7 is complete. We turn our
attention to the proof of Theorem 7.

Except at a few key points, we can simply carry along the proof of Theo-
rem 6, and every relevant quantity will depend linearly on our parameter &,
However, at a few key points, the proof of Theorem 6 makes non-linear con-
structions. Here, new arguments are needed. We proceed by adapting [10],
where a transition like that from Theorem 6 to Theorem 7 was carried out
in an easier case.

After a few elementary results on convex sets (given in Section 2 below),
we prove in Section 3 the basic lemmas that preserve linear dependence on &
in the few crucial places where the arguments in [14] depart from it. The
adaptations of [14] needed for Theorem 7 are then given in Section 4. At
every point in Section 4 where one needs an idea, we apply a result from
Section 3.

We will use freely the classical Whitney extension theorem for C™®(RR™),
which we now state in the case of finite sets E.

Whitney's Extension Theorem for Finite Sets.

For a finite set E C R™, let C(E) denote the space of maps x — P* from E
into P.

Then, given a finite set E C R™ and a regular modulus of continuity w,
there exists a linear map T : C(E) — C™®(R™), with the following proper-
ties.

(A)  Suppose F = TP, with P = (x — PX) € C(E).
Then J(F) = P> for all x € E.

(B)  Suppose F = TP, with P = (x — PX) € C(E).

Assume that P satisfies

(i) [0*P*(x)| <1 for || <m, x € E;and

(i) [0%(P*~P¥)(y)] < w(lx—yl)-x—yl™ ™ for [of <m, x,y € E,x—yl < 1.
Then || F||cme®n)< C, with C depending only on m and n.

A proof of Whitney’s extension theorem as stated here (but without the
restriction to finite sets) may be found in [16, 17,21, 23].
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2. Elementary Properties of Convex Sets

We start by recalling the Lemma of Fritz John.

Lemma 2.1. Let 0 C R% be a compact, convex, symmetric set with non-
empty interior. Then there exists a positive-definite quadratic form g on R4
such that

xeRY:g(x)<clcoc{xeRy:g(x) <1},
with ¢ > 0 depending only on the dimension d.

For a proof of Lemma 2.1, see e.g. [22].
We need to weaken the hypotheses of Fritz John’s Lemma. To do so, we
first prove the following.

Lemma 2.2. Let 0 be a closed, convex, symmetric subset of R,

Then we can write RY as a direct sum of vector spaces RS =1, & 1, ® I3,
in terms of which we have ¢ = o1 @ I, @& {0}, with o1 C Iy compact, conver,
and symmetric, and having non-empty interior in 1.

Proof. Set
[ = ﬂ)\a and IT = U)\a.

A>0 A>0

One checks trivially that I and I are vector subspaces of RY, with I C I*.
Hence, we may write R as a direct sum

(1) Rd = I] D Iz D 13, with
(2) I=LandI"T=1,® L.
Note that if v e 0 and w € I, then v+w € 0. To see this, let T € (0,1),

and write

1T—1tv+w=(1—-1)v+1(t'W) € (1—1)0 + 10 = 0.
Letting T — 0+, and recalling that o is closed, we obtain v+ w € o as
claimed.

We have also 0 C I". These remarks show that, in terms of the direct
sum decomposition (1), we have

o=01D®L®{0}

with o7 C I closed, convex, and symmetric.
It remains to show that oy is compact and has non-empty interior in [;.
By virtue of (2), any non-zero x € Iy @ {0} @ {0} belongs to It but not
to I. Consequently,

(3) Given x € 11 {0}, there exist A, A > 0 with x € Aoy but x ¢ N o;.
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Let eq,...,en be a basis for I. By (3), there exist Ay,..., Ay > 0, with
e; € Aoy for i = 1,...,m. Consequently, if [t1],[t2],...,[tm] < 1, then
tie; + - - - 4+ tmem belongs to (A + -+ -+ A )oy. It follows that oy contains
a neighborhood U of the origin in .

Next, let S be the unit sphere in I, and suppose we are given X € S.
Then, for some A > 0, we have X ¢ Aoy, thanks to (3). If x € S is so close
to X that X —x € %AU, then we cannot have x € %7\0. (Otherwise, X — x
and x would both belong to 1%01, hence X € Aoy. ) Hence, given X €S,

there exist a neighborhood Uof X in S, and a positive number 7\ such that
X ¢ 7\0‘1 for all x € U. By compactness of S, it follows that there exists A>0
such that no point of S belongs to Aoy. It follows that Aoy is contained in
the open unit ball in I;. (If x € Aoy with [x| > 1, then |x|7'x € Aoy N S.)
Thus, o7 is bounded. Since also o7 is closed, it is compact.
The proof of Lemma 2.2 is complete. |

Combining Lemmas 2.1 and 2.2, we obtain at once the following result.

Lemma 2.3. Let 0 C RY be closed, convex, and symmetric.
Then there exist a vector subspace I C R and a positive semidefinite
quadratic form g on 1, such that

(Pel:g(P)<ctCoC{Pel:g(P) <1}
with ¢ > 0 depending only on the dimension d.

Next, we prove a variant of Helly’s theorem [22]. In [10], we proved the
following result.

Lemma 2.4. Let (04)aca be a finite collection of compact, convex, sym-
metric subsets of R, with each o4 having non-empty interior.

Then there exist &1, X2, ..., Xq.(a+1) € A, such that
d-(d+1)
ﬂ 00 CC- [ 0w
xcA

with C depending only on the dimension d.
We will need the following variant of the above result.

Lemma 2.5. Let (04)aca be a finite collection of compact, convex, sym-
metric subsets of RY.

Then there exist xq, X2, ..., X112 € A, such that
(d+1)2
ﬂ 0 CC- ) Ows
xcA

with C depending only on the dimension d.
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Proof of Lemma 2.5. By Lemma 2.2, for each o« € A there exist a vector
space I, C RY and a positive number €4, such that

(4) {xely:|x|<eq CoxCl,.
Let T = MNaes Lo and let 0 =
(5) 6C1, and

wea O Since A is finite, (4) shows that

(6) © contains a neighborhood of 0 in L

For each o € A, let Ox = Oy NT. Thus, each 0 is a compact, convex, sym-
metric subset of I. Moreover, each 0, has non-empty interior in I, thanks
to (6). We have also
6= ()%« by(5).
e A
Hence, we may apply Lemma 2.4, with Tin place of R4, Thus, there exist
K1y ooy Xa(darn) € A, such that

d-(d+1)
ﬂ 0x CC - ﬂ 0y, with C depending only on d.
i=1 xeA
That is,
d-(d+1)
(7) 1In ﬂ 06 CC ﬂaa
i=1 xe A

Next, we pick successively (31,2, -+ € A by the following rule.

Once we have picked 1, -, Bi_1 (which is true vacuously when i = 1),
we pick any B; € A such that dim(Ig, N---N 1) < dim(Ig, N---NIg ;).
If there is no such B; € A, then the process of picking 3’s stops with (3;_;.
Since 0 < dim(Ig, N---NIg,) < d—1i41 by induction on i, the process of
picking 31, 32--- must end with some 35,5 < d+ 1.

Given any 3 € A, we cannot have dim(Ig, N---NIg,NIg) < dim(Ig,N---N
I, ), since the process of picking (31,32, -+ stops with 5. Consequently,

8) I=()Ig=1Is NNl
peA

From (4) and (8), we see that og, N---Nop, C T, and therefore (7) implies

d-(d+1)
(9) o N---Nog,N [) 06 CC- () 0w
i=1 xeA

with C depending only on the dimension d. Since s < d + 1, the number of
o’s being intersected on the left in (9) is at most (d+1)+d-(d+1) = (d+1)2
The proof of Lemma 2.5 is complete. |
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Although I haven’t found Lemmas 2.3 and 2.5 in the literature, these
elementary results are very likely known, and in a sharper form than the
versions stated here.

We will need also the following slight variant of Lemma 2.4.

Lemma 2.6. Let (04)aca be a collection of compact, convexr symmetric
subsets of RY. Assume that

(10) ﬂ 0 has non-empty interior in R?.
axeA
Then there exist &1, ..., xq.(a+1) € A, such that
d-(d+1

(d+1)
ﬂ coqg(lﬂo“.

i=1 e A
with C depending only on the dimension d.

Lemma 2.6 differs from Lemma 2.4 in that we now assume (10) in place
of the finiteness of A. Since the finiteness of A was used in the proof of
Lemma 2.4 in [10] only to establish (10), that proof gives us Lemma 2.6 as
well.

3. Linear Selection by Least Squares

The results in this section show that certain choices can be made to
depend linearly on a parameter & in a vector space =, by using least squares.

Lemma 3.1. Suppose we are given a vector space = equipped with a semi-
norm | -|, a constant A > 0, a point xo € R™, a number & € (0,1], a reqular
modulus of continuity w, a closed conver symmetric subset o9 C Ry, and a
linear map & — fo ¢ from = into Ry, .

Assume that, whenever & € = with |E] < 1, there exists F € C™(R™), with

(a) [0PF(xo)| < Aw(d) - ™ Bl for [B| < m; and
(b) ]Xo (F) € fo‘a + AO'().

Then there exists a linear map & — Fa, from = into C™*(R"™), such that,
whenever & € = with |E] < 1, the following hold.

(A)  [0PF:(x)| < CAw(8) - 5™ B for |B] < m,x € R".

(B)  [0PF:(x') —0PFc(x")| < CAw(X —x"|) for |Bl=m, X —x"] <1
X,,X” c R™.

(C) Ty (Fe) € for + CAay.

Here, C depends only on m and m.
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Proof. In the proof of Lemma 3.1, we call a constant “controlled” if it
depends only on m,n; and we write ¢, C,C’, etc. to denote controlled
constants.

By Lemma 2.3, there exist a vector space Iy C R,,, and a positive
semidefinite quadratic form g on Iy, such that

(1) {(Pelo:go(P) < c} CopC{Pely:go(P) < 1}.

Fix Ip and go as in (1). For & € = and P € I, define

0x(f P 2 P
2) o, P) = Y <A(wo(»§)f 531()(2)) N g;(z).

lo<m

Note that
Q(&,P) = Qo(&) + (&, P) + Qu(P),

where Q(€) is a quadratic form in &; Qq(&, P) is a bilinear form in &, P; and
Q,(P) is a positive-definite quadratic form in P.

Hence, for each fixed & € =, there is a unique minimizer Py € I for the
function P +— Q(&, P) (P € Ip); moreover, Pg depends linearly on &.

Next, suppose |€] < 1. With F as in (a), (b) above, we set P = Jxo (F) —
foe € Aog C Ip. From (a) we obtain

(3) 9% (fo + P(xo)l < Aw(8)8™ ™ for o < m.

From (b) and (1), we obtain

(4) go(P) < AZ.

Putting (3) and (4) into (2), we see that Q(&,P) < C, with P € I,. Since Pg
minimizes Q(&, P) over all P € I, it follows that Q(&,Pg) < C. This means

that

(5)  [0%(foe + Pe)(x0)] < CAw(d) - 6™ for |of < m, [E] < T; and
(6) Pe € Ip and go(Pg) < CAZfor [E] < 1.

Comparing (6) with (1), we find that
(7) P: € CAopfor [§] < 1.

Next, we apply the classical Whitney Extension Theorem for finite sets (see
Section 1), with E = {xo}. Composing the linear map T from Whitney’s
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extension theorem, with the linear map & — fo ¢ + Pg, we obtain a linear
map & — Fg, from = into C™*(R™), with the following properties.

(9) If ] < 1, then ]xo(Fé) S fo"g + CAo0y.
(10) If [£] < 1, then [0%F¢(xo)] < CAw(8) - 6™ for || < m.

In fact, (8) and (10) follow from (5); and (9) follows from (7).
Next, we fix a cutoff function 8 € C™(R"™), with

(11) supp C B(xo,33);
(12) 0%9(x)| < C6 ¥ for |« < m4+1,x € R™; and
(13) Jo(0) = 1.

We set Fa:e;Fg for £ € =.
Thus, & — F¢ is a linear map from = into C™“(R™), and we have

€] < 1 implies Jy, (Fe) € for + CA oo,

by (9) and (13). Thus, conclusion (C) of Lemma 3.1 holds for the linear
map & — Fe. We check that conclusions (A) and (B) hold as well. This will
complete the proof of Lemma 3.1.

Let & € = be given, with [E] < 1. From (8) we have

0PFg(x) — 9PFg(x0)l < CA w(fx —x0l) < CA w(8) for [B] = m, x€B(xo, ).
Together with (10), this yields
(14) 10PF:(x)] < CA w(d) for |B| = m, x € B(xo,d).
From (14) and another application of (10), we find that
(15) 0PF:(x)] < CAw(8) - 6™ ¥l for |B] < m, x € B(xo,8).

Assertion (A) of Lemma 3.1 now follows from (11), (12), (15). We turn
to assertion (B). Again, we suppose [&] < 1.

If [x' —x"| > 58, then we have w(lx' —x"|) > & w(5), since w is a
regular modulus of continuity. Hence, assertion (B) in this case follows from
assertion (A), which we already know.

Also, if [x' — x| < % 5 and either x’ or x” lies outside B(xg, 6), then
both x" and x” lie outside B(x, % ). Hence, in this case, assertion (B) holds

trivially, since 6BF5(X/) = 6BF5(X/’) =0 by (11).
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Thus, to prove assertion (B), we may assume that

1
(16) x',x" € B(xo,0) and |x' —x"| < M 5.
In this case, we argue as follows. For || = m, we have

(17)  9PF:(x') — 3PF:(x") = B(x)0PFe(x') — B(x")0PF:(x")
+ Y clB, B [078(x) - 0P Fe(x) — aPB(x") - 0¥ Fe(x")] .

B+ B/=p

B/ <m

For B’ + B"” =B, IRl < m, we have
IV{(3%'0) - (37"Fe)}l < CAw(8) - 8™ P HIF"-T = CA w(8)-5" on B(xo,d),
thanks to (12) and (15). Hence, for x’,x” as in (16), and for ', 3” in (17),
we have
FO(x )P Fe(x') — 0P B(x")OP Fe(x")] < CAw(8)d" - |x' —X"|.
Hence, in case (16), equation (17) yields
(18) [P Fe(x) —0PF(x")|
< 18(x)PF(x') — B(x")0PF:(x")| + CAw(d) - 5" - |x' —x"
<1B8(X)] - [0PFe(x) — 0PF:(x") 4 B(x') — B(x")] - [9PF(x")]
+ CAw(8) - 6" X —x"|
< CAw(x —=x"]) + CAw(d) - 57 - |x' —x"],
thanks to (8), (11), (15). In case (16), we have w(8) - 671 - X' —x"| <

w(|x"—x"|), since w is a regular modulus of continuity. Hence, (18) shows
that assertion (B) holds in case (16), completing the proof of Lemma 3.1 l

From the special case 6 = 1 of Lemma 3.1, we obtain at once the following
result.

Corollary 3.1.1. Suppose we are given a vector space = with a seminorm |-|,
a positive constant A, a reqular modulus of continuity w, a point xo € R™,
a closed convex symmetric set 09 C Ry, and a linear map & — fo g from =
into Ry, .
Assume that, whenever |E| < 1, there exists F € C™<®(R"™), with || F||cm.w @)
< A and ]Xo (F) S fo‘a + A 0.

Then there exists a linear map & +— 1?5, from = into Ry,, such that,
whenever |E] < 1, we have

10Ff(x0)| < CAfor|B| < m, and fr e fy . + CA o,

with C depending only on m,n.
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For the next lemma, let D = dim P.

Lemma 3.2. Suppose k#* > (D +1)1° . k?&, kfﬁ >1, A>0.

Let = be a vector space, with a seminorm |-|. Let w be a reqular modulus
of continuity.

Suppose we are given a finite set E C R™; and for each point x € E,
suppose we are given a closed conver symmetric set o(x) C Ry and a linear
map & — fg(x) from = into Ry.

Assume that, given & € = with |E] < 1, and given S C E with cardinality
at most k¥, there exists Fg e C™®(R"™), with

I Fz lemewrn) < A, and ]X(Fg) € fe(x) + Ao(x) for each x € S.

Let yo € R™. Then there exists a linear map & — Pg, from = into Ry, , with
the following property:

Given & € = with |&E] < 1, and given S C E with cardinality at most k?&,
there exists Fg € C™®(R™), with

| F2 [lomw@n)< CA L Jx(FR) € fe(x)+CA a(x) forx € S, and Jy, (FE) = Pe.

Here, C depends only on m,n and k*.
Note that the functions Fg in Lemma 3.2 needn’t depend linearly on &.

Proof of Lemma 3.2. In this proof, we will call a constant “controlled” if
it depends only on m,n, and k#; we write ¢, C, C’, etc. to denote controlled
constants.

The proof of Lemma 10.1 in [14] shows that, whenever & € = with [§] < 1,

there exists a polynomial /ﬁg, with the following property:

(19) Given S C E with cardinality at most (D + 1)?- k¥, there exists F e
C™®(R™), with

| F2 flomw@n< A, Jx(F2) € fe(x) + A a(x) forx € S, and Jy, (F3) = ﬁa.

We do not assert that /ﬁg or Fg depend linearly on &.
For S C E, we introduce the set

(20) o(S) ={Jyo(F) : F € C™(R™), || F [|emwmm)< 1, Jx(F) € o(x) for x € SJ.

Note that each o(S) is a compact, convex, symmetric subset of P.
(To check that o(S) is compact, we recall that the closed unit ball of
C™®(R") is compact in the topology of C™ convergence on compact sets,
thanks to Ascoli’s theorem.)
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We set
(21) G =n{0(S):SCE,#(S) < (D+1)°-k¥} C P,

where #(S) denotes the cardinality of S.
Since E is assumed to be finite, there are only finitely many o(S), each
of which is a compact, convex, symmetric subset of P. Hence, Lemma 2.5
applies, i.e., there exist Sy,...,Spy12 C E, with #(S;) < (D +1)¢ - kfﬁ,
such that
(1 oSy C Ca.

1<i< (D41)2

We define S=S;U--- U S(p41)2. Note that

(22) SCE,#(S) < (D+1)®. k¥ < Kk#,
and
o(S) Co(Sy) fori=1,...,(D+1)2
Consequently;,
o(S) € Co,
ie.,

(23)  o(S) C Co(S) for any S C E with #(S) < (D +1)° - k¥,

Next, we apply Lemma 2.3 to o(x) for each x € S.
Thus, for each x € S, we may pick a subspace I, C P, and a positive
semidefinite quadratic form g, on I, such that

(24) {(Pe€l,:g4(P) < c} Co(x) C{Pecl,:gy(P) < 1}foreachxcS.

We have to argue slightly differently for the two cases yo € S and yo ¢ S.
Therefore, we define

(25) S = S U {yo);

(26) I, = Ik forxeS;

(27) I, =Pifyo¢S:;

(28) fe(x) = fe(x) forx €S, & ez,
(29) fe(yo) = 0ifyo ¢ S.

Thus, for each x € S, I, is a subspace of P, and & fa(x) is a linear
map from = into P.
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Now, for & € Zand P = (PY), s € DI, we define

xe$

(30) Q(EP) = Y > (8F[fe(x) + PY(x))?

IBI<m xe§
0Pfe(x) + P* — fily) — PYI(y)
NP E ( wllx—yl) - x —y P )

IBl<m  xyes
0<|x—yl <1

+ 3 gx(PY).

x€S

2

Note that . . .

where Qy(&) is a quadratic form in &; Q4(&, 13) is bilinear in &, 13; and Qz(lg)

is a positive-definite quadratic form in P. Hence, for fixed & € =, there is a
unique minimizer

(31) Pe = (PY)ees € DI

xe§ X

for the function P — Q(&,P) (P € XS?S I,.); moreover

(32) P: depends linearly on §,.
We define
(33) Pe = PY + fe(yo)

for & € Z, with P{° arising from (31).

From (31), (32), (33), we see that
(33a) & — Pg is a linear map from = into P = Ry,.

We will show that this linear map has the property asserted in the state-
ment of Lemma 3.2. This will complete the proof of the Lemma.

Let & € = be given, with [E] < 1.
~ From the hypotheses of Lemma 3.2, and from (22), we obtain a function
F? € C™®(R"), with
(34) [ Fg |cmw@n)< A, and ]X(Fg) € fe(x) + Ao(x) forx €S.
For x € S, we define

(35) P¥ = T (F?) — felx).
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In particular, (34), (35) and (28) give P* € Ac(x) for all x € S, hence

(36) P* € I, and g,(P*) < A%, forallx € S.
Also,
(37) P €1, .

In fact, (37) is immediate from (36) in case yo € S, and from (27) otherwise.
Thus,

(38) P = (PYs €, 2 1.
In view of (34) and (35), we have

(39) 10P[fe(x) + PY(x)| < CAfor [B] < m,x €S; and

(40)  [OPIfe(x) + PX—fe(y) = PYI(y)| < CAw(x—yl) - x —y™ P

for |3 <m,xyeS, x—yl<1.
In view of (36), (39), (40) and the definition (30) of Q(&, P), we have

(41) Q(&,P) < CAZ.
From (38), (41), and the minimizing property of P¢, we have also
(42) Q(&,P) < CAZ.
By definition of Q, this shows that 13& = (P¥)ies € X?é I, satisfies:

(43) P; € I for x € S (see (26));
(44) 10Pfe(x) + PH(x)| < CAfor |B] < m,x€S;

(45)  |0P[fe(x) + PF—Tfe(u) —PA(y)| < CAw(x—yl) - x —y[™ P
for Bl < m, x—yl < 1,x,y€S; and
(46) gx(P3) < CA?forx €S.

From (43), (46) and (24), we obtain

(47) P¥ € CAo(x) forx €S.
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In view of (44), (45), and Whitney’s extension theorem for finite sets
(see Section 1), there exists a function Fg € C™®(R™), with

(48) | Fe lleme@n) < CA,
and
(49) Jo(Fe) = fe(x) + Prforallx € S.

In particular,

(50) Juo (Fe) = P (see (33)),

and
(51) Jx(Fe) = fe(x) + P¥ € fe(x)+ CAo(x) forx €S (see (28) and (47)).

On the other hand, (19) and (22) produce a function Fg € C™@(R™), with

(52) ) TS lememn < A,
(53) Jx(F?) € fe(x) + Ao(x) for x € S, and
(54) Jyo(F§) = Pe.

From (48), (52) we obtain

(55) | Fe = F2 lomwmn) < CA,
while (51), (53) yield

(56) Ju(Fe—F$) € CAo(x) forx €S,
and (50), (54) imply

(57) Jyo(Fe—F) = Pe—Pe.

Comparing (55), (56), (57) with the definition (20) of o(S), we find that
P: — P: € CA o(S). Hence, (23) implies

(58) Pe — ﬁg € CAo(S) for any S C E with #(S) < (D +1)° . k?ﬁ.

Again recalling the definition of o(S), we conclude from (58) that, given
S C E with #(S) < (D+1)¢ . k?ﬁ, there exists Fg € C™®(R"), with

(59) | FS [[emew@n < CA, J(F}) € CAo(x) forx €S,
and Jy, (F?) = Pz — P
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Now, given S C E with #(S) < k?&, let Fg be as in (19), and let Fg be as
in (59). Then, from (19) and (59), we have

(60) I TS + F$ [lemw@e < CA,
(61) Ix(Fi + Fg) € fe(x) + CAo(x) forx € S, and
(62) Jyo (F 4+ F2) = Pe.

Thus, we can achieve (60), (61), (62) whenever & € = with [§] < 1 and
S C E with #(S) < k7.

Our results (33a) and (60), (61), (62) immediately imply the conclusions
of Lemma 3.2.

The proof of the Lemma is complete. [ |

In [15], we will use the following variant of Lemma 3.2 for infinite sets E.
We write #(S) for the cardinality of a set S. Also, we adopt the convention
that [x —y|[™ Bl = 0 in the degenerate case x =y, |B| = m.

Lemma 3.3. Suppose k# > (D+1)'°- k¥ k¥ >1, A >0,06>0. Let =
be a vector space, with a seminorm | - |. Let E C R™, and let xo € E. For
each x € E, suppose we are given a vector subspace 1(x) C Ry, and a linear
map & — fe(x) from = into R,.

Assume that the following conditions are satisfied.

(a) Given & € Z and S C E, with |E] < 1 and #(S) < k¥, there ewists
F2 € C™R™), with || F? [|em@en< A, and Jx(F) € fe(x) +1(x) for each

x € S.
(b)  Suppose Py € 1(xo), with [0PPy(xo)| < & for |B| < m. Then, given
X1,..., X € E, there exist P € I(xq),..., P € I(x), with

0PPi(xi)] <1 for|Bl <m, 0 <i<k#; and
0P (P — P;) ()] < Ixi —x5|™ Bl for [B] <m, 0 <1i,j < k#.

Then there exists a linear map & +— f‘g(xo), from = into Ry, with the fol-
lowing property:

(¢) Given & € Z with |E] <1, and given xq,. .. Xy € E, there exist polyno-
mials Po, ..., Pkf e P, with:
Po = fe(xo);
Pi € fe(xi) + I(xy) for0 < i < kf;
9PPi(xi)] < CA for [B] < m,0 <1< KkJ; and
0P (PL—P3) ()] < CAlfxi — ™ P for [B] < m, 0 <i,j < Ki.

Here, C depends only on m,n, and k¥.
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Proof of Lemma 3.3. We follow the idea of the proof of Lemma 3.2.
In this proof, we call a constant “controlled” if it is determined by m,n, k#;
and we write ¢, C, C’, etc. to denote controlled constants.

If dimI(xo) = 0, then Lemma 3.3 is trivial; we simply take f(xo) =
fe(xo). From now on, we suppose dim I(xo) > 0.

We introduce the following convex sets.
For S C E with xo € S, we define o(S) C I(xq) as follows.

Po € o(S) if and only if there exists a family of polynomials (P¥),cs, with
P*x € I(x) for x € S; [9BP*(x)| < 1 for |B] < m, x € S; [0F(P* — PY)(y)| <
Ix —y[™ Bl for |B] < m, x,y € S; and P* = P,,.

For £ € Z, M € (0,00), and S C E with xo € S, we define I¢(S,M) C
fe(xo) + I(xo) as follows.

Po € Te(S, M) if and only if there exists a family of polynomials (P*)ycs,
with P* € fg(x) + I(x) for x € S; [0PPX(x)] < M for |B] < m, x € S;
0P (P*—PY)(y)| < M |x —y[™ Pl for [B] <m, x,y € S; and P* = Py,

For k > 1, we define
o(k) = N{o(S): SCE with xo € S and #(S) < k}.
Fork>1¢&e=Z M € (0,00), we define
le(k,M) = N{Te(S,M): SCE with xo € S and #(S) < k}.
Note that o(S) and o(k) are compact, convex, symmetric subsets of I(xo),

while Tg(S, M) and T¢(k, M) are compact, convex subsets of fg(xq) + I(xo).
We give a few basic properties of the above convex sets.

First of all, note that o(k) has non-empty interior in I(xg), for 1 <
k < k¥, thanks to hypothesis (b). We take k = (D + 1)¢ - k?&, and apply
Lemma 2.6, with I(xe) in place of RY. Thus, there exist Sy,...,Sp.(ps1) C E,
with #(S;) < (D +1)°- kfﬁ and xg € S; for each 1, such that

o(S1) NN o(Sp.ps1)) € C-o((D+1)° - Kkf).
We define S=S; U---U Sp.(p+1). Note that
(63) SCE, xo€S,#(S) < (D+1)8 .k,
and o(S) C o(S;) for each i. Consequently,

64) o(S) C Co(S) for any S C E with #(S) < (D+1)° - k¥ and xo € S.
1
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We turn to the T:(S,M). Suppose [ < 1, S C E, #(S) < k¥, and
xo € S. Then T(S, CA) is non-empty, by hypothesis (a). (For x € S, we
take P* = J(F?), with F? as in (a).)

Next, suppose || < 1, and Sy,...,Sp1 C E, with #(S;) < (D —|—1)8-k1éIE
and xo € Sj, for each i. Then S = S;U---USpq C E, with #(S) < k#
and xo € S. Consequently, I'e(S, CA) is non-empty. On the other hand,
(S, CA) CTe(Sy, CA) for each i. Therefore, I'e(S;, CA)N---NTe(Spy1, CA)
is non-empty.

Applying Helly’s theorem on convex sets (see, e.g., [22]), we therefore
obtain the following result.

(65) Me(D+1)% - k?ﬁ, CA) is non-empty, for |&] < 1.
Now, for & € = and P = (P¥)yes € ng I(x), we define
(66) Q& P) =) > (3Pfe(x) + P (x))?
IBI<mM xeS

+PX—fe(y) — PYI(y))”
by Y (T b Pl

BI<m x yeS

Here, S is as in (63), (64).
Note that Q(§, 13) = Qo(&) +Q1(&, P) 4+ Q5(P), where Qo(é) is a quadratic
form in &; Q4(&,P)

definite quadratic form in P. Hence, for fixed & € =, there is a unique
minimizer

is a bilinear form in & and P and Q,(P ) is a positive-

(67) Pe = (PYues €,51(x)

for the function P — Q(&,P) (P € XS% I(x)).
Moreover,

(68) P: depends linearly on & € =.

For & € = we define

(69) fe(xo) = felxo) + PF°,

with PZ° arising from (67).
In view of (68) and the assumed linearity of & — fg(x), we have

(70) & — fe(xo) is a linear map from = into Ry, .

We will show that fe(xo) satisfies property (c¢). This will complete the
proof of the lemma.
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Let F? be as in hypothesis (a) with S = S (see (63)), and set
3
px = ]x(Fg) —fe(x) forx € S.

The defining properties of Fg tell us that

(71) P = (Pes € 210%);
(72) 9B[fg(x) + PX] (x)| < CA for IBl<m,xeS; and
(73) 0P[fe(x) + P*—fe(y) —PY (y)| < CAlx —y|™®

for |B] < m, x,y €S.
Together with the definition of Q, our results (71), (72), (73) show that
Q(g,P) < CA?%
and therefore
(74) Q(&,Pg) < CA?

by the minimizing property of ]3&-
From (74) and the definition of Q, we learn that

(75) P €I(x) for x € S;
(76) |0B[fs(x) + P (x)] < CAfor [B] < m,x € S: and
(77) 0P[fe(x) + P¥—fe(y) — Pl (y)| < CAlx—y|™ P

for B] < m,x,y €S.
On the other hand, fix
(78) Pe e Te((D+ 1) - k¥, CA)

See 65 s and note that AF need not depend linearly on E, In view of 63 s
&
we have

P: € T:(S, CA).

Consequently, there exists a family of polynomials (ﬁx)Xe 5, with the following
properties.

(79) ﬁ e I(x) forx €S.
(80) 08[fg(x) + P ()ISCAforus|<m x€eS.
(81) 0P [fe(x) + P*— fely) — PYI(y)| < CAlx—y/m™

for |B] < m,x,y€S.
(82) fa(Xo) + P* = Pg.
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Comparing (75),...,(77) with (79),...,(81); and comparing (69) with (82), we
learn the following.

[P¥—P9 € I(x) forxeS.

P[P — P¥(x)] < CA for || < m,x €S,

DF([PE — PX — [PY — PY}(y)| < CAlx—y/™ P for || < m,x,yeS.

~

[PY — PX] = fg(xo) — Pe.

These properties, and the definition of o(S), show that fa(xo)—ﬁa € CAo(S).
Consequently, (64) tells us that

(83)  fe(xo) — P: € CAG(S)
for any S C E with #(S) < (D +1)®- k¥ and x, € S.

On the other hand, (78) gives
(84) P. € Ie(S, CA) for any S C E with #(S) < (D+1)°- k¥ andxo € S..

From (83), (84), and the definitions of o(S) and I'¢(S, CA), we conclude that

fg(Xo) € Fg(S, CA)
Thus, we have proven the following result.

(85) fe(xo) € T:(S,CA)
for [€] < 1,S CE with #(S) < (D +1)° - k¥ and xo € S.

This result trivially implies the desired property (c) of f‘g(xo). In fact,
given & € = with |&] < 1, and given xq, ... X € E, weset S ={x,,... ,ka,&},

and apply (85).
By definition of T (S, CA), there exists a family of polynomials (P*),cs, with

P = fe(x0);

P* e fe(x) + I(x) forall x € S;

9FP*(x)| < CA for |B] <m, x €S; and

0P (P*—PY)(y)| < CAlx—y[™ P for [B] < m, x,y€S.
Setting Py = P* for i = 0,... ,k#, we obtain all the properties asserted

in (c).
The proof of Lemma 3.3 is complete. |
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4. Adapting Previous Results

In this section, we show how to adapt [14], using the results of Section 3
above, to prove a local version of our present Theorem 7, in the case of
(arbitrarily large) finite subsets E C R™ We assume from here on that the
reader is completely familiar with [14].

Sections 2 and 3 of [14] require no changes. In Section 4 of [14], the
statements of the two main lemmas should be changed to the following.

Weak Main Lemma for A: There exists k¥, depending only on m and n, for
which the following holds.

Suppose we are given a vector space = with a seminorm | - |; constants
C,ap; a regular modulus of continuity w; a finite set E C R™; a point
y® € R™; and a family of polynomials Py € P, indexed by & € A. Suppose
also that, for each x € E, we are given a linear map & — fg(x) from =
into Ry, and a subset o(x) C Ry.

Assume that the following conditions are satisfied.

(WLO0) For each x € E, the set o(x) is Whitney w-convez, with Whitney
constant C.

(WL1) 9PPo(y®) = 8po for all B, € A.
(WL2) [0PP(y°) — 8pal < ao for allx € A, € M.
(WL3) Given o« € A and S C E with #(S) < k#, there exists @5 €
Cme (RM), with
(a) [0P@3(x)—0P@3(y)< ap-w(lx—yl) for|Bl=m, x,y eR™, [x—y|<T;
() Jx(@3) € Co(x) for allx € S; and
(© Ty(93) = Pe.

(WL4) Given & € = with |&] < 1, and given S C E with #(S) < k¥, there
exists Fg e C™®(R"™), with

(a) || F [[emo@n < C;and
(b) Jx(F2) € fe(x) + Co(x) forallx €S.
Qo 18 less than a small enough positive constant determined by C, m,n.
WL5 [ h ) h d d by C

Then there exists a linear map & — Fg, from = into C™®(R™), such that,
for any & € = with [E] < 1, we have

(WLG) || Fa ||Cm,w(Rn) S C/, and
(WL7) J«(Fe) € fe(x) + C o(x) for all x € ENB(y°,c).
Here, C" and ¢’ in (WL6,7) depend only on C, m,n.
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Strong Main Lemma for A:  There exists k¥, depending only on m and m,
for which the following holds.

Suppose we are given a vector space = with a seminorm | - |; constants
C,ap; a reqular modulus of continuity w; a finite set E C R™; a point
y® € R™; and a family of polynomials Py € P, indexed by & € A. Suppose
also that, for each x € E, we are given a linear map & — fg(x) from =
into Ry, and a subset o(x) C Ry.

Assume that the following conditions are satisfied.

(SLO) For each x € E, the set o(x) is Whitney w-convex, with Whitney
constant C.

(SL1) 0PP4(y°®) = 8pu for all B, € A.
(SL2) [0PP,(y%)| < C for all B € M, x € A with B > «.
(SL3) Given & € A and S C E with #(S) < k¥, there exists
@5 € Cias*(R™),
with
(a) [0P@3(x) —dPpS(y)l < dw(lx—yl) + Clx —yl
fOT’B| =m,Xx,y ER“)’X_]:” S 1»
(b)  Jx(@3) € Co(x) for allx € S; and
(C) ]yo((pgc) = Pu
(SL4) Given & € = with |&] < 1, and given S C E with #(S) < k¥, there
exists
F; € C™(R™),
with
(a) || FE lememn < C, and
(b) Jx(F3) € fe(x) + Co(x) for allx € S.
(SL5) ayg is less than a small enough positive constant determined by C, m, .

Then there exists a linear map & — Fg, from = into C™®(R™), such that,
for any & € = with [E] < 1, we have

(SLG) || Fa ||Cm,w(Rn) S C/, and

(SL7) Jx(Fe) € fe(x) + C'o(x) for allx € ENB(y° c').
Here, C" and ¢’ in (SL6, 7) depend only on C,m,n.
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In Section 5 of [14], Lemmas 5.1, 5.2, 5.3 are to be left unchanged. The
“Local Theorem” should be changed to read as follows.

Local Theorem: There exists k¥, depending only on m and n, for which the
following holds.

Suppose we are given a vector space = with a seminorm |- |; a reqular
modulus of continuity w; a finite set E C R™; and, for each x € E, a linear
map & — fe(x) from = into Ry, and a subset o(x) C R,.

Assume that the following conditions are satisfied.

(I) For each x € E, the set o(x) is Whitney w-convex, with Whitney con-
stant C.

(I1) Given & € = with || < 1, and given S C E with #(S) < k¥, there exists
F? € C™(R™),
with
I Fz |cmw@n)y< C, and ]X(Fz) € fe(x) + Co(x) for each x € S.

Let y® € R™ be given. Then there exists a linear map & — Fg, from = into
C™®(R™), such that, given any & € = with [&] < 1, we have

| Fe leme@ny < C', and J(Fe) € fe(x) + Co(x) for each x € ENB(y°, /).

Here, C" and ¢’ depend only on C, m,n in (I) and (II).

Note that in the two Main Lemmas and the Local Theorem, we do not
assume that Fg depends linearly on &, but we assert that Fz depends linearly
on &.

In Section 6 of [14], the proof of Lemma 5.1 may be left unchanged,
except that, in the discussion of (14), (15), (16) in that section, F° should
be replaced by Fg, and f should be replaced by fg, for a given & € = with
g < 1.

In Section 7 of [14], Lemma 7.1 and its proof may be left unchanged,
except for the paragraph including (30), (31), (32). In that paragraph, we
replace “we obtain F € C™®(R™)” by “we obtain a linear map & — F¢
from = into C™®(R™)”; and we replace F,f by F¢, f¢ in (30), (31), (32), for
a given & € = with [§] < 1.

In Section 8 of [14], we make the following changes.

In the statement of Lemma 8.1, the phrase “we are given an m-jet f(x) €
R, should be changed to “we are given a linear map & — fg(x) from =
into R,,”. Also, hypothesis (G4) of Lemma 8.1 should be replaced by the
following.
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(G4) Given & € = with |§] < 1, and given S C E with #(S) < kﬁd, there
exists
F? € C™9(R"Y),
with
(@) [ 9P comn) < A - w(Bq) - 8¢ ¥ for [B] < m;

(b) IaﬁFg(x’) — aﬁFg(x“)l < A - w(x—x") for |B] = m, ¥, x" € R™,
X —x"| < 0q;

(c) TJx(F2) € fe(x) + A - o(x) for all x € S.

Moreover, the conclusion of Lemma 8.1 should be replaced by the fol-
lowing.
Then there exists a linear map & — F¢ from = into C™“(R™), such that, for
any & € = with |[E] < 1, we have

(G5) || 3PFe [[comn) < A" - w(8q) - 8™ P for |B] < m;

(G6)  [OPFe(x') — oPF:(x")| < A" - w(X' —x"|) for |B] = m, ¥/,x" € R™,
X —x"| < 6¢;

(GT)  Ju(Fe) € fe(x) + A’ - o(x) for all x € E N Q*.

Here, A’ is determined by A, m,n.

Again, note that we do not assume that Fg depends linearly on &, but
we assert that Fz depends linearly on &.

In the proof of Lemma 8.1 in [14], we must insert subscript &’s on F’s and
f’s, as in our discussion of the changes to be made in Sections 6 and 7. More
seriously, the paragraph containing (37) and (38) requires changes, because
f (x) there may depend non-linearly on & We change that paragraph to the
following.

Applying (G4), we obtain, for any & € = with |§] < 1, a function Fg €
Cm@(R"™), with

| Fellememny < A, and Jx(Fe) € fe(x) + Ao(x).

Hence, we may apply Corollary 3.1.1 (from Section 3 of this paper, not
from [14]), with fo ¢ = fe(x), and with 0o = o(x).

Thus, there exists a linear map & — f‘g(x), from = into Ry, such that,
whenever €] < 1, we have

(37) 19B[fe(x)] (x)] < CA for |B| < m, and fe(x) € fe(x) + CAc(x).

In view of (37) and (G4), we have the following property of f.
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(38) Given & € = with |E] < 1, and given S C E with #(S) < k¥, there
exists
Ff € C™(R™),

with
(a) || 0FF? ||commn) < A for |B| < my

(b) 10PFR(x) — OPFE(x")| < A - w(X' —x"|) for |B] = m, ¥, X" € R™,
X —x"] <14

(c) ]X(Fg) € f;(x) + CA - o(x) for all x € S.
Note that, in the old (38) in Section 8 of [14], part (c) reads
J(FS) € f(x) + 2A - o(x) forallx €S.

Our new (38) has CA in place of 2A.
Hence, in Claim (39) and its proof (in Section 8 of [14]), we must replace 2A
by CA.

From this point on, the arguments in Section 8 of [14] go through with
only minor changes of the sort discussed for Sections 6 and 7.

In Section 9 of [14], the first few paragraphs should be changed to read
as follows.

In this section, we give the set-up for the proof of Lemma 5.2 in the
monotonic case. We fix m,n > 1 and A C M.

We let k# be a large enough integer, determined by m and n, to be
picked later. We suppose we are given the following data:

e A vector space = with a seminorm | - |.

e Constants Cy, a7, a; > 0.

A regular modulus of continuity w.
A finite set E C R™.

For each x € E, a linear map & — fg(x) from = into Ry, and a set
o(x) C R,

A point y° € R™

e A family of polynomials P, € P, indexed by « € A.

We fix Z, Co, a7, a2, w, E, & fe(-), o(-), Y°, (Po)uaeca until the end of
Section 16.

We make the following assumptions.

Also, in Section 9 of [14], we replace (SU8) by the following.
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(SUS) Given & € = with |§] < 1, and given S C E with #(S) < k¥, there
exists Fg e C™®(R"), with

(a) || F2 |emw@n) < Co; and
(b) ]x(Fg) € fe(x) + Coo(x) for all x € S.

Moreover, we replace Lemma 9.1 in [14] by the following.

Lemma 9.1. Assume (SUO),...,(SUS).
Then there exists a linear mapping & +— Fg, from = into C™<(R™), such
that, for any & € = with |E] < 1, we have

() I Fe llcmon< A, and
(b)  Jx(Fe) € fe(x) + Ac(x) for allx € ENB(Y° a);

here, A and a are determined by a, az, m,n, Co.

Lemma 9.2 and its proof require no changes.

In Section 10 of [14], we make the following changes:
In place of (1) and (2) in that section, we make the following definitions.
For M >0,S C E,y € R™, & € =, we define
(1) Kely,S;M) = {Jy(F): Fe C™(R"), || F[[emern) < M
and Jy(F) € fe(x) + Mo(x) for all x € S}.
For M >0,k >1yeR" €= we define

Wherever we referred to K¢ in Section 10 of [14], we refer now to K¢, with
& € Z assumed to satisfy [&] < T.
Also, in place of UC?E (y, k, M) from Section 10 of [14], we define

KE (Y, k,M) = {P € Ke(y,k, M) : 3PP(y) =0 for all B € A}

With these changes, Lemmas 10.1 through 10.5 and their proofs go through
just as in [14]. We shall also require another lemma, not essentially contained
in [14]. That result is as follows.

Lemma 10.6. Suppose k* > (D+1)'°. kfﬁ and kf > 1. Then, for a large
enough controlled constant C,, the following holds.

Given y € B(y®, a;), there exists a linear map & — P?, from = into P,
such that, for any & € = with |E] < 1, we have

PY € K (y, k¥, C.).
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Sketch of Proof of Lemma 10.6. Suppose k#>(D+1)'°. k¥ and k¥ >1.

Let y € B(y% a) be given. In view of hypothesis (SU8) and Lemma 3.2
(from this paper, not [14]), there exists a linear map & +— Pg from = into P,
with the following property.

Given & € = with [&] < 1, we have Py € K¢(y, k7, C).

We can now repeat the proof of Lemma 10.5 in [14], using the above Pg
in place of the polynomial P € K¢(y, k?&, C) from that proof. In particular,
the polynomial called P in the proof of Lemma 10.5 in [14] now depends
linearly on & € =.

From the proof of Lemma 10.5, we obtain P € K?(y,kfﬁ, C,) for [ < 1.
This concludes our sketch of the proof of Lemma 10.6. |

Sections 11, 12 and 13 in [14] require no changes here.

Section 14 in [14] requires only the following trivial changes:
We replace f, Ky, fo by fg, K¢, fK}ié respectively.
We add to each of the lemmas in Section 14 the additional hypotheses & € =,
&< 1.

Once these trivial changes are made, the proofs of Lemmas 14.1,...,14.5
go through unchanged.

Section 15 in [14] requires no changes here.

In Section 16 of [14], we make the following changes.
We replace (2) in that section by

(2) k¥ = (D+1)*. k7.

We replace the remarks immediately after (2) by the following.
For each v, Lemma 10.6 gives us a linear map & — P, ¢, from = into P,
such that

(3)  PyeeX(yy, (D+1)2 .k, C)for g <1.

Applying Lemmas 14.3 and 14.5, we see that, whenever § € Z with
€] < 1, we have

(4) ’aB(Pu,i_Pv,a)(UuN S C/ . (a1)—(m+1) . a2—1 U)(é-v) . 61’\/117”3\
for H‘))| < m, if Qu> Q'v abut;
and
(5)  [0P(Pue—Pue) (vl < (@) ™ a5 w(yp—yvl) lyu—ual™ P
for [B] <m, pu#v.

In Lemma 16.1 in [14], we replace “Fix v” by “Fix v, &, with & € = and
|&] < 17; and replace F3, f(x), Py by Ff,)a, fe(x), Py.g, respectively. The proof
of Lemma 16.1 goes through without further changes.
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In the statement of Lemma 16.2 in [14], after the phrase “for the following
data:”, we insert the bullet

e The vector space = with seminorm | - |.
Also in the statement of that lemma, we replace
e The map x — f(x) — P, € R, for x € EN Q%
by
e The map & — fg(x) —Pye € Ry (& € Z) for x € ENQZL.
In the proof of that lemma, we replace (31) by the following.
(31) Given & € = with |&] < 1, and given S € E N Q¥ with #(S) < k7,
there exists Fg € C™@(R"™), with
(a) || 0PFE lcomn) < (ar) ™+ - w(3y) - 55 P for B < m
(b) [9PFS(¢) — PFS)] < (an) ™2 - (¥ — )
for |B| =m, x/,x” € R, |xX' —x"| < &,; and
(¢) Jx(F}) € (fe(x) —Pye) + (ar) ™2 o(x) for all x € S.

The statement and proof of Lemma 16.3 in [14] should be replaced by
the following.

Lemma 16.3. For each v (1 < v < WUnay), there exists a linear map
& — Fye from Z into C™®C(R™), such that for any & € = with |E] < 1, we
have

(32) 1 0PFy e [lcomn) < A'w(8y) - 83 P! for [B] < mj;

(33) 9PF, £ (x) — 0F, £ (x")] < Al (X' — x|

for Bl = m, ¥, x" € R™, [x' — x| < by; and
(34) Jx(Fve) € (fe(x) —Pye) + A'o(x) for allx € ENQL.
Here A’ depends only on a;, m,n and the constant Co in (SUO,...,8).

Proof. Fix v. Either Q. is OK, or EN Q% contains at most one point.

If Qy is OK, then the conclusion of Lemma 16.3 is immediate from
Lemmas 16.2 and 8.1.

If instead there is exactly one point in E N Q%, then the conclusion of
Lemma 16.3 is immediate from Lemma 16.1 with S = EN Q%, together with
Lemma 3.1 (from this paper, not [14]), where we take:

e X, to be the single element of E N Q%;

e 0= 0(xo);
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o foe="Te(xo);

e b= 6V;

e A = the controlled constant C’ from the conclusions of Lemma 16.1.

Finally, if E N Q% is empty, then we may simply set F, ¢ = 0, and (32),
(33), (34) hold trivially.

The proof of Lemma 16.3 is complete |

Immediately after the proof of Lemma 16.3 in [14], we replace “For
each v, we fix F, as in Lemma 16.3” by “For each v, we fix a linear map
& — Fy ¢ as in Lemma 16.3”.

Also, we replace (35) there by
(35) [0PFye(x') = 0PFy e ()] < A'w(lx' —X"])
for [E] <1, 1B = m,x',x" € Q.
The proof of (35) in [14], with a trivial change in notation, establishes

our present (35).
We replace (43) in Section 16 of [14] by

(43) 10PPy e(uy)| < Cfor [E] < 1,[B] < m, allv.

Immediately following (43), when we verify conditions (PLS1,...,8), we re-
place Py by P, ¢, where & € = is assumed to satisfy [E] < 1.

In place of (44) in Section 16 of [14], we write the following:
For & € =, we define

(44) ]EE = Z 0y - [Pv,a + FV,E,] on QO-
1<v <pmax

Note that & — ]Ea is a linear map from = to C™ functions on Q°.
Fix & € = with |§] < 1. We will write F for ]N:a, and P for Py .
In Section 16 of [14], we replace the discussion after (61) by the following:
In view of (45), (46), (61), we have proven the following.

(62) & f:g is a linear map from = to C™ functions on Q°, such that, for
any & € = with |E] < 1, we have

(a) [9PFe(x)| < A’ for |B] < m, x € QY
(b) [0PFe(x) — 0FF:(x")| < Aw(]x' —x"]) for |B] = m, x/,x" € Q% and
(¢) Jx(Fe) € fe(x) + A’o(x) for all x € EN Q°.

Unfortunately, Fe(x) is defined only for x € Q° To remedy this, we
multiply Fg¢ by a cutoff function. We recall (see (11.1), (11.3)) that Q° is
centered at y° and has diameter ca; < dq < ag.
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We introduce a cutoff function 8 on R™, with
(63) |0 lemir@ny < A’, 0 =1o0nB(y%car), suppd C Q°.

We then define a linear map & +— Fg, from = into C™(R™), by setting Fg =
0 - ?a on R™

From (62) and (63), we conclude that & — F¢ is a linear map from = into
C™®(R™), and that for |&] < 1, we have

(64) || FE» ||Cm,w(]Rn) S A/, and
(65) J(Fe) € fe(x) + A’o(x) for all x € ENB(yY° c'ay).

Since the constants A’ and c¢’a; in (64), (65) are determined by m,n, Co,
ar, azin (SUO,...,8), our results (64), (65) immediately imply the conclusions
of Lemma 9.1 for the linear map & — F;.

The proof of Lemma 9.1 is complete.

In view of Lemma 9.2, the proof of Lemma 5.2 is also complete. |

This completes our discussion of Section 16 in [14].
Section 17 in [14] requires no change here.

In section 18 in [14], we make the following changes.
At the start of the section, the paragraph beginning “Also, suppose...”
should be changed to the following.
Also, suppose we are given a vector space = with a seminorm | - |, and
suppose that, for each x € E, we are given a linear map & +— fg¢(x) from =
into R, and a subset o(x) C R,. Assume that these data satisfy conditions
(SLO,...,5). We must show that there exists a linear map & — F¢ from = into
C™@(R™), satisfying (SL6,7) with a constant C’' determined by C, m,n.
We replace (7) in Section 18 of [14] by

(7) fi(x) = (fe(t(%))) ot € Ry forx € E,

and we note that & — fz(X) is a linear map from = into R.

The discussion of (24) in Section 18 of [14], starting with “Similarly, let
S C E be given”, should be replaced by the following.

Similarly, let & € = with |E] < 1, and let S C E with #(S) < k#. Again,
we set S =1(S), and we apply (SL4). Let F be as in (SL4), and define

(24) F :Fgo’r.

Ml

Thus, ?g e C™®(R™), since Fg € C™@(R™).
Fix & € = with |&] < 1, and set FS = ?g.
We replace (29) in Section 18 of [14] by the following.
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(29) Given & € Z with [£] < 1, and given S C E with #(S) < k#, there
exists FS CM®(R™), w1th I F |cmw@n)< C, and Jx(F 2) € fe(Xx) +
CA~ 0'( ) for all X € S.

Similarly, we replace (51) in that section by the following.
(51) Given & € Z with [E] < T, and given S C E with #(S) < k#, there
exists Fg € C™@(R™), with
(a) || }Eg ||Cm,w ]Rn S C]7 and

(b) Jx(F$) € fe(x) + CA'o(x) for all x € S.

A couple of paragraphs later, when we specify the data that are to satisfy
the hypotheses of the Weak Main Lemma for A, we add the bullet

e The vector space = with seminorm | - |,
and we change the bullet
e The m-jet f(X) associated to each X € E
to
e The linear map & — f;(x) from = into Ry, associated to each X € E.

Next, the discussion of (56), (57), (58) should be changed to the following.
There exists a linear map & — F¢ from = into C™<(R™), such that, for
any & € = with [§] < 1, we have

(56) || ]Ea ||Cm,w[]Rn) S C, and

(57) Jx(Fe) € fe(x) + C'6(x) for all x € ENB(y° ¢').
We fix & — Fa as above, and define
(58) Fe =F.ot ' for§ e =.

Thus, & — F¢ is a linear map from = into C™<“(R").
Fix & € =, with |&] < 1, and write F, F, f for Fg, Fs, f; respectively.

Thus, F € C™®(R"). We estimate its norm.

Finally, the sentence containing (71) in Section 18 of [14] should be
changed to the following.

Therefore, (63) and (70) show that the linear map & — F¢ from = into
C™@(R") satisfies the following property.

(71) For & € = with [&] < 1, we have
| Fe ||cmw@mn) < C', and J(Fe) € fe(x)+Co(x) for all x € ENB(y°,c),
with C" and ¢’ determined by C, m,n in (SLO,...,5).
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With the changes indicated above, the arguments in [14] prove Lem-
mas 5.1, 5.2, 5.3, and therefore establish the Weak Main Lemma and the
Strong Main Lemma (in the form given here) for every A. Consequently, we
have proven the Local Theorem stated earlier in this section.

5. Passage to the Banach Limit

The Local Theorem proven in the preceding section gives a local version
of Theorem 7 for the case of finite sets E C R™. In this section, we remove
the restriction to finite E, by passing to a Banach limit as in [10]. We then
pass from a local to a global result by a partition of unity, completing the
proof of Theorem 7.

We start by recalling the standard notion of a Banach limit, in the par-
ticular form used in [10].

Let E C R™ be given, and let D denote the collection of all finite subsets
of E. We introduce the Banach space C°(D), which consists of all bounded
families of real numbers 5 = (Cg, )E,ep indexed by elements of D.

The norm in C°(D) is given by || Z!\Co[@): SUPE, e | CE, |-

A standard application of the Hahn-Banach theorem yields a linear func-
tional

E‘D . CO(D) — R,

with the following properties.
(1) [ep(Q)] <l T llcoqm) for all £ € CO(D).
(2)  Suppose Eg € D, A € R, and { = (Cg, )g,ep € CO(D), with Cg, > A

=

whenever E; D Ey. Then {p(C) > A.

We fix £p as above, and call it the “Banach limit.”

Next, we start removing the finiteness assumption from the Local Theo-
rem of the previous section. We fix m,n > 1, and take k¥ as in the Local
Theorem. Let =, | - |, w,E, A& — fg(x) (x € E) and o(x)(x € E) be as
in the hypotheses of Theorem 7, for the k* just given. We do not assume
that E is finite.

We will call a constant “controlled” if it depends only on A, m,n in the
hypotheses of Theorem 7; and we write ¢, C, C’, etc. to denote controlled
constants.

Let y° € R™ be given. Then, for each E; € D, the hypotheses of the
Local Theorem hold, with E; in place of E, and with a controlled constant C
independent of E;. Hence, applying the Local Theorem, we obtain for each
E; € D a linear map & +— FE‘ from = into C™®(R™), with the following
properties.
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(3)  For [E] <1 and E; € D, we have || FE‘ | cmow @) < Ci.

(4) For[E] <1,E € D, x € E;NB(Y%c1), we have J,(Fy') € fe(x) +
Cio(x).

We fix constants ¢y and Cy as in (3) and (4). For [B] <m, § € =, x € R™,
E; € D, define

(5)  CE°(x) = 9P (x);
and for |B| < m, & € =, x € R™, define
(6) P = (& (een.

In view of (3), we have
(1)  TPH(x) € COD) for [Bl < m, & € =, x € R™; and
®) | PEx) lcorpy < Cy for Bl <m, [E] <1, x € R™
Note also that

9) & (PE(x) is a linear map from = into C°(D), for each fixed {3, x
(IBl <m, x € R"),

as we see at once from (5), (6), (7).
For [B| < m, x € R™, ¢ € =, we now define

(10) Fpe(x) = to(CP(x) €R,
where {p is the Banach limit. This makes sense, thanks to (7).
From (8), (9), (10), we see that
(11) & — Fpe(x) is a linear map from = to R, for each fixed x € R™,

Bl < m; and
(12) [Fpe(x)] < Cyfor [E] <1, B] <m, x € R™
We define

(13) Fe(x) = Foe(x) for & € =, x € R™,
where O denotes the zero multi-index. We will show that
(14) Fg e C™®(R™)
and that
(15) 0PFFy = Fgefor £ €2, |B] < m.
Moreover, we will show that

(16) || Fg HCm,w(Rn) < C for ’E,’ < 1.
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To prove (14), (15), (16), we fix a multi-index (3, with || < m — 1. For
1 <j < mn, we write B[j] for the sum of B and the j* unit multi-index.
From (3) and Taylor’s theorem, we have

)ang (x+y)— [%WFE‘ (x) + ) y;dfUFY (x)} ] < Cw(yl) - [yl
j=1

for By €D, [E] < 1,y eRY Yyl < T,y =(y1,...,yn).
Comparing this with (4) and (5), we find that

< Cw(lyl) - vl
(D)

(17) || Peery) =[50 + 3 v PP
j=1
for |E] < T, %,y e R™ [yl <1,y =(yr,...,Yn).

Applying £p, and recalling (1) and (10), we conclude that
(18) ‘Fs,a(XJFU) - [Fﬁ,a(x) + ZUijsm,a(X)” < Cawl(lyl) - Iyl
j=1

for &€ x,y as in (17). Since w(t) — 0 as t — 0, (18) implies

Fp e is differentiable for [B| < m —1, [E] < 1; and moreover

(19) )
e

Fge(x) = Fppje(x) for such B,&, and forj=1,... ;1.

Since & — Fp ¢ is linear for || < m, we may drop the assumption [§] < 1
from (19).

Next, we return to (3), and conclude that, for || < m and [§] < 1, we
have

0PF;! (x) = 0FF (y)l < Craw(x—yl) for x—yl <1, E1 €D,
In view of (5), (6), this means that
| TP5(x) = PH) [lcopmy < Cra(x—yl) for x—y| < 1.
Applying £p, and recalling (1) and (10), we find that
(20) [Fpe(x) = Fpe(y)l < Craw(lx—yl) for x—y[ < 1, [ <1, [B] < m.

This shows in particular that Fg ¢ is a continuous function on R™ for
Bl < m, |& < 1. Again, we may drop the assumption |&] < 1, since
& — Fp e is linear. Thus, for any & € =, |3 < m, we see from (20) that

(21) Fpe is a continuous function with modulus of continuity O(w(t)).

From (19) and (21), we see that (14) and (15) hold.
Moreover, (16) follows from (12), (15), (20).
This completes the proof of (14), (15), (16).



EXTENSION OF C™“-SM00TH FUNCTIONS BY LINEAR OPERATORS 41

Next, we prove that
(22)  Jx(Fe) € fe(x) + Ciofx) for [g] < 1, % € ENB(y c1),

with Cy, ¢y asin (4). To see this, fix xo € ENB(y® c;) and & € = with [§] < 1.
Then fg(xo) + C10(xo) is a closed, convex subset of R,,. Hence, it is an
intersection of closed half-spaces. A closed half-space in R,, has the form

{IXO(F): D apdPF(xo) > 7\}
IBl<m

for coefficients ag € R and A € R. Consequently, there exists a collection Q,
consisting of pairs ((ag)gi<m,A), with each ag € R and A € R, with the
following property:

(23) Let F e C™(R™). Then Jy, (F) belongs to fg(xo) + Ci0(xo)
if and only if we have

> apdPF(xo) > A for all ((ap)p<m,A) € Q.

IBI<m
Now suppose we are given E; € D, with E4 containing xo. Then (4) gives
Jxo (F£') € fe(xo) + Cyo(xo),
hence
> apdfFy(x0) = A for ((ap)pem A) € Q, by (23).
[BI<m
In view of (5), this means that
(24) Z aﬁégf(xo) > A for ((ag)ip<m,A) € Q, E; € D containing X, .
IBI<m
Fix ((ag)ig<m,A) € Q, and set
{ = Z ap (P5(x0) € COD)
IBI<m

(see (7)). From (24) and (5), (6), we see that

5 = (Cg,)g,epd, With (g, > A whenever Eq contains xo.

-,

Taking By = {xo} € D, and applying (2), we learn that £p(C) > A.
That is,

Z ap lo(CPH(x0)) > A.

IBI<m
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Recalling (10) and (15), we obtain

> apdfFe(xo) > A

[Bl<m
This holds for any ((ag)p<m,A) € Q. Therefore, (23) gives Jy,(Fe) €
fe(xo) + Ci0(x0), completing the proof of (22).
In view of (11), (13), (14), (16), (22), we have proven the following result.
Local Theorem 7. Assume the hypotheses of Theorem 7. Then, given

y® € R™, there exists a linear map & — Fgo from = into C™®(R™) such
that, whenever & € = with |E] < 1, we have

0
I Fe llemwmn < C
and ;
J«(FE) € fe(x) + Co(x) for allx € ENB(Y° cy).
Here, C and cq depend only on A, m,n in the hypotheses of Theorem 7.

Finally, we pass from a local to a global result, to complete the proof of
Theorem 7. To do so, we assume the hypotheses of Theorem 7, and fix a
partition of unity

(25) 1 = ZGV on R™,
with
(26) H ey HCm+l (R™) S C,
and

(27) suppBy C B(yv,3cq) (with ¢y as in the Local Theorem 7).
Here, y, € R™ are points with the following property.
(28)  Any given ball of radius T in R™ meets at most C of the balls B(y., ¢1).

Applying the Local Theorem 7, we obtain for each v, a linear map & —
Fy ¢ from = into C™“(R™), such that, for any & € = with || < 1, we have

(29) | Fve llemerny < C
and
(30) J«(Fve) € fe(x) + Co(x) for all x € ENB(yy,c1).

We define a linear map & — F¢ from = into C™®(R™), by setting

(31) F& = Zev : Fv,a-
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For |€| < 1, we have
(32) | Fe flomeom < C,

thanks to (26),..., (29).
Moreover, suppose x € E, & € = are given, with || < 1. By (25), we
can find some p for which x € supp 0. In particular, we have

1
(33) x € EﬁB(yu,zm).
In view of (31) and (25), we have
(34) ]x(FE) — ]x(Fu,a) + Z ]x(ev) O, ]x(Fv,ﬁ_Fu,E) y

where ® denotes multiplication in R,.

In (34), we may assume that the sum is taken only over those v for which
X € B(y~, c1). (In fact, Jx(0y) = 0 for all other v, by (27).)

Let v be given, with x € B(y~,c1). Then (29) and (30), applied to n
and v show that

(35) Jx(Fue) € fe(x) + Co(x);

(36) Jx(Fve) € fe(x) + Co(x);

and

(37) 0PF e (x)], [0PF, ¢ (x) < Cfor [B] < m.
These remarks imply

(38) Jx(Fve —Fue) € Co(x)

and

(39) 0P(Fy e — Fue)(x)| < Cfor IB] < m.

From (38), (39), (26), and the Whitney w-convexity hypothesis of The-
orem 7, we conclude that

(40) ]x(e'v) O] ]x(Fv,a_Fu,g) S CU(X) .

This holds whenever B(y~, c1) contains x. There are at most C such v,
thanks to (28). Consequently, (40) yields

Z ]x(ev) ®© ]X(F’V,E,_FLL,E,) € CG(X) .

B(yv,c1)3x

Together with (34), (35), this in turn yields
(41) Jx(Fe) € fe(x) + Co(x).
We have proven (41) for any x € E and any & € = with |§] < 1.
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Since C depends only on A, m,n in the hypotheses of Theorem 7, our
results (32) and (41) are precisely the conclusions of Theorem 7, for the linear
map & — Fg from = into C™<“(R™). The proof of Theorem 7 is complete. l

6. Further Results

What kind of linear maps are needed in Theorems 1,...,57 To shed light
on this, we introduce the notion of an operator of bounded “depth”.

We start by recalling the basic vector spaces arising in Theorems 1,. .., 5,
namely

C™(E), C™“(E), C™(E, 0(+)), C™*(E, o(-)), C™“(E,0).

We denote any of these spaces by X(E). Note that, whenever S C E, there
is a natural restriction map f — f|g from X(E) into X(S).

Next, suppose E C R™ and let B C R™ be a ball. We say that B
“avoids E” if the distance from B to E exceeds the radius of B.

Now, let T : X(E) — C™(R™) be a linear map, and let k be a positive
integer. Then we say that T has “depth k” if it satisfies the following two
conditions.

(1)  Given x € E, there exists Sy C E of cardinality at most k, such that,
when f varies in X(E), the jet J.(Tf) is uniquely determined by fs, .

(2) Let B C R™ be any ball that avoids E. Then there exists Sg C E of
cardinality at most k, such that, when f varies in X(E), the function
Tf|g is uniquely determined by f|s,.

In terms of these definitions, we can state a refinement of Theorems 2,..., 5.

We have also proven an analogous refinement of Theorem 1, which we
discuss in a later paper. Our refinement of Theorems 2.,...,5 is as follows.

Theorem 8. Suppose E C R™ is finite. Then, in Theorems 2,...,5, we can
take the linear map T to have depth k, where k depends only on m and n.

To prove Theorem 8, we give a refinement of Theorem 7. We need a few
more definitions. In the setting of Theorem 7, we fix an arbitrary set = of
(not necessarily bounded) linear functionals on =.

Suppose T : © — V is a linear map from = to a finite dimensional
vector space V. Then we call T “k-admissible” if there exist k functionals
0,..., 0 € = and a linear map T : R¥ — V such that

TE = T(41(8),...,0(E)) forall &€=,

Also, suppose T : = — C™(R") is a linear map. Then we call T “k-
admissible” if, for each x € R™, the linear map & — J(T&), from = into R,
is k-admissible.
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We can now state our refinement of Theorem 7.

Theorem 9. Given m,n > 1, there exists k*, depending only on m andn,
for which the following holds. R

Let = be a vector space with a seminorm | - |, let = be a set of linear
functionals on =, and let K be a positive integer .

Let w be a reqular modulus of continuity, let E C R™ be a finite set, and
let A > 0. R

For each x € E, suppose we are given a k-admissible linear map & —
fe(x) from = into R,.

Also, for each x € E, suppose we are given a Whitney w-convexr subset
o(x) C Ry, with Whitney constant A.

Assume that, given & € = with |E| < 1, and given S C E with cardinality
at most k¥, there exists Fg € C™@(R"Y), satisfying

[ Fg lemorn) < 1, and ]X(Fi) € fe(x) + o(x) forallx €S.

Then there exists a linear map & — Fg from = into C™®(R™), with the
following properties.

(1) For any & € = with |&] < 1, we have
| Fe [[emew@mn)< A', and Jx(Fg) € fe(x) +A'o(x) for all x € E.
Here, A’ depends only on m,n, and the Whitney constant A.
(II)  The map & — Fg is K*-admissible, where k* depends only on k, m,n.

The proof of Theorem 9 is a straightforward adaptation of that of The-
orem 7, without the Banach limit.

(We needn’t introduce the Banach limit, since we assume E finite. If we
needed the Banach limit here, then we would lose k*-admissibility.)

We use Theorem 9 to prove Theorem 8, just as we use Theorem 7 to
prove Theorem 3. We sketch the argument here. The heart of the matter
is to prove the refinement of Theorem 3 indicated in Theorem 8. As in the
proof of Theorem 3 in Section 1, we take

Z=C™“(E,0()) and |g] =21 [[cnwEor)y for £=T € C™(E, of));

and we use the tautological map & — fg(x) from = into R,, given by & =
(f(X))er — fé{Xo) = f(Xo) for Xo € E.

We define = to consist of all the functionals on = of the form

& — L(fg(x)) for x € E and £ a linear functional on R,.
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As in Section 1, we find that the hypotheses of Theorem 9 hold for our
=, | - |, fe(x), =. The only new point to be checked is that & — fg(x) is
E—admissi]zle for each x € E. This holds, with k = dim P, thanks to our
choice of =. Consequently, Theorem 9 produces a linear map f — F¢ from
C™®(E, o(-)) —» C™®(R"™), with the following properties.

(3) Given f = (f(x))xee € C™<(E, o(-)) with || f ||cm.wE o)< 1, we have
| Fe [|eme @< AY, and Jo(Ff) € f(x) + A’o(x) for all x € E,
with A’ depending only on A, m,n.

(4) For each x € R™ there exist x1,...,X= € E such that, as f = (f(x))xece
varies in C™%(E, o(-)), the m-jet J(F¢) depends only on f(xq), ..., f(xk).
Here, k* depends only on m and n.

Our result (4) is not as strong as the desired conditions (1), (2) that
define an operator of depth k*. However, the proof of the classical Whitney

extension theorem, applied to the family of m-jets (Jx(F¢))xeE, produces a

function Fy € C™®(R™), depending linearly on f, with the following prop-
erties.

(5)  Jx(F¢) = Jy(Fg) for all x € E.
(6) || F¢ [leme @y < C || Fe [|eme@n) with C depending only on m,n.
(7)  Let B C R™ be any ball that avoids E. Then F¢|p is determined by the
m-jets of F¢ at points x1,...,%) € E, with k depending only on m,n.
From (3), (5), (6) we see that the linear map f — F¢ satisfies
(8) Suppose f = (f(x))xee € C™¥(E, o()), with || f ||cm.w o)) < 1. Then
| Fe lleme®n)< A", and Jx(F¢) € f(x) + A”0(x) for all x € E,
where A” depends only on A, m,n.
From (4), (5), (7), we see that
(9)  f+— F¢ has depth k**,
where k** depends only on m and n.

Our results (8), (9) for the linear map f — Fy are precisely the conclusions
of the refinement of Theorem 3 asserted in Theorem 8.

Thus, we have proven that refinement of Theorem 3. The corresponding
refinements of Theorems 2,...,5 then follow from that of Theorem 3, just as
in the Introduction.

The proof of Theorem 8 is complete. |

See [9] for a similar discussion in an easier case. It would be interesting
to prove an analogue of Theorem 8 for infinite E.
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