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Fitting a C™-Smooth
Function to Data 11

Charles Fefferman and Bo’az Klartag

Abstract

We exhibit efficient algorithms to perform the following task:
Given a function f defined on a finite subset E C R™, compute a C™
function F on R™, with a controlled C™ norm, that approximates f
on the subset E.
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1. Introduction

This manuscript is the second part in a series of papers tackling the prob-
lem of interpolation of finite data, in any dimension and for any degree
of smoothness. Here, and in [20], we give detailed proofs of the results an-
nounced in [19]. Let us briefly remind the reader of the problems and results
presented in [19].

We fix positive integers m and n. Suppose we are given a finite set
E C R™ and a function f : E — R. We are interested in constructing a
function F: R™ — R, that extends the given function f, and whose C™(R™)
norm is of the smallest possible order of magnitude.

As in [19], here the “construction of a function” is interpreted from the
viewpoint of theoretical computer science. That is, we give algorithms for
computing smooth extensions of functions, and we try to minimize the time
and storage required by an (idealized) computer when executing these algo-
rithms.

Let us define the problem more precisely. Suppose that E C R™ is a
finite set, and let f : E - R, 0 : E — [0,00) be functions. We denote by
| f|lcm(eo) the infimum over all M > 0, for which there exists a function
F € C™(R") such that

(1) || Fllem@n) < M and [F(x) — f(x)| < Mo(x) for each x € E.

We pay particular attention to the case 0 = 0, and hence we set

| llemE =1 fllemEo -
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Two numbers X,Y > 0 determined by E,f, o, m,n are said to have
“the same order of magnitude” if cX <Y < CX, with constants ¢ and C
depending only on m and n. To “compute the order of magnitude of X” is
to compute some Y such that X and Y have the same order of magnitude.
The main result proved in [19] can be summarized as follows:

Theorem 1. The algorithm that was presented in [19] receives as input a set
E C R™ of cardinality N, and two functions f:E — R, 0: E — [0,00). The
algorithm computes the order of magnitude of ||  ||cm(e,0), using work that
1s at most CNlog N and storage that is at most CN, where C is a constant
depending only on m and M.

The algorithm mentioned in Theorem 1 runs on an (idealized) von Neu-
mann computer [34] that is able to add, subtract, multiply and divide exact
real numbers, and also to detect their sign. We assume in addition that a
real number can be stored at a single memory address.

In this follow-up paper, we deal with the problem of actually computing
a near-optimal function F that satisfies (1) with M having the order of
magnitude of || f ||cm (g o).

As was described in [19], to “compute a function F” means the following:
First, we enter the data E,f, 0 into a computer. The computer runs for a
while, performing L, machine operations. It then signals that it is ready
to accept further input. Whenever we enter a point x € R™, the computer
responds by producing an mt" degree polynomial P, on R™, using L; ma-
chine operations to perform the computation. We say that our algorithm
“computes the function F” if, for each x € R™, the polynomial P, produced
by that algorithm is precisely the mt order Taylor polynomial of F at x.

We call Ly the “one-time work” and L; the “work to answer a query”.
Our main result here is the following theorem, announced in [19].

Theorem 2. The algorithm we present below computes a function F €
C™(R™) that satisfies (1), with M having the same order of magnitude as
| fllemeo)- The one-time work of our algorithm is at most CNlog N, the
storage is at most CN, and the work to answer a query is at most Clog N.
Here, C depends only on m and m.

In addition to the algorithm of Theorem 2, we provide algorithms for
related and generalized problems. First, we claim that the function F we
compute depends linearly on f. Furthermore, for any x € R™ the polyno-
mial P, actually depends (linearly) only on at most C parameters among
(f(x))xee, where C > 0 is a constant depending only on m and n. We may
modify our algorithm, to respond to a query by returning the coefficients of
this short linear dependence (see the exact formulation in Section 35).
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Second, rather than specifying the function value at any point x € E,
we might want to provide input of different types; for example, we might
also want to specify the gradient of the function at some points. Permissible
types of input are discussed in Section 36. Third, we would also like to
gather some information regarding all possible smooth extensions with a
bounded C™(R") norm. Simple variants of the algorithm from Theorem 2
yield solutions to these problems (and others). These will be described in
Section 34 and Section 35.

We would like to remark here that our model of computation for Theo-
rem 2 is slightly different from the one used in [19]; in addition to compar-
isons and arithmetic operations on real numbers, we also require the opera-
tions of logarithm, exponent, and of rounding a real number to the closest
integer. In the Appendix we analyze the performance of the algorithm of
Theorem 2, on an (idealized) digital computer, that is unable to work with
exact real numbers. That is, we assume that a real number is represented
in a digital computer, to a certain accuracy, using S bits. We prove that
the output of the algorithm from Theorem 2, is exact to a degree of accuracy
of S bits. A precise statement and analysis are given in the Appendix.

Theorem 2 is essentially proved by rewriting the proof from [16] in an
algorithmic way. Let us explain here the basic notions that are relevant to
the proof, and at the same time review the structure of this manuscript.
We denote by P* the space of all polynomials of degree at most m on R™,
and let P C P be the space of all polynomials of degree at most m—1. For
x € R™ & > 0 we define

(2) Bt (x,8) = {PeP":|9PfP(x)] < 6™ B for |B| < m}.
We also set
B(x,8) = PNB*(x,8) = {P € P: |0FP(x)| < d™ Bl for |B] <m—1}.
Given M > 0 and a subset o in a linear space V we abbreviate
M-o={Mv:ve oo}

For a function F € C™(R™) and x € R™ we denote by J{(F) the m-jet of F
at x, that is the m* order Taylor polynomial of F at x. We write J,(F) for
the (m — 1)-jet of F at x.

By Taylor’s theorem, if F € C™(R"™) with || F [[cm®n)< M, then for any
x,y € R™,

(3)  Jx(F)=Jy(F) € CM - B(x,[x —yl),

where C > 0 is a constant depending only on m and n.
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Conversely, suppose S C R™ is a finite set, and for each x € S suppose
we are given a polynomial P, € M - B(x, 1) such that

4 P, —P, € M- B(x,|x —yl|) for all x,y € S.
Y

According to the classical Whitney Theorem (see [35] or [32, Section VI),
under condition (4), there exists a C™ function F: R™ — R with || F ||cm(gn)
< CM such that

(5)  Jx(F) = Py forall x € S.

Thus, the “balls” MB(x, d) capture the exact essence of having a bounded
C™ norm. This family of balls will play a central role in this paper. We say
that B(x,0) = (MB(x,8))m=01s a “blob” in P, that is, an increasing family
of convex sets in P.

We will need to represent various “blobs” in the computer, to a certain
degree of approximation. To that end, we present in Chapter I a detailed
discussion of the relevant algorithmic issues. Readers who are familiar with
computer programming, might choose at first reading, to begin at Section 2
and then, perhaps, skip to Section 6 or Section 7.

We will make use of some standard algorithms from theoretical com-
puter science. In Section 9 we survey the Callahan-Kosaraju decomposition
that was previously used in [19]. Using the Callahan-Kosaraju decompo-
sition, we compute and discuss in Sections 10,...,13 the basic blobs that
will accompany us throughout the paper. We think of these blobs, that are
denoted by

(x0,€) = (T(x0, 4, M)) =0 > for xo € E and £ > 0,

as representing candidate Taylor polynomials of our desired C™ function
at xo. To help understand the meaning of these basic blobs, it might be
useful to consider the following set: Fix xog € E,£ > 0, M > 0. Consider all
polynomials Py € P for which

(6) ¥x1,...,%x¢ € E, IPq,..., P € P such that for any 1,j =0,..., ¢,
[Pi(xi) =f(xi)| < Mo(xi), Py € M-B(xq,1) and Pi—P; € M- B(xy, [xi—x;]).

We would like to emphasize that (6) is similar only in spirit to the actual
set '(xo, ¢, M), and that the actual definition of I'(xq, ¢, M) will be differ-
ent. However, both (6) and T'(xo, £, M) share two important characteristics.
First, when M > C || f ||cm(g,0), the Taylor polynomials of all admissi-
ble extensions belong to our set, as follows from (3). Second, and somewhat
more exciting, is that these blobs stabilize very quickly; for some constant £,
depending only on m and n, we have that (I'(xo, {s, M))m=o0 is a good ap-
proximation of (I'(xq, £, M))m=o for all £ > £, (and any x¢ € E).
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Having constructed the basic blobs, we continue along the lines of [16].
In Section 18, we attach, to each xo € E a family of small, positive num-
bers we call “lengthscales”. Very roughly, these numbers represent sizes of
neighborhoods of x¢ in which we know how to solve various partial extension
problems. These length scales are used in Sections 19,...,24 to create certain
nested Calderéon-Zygmund decompositions on R™. Our desired extending
function will be constructed recursively, from a very fine scale to a meso-
scopic one. The nested Calderén-Zygmund decompositions, and the corre-
sponding partitions of unity, are used to “glue” together different patches of
the extending function.

We move to Section 23, where our second algorithmic ingredient is ex-
posed: the so-called “BBD tree”, due to Arya, Mount, Netanyahu, Silverman
and Wu [1]. The results of that paper are summarized in Section 23, and
later applied in Sections 25, 26, 27 to aid several computations related to
the above Calderén-Zygmund decompositions.

Our Main Algorithm recursively constructs extension functions defined
on certain cubes in R™ The Main Algorithm is presented in Section 29,
along with the Main Lemma. The Main Lemma states, more or less, that
the Main Algorithm works. The proof of the Main Lemma is inductive, and
is dealt with in Sections 30,...,33. The proof is similar to the proof in [16].
The Appendix contains a discussion of various issues related to the imple-
mentation of our algorithm in an (idealized) digital computer in which real
numbers are represented only with finite precision. The mathematical issues
involved here are minor; readers unconcerned with the rigorous treatment
of roundoff errors may wish to omit the Appendix.

This paper is part of a literature on the problem of extending a given
function f : E — R, defined on an arbitrary subset E C R™, to a function
F € C™(R™). The question goes back to Whitney [35, 36, 37], with con-
tributions by Glaeser [21], Brudnyi-Shvartsman [5,...,10 and 29, 30, 31],
Zobin [38, 39], Bierstone-Milman-Pawtucki [2, 3|, Fefferman [12,...,18] and
A. and Y. Brudnyi [4].
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Chapter I - Blobs and ALPs

2. Blobs and ALPs: Definitions

In the next several sections we introduce the data structures that are used
to describe families of convex sets, and we explain some basic algorithms to
manipulate those data structures.

Let V be a finite-dimensional vector space. A “blob” in V is a family
K = (Km)mso of (possibly empty) convex subsets Kyy C V, parametrized
by M € (0,00), such that M < M’ implies Ky € Kyy. The “onset” of a
blob X = (Km)mso is defined as the infimum of all the M > 0 for which
Km # 0. (If all Ky are empty, then onset K = +00.)

Let X = (Kpm)mso be a blob in V, let v € V be a vector, and let C > 1
be a constant. Then we call v a “C-original vector” for K if we have v € Kp
for all M > C- onset K. (By definition, we cannot have v € Ky, for any
M < onset X.)

Suppose K = (Km)m=o and X' = (Ky,)m=o0 are blobs in V, and let
C > 1 be a number. We say that X and X' are “C-equivalent” if they
satisfy Km € Koy and Ky € Kem for all M e (0, 00).

Note that, if X and X’ are Cj-equivalent, and if X’ and X" are C,-
equivalent, then X and X” are (C; - C3)-equivalent. Note also that, if K
and X’ are C-equivalent, then (1/C) - onset X < onset X' < C - onset X.

In addition, suppose X and K’ are Ci-equivalent, and suppose v is a
Cs-original vector for K. Then v is a Cs-original vector for X', where Cj3 is
determined by C; and C,. (We can take C3 = C% - C,, as the reader may
easily verify.)

We describe a few elementary operations on blobs. First, suppose V =
Vi @ V; is a direct sum of vector spaces, and let X' = (K{;)m=o be a blob
in V; for i = 1,2. Then we write X' x X2 for the blob (K}, X KZ{)m=o in V.
If K\, = V; for all M € (0,00), then we write V5 x K? for X' x K?; and
similarly for X' x V5.

Next, suppose T : Vi — V; is a linear map of finite-dimensional vector
spaces, and let X = (Ky)mso be a blob in V4. Then we write TX to denote
the blob (TKm)mso in V2. Note that T(TK) = (T'T)K if T: V; — V5 and
T Vz — V3.

Now suppose that XK' = (Ki{,)m=0 are blobs in a vector space V, for
i=1,2,...,T. Then we define their intersection K' N --- N KT to be the
blob (KA, N -+ N K m=o-

Finally, suppose X' = (Ki)m=0 and K? = (K%,)m=o are blobs in V.
Then we define their Minkowski sum X'+ X? to be the blob (KL, +K%,)m=o0
in V, where K}, + K%, = {v! +v?:v! € K}, v? € K%,}.
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This concludes our list of elementary operations on blobs. Note that the
above operations behave well with respect to C-equivalence. More precisely:

o If X' and X' are C-equivalent blobs in Vi, and if %2 and X2 are
C-equivalent blobs in V5, then K' x K? and K' x K? are C-equivalent
blobs in V; & V>;

e If X and K are C-equivalent blobs in Vi, and if T: Vy — V5 is linear,
then TK and TX are C-equivalent blobs in V.

o If XK' and X' are C-equivalent blobs in V for each i =1,..., T, then
K'n---NK"and X'N---NXKT are again C-equivalent.

e Finally, if K* and 3@ are C-equivalent blobs in V, for i = 1,2, then
XK' + K? and K' + K? are again C-equivalent.

Among all blobs in a finite-dimensional vector space V, we focus attention
on those given by “Approximate Linear Algebra Problems”, or “ALPs”. To
define these, let Aq,...,Ar be (real) linear functionals on V| let by,...,br
be real numbers, let o7,..., oL be non-negative real numbers, and let M, €

[0, +00]. We call

(1) A=1A,...,A), (by,...by), (01,...,01),M,] an “ALP” in V.
With A given by (1), we define a blob

(2) K(A) = (Km(A))mso in V, by setting

(3) KmA)={veV:iA(v)—by < Mo,forl=1,...,L} when M > M,;
and

(4) Km(A) =0 for M < M,.

Our definition (3) motivates the use of the phrase “approximate linear al-
gebra problem.” We allow L = 0 in (1), in which case (3) says simply that
Km(A) =V for M > M,,.

We call K(A) “the blob arising from the ALP A”. Unlike an arbitrary
blob, an ALP is specified by finitely many (real) parameters, and may there-
fore be manipulated by algorithms.

We call L and M, in (1), respectively, the “length” and “threshold” of
the ALP A; and we call Aq,...,Ar, by,...,br and o7,..., 0L, respectively,
the “functionals”, “targets”, and “tolerances” of A. Note that the onset of
the blob K (A) is greater than or equal to the threshold of A, thanks to (4).
The onset may be strictly greater than the threshold, since the set Ky (A)
described by (3) may be empty for some M > M,.

We say that two ALPs A, A" are C-equivalent, provided the blobs K(A),
K(A') arising from A, A" are C-equivalent.
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In the next several sections, we exhibit algorithms to perform the follow-
ing tasks:

e Given an ALP A in a vector space V, compute the order of magnitude
of onset K(A).

e Given an ALP A in a vector space V, compute a C-original vector for
K(A).

e Let A be an ALP in a vector space V. Compute an ALP A’ of length
at most dimV, such that X(A’) and K(A) are C-equivalent.

e Let A', A% be ALPs in vector spaces Vi, Vs, respectively. Compute an
ALP A in V; @V, such that K(A) = K(A") x K(A?).

e Let A be an ALP in a vector space Vi, and let T : V7 — V; be a linear
map. Compute an ALP A’ in V; such that X(A’) is C-equivalent to
T(XK(A)).

o Let A',... AT be ALPs in a vector space V. Compute an ALP A’
such that K(A) = KA N---NK(AT).

e Let A', A% be ALPs in a vector space V. Compute an ALP A such
that K(A) is C-equivalent to K(A") + K(A?).

Here, C denotes a constant depending only on the dimensions of the rele-
vant vector spaces. To “compute the order of magnitude” of onset K(A)
is to compute a number X such that ¢X < onset K(A) < CX for positive
constants ¢, C depending only on dimV.

In the next two sections, we describe some elementary linear algebra on
ALPs, including the reduction of an ALP to “echelon form”. In the following
sections, we apply our result on echelon form, to carry out the tasks set down
in the preceding paragraphs. We also study what happens when our ALPs
depend on parameters.

To close this section, we discuss “homogeneous ALPs”. An ALP A as
in (1) is called “homogeneous” if we have by =--- =bp =0 and M, = 0.
Thus, for all M € (0, 00), (3) gives

(5) KmlA) = Mo(4), with
6) oA)=veV:NWV)| <oifort=1,... L.

In other words, a homogeneous ALP really describes a convex, centrally
symmetric polyhedron o(A) in V, given by finitely many linear inequalities.
(Recall that a convex set K in a vector space V is called centrally symmetric
if x € K implies —x € K. Often, we say “symmetric” instead of “centrally
symmetric”.)
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Moreover, two blobs K(A) and K(A) given by homogeneous ALPs A, A
are C-equivalent if and only if the polyhedra o(A) and o(A) defined by (6)
satisfy

(7) o(A) € Co(A) and o(A) € Co(A).

If (7) holds, then we say that “o(A) and o(A) are C-equivalent”.

By specializing to the case of homogeneous ALPs; we see that the tasks
we set ourselves above include, for instance, the following:

Given two convex symmetric polyhedra o(A') and o(A?) in the form (6),
compute a homogeneous ALP A for which o(A) is C-equivalent to the
Minkowski sum o(A') 4+ o(A?).

Details are left to the reader, but we provide an elementary remark that
helps with the verifications:

Suppose A and A’ are ALPs, and suppose that X(A) is C-equivalent
to K(A’). Then A is homogeneous if and only if A" is homogeneous.

3. Elementary Row Operations

In this section, we show how to perform elementary row operations on ALPs,
analogous to the elementary processes of linear algebra. This will be used in
the next section to place an ALP into “echelon form”. When we implement
linear algebra computations in a finite precision digital computer, certain
accuracy issues arise. These are discussed in the Appendix.

Our row operations are of three types. To describe the first row opera-
tion, let

(1) A= [(}\h"'a)\L)) (b1>---abL)7 (01)"'>GL)) M*]

be an ALP in a vector space V, and let 7w : {1,...,L} — {1,...,L} be a
permutation. Then

AT = [(AT[])"‘)}\T[L)) (b7ﬂ>"'ab7ﬂ_)) (O—nh-"ao—nL))M*]

is again an ALP in V, and, evidently, X(A) = K(A™). We say that A™ arises
from A by “permuting rows”. (In the next section, we will regard each A,
as a row vector.)

Our second type of row operation arises for an ALP (1) in case there
is some L < L such that Ary; = Af,o = --- = A = 0. In that case, for
L < € < L, the estimate [A¢(v) — by < Moy, appearing in the definition
of K(A), reduces to [by] < Moy, which is equivalent to M > Mj, for
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an Mj € [0, +o0] determined trivially by b, and o,. Consequently, we have

K(A) =XK(A), where

A = [(}\],...,}\f_),(b],...,bf_),(0—],...,0—]__),maX(M*,M%+],...,M>{)].

We say that A arises from A by “stripping away zeros”.

Our third row operation on an ALP (1) arises by adding a multiple of
one of the functionals Aq,..., A to each of the other A’s. More precisely,
let A be the ALP given by (1), and let 1 < £y < L. Suppose we are given
real coefficients f31,..., 1, with 3¢, = 0. We define a new ALP AinV by
setting
2)  A=I[RAy,...,A), (by,...,b0), (o1,...,00), M,], where
(3)  Ae=A¢+ Berg and by =be+ Beby, for £=1,..., L.

The blobs K (A) and K (A) are then related by the following simple result.

Proposition. Assume that |B¢| - 0¢, < o¢ for £ =1,2,...,L. Then the
blobs K(A) and K(A) are 2-equivalent.

Proof. Fix M > M,, and let v € Km(A). Then, for £ =1,...,L, we have
A¢(v) — byl < Moy, and consequently

since |B¢og, < 0y.
This shows that

(4)  Km(A) C Kam(A),

for all M > M,. On the other hand, (4) is obvious for M < M,, since
Km(A) is empty in that case. Thus, (4) holds for all M > 0. Moreover, since
Bgo = O, (3) implies }\e = /7\\({ — ﬁe/}\\eo and bg = 6({ — BIZBEO for £ = 1,. . .,L.
Hence, we may repeat the proof of (4), with the roles of A and A inter-
changed, to conclude that

(5)  Km(A) € Kam(A) for all M > 0.

Inclusions (4), (5) tell us that the blobs X(A) and K (A) are 2-equivalent.
The proof of the proposition is complete. |

When A and A are related as in (1), (2), (3) with Bg, = 0, then we
say that A arises from A by “row addition”. If also [B¢oy, < oy for each
¢ =1,...,L, so that the above Proposition applies, then we say that A
arises from A by “stable row addition”. Note that the tolerances o, ..., o
and the threshold M, remain unchanged when we pass from A to A by row
addition.

ZAS

Ae(v)—by = }[N(V)—bz] + BelAg, (V)—beo]’ < Mo+ B¢ - Moy, < 2Moy,
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4. Echelon Form

In this section, we use the elementary row operations from the preceding
section to place a given ALP A into “echelon form”, somewhat like the
standard echelon form in linear algebra. In the next section, we use our
echelon form to exhibit algorithms to carry out the tasks we set ourselves in
Section 2.

We take our vector space V to be RP, for some positive integer D. Let

(1)  A=IMN,...,A), (by,...,br), (01,...,01), M,] be an ALP in V.

Each functional A; may be identified with a row vector A = (Ag, ..., Aip) €
RP. Thus, the ALP A may be rewritten in the form

(2)  A=[Ag)r=est, (be)r<e<t, (00)1<e<t, M.

1<
1<5<D

For 0 <I <L, we say that an ALP A as in (2) is in “echelon form through
row I, with “pivots” pq,...,pr, if the following conditions are satisfied.

EF0); The p; are integers, and 1 <p;<p2<---<p;r<D.

EF2

(EF0)

(EF1); Ay, #0fori=1,... L

( ) 1]=0f0r1§j<pi,i:1,...,l.
(

EF?)) i]':OfOI‘ISjSDI,i>I.

See Figure 1 for a matrix in echelon form through row I.

Figure 1



62 C. FEFFERMAN AND B. KLARTAG

We adopt the convention that every ALP is in echelon form through row
zero. On the other hand, an ALP (2) can never be in echelon form through
row I with I > D, as one sees at once from (EF0);. An ALP A as in (2),
which is in echelon form through row L= length (A), is said to be in “echelon
form”. Note that an ALP in RP in echelon form has length at most D.

To place a given ALP into echelon form by row operations, we repeatedly
apply the following result.

Lemma 1. Let A be an ALP as in (2), and suppose A is in echelon form
through row 1. Then one of the following alternatives holds.

o Alternative 1: Ay =0 for all ¢ >1,1 <5 <D.

e Alternative 2: There exists an ALP A in echelon form through row I+1,

such that the blobs K(A) and K(A) are 2-equivalent, and length(A) =
length(A). Moreover, we can compute A from A by an algorithm that
uses at most CD(L + 1) computer operations, where C is a universal
constant.

Proof. Let p1,...,p1 be the pivots for A. Suppose Alternative 1 doesn’t
hold. We take pry1 to be the least j for which there exists £ > I with Ay # 0.
Thus,

(3)  Aep., # 0 for some £ > I, and

(4) Ay =0forj<pr,l>L

Also, if T #£ 0, then we have

(5)  p1<prm <D, as we see by comparing (3) with (EF3);.

Among all £ > T with A, ., # 0, we pick { to minimize o/ Aepr -
Once we have picked ¢, we can act on A by permuting rows, to reduce
matters to the case in which { =1+ 1. Thus,

(6) ALt yPI41 7é 0, and
(7) ’7\({,131+]/7\1+1 ’p1+]| o < 0y for all £ > I.

We now perform “addition of rows” on the ALP A, as in the previous
section, taking £o = I + 1, and using coefficients

(8)  Be=—Aep i/ M1,y forall € >1+1,
(9) Pe=0for (L <I+1.

Note that B¢, = B111 =0, as required for addition of rows.
Note also that |, - o¢, < oy for all £, as we see from (7), (8), (9).



FIirTING A C™-SMOOTH FUNCTION TO DATA IT 63

Hence, the Proposition from the preceding section applies. Thus, from A,
we obtain by “stable addition of rows” an ALP,

(10) A= [(7\21) ISL (62)19,5]_ ,(0'({)1§e§]_, M*}, such that

1<
1<5<D

(11)  The blobs X(A) and X(A) are 2-equivalent, and

(12) Ay = Agj + PeAg; for all £,5.

From (8), (9), (12), we see that

(13) Ag=Agfor {<I+1,1<j<D;and

(14) A=A — (Aeprsr /At pry) - Arerjfor €>1+41,1<j <D.
In particular, (4) and (13), (14) give

(15) Ag=0forj<pr, >1+1.

Another application of (14) gives Agyp,,, =0 for £ > 1+ 1.
Together with (15), this yields

(16) 7\5:0f0rj§p1+1,€>1+1.
It is now easy to check, using (6), (13), (15) and (16), that
(17) A s in echelon form through row I+ 1.

In view of (11), (17), and the obvious remark length (A) = length (A), we
find ourselves in Alternative 2. Moreover, the above argument produced A
from A by an algorithm that uses at most CD(L + 1) operations, as the
reader may easily check. Here, C denotes a universal constant.

The proof of Lemma 1 is complete. |

Repeatedly applying Lemma 1, we can easily derive the main result of this
section.

Lemma 2. Let A be an ALP in RP, as in (2). Then there exists an
ALP A% in echelon form in RP, such that the blobs K(A) and K(A") are
2P_equivalent, and such that length(A#) < min{length(A), D}. Moreover,
we can compute A* from A in at most CD?(L 4+ 1) operations, where C is
a universal constant.

Proof. Starting at A° = A, which is in echelon form through row zero,
we repeatedly apply Lemma 1, until we find ourselves in Alternative 1 in
the statement of that lemma. Thus, we obtain a sequence of ALPs A =
A% AT A?, ..., with Al in echelon form through row I, and such that the
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blobs K (A" and K(A™") are 2-equivalent. An ALP in RP can never be in
echelon form through row I > D, and therefore our sequence terminates at
some A with ] < D. Thus, K(A) and K(A)) are 2P-equivalent, A’ is in
echelon form through row J, and A’ satisfies Alternative 1, i.e.,

, (b)1<e<r, (0)1<e<, M,

with A =0 for J<¢<L,1<j<D.

Stripping away zeros from A’, we obtain an ALP A7 in echelon form,
with K(A') = K(A#). Thus, K(A) and K(A#) are 2P-equivalent. More-
over, the above argument produces A* from A by an algorithm that uses
at most CD?(L + 1) operations, since we apply Lemma 1 at most D times.
Here C denotes a universal constant.

It remains only to check that length (A#) < min{length(A), D}. Recall
from Lemma 1 that length (A™') = length (A") for each 1. This yields length
(A) = length (A°) = length (A’). Since A# arises from A’ by stripping away
zeros, we have length (A#) < length (A’) = length (A). Also, since A” is
an ALP in RP in echelon form, we have length (A#) < D.

Thus,

length(A#) < min{length(A), D},

completing the proof of Lemma 2. |

5. Applications of Echelon Form

In this section, we apply our results on echelon form, to carry out the tasks
we set ourselves in Section 2.

Algorithm ALP1: Given an ALP A of length L in RP, we exhibit an ALP

A7 in RP, in echelon form, such that the blobs K(A) and K(A#*) are 2P-
equivalent. The ALP A% has length at most min(L, D).

Explanation: This is the main result in Section 4. The work and storage used
by this algorithm are at most CD?(L + 1), where C is a universal constant.

Algorithm ALP2: Given an ALP A of length L in RP, we compute a number
X > 0 such that 27PX < onset K(A) < 2PX.

Explanation: Using Algorithm ALP1, we compute an ALP
(1) AF = [(7\6]') 1<t

1<5

<t ,(bei<e<t, (00)1<¢<1, M.] in echelon form, with
< <t< <t<

T
3 <j<D
L < D, and such that the blobs K(A) and K(A#) are 2P-equivalent.
We then return X = M,. This algorithm uses work and storage at most
CD?(L + 1) for a universal constant C.



FIirTING A C™-SMOOTH FUNCTION TO DATA IT 65

We check that 27PX < onset K(A) < 2PX. In fact, since K(A#) and
K(A) are 2P-equivalent, we have 27P- onset K(A#) < onset K(A) < 2P-
onset K(A#). Hence, it is enough to check that onset K(A#) = M,. This
amounts to saying that

as we see from the definitions of “onset” and “threshold”. Recall that, for
M > M., we have

D
(3) Km(A#) = {(V],.. .,VD)ERD . )Zi\e]'\)j—f)g) < M(_)‘g ford = ],.. .,f_ }

=1

The ALP A# is in echelon form. Let 1 < p; < --- < pr < D be the pivots
of A#. Then by the definition of “echelon form”, we have

(4) Agp #O0for€=1,... . Liand Ay =0for 1 <j<pgL=1,...,L

We will define a vector v = (vq,...,vp) € RP as follows. The entries
Vp,VD_1,..., V7 are determined successively by the rule:

(4a) v;=0if 1 is not one of the py; and

D
(4b) vm:xa.[m_ Yy xﬁv]} for (=T, L—1,...,1,

j=pe+1
(When py = D the sum in (4b) is zero.) From (4) and (4b), we see that
the vector v = (v1,...,vp) € RP satisfies ij] Agv; = befor € =1,... L.

Consequently,
(5) v e Km(A#) for M > M,, as we see from (3).

This completes the proof of (2), which shows that 27PX < onset K(A) <
2PX, as claimed.
Note that (5) shows that v is a 1-original vector for K(A¥).

Algorithm ALP3: Given an ALP A of length L in RP, we exhibit a 2%P-
original vector v for K(A).

Explanation: Using Algorithm ALP1, we exhibit an ALP A# in echelon form,
such that the blobs K(A) and K(A#) are 2P-equivalent. We then determine
a l-original vector v for K(A#), as in our explanation of Algorithm ALP2.
Since K(A) and K(A#) are 2P-equivalent, it follows that v is a 2?P-original
vector for K(A).

The work and storage to compute A* are at most CD?(L + 1), and the
length of A% is L < min(D,L) < D.
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The work and storage needed to compute v by (4a) and (4b) are at
most CD(L + 1) < C'D?. Hence, altogether, the work and storage used
by Algorithm ALP3 are at most CD?(L + 1), for a universal constant C.
Algorithm ALP4: Given ALPs A', A? in vector spaces V', V2, respectively,
we exhibit an ALP A in V' @ V2, such that K(A) = K(A") x K(A?). We
have length (A) = length (A') + length (A?).

(Lack of) Explanation: We leave the trivial algorithm for the reader. The
work and storage used are at most

C - (dimV"+dimV?) - (14 length A" + length A?),

for a universal constant C.

Algorithm ALP5: Given an ALP A in a vector space V, and given a linear
map T : V — V', we compute an ALP A’ in V', of length at most dim V', such
that the blobs T(X(A)) and K(A’) are 2P-equivalent, where D = dim V.

Explanation: We consider three basic special cases, and then pass to the
general case. The special cases are as follows.

Case 1: T:V — V' is an isomorphism.
Case 2: T:RP — R istheinjection (v1,...,vp) — (vi,...,vp,0,...,0).
Case 3: T:RP — R is the projection (v1,...,vp) — (Vb_ori1,. .., VD).

In Case 1, it is obvious how to produce an ALP A’, of the same length
as A, such that TK(A) = K(A').
The work and storage used to produce A’ in Case 1 are at most

C(dim V')? 4+ C(dim V’)? length (A),

since we must compute T~! and then compose each functional A, (appearing
in A) with T-'. Here, C is a universal constant.

In Case 2, it is obvious how to produce an ALP A’, of length equal to
L=(D'—D)+ length (A), such that TK(A) = K(A").
The work and storage used to produce A’ in Case 2 are at most CD’(L+1),
for a universal constant C.

In Case 3, we proceed as follows. Using Algorithm ALP1, we produce an
ALP A# in echelon form in RP, such that the blobs K(A) and K(A#) are
2P-equivalent, and such that length (A#) < min(D, length (A)). We will
exhibit an ALP A’, of length at most I’ = min{D’, length (A)}, such that
TK(A#) = K(A'). Since TK(A#) and TK(A) are 2P-equivalent, it follows
that K(A') will be 2P-equivalent to TK(A). To compute A’, let

(7) A = [(7\&') 1<i<i , (B€)1§€§D (O0)1<e<t M*},
152D
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and let 1 <p; < --- < pg < D be the pivots for A#. As before, we have
(8) 7\ng #OfOI‘e:],...,i; and 7\13]' =0 for 1 §j<pg,€:1,...,i.
Recall that K(A7) = (Km(A7))m=0, With

D
(9) Km(.A#) = {(V],.. .,VD) S RD . ‘ngjVj_Be < Ma'e for £ = ],. ,f_}
=1
when M > M, and
(10) Km(A#) =0 when M < M,.

We define a blob X' = (K},)m=0, by setting

D
(11) K/I\/l = {(VD—D’Jrh Ce ,VD) ERDli ‘ZX@'V]‘—B({ < M(Te fOI'pg> D — D,}

)=P¢

when M > M, and
(12) Kj, =0 when M < M,,.

Then K’ = K (A’) for an obvious ALP A’ in echelon form in RP'. In par-
ticular, length (A’) < D’. We check that

(13) Ky = TKm(A*) for all M > 0.

For M < M,, (13) is obvious from (10) and (12). Suppose M > M.
From (9), (11) and the definition of T, we obtain T K (A#) C Kj,.

On the other hand, let v/ = (vp_p/41,...,vp) belong to Kj,. We define
Vb_p/, - .., V1 successively, by the rule:

(13a) vi =01if i < D — D’ is not among the p, ({ =1,...,L); and

(13b) vp, =Aga[be— Y Agvjl if pp <D —D".
i>Pe

This yields v = (vq,...,vp) € RP satisfying ZiZm Agv; — by = 0 for p, <
D —D’, thanks to (13b); and |Z_j2m§\gjv_j —be < Moy for pe > D—_D/, since
V' e K\,. Consequently, |Z].z1 Agv; —be < Moy for £ = 1,...,L, thanks
to (8). That is, v € Km(A¥). Since also Tv = v/, we conclude that v/ &
T Km(A#). This shows that Ky, € T Km(A*), completing the proof of (13).

Thus, in Case 3, we have computed an ALP A’ of length at most min{D’,
length (A)}, such that the blobs TK(A) and K(A’) are 2P-equivalent.

The work and storage used to produce A’ are at most CD?-(1-+length(A)),
for a universal constant C. This concludes our discussion of Cases 1, 2, 3
above.
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We now discuss Algorithm ALP5 in the general case. Suppose we are
given a linear map T : V — V/, and an ALP A in V. We factor T as
the composition of the projection 7t : V. — V/ker(T), the isomorphism [T]:
V/ker(T) — Im(T), and the injection 1: Im (T) — V’. Here, of course, ker(T)
stands for the kernel of T and Im(T) stands for the image of T. By picking
bases in the relevant vector spaces, and by using the known Cases 1, 2, 3
above, we can exhibit ALPs A4, A, A’ such that:

o X(A4) is 2P-equivalent to mXK(A) (where D = dim V), and length
(A7) < rank T;

e X(A,) =[T]X(Aq) and length (A;) = length (A;); and
e X(A') =1K(A;) and length (A’) = length (A,) + (dim V' — rank T).

Thus, K(A’) is 2P-equivalent to TK(A), and length (A’) < dimV’. This
completes the implementation of Algorithm ALP5.

It is straightforward to verify that the work and storage needed for Al-
gorithm ALP5 are at most

C- (dimV + dimV')? 4+ C - (dimV)? - length (A),

for a universal constant C.

Algorithm ALP6: Given ALPs A" A% ..., AT in a vector space V, we com-
pute an ALP A in V, such that

K(A) = KAHY N KA>) N--- N KAT), and
length (A) = length (A') + --- + length (AT).

Explanation: This algorithm is trivial. To form A’ from A',..., AT, we
concatenate the lists of A, by, 0 from the individual A% and we take the
maximum of the thresholds over all the A%

The total work and storage used by Algorithm ALP6 are at most

-
C - (dimV) - (1 + Z length (Ai)) for a universal constant C.

i=1

Remark. For large T, the length of the ALP A produced by the above
algorithm will be large. Hence, it is prudent to apply Algorithm ALP1, im-
mediately after applying Algorithm ALP6 with a large T.

Algorithm ALP7: Given ALPs A' A? in a vector space V, we compute an
ALP A of length at most dim V, such that the blobs K(A) and K(A") +
K(A?) are 2P-equivalent.
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Explanation: Let T: V&V — V be given by (vy,v2) — vi 4+ v,. Then
KA + K(A%) = TIKAY x K(A%)].

Hence, we may carry out Algorithm ALP7, by applying our previous Algo-
rithms ALP4 and ALP5.
The total work and storage needed by Algorithm ALP7 are at most

C - (dimV)*+ C - (dimV)? - (length (A') + length (A?%)),

for a universal constant C.

Next, we recall from Section 2 the notion of a “homogeneous ALP”. By
applying Algorithms ALP1, ALP6 and ALP7 in the case of “homogeneous
ALPs”, we obtain the following algorithms to manipulate convex symmetric
polyhedra.

Algorithm ALP8: Let V be a finite-dimensional vector space. Fori=1,...,T,
let

ot ={veV: AW <opfort =1,... 1LY,

where the A} are (real) linear functionals on V, and the o} belong to [0, 00).
Given the A} and o}, we compute functionals A1, ..., AL, and non-negative
numbers G7,...,0q, such that L < dimV, and 6 = {v € V: [A(v) < &y
for £ = 1,...,L} satisfies

2—(dimV)6_ C 0_1 - N O_T C 2+(dimV)6_.

Algorithm ALP9: Let V be a finite-dimensional vector space. For i = 1,2,
let

o= eV: ANV <ojfort =1,...,19

where the A} are (real) linear functionals on V, and the o} belong to [0, 00).
Given the A} and o}, we compute functionals Aq,...,Ar, and non-negative
numbers 07,...,0r, such that L < dimV and

6d={veV:AW) <o fort =1,...,L}

satisfies
Zf(dimV) g C 0_1 + 0_2 C 2+(dimV) G.
The work and storage needed for Algorithm ALP8 are at most C(dim V)? -

(1+L"+ --- + LT); for Algorithm ALP9 we need work and storage at most
C(dim V)3 + C(dim V)% - (1+L" + L?). Here C denotes a universal constant.

In summary, we have carried out all the tasks we set ourselves in Sec-
tion 2. As long as we keep the length of our ALPs from growing, we re-
tain good control of the work and storage used by our algorithms. We can
prevent the length of our ALPs from growing, by applying Algorithm ALP1
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as needed. When we intersect blobs arising from T ALPs (with T large), the
work and storage are proportional to T, but the intersection is computed up
to C-equivalence, with C independent of T. We can apply our algorithms
to compute (up to C-equivalence) the intersection and Minkowski sum of
convex, symmetric polyhedra.

6. Linear Dependence on Parameters

We want to discuss the linear dependence of some of the ALP algorithms in
the previous section on the targets (bg)i<e<r of the input ALPs. To do so
conveniently, we introduce another data structure called a “PALP”.

Let N be a large integer, to be fixed much later. (N will have the order
of magnitude of the size of our input set E.) A (real) linear functional on RN
is said to have “depth k” if it has the form

(1) RN (&,...,6x) — Wi&y + -+ pxér, with pg # 0 for at most k
distinct values of 1.

Note that a linear combination of p functionals of depth k has depth pk. We
represent the functional (1) by keeping only the nonzero w;, along with the
(increasing) sequence of i’s for which p; # 0. We make here the assumption,
to be justified in all applications (see Section 35), that

(2) An integer index i in the range [1,N] can be stored in at most C
memory words.

Thus, a depth k functional on RN can be held with storage C(k + 1); and
two depth k functionals can be added with work and storage C(k+1). Here
and below, C denotes a universal constant.

We will work with vector spaces V,V’, of dimension D and D’, respec-
tively. We write cp, Cp, Cp, etc. to denote constants depending only on D.
Similarly, cp o/, Cp o, etc. denote constants depending only on D and D’.
These constants need not be the same from one occurrence to the next.

A “parametrized ALP” or “PALP” in V is an object of the form
(3) A = [(Ah s )AL)a (bh s )DL)) (gh s )QL)L Where:
e Fach A, is a linear functional on V;

e Fach b, is a linear functional on RN; and

e Each g, belongs to [0, o).

We say that a PALP (3) has “depth k” if each of the functionals b, on RN
has depth k.
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As for ALPs, we call Aq,...,A; the “functionals” of the PALP (3), even
though b;,...,b; are now linear functionals as well. Similarly, we call
b;,...,b; and 0y,...,07, respectively, the “targets” and “tolerances” of
the PALP (3). Also, we call L the “length” of the PALP (3). Observe that,
unlike an ALP, a PALP has no threshold.

When V = RP| then (as for ALPs), we may regard each A, in (3) as a
row vector, and thus rewrite our PALP in the form

(4) A = [(Ae]’):gj‘f;é ) (hehgegb (thg(’,gl_} , where the Aejygz are real

numbers, and each b, is a linear functional on RN.

We may view A as an object of either form (3) or (4). Let A be a PALP as
in (3), and let

A= [(7\1»"'))\L))(b]v"')bL)v(O—])"'O—L))M*]

be an ALP of the same length as A.
For a given & € RN, we say that A and A “agree at &” if we have:

e \p=A,foreach {=1,...)L;
o by=D,(§) foreach { =1,...,L; and
e oy=0,foreach{=1,... L

There is no condition here on the threshold M,, since the PALP A has
no threshold.

We can make elementary row operations on PALPs, just as on ALPs. In
fact, if A is asin (3), and if t: {1,...,L} — {1,..., L} is a permutation, then
by “permuting rows”, we obtain the PALP

'/C_VT: [(AT[])"‘)AT{L)) (brn])"'ahﬂL)) (gTﬂ)"')thL)] .

If Ais as in (3), and if A, = 0 for all £ in the range L < { < L, then by
“stripping away zeros”, we obtain the PALP

[(A])"')Ai)) (h])"'ahi)) (gh'-')gi” .

Finally, if A is as in (3), and if Bq,...,fL € R with By, = 0, then by
“addition of rows”, we obtain the PALP

[(A]"‘BP&O»--->AL+6L‘AeO) ) (b]+61'h€0>“-ahL—I_BL'beO)) (Q]»---aQL)] .

Suppose A has depth k. Then by “permuting rows” or “stripping away
zeros”, we again obtain a PALP of depth k. However, by “addition of rows”,
we obtain from A a PALP of depth 2k.
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Our row operations on PALPs may be implemented on a computer in
an obvious way. A PALP in RP of length L and depth k takes up storage
CD(k+ 1)(L+ 1), and a row operation on such a PALP takes work and
storage CD(k+ 1)(L+1).

The usefulness of row operations on PALPs lies in the following obser-
vation.

(5) Remark. Suppose A is a PALP, A is an ALP, and & € RN. Assume
that A and A agree at &. Let A" and A’ arise from A and A, respectively,
either by permuting rows with respect to the same permutation, by
stripping away the same zero rows, or by addition of rows with respect
to the same parameters. Then again A’ and A’ agree at &,

Thanks to the above remark, we can carry out the following algorithms on
PALPs.

Algorithm PALP1: Given a PALP A of depth k and length L in RP, we pro-
duce a PALP A" of depth 2Pk and length < min(L, D), with the following
property:

Let A be an ALP in RP, let & € RN, and let A# be the ALP produced

from A by Algorithm ALP1. If A and A agree at &, then A% and A# also
agree at €.

Explanation: Starting with A, we perform exactly the same elementary row
operations as in Algorithm ALP1 (only now they act on PALPs instead of
ALPs). We obtain a PALP of depth 2Pk, since we perform “addition of
rows” at most D times. The desired properties of A% follow easily from
Remark (5). The work and storage in a row operation on a PALP of depth
2Pk is at most C2P(k + 1) larger than the corresponding work and storage
for an ALP. Hence, the work and storage of Algorithm PALP1 are at most
Co(k+T1)(L+T).

There is no analogue of Algorithm ALP2 for PALPs, since for that algo-
rithm the threshold plays an essential role.

Algorithm PALP3: Given a PALP A of length L and depth k in RP, we pro-
duce functionals v1(£),...,vp(&) of depth Cpk on RN, with the following
property:

Let A be an ALP in RP, let & € RN, and let (vi,...,vp) € RP be the
vector produced from A by Algorithm ALP3. If A and A agree at &, then
(vi(&),...vp(&)) = (v1,...,vD).

Explanation: First we apply Algorithm PALP1, and then we follow the same

recursive procedure as in Algorithm ALP3 to determine vp, vp_1, ..., v; (only
now the by and v, are to be regarded as linear functionals on RN). It is
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straightforward to check that the resulting functionals v{(§),...,vp(§) are
of depth Cpk and have the desired property, thanks to Remark (5). As in
the discussion of Algorithm PALP1, the work and storage needed for Algo-
rithm PALP3 are at most Cp(k + 1) times what is required for Algorithm
ALP3, since the by and v, are now functionals of depth Cpk instead of num-
bers. Hence, the work and storage required for Algorithm PALP3 are at most
Co(k+1)(L+1).

Let A be a PALP on RP, C > 1 and let (v1(&),...,vp(&)) be a vec-
tor of linear functionals on RN, Suppose that for any ALP A on RP and
& € R™ such that A and A agree at &, we have that (vi(§),...,vp(£)) is a
C-original vector for A. Then we say that (v{(&),...,vp(&)) is a “C-original
parametrized vector for the PALP A”.

Note that Algorithm PALP3 computes a Cp-original parametrized vector
for the PALP A.

Algorithm PALP4: Given PALPs A', A? of depth k in vector spaces V', V2,
respectively, we produce a PALP A of depth k in V' @ V?, with the following
property: Let A" A? be ALPs in V', V? respectively; let & € RN; and let A
be the ALP in V' & V2 produced by Algorithm ALP4. If A and A' agree at
& fori=1,2, then also A and A agree at &,

(Lack of) Explanation: We perform the same trivial manipulation as for Al-
gorithm ALP4. The work and storage needed for this algorithm are at most

Ck+1) - (dimV" + dimV?) - (1+length A" + length A?)

Algorithm PALP5: Let V, V' be vector spaces of dimension D, D’ respectively.
Given a PALP A of length L and depth k in V, and given a linear map
T:V — V', we produce a PALP A’ of length < D’ and depth Cp pk in V/,
with the following property:

Let A be an ALP in V, let & € RN, and let A’ be the ALP produced from A
and T by Algorithm ALP5. If A and A agree at &, then also A’ and A’ agree
at &.

Explanation: We follow the same procedure as for Algorithm ALP5, but with
the targets by of every relevant ALP being regarded now as linear functionals

on RN of depth Cpp/k rather than real numbers. The work and storage
needed are at most Cp pr(k+ 1)(L+ 1). We omit the details.

Algorithm PALP6: Given PALPs A' ... A" of depth k in a vector space V,
we compute a PALP A of depth k in V|, with the following property:

Let A',..., AT be ALPs in V; let £ € RN; and let A be the ALP in V
produced from A',... AT by Algorithm ALP6. If A* and A' agree at & for
eachi=1,...,T, then also A and A agree at &.
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(Lack of) Explanation: Trivial. The work and storage used are at most

T
C(k+ 1)(dimV) - <1 + Z length (ﬂd) )
=1

Algorithm PALP7: Given PALPs A, A% of depth k in a vector space V of
dimension D, we produce a PALP A of depth Cpk in V, with the following
property:

Let A", A2 be ALPs in V; let & € RN;'and let A be the ALP in V produced
from A', A? by Algorithm ALP7. If A' and A" agree at & for i = 1,2, then
also A and A agree at &.

Explanation: We follow the same procedure as for Algorithm ALP7, but with
the targets of the relevant ALPs being regarded now as linear functionals of
depth Cpk on RN, instead of real numbers. The work and storage used by
this algorithm are at most Cp(k+1) - (length (A') + length (A%) +1).

7. A Lemma on Rational Functions

The following elementary result on rational functions will be used in the
next section.

Lemma 1. Let R(t) = p(t)/q(t) on (0,00), where p and q are non-
zero, real polynomials of degree at most d. Then there exists a partition
of (0,00) into finitely many intervals 1y,..., 1, . (the “hard” intervals),
and J1, ...y Jvaa (the “easy” intervals), with the following properties.

(a) For each “easy” interval J, there exists a monomial a,t™ with 0 #
ay € R, m, € Z, |m,| < d, such that

_ 1 _
R(t) — ayt™] < Elavltmv forallt € J,.

(b) Each “hard” interval 1, has the form (y,,v,;), with y,//y, < C and
Yu € Jv(w for somev(p). Here, C depends only on d.

(¢) The “hard” intervals are open; the “easy” intervals are relatively closed
in (0,00). Some of the J, may consist of a single point. Additionally,
Umax < C and viax < C for a constant C depending only on d.

(d) Given p(-) and q(-), we can compute the 1, Jv, av, My, and v(u), with
work and storage bounded by a constant depending only on d.

Proof. We write ¢, C, C’, etc., to denote constants depending only on d.
For each pair of distinct non-zero monomials bt* and b't¥ | both appearing
in p(t) or both appearing in q(t), we introduce the interval

I(k,Kk) = {t€(0,00): (5d)7"|bt"| < [b't¥| < (5d)[bt"|}.
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Then I(k,k’) has the form (tiow, thigh), With thigh/tiow < C. Hence, the
union U of all the above intervals is a finite union of open intervals, and
we have

(1) L dt/t < C.

We take the “hard” intervals I, to be the component intervals of U, and we
take the “easy” intervals J, to be the component intervals of (0,00) ~ U.
Note that each I, has the form (y,,y}) with y, € Jy(y for some v(u).
From (1) we obtain the bound y,{/y, < C.

Properties (b), (c) are obvious for the above intervals I, J,. It remains
to check properties (a) and (d).

Fix one of the “easy” intervals J,. Thus, ], is one of the component
intervals of (0,00) ~ U.

Let bt* and b't¥ be two distinct non-zero monomials, both appearing
in p(t). Then either
(i) bt > (5d) - |b/tK]| for all t € Jy;
(i)  [b't¥] > (5d) - [bt¥| for all t € J,; or
(iii)  (5d)7"btY < [b't¥] < (5d)[bt¥| for some t € J,.

In case (i), we say that bt* “dominates” b’t¥; in case (ii) we say that
bt “dominates” bt*. Case (iii) cannot occur, since otherwise J, would
contain some point in an I(k,k’) € U. Consequently, “domination” is a
linear order relation between non-zero monomials appearing in p(t). Since
there are only finitely many such monomials, it follows that some non-zero
monomial agt® appearing in p(t) dominates all the others. Thus,

p(t)=aqt® + -+ 4+ ao, with |axt’ < (5d) "|agtH for all k £k, t € J,.
This implies that
2)  Ip(t) — aptd < LlagtM for all t € Jy,

since there are at most d non-zero monomials other than agt® appearing

in p(t).
A similar argument for q(t) shows that

(3)  la(t) — bet!] < 1| bgt! for all t € J,,

where bgt! is the dominating monomial in q(t). In (2) and (3), we have
ap #0,b;#0,and also 0 < k < d,0 < { < d since p(t) and q(t) have
degree at most d.

The desired conclusion (a) for J, is now obvious from (2) and (3). Also,
conclusion (d) is now obvious. The proof of the lemma is complete. |



76 C. FEFFERMAN AND B. KLARTAG

8. Non-linear Parameters

In this section, we ask for the largest & > 0 for which there exists v € V
such that

(0) Ag(v) — byl < opd ™ ford=1,...,L.

Here, as usual, V is a finite-dimensional vector space, each A, is a functional
on V, each by is a real number, each o, belongs to [0, co). Each m, is a non-
negative integer. In principle, we could decide this question using Tarski’s
decision procedure for real-closed fields [33]. However, we will content our-
selves with solving an easier version of the problem, and will need no tools
beyond the Lemma in the preceding section.

Throughout this section, we write ¢, C, C’; etc. to denote constants de-
pending only on L, dim V, and maxj<¢<i mg. Our result on (0) is as follows.

Lemma 1. LetV be a finite-dimensional vector space, let Ay, ..., A\r be linear
functionals on V, let by, ..., by be real numbers, let o1, ..., oL be non-negative
real numbers, and suppose that my, ..., mp are non-negative integers.

Then, with work and storage at most C, we can compute a number dox €
[0, 0], satisfying the following properties.

(a)  If0 < < doxk, then there exists v € V, such that

[Ae(v) — be| < Coed ™ fort=1,...,L.

(b)  Let d > 0. Suppose there exists v € V, such that
IAe(v) — bg] < coed ™ forl=1,...,L.
Then 0 < & < dok.
Proof. Let Ag={:0,=0}, Ay ={l: 0, #0}, and

H= {V eEV: |7\g(\)) — bg| < 0'174571“‘Z for L e /\0}
= {V eV: 7\({(\)) = be for ¢ € /\0}
Then H is a (possibly empty) affine subspace of V. If H is empty, then we
can detect the fact that H is empty by elementary linear algebra; we then

have conclusions (a) and (b) with dox = 0. Hence, we may assume from
now on that H is non-empty. We define

2
(1) Qw8 = ) (M) forveH, § >0, and

Op O
Lte Ny

(2) R(8) = min{Q(v,d): v € H}.
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By elementary linear algebra, the minimum in (2) is attained, and R(d)
is a rational function of 9,

OCd6d+"'+0(0

B RO = B s+ o

Here, d is an integer constant determined by L, dim V, and max m,.

We can compute the coefficients «o,...,xq and Po,...,q with work
and storage at most C, again by elementary linear algebra . The coefficients
Bo,...,PRq are not all zero.

It may happen that «o, ..., xq are all zero, i.e., R(d) = 0 for all 6. In
that case, there exists a vector v € H with Q(v,8) = 0 (thanks to (2)), hence
Ae(v) — by = 0 for £ € Ay (thanks to (1)), and for £ € Ay (since v € H).
Thus,

}\e(\))—bg:o f0r€:1,...,L,

and consequently the inequalities (0) admit a solution v € V for any & > 0.

Therefore, after checking that g = &1 = --- = g = 0, we may just set
dok = +o00, and conclusions (a) and (b) will hold. Hence, we may assume
from now on that o, ..., xq are not all zero. With d = max(my,..., mg),
we have

4 QW8 < QW,8) < (£)*'Q(v,8) forve Vand 0 < 5 < &,

as we see easily from the definition (1). (Recall that mq,...,mg > 0.)
Consequently,

(5) 0 < R(8) < R(S) < (L) R(5) for 0<5< 8,

by definition (2). In particular, (5) shows that R(3) cannot vanish for any
d > 0, since we are assuming that R(d) doesn’t vanish identically.

We now apply the lemma from the preceding section to the rational
function R(8). Let I, ]y, ay, My, v(1),y,, Y, be as in that lemma.

For each “easy” interval J,, we have

(6)  [R(8) —ay 8™ < Iay, 6™ for all § € J,, with a, # 0 and |m,| < d.

Since R(8) > 0 by definition, and since R(6) never vanishes, it follows that
a, > 0. Also, each “hard” interval I, has the form (y,,y,[) with y, € J
and 1 <vyi/y, < C. Applying (5) with & =y,,, we learn that

(7)  R(yu) < R(0) < CR(yy) for all 6 € I,,.
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Let Ty, . .. ,/I\Smax be an enumeration of the I, and J,; these intervals form
a partition of (0,00). For s = 1,..., Spax, we define a monomial y 0", as
follows:

o If TS = J,, then we set ys = a, and ugs = m,.
o If T, = I, then we set ys = R(y,) and ps = 0.
Thanks to (6) and (7), we have

(8)  cysd* < R(8) < Cysd* fordels, s =1,..., Smax-

For each s = 1,..., Spax, We can trivially apply (8) to produce one of the
following three outcomes, relevant to Ij:

aN

(01)s: We guarantee that R(6) < C for all 6 € I;.
(02)s: We guarantee that R(d) > ¢ for all & € T..

(03)s: We produce 8, € T, satisfying ¢/ < R(8,) < C'.

Thanks to (5), it then follows that we can produce one of the following three
outcomes, relevant to (0, 00):

(0q): We guarantee that R(d) < C for all & € (0,00); and we define
50]( = OQ.

(07): We guarantee that R(6) > ¢ for all & € (0,00); and we define
50]( =0.

(03): We produce dok € (0, 00) satisfying ¢/ < R(6pk) < C'.

The work and storage used to arrive at an outcome (Q1), (0;) or (03), and
to compute dok € [0, 00], are at most C.

It remains to check that 6ok satisfies properties (a) and (b) in the state-
ment of Lemma 1.

We begin with (a). Suppose 0 < & < dpok. Then (O;) cannot hold, and
we have

(9) R(d) < C".
Indeed (9) holds trivially in case (O1), and it follows from (5) in case (O3).
From (9) and (2), we conclude that Q(v,8) < C” for some v € H. Thanks
to (1), this v satisfies [A¢(v) — by < C”0d ™ for £ € Ay. Moreover,
Ae(v) — b =0 for £ € Ay, since v € H. Thus, |[A¢(v) — by < C"0d ™ for
all £ =1,...,L, completing the proof of (a).

We turn to (b). Suppose & € (0, 0o0) satisfies & > dok. Then (O4) cannot
hold, and we have

(10) R(8) > c".
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Indeed, (10) holds trivially in case (O,), and it follows from (5) in
case (O3). From (10) and (2), we conclude that Q(v,d) > ¢” for all v € H.
Recalling (1) and the definition of H, we conclude that for all v € V we
cannot have

Ae(V) = byl < ¢od™ for £=1,...,L

This proves (b), completing the proof of Lemma 1. [ |

We were helped greatly by the fact that the constants in Lemma 1 are
allowed to depend on L, a luxury we were denied in our earlier sections on
blobs and ALPs. A major point in our proof of Lemma 1 is that, thanks
to (5), the “hard” intervals I,, are not so hard after all.

Chapter II - The Basic Families of Convex sets

9. The Callahan-Kosaraju Decomposition

In this section, we recall the results of Callahan-Kosaraju [11], together with
some obvious consequences of their work, spelled out in our earlier paper [19].

Let E € R™ with #(E) = N, and let » € (0,1). We write ¢,C, C’,
etc. to denote constants depending only on n and 5. A “sc-well-separated
pairs decomposition”, or “WSPD” is a finite sequence of Cartesian products,

(0) E} xEf,...,E xXEf,
each contained in E x E, and having the following properties:

(1)  Each pair (x/,x") € E x E with X" # x” belongs to precisely one of
the sets By, x E{ ({ =1,...,L). Moreover, E{NE; =0 for { =1,..., L.

(2)  Foreach{=1,...,L, we have diam (E}), diam (E]) < - dist (E}, EY).
Here, of course,

diam (A) = max |[x —y| and dist(A,B) = min |x—y|
X,YEA xEA,YeB

for finite sets A, B C R™. It is convenient to introduce also

diamy (A) = n'/? . max max [x; —yil.
(X750 xn) €A 1<i<n
(Yy,--o yn) €A

Note that n"?diamy (A) < diam(A) < diamg (A).
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Callahan and Kosaraju show in [11] that there exists a WSPD (0), with
L < CN; in fact, they construct one by an algorithm that uses storage at
most CN, and work at most CN log N.

Moreover, the WSPD whose construction is described in [19] has addi-
tional structure, that allows us to perform efficiently certain computational
tasks. The sets Ej, E] in (0) are defined in terms of two auxiliary objects T
and L, which we now describe.

e T is a collection of subsets of E. We write A or B to denote elements
of T. The sets A € T form a tree under inclusion.

e [ is a collection of pairs (Aq, Az), with Ay and A, subsets of 7.
Each (Aq,A;) € L gives rise to a Cartesian product
(3) (UA7) x (UA3) C E x E, where

UA ={xeE:xeAforsome Aec A} for A CT.

The WSPD (0) constructed in [19] consists of all the Cartesian products (3),
for (A1,A\;) € L.

In addition to T and L, the algorithms in [19] allow us to compute and
store the following auxiliary data:

e For each A € T, a point x4 belonging to A.
e For each A € T, the quantity diamy, (A).

e For each (A4,Az) € L, two points Xy , Xy,, with x[, € UA; and
XI/I\Z € U/\z.

e For each (Aq,/A;) € L, the quantities diamy, (UA;) and diamy, (UA>).

We can describe any given A € T or (Ay,A2) € £ in a “compressed form”
that uses storage at most C. In fact, the set E may be ordered in such a way
that each A € T and each UA; [i = 1 or 2,(A4,/A;) € L] is an interval.
Moreover, we can efficiently recover (A7, Az) € L from the intervals UA;
and UA,. Hence, it is enough to store the endpoints of the relevant intervals.
Whenever we store or specify A € T or (Aq,/A;) € L, we always use the
“compressed form”.

Using the above (and additional) properties of T and £, we can perform
the following computations of lists.

(a)  Given an A € T, we compute a list of all the elements of A.

This takes work Wa (to be discussed below), and storage at most CN.



FIiTTING A C™-SMOOTH FUNCTION TO DaTA IT 81

(b)  Given a (A1,A;) € L, we compute a list of all the elements A € Ay,
and a list of all the elements B € A,.

This takes work W(A4, A3) (to be discussed below), and storage at most CN.

(c) Given an A € 7, we compute a list of all the (A7, A2) € L for which
Ay DAL

This takes work W/, (to be discussed below), and storage at most CN.
(d)  Given an x € E, we compute a list of all the A € T for which A > x.

This takes work W, (to be discussed below), and storage at most CN.
Regarding the work of the above computations, we have

4 ) Wa+ > WALA)+ D Wi+ ) W, < CNlogN.

AT (A1,A2)EL AET x€E

The Callahan-Kosaraju decomposition constructed in [19] is shown there to
satisfy

(5) #{nodes in T} < CN, #{(A4,Az) € L} < CN,

(6) > #(A) < CNlogN, and )  [#(A4) + #(A3)] < CNlogN.

AT (A1, A\2)EL

In the next section, we use the above “Callahan-Kosaraju decomposition”
to construct a family of blobs and ALPs that plays a basic role in our work.

10. The Basic Blobs and ALPs: Definitions and Com-
putations

In this section, we recall from [19] an important family of blobs and ALPs.
We work in P, the vector space of (real) (m—1)"™" degree polynomials on R™.
Let D = dim P.

For x € R™ and r > 0, we recall from Section 1 the useful blob

(0)  B(x,r) = (M- B(x,7))m>0 in P, where
(1)  M-B(x,7) = {P€P:[0*P(x)| < Mr™ ™ for |a] < m—1}.

This blob arises from an obvious ALP of length D in P. Recall that we are
given a finite subset E C R™ and functions 0 : E — [0,00) and f : E — R. We
use the Callahan-Kosaraju decomposition for E, with »x = 1/2. We retain
the notation of the previous section, except that in this section C denotes a
constant depending only on m and n. Also, for { > 0, we write ¢, Cq, Cj,
etc., to denote constants depending only on £, m and n.
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We now construct from E, f, 0 a family of blobs I'(x, £) = (T'(x,{, M))m=0
in P, parametrized by x € E and £ > 0. This is exactly the same family
of blobs that was constructed in [19]. For the convenience of the reader,
we provide here a detailed exposition of the construction. We proceed by
induction on £.

For £ = 0, we define

(2)  T(x,0,M) ={PeP:[0*P(x)] < M for o < m—1,
and |P(x) — f(x)] < Mo(x)}

for all x € E.

For the inductive step, fix £ > 0, and suppose we have defined the blobs
I'(x,{) for all x € E. We will define the blob I'(x,{+ 1) for all x € E.

To do so, we use the Callahan-Kosaraju decomposition, and proceed in
five steps, as follows.

Step 1: For each A € T, we form the blob
3)  TAQ =[] [N(x0 + B(x, diamy(A))].
XEA

Step 2: For each (A7,A3) € L, and for 1 = 1,2, we form the blob

1) TALD = [ [T(A 0 + Blxa, diamy (UAL))].

AEN;

Step 3: For each (A, A3) € L, we form the blob

(5)  T(AL, A0 = Th(A1,0) N [R2(A2,0) + Blxa,, [xa, —xa,1)].
Step 4: For each A € T, we form the blob

6) TAL+D) = (] T(ALALD.

(A1, AQ)EL
A13A

Step 5: For each x € E, we define the blob
(1) Tl t+1) =Tx0 N (A L+1).
AT

ADx

This completes the inductive definition of the blobs I'(x, {).
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By following the above induction on £, we can compute ALPs A(x, {) for
each x € E and € > 0, such that I'(x, {) is Ce-equivalent to K(A(x,{)), the
blob arising from A(x,£). In fact, for £ = 0, the blob I'(x, 0) is already given
by an obvious ALP of length D + 1.

For the inductive step, fix £ > 0, and suppose we have already computed
A(x,£) for all x € E. Then, by using Algorithms ALP1, ALP6, ALP7 from
Section 5, we may follow our five steps to produce ALPs as follows.

Step 1: For each A € T, we compute an ALP A(A,{) of length < D, such
that K(A(A, L)) is C-equivalent to

[ [K(Ax,0) + B(x, diamy,(A))].

XEA

Step 2:  For each (Ay,A;) € L, and for 1 = 1,2, we compute an ALP
Ai(Aq, £) of length < D, such that X(A;i(Ay, €)) is Ce-equivalent to

() [K(A(A, Q) + Blxa, diamy (UAL))].

AEN;

Step 3': For each (A1, A,) € L, we compute an ALP A(A;, Ay, £) of length

< D, such that KX(A(A;, Az £)) is Cp-equivalent to
KA (AL D) N [K(A2(A2 D) + Blxa,, xa, —xa,1)] -

Step 4': For each A € T, we compute an ALP A'(A, £+ 1) of length < D,
such that KX(A'(A, £+ 1)) is Cp-equivalent to

ﬂ K(A(A1, A2, 0)).

(A1, A2) €L
A1 DA

Step 5’:  For each x € E, we compute an ALP A(x,{+ 1) of length < D,
such that K(A(x,€+ 1)) is Ce-equivalent to

K(A(x,0) N [ KA(AL+1)).

AT
ADx

This completes our description of the computation of the ALPs A(x,£). We
will need the A(x,{) only for £ =0,1,...,L,, with {, depending only on m
and n.

Note that all the ALPs computed above have length < D, except for
A(x,0), which has length D + 1.

Comparing Steps 1’,...,5" with Steps 1,...,5, we see that

(8)  K(A(x,€+1)) is Clequivalent to I'(x, €+ 1), for all x € E;
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provided
(9) K(A(x,0)) is Ce-equivalent to I'(x, ), for all x € E.

Since also K(A(x,0)) = T'(x,0) for all x € E, an obvious induction on {
shows that (9) holds for all £ > 0. Thus, we can compute the I'(x, £) up to
Ce-equivalence. In [19], we showed that the computation of the ALPs A(x, £)
for all x € E and £ = 0,...,{, requires work at most CNlog N and storage
at most CN. This is a straightforward application of our results on the basic
ALP algorithms, together with the estimate (4) from the preceding section.
(In [19] we computed with “ellipsoidal blobs” rather than ALPs. This has
no effect on our estimates for the work or storage used by our algorithms.)

Starting from E, o, f, we have defined the blobs I'(x,£) and computed
them up to Ce-equivalence. Next, we introduce a variant. Suppose we
repeat our construction of the I'(x, {), starting from E, 0,0 in place of E, o, f.
Then, in place of the T'(x, {), we will obtain a new family of blobs (x, £) =
(F°(x, £, M))m=o0 in P, determined by E and o. Also, in place of the ALPs
A(x, ), we will obtain a family of ALPs A°(x,{) of length < D + 1, such
that

(10)  The blob K(A°(x, £)) is C-equivalent to I(x, £) for each x € E, £ > 0.

We can compute the A%(x,€) (for all x € E, { = 0,...,L,) using work at
most CN log N and storage at most CN.

An easy induction on { shows that the '(x, ¢, M) have the form
r(x, 2, M) = Mo(x, ()

for a convex, symmetric set o(x, £) C P, and that A°(x, £) is a “homogeneous
ALP”; see Section 2. Consequently, the blob

K(A%(x,0)) = (Km(A®(x, 0))m=0
has the form
Km(A%(x, 0)) = Mo(A%(x, 1))

for a convex, centrally symmetric polyhedron o(A°(x,£)) C P, arising from
A°(x,€) as in (5), (6) in Section 2.

The blob equivalence (10) therefore becomes
(11)  ceo(A%x, 1)) C o(x,) C Cro(A°x,10)) for all x € E, £ > 0.

Thus, we have computed the convex sets o(x,£) up to Ce-equivalence. (See
also Section 13 below for more details regarding the construction of the

o(x,0).)
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11. The Basic Blobs and ALPs: Linear Dependence on
Parameters

In the preceding section, we associated to E, o, f a family of blobs I'(x, {)
and ALPs A(x,£) (x € E,£>0).

In this section, we suppose that E and o are held fixed, while f = f;
depends linearly on a parameter & € RN. We assume that

(1) & fe(x) is a depth k linear functional on RN, for each fixed x € E.

-

We will also use the notation f(x, &) = f¢(x), mostly in later sections. Here, k
and N are given, and N is assumed to satisfy (2) of Section 6. We ask how
the ALPs A(x, {) depend on the parameter &. To answer this question, we
bring in our results on PALPs.

We start with a few preliminary remarks. In this section, we write C, C’,
etc. for constants depending only on m and n; while Cy, Cj, etc. denote con-
stants depending only on £, m,n. We set D = dim P. Recall the definition
of the blobs B(x, r). Recall from the preceding section that the blob B(x, 1)
arises from an obvious ALP in P, which we shall call Az ). Since the tar-
gets in Ap(xr) are all zero, it is trivial to construct a PALP Ag, .y of depth

zero in P, such that Ag, ) and Agp(yr) agree at every & € RN,

We now discuss the &-dependence of the ALPs A(x, £) constructed from
E, o, f when f = fs. Let us call these ALPs Ag(x,{).

By induction on £ > 0, we can construct a family of PALPs A(x,{) (for
x € E,L > 0), of depth C¢k and length < D 4 1 in P, with the following

property:
(2)¢ Letxe€Eand§&e RN. Then A(x, () agrees with Ag(x,0) at &.

To see this, we first recall that

(3) MNx,0,M) ={PeP: |[0*P(x)] < M for |af < m—1,
and [P(x) — f(x)| < Mo(x)},

and that A(x,0) is the obvious ALP giving rise to the blob (3). Thus, for
£ =0, (2)¢ holds for the PALP A(x,0) in P, defined as follows: The function-
als for A(x,0) are Ay : P — 0%P(x) for |&| < m — 1, and Aeera : P — P(x).

The targets corresponding to these functionals are 0 for the Ay, and fg(x)
for Aextra-

The tolerances corresponding to the above functionals are 1 for the A,
and o(x) for Acra-

Note that A(x,0) has depth k.

Thus, we have constructed A(x,0) having the desired properties.
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Next, fix £ > 0, and suppose we have already constructed PALPs A(x, £)
of depth C¢k and length < D+T1 in P, for each x € E, satisfying property (2),.
We will construct PALPs A(x,{+ 1) of depth Cjk and length < D in P,
for each x € E, satisfying (2)¢11. To do so, we recall Steps 1’,...,5 in the
preceding section. We used these five steps to pass from the A(x,{) (x € E)
to the A(x,£+ 1) (x € E). To implement Steps 1’,...,5, we used our
Algorithms ALP1, ALP6, ALP7 in an obvious way. We can now carry out the
analogous five steps to pass from the PALPs A(x,{) (x € E) to the PALPs
A(x,L+1) (x € E). We simply use Algorithms PALP1, PALP6, PALP7 in place
of ALP1, ALP6, ALP7. From (2), and the defining properties of Algorithms
PALP1, PALP6, PALP7, we obtain the desired property (2)41 for the PALPs
A(x, 0+ 1) (x € E), and we see also that the A(x, £+ 1) have depth Cik.

This completes the induction on £.

Thus we can compute the A(x,{), by an analogue of our earlier com-
putation of the A(x,{). We shall need the A(x,£) only for 0 < £ < {,; as
before, {, is an integer constant, depending only on m and n.

The work and storage needed to compute the PALPs A(x,{) (x € E,0 <
¢ < L) are at most C(k + 1) times the corresponding work and storage
for the A(x,£). (The factor C(k + 1) arises, because we work with targets
that are depth-Ck functionals instead of real numbers.) Thus, the A(x, ()
(x € E,0 <€ < {,) can be computed using work at most C(k + 1)Nlog N,
and storage at most C(k + 1)N.

12. Whitney t-Convexity

In this section we start by proving some properties of the useful blob B(x, 1)
= (MB(x, 1)) m>o defined in Section 1. Recall that for x € R™ r > 0 we set
(1) B(x,1) = {P € P:[0PP(x)| < r™ Bl for [B| <m —1},

and for y € R™ we define B(x,y) = B(x,[x —yl|). From (1) we immediately
conclude that for x € R™ and r, A > 0,

(2) B(x, Ar) C max{A™ A}- B(x,1).

In this section ¢, C,C etc. stand for constants depending only on m
and n. For two polynomials P,Q € P, we denote by P ®, Q the prod-
uct of P and Q as (m — 1)-jets at x. That is, P ® Q is the one and only
S € P such that

0%S(x) = 0%(PQ)(x) for |a/<m-—T1.
For 07,0, C P and x € R™ we also write
Q10 Q2={POxQ:P€Q;,Qe Q)
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Lemma 1. Let x,y € R",r > 0. Then,
(3)  B(x,1) CCB(y,r+Ix—yl),

and in particular B(x,y) is C-equivalent to B(y, x).
Suppose v < 1. Then,

(4)  B(x,r) ©x B(x,7) C CT™B(x,1).
Let P,Q € B(x, 1), and suppose |x —y| < r. Then,
(5)  (PoOyQ)—(PexQ) e CrmB(y,x].

Proof. Start with verifying (3). Let P € B(x,r) be a polynomial. Then,
for any o] < m — 1 we have

0P ()| < T

By Taylor’s theorem

. Q%P (x) B
9 P(U)|=' 2
IBl<m—T1—|&
<C Y pm (B [l < (o x —y )™
B

and (3) follows from the definition of B(y,r+ [x — yl).

Next, we establish (4). Let P € B(x,1),Q € B(x,r). Then, for any
o <2(m—1),

(6)  [0%(PQ)(x )|=
> Bla Bl 551’)() (0°7PQ)(x)

B,a—pReM
< Cymymi«d

<C Z Bl Emefod+HBI
B,a—pReM

since v < T. Here, M denotes the set of all multi-indices y of order |y| <
m — 1. On the other hand,

(1) 0%(PQ)(x) =0%(P©x Q)(x) for ol <m—1.

From (6) and (7) we conclude (4).

It remains to prove (5). To that end, let P,Q € B(x,r) and y € R™ be
such that [x —y| < r. By (6) for any |B] <2(m —1),

108(PQ)(x)| < Cr2™ Pl
Note also that 9B(PQ — P ®, Q)(x) =0 for |[B| <m —1.
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Therefore, for any |of < m —1,

(8) [0%(PQ — P &y Q)(u)| = ‘Zéa‘”ﬁ(PQ—PQXQ)(X)(U—X)B
5

1
= ' 2 P - [y —x)B’
m<|BlHad<2(m—1)
< C Z 1lﬂl*[loclJr\BlJm _ X|If3\ < Cr™My — X|mf\oc\
m<|Bl+Hal<2(m—1)
since T > [y — x|. According to the definition of P ®, Q, the inequality (8)
implies that for any |of < m—1,

0%[(P ®y Q) — (P @x Q)l (y) < Cr™px —y|™ 1.
Hence (5) follows. -

Remark. For P,Q € P* and x € R™, we write P®} Q to denote the unique
polynomial in P for which 0P (P} Q—PQ)(x) = 0 for all |B] < m. We will
also make use of the following fact, whose proof is completely analogous to
that of (4). Suppose x € R™ and r < ¥. Then,

(9) Bt (x,r)®f B*(x,7) C CT™ - B*(x,1).

We will need the following

Definition. Let x € R™, A > 1 and let ¢ be a convexr, symmetric, non-
empty subset of P. We say that “o is Whitney t-conver at x, with Whitney
constant A7 if for any v > 0,

(10) [oNB(x,1)] ©x B(x,1) C Ar™0.

The above definition is an instance of “Whitney w-convexity”; see [14, 16].
(However, [14, 16] require (10) or its variants, only for r < 1.) A basic
example of a Whitney t-convex set is B(x, 1); for any x € R™ r > 0 the set
B(x, ) is Whitney t-convex at x with Whitney constant C > 0, depending
only on m and n. This follows from (4).

Also, if 07, 02 are Whitney t-convex at x with Whitney constants A7, A,
respectively, then oy N 02 is Whitney t-convex at x with Whitney constant
max{A1, A2}. We thus conclude the following lemma.

Lemma 2. Let 0 C P,x € R A > 1,v > 0. Suppose that o is Whitney
t-convex at x with Whitney constant A. Then

oNB(x,T)

1s Whitney t-convex at x with Whitney constant CA, where C is a constant
depending only on m and M.
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Another useful observation is as follows. Let 0,0’ C P be convex sym-
metric sets, and let a,b > 0 and A > 1 be constants. Suppose %‘0‘ C o C
bo, and suppose o is Whitney t-convex at x with Whitney constant A.
Then, as may be easily verified from the definition (10), the set o’ is also
Whitney t-convex at x, with Whitney constant a max{1,b}- A.

We view Whitney convex sets as quantitative analogues of ideals in P
with respect to ©y. For instance, ideals with respect to ©, are always
Whitney t-convex at x with Whitney constant A, for any A > 1.

In the proof of the next lemma we will use the following elementary
observation. Suppose that A, K, T are symmetric convex sets in a vector
space V. Then,

(11) XCT = (A+K)NTC(AN2T)+K.

Indeed, if x € (A +K)N T, then for some k € K we have that x —k € A.
Also, x —k € T—K C 2T, and hence x € (AN 2T) + K.

Lemma 3. Let x,y € R™Y A > 1, and assume that o C P is Whitney
t-conver at y with Whitney constant A. Then, for any & > |x —y|,

o+ B(y,d)

1s Whitney t-convex at x with Whitney constant CA, where C depends solely
on m and n.

Proof. Let r > 0. According to (10) we need to show that

(12)  {lo+B(y,d)]NB(x, 1)} ©x B(x,r) € CAr™ [0+ B(y,d)].
Assume first that v < 8. Then as [x —y| < 3, (3) gives

(13)  B(x,1) € B(x,8) C CB(y,8) C Clo+B(y, )],

since 0 € o0 as o is non-empty, convex and centrally-symmetric. Combin-
ing (4) with (13) we get that,

{lo+B(y,8)]NB(x,7)} ©x B(x,T)
C B(x,1) ®x B(x,1) C C't™B(x,1) € Cr™[o + B(y, 8)]
and (12) follows for the case r < 8. Suppose now that
r>9.
Then,
(14) [0+ B(x,8)]NB(x,r) C [0N2B(x,7)] + B(x, ).

Indeed, (14) follows from (11) since B(x,8) C B(x,r). The sets B(x, ) and
B(y, ) are C-equivalent by (3), since [x —y| < . Therefore, (14) implies

(15) [0+ B(y,d)]NnB(x,r) C CloNB(x,r)] + C'B(y, d).
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We will deal separately with each summand in the right-hand side of (15).
Since 1 > 6 > [x — yl|, we know by (3) that B(x,r) and B(y,r) are C-equiv-
alent. We use (5) and then the aforementioned equivalence to get that

(16) [oNB(x,7)] ©xB(x,7) C [ocNB(x,1)] ®, B(x,7) + C'v™B(x,y)

C CloNB(y,1)] ®yB(y,r) + Cr™B(x,y) .

Recall that o is assumed to be Whitney t-convex at y with Whitney con-
stant A. Hence, from (16) and (10) we obtain

(17) [o N B(x,1)]OxB(x,1) € CAr™0o+Cr™B(x,y) € CAr™o+C'r™B(y, 8),

since B(x,y) € CB(y, d) by (3). Next, we once more use the fact that B(x, 8)
and B(y, 6) are C-equivalent. Thus,

(18)  B(y,8) @x B(x,1) C CB(x,8) Oy B(x, 7).
By (18) and (4), since 1 > b,
(19)  B(y,d) Ox B(x,1) C C't™B(x,5) C Cr™B(y, ).
By combining (15), (17) and (19), we see that
{lo+B(y,8)] N B(x,7)} @xB(x,1) C C[Ar™0 + ™B(y, 5)] + C™B(y, 8),
and thus,
{lo+B(y,8)]NB(x,1)} ®«B(x,1) € CAr™ [0 + B(y, 5)].

This is precisely our desired inclusion (12). The proof is complete. |

13. Properties of the I’s and o’s

In this section we establish the basic mathematical properties of the blobs
I'(x,{) and the convex sets o(x,{£). Those properties are as follows. We
write C, for a constant depending only on {, m,n.

Property O:
(a)  Let Fe C™(R™) and M > 0 be given. Assume that
| Fllem@®ny < M and [F(x) —f(x)] < Mo(x) for all x € E.

Then J,(F) € T'(x,¢, C{M) for all x € E, £ > 0.
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(b)  Let F e C™(R™) be such that
| Fllem@n) < 1 and [F(x)] < o(x) for all x € E.

Then J,(F) € Ceo(x,8) for all x € E, £ > 0.

Property 1: For any x € E, £ > 0, M > 0, we have

(a)  T(x, M)+ Mo(x, ) C T(x,{, CM), and

(b)  T(x,{,M) —T(x,{,M) C CiMo(x,1).

Here, A + B and A — B denote the Minkowski sum and difference, i.e.,
A+B={P+Q:PcAQecBlandA—B={P—-Q:PcA, Qe B
Property 2:

(a) Letx,y€E £>1,M>0. Then,

MNx,¢{,M)cCTl(y,£—1,CM)+ C;MB(x,y).

(b)  Let x,y € E, £ > 1. Then,

O-(ng) C Ce [O_(U»E_ ]) + B(X)U)] .

Property 3: For each x € E, £ > 0, the set o(x,{) is Whitney t-convex at x,
with Whitney constant C,.

Property 4: For each x € E,{ > 0, M > 0, we have
Nx,¢,M)cT(x,—1,CM),

o(x,€) C Ceo(x,0—1).

Property 0(a) was proven in Lemma 2 of Section 7 in [19]. Property 2(a) was
also proven in [19]; see (5) and (8) of Section 7 in [19]. In order to establish
Property 0(b) and Property 2(b), recall from Section 10 that M(x, {, M) =
Mo (x, £) and TO(x, £) is the blob that arises when f = 0. Thus, Property 0(b)
is a particular case of Property 0(a), and Property 2(b) is a particular case
of Property 2(a). It remains to establish Properties 1, 3 and 4. Property 4
is trivial, as will be explained below. Properties 1 and 3 will follow by a
straightforward induction on £, making use of Lemma 3 from the preceding
section for the proof of Property 3. We supply details.

Recalling our construction of the I'(x,{) and o(x,{), we see that the
o(x, {) arise by the following induction on £.
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For £ =0, we set
o(x,0) ={P e P:|P(x)| < o(x) and |0PP(x)| < T V|| <m—1.

For the inductive step, fix £ > 0, and suppose we have defined o(x,{) for
each x € E. We will define o(x,¢+ 1) for each x € E. To do so, we use
the Callahan-Kosaraju decomposition for E, with s = 1/2. We retain the
notation of Section 9 (except that C here denotes a constant depending only
on m and n). We construct the sets o(x,{+ 1) in five steps:

Step 1°: For each A € T, we define

o(A,0) = [ [o(x,0) + B(x, diamy(A))] .

XEA

Step 2°: For each (Aq,Az) € L, and for i = 1,2, we define

0i(A,0) = () [0(A, ) + B(xa, diamu, (UA))].
AEN;

Step 3°: For each (A4, A3) € L, we define
0(A1, A2, 0) = 01(Ag,8) N [02(A2,8) + Blxa,, xa,)].
Step 4°: For each A € T, we define

o—/(A>€+1) = 6—(A1)A2>€)'

Step 5°: For each x € E, we define

o(x, 0+ 1) = olx,0) N (] (A L+]1).

AET
A Sx

This completes the induction defining the convex symmetric sets o(x,{)
(x € E,L>0).

Property 4 is now obvious from inspection of Step 5°, and also of Step 5
from Section 10. Now we will give the induction on £ proving Properties 1
and 3.

For £ = 0, we denote ad-hoc,

Ix,0,M) ={P € P:|P(x) — f(x)] < Mo(x)}

and

o(x,0) ={P € P: |P(x)| < o(x)}.
Then,
(1) M(x,0,M) =T(x,0, M) N MB(x, 1) and o(x,0) = &(x,0) N B(x, 1).
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Property 1 is obvious for { = 0. It is also straightforward to verify that
0(x,0) is Whitney t-convex at x with Whitney constant 1. Using (1) and
Lemma 2 from the preceding section, we conclude that o(x,0) is Whitney
t-convex at x with Whitney constant C. Thus Property 3 holds for £ = 0.

For the induction step, fix { > 0, and suppose Properties 1 and 3 hold
for £. We will prove those properties for £+ 1. We begin with Property 1. It
is elementary to see that for any sets A, ..., Ay, By, ..., Bx in a vector space V
we have

k k k
(+) AL = (B € [) (As £ By).
i=1 i=1 i=1

Since Property 1 holds for £, inspection of (%) and of Steps 1 and 1° in the
definitions of I} o shows that we have an obvious analogue of Property 1 for
the blob I'(A, £) and the convex set o(A,{).
Similarly, inspection of (%) and Steps 2 and 2° shows that the obvious ana-
logue of Property 1 holds for T3(Ay, £) and o;(Ay, £).
Then, inspecting Steps 3 and 3°, followed by inspecting Steps 4 and 4° and
finally Steps 5 and 5°, yields that the obvious analogues of Property 1 hold
for T(A1, Az, ) and 6(Aq, Ay, €), and then for I"(A, €+ 1) and o/(A, L+ 1),
and finally for the blob I'(x, £ + 1) and the convex set o(x,{+ 1).
This completes the inductive step, and establishes Property 1.
For the inductive step in the proof of Property 3, we bring in Lemma 3 from
the preceding section. (We call it “the t-convexity lemma” here.) Since
o(x,£) is Whitney t-convex at x with Whitney constant C,, the t-convexity
lemma shows that o(x,{) + B(x, diamy(A)) is Whitney t-convex at any
y € A, with Whitney constant C;, whenever x € A.
Taking the intersection over all x € A and comparing with Step 1°, we see
that o(A,{) is Whitney t-convex at each y € A, with Whitney constant C,.
So, another application of the t-convexity lemma shows that o(A,{£) +
B(xa, diamy (UA;)) is Whitney t-convex at any y € UA;, with Whitney
constant Cy, whenever (Aj,A;) € L,1=1or 2, and A € A;. Taking the
intersection over all A € A;, and comparing with Step 2°, we see that

(2) oi(Ai,£) is Whitney t-convex at each y € UA;, with Whitney con-
stant C,.

Again, using the t-convexity lemma, as well as the fact that UA; and
UA, are s-separated with s = 1/2, we learn from (2) that

(3) 02(A2,8) + B(xn,, xa,) is Whitney t-convex at each point of UA;,
with Whitney constant C,, whenever (Aq, A;) € L.
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Since 02(A2,£) + B(xa,,XxA,) and 02(A2,£) + B(xa,,xa,) are C-equivalent
with C depending only on m and n, it follows from (3) that

(4)  02(A2,8) + B(xna,, XA, ) is Whitney t-convex at each point of UA+, with
Whitney constant C,, whenever (Aq,A;) € L.

(See the observation immediately after Lemma 2 in the preceding section.)
Comparing (2) and (4) with Step 3°, we see that

(5)  0(Aq1,Az,0) is Whitney t-convex at each point of UA4, with Whitney
constant C,, whenever (A7, A;) € L.

Thanks to (5) and our induction hypothesis (Whitney t-convexity of
o(x,£)), we learn by inspection of Steps 4° and 5° that o(x, £+ 1) is Whitney
t-convex at x, with Whitney constant Cg,;, for each x € E.

This completes the inductive step in the proof of Property 3.

We have established Properties 0, ..., 4.

14. On Sets of Multi-indices

We introduce and recall some notation, to be used for the rest of this paper.
For multi-indices «, 3, we denote by d4p the Kronecker delta, equal to 1
if & = 3, and 0 otherwise. We write M for the set of all multi-indices

o= (x1,...,x,) of order || = o7 +-- -+ an < m—1. We define an order
relation on M, as follows.
Let o« = (1,...,n) and B = (B1,..., Pn) be distinct elements of M.

Then we cannot have ot +-- -+ o =1+ ---+Prforallk =1,... ;1. Let
k be the largest k for which o) + -+ 4+ ot # B1 + -+ + Px. Then we say
that o < B if and only if a¢; +--- 4+ g < 71+ -+ + Pg. It is easy to check
that < is a linear order relation.

We also define an order relation between subsets of M. Let A, B be two
distinct subsets of M, and let o« denote the least element of the symmetric
difference (A~ B) U (B \.A), with respect to our order relation on M. Then
we say that A < B if and only if « belongs to A. Again, one checks easily
that this defines a linear order relation. Note that M is minimal, and the
empty set () is maximal under this order. Note also that A C B implies B <A.

For A C M, we define

LA) =1 +4 - #A e M: A < A},
where #S denotes the number of elements in the set S. Also, we set

Thus, 1 < {(A) < L, for each A C M. Clearly, £, is a constant depending
only on m and m.
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We will make use of the following elementary result from [13].
Lemma 1. Let A C M and let ¢ : A — M be a map with the following
properties:
(1) d(a) < for all « € A; and
(2) For each & € A, either d(a) = o or d(x) & A.
Then $(A) < A, with equality if and only if ¢ is the identity map.

15. Finding Neighbors

In this section, we write ¢, C, C’, etc. to denote constants depending only on
m and n. Unfortunately, in this section A will denote a subset of M, while
A(x, ) and A# will denote ALPs in P.

Suppose we are given Py € P, A C M, x € E. We want to compute a
polynomial P € P with the following property.

(I)  Let P’ € P and M > 0 be given. Suppose P’ and M satisfy:

(a)" 9B(P’ —Py)(x) =0 for all B € A; and
(b) P e T(x,L(A)—1,M).

Then P and M satisfy:

(a) 0F(P —Py)(x) =0 for all B € A; and
(b) P F(x, L(A) —1,CM).

(Recall that C depends only on m and n.)

We will give an algorithm, called Find-Neighbor(Py,.A,x), that returns
such a polynomial P, with work and storage at most C'. We assume that we
have already performed the one-time work of finding an ALP A(x,{(A)—1)
in P, such that
(1)  The blobs I'(x, £(A) — 1) and K(A(x,{(A) — 1)) are C-equivalent.
See Section 10 for the computation of the A(x,{). Recall in particular from
that section, that length (A(x, £(A)—1)) < D41, where D = dim P. Thanks
to (1), we can replace I'(x,£(A) —1,M) and TI'(x,{(A) —1,CM) in (I) by
Km(A(x, £(A)—1)) and Kcm(A(x, £(A)—1)), respectively, without affecting
the validity of (I). In dealing with (I), we will assume this substitution has

been made.
We have already computed A(x, £(A) —1). Thus,

(2) ‘A(ng(‘A) - ]) = [(7\1»"'))\L)a (b]v"')bL)a (0-1)"')0-L)7 M*]a
with known A, by, 0¢, My, and with L <D + 1.
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Here, the A are (real) linear functionals on P. Recall that P" € Knm
(A(x,L(A)— 1)) is equivalent to the assertions

A¢(P") — b < Moy for£=1,...,L; and M > M,.

The condition P € Kem(A(x,€(A) — 1)) may be similarly expressed in
terms of the Ag, by, 0o, M. Hence, our desired property (I) is equivalent to
the following;:

(IT) Let P € P and M > 0 be given. Suppose P’ and M satisfy:

(3)  OP(P'—Py)(x) =0 for B € A;
(4) Ae(P)—Dbyl < Mogforl=1,...,L; and
(5) M > M.,.

Then P and M satisfy:

(3')  OP(P—Py)(x) =0 for B € A,
(4)  A(P)—by < CMo,for£=1,...,L; and
(5) CM > M..

In view of (3),...,(5), it is natural to define an auxiliary blob X# =
(K#A)Mw in P, by setting

(6) K%, = {P' € P : Conditions (3) and (4) hold } for M > M,, and
(7)  Ki =0for M < M,.

We can then rewrite condition (II) in terms of the blob X#. In fact, (II)
asserts that, whenever P’ € K#A, we must have P € KﬁM. That is, (IT) asserts
that P is a C-original vector for the blob K.

On the other hand, a glance at (3), (4) and (6), (7) shows that X# has
the form K (A*) for an obvious ALP A7*.

The ALP A# may be easily read off from known data (Py, A, x, and the
A, by, 0, M,). Note also that length (A#) = #(A)+L < C.

Thus, the task of finding P € P satisfying (I) amounts to finding a
C-original vector for the blob K(A#) arising from a known ALP A% of
length < C. This task may be performed with work and storage at most C’,
by using Algorithm ALP3 from Section 5.

This completes our discussion of the algorithm Find-Neighbor (Py, A, x).
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16. Neighbors Depending Linearly on Parameters

The polynomial P returned by the algorithm Find-Neighbor (P, A, x) from
the preceding section depends not only on Py, A, x, but also on E, o, and f.
In this section, we investigate the linear dependence of P on Py and f, with
the remaining inputs held fixed.

Again, we write ¢, C,C’, etc. to denote constants depending only on m
and n. )

We suppose we are given a map fiExRN — R, such that & +— F(x, £)is
a depth k linear functional on RN, for each fixed x € E. For fixed & € RN,
we write fz to denote the function x +— F(x, &) on E. We suppose that N
satisfies (2) from Section 6.

It is convenient to introduce the following definition. Let P:RN 5 P
be a linear map. We say that P has “depth k” if for each linear functional
AP — R, the functional AoP on RN has depth k. We call such a Pa “depth
k parametrized polynomial”. Note that a depth k parametrized polynomial
takes up storage at most C(k+ 1).

Recall from Section 11 that we have constructed PALPs A(x, £) for x € E,
0 < <, The PALPs A(x,{) depend on f. We assume here that the
PALPs A(x, {) have already been computed.

Our goal here is to exhibit an algorithm

(0) Find-Parametrized-Neighbor (Po, A, x) with the following properties.

(1) The inputs of algorithm (0) are a depth-k parametrized polynomial Po,
a subset A C M and a point x € E.

(2) The output of algorithm (0) is a depth-Ck parametrized polynomial P.

(3) Let P be the parametrized polynomial returned by algorithm (0) for
inputs ﬁo, A,x. Let & € RN be given. Set Py = ﬁo(i), P = P(&),
and f = fg. Then P is the polynomial returned by the algorithm Find-
Neighbor (Py,.A, x) with initial data E, o, f.

(4) The algorithm (0) uses the PALP A(x,{(A) — 1) arising from f. Once
A(x,£(A) — 1) is known, the algorithm (0) uses work and storage at
most C(k+1).

Thanks to (3), the algorithm Find-Parametrized-Neighbor captures the
&-dependence of the output of Find-Neighbor, when the inputs Py and f
depend linearly (with depth k) on a parameter & € RN,

To exhibit the algorithm (0), we just carry over our previous algo-
rithm Find-Neighbor into the setting of PALPs. Where we used the ALP
A(x, £(A)—1) in the preceding section, we now use the PALP A(x, {(A)—1).
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For & € RN, consider the ALP A(x,{(A) — 1) that is constructed from
E,o,f when f = f¢. Recall from Section 11 that this ALP is denoted by
Ae(x,L(A) —1). Recall from (2); of Section 11 that A(x,£(A) — 1) agrees
with Ag(x, L(A) — 1) at &, for any & € R™.

Whereas A(x,L(A) —1) = [(A1,...,Ar), (b1,...,b1),(0o7,...,00), M,],

we now have
ﬂ(X)E(A)_]) - [(Ah"')AL)) (h]v"')hL)) (gh)gL)]

The A; and A, are linear functionals on P, and the o, and o, are non-
negative numbers. The by are real numbers, whereas the b, are depth-Ck
linear functionals on RN. Note that A(x, £(A) — 1) contains no “threshold”
analogous to M,

Where we used the Ag, by, 0¢, M, to define the ALP A# in the preceding
section, we now use the A, by, 0, to define an analogous PALP A* . whose
detailed construction we leave to the reader.

Where we applied Algorithm ALP3 to the ALP A* in the preceding sec-
tion, we now apply Algorithm PALP3 to obtain the depth C'k parametrized
polynomial P. (See Section 6.)

Thus, we have exhibited the algorithm (0). The verification of proper-
ties (1),...,(4) is routine. In particular, property (3) follows easily, once
we recall the defining property of Algorithm PALP3, together with (2), from
Section 11.

Chapter III - Lengthscales and Calderon-Zyg-
mund decompositions

17. Picking Constants

In the sequel, we will make use of two large constants, Ao, px > 1, that
depend solely on m and n. The constant p, will be an integer, and we will
choose Ay to be an integer power of two.

These constants, Ay and p, will not be specified right now; instead,
throughout the manuscript, we will stipulate some lower bounds on Ao, p4.
These lower bounds are always by constants depending only on m and n.
These bounds will appear later in the text, specifically in (23), (31) and (41)
in Section 31, in (9), (15), (25) and (34) in Section 32 and in (9), (14), (19),
(25), (71) and (81) from Section 33. (In the Appendix, we specify additional,
similar lower bounds for Ag and px.) For concreteness, we set Ay and p to
be the minimal integer powers of two that satisfy the aforementioned lower
bounds.
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For ) # A C M we write A" to denote the successor of A in our order
relation on sets of multi-indices, that was defined in Section 14. Similarly,
for A C M, we write A~ to denote the predecessor of A in our order relation.
(Recall that () is maximal and M is minimal with respect to our order.) Next,
we will define for each A C M a constant A(A) as follows:

(1) Aq(0) =AF*, and Aj(A) = (AZA1(AM)™* for A C M, A #£ 0.
Once the constants A1(A) are defined for all A C M, we set

(2) Az = (AoA1(M))P#.

Note that Ag, Aj(A) (A € M) and A, are all integer powers of two.
Finally, we will define constants A3(A), for A C M, as follows:

(3)  A3z(M) =A3A; (M), and A3(A) = AoATA3(A ) for A C M, A # M.

The constants A3(A) will be used only much later, in Section 29 and
Section 33. This finishes the specifications of all constants we need in the
sequel.

18. The Basic Lengthscales

Fix A € M, and let A;(A) be the constant from the preceding section.
We recall the integer £(A) = 1 +4 - #{A C M : A’ < A}, satisfying
1 < {(A) < L. Also, from Section 10, we recall the convex symmetric set
o(x,{) € P and the homogeneous ALPs A°(x,{) in P, defined for x € E,
£ > 0. From (11) in that section, we have

(1) co(A%x,0)) C o(x,8) € Ceo(A°(x,0)) for all x € E, £> 0,

with cg, C¢ depending only on £, m, n. Recall that A°(x, {) has the following
form, since it is a homogeneous ALP:

(2) ‘AO(X>€) = [(}\1)"')7\1_)7 (Oa"'ao))(G1>"'aGL)>O]-

Here, each A; is a linear functional on P, and each o; is a non-negative real
number. The A; and oy, and the length L, may all depend on x and {. By
definition, we have

(3)  o(A%x,0)) ={PeP: A(P) < oifori=1,...,L}

with A°(x, {) given by (2). Recall that L = length A°x,£) < D+ 1, where
D = dim®P.
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In Section 10, we saw that the homogeneous ALPs A°(x, {) (for all x € E,
0 <€ <L) can be computed with work CNlogN and storage CN, with
C depending only on m,n. We assume here that these homogeneous ALPs
have been computed as part of the one-time work.

The goal of this section is to compute, for each x € E, a lengthscale
d(x, A) € [0, 0], with the following properties:

(OK1) Let & be given, with 0 < & < 8(x,A). Then there exist P, € P,
indexed by o € A, such that:
(a)  OPP(x) =8pn for B, € A;
(b)  [9PP4(x)] < CA(A)8I¥Bl for x € A,B €M, B > «; and
(c) dmldp e CA(A) - o(x,L(A)) for o € A.

(OK2) Let & > 0 be given, and suppose there exist P, € P, indexed by
x € A, such that:

(a)  0PP4(x) = 8pq for B, & € A;
(b)  18PPu(x)| < cA;(A)5B for w € A, B €M, B > o; and
(c) 8™ P, € cAi(A) - o(x,L(A)) for x € A.

Then 0 < & < 6(x,A).

In (OK1), (OK2), and for the rest of this section, ¢ and C denote constants
depending only on m and n.

We will compute all the 8(x, A) (x € E, A C M) with work and storage at
most CN (once we know the A°(x, £(A))). We begin by applying (1), (2), (3)
with £ = {(A). Since 0 < £(A) < L, the constants ¢, and C, in (1) may be
taken to depend only on m and n, once we set { = £(A). Hence (1) shows
that o(x, {(A)) may be replaced by o(A°(x,{(A))) in (OK1) and (OK2)
without affecting their validity. Applying (3), with { = £(A), we see that
our desired properties (OK1) and (OK2) are equivalent to the following,.

(OK1') Let 6 be given, with 0 < & < 6(x,A). Then there exist P, € P,
indexed by o € A, such that

[0PP4(x) — 8pal < O for B,ox € A;
19BP(x)| < CA;(A) 848l for x € A, B €M, B > ax:

Ae(Po)| < CA (Ao - 8 ™ for e A, 1 <L <L,
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(OK2') Let & > 0 be given, and suppose there exist P, € P, indexed by
x € A, such that

[0PP(x) — 8pal < Ofor B,x € A;

10BP,(x)] < cA;(A)¥ Bl for x e A, €M, B > «;

Ae(Po)| < cAq(A)oy - d¥ ™ foraxe A,1 < € <L.
Then 0 < & < 6(x,.A).

We already know the A, and oy, and we have L < D + 1. Also, on the
right-hand sides of (OK1’) and (OK2'), the powers of 6 all involve exponents
between —m and 0. Consequently, the task of finding &(x,.A) with proper-
ties (OK1') and (OK2') is a special case of the problem solved in Section 8.
Applying Lemma 1 from that section, we see that a single 6(x,A) with
properties (OK1’) and (OK2') may be computed using work and storage at
most C. Hence, we obtain the following result.

Lemma 1. Let x € E, A C M, and A (A) be given. Assuming we al-
ready know the homogeneous ALP A°(x,L(A)), we can compute a number
d(x, A) € [0, 00], satisfying (OK1) and (OK2). The computation takes work
and storage less than a constant C depending only on m and m.

The lengthscales 6(x,.A) provided by Lemma 1 belong to [0, 0], and
conclusion (OK1) applies to 0 < 6 < 8(x,A). However, if 8(x,A) € (0, 00),
then (OK1) applies also to & = 8(x,.A). To see this, we simply apply (OK1)
for & = 15(x, A).

From now on, we assume that the lengthscales 8(x, A) have already been
computed and stored, as part of the one-time work. The total work and
storage required for the computation are at most CN, given that we have
precomputed the ALPs A°(x, {(A)).

19. Dyadic Cubes: Notation

A “dyadic cube” in R™ is a Cartesian product Q = I; x - - - x I,, C R"™, where
each Ij has the form [2°t,2°%(t+1)) for integers s, t, and where the I; all have
the same length.

To “bisect” a dyadic cube Q C R™ is to partition it into 2™ congruent
subcubes in the obvious way. For each dyadic cube Q, there is a unique
dyadic cube Q" such that Q is among the cubes obtained by bisecting Q.
We call QT the dyadic “parent” of Q.
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Let Q =1; x---x I, C R™ be a dyadic cube, with each I; written in
the form [a; — %, a; + %) Then we write 0 = sidelength (Q) for h; and,
for r > 1, we write rQ to denote

- h h N
]}[aj—rz, a]"i‘Tz) CcR ,

)

the enlargement of Q by factor r. There is a slight inconsistency problem
with this notation; recall that for r > 0 and QO C P we have used the notation
rQ ={rP: P € Q}. As a rule, whenever writing rQQ we mean {rP: P € Q},
unless QO = Q is a dyadic cube. When Q is a dyadic cube, rQ stands for
the enlargement of Q by factor r, as defined above.

We write Q* to denote 5Q, Q** to denote 25Q and Q*** to denote 125Q.
There is a constant cg > 0 (say, cg = 1/32), with the following property:

(0) Let Q,Q’ be dyadic cubes, with (14 2¢cg)Q N (14 2¢cg) Q" # 0.
Then:

(a) If 0 < %6Q, then (Q")* C QF;
(b) If 8y < 28q, then Q' C Q*; and

(c) If 38g < 8q < 284, then the closures of Q and Q' contain a
point in common.

For the rest of this paper, cg denotes the above constant even if ¢, C, C/,
etc. denote constants that may change from one occurrence to the next.
We take cg to be a power of 2.

20. Calderén-Zygmund Cubes: Definitions

Recall that for x € E and A C M, we have defined a “lengthscale” d(x,.A) €
[0, 00]. Here, we will use the 6(x,.A), and the constant A;, to partition R™
into “Calderén-Zygmund cubes”. The constant A, was defined in Section 17.
The only property of A, that will be used in this section is that

(0) Az >11isapower of 2.

We write D(A3) to denote the collection of all dyadic cubes Q such that
dg < A?. Note that, if Q € D(A3), then either Q* € D(A;) or dg = A?.

In the next few sections, except for Lemma 5 in Section 21 below, we
make no use of the properties of the &(x,A). We may regard them simply
as arbitrary given numbers in [0, co].
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Let Q € D(A3) (ie., let Q be a dyadic cube of sidelength < A;"), and let
A C M be given.
We say that Q is “OK(A)” if we have

(1) AzéQ < 8(x,A) for all x € Q*NE.
Also, for Q € D(A;) and A C M, we say that Q is “almost OK(A)” if we

have either

(2)  #(ENQ") < 1, or
(3)  Q is OK(A') for some A" < A.

Note that Q can be OK(A) or almost OK(A), only if dg < A?. Also, note
that every almost OK(A) cube Q is contained in some maximal almost
OK(A) cube Q’. (This follows from the observation that there are only
finitely many Q" € D(A;) containing Q.)

Finally, for Q € D(A;) and A C M, we say that Q € CZ(A) (Q is a
“Calder6on-Zygmund” or “CZ” cube) if the following hold:

(4) Q is almost OK(A); but
(5)  No cube Q" € D(A;) that properly contains Q is almost OK(A).

Again note that Q cannot be a CZ cube unless dq < A?.

21. Calderén-Zygmund Cubes: Basic Properties

In this section, we give the basic properties of the CZ cubes defined in the
preceding section. We write ¢, C, C’, etc., to denote constants depending
only on the dimension n. We recall the constant cg from Section 19.

Lemma 1. For each A C M, the collection CZ(A) forms a locally finite
partition of R™ into dyadic cubes.

Proof. Fix A C M, and recall that any two dyadic cubes Q, Q' satisfy
either Q C Q, Q' C Q, or QN Q' = (. Immediately from the definition,
we see that one cube from CZ(A) cannot be properly contained in another
cube from CZ(A). Consequently, the cubes in CZ(A) are pairwise disjoint.

On the other hand, any sufficiently small dyadic cube Q C R™ is almost
OK(A), since Q € D(A;) and #(ENQ*) < 1. Such a cube Q must therefore
be contained in a maximal almost OK(A)-cube Q’. The cube Q' belongs
to CZ(A). It follows that CZ(A) forms a covering of R™, and that the
sidelengths of the cubes in CZ(A) are bounded from below. The proof of
the lemma is complete. |
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Lemma 2 (“Good Geometry”). IfQ,Q € CZ(A), with (1+ 2cg)QN
(] —|—2C6)Ql 7é @, then %6Q < 6Q/ < 26Q

Proof. Suppose not. Without loss of generality, we may suppose dg < d¢q.
Since dq and dq are powers of 2, it follows that

(1) 8q < 78q-
Since Q" € CZ(A) € D(A3,), it follows from (1) that
(2) QT eD(A;), and
(3)  dqr < 1dq.
We have also
(14+2c6)Q TN (1+2c)Q" D (1+2c5)QN (14 2c5)Q’ # 0.
Together with (3), this yields
(4) Q") c Q)
thanks to the defining property of cg (see (0)(a) in Section 19). Now, Q’ is
almost OK(A), since it belongs to CZ(.A). Hence, either

(5)  #EN(Q)) <1,

or there exists A’ < A such that

(6)  Axdg <d(x,A') forall x € (Q')*NE.
It follows from (3) and (4), that (5) implies
(1) #EN(QY)) < 14

and (6) implies

(8)  Azdg+r <d(x,A') forallx € (QT)*NE.

Hence, Q7 satisfies either (7) or (8) (with A’ < A). That is, Q™ is almost
OK(A), thanks also to (2).

On the other hand, (2) shows that Q" is a cube in D(A;) properly
containing Q. Since Q € CZ(A), the definition of CZ(A) shows that Q7
cannot be almost OK(A).

This contradiction completes the proof of Lemma 2. |

Corollary. Fiz A C M. Then any given x € R™ can belong to at most C of
the cubes (14 cg)Q for Q € CZ(A).

Proof. Let Q be the cube in CZ(A) that contains x. If Q € CZ(A) and
x € (14+¢g)Q, then by Lemma 2, we have

(9) %6g < 6Q < Zég and x € (] —|—C6)Q.
There are at most C dyadic cubes Q satisfying (9). [ |
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Lemma 3. The cover CZ(A') refines the cover CZ(A) if A” < A. That is,
whenever Q" € CZ(A’) and Q € CZ(A) with Q' N Q # 0, we have Q' C Q.

Proof. Let A, A’,Q,Q’ be as in the hypotheses of Lemma 3. Then Q' is
almost OK(A’), which implies trivially that Q' is almost OK(A). Hence, Q’
is contained in a maximal almost OK(A)-cube Q”. By definition, we have
Q" € CZ(A). Also, Q € CZ(A), and Q"N Q 2 Q' N Q # (). Therefore,
Q =Q”, by Lemma 1. Thus, Q' C Q” = Q, proving Lemma 3. [ |

Lemma 4. Let Q € CZ(A). Then either dq = A? or Q*NE #10.

Proof. Suppose g # A5 and Q**NE = ). We have Q € CZ(A) C D(A,),
and 8 # A", Hence, QT € D(A;). Also, (QT)*NE C Q*NE = (). Hence,
by definition, Q" is almost OK(A). On the other hand, Q* € D(A;) and Q"
properly contains Q. Since Q € CZ(A), it follows from the definition of
CZ(A) that Q" cannot be almost OK(A). This contradiction completes the
proof of Lemma 4. |

Lemma 5. CZ() consists of all dyadic cubes of sidelength A;".

Proof. Let x € E. By Property (OK2) in Section 18, we have 8(x, ) = oo,
because the hypotheses (a), (b), (¢) of (OK2) hold vacuously for A = ().

It follows that every dyadic cube Q € D(A;) is OK((), and hence almost
OK((). Consequently, the cubes of CZ({)) are precisely the maximal cubes
in D(A;). These are precisely the dyadic cubes of sidelength A?, since Ay
is a power of 2. |

Lemma 6. Let Q € CZ(A) and Q' € CZ(A'), with A’ < A.
If (T4+cg) Q' NQ*™ # 0, then dg < Cdg, where C depends only on n.

Proof. If not, then for a large enough constant C depending only on n, we
have

(10) 6Q/ > CéQ

Since (1 4+ cg)Q' N Q*™* £ (), it follows that Q C (14 2¢cq)Q’. Alsi), since
Q" € CZ(A") with A" < A, there exists Q € CZ(A) with Q" C Q. (See
Lemma 3.) We have Q, Q € CZ(A), with

(1 + 2c6)QN (1 + 2c6) Q2 (1 + 2¢6)Q'NQ = Q # 0.
Consequently, Lemma 2 yields
(11) 38q < 85 < 28q.

On the other hand, (10) gives 85 > dq > Cdq, contradicting (11). [ |
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Lemma 7. Let Q € CZ(A) and Q" € CZ(A'), with A < A and (1 +
cc)QN(1+cg)Q" # 0. Then Q" C Q™.

Proof. By Lemma 3, there exists (5 € C~Z(A) with Q' C Q We have
Q,Qe CZ(A), and (14+¢cg)QN (1 +cg)Q # (0. Hence Lemma 2 gives
%6Q < 83 < 28q, and consequently dq < 28q. Since also (T4+cg)QN(1+
cg)Q’ # 0, it follows from (0)(b) of Section 19 that Q" C Q*. [ |

Lemma 8. Let Qo € CZ(Ap) and Q € CZ(A), with A < Aq. Suppose that

65 = A’ fmd (1T4+cg)QonN (1 j: CG)Q # (). Then there exists Q € CZ(A),
such that Q € Qo and (1+¢g)Q N (1+¢g)Q # 0.

Proof. Lemma 3 shows that Q € CZ(Ay), since 5 = A" is already the
largest possible sidelength for any cube in CZ(Ap). Consequently, Lemma 2
gives %6Qo < 6@ < 28q,, and therefore the closures of Qo and Q contain a
point in common. (See (0)(c) in Section 19.) It follows that there exists a

point Xo € Qo N (1+ CG)Q. Let Q be the cube in CZ(A) containing xg.
Then Q € Qo by Lemma 3, and xp € (1+¢cg)Q N (14 ¢g)Q. [ |

22. Calderén-Zygmund Cubes: Sidelengths I

In this section, we prove a few lemmas on the sidelengths of the Calderén-
Zygmund cubes. In a later section, these lemmas will be used to give an
efficient computation of the CZ cube containing a given point.

We write ¢, C,C’ here, to denote constants depending only on the di-
mension n. We recall the constant cg from Section 19.

We use the following definitions.

e For x € R™, let dnpr(Xx) = inf{r > 0: At least two distinct elements of
E lie within distance r of x}.

e For x e R™and A C M, let 5(x, A) = mig{max(lx —yl, A5 '8(y,A))}
ye
e For x € R™ and A C M, let #(x,.A) = max{dnpr(X), max 5(x, A"}
e For x € R™ and A C M, let dcz(x,A) = dq for the cube Q € CZ(A)
that contains x.

The quantity 8(x,.A) is related to the definition of OK(A), while 5#(x, A)
is more connected with the definition of almost OK(A). Our goal here is to
compute the order of magnitude of dcz(x,A).

Lemma 1. Forx € R™ and A C M, we have

cmin{A;', 8% (x, A)} < dcz(x,A) < C min{A;', 5% (x, A)}.
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Proof. First we show that
(1) dcz(x, A) < C min{A;" 6#(x, A)}.

Let Q € CZ(A) with x € Q. We must show that 5o < Cmin{A", §#(x, A)}.
Since Q € CZ(A) € D(A;), we know that g < A,'. Hence, to prove (1),
it is enough to show that

(2)  b8q < C8#(x,A).

We know that Q is almost OK(A). Hence, either
(3)  #ENQ) <1,

or else, for some A’ < A, we have

(4)  A;'8(y,A) > dg forally € EN Q™.

Recall that x € Q. If (3) holds, then by definition of d.p.(x), we have
Snbr(x) > ¢dq, which implies (2), by the definition of 6#(x,.A).
On the other hand, suppose (4) holds for some given A" < A.
For y € E N Q*, we have max{|x —y|, A;'8(y, A")} > dq by (4).
For y € E ~ Q*, we have max{Ix—yI,A?é(y,A’)} > [x —y| > cdq.
Hence,
min { max(f —ul, A3'8(u, 4))} = cdq,

ie., d(x, A" > cdg with A’ < A. Consequently, (2) holds, by definition of
57 (x, A).

We have shown that (2) holds in either of the two cases (3), (4). This
completes the proof of (1).

Next, we show that

(5)  dcz(x,A) > c - min{AS", 8% (x,A)}.

To see this, let u be a small positive constant to be picked later, and
let Q be a dyadic cube containing x, with

(6) Ip - min{A;", 87 (x,A)} < 8 < p - min{fA; ", 5% (x, A)}.

(Note that 6#(x,.A) # 0.) Under certain assumptions on , to be specified
below, we will show that

(7)  Q is almost OK(A).
To prove (7), we require that

8) wmw<l
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Then, note that (6) implies 0 < A", hence Q € D(A;). Consequently,
our desired result (7) is equivalent to the following assertion:

(9) #(ENQY) <1,
or else, for some A’ < A, we have
(10)  A;'8(y,A') > 8q forally € ENQ*.
From (6), we obtain 6q < pn&#(x,A). By definition of §#(x,.A), this
means that either
(11) dg < wdnpr(x),
or else, for some A’ < A, we have
(12) 8o < md(x,A").

Under a suitable assumption on p, we will show that (11) implies (9),
and that (12) implies (10). Since we know that either (11) or (12) holds, this
will tell us that either (9) or (10) is satisfied, completing the proof of (7).

To see that (11) implies (9), we assume that

(13) p < c for a small enough constant ¢ depending only on the dimension n.

Assuming (11), we see that at most one point of E lies inside a ball of
radius 0q/p centered at x. By (13), and since x € Q, we conclude that
#(EN Q*) < 1. Thus, under the assumption (13), indeed (11) implies (9).

Next we check that (12) implies (10), under the assumption that p sat-
isfies (13). In fact, (12) tells us that

(14) 8q < p - max (x—yl, A5'8(y,A)) for any y € E.

In particular, for y € ENQ*, we have [x —y| < Cdq, and hence (14) implies
that

do < max (CuéQ, A? 6(y,A’)) < max (%6Q, A? 6(y,A’)) ,

which immediately yields (10). Thus, as claimed, (11) implies (9), and (12)
implies (10). This completes the proof of (7), under the assumptions (8)
and (13) on p.

We now take p to be a constant, depending only on n, and small enough
to satisfy (8) and (13). Then (7) holds. Consequently, Q is contained in a
maximal almost OK(A)-cube Q’. By definition, Q" € CZ(A), and therefore
6Q < 6Q/ = 6cz(X,.A). Together with (6), this yields
(15)  8cz(x,A) > p - minfA5", 6#(x, A)}
Since n now depends only on the dimension n, (15) is equivalent to the
desired estimate (5). The proof of (5) is complete.

Lemma 1 is now proven, since its conclusions are our known results (1)

and (5). [ |
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We will apply Lemma 1 for x € E. To find the order of magnitude of
dcz(x,A) when x € E, we will use Lemmas 2, 3, 4 below.

Lemma 2. For a large enough Cy, depending only on the dimension n, the
following holds.
Let x € R™ andy € E, with |x —y| < 2dist(x,E). Fix A C M. If

6CZ(U>‘A) > C1’X_y’)

then

1
zéCZ(y)A) S 6CZ(X)'A) S 26CZ(y)'A)

Proof. Let Q, Q' be the cubes in CZ(A) containing y, x, respectively. Then
5cz(X,.A) = 6Q’ and 5cz(y,.A) = 6Q.

Our hypothesis gives 8q > Cilx —yl, with y € Q. If we take C; large
enough (depending only on n), this implies that x € (1 + ¢g)Q. Since also
x € Q’, we have

(T+cg)Q N (T+cg)Q #0, with Q,Q" € CZ(A).
Lemma 2 from the preceding section gives %6Q < dq < 28q, which is the
conclusion of the present Lemma. |

Fix the constant C; from Lemma 2.
Lemma 3. Let xe R™, y€E, with 0 < [x —y| < 2dist(x,E). Fizr A C M. If

6CZ(y)A) < 2C1’X—U| and |X_y’ < A£1)
then
(16) clx—yl < dcz(x,A) < Clx —yl.

Proof. Let 0 < pu < 1/2be a small constant depending only on n, and let Q
be a dyadic cube containing x, with sidelength plx —y| < 85 < Zulx—yl.
(Note that [x —y| # 0.)

As [x —y| < A, we have 65 < Al e, Q € D(A3). Also, no points
of E lie inside a ball of radius |x — y|/4 centered at x. Since ZSQ < 2ulx —y|
and x € (5, then Q* NE =0, provided that p is a sufficiently small constant
depending only on n. This shows that Q is almost OK(A). Consequently,
Q C Q’ for a maximal almost OK(A)-cube Q’. By definition, (AQ’ e CZ(A),
and also Q’ D Q 5 x; hence, d¢cz(x,A) = by = 05 > u/x —yl, proving half
of (16). We establish the other half by contradiction. Thus, suppose

(17)  dcz(x,A) > C'lx —y|

for a large enough C’ (depending only on n).
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Let Q, Q’ be the cubes in CZ(A) that contain vy, x, respectively. Then
dcz(x, A) =0¢q, dcz(y, A) = 0q, and (17) gives

(18) by > C'lx —yl, with x € Q".

If C’ is large enough, then (18) implies that y € (1 + c¢g)Q’. On the other
hand, y € Q. Hence,

(T+cg)Q N (1T+cg)Q #0, with Q,Q € CZ(A).

Lemma 2 from the preceding section now gives %6Q < dg < 28q, and
therefore,

(19)  8cz(y,A) = 8q > 3Cx —,

by (18). If C’ is large enough, then (19) contradicts our hypothesis that
dcz(y,A) < 2Cq|x —y|. Hence, if we take C’ large enough, depending only
on n (say, C' =4Cy), then (17) cannot hold. This proves the remaining half
of (16), completing the proof of Lemma 3. [ |

Lemma 4. Let x € R™, y € E, with [x—y| < 2dist(x, E). If [x—y| > %Az_],
then
cAy! < dez(x,A) < A

Proof. The hypothesis immediately implies that dist(x, E) > }1 A", Hence,
there is a dyadic cube Q containing x, with

(20) cA;' < 8g < Ayl and ENQ* = 0.

From (20) we have Q € D(A,) and #(E N Q*) = 0, hence Q is almost
OK(A). Therefore Q is contained in a maximal almost OK(A) cube Q’. By
definition, we have Q" € CZ(A). Since also Q' D Q > x, it follows that

dcz(x,A) =0q > 0q > cA;,
by (20). On the other hand, since Q" € CZ(A) C D(A;), we have
5cz(X,.A) = 6Q/ < AZ1

The proof of Lemma 4 is complete. |

Lemmas 2, 3 and 4 reduce the computation of the order of magnitude
of dcz(x, A) for x € R™ < E to the computation of an “approximate near-
est neighbor” y € E, and the determination of the order of magnitude of
6cz(y,.A) fory € E.
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23. BBD Trees

In this section, we recall some of the results of Arya, Mount, Netanyahu,
Silverman and Wu from [1].
We work with a subset

(1)  ECR™ with #(E) = N > 2.

We write ¢, C, C’, etc. to denote constants depending only on the dimen-
sion n, and we write X = O(Y) to denote the inequality [X| < CY.

Given E as in (1), and given x € R™, we can enumerate the points of E
as X1,X2,...,XN, in such a way that
x —xi| < Ix—xf <--- < fx—xnl
We then write dy(x, E) to denote |[x — xi]. Thus, di(x, E) is the distance

from x to its k™ nearest neighbor in the set E.
The following result is contained in [1].

Theorem BBD1. There exists an algorithm with the following properties:

e The initial input consists of the set E.

o After receiving the initial input €, the algorithm performs one-time
work O(N log N) using storage O(N).

o After the one-time work is done, the algorithm answers queries, with
work O(log N) per query.

o A query consists of a point x € R™

o The answer to a query x consists of two distinct points X1,X2 € E, with

x —x1| < 2di(x,B) and [x —xaf < 2da(x, E).

Here, we have stated merely what we need; the algorithm in [1] is more
general and more precise than Theorem BBD1.

The proof of (the stronger version of) Theorem BBDI in [1] is based
on a data structure called a “balanced box decomposition tree”, or “BBD
tree”. We will need to use BBD trees of a certain kind. Let us recall their
definition.

A “dyadic cuboid” is a subset of R™, of the form
(2) 2% ([ar, a1+1) x---x [ay, ai+1) x [ai1, g + 1) %% [an, an+%))

for integers k, 1, ay, ..., a;; and integers or half-integers ai,1,..., a,. (Here,
1 <1< n. Ifi=mn, then (2) means simply 2%([a, a;+1) x- - -X [an, an+1)),
which is an arbitrary dyadic cube.)
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Dyadic cuboids have the following useful properties:

e Given dyadic cuboids Q, Q" C R™, we have either Q C Q’, Q" C Q, or
QNQ = 0.

e Any dyadic cuboid Q may be partitioned into two congruent dyadic
cuboids Q7,Qy; if Q is given by (2), then we form Q; and Q2 by
bisecting [aj, a; + 1). We say that Q7 and Q, arise by “bisecting” Q.
This differs from our use of the word “bisecting” for dyadic cubes.

Given E C R™ as in (1), a “BBD Tree” for E is a tree T with the following
properties.

BBD1: Each node of T other than the root is either a dyadic cuboid, or

otherwise a set of the form Q ~ Q’, where Q' C Q, and Q,Q’
are dyadic cuboids. The latter set is called a “punctured dyadic
cuboid”.

BBD2: Any node other than the root has either two children (“an internal
node”), or zero children (“a leaf”). An internal node is the disjoint
union of its two children.

BBD3: The root of T is a disjoint union of at most 2™ dyadic cubes that
contains the entire set E. The root has at most 2™ children, that
are all dyadic cubes. The root is the disjoint union of its children.

BBD4: A node A € T is aleaf if and only if #(ANE) < 1. For any leaf A,
we mark whether A N E is empty or not.

BBD5: Each node A € T is marked with a “representative” xa € E that
satisfies xo € A in case ANE # (.

BBD6: The tree has height O(logN), and the number of nodes is O(N).

BBD7: Let A € T be a node other than the root. Assume that A is an
internal node. Then the children of A arise as follows:

(I)  If Ais a dyadic cuboid Q, then either

e The children of A are the two dyadic cuboids Qq, Q2 that arise
by “bisecting” Q (a “split”); or

e There exists a dyadic cuboid Q C Q, such that the children of
A are Q and Q ~ Q (a “puncture”).

(Formally, it is possible to view a split as a puncture. We choose not
to do so. Whenever we say “a puncture”, we mean one which is not
a split.)
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(IT)  If A is a punctured cuboid Q ~. Q’, then either

e The children of A are Q7 \ Q" and Q, where Q7 and Q; arise
by “bisecting” Q, and Q' C Qq (a “split”); or

e There exists a dyadic cuboid Q, with Q" C (5 C Q, such that
the children of A are Q \ Q and Q \ Q' (“enlarging the hole”).

(Again, whenever we say that the children of A arise by “enlarging
the hole” | we mean in particular that they do not arise by a “split”.)

Note that it may happen that the entire set E is not contained in a single
dyadic cube; this is the reason why we allow the root to be a disjoint union
of dyadic cubes. (To avoid trivalities, the set E is assumed in [1] to be
contained in a single large dyadic cube.)

The main result in [1], and the main step in the proof of Theorem BBDI,
is as follows.

Theorem BBD2. There exists an algorithm that computes a BBD tree
for a given E C R™ as in (1), with work O(NlogN) and storage O(N).

The differences between our definition of the BBD tree and the definition
in [1] are minor and non-essential. We will compute a BBD tree for E, as
part of our one-time work.

Remark. Formally, any dyadic cuboid may be viewed as Q\ Q' where Q, Q’
are non-empty dyadic cuboids. We would like to emphasize that whenever
we say that A C R™ is a punctured dyadic cuboid, we mean in particular
that A is not a dyadic cuboid. Thus, a (non-empty) punctured dyadic cuboid
is uniquely represented as Q \ Q’ for dyadic cuboids Q, Q.

24. Calderén-Zygmund Cubes: Sidelengths II

Our goal in this section is to give an algorithm to compute, for each A C M
and x € E, the order of magnitude of dcz(x,A). Recall that 6cz(x, A) was
defined in Section 22 as g, where Q is the cube in CZ(A) that contains x.

Note that in this section, we compute the order of magnitude of dcz(x,.A)
only for x € E. In a later section, we will deal with general x € R™.

We assume here that the lengthscales 6(x, A) € [0, 0o] have already been
computed, for all x € E, A C M.

We recall from Section 22 the definitions of dnpr(x), d(x,A), 8% (x,.A),
dcz(x,A). We will compute the orders of magnitude of these quantities, for
allx e E, A C M.
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We write C,C’, etc., here to denote constants depending only on m
and n.
First of all, by applying Theorem BBD1 from Section 23, we can compute

numbers 8,,,,.(x) for all x € E, satisfying

(1) %anr(x) < Onpr(x) < 3,,(x) for all x € E;

the computation of the 8 ,,(x) for all x € E uses work at most CN log N
and storage at most CN.

Next, we turn our attention to the numbers 5(x,.A) for x € E, A C M.
We fix a Callahan-Kosaraju decomposition (T, L), with parameter s = 1/2.
(See Section 9 for the notation.) Recall that it takes work at most CNlog N
and storage at most CN to compute (T, L).

Recall also that, for each (Aj,A;) € L, we have computed and stored
“representatives” x), € UAy and xy, € UA,. Fix A € M. We perform the
following computations.

Step 1: For each A” € T, we compute 8"(A”) := mgl d(y,A).
_— ye "

Step 2: For each (A1, A7) € L, we compute 6(Aq,Ay) := AmiR " (A).
B — //E )

Step 3: For each A’ € T, we compute

o 1
§'(A) = min {max(]x, — x|, A3'8(A1,A2))}.
A12A/

Step 4: For each x € E, we compute din(x) := min &'(A’).
- AleT
Alox

The properties of the Callahan-Kosaraju decomposition guarantee that
we can carry out the above computations, with total work at most CN log N,
and storage at most CN. (See (4), (5), (6) in Section 9.)

By inspection of Steps 1 and 2 above, we have
(2)  O(A4,Az) = min d(y,A), for each (A7, Az) € L.

yeUA,

We recall the definition

(3)  8(x,A) = min {max(|x —y!,Az_]é(y,A))} for any x € R™.
yek

The next lemma shows that the order of magnitude of 5(x,.A) is known,
for all x € E, once we have computed the 8., (x) (x € E).

Lemma 1. For all x € E, we have

(4) 3 min{8um(x), A7'8(x,A)} < 8(x,A) < 2min{duin(x), A5'8(x, A)}.



FirTING A C™-SMoOTH FuncTION TO DaTA 1T 115

Proof. By definition of 6,,;,(x), we have
(5) dmin(x) = &(A’) for an A’ € T with x € A",
Fix such an A’. By definition of & (A’), we have

6) (A = max{|x’/\] — X, 1, A516(A1,A2)}, for some (Ay,A,) € L
with A" € A;.

Fix such a (A4, A;). Combining (2), (5), (6), we see that
(7)  Omin(x) = max {Ix//\] — X, 1, A;‘é(g,A)}, for some y € UA,.

We have now x,x),, € UA; and y,x,, € UA,, with (A,Az) € L. Since
(T, L) is a Callahan-Kosaraju decomposition with s = 1/2, it follows that
Xp, — XA, | > %!x — yl, and therefore (7) yields

(8)  Smin(x) > I max (x —yl, A;'8(y,A)), with y € UA, C E.

Comparing (8) with (3), we see that
(9)  Suinlx) > 16(x,A).

From (3) we also obtain (trivially)
(10)  A'8(x,A) > d(x, A).

Estimates (9), (10) together imply the upper bound for 5(x,.A) in (4).
We turn our attention to the lower bound. Fix y € E to achieve the
minimum in (3). Thus,

(1) 8(x,.A) = max {jx — |, A;"5(y,4)}.

If§ = x, then (11) gives 5(x,A) = A, '8(x,A), in which case the lower bound
for d(x,.A) in (4) is obvious. Suppose instead that § # x. By the defining
property of the Callahan-Kosaraju decomposition, there exists (A1, A;) € L
with x € UA; and y € UA,. Fix such a (A3, A7), and fix also A/, A” € T,
with x € A/, A € Ay, g € A", A” € A,. (Such A’JA” exist, since x €
UAy and y € UA,) We have x,X,,, € UAy, and §, Xj, € UA,, with
(A1, A2) € L. Another appeal to the defining properties of a Callahan-
Kosaraju decomposition (with s = 1/2) yields

(12)  Kp, —x3,1 < 2x—gl.
We inspect the algorithm for the computation of &;,(x):

(13) By Step 4, dmin(x) < 8'(A);
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(14) By Step 3, 0'(A’) < max (|x’,\1 — X, A;16(A1,A2));
(15) By Step 2, (A1, Az) < 8"(A”); and
(16) By Step 1, " (A”) < 3(y,A).
(Here, we use the fact that x € A/, A’ € Ay, (A,Az) € L, A” € Ay, and
g E A//.)
Combining (13),.. ., (16), we obtain dpyiy(x) < max (|x, —x, |, A? 5(y,A)).
Together with (12), this implies that Omin(x) < 2max(jx —yl, AS'5(g,A)),
and therefore (11) yields %6min(x) < d(x,A).

This immediately implies the lower bound for 5(x,.A) in (4). Thus, that

lower bound holds in all cases. The proof of Lemma 1 is complete. |

We now let A C M vary, and we write d,in(%,A) in place of &,i,(%).
We can compute all the 6,,;,(x,A) for x € E, A C M with work at most
CNlog N and storage at most CN. Lemma 1 tells us that

(17) %S(x,m < min {8min(x,A), A5'8(x,A)} < 25(x, A).

forall x € E, A C M.
Recall that, for any x € E and A C M, we defined

(18)  8%(x,A) = max {Snpr(x), max d(x, A"}

Let us define

(19) §%(x,A) = max {anr(x),g}gﬁ [min{8 50 (%, A'), A7 "5 (x, A')]] } for
x ek, ACM.

For each given x, A, we can compute 87 (x,A) from the known quantities

O 1. (%), dmin(x, A, 8(x,A") (A" < A), with work at most C. Hence, we

~nbr

may compute and store all the 57 (x,A) (x € E,A C M) with work and
storage at most CN. Moreover, comparing (18) with (19), and applying (1)
and (17), we learn that

(20) 18%(x,A) < 8#(x,A) < 26%(x,A) for all x € E, A C M.
Finally, we set

(21)  8cz(x,A) = min {A5",8%(x,A)} for x € E, A C M.
Thus,

(22)  We can compute all the quantities (21) starting from the set E,
and the lengthscales 8(x, A) (x € E, A C M), with work at most
CNlog N, and storage at most CN.
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Moreover, by comparing (20) and (21) with Lemma 1 from Section 22,
we discover that

(23) Cécz(X,A) S 6CZ(X,-A) S Cécz(X,A) fOl" all X € E, A g M
We record (21), (22), (23) as a lemma.

Lemma 2. With work at most CNlog N and storage at most CN, we can
compute numbers dq-,(x,A) (for all x € E, A C M), having the following
property:

Let x € E and A C M be given, and let Q be the cube in CZ(A) that
contains x. Then cdcz(x,A) < dg < Cdey(x,A). That is,

cdez(x, A) < dez(x, A) < Cdcz(x, A).
Here, ¢ and C depend only on m and n.

Thus, we have succeeded in computing the order of magnitude of the
sidelengths of the CZ cubes containing points of E.

25. Recognizing a CZ Cube

The goal of this section is to give an efficient algorithm to recognize whether
a given dyadic cube Q belongs to CZ(A) for a given subset A C M. We use
the BBD tree for the set E. Let us keep the notation from the Section 23,
except that in this section C,C’, etc. stand for constants depending only
on m and n.

We suppose that we have already precomputed the lengthscales 6(x,.A) €
[0, 00], for all x € E and A C M. We are given the constant A,.

For any subsets A C M and Q C R", we write d,i.(Q,.A) to denote
the minimum of §(x,A) over all x € ENQ. (f ENQ = (), then we set
Omin(Q, A) = c0.)

Note that, if Q is partitioned into Qg,..., Qg then
(].) 6min(Q,A) = iII]liHs 6min(QiyA)-

Recall that the leaves of our BBD tree T are marked. In particular, for
each leaf A, either ENA = () or #(ENA) = 1. The leaf A is marked to show
whether EN A is empty, and to exhibit the (unique) element xo € ENA, in
case EN A is non-empty. Recall also that each internal node A other than
the root is the disjoint union of its two children A; and A;. The root is the
disjoint union of its children, and it has at most 2™ children. Consequently,
a trivial “bottom-up” recursive algorithm (using (1)) allows us to compute
the quantities

(2)  Omin(A,A) for all A C M, and also #(ENA),
for each node A of the BBD tree.
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The work used to carry out the trivial algorithm, and thus to mark each
node A € T with the information (2), is at most C -#{nodes of T} < C'N. We
assume from now on that the nodes of T are marked with the information (2).

We introduce the notion of the “hull” of a node A. If A is a cuboid Q,
then we define hull (A) = Q. Otherwise, A is a punctured cuboid Q ~ Q’
and we define hull (A) = Q.

We will base our algorithms on the following elementary result.

Proposition 1. Let A € T be an internal node other than the root, let Q
be a dyadic cuboid, and suppose that Q C hull (A). Then the set {Aq, Az},
consisting of the children of A, may be partitioned into three subsets Xi,,
Xouts Xhard, With the following properties:

(a) All A" € X, satisfy A’ C Q.

(b)  All A" € Xou satisfy AN Q = 0.

(c) All A" € Xparg satisfy Q C hull (A").
(

d)  Xhara @s empty or consists of a single node A".

Proof. The node A is an internal node, and is nor the root neither a leaf.
Therefore, A is non-empty, and is either a dyadic cuboid or else a punctured
dyadic cuboid. Let Q = hull(A). We will define a set Q" as follows. If A
is a cuboid, we set Q' = (). Otherwise, A is a punctured cuboid and we
define Q" so that A = Q. Q’. In both cases, A = Q\ Q’, and Q’ is properly
contained in Q = hull (A). We proceed by cases.

Case 1: Suppose A is split. Let Q7 and Q2 be the two dyadic cuboids ob-
tained by “bisecting” Q. Then Q’ is contained in either Q7 or Q. Without
loss of generality, say Q" C Q;. Then the children of A are A; = Q1 . Q’
and A, = Q;. The hull of the cuboid A; is Q.

Since Q C hull (A) = Q, we have either Q =Q, Q C Qy, or Q C Q.

e If Q = Q, then we take Xiy = {A1, A2}, Xour = 0, Xnara = 0.

o If Q C Q3, then we take Xi, = 0, Xour = {A1}, Xhara = {A2).

e If Q C Qq and hull(A;) = Qj, then we take Xi, = 0, Xou = {As),
Xhard = {A1}.

In each of the three sub-cases above, properties (a),...,(d) hold. We still
need to handle the case where Q C Qq but hull(A;7) # Q. In this case,
necessarily A; = hull(A;) = Q; \ Q’ is actually a cuboid (see Figure 2).
Therefore Q1 = A7 U Q’, a disjoint union of cuboids. Since Q C Qg then
either Q = Q1,(§ C A or Q cQ.

o If Q = Q1, then we take X = {A1}, Xour = {A2} and Xharg = 0.
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o If Q C Aq, then we take Xi, = 0, Xour = {A2} and Xpag = {A1}.
o If Q C Q, then we take Xin = 0, Xour = {A1, A2} and Xnara = 0.

In each of the three sub-cases above, properties (a),...,(d) hold. Thus the
Proposition holds in Case 1.

Qq Qy=A,

Aq Q

QI

Figure 2

Case 2: Suppose A is punctured, or else its hole is enlarged. Then there is
a dyadic cuboid é, such that Q" C é C Q, and the children of A are
A1 =QNQ, A2 =Q\ Q. Since the operation here is not a split, then
hull(A;7) = Q. Recall that Q € Q = hull(A). We have either Q C Q,
QNQ=0orQCQ.

o 1 Q ¢ Q, then we take Xin = {A2}, Xou =, Xpara = {A1}

o If é N Q = @, then we take Xin = ®a Xout = {Az}, Xhard = {A1}

e If Q C Q and hull(A;) = Q, then we take Xiy = 0, Xoue = {A1},

Xhard = {A2}.

In each of the three sub-cases above, properties (a),...,(d) hold. We still
need to consider the case where Q C Q and hull(A;) # Q (see Figure 3).
In this case A, = hull(A;) = Q \ Q’ is a cuboid. Hence Q = A, U Q' is
a disjoint union of cuboids. Since Q € Q then either Q = Q,Q C A; or
QcQ.
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o If Q = é, then we take Xi, = {Az}, Xour = {A1} and Xparg = 0.
o If Q C Ay, then we take Xi, = 0, Xour = {A1} and Xpag = {A2).
o If Q C Q’, then we take Xi, = 0, Xout = {A1, Az} and Xparg = 0.
In each of the three sub-cases above, properties (a),...,(d) hold. Thus, the

Proposition holds also in Case 2. We conclude that the Proposition is proven
in all cases. n

Figure 3

__ Given an internal node A € T other than the root, and a dyadic cuboid
Q C hull (A), the computation of Xi,, Xout and Xpag as in Proposition 1
is straightforward, and requires no more than C computer operations. We
exploit Proposition 1 in the following algorithm.

Algorithm RCZ0: Given a node A € T other than the root and a dyadic
cuboid Q C hull (A), we compute the quantities

(3)  #(ENQNA), and 5min(Q N A, A) for all A C M.

Explanation: If A is a leaf, then E N A is empty or a singleton {xa}; the
marking of A indicates which case occurs, as well as x (in case ENA # ().
Hence, it is trivial to compute the quantities (3) when A is a leaf.
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Suppose A is an internal node that is not the root. Recall that A is the
disjoint union of its children. We partition the set of children of A into X,,
Xout and Xpard, as in Proposition 1.

Either Xpag is empty, or Xpaq = {A”} for a single node A”, with Q C
hull (A”).

If Xparg is empty, then Q N A is the disjoint union of the A’ in X;,. Conse-
quently,

4 #ENQNA) = ) #(ENA), and

A/EXin

(5)  Smm(QNAA) = min (A, A) for all A C M,

A’eXin

thanks to (1). The right-hand sides of (4), (5) may be trivially computed
from our markings (2) for the nodes A’ € X;,. Hence, (4) and (5) yield the
desired information (3), in case Xparg is empty.

If Xparg = {A”}, then Q N A is the disjoint union of Q N A” and all the A’
in X;,. Consequently,

(6) #(ENQNA)=#ENQNA")+ Y #(ENA), and

A/ EXin

(7) Sumin(QONA, A) = min{émin(QﬁA”,A),/{niQ 6min(A’,A)} for all A C M.
'€ Xin

As with (4) and (5), the right-hand sides of (6) and (7) may be computed

easily from the markings (2) for A’ € X;,, once we know the quantities

(8)  #(ENQNA”"), and 8,n(Q NA” A), for all A C M.

To compute the quantities (8), we apply Algorithm RCZO0 recursively, to the
node A" and the dyadic cuboid Q Note that A” is a child of A, and that
Q C hull (A”), since A” € Xpara- (See conclusion (c) of Proposition 1.)
Thus, if the recursive call to Algorithm RCZ0 terminates, then we obtain the
quantities (8), and substitute them into (6) and (7) to obtain the desired
information (3). Apart from recursing, the amount of work we perform while
inspecting the node A and the cuboid Q is clearly bounded by C.

This completes our description of Algorithm RCZ0.

Note that Algorithm RCZ0 terminates, and takes work at most ClogN.
To see this, suppose we apply Algorithm RCZ0 to a given node Ay, different
from the root, and a given cuboid Q. Then the algorithm recursively calls
itself, with A replaced successively by A7, Ay, ... where A, is a child of A,
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for each v. Since the tree T has height at most ClogN, it follows that the
algorithm terminates after at most ClogN recursive calls. This implies
easily that the work of Algorithm RCZ0 is at most Clog N, as claimed.

The next step is as follows.

Algorithm RCZ1: Given a dyadic cuboid Q, we compute

(9)  #(ENQ) and 8,,(Q,A) = min 5(x,.A) for each A C M.

xEEﬂQ

Explanation: The root of the BBD tree T is a disjoint union of dyadic cuboids
A" ... At with L < 2™ The set E is contained in A'U...UAL. For each
i=1,...,, L, we will compute

(10)  #(ENQNAH and 8, (Q N A, A) for each A C M.

The cubes A' are disjoint and their union contains E. Hence, once the
quantities in (10) are obtained, the computation of the information in (9)
is obvious. For each i = 1,...,L, either A* C Q, QN At =), or Q C Al.
The information (10) is obtained trivially in the first two cases. In the third
case, we have Q C At =hull (A1), and Alis a node in T that is not the root.
Hence, the desired information (10) may be read off from Algorithm RCZ0
(with A = A') in the non-trivial case. The work of the algorithm is at most
Clog N. This concludes our description and analysis of Algorithm RCZ1.

Let Q C R™ be a dyadic cube, and let A C M be given. The cube Q* is a
disjoint union of 5™ dyadic cubes Q., in an obvious way. Applying Algorithm
RCZ1 to each of the Q., we can easily compute the quantities

#(EN Q*), and min{d(x, A’) : x € EN Q*} for all A’ < A.

This allows us to decide whether Q is almost OK(A), with work at most
Clog N.

It follows easily from the definitions of “CZ(A)” and “almost OK(A)”
that a dyadic cube Q C R™ belongs to CZ(A) if and only if Q is almost
OK(A), but Q* is not almost OK(A). (Here, Q" is the dyadic parent
of Q. In particular, if dq = A", then Q* cannot be almost OK(A), since
Q+ ¢ D(A).)

Hence, we have proven the following result.

Lemma 1. After performing CNlog N one-time work, with storage CN,
we can answer queries as follows:

Given a dyadic cube Q C R™ and a subset A C M, we can decide with
work Clog N whether Q € CZ(A). Here, C is a constant depending only
on m and n.

Thus, we have carried out the goal of this section.
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26. Computing CZ Cubes

In this section, we write ¢, C, C’, etc. to denote constants depending only
on m and n. Our goal here is to establish the following result.

CZ Computation Lemma. After performing one-time work at most
CNlogN, and using storage at most CN, we can answer queries in ClogN
time as follows:

Given a subset A C M and a point x € R™, we exhibit a list of all the
cubes Q € CZ(A) such that (14 cg)Q contains x.

Proof. We combine the results of several previous sections.

We begin by computing the CZ cubes containing the points of E. Recall
from Section 24 (specifically, Lemma 2 in that section), that we can compute
and store numbers d-,(x, A) for all x € E;, A C M, such that

(1) cBey(x,A) < Scz(x,A) < CBey(x, A) for all x € E,A C M.

The work and storage to produce all the 8-,(x,A) are at most CN log N
and CN, respectively. We recall that, for each x € R™ and A C M, we have

(2)  dcz(x,A) =0q for the Q € CZ(A) that contains x.

Next, we perform the one-time work associated with Theorem BBD1 in
Section 23, as well as that associated with Lemma 1 in Section 25. This
one-time work is at most CN log N, and the storage it uses is at most CN.

Fix x € E and A C M. There are at most C’ dyadic cubes Q such that

(3)  Q>3xand cdcy(x,A) <0q < Cdeylx,A).

Among these is the Q € CZ(A) that contains x, as we see from (1), (2).
According to Lemma 1 in Section 25, we can test each dyadic cube Q satis-
fying (3), to decide whether Q € CZ(A). The one and only survivor will be
the cube Q € CZ(A) containing x, and the total work for the testing is at
most Clog N.

Looping over all x € E and A C M, we compute (and store), for each
such x and A, the cube Q € CZ(A) containing x. The total work needed is
at most CNlog N, and the storage needed is at most CN.

Thus, we may suppose that we have precomputed the cube Q € CZ(A)
containing x and the number d¢z(x,A) = ¢ for each x € E, A C M.

Next, we drop our assumption that x € E. Let x € R™ and A C M be
given. We explain how to compute the CZ(A) cube that contains x. Using
Theorem BBD1 (from Section 23), we compute, with work at most Clog N,
a point y € E such that [x —y| < 2dist(x, E). If x =y, then x € E and the
cube Q € CZ(A) containing x has already been computed and stored in the
one-time work. In that case, we may simply retrieve from memory the cube
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Q € CZ(A) that contains x. Assume now that x # y. We look up the value
of d¢cz(y,A), which has been precomputed above.

We are in position to invoke Lemmas 2, 3, 4 from Section 22. With C,
as in those Lemmas, we obtain the following results:

(4)  Ifdcz(y,A) > Cilx—yl, then 3 8cz(y, A) < dcz(x, A) < 28cz(y, A).

(5)  If d¢cz(y,A) < 2Cilx —yl and 0 < [x —y| < A;', then clx —y| <
dcz(x, A) < Clx —yl.

(6) Iffx—yl> JA;', then cA;' < dcz(x,A) < A

At least one of (4), (5), (6) applies, since x # y. Hence, with work at most C,
we can compute a number d-,(x,A), such that

(7) cdcz(x, A) < dczlx, A) < Cdczl(x, A).
There are at most C’ dyadic cubes Q such that

Among these is the cube Q € CZ(A) containing x, as we see from (7)
and (2). Using Lemma 1 from Section 25, we can test each Q satisfying (8),
to decide whether Q € CZ(A). The one and only survivor will be the cube
Q € CZ(A) containing x. The work of all the testing is at most Clog N.

Thus, given x € R™ and A C M, we can find, with work at most Clog N,
the cube Q € CZ(A) containing x.

Finally, let x € R™ and A C M be given, as before. As above, we find
the cube Q € CZ(A) containing x. Now suppose that Q" € CZ(A), with
(T+cg)Q’ 3 x. According to Lemma 2 (“Good Geometry”) in Section 21,
we must have %6Q < dqg < 20q. Consequently, to exhibit all the Q' €
CZ(A) such that (1+ cg)Q’ > x, it is enough to search among the dyadic
cubes Q' such that

9)  (T+cc)Q 2x, and 38q < dg < 280

There are at most C such dyadic cubes Q’. Using Lemma 1 in Section 25,
we can test each of these Q’, to see whether Q" € CZ(A).

Thus, we can output a list of all the Q" € CZ(A) such that (1+cg)Q’ > x.
The work of all the testing is at most Clog N.

The proof of the CZ Computation Lemma is complete. |

Remark. For x = (xq,...,x,) € R™ we write |x|,,, = max;|x;|. Recall Theo-
rem BBD1 from Section 23. Suppose we replace in that theorem the Euclid-
ean norm with the {,, norm. That is, suppose that we modify Theorem
BBD1, such that the answer to a query would now consist of two distinct
points X1, X2 € E, with [x—X1/¢,, < 2minyeg [x—yle, , and similarly, [x—X,/¢,
satisfies the obvious {,, analog of the condition from Theorem BBD1. Then
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it is straightforward to adapt the proof of the CZ computation lemma,
including the results it relies on from the preceding sections, to the case
where Theorem BBD1 uses the {,, metric. The key observation is that
IXlee, < Ix] < /Mx|e, for all x € R™ and that this y/n factor does not
matter much, since our constants are allowed to depend on the dimension.
We omit the details. This remark will be used only in the Appendix.

27. Finding Representatives

The goal of this section is to give an algorithm to produce a point in ENQ,
where Q is a given dyadic cube satisfying E N Q # (). Recall that we can
compute #(E N Q) by algorithm RCZ1 from Section 25.

We write ¢, C, C’, etc. here to denote constants depending only on the
dimension n, and we write X = O(Y) to indicate that [X| < CY.

We proceed as in Section 25, using the BBD tree T. We retain the
notation of that section. Recall (from Section 23) that each node A € T
is marked to indicate whether A N E is empty or not. Additionally, recall
that with any node A € T we store a “representative” x5 € E that satisfies
xa € ENA in case ENA # (). We will use the x5 below.

Algorithm REPO: Given a node A € T other than the root, and a dyadic
cuboid Q C hull (A) such that

0 QNANE#H,

we produce a “representative” Xpa € Q NANE.

Explanation: Note that our algorithm does not check whether (0) holds; it
simply runs, exhibiting a representative in case (0) holds, and doing who-
knows-what otherwise.

If A is a leaf, then ANE is either empty (which cannot occur here, thanks
to (0)), or else the singleton {xA}. Hence, we may simply return Xg.A = XA
in case A is a leaf.

Suppose A is an internal node other than the root. We partition the set
of children of A into subsets Xin, Xout, Xhard, as in Proposition 1 in Section 25.
According to Proposition 1, we have either

(1) Xpard is empty, and Q N A is the union of the A’ in X;,, or else
(2)  Xhara ={A"} for a node A” (a child of A), and QN A is the union of
Q N A” with the nodes A’ in X;,.

We check whether there exists an A’ € X;, with EN A’ # (). If so, then
we simply return xg o = xa for such an A’. We then have x5 , € ENA’ =

Q NA'NE C Q NANE, thanks to the defining properties of xa/, A, and X;,.
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Otherwise (that is, if ENA" =0 for all A’ € X;,) then, by (0), we cannot
be in case (1) above; we must be in case (2), and, moreover, QN ENA =

QNENA” # (. In this case, since A” € Xpard, We have Q C hull (A"), by
conclusion (c) of Proposition 1 in Section 25. Hence, we may find a point

xg.a € QNENA by recursively calling Algorithm REPO for the node A” and
the cuboid Q

This concludes our description of Algorithm REPO. Since A” is a child
of A above, and since the BBD tree has height O(log N), it follows that

Algorithm REPO terminates, and that the work of the algorithm is O(log N),
once we have constructed the BBD tree.

Algorithm REP1: Given a dyadic cuboid Q, we decide whether E N Q = ()
and if EN Q # (), then we exhibit a “representative” X €EN Q

Explanation: The root of the BBD tree T is a disjoint union of dyadic cuboids
Al ... At with L < 2™. The set E is contained in UL] Al. For each dyadic
cuboid A!, we detect whether Al intersects Q Since A" and Q are dyadic
cuboids, then also QﬁA'l is a dyadic cuboid, whenever non-empty. For each 1
such that Q N A! is non-empty, we apply Algorithm RCZ1 for the dyadic
cuboid Q NA'to compute #(EN Q NAY. If #(ENQNAY =0 for all i, we
conclude that EN Q = (). Otherwise, for some i we have EN Q NAY # () with
Q N Al being a dyadic cub01d contained in A = hull(A'). Hence, we may
exhibit a point in E N Q by running Algorithm REPO for the node A' € T
and the dyadic cuboid Q NAY After one-time work O(N log N) with storage
O(N), Algorithm REP1 requires work O(log N).

Let Q be a dyadic cube. Then Q* is a disjoint union of 5™ obvious dyadic
cubes, and Q** is a disjoint union of 25™ obvious dyadic cubes. Hence, by
applying Algorithm REP1, we can perform the following computations.

Algorithm Is-Cube-Empty(Q): Given a dyadic cube Q, we decide whether
ENQ* =0. We return “yes” if EN Q** = () and “no” otherwise.

Algorithm Find-Representative(Q): Given a dyadic cube Q such that E N
Q** # (), we return a point xqg € ENQ**, with the property that xq € ENQ*
if ENQ* # 0.

The algorithm Find-Representative(Q) is guaranteed to function prop-
erly only when its input Q is a dyadic cube such that E N Q** # (). We
make no claim regarding Find-Representative(Q) when its input fails to be
a dyadic cube with E N Q** # (). After one-time work O(NlogN) with
storage O(N), the execution of the algorithms Is-Cube-Empty(Q) and Find-
Representative(Q) requires work O(log N).
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28. Partitions of Unity

In this section, C, ¢ stand for constants depending only on m and n. Recall
that J(F) denotes the m-jet of the function F: R™ — R at the point x € R™.
Let Q be a dyadic cube in R™ Let 8 € C™(R™) be a function such that

—~
—_
~—
o

< éQ <1 onR™

(2) 8g>conQ,

(3) 8o =0 outside (1+ =)Q,

(4)  [9PBg(x)| < C8oP for x € R™, |B] < m.

It is easy to satisfy conditions (1),...,(4), e.g., by taking éQ to be an
appropriate spline. (See, e.g., (3) of Section 54.) Furthermore, we assume
that Oq is picked so that the following query can be answered in work at
most C:

Algorithm PU1: (“Find jet of éQ”) Given a dyadic cube Q, and a point
x € R™, compute the m-jet ]j{(éQ).

Given A C M, the Calderén-Zygmund decomposition CZ(A) is a cover
of the entire R™. Consequently (2) implies that

(5) Z 0o >con R™
QeCZ(A)

For any x € R™, there are at most C cubes Q € CZ(A) such that x €
Supp(0q), according to (3) and to the Corollary to Lemma 2 in Section 21.
We conclude that the left-hand side of (5) is finite everywhere. For Q €

CZ(A), we define
04 = eQ/ > 0,

QeCz(A)

The function eé € C™(R™) is well defined, non-negative and finite by (5),
and

(6)  84(x) =0forx & (1+cc/2)Q.
We also have

(7) Z 05 =1onR™
QeCZ(A)
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Therefore, the collection eé (Q € CZ(A)) constitutes a partition of unity
on R™ Let x € R™, and let Q € CZ(A) be such that x € (14 ¢cg)Q.

According to Lemma 2 from Section 21,
(8) If Q e CZ(A),xe (1+ Cg)é then necessarily %6Q <05 < 28q.

Recall that by the Corollary to Lemma 2 in Section 21, there are at most
C cubes Q € CZ(A) such that x € (1 + Cg)Q We conclude from (3), (4)
and (8), that for any [B] < m,

[ Z e] )| < Z C55|6\<C/53m.

Qecz(A Qecz(A)
x€(1+cg)Q

Combining (9) with (5), we see that for any Q € CZ(A),

(9)

(10) [aPOA(x)| < €54 for all x € R™, [B| < m.
Note that (6), (7) and (10) are the standard properties of partitions of

unity that are usually used in C™-extension problems.

Algorithm PU2: (“Find jet of 96”) Given A C M, a dyadic cube Q € CZ(A)
and a point x € R™, compute J;(635).

Explanation: First, we apply the CZ computation lemma from Section 26.
According to that lemma, presuming a one-time work, we can produce in
Clog N time, the list of all cubes Q € CZ(A) such that x € (1 + ¢g)Q.
Denote this list by L. By the Corollary to Lemma 2 in Section 21, #(L) < C.

According to (3),
( > eA) =D Ji(6g).

Qecz(A QelL

Thus, using Algorithm PU1, we can compute both ],f(éQ) and

Ii( > é@)
QeCz(A)

within C computer operations. From these two m-jets, we can read off
Jr (96). This algorithm uses at most Clog N work and storage. The one-
time work required is CNlog N operations and CN storage. Here, C is a
constant depending only on m and n.

In the special case A = (), we can produce the above list L within C
computer operations, thanks to Lemma 5 in Section 21. Hence, it takes
only C operations to execute Algorithm PU2 when A = ().
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Chapter IV - Main Algorithm

29. The Main Algorithm and the Main Lemma

In this section we present the main procedure of our algorithm. Recall that
J3(F) denotes the m-jet of the function F at the point x and that P is the
space of all polynomials of degree m on R™. Recall that for two polynomials
P,Q € P and x € R™, we denote by P ®f Q the unique polynomial in P*
for which 08(P ®} Q — PQ)(x) = 0 for |3| < m. In this section we denote
by C,C’ constants depending only on m and n.

In Section 14, we introduced an order relation < on subsets of M, the
set of multi-indices of order at most m — 1. The minimal subset of M under
< is M itself. For any proper subset A C M, recall that we write A~ to
denote the predecessor of A under the order <.

Next, we will present a procedure for the computation of a certain poly-
nomial, to be denoted by fy(Ao, Qo, X0, Po). A standard convention in com-
puter programming, is that text between /* ... */ is not part of the actual
algorithm, but rather serves to ease the reading of the algorithm.

The Main Algorithm Procedure fy (Ao, Qo, X0, Po).

/* Returns a polynomial in P', to be viewed as a jet at x.
Defined for Ao C M, Qq € CZ(Ap),xo € EN Qp" Po € P,x € (14+¢cg)Qo. */
Line 1: If Ap=M then define fy (Ao, Qo,Xo,Po) :=Po, else

Line 2: { Let A’ be the least A CM such that Qg€ CZ(A').

Line 3: If A’ <Ay, then define fﬁ(ﬂo,Qo,Xo,Po) = fl(‘A/,Qo,Xo,Po),

Line 4: else

Line 5: { Produce a list Qj,...,,Qx,.,, of all the cubes

Line 6: Q € CZ(A,) such that x € (1+¢cg)Q.

Line 7: For each k=1,...,kpqx do the following:

Line 8: { If ENQY =0, then set fy: =Py, else

Line 9: { If xp € Q}, then set xx:=Xp and Py :=Py, else

Line 10: { Define xy := Find-Representative(Qy).

Line 11: Define Py := Find-Neighbor(Py, Ao, xx).

Line 12: } /* Now we have found Xi,Px in all cases */

Line 13: Define fy = fy(Ay, Qx, Xk, Px).

Line 14: } /* Now we have found fy in all cases */

Line 15: } /* End of the k-loop starting in line 7 */
Kmax

Line 16: Define fyx(Ao, Qo,X0, Po) i= Z M (e&) o5 fi.
k=1

Line 17: }

Line 18: }
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Thanks to the algorithms from the previous sections, we can carry out
the above algorithm for computing fy(Ao, Qo, X0, Po). Let us elaborate on
the execution of the Main Algorithm. Recall that the letters C, C’, C stand
for various constants depending only on m and n.

We can execute Line 2, thanks to Lemma 1 from Section 25. The
amount of work needed here is C log N, presuming one-time work of CN log N
time and CN storage.

We can execute Line 3 since, recursively, we can evaluate fy(A’, Qo, Xo,
Po) when A" < Ap and Qo € CZ(A'),xo € ENQJ,Po € P,x € (14 cg)Qo.

We can execute Lines 5-6 according to the CZ Computation Lemma
from Section 26. The work needed here is Clog N, presuming one-time work
of time CN log N and storage CN.

Note that kimax < C according to the Corollary to Lemma 2 from Sec-
tion 21. Hence the loop in Lines 8-15 is executed at most a constant
number of times.

We can execute Lines 8-10 by applying the algorithms Is-Cube-Empty
and Find-Representative from Section 27. We need Clog N operations for the
execution of Lines 8-10, presuming the standard CN log N one-time work.

Regarding Line 11, the algorithm Find-Neighbor is discussed in Sec-
tion 15, and requires C operations, given CN log N one-time work.

We can execute Line 13 since, recursively, we can evaluate fy(Ay, Qx, Xx,
Py) as Ay < Ap and Qr € CZ(Ay),xk € ENQY,Pr e P,x € (1 +¢cg) Q.

We can execute Line 16 thanks to Algorithm PU2 from Section 28. This
takes Clog N computer operations. (As a matter of fact, C computer op-
erations suffice here as the cubes Q € CZ(Ay) with x € (1 + CG)Q were
already computed.)

By an easy induction on A (with respect to our order relation <), it
follows that the number of operations needed to execute fy(Ao, Qo, X0, Po),
once we have done the one-time work, is at most Clog N. Let us summarize
the above discussion.

Proposition. For any Ay C M, Qo € CZ(Ap),x0 € EN Q3 Po € P,x €
(14 cg)Qo, we can compute the polynomial f(Ao, Qo, X0, Po) with work at
most Clog N, given that we have previously done one-time work of CN log N
operations and CN storage.

So far we have shown that the procedure for the computation of fy (Ao, Qo,
X0, Po) is efficient. Next, we explain why this procedure may actually be
useful. The properties of f, (Ao, Qo, X0, Po) are stated in the following lemma,
whose proof occupies Sections 30,...,33. Recall that for x € R™ 6 > 0, we
have set

Bt (x,8) ={P e P*: [0PP(x)] < 8™ ® for |B| < m).
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Recall from Section 10 the basic blobs I'(x,£) (x € E, £ > 0), and recall the
constants £(Ag) and A3(Ap) from Section 14 and Section 17, respectively.

Let Ag C M be a given subset of M.

Main Lemma for Ay:

Suppose that

(1) QO S CZ(‘AO)a

(2)  x0€ ENQJ with xo € ENQf when EN QF # 0,
(3) Mgy > O,

(

4) Po € T(xo, £(Aop), Mo).

Then, there exists F € C™((1 4+ ¢g)Qo), with the following properties:
(5)  JI(F—Po) € As(Ao) - Mo - BH(x,0q,) forallx € (1+cg)Qo.
(6)  Jx(F) €T(x,0,A3(Ap) - Mo) forallx € EN(1+cg)Qo.

(7)  JI(F) =1x(Ao, Qo,x0,Po)  for all x € (1+cg)Qo.

(8)  Ifxo € (1+¢cc)Qo, then also Jy, (F) = Po.

Chapter V - Proofs

30. Preparation for the Proof: Collections of Polyno-
mials

This is the first in a sequence of four sections that are dedicated to the proof
of the Main Lemma from the preceding section. In this section we collect
some results, to be used in the next sections, on certain sets of polynomi-
als. In these four sections, the letters ¢, C, ¢/, C, etc. denote some positive
constants depending only on m and n; also, p, P, p, etc. will denote positive
integer constants depending only on m and n. The values of these constants
are not necessarily the same in different appearances.

We will work in the space RF™ for non-empty subsets A C M. For
a € R¥™ we use a = (aq)aeca as coordinates in R

For x € R™and () # A C M, let 74, : P — R be the following linear
map:
(1) max(P) = (0%P(x)) pen -
For ) # A C M, 6 > 0 we also set

(2) B4(d) = { (Ao qen - Z slod=miq | < 1} C RHA).

xeA



132 C. FEFFERMAN AND B. KLARTAG

Recall the definition of B(x,d) from Section 1. It is straightforward to
verify that for any x € R™,

(3)  Bual(d) is C-equivalent to 14 {B(x,0)}.

Let x € RM, P € P, A C M. If there exists « € A with 9*P(x) # 0, then we
set,

(4)  oax(P) = max{ax € A : 0%P(x) % 0},

where the maximum in (4) is taken with respect to our order < on multi-
indices (see Section 14). In the case where 0*P(x) = 0 for all &« € A, we

will set a4 «(P) to be the zero multi-index, the minimal element in M. Thus
otqx(P) is defined in all cases. For x € R™ ) # A C M and & > 0 denote

(5)  Ral(x,8) ={P P : VB >auP), BFP(x)| < 5™ B}

The set R4(x, d) is centrally-symmetric, but it is not necessarily convex. It
clearly satisfies

(6) B(Xvé) - :R'A(Xaé))
for any non-empty A C M.

Lemma 1. Let Q C P be a centrally-symmetric convex set, ) #A C M,
x € R™, 8 > 0,K > 1. Then the following are equivalent:

(A)  Bu(d) € Kma{QNRAlx, )}
(B)  There exist polynomials {Pylaca with the following properties: For
any « € A,
(i) OPPL(x) = 8ap for any B € A,
(i) [0PP4(x)] < K&X=IBl for any B € M with B > «,
(iii) o™ I*pP, € KQ.

Proof. For a €A, denote as(a) = (8™ %8, 5)pea €R* M. According to (2),

(7)  Bald) =conv{tas(x) : a € A},

where conv denotes convex hull. Suppose (A) holds. By (7), for each x € A

there exists P, € KIQ NR4(x, d)] such that s (P,) = as(e). That is,
PP (x) = 8™ ™5, 5 for B € A.

In particular, oq (P,) = «. Since P, € KR4(x, 8), then [dPP (x)| < Ko™ Il
for any B > a. We denote Py = 8/*~™P’ . Then [0PP,(x)| < K&!®~IBl for
o« € A, B > o, and also 0PP4(x) = 84p when &, € A. Additionally,
Sm1Yp, € KQ for « € A. Consequently, the polynomials {Py}xca satisfy
(i), (ii) and (iii). Thus we proved that (A) implies (B).
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To obtain the other direction, suppose that (B) holds. Then there exist
polynomials P, (o« € A) that satisfy (i), (ii) and (iii). Denote P, = 8™ 1*P,.
Then by (i), (ii), (iii) we know that P/, € K[QNR4(x, d)], and (i) also implies
that 74 x(P,) = as(«). Let (Ay)aca be any real numbers with ) Ayl < 1.

Let
P=> APl

xeA

If P=0, clearly P € K[Q N R4(x,0)]. Suppose now that P £ 0. Since KQ
is convex and symmetric, we know that P € KQ. In addition, a4«(P) =
max{x € A : Ay # 0}, and for any > o qx(P),

RPP(x) < ) IM@PPL(X) < Y AoJKE™ B < K™ 1P,
axcA xcA
since P, € KR4(x,8) and a4 x(P.) = . Hence, P € KR4(x,d). To summa-
rize, for any real numbers (Ay)xea with ) [Aql < 1, we have
D APl € KIQNRalx, 8)].

xeA

Therefore, conv{£P, : o« € A} C K[Q N R4(x,0)]. Projecting, we obtain
that

conv{tas(a): a€A} = conv{m(P,) : x €A} C Kmia{Q N R4(x,0)},

and (A) follows from (7). |

Consider condition (B) from Lemma 1; when 8 gets smaller, the condition
just becomes easier to satisfy. Thus, if 6 < & and (B) holds for §, then (B)
also holds for 4. By Lemma 1, condition (A) enjoys the same property; if
§ < & then

(8) BA(S) - KT[‘A‘X {Q N RA(X,S)} = BA(é) C KT[‘A‘X{Q N RA(X, 6)}

An important property of the sets we consider is related to scaling. Fix
>0, and let T5: P — P be the map

T5(P)(x) = 8™P (6 'x).
It is straightforward to check that for any () £ A C M,
(9)  B(0,8) =T5{B(0,1)},
(10)  Ra(0,8) = 15{Ra(0,1)}; and
(11) VP e?P, maoltsP) € Ba(d) & mao(P) € Ba(l).
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Also, (15P) ®o (15Q) = 0™ - T5(P ®o Q). From the definition (10) of
Section 12, it is straightforward to conclude that O C P is Whitney t-convex
at 0 with Whitney constant A, if and only if T5Q is Whitney t-convex at 0
with Whitney constant A.

Thus, when we study B(0,06),R4(0,8) or B4(0), it is usually enough to
focus on the case 6 = 1.

Lemma 2. Let Q C P be a centrally-symmetric conver set, x € R™,
DAACM, d>0,K>1. Assume that,

(12)  Ba(d) € Krma {Q NRalx,8)},

(13)  Ba(d) & Kmax{QNB(x,3)}.

Then there exists A C M such that A < A and

(14)  B(8) € CKPry, {Q N B(x, )},

where C,p > 0 are constants that depend solely on m and m.

Proof. By translating, we may assume that x = 0. Furthermore, in
view of the scaling relations (9), (10) and (11), it is clear that our assump-
tions (12), (13), the convexity of QO and our conclusion (14) are all invariant
under the scaling P(x) — 6™P (6*17() (P € P). Therefore it is enough to
treat the case & =1.

We will split the proof into two parts. Part I of the proof uses only the
assumption (12), while (13) is exploited in the second part.

Part I: Fix o« € A (the set A is non-empty by assumption). Let a(o) € R
be the unit vector a(a) = (6“»5)[3@4' Then a(x) € B4(1), according to (2).
By (12), there exists some polynomial

(15) Pa € KIQNR4(0,1)]

such that 74 0(Py) = a(a). That is, for any 3 € A,
(16)  0PP4(0) = dap-

For 3 € M we define

n

||B||=Z(m+1)"(z fsk).
k=1

j=1

It is trivial to verify that for B, € M, if B < B, then ||B]| < [|B]]. Let
oo € Aand B, € M be such that B # B and 9PP,(0) # 0,9PFP,(0) # 0.
Define

1

2KIBIBP, (0)
bepp = {k €L Kmidm?

2XIBT3FP_(0)

< 2Km! dim iP} .
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Since B # B, then ||B]| — ||B]| is a non-zero integer. Consequently,
4(1app) < 1+ log, [(ZKm! dim ?)2] < Clog(K+1).

The number of different sets of the form I, ;5 is bounded by a constant
depending only m and n. Hence,

#( U Iocﬁﬁ) < C'log(K+1).
x€A,BABEM

B P (0)£0,0B Py (0)£0

Therefore, there exists an integer ko < 0, with 0 < [ko| < [C'log(K+1)]+1,
such that ko € I g p for any relevant «, 3, 3. Denote A = 2% Then,

(17 (R)" <A<

for some constants ¢, p depending only on m and n. In addition, for any
o € A,B,p € M such that B # B,0PP,(0) # 0,0PP,(0) # 0 we have
ko & I p and thus

(18) )xnﬁuaépagg”g(zmg 2Km! dim P) .

AIBITaB Py dim P?
Next, for « € A, consider the quantity
(19) My = maxAlBlaPP(0)].
BEM

For any o € A we have 0*P,(0) =1 by (16), and thus,
(20) My > AP (0)] = Al > 0,

The numbers whose maximum is considered in (19) are well separated from
one another (except for zeros); this is the content of (18). Let ¢(a) € M be
such that 3 = ¢(«) achieves the maximum in (19). According to (18), for

any B # ¢(a,
(21)  (2Km! dim P)AIBIRBP(0)] < All*(@l[gé®p (0)],

If B € Abut B # «, then ABIFEP (0) = 0 < M, by (16) and (20).
Thus the maximum in (19) cannot be obtained by f € A with  # «.
Consequently;,

(22) P(x) e A = o(x)=c.

Next, we use the fact that P, € KR4(0, 1), which we know from (15). Recall
the definition (5) of the set R4(0,1). From (16) we have that

(23) &= xa0(Pa).
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Since P, € KRy(0,1) then [0PP,(0)] < K for all B > o = x40(Ps).
Combining with (16), we find that for all f > «,

(24)  AlBIREP,(0)] < KAIBI < KAl (0)|

because ||B|| > ||| and 0 < A < 1. Suppose for a moment that ¢(a) =
for some $ > «. Then (24) implies that

Al ae@p (0} < KAIaP(0)],

in contradiction with (21). Thus our momentary assumption was false, and
hence,

(25) VaeA, ola)<a.

Denote A = ¢(A). According to (22), (25) and Lemma 1 from Sec-
tion 14, we have that A < A. Let P : A — A be such that ¢(b(«)) = « for
all x € A. By (21), for any o« € A and p # «,

(26)  AIBIABP o (0)] < (2m!dim P) " - Al [9oPy, o (0)].
According to (20) and (17), for all « € A,

(27) )\HocH|aocpw(“)(o)| = My(a) > 7\||11)(0c)|||all)(06)]3¢(“)(0)|

_ Al 5 AP > 1
for some constants C,p,p > 0 depending only on m and n. The left hand
side of (27) is thus non-zero, and for &« € A we may define

= 1
(28)  Po= (AI*3*Py09(0)) - Py(ew)-

Then by (26) and (28),

(29)  Al€gep_ (0) =1, and for B # &, AIPIQPP(0)] < (2m!dimP) .
Next, (15), (27) and (28) imply that for any o € A,

(30) P4 € CKPQ.

Consider the matrix A = (A"B“aﬁﬁ“(O))aﬁeﬁ. By (29), the matrix A has

ones on the main diagonal. Furthermore, since #(A) < dim P, then according
to (29) the sum of the absolute values of the off-diagonal elements in any
row of A does not exceed % Hence A is invertible, and the norm of A~" as
an operator on l, (R™) is not larger than 2. Denote the elements of A~' by
Al = (aa,p)apea- Then,

(31) |aapl <2 forall a,p € A.



FITTING A C™-SMOOTH FUNCTION TO DATA 1T 137

Next, we set, for & € A
(32) PL=A>" a,.P,.
yeA
By the definition of the inverse matrix A", for any «, p € A,
(33) PP (0) = All«I-Il Z a%“)\HBIIaB]Sy(O) = Soup
yeA
Furthermore, by (29), (31) and (32), for any B & A,

= 1
Bp/ flexll B [ e lledl 1Bl
(34)  [9PPL(0)] < 2AII Y PP (0) < 2A1 Y a1 < O ,

YyEA YeEA
According to (33) and (34), for any « € A,
(35) P, € -&B(0,1) C C'’KPB(0,1),
where the second inclusion follows from (17). Recall that Q is convex and
centrally-symmetric. By (17), (30), (31) and (32), we get that for any & € A,
(36) P € CKPQ.
Since Q and B(0, 1) are convex and centrally-symmetric, (35) and (36) imply

that
conv{£P,},ca € CKP[QNB(0,1)].

Projecting, we get that
(37)  maofconv{EP,}cat € CKPmrz,{QNB(0,1)}.

However, B4(1) = mzo{conv{£P,},ca} by (33). Therefore (37) implies
that

(33) Bal(l) C CKPmzo{QNB(O, 1)),

It only remains to show that A < A; once we have that, (38) implies the
conclusion of the lemma. Note that up to now, we did not use our assump-
tion (13). It will play a role in the proof that A < A.

Part Il: We begin with proving that there exists & € A with ¢p(&) € A.
Assume the opposite, i.e.,

(39) ¢(x)e A forall x € A.

By (22) we have that d(a) = o forall x € A. Let x € Aand f < d(a) = .
According to (21) and (16),

(40)  AlBI[DBP,(0)] < (2K dim P) " - Al [p*P(0)]
= (2K dim P) " - Al < KAlIBI
since K> 1,0<A < 1 and ||B] < [«
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Therefore (40) implies that for any B < «,

(41)  0PPL(0)] < K.

Recall that Py, € KRy4(0,1) by (15). According to (5) and (23), also for
any > «,

(42)  [9PPL(0) < K.

Combining (41) and (42) we get that P, € KB(0,1) for all « € A. By (15),
we conclude that

(43)  conv{xPylaca € KOQONKB(0,1)=K[QNB(0,1)].

(Recall that Q, B(0, 1) are convex and centrally-symmetric.) However, put-
ting 8 = 1 in (2) and using (16) we obtain

(44)  Ba(l) =mao{conv{®Palucal-

According to (43) and (44) we have that

(45)  Bal(l) € Kmao{QNB(O,1)},

in contradiction with (13). Therefore, our assumption (39) was false, and
consequently there exists & € A with ¢(&) € A. In particular, b(®) # R,
and hence ¢ is not the identity map. The relations (22) and (25) are exactly
the assumptions of Lemma 1 from Section 14. By the conclusion of that
lemma, we know that A = ¢p(A) < A, as ¢ is not the identity map. This
completes the proof. |

A set A C M is called a “monotonic set”, if for any multi-indices «
and f3,
xeA Bl<m—-T—-|af = oa+pecA

Suppose A C M is a monotonic set. The fundamental property of A is that
for any P € P and x,y € R™,

(46) max(P)=0 = may(P)=0.

Indeed, (46) follows at once, since for any o € A,

x+p3
R M A

IBISm—1—[«]
where the sum vanishes because o + {3 is always in A.

Recall that for two subsets O, Q5> C P and x € R™, we denote
Q10,0 ={POxQ : Pe0y,Q € Qy}.

As before, we write conv(Q) to denote the convex hull of a set Q C P.
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Lemma 3. Let Q C B(0,1) be a centrally-symmetric convex set, and let
K > 1. Assume that ) # A C M, and that

(47) Ba(l) C Kmgo{Q}.
Then there exists a monotonic set A* C M, with A’ < A, and
B (1) € CKP 7t ofconv [Q ® B(0, 1)]}
where C,p are constants depending only on m and n.
Proof. Our assumptions (47), and Q C B(0,1) C R4 (0, 1) imply that
(48)  Ba(1) C Kmgo{Q NR4(0,1)]}.

Now, (48) is precisely the assumption (12) of Lemma 2, in the case x = 0,
d = 1. Most of the proof of Lemma 2 used only this assumption, namely
Part I of that proof. In particular, the construction of 0 < A < 1, the set
A < A and the polynomials P, in the proof of Lemma 2, was based on (12)
only.

We may thus repeat the reasoning from Part I of Lemma 2, based on (48).
Therefore we obtain 0 < A < 1 that satisfies (17), a set A < A, and
polynomials P, (x € A) that satisfy (28),...,(30). This means that,

(49) mgr <A<,

(50) P4 € CKPQ for any o« € A,
and for all o € A,
(51)  Al«lg*P(0) =1, and for B # «, AlPIABP(0)] < m.
Next, we denote
A ={a+v:a€h, y| <m—1—]af}
and let
X Y1y &+ Vi (04 €Ayl <m—T— o for t =1,..., tinad)

be an enumeration of A’. The set A’ is clearly monotonic, and satisfies that
A < A (since ACA ). Since A < A, then by transitivity we also have
A’ < A. For v € M we will consider the polynomial x — xY on R™ With a
slight abuse of notation, we denote this polynomial by xY; for example, we
write that x¥ € P. We define polynomials Py for t = 1, ..., t;ax as follows:
(52) Pp= % 9o Py,

(o 4y )!

The polynomial x* belongs to CB(0,1). According to (50) and (52), we
conclude that

(53) P, e CKPIQ @0 B(0,1)].
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From (51) and (52) we obtain that for any € M,
(54) P\|“3Ha[3+YtPf[(O) —8pu
and that

(55) 0PP{(0) =0 whenever B —vy, & M

1
S 2dim P°

(i.e., whenever —vy; contains negative coordinates). Note that (54) and (55)
together provide bounds for 9PP;(0) for all B € M.

Consider now the matrix A = (7\”“’5”6“’5“’5 PQ(O))tS:] . According
to (b4) and (55), the matrix A is very close to the identity matrix; the

norm of A —Id on 1 (R™) is bounded by % Consequently, the matrix A is
invertible, and the inverse matrix A" = (@)t =1 satisfies that

)))) tm(lX

(56) lagsl <2 forallt,s =1,..., tmax

and that for all t,s =1, ..., tax,

tTTLllX
(57) Y Alslastyep(0)a,, = 8.

r=1
Next, we define polynomials P, for & € A’ as follows:

tmax

(58)  Pugiye = Al Y a P

r=1
By (58) and (57), for any o, 3 € A, o = &} + v, B = & + Vs,

tTTLClX
(59)  PPL(0) = 3Py, (0) = Y AIIQ%t¥sPl (0)a, = 85y = Bop.

r=1
The set conv[Q ®¢ B(0, 1)] is convex, by definition, and it is also centrally-
symmetric. Thus (49), (53), (56) and the definition (58) imply that for any
xe A,
(60) Py € 2tmax - CKP - conv[Q ©o B(0,1)] € C'KPconv [Q &0 B(0,1)].

Combining (60) and the convexity and central-symmetry of conv[Q ®
B(0, 1)] we get that

(61) e o{conv{£Pslaca} € CKPy o{conv[Q & B(0, 1)]}.

According to (59), we know that B4/(1) = ma o{conv{£Py}aca}. Hence
by (61),
B (1) € CKPrrg o{conv[Q ©o B(0, 1)]}.

Since A’ is monotonic and A’ < A, the lemma is proven. [ |
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Lemma 4. Let Q C P be a centrally-symmetric convez set, ) # A C M,
x € R™ 6 > 0,K > 1. Assume that Q is Whitney t-convex at x with Whitney
constant A > 1. Assume also that

(62) Ba(8) C KmunlQ N B(x,5)].

Then, there exists A C M, such that A is monotonic, A < A, and
(63) B4(8) € CAKPmz , {QNB(x,d)},

where C,p > 0 are constants that depend solely on m and n.

Proof. By translating and rescaling, according to (9), (10), (11) and the
discussion around them, we may assume that x = 0, & = 1. Denote Q' =
QO NB(0,1). Based on (62), we may invoke Lemma 3 for the set Q. By the
conclusion of that lemma, we find A C M, such that A is monotonic, A < A,
and

(64) Ba(1) € CKPrrzo{conv[Q’ ® B(0,1)]}.

From our assumptions, the set QQ is Whitney t-convex at 0 with Whitney
constant A. According to Lemma 2 from Section 12, also Q' = Q N B(0, 1)
is Whitney t-convex at 0 with Whitney constant CA. This implies that

(65) Q' ®pB(0,1)=[Q'NB(0,1)] ®oB(0,1) C CAQ'.

By using (64) and (65), we get that

(66) Ba(1) C C'AKPr;,{conv(Q)} = C'AKPm;,{Q NB(0, 1)},

since conv(Q)’) = Q' = Q N B(0,1), and the lemma is proven. [ |

We would like our treatment to include also the degenerate case where
A = 0. Thus, we will also consider the ridiculous space R for A = 0
here the space Rf? (= R®) simply means the singleton {0}. We also define
the (trivial) projection g, : P — RF® by setting

TE@,X(P) =0
for all x € R™, P € P. Also, By(d) = {0} for all 6 > 0.

Lemma 5. Let Q C P be a centrally-symmetric convex set, x € R, A C M,
0>0, K>1 be given. Assume that

(67) Ba(d) C Kmax{QNB(x,3)}, and

(68) 0€max{Q\K'B(x,8)}.

Then there exists A C M with A < A such that
(69) Ba(d) C 2K?mz, {QNB(x,3)}.
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Proof. As before, we will translate and rescale, according to (9), (10)
and (11). Thus we may assume that x = 0,5 = 1. Let P € Q\K~'B(0, 1) be
such that 714 0(P) = 0. The existence of such a polynomial P is guaranteed
by (68). Then,

(70) 0PBP(0) =0 for B € A.

Let @ € M be chosen such that

(71) |5“P(O)!=:%i%§|aﬁp(0)h

Since P ¢ K7'B(0, 1), necessarily [0%P(0)| > K™' > 0. Also, & ¢ A because
of (70). Set

(72)  Pa= zopp;P € KQ,

where Py € KQ because P € Q and lﬁmI < K. Denote A = AU{&}. Then

A C Aand A#A, hence A < A. By (70), (72)
(73) aBP&(O) = 5[3’& for B € A.

In addition, since & was chosen to maximize in (71), we deduce from (72)
that [0PP&(0)] < 1 for all B € M. Therefore,

(74)  Ps e B(0,1).

Next, by (67) there exist polynomials

(75) PLeK[QNB(0,1)] for x € A

with

(76)  9PP.L(0) =b84p for o, € A.

Since P/ € KB(0,1) by (75), then for any o € A,
(77) VB €M, [dPP.(0)] < K, and in particular [9%P’(0) < K.
Denote, for o € A,

(78) Py =P, —03%P.(0) - Pa.

By (73), (76) and (78),

(79)  0PP4(0) =84p for o, B € A.

According to (78), (72), (75) and (77) we know that
(80) P, € (K+K-K)Q C2K2Q for o € A.
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Additionally, for any & € A, 3 € M, by (74), (77) and (78)
0PP&(0)] < [9PP(0)] + [0%P,(0)] - [0PP&(0)] < K+ K -1 =2K.
Thus P, € 2KB(0, 1) for any & € A. Together with (80) and (74), this gives
(81) P4 €2K?2[QNB(0,1)] for & € A.
Note that (79) implies that B 4(1) = conv{£mo(Pa)isca- By convexity
and central-symmetry, (81) gives
Ba(1) C 2K?m;,{Q N B(0, 1)},

which is exactly the desired inclusion (69). This finishes the proof. [ |

In the proof of the next lemma we will make use of the following simple
fact. Suppose K, T are centrally-symmetric, bounded convex sets in a finite
dimensional vector space V. Then,

(82) KCT+3iK = IKCT

This is easily seen: The left hand side of (82) implies that for any functional
f € V* we have %supXeK f(x) < supye7f(x). Hence K C %T C 2T, where T
is the closure of T.

Lemma 6. There exists a constant Co > 1 depending only on m and n for
which the following holds: Let O C P be a centrally-symmetric convex set,
x€ERMNACM, 6 >0,K>1. Assume that Q C B(x,d), and that

(83) Bald) C Kma Q).

Let y € R™ be such that [x —y| < %(. Then,

Proof. Pick P € Q. Then P € B(x, 8) and hence [3PP(x)| < 6™ ®l for all
3 € M. By Taylor’s theorem, for any o € A,
B

(85) [0*P(y) —3*P(x)| =

o+B

B!

1<IBISm—T—|f

< sm—(d+B) [ _ (1Bl < X Yl gmow
< > —y* < C"—

1<[Bl<m—1—lod

)

since [x —y| < %( < 6. The inequality (85) implies that, for any P € Q|

(86)  man(P) — may(P) € CEUBA(B) C SeBAS).
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We set Cop = 3C > 1, where C is the constant from (86). By combining (83)
with (86) we get that

(87) %Bﬂ(é) C Q) C g {Qf + ;—KBA(é)-

Since all the sets in (87) are bounded, convex and centrally-symmetric,

then (82) entails

1
RBA(é) C may{Q},

and the lemma is proven. |

31. Preparation for the Proof: Properties of the Basic
Lengthscales

Recall the definition of o(x,{), '(x, {, M) from Section 10. Recall also Prop-
erties 0,...,4 of these blobs, from Section 13, and the definition of the con-
stant £, from Section 14.

Properties 0,...,4 from Section 13 are the only properties of the I'"s and
0’s that are relevant to the proof of the Main Lemma. In particular, one
may replace the blobs I' and the sets o with any other family of blobs and
sets, as long as these five properties still hold. The Main Algorithm and the
proof of the Main Lemma would remain valid, even with this new family of
blobs (see [16] for a different family of blobs that satisfy these crucial five
properties). We will make use of o(x,{),'(x,¢, M) for x € E,M > 0 and
0 <€ < L, Since {, is a constant depending only on m and n, and we
use { only in the range 0 < { < {,, then we may view the constants c¢, Cq in
Properties 0, 1, 2, 3, 4 from Section 13, as constants depending only on m
and n.

Lemma 1. There exist constants C,Co > 1 depending only on m and n
for which the following holds: Let A C M, x,y € E, K>1,1 < < {,.
Assume that & > CoK|x —y|. Suppose that

(1) Ba(8) C Kran{o(x,0) NB(x,5)}.
Then,
(2)  Buald) C CKmyy{o(y,t—1)NB(y,d)}.

Proof. We choose Cy > 1 to be larger than the constant Cy from Lemma 6

from the preceding section. Set Q = o(x,£)NB(x,d). The fact that [x—y| <

& and (1) are the assumptions of Lemma 6 from the preceding section.

By the conclusion of that lemma,

(3) BA(é) - ZKT[‘A‘y{Q}:ZKT[‘A‘y{O'(X,E) ﬂB(X,é)}
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Since [x —y| < & < 0, then the sets B(x, d) and B(y, 8) are C-equivalent,
by (3) from Section 12. Therefore (3) translates to

(4)  FgBald) S may{o(x, ¢) N B(y,d)].

Next, we use Property 2 from Section 13 and the fact that [x —y| < &, to
obtain that

(5)  o(x,8) CClo(y,t—=1)+B(x,y)] S C |o(y,t—1)+B @&)} .

Since CoK > 1, the relation (2) from Section 12, gives

6) B (v ) S Bw,0).
Thus (4), (5) and (6) imply that

() JxBal®) Cmay {[o(y,t= 1)+ LBy, 8)| NB(y,8)} .

Recall (11) from Section 12, and note that CoK > 1. According to (11) from
Section 12 and (7),

(8)  axBal(d) Cma, {[o(y,(’,— 1)N2B(y,8)] + ﬁB(y,é)} :

The sets B4(8) and 74 {B(y, d)} are C-equivalent, by (3) from Section 30.
Then (8) translates into

/!

(9)  ogBald) C maylloly,t—1)N2B(y,8)} + £xBa(d).

We further stipulate that Co > 3C'C”, for C’, C” the constants from (9).
Thus, (9) implies that

(10)  @gBald) C may{o(y, £ —1)N2B(y,8)} + s Bald).

All the involved sets are bounded, convex and centrally-symmetric. Recall
the elementary fact (82) from Section 30. Therefore from (10) we deduce that

seBa(8) C may{o(y, € —1)N2B(y, )} C 2may{o(y,L— 1) NB(y,d)}

and the lemma follows, with Cy a large enough constant depending solely
on m and n. u

Lemma 2. Let A C M,x € E, 0 > 0 and Ky,Kz > 0. Suppose that
0 <€ <, satisfies

(11) Ba(8) € Kymanlolx, ©) N B(x,5)).
Let M > 0,P € P be such that
(12) P eT(x,£,M)+ K;MB(x, ).
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Then there exists P € I'(x, £, 11M) such that
(13) 7ax(P—P)=0, P—Per,MB(x,5),

where 11 = C(KyKy 4+ 1) and o = C(Ky + 1)K,. Here C is a constant
depending only on m and mn.

Proof. According to (12), there exists
(14) P e€T(x,4,M) such that P—P" € K;MB(x, ).

Since 74 {B(x, 8)} is C-equivalent to B4(8) by (3) from Section 30, we con-
clude from (14) that

(15) 7ax(P—P') € CKaMB4(3).

Combining (11) and (15), we see that

(16) max(P—P) e CKiKaMTg{o(x,£) N B(x,0)}.

In view of (16) there exists

(17)  P” € CKyKaM[o(x, ) N B(x, )]

such that 704 (P — P') = 74,(P"). Set P =P’ 4+ P”. Then,

(18) max(P—P)=0.

Furthermore, by (14) and (17),

(19) P=P +P"eTl(x,{,M)+ CK;K;Mo(x, ) C I(x,{ M)

for r1 = C(1 4+ K;K3), according to Property 1 from Section 13. Also, again
by (14) and (17),

(20) P—P = (P—P)—P” € KuMB(x,3) 4+ CK;K;MB(x, §) C 7,MB(x, 5),

for 1, = C(1 + K;)K,. The statements (19), (18) and (20) are exactly the
conclusions of the lemma. The lemma is thus proven. |

Recall the definition (OK1) and (OK2) of the basic lengthscales 8(x, A) €
[0,00] (A C M,x € E) from Section 18. Recall also Lemma 1 from Sec-
tion 30. Let ) #.A C M and x € E. By Lemma 1 from Section 30, the basic
property of 8(x,.A) is equivalent to the following: If 0 < 6 < 8(x,.A) then

(21)  Ba(d) € CA1(A)max{o(x, l(A)) NRalx, )},
and if &6 > 6(x,.A), then
(22)  Ba(d) & cA1(A)max{o(x, L(A)) NRalx,8)}.



FITTING A C™-SMOOTH FUNCTION TO DATA II 147

According to the remark following Lemma 1 in Section 18, inclusion (21)
holds also for 6 = 8(x,A), provided 0 < 8(x,.A) < co. By the definition of
the constant Ay in Section 17, we may assume that

(23) Ao >max{C,c'} where C,c areasin (21), (22), respectively.

Therefore (21) and (22) imply the following. Fix x € E, ) # A C M,
0<d<oo If0O<d<H(x,A), then

(24)  Ba(d) € AoA (A)max{olx, {(A)) N Ralx, )},
and if &6 > 6(x,.A), then
(25) Ba(8) ¢ Ag'Aj(A)ma{o(x, L(A)) N Ra(x,8)}.

Recall also that for a dyadic cube Q with 0g < Af and a subset A C M,
we say that Q is OK(A) if for all x € EN Q*,

(26) Axdo < 5(x,A).

If A =0, then 8(x,0) = +oo for all x € E, and thus Q is always OK(().
A cube Q is almost OK(A) if

(27) #(ENQ*) <1 or Q is OK(A) for some A < A.

In order to show that a dyadic cube Q with 0 < AZ] is OK(A), for
 # A C M, it is sufficient to prove that for all x € Q* N E,

(28)  Ba(A28q) C A AT (A)Tax{o(x, L(A)) NRa(x,A200)},
as follows from (25) and (26).

Lemma 3. There exists a constant 0 < ¢y < 1, depending only on m

and n, for which the following holds: Let ) # A C M, Q a dyadic cube with
5o < A, x € ENQ*. Suppose that

(29)  Ba(A200) C c1AL AT(A) ma{o(x, L(A) + 1) N B(x, Azdq)}.
Then the cube Q is OK(A).

Proof. According to (28) and to (6) from Section 30, it is sufficient to show
that for any y € EN Q*,

(30) Ba(A28q) C A 'AI(A) may{oly, L(A)) NB(y, A2dq)}.

Let y € EN Q*. We will show that y satisfies (30). Note that x,y € Q**,
and hence [x —y| < /ndq+ = 25y/Ndq. According to the definition of py
and Ag from Section 17, we may suppose that

(31) py > 2 and Ay > 25y/nmax{C, Co}, for C,Cop from Lemma 1.
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From (2) of Section 17 and from (31) we know that A, > A3A;(M) >
25\/T_LCOA51A1 (A). Consequently ,
_ 1 1

since ¢1 < 1.
We now select the constant ¢y such that Ccy = 1, where C > 1 is the
constant from Lemma 1. Then by (31) and by (1) from Section 17,

(33) c1ASTAI(A) > ciASTAL(D) > AL - AZ > 1.

In view of (29), (32) and (33), we may apply Lemma 1 (for 6 = Adq,
K = C1A51A1(A) > 1and { = {(A)+1; note that £ < £,). We conclude that

(34) Ba(A8q) C CarAy Ar(A)may {o(y, L(A)) N B(y, Axdq))
= Ag'Ar(A)may(oly, UA)) N B(Y, Azdq)).
Now (30) follows from (34). The lemma is proven. [ |

Lemma 4. Let) #A CM, Q a dyadic cube with dq < A?, x € ENQ*™.
Let also 1 < K < A3A(A). Suppose that v € {0,1} satisfies

(35) BA(AzéQ) Q KT[‘AYX{O'(X,E(A) —’V) N RA(X,AzéQ)} 3 and
(36) BA(AzéQ) §Z KWA’X{G(X,Q(.A) —’V) N B(X,AzéQ)}.
Then there exists A < A such that the cube Q is OK(A).

Proof. Our assumptions (35) and (36) are precisely the requirements of
Lemma 2 from the preceding section. By the conclusion of that lemma,
there exists A < A, such that

(37) le (AzéQ) - CKP . ﬂA)X{O'(X, E(A) — ’V) N B(X, AzéQ)} .
We have K < A2A;(A) by assumption. Hence (37) implies that
(38)  Ba(Axdq) C C(AJAI(A))" - max{olx, L(A) —v) NB(x,As8q)}.

Since A < A, then £(A) +1 < (A) —1 < {(A) —~v. By Property 4 from
Section 13,

(39)  o(x, L(A)—v) C Co(x,L(A)+1).

According to (1) from Section 17,

(10)  As(A) > (AZA;(A))™ .

From the definition of Ay and py in Section 17, we may assume that

(41) Ay is larger than Cc—? and py >p+1

where C,p are the constants from (38), C" is the constant from (39) and ¢4
is the constant from Lemma 3.
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Then (42) and (41) imply that

(42) CC'(AZA1(A))" < 1AL A4 (A).

From (38), (39) and (40) we conclude that

(43) Bz (A20q) C 1Ay A (A) iy {o(x,e(A) + 1) N B(x,A28q)} .

The estimate (43) and the fact that x € E N Q™ are the assumptions of
Lemma 3. (Note also that A # ) since A < A.) By that lemma, we
conclude that Q is OK(A). Since A < A, the lemma is proven. [ |

32. Preparation for the Proof: Analysis of Find-Neighbor

Recall from Section 20 the definition of the Calderén-Zygmund decomposi-
tion CZ(A), associated with any subset A C M. Throughout this section,
assume that we are given a subset Ay C M with Ay # M, a dyadic cube Qg
with 6q, < A?, a polynomial Py € P, My > 0 and xo € R™ that satisfy:

(FN1) x0 € EN Q. I EN Q3 # 0, then xo € EN Q3.
(FN2) Qo € CZ(Ap), and Qo & CZ(A) for any A < Ap.
(FN3) Po € r(Xo, E(Ao), Mo).

Recall the procedure Find-Neighbor from Section 15. In the current sec-
tion we analyze the outcome of the procedure Find-Neighbor, assuming that
(FN1), (FN2) and (FN3) hold.

Lemma 1. We have
(FN1") xo € EN Q3.

(FN2') The cube Qo is OK(Ayp).
For any A < Ao, the cube Qq is not almost OK(A).

Proof. Assume on the contrary that Qg is almost OK(A) for some A < A,.
Then Qg is contained in a maximal almost OK(A)-cube Q. Hence Q €
CZ(A). According to Lemma 3 from Section 21, we know that CZ(A) is a
refinement of CZ(Ayp). Since Qo € CZ(Ap) by (FN2), it is impossible for Q
strictly to contain Qg. Hence necessarily Qo = Q € CZ(A), contradicting
the assumption (FN2). Therefore

(1) Qo is not almost OK(A) for any A < Ajp.
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This establishes the second part of (FN2'). Recall that Ay # M and that M
is the minimal element in our order relation <. Therefore M < Ay and (1)
states that in particular Qg is in not almost OK(M). By the definition of
almost OK(M) from Section 20,

(2)  #ENQH >T,

and by (FN1) we conclude (FN1’). Next, according to (FN2) we know that
Qo € CZ(Ayp), and hence Qg is almost OK(Ap). By (1) and (2), necessarily
Qo is OK(Ap). This finishes the proof. ]

Lemma 2. For all x € EN Qg

(3)  Bug(A28q,) € AgAq(Ao) asx{0(x, L(Ao)) NB(x,Az8q,)} -

Proof. If Ay =0 then (3) trivially holds. Assume Aq # (). By (FN2'), the
cube Q is OK(Ap). Since x € EN Q§, then (26) from the preceding section

yields,
A25 Qo <d (X, .Ao) .

Consequently, (24) from the preceding section implies that

(4)  Buay(A28q,) € AcA1(Ag) Ta, x{0(x, L(Ag)) N Roay(x, A28q,) } -
Assume on the contrary that (3) does not hold. That is,

(5)  Buy(A20q,) & AcA1(Ag) Ta, x{0(x, L(Ao)) NB(x,Az0q,)} .

The relations (4) and (5) are precisely the assumptions of Lemma 4 of the
preceding section, for v = 0,4 = Ay and K = ApA;(Ay) < AZA;(Ao).
The conclusion of that lemma implies that Qg is OK(A), for some A < A,.
This contradicts (FN2'). Therefore, our assumption (5) was false. Conse-
quently, (3) holds and the lemma is proven. [ |

Lemma 3. Forallx € ENQF™,
(6)  Buy(A20q,) € CAA1(Ao)Ta, x{0(x,L(Ao) — 1) NB(x,Azdq,)} -

where C > 0 is a constant depending only on m and n.

Proof. By (FN1') we know that xo € E N Qj. According to Lemma 2,
(7)) By (A28q,) € AoA1(Ao) A, x, {0(x0, £(Ao)) N B(x0, A20q,)} -

Let x € EN Qj*. Then since x,xo € QF™,

_ CApA1(Ao) A28q
(8) |X —X0| S \/T_LéQ;** S CéQO = A, . AoA; (-/?Lo) .
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Assume, as we may (see Section 17), that,
(9) Ao > CCO and P >2

where C, Cy are the constants from (8) and from Lemma 1 of Section 31,
respectively. Recall from (2) of Section 17 that A, > (ApA;(Ao))? There-
fore (8) and (9) entail that

1 A28q
(10)  Ix —xol < Co " Ao (J‘Olo) ’

The statements (7) and (10) are the assumptions of Lemma 1 from Section 31
(for K = ApA1(Ao) > 1, £ = €(Ap) and & = Adq,). By the conclusion of
that lemma,

B, (A20q,) € CAA1(Ao)Ta, x{o(x, L(Ao) — 1) N B(x, A2dq,)},
and the lemma is proven. |
Lemma 4. The set Ag is monotonic.

Proof. According to (FN1), we know that xo € EN Qf. By Lemma 2,
(11) By (A20q,) € AoA1(Ao)Ttay x {0(x0, L(Ao)) N B(xo, A20q,)} -

Assume on the contrary that the set Ag is not monotonic. In particular,
Ao # 0. According to Property 3 from Section 13 the set o(xo, £(Ag)) is
Whitney t-convex at xo with Whitney constant C > 1. Thus, based on (11),
we may apply Lemma 4 from Section 30 for Q = o(xo, {(Ao)), & = A20q,,
K = AoAi1(Ao) > 1). By the conclusion of that lemma, there exists a
monotonic set A < Ay such that

(12)  Ba(A280,) € CCAA1(Ao))P - Tax, {0(x0, L(A0)) N B(x0, A28, )]} -

Since A is monotonic and Ay is not monotonic, evidently A < Ao. Hence
(A)+ 1 <{(Ap), and by Property 4 from Section 13,

(13)  0lxo, UA)) C C'o(xo, LA) + 1),

Recall from (1), Section 17 that

(14)  A4(A) > (A3A1(Ao)) ™.

By the definition of Ap, p4 from Section 17, we may assume that

(15)  Agis larger than €€ and Py >p+1

<1

where C, C, p are the constants from (12), C’ is the constant from (13) and c;
is the constant from Lemma 3 of Section 31. Then (12), (13) and (15) imply
that

(16)  Ba(A28q,) C c1Ay A1(A) - TLax, {0(x0, €(A) + 1) N B(xo, A28q,)} -
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Since xp € EN Qg, we may invoke Lemma 3 from Section 31, based on (16).
That Lemma implies that Qg is OK(A). Since A < Ay, this contradicts
(FN2'). Hence our assumption, that Ay is not monotonic, is absurd. The
lemma is proven. |

Recall that A is the predecessor of Ay in our order relation on subsets
of multi-indices. The decomposition CZ(A,) is a refinement of CZ(Ay), by
Lemma 3 from Section 21. Cubes in CZ(A,) may be much smaller than their
containers in CZ(Ap). Nevertheless, based on Lemma 2 from Section 30,
we will show that these smaller cubes satisfy the same conditions as their
containers in CZ(Ay).

Lemma 5. Let Q € CZ(Ay) be such that (1 —f—Cg)Q N(14+cg)Qo #0. Let
x € ENQ*. Then,
(17) BaylAsdg) € CAGAI(Ao)ay x {olx, tlAo) — 1) N B(x, Asbg) } |

where C is a constant depending only on m and n.

Proof. First, note that A, makes sense, as Ay # M; and that we may
suppose Ag # ), since (17) holds trivially for Ay = (). Second, by Lemma 7
from Section 21, we know that Q C Q. Therefore, x € EN Qj™, and by
Lemma 3,

(18)  Bu,(A20q,) € CAoA1(Ao)Tta,x{o(x, L(Ao) —T) N B(x, A20q,)} -
According to Lemma 6 from Section 21, we have

6p < Cdq,-
Suppose first that 55 > SQT". Then,

(19) % <s

Consequently, the sets B 4, (A20q,), B(x, A2dq,) are C'-equivalent to the sets
BAO(AZZSQ),B(X,AZZSQ), respectively, because of (19). From (18) we con-

clude (17). This completes the proof, for the case 55 > EQTO.
We may thus restrict our attention to the case where
5
(20) o o) < % .

From (6) of Section 30 we have B(x, ) C R4, (x, ). Hence the inclusion (18)
implies that

(21) B, (A20q,) € r7ta, x{o(x, €L(Ao) — 1) N R, (x, A20q,) ],

for r = C1A0A1(Ap), where Cy is a constant depending only on m and n.



FirTING A C™-SMOOTH FUuNcTION TO DaTA IT 153

By (20) we know that 85. =285 < 8q,. According to (21) and to (8) from
Section 30, we get that

(22)  Buy(Ax8a.) C eag{ 01x, UAo) = 1) N Ry (%, A8 ) |

for v = C1Ap0A1(Ap). The sets B(X,Azéé),BAo(Azéé) are Cz-equivalent
to B(x, ASI T ), Ba, (A26@+ ), respectively, for some constant C, depending
only on m and n. Assume on the contrary that (17) does not hold, with
constant C = C;C3. That is, assume on the contrary that

(23)  Bua(A2dg) & C1C3A0AL(Ao) nﬂo‘x{o(x,emo) 1N B(X,Azéé)} :
The definition of the constant C, implies that

(24) Bu(A2bg.) & Ty {a(x,emo) 1N B(X,A26©+)} .

for r = C1A0A1(Ap), the same 1 as in (22). We assume, as we may, that

(25) Ao > C; where C; is the constant from (22) and (24).

Consequently, K := C1AoA1(Ap) satisfies K < A3A1(Ao). Note also that
x€EN (AQ** CEN (Q*)**. Using (22) and (24), we may apply Lemma 4 of
Section 31 with v =1,Q = Q* and K as just defined. According to that
lemma, we obtain A < Ag such that Q" is OK(A). The fact that A < Ay
implies that A < Ag, and by the definition of almost OK from Section 20,

the cube Q* is almost OK(A,). On the other hand, Q e CZ(A,), by <

{)QTO < A;' and thus Q* cannot be almost OK(A,). Thus we arrive at a
contradiction, and (23) is false. This proves the lemma. [ |

For x € R™, A C M and a point a € R we put
ﬂﬁ?x(a) ={P € P:my4(P) =al
The set ﬂﬁjx(a) is an affine subspace in P.
Lemma 6. Let Q and x be as in Lemma 5. Then,
(26) 74 (0) N o(x,L(Ao) —2) € CB(x,Abp),

where C is a constant depending only on m and n.

Proof. We consider first the case where 6 o < AZ]. In this case, we prove
the stronger statement,

(27) 74 L(0) N o(x,£(Ao) —3) C CB(x,Azdg).



154 C. FEFFERMAN AND B. KLARTAG

Indeed (27) implies (26), since o(x, {(Ap) —2) C Co(x, {(Ao) — 3) by Prop-
erty 4 from Section 13. We focus on proving (27). According to Lemma 5,

By (A2dg) © g { 0, UAo) = 1) N Blx, Ass) }

for 1 = C'AoA1(Ap). Since o(x,L(Ag)—1) C Co(x, L(As) —3) by Property 4
from Section 13, we deduce that

(28)  Buy(Asdg) C T {G(x, ((Ao) — 3) N B(x, Azéé)} .
for r = CApA1(Ap). Let us assume by contradiction that,
(29) 0 € mayx {o(x, 0(Ao) — 3)\ 7 'B(x, Azéé)}

for the same r = CApA;(Ap), as in (28). We will show that (29) cannot hold.
The statements (28) and (29) are precisely the assumptions of Lemma 5 from
Section 30 (for Q = o(x,{(Ap) —3),0 = Ay, K=1= CAGA(Ag) > 1).
That lemma implies that for some A < A,

(30)  Ba(As8q) € 17 { olx, UAd) —3) M B(x, As8g) |,

for r = 2(CAQA1(Ao))%. Note that £(A) +1 < £(Ay) —3 as A < Ay. We
conclude from Property 4 of Section 13 that o(x, £(A)—3) C Co(x, L(A)+1).
Consequently, (30) implies that

(31)  BalAxdq) € 17 {olx,UA) +1) N Blx, A2dg) |

for r = C'(AoA1(Ag))%. The sets BA(Azéé), B(x, Azéé) are C-equivalent to
the sets BA(Azé@), B(x, A26©+), respectively. Therefore, by (31),
(32) BulAzdg.) C gy {0(x, LA +1)N B(X,A25Q+)} ,

for r = C(AoA1(Ap))2. Recall that A < Ao, and that by (1) from Section 17,
(33)  Ai(A) > (AJA1(Ao))P#.

We stipulate, as we may, that

(34) Ao>g¢, and py >3,

where C is the constant from (32) and c; is the constant from Lemma 3 of
Section 31. Then, (33) and (34) give

(35)  C(A0A1(A))? < c1Ag Aq(A).

From (32) and (35) we get,

(36) BalAbg.) C iAsAY(A) max {G(x, ((A) +1) N B(x, Azzs@)} .



FirTING A C™-SMOOTH FUuNcTION TO DaTA IT 155

Recall that 6Q < A?, and thus 6Q+ < A?. Also, note that A # (), since

A < Ap. Since x € EN Q** CEN (Q*)** by (36) the requirements of
Lemma 3 from Section 31 are fulfilled, for Q = Q* The conclusion of that
lemma asserts that the cube Q+ is OK( ). Since A < Ay, the cube Q* is
almost OK(A*) by the definition of almost OK(Ay). This contradicts the

fact that Q is in CZ(Ay). Thus, our assumption (29) is false. That is,
WZO,X(O) N (T(X,Q(.AO) - 3) C 1“_1B(X,A25©))

for r = CApA;(A). Since v > 1, we conclude (27). In particular, the lemma
is proven for the case where 5@ < A?.

Suppose now that 6Q = A?. According to Lemma 3 from Section 21,
the Calderén-Zygmund decomposition CZ(Ay) is a refinement of CZ(Ay).
Since Qo € CZ(Ao) and (1 + ¢g)Qo N (14 ¢cg)Q # 0, by Lemma 8 from
Section 21 we may pick a cube Q € CZ(A,) such that

QC Qo and (1+¢6)QN(1+cg)Q#D.
By (FN2), we know that é # Qo. Since 8g, < A5, we conclude that

6Q§ 2 . Since 85 = A" and (1 —I—CG)QOU -I—Cg)Q;é(Z) Lemma 2 from
Sectio 21 implies that
(37) 85 =3A;"

Lemma 4 from Section 21, based on (37) yields that Q** N E # 0. Pick
% € Q" NE We know that 55 < A;',Q € CZ(A), X € Q" NE and

(1 + CG)Q N (T4 cg)Qo # 0. Thus, we are in the case already treated,
and hence by (27),

(38) 74 (0) N o(X,L(Ao) —3) € CB(x,Axd5) C CB(x,1),
where the last inclusion follows since Azéé <.

Recall that (1 + cc)Q N (1+¢c)Q # 0 with 55 = A;", 55 < A;' and
x € Q*,x € Q*. Consequently,

(39) x—x| < CA;".

Let us pick any

(40) P em,! (0)No(x, (A —2).

To obtain (26), it is sufficient to show that
(41) Pe CB(X,Az(SQ) =CB(x,1).
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From (40) and Property 2 of Section 13, there exists P € P such that
(42) P e Co(x,L(Ao) —3), and P—P e CB(x,%) C C'B(X,A;"),

where the last inclusion follows from (39). According to (40), we know
that 74, x(P) = 0. Lemma 4 tells us that Ay is monotonic. By (46) from
Section 30, also 74, x(P) = 0. Projecting the right hand side of (42), we get
that

(43) Ty 2(P) = Tay x(P — P) € T4, {C'B(X, A7)} C 74, {CAS'B(, 1)}
g CA£1BA0(]) y
where the last two inclusions follow from (2) of Section 12 and (3) from

Section 30, respectively. Since x € EN Q**, é € CZ(Ay) and (1 + Cg)é N
(T4+cg)Qo # 0, we may apply Lemma 5. By the conclusion of that lemma,

By (A285) © CAoA1(Ao)Tra, x{0(X,E(A0) — 1) NB(X, Azdg) },
and hence,

(44) B (1) € T, x{0(X, €(Ao) —3) NB(x, 1)},

CAA

where we have used (37), as well as Property 4 from Section 13. Recall that
Az > ApAq(Ap) according to Section 17. Using (43) and (44) we deduce
that there exists

(45) P € Clo(x,€(Ao) —3) N B(x, 1)]
such that
(46)  7ra2(P") = 704y 2(P).
According to (42), (45) and (46), we have that
P'—Pem,! -(0)NCo(x,(A) —3).
With the help of (38), we conclude that
(47) P —P e CB(x,1).
Combining (42) with (47) and (45), we see that
P=(P—P)+(P-P)+P € CB(XA;")+CB(X,1)+CB(x,1) C CB(X,1).

From (39), we get that P € C"B(x,1) and thus (41) is proven. Therefore,
we have proved that (40) implies (41) under the assumption that 55 = AL
Equivalently,

! (0) N o(x, L(Ao) —2) C CB(x, Axdg)

also in the case 0 o= Af. The lemma is thus proven in all cases. |

We set, for any x € E,Py € P and M > 0,
(48) T (x,Po,M) =T(x,£(Ag) — 1,M) N7} (74, x(Po)).
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Lemma 7. Letx € E be such that x € Q** for some cube Q € CZ(Ay)
with (] + Cg)Q N (] + Cg)Qo 7é @ Then,

(49) T%_ (x,Po,CMo) # 0.
Moreover, for any A > 1 and P € Fﬁlo (x, Po, AMy),
(50) P—Pye CAM,B (X, A26Q0 )

Here C s a constant depending only on m and mn.

Proof. By (FN3), we know that
(51)  Po € I'(x0,£(Ao), Mo) C T'(x, £(Ao) — 1, CMo) + CMoB(xo, x)

where the inclusion follows from Property 2 of Section 13. By Lemma 7 from
Section 21, we have x,%xo € Qg™, and hence [xo — x| < \/ﬁést < Cdq,-
Therefore (51), with the help of (3) from Section 12, implies that

(52) PoeT(x,£(Ao) —1,CMp) + CMoB(x, dq, ).

Recall that A, > 1 by (2) from Section 17. Thus (2) from Section 12
entails that B(x, dq,) C ALZB(X,AzéQO). Together with (52), this gives
(53)  Po € T(x,L(Ao) = 1, CMo) + =MoB(x, Axbq,).
Since x € EN QF, Lemma 3 implies that
(54)  Buy(A20q,) € CAoA1(Ao)Ta, x{o(x, L(Ao) — 1) N B(x,A20q,)}.
The inclusions (54) and (53) are the assumptions of Lemma 2 from Section 31

(with K1 = CAcA1(Ao), Kz = =, § = Abq,,L = (Ao) — 1). By the

Ay’
conclusion of that lemma, with the help of the definition (48), there exists

P € P such that
(55) P eT% (x,Po,1iMo) N [Po + 12MoB(x, A28, )]

for vy = C (1 + CA%;(AO)) T2 = A—i(1+CAOA1(AO)). Note that 11 < C" and

T, < C' since A; > ApAq(Ao) by (2) from Section 17. The statement (55)
implies, in particular, that,

(56)  T% (x,Po, C'My) # 0.

We thus conclude (49), the first part of the lemma. We move to the second
part of the lemma. According to (55),

(57) P —Poy e CMoB(x,A00,).
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Pick
(58) P €T (x,Po,AMo) C T'(x, L(Ao) — 1, AMy),

where the inclusion is justified by (48). Then by (55), (58), and the defini-
tion (48) of ',

(59) P —PeT(x,l(Ag) —T,AMo) — I'(x, L(Ao) — 1, CM,)
- éAMOG(X> e(-AO) - ]) - C/AMOO—(X) e(‘AO) - 2))
where we used Property 1 and Property 4 from Section 13. Note also that
by (55) and (58) we have
(60)  Traox(P—P)=0.

According to the assumptions of the present lemma, there exists Q eCZ(Ay)

with x € ENQ* and (14 ¢g)Q N (1 + ¢g)Qo # (). We may thus apply
Lemma 6, based on (59) and (60). We get that

(61) P—P e CAMB(x,A05).

According to Lemma 6 from Section 21, 6Q < Cdq,. Consequently, (61)
implies that

(62) P—P e C'AMoB(x,Axq,).

Combining (57) and (62), we obtain the desired estimate (50). The lemma
is thus proven. W

Lemma 8. Let (5, é € CZ(Ay) be two cubes, such that (1+cg)Qo intersects
both (14+¢cg)Q and (1 —I—CGlQ. Assume also that (1+¢cg)QN(T+cg)Q # 0.
Let x; e ENQ*™,x, € ENQ*. Let also P1,P, € P and A > 1. Assume that

(63) Py eTh (x1,Po,AMg), P2€T% (x2,Po, AMo).
Then,

(64) Py —Py€ CAMOB(M,AzéQ),

where C > 0 is a constant depending only on m and n.

Proof. By (63), P, € Fﬂo(xz,Po,AMo). According to the definition (48)
of T#,

(65) ﬂAO,XZ(Pz—Po) =0.

Lemma 4 entails that Ay is monotonic. We will now use the basic property
of monotonic sets; according to (46) from Section 30, also

(66) TCAy x1 (Pz — Po) =0.
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Next, (48) and (63), followed by Property 2 from Section 13, imply that,
(67) P, € r(Xz, E(.Ao) —1,AM,) C F(x1 , E(Ao) —2, CAM()) +CAM,B (Xz, X1).

By our assumptions, (1 + CG)Q N1+ CG)Q # (), and Q,é e CZ(Ay).
By Lemma 2 from Section 21 we know that 6Q and 5(5 are comparable.

Recall that x; € Q**,Xz € (3** Therefore,
(68) Ix1 —x2| < Cé@ .
Consequently B(x2,%x7) € CB(xq, 66) and by (67) we can assert that
(69) Py eT(x1,0(Ap) —2,CAM,) + CAMoB(x1,85) -
Recall that A; > 1 by (2) of Section 17. Thus (2) from Section 12 implies
that B(X1,6Q) C %B(XDAZZSQ). Using (69) we deduce that
(70) Py € T(x1,L(Ao) — 2, CAMo) 4 = AMoB(x1, A285) .
Note that x; and Q satisfy the requirements of Lemma 5; indeed, xq €

Q** N E by our assumptions, and (1 + CG)Q N (14 cg)Qo # 0. By the
conclusion of Lemma 5,

(71)  Bua,(A205) € CAcA1(Ao)Ta, x {G(Xhe(ﬂo) —1)nN B(XhAzf’Q)}
C C'A0A1(A0)TTa, {U(Xhe(ﬂo) -2)N B(X1»A26Q)} ,

where the second inclusion is correct since o(x1, {(Ao)— 1) C C'o(x, L(Ao)— 2)
by Property 4 from Section 13. The inclusions (71) and (70) are precisely
the assumptions of Lemma 2 from Section 31 (K; = C'ApA;(Ao), Kz = A—Cz,
0 = A, = £(Ao) —2,M = CAM,). By the conclusion of that lemma,
there exists

(72) P el (x1,0A0) —2,CAM, (1 + CApute)))
such that

(73)  Pr—P e LM (1 4+ AcAi(Ao)) - Blx1, Azdy)
and

(74) 74y, (P—Py) =0.

Recall that Py € Fﬁo(tho,AMo) by (63). The definition (48) of Fﬁo, to-
gether with (66) and (74) imply that

(75)  Taq (ﬁ —Py)=0.
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Furthermore, since Py € Fﬁlo(x],Po, AMy) by (63), the definition (48) entails
that

(76) Py eTl(x1,£(Ao) —1,AMo) C I'(x1, £(Ap) — 2, CAM,)

where the last inclusion follows from Property 4 from Section 13. Using
Property 1 from that section, together with (72), (76) we get that

(77) P —P, € CAM, (1 + %W) o(x1, (Ag)—2)
C CAMyo(xq,£(Ao) — 2),

since Ay > ApA1(Ap) by (2) from Section 17. Given (75) and (77), Lemma 6
tells us that

(78) P —Pye CAMB(x1,A285) .

(We may invoke Lemma 6 since x; € EN Q**, Q € CZ(A,) and (1 +C(;)Q N
(1+cg)Qo #0.) Now, (73), (78) and the fact that A, > AoA1(Ap), imply
that

(79) P;—P, € CAM()B(X] , Azé@) .
The statement (79) is the conclusion of the lemma. |

Recall the definition of the procedure “Find-Neighbor” from Section 15.
Let Po € P, A C M, x € E. Then,

P = Find-Neighbor (P, A, x)
is a polynomial in P that satisfies the following: For any M > 0,
(80) Th(x,Po, M) #0 = P eT%(x,Po,CM)

where C > 0 is a constant depending only on m and n. We will conclude
this section with the following lemma, which is a reformulation of Lemma 8.

Lemma 9. Let (5, Q € CZ(Ay) be two cubes such that

(1+cc)QN(1+ce)Q #0.

Assume also that both (1 +CG~)Q and (1 +Cg)é intersect (1+cg)Qo. Suppose
that x1 € EN Q™ ,x2 € ENQ™, and that forv=1,2,

(81)  Either xy = x¢ and Py = Py, or else P, = Find-Neighbor(Py, Ao, x+) .
Then,
(82) Py —P2 € CMoB(x1,A285)

where C is a constant depending only on m and M.
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Proof. Fixv €{1,2}. We will show that
(83) Py € Th (xv,Po, CMo).

We split the proof of (83) to two cases, corresponding to the two cases
in our assumption (81). Suppose first that x, = xo and P, = Py. Then
P, = Py € T'(xy, {(Ap), Mo) by (FN3). Using Property 1 from Section 13,
we deduce that

(84) P, =Po € Mxy, L(Ao) — 1,CMo) .
Then (84) and the definition (48) of I'# imply that
Py = Po € T, (xv, Po, CMo).

Therefore (83) is proven in the case where x, = xo and P, = Py.

It remains to handle the second case of our assumption (81); that is,
when P, = Find-Neighbor(Py, Ao, Xv). According to Lemma 7, the sets

I, (x1,Po,CMo) and  T%_ (x2, Po, CMo)

are non-empty. Therefore, the basic property (80) of Find-Neighbor implies
that

Py € T (xy, Po, C'My).
Hence (83) is proven also in the case where P, = Find-Neighbor(Py, Ao, X+).

Thus (83) holds in all cases. We may thus apply Lemma 8, based on (83)
for v =1,2. Lemma 8 implies (82) and the lemma is proven. [ |

Remark. Suppose that x € Q** N E for some cube Q € CZ(Ay) such that

(14 ce)QN(1+ca)Qo#0.

Suppose also that either x = xq, P = Py or else P = Find-Neighbor(Py, Ao, x).
Then we actually proved in Lemma 9 (see (83)) that

(85) P €T’ (x,Po,CMy).

We will use the last remark, as well as Lemma 7 and Lemma 9, in the
next section. Recall that (FN1), (FN2) and (FN3) were the fundamental as-
sumptions in the present section. Thus, when we apply Lemma 7, Lemma 9
or other results from the current section, we have to make sure that (FN1),

(FN2) and (FN3) hold.
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33. The proof of the Main Lemma

Recall that PT stands for the space of all polynomials of degree m in R™
The space P, of all polynomials of degree m — 1 in R™, embeds naturally
in P*. Recall also that we denote, for x € R™, & > 0,

BT (x,8) ={P € P : [0PP(x)| < 6™ ¥ for all |B] < ml.

Clearly, for P € P, we have P € Bt(x,d) if and only if P € B(x, ). Recall
that ]} (F) stands for the m-jet at x of a function F:R™ — R.

We will prove the Main Lemma for Ay by induction on the set Ay with
respect to the order relation <. The minimal set in the order is M. Next,
we establish the Main Lemma for M, the base of our induction.

33.1. The case Ag =M

Recall the assumptions of the Main Lemma for M from Section 29. Thus,
assume that we are given a dyadic cube Qg with 6g, < Az_], a polynomial
Py € P, My > 0 and xo € R™ that satisfy:

(AMI1)  xo € ENQY. FEN QY # 0, then xo € EN Q%
(AM2) Qo€ CZ(M).
(AM3) PO S F(XO» E(M)» MO) — F(XO) ], MO)

To establish the lemma, we need to exhibit a function F € C™((1 4+ cg)Qo)
such that:

(1) JH(F) = (M, Qo, X0, Po) for all x € (1 + ¢5)Qo),

where fy (M, Qoq, X0, Po) is defined in the Main Algorithm from Section 29,
(2)  JH(F—=Po) € A3(M)My - BT (x,8q,) for all x € (14 ¢c¢)Qo,

(3)  Jx(F) € T(x,0, A3(M)My) for all x € EN (14 ¢cg)Qo,

(4)  Ifxo € (1+cg)Qo then Jy, (F) =Po.

To that end, we set
(5)  F(x) =Po(x) forall x € (1+cg)Qo,
a polynomial on (T + cg)Qo. Thus,
(6)  JH(F)=Po forallx € (1+ca)Qo,
and therefore (2) and (4) trivially hold.
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According to Line 1 of the Main Algorithm, we know that
PO - fX(M) QO)XOv PO)) for all x € (] + CG)QO»

and consequently (1) holds.
It remains to establish (3). According to (6), we need to prove that

(7) Py € F(X,O, A3(M)Mo) for all x € (1 + C(;)Qo NE.

By (AM2) we know that Qo € CZ(M), and hence the cube Qg is al-
most OK(M). Recall the definition of “almost OK(M)” from Section 20.
Since Qg is almost OK (M), then either

Case 1: #(EN Q) <1,

or

Case 2: Qg is OK(A) for some A <M and #(EN Qg) > 1.

Suppose we are in Case 1. If EN Q) = 0 then (7) holds vacuously
as EN(1+¢cg)Qo € ENQj = 0. Otherwise, #(EN Q) = 1. According
to (AM1), the point xo is the unique element in ENQE. According to (AM3),
we know that

(8)  PoeTl(xo,1,Mp) C T'(x0,0,CMy)

where the inclusion follows by Property 4 from Section 13. The definitions
of A3(M) and Ay in Section 17 imply that

9)  A3(M) =AJA (M) > A, >C,

where C is the constant from (8). Since (14 ¢g)Qo € Qf, and xo is the
unique point in EN QF, then (8) and (9) imply (7). This finishes Case 1.

We move our attention to Case 2. Then #(ENQE) > 1 and Qo is OK(A),
for some A <M. As M is minimal, Qg is OK(M). Let us pick

(10) XEEﬂ(]—I—Cg)QogEﬂQS.

Recall the definition of OK(M), that is (1) from Section 20. Since Q is
OK(M) and x € EN Qg, then according to (1) from Section 20,

A26Q0 S 6(X»M)»
and from the definition of d(x, M) (e.g., (24) of Section 31) we know that
(11)  Ba(A28q,) € AcA1 (M) x{o(x, 1)} .
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Recall that 7y, as defined in (1) from Section 30, is an isomorphism of P
and R, Thus, applying 7'[;\/[1))( to both sides in (11) we get that

(12) 7 (Bac(A20q,)} € AcAr(M)a(x, 1).

According to (3) from Section 30, the left hand side of (12) is C-equivalent
to B(x, A2dq,). Therefore,

(13)  B(x,A20q,) € CAA(M)o(x,1).

Both x and xo belong to Qp*, by (AM1) and (10). Thus

(14)  hx—xol < vNndgs < Coq, < Agdq, < A20q,,

according to the definition of Ag, A, from Section 17. By (13) and (14),
(15)  B(x,%0) C B(x,A20q,) € CAA;(M)o(x,1).

Next, according to (AM3) followed by Property 2 from Section 13,

(16) Py €T(x0,1,Mp) CT'(x,0,CM;) + CMoB(x, x0) .

Combining (15) with (16), we see that

(17)  Po eT(x,0,CMy) + CALA(M)Moo(x, 1).

By applying Property 4 and Property 1 from Section 13 to (17), we conclude
that

(18) PoeT (x,0,CAoA;(M)My) .
Assume, as we may, that
(19) Ao > C where C is the constant from (18).

According to (3) from Section 17, we have that Az(M) = A3ZA;(M) >
CA0A1(M), where C is the constant from (18). From (18) we thus conclude
that

Po c I (X,O, A3(M)Mo) .

The point x € (14 cg)Qo N E is arbitrary, and hence (7) is proven. This
completes the proof of the Main Lemma for M.
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33.2. The Main Lemma in an easy case

We have established the base of the induction. Let Ay C M be such that
Ao # M. Assume that the Main Lemma was proven for all A < Ay. Let us
now prove the Main Lemma for Ap.

Thus, suppose we are given a dyadic cube Qo with dg, < A?, a poly-
nomial Py € P, My > 0 and xo € R™ that satisfy:

(ML1)  xo € ENQ&. TfEN Q%+, then xo € E N Q3.
(ML2) Qo € CZ(Ay).
(ML3) Py € I'(x0, {(Ao), My).

To establish the Main Lemma for Ao, we need to exhibit a function
Fe C™((14 cg)Qo) such that:

(MLC1) JH(F) = fx(Ao, Qo, X0, Po) for all x € (14 cg)Qo,

where fy (Ao, Qo, X0, Po) is defined in the Main Algorithm from Section 29,
(MLC2) JI(F—"Po) € A3(Ao)Mo - BT (x,dq,) for all x € (1 + cg)Qo,
(MLC3) J(F) € T'(x,0,A3(Ao)My) for all x € EN (14 cg)Qo,

(MLC4) If xo € (1+ cg)Qo then Jy, (F) = Po.

We split the proof into two cases, according to whether there exists
A < Ag such that Qg € CZ(A), or whether there is no such A. We will next
treat the first, easy, case.

Thus, suppose there exists A < Ag such that Qq € CZ(A). We may
assume that A < Ap is the minimal subset of M, with respect to our order
relation, such that

(ML2) Qo € CZ(A).

In particular £(A) < £(Ap) and hence (ML3) and Property 4 from Section 13
imply that

(ML3'")  Po € T'(x0, £(A), CM;) = T'(x0, £(A), Mp)
where
(20) Mjy=CM,.

Note that (ML1), (ML2') and (ML3') are precisely the assumptions of the
Main Lemma for A, with My in place of My. Since A < Ay, we may apply
the induction hypothesis, to get a function F € C™ ((1 + ¢g)Qo) such that:
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21) ]i(F) - fx(‘Av QO)XO) PO) for all x S (] + CG)QO)
22) Ii(F — Po) € A3(.A)M6 . B+(X, 6Qo) for all x € (] + C(;)Qo,
23) Jx(F) € F(X,O,Ag(A)M/O) forallx e EN(1+ cg)Qo,

24) If X0 € (] + C(;)Qo then ]XO(F) =Py.

We will show that the function F satisfies the conclusions of the Main Lemma

for Ay. That is, we will establish (MLC1), (MLC2), (MLC3) and (MLC4).
First, (MLC4) holds, because of (24). Since A < Ay, then by the defini-

tions of A3(Ag) and Ay from Section 17, we have that

(25)  As(Ao) > ApA3(A) > CA3(A) where C is the constant from (20) .

According to (20) and (25), we immediately conclude that (22) implies

(MLC2), and that (23) implies (MLC3). It remains to prove (MLC1).

Recall the Main Algorithm from Section 29. According to Lines 2-3 in
the Main Algorithm, since A is the minimal subset of M such that Qg €
CZ(A), then

(26) fX(AO) QO) X0, PO) - fx(‘Av QO) X0, PO) .

Now (21) and (26) imply (MLC1). We have thus proven that the function F
satisfies the conclusions (MLC1), (MLC2), (MLC3) and (MLC4). Therefore

the Main Lemma for Ap is proven in the case where there exists A < A
such that Qo € CZ(A).

(
(
(
(

33.3. The Main Lemma in the non-trivial case

In this section we prove the Main Lemma for Ay in the remaining case,
where there is no A < A with Qo € CZ(A). Therefore, we assume here, in
addition to (ML1), (ML2) and (ML3), that

(ML4) Ao # M, and for all A < Ay, we have that Qo ¢ CZ(A).

Our goal is to prove the conclusions of the Main Lemma for Ay, i.e., the
existence of a function F € C™((1+4cg)Qo) that satisfies (MLC1), (MLC2),
(MLC3) and (MLC4) from Section 33.2.

Let Q1, ..., Qina, be an enumeration of all cubes Q € CZ(A,) such that
(T+¢cg)QN (1T +¢cg)Qo # 0. For each cube Qy, we will define a point
xi € QF and a polynomial P, € P. Later on, we will apply the induction
hypothesis for the cubes Qy, the points x; and the polynomials Py. Fix
1 < k < kpmax- To define xi and Py in the case where Qy* NE = 0, we
simply set

(27)  xy = center of Qx and Py = P,.
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Clearly xx € QY in this case. We still need to define xx and Py when
Qi NE # (. Thus, suppose that Q* NE # 0. If xo € QF, then we set

(28) Xk = Xo and Pk = Po.

(Obviously xx = xp € Q3 NE C Q" here.) In the case where xo € Q3, we
define

(29)  xx = Find-Representative(Qy) and Py = Find-Neighbor(Py, Ao, xi),

where Algorithm Find-Representative is described in Section 27, and Algo-
rithm Find-Neighbor is presented in Section 15. The defining property of
Find-Representative from Section 27 shows that xi € Qy*. This completes
the definition of x, and Py in all cases.

Thus, for each T < k < Kmax we have defined a representative x, € Q"
and a polynomial Py € P. The representative x; satisfies that x; € E
whenever Qi NE # ; this follows at once by (28), (29) and the defining
property of Find-Representative from Section 27.

In the next two lemmas, we will make use of Lemma 7, Lemma 9 and
property (85) from Section 32. Note that the basic assumptions (FN1),
(FN2) and (FN3) from Section 32 hold, in view of (ML1), (ML2), (ML3)
and (ML4). Therefore we may safely use results from Section 32 (see also
the last paragraph in Section 32).

Lemma 1. Let 1 < k < kynax. Then,

(30)  Px—Po e CMoB(xy, Azdq,) -

Furthermore, if Qy* NE # 0, then

(31) Py e lxy, U(Ay), CMy).

Here, C is a constant depending only on m and n.

Proof. Suppose first that E N Q3 = (. Then Py = Py according to (27),
and hence (30) trivially holds. Therefore the lemma is proven for the case
where EN Q3" = (0, and we may thus confine our attention to the case where
EN Qi # 0. Consequently, x, € Qi NE, and the cube Qx € CZ(Ay)
satisfies (T + ¢g)Qx N (1 +¢g)Qo # 0. According to (28), (29) we either
have that x, = Xxo, Px = Py, or else Py = Find-Neighbor(Py, Ao, xx). We may
thus invoke (85) from Section 32, and conclude that

(32) Py €T (%1, Po,CMo).

Since Qy € CZ(.AE),Xk € QY NE and (T4+¢cg)QxN(1T4+cg)Qo # (), then
the requirements of Lemma 7 from Section 32 are satisfied. From (32) and
from the conclusion of that lemma (the “Moreover” part), we deduce that

(33) Py —Po € C/M()B (Xk, AzéQO) .
Therefore (30) is proven.
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We move to the proof of (31). Recall the definition of I'#  that appears
in (48) from Section 32. According to (32),

(34) Py € F(xk, E(.Ao) — ], CM()) .

Since £(Ay) < £(Ao) — 1, then by combining (34) with Property 4 from
Section 13, we get that
(35) Py e l(xy, L(Ay),C'My) .

This completes the proof of (31). The lemma is thus proven. |

Lemma 2. Let 1 <, v < kpax be such that (14+cg)Q N (1+cg)Qv # 0.
Then,

(36) P,—Py e CMoB(xy,Azq,),

where C is a constant depending only on m and n.

Proof. Suppose first that E N Q)7 = ) and EN QX = (. In this case,
by (27),
P.=Po,  Py=Pq
and (36) trivially holds.
Next, suppose that EN Q}f = 0 but EN Q5" # (). Since EN Q3 = 0,
then P, = Py by (27). Additionally, by Lemma 4 from Section 21, we know
that

(37) 8q.=Aj".
According to Lemma 1,
(38) Py —Po€ CMoB(xy,A20q,) € CMoB(xy,A20q,),

since dqg, = A? > 8q,- Recall that x, € Q3,x,, € Q) and that the dyadic

cubes Qy, Qv satisfy (14+¢g)QuN (14 cg)Q~ # 0. Since dqg, = AT > da,
then [x, — x| < Cdq,. Consequently, (38) translates, with the help of (3)
from Section 12, to

(39) Py —Pyu=Py— Py CMoB(xy, Axdq,),

and (36) is established, in the case where EN Q}F = 0,EN Q% # 0.

Note that since (14 ¢g)QuN (14 cg)Qv # 0, and Q,, Qv € CZ(A,),
then Lemma 2 of Section 21 implies that the sidelengths 8¢g, and 8¢, have
the same order of magnitude. Furthermore, since x,, € Q}", xy € Q3, then

(40)  [xp—xyv] < Cdg, -
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We conclude that B(x,, A20q,) and B(xy, Adq,) are C-equivalent. There-
fore, (36) is actually symmetric in p and v; reversing their roles merely
changes the constant C in (36). By this symmetry, the lemma is also proven

for the case where EN Q3 # 0,EN Q% = 0.

It remains to consider the case where both EN Q7" and EN Q7" are non-
empty. Let us verify the requirements of Lemma 9 from Section 32, with
Qu Qv, Xy, Xy, Py, Py in place of Q, Q, x4, %2, P1, P2. By their definition, Q,,
and Qv belong to CZ(A,). One of the assumptions of the present lemma
was that (1+c¢cg)QuN (14 cg)Qy # 0. Note also that the list Qy, ..., Qkpax
is defined to consist of all cubes Q € CZ(Ay) such that (1 +cg)Q N (T +
cc)Qo # 0. Consequently, (1 + cg)Qo intersects both (1 + ¢g)Q, and
(1+c6)Qy. In addition, we know that x,, € ENQ}; and x, € ENQ3". Hence,
Qu Qv,xu and x, satisfy the requirements of Lemma 9 from Section 32.
Thanks to (28), (29), also the polynomials P,, and P satisfy the assumptions
of Lemma 9 from Section 32. Therefore, we may apply that lemma, and
conclude that,

Pu — Py € CM()B(XH, A26Qu)-

Thus (36) is established, and the lemma is proven. [ |

We have defined the cubes Qq, ..., Q... € CZ(Ay), and to each cube
we have associated a point xi € Qy* and a polynomial Py, € P. Next, we

will construct certain functions Fr, € C™((1 + cg)Qx). Fix 1T < k < Kinax-
Suppose first that Q3 NE = (). In this case we simply set

(41)  Fr=Po.

We obviously have that F, € C™((1 4 c¢g)Qx). In order to define Fy in the
case where Q3* N E # ), we will invoke the induction hypothesis, the Main
Lemma for Ay . Thus, suppose that Q3" N E # (. We know that

(42) Que CZ(Ap).
Next, we claim that
(43)  xx € ENQE, with x,x € EN Q. whenever ENQ} # 0.

Indeed, if xo € Q}, then x, = xo € Q} by (28), and (43) obviously holds.
If xo ¢ Qg then (43) follows from (29) and the defining property of Find-
Representative from Section 27. Thus, we have proved (43) in all cases.

Let us set

(44) M, =CMo >0

where C is the constant from (31).
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According to (42), (43), (44) and (31), the cube Qy, the point xy, the poly-
nomial Py and the positive number Mj satisfy the requirements of the Main
Lemma for Ay. Since A, < Ao, by the induction hypothesis we may apply
the Main Lemma for A,. According to the conclusion of the Main Lemma
for Ay, there exists a function Fx € C™((1 4 cg)Qy) with the following
properties:

(45)  JH(Fk—Py) € A3(Ay)MG BH(x,0q,) for all x € (1 +cg)Qx,
(46) ]x(Fk) € F(X,O, A3(.A5)M6) for all x c EN (1 + Cg)Qk,

(A7) JI(Fe) = felAg, Quyxi, Pu)  for all x € (14 ¢g)Qx,
where fy(Agy, Qx, X, Px) is defined by the Main Algorithm, and
(48) If Xk € (] + C(;)Qk then ]xk(Fk) = Pk .

This completes the definition of the function F, € C™((1 4 ¢g)Qyx) in the
case where Qi NE # (. Therefore, Fx € C™((1 + c¢g)Qx) is defined for
all T <k < kmax. We summarize the properties of the functions Fy in the
following lemma.

Lemma 3. Let 1 <k < kpax. Then,

(FK1) Ji(Fx—Py) € CA3(A;)MoB™(x,0q,) for allx € (1 +cg)Qx,
(FK2) Jx(Fx) € T'(x,0,CA3(Ay)Mo) for allx € EN (14 c¢)Qx,

(FK3) Ifxo € (14 cg)Qx then Jx (Fx) = Po.

Furthermore, if Q3 NE # (), then,

(FK4) Ji(Fe) = fx(Ag, Qx, xx, Px) for all x € (1 + ¢cg)Qx,

where T3 (Ay, Q, Xk, Px) is defined by the Main Algorithm. Here C is a

constant depending only on m and n.

Proof. Suppose first that QF* N E # (). Recall that M = CM,, according
to (44). Then (FK1), (FK2) and (FK4) follow from (45), (46) and (47),
respectively. It remains to prove (FK3). Suppose xo € (14 cg)Qx € Q.
According to the definition (28), we have that x, = xo and Py = Py. There-
fore xi € (1 + ¢g)Qx, and by (48) necessarily

]X()(Fk) = ]Xk(Fk) =Py = PO)

and (FK3) follows. The lemma is thus proven in the case where Q3*NE # ().
Suppose now that QF* N E = (). Then (FK2) vacuously holds. Additionally,
Fx = Px = Po by (41) and (27), and hence (FK1), (FK3) trivially hold. This
completes the proof. [ |
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Recall the functions egi (k =1, ..., Kmax) from Section 28. Fix T < k <kmax-
According to the discussion in Section 28, the function eﬂi is a C™-function
whose support is contained in (1 + c¢g/2)Qy. Since Fr, € C™((1 + ¢cg)Qx),
then egi (x)Fi(x) is a C™-function on the entire R™. Next, for any x €
(14 2cg)Qo, we set

kTTlClX

(49) F(x)= > 05 (x)Fl(x).
k=1

Then F is a C™-function on (1 + c¢g)Qo, since it is a finite sum of C™-
functions. We will see that F satisfies (MLC1),..., (MLC4) from Section 33.2.
Note that it follows from (49) that for any x € (14 ¢g)Qo,

kTTlClX

(50) Ji(F) =) 1i(08) @ TR,
k=1

Lemma 4. Let x € (14 cg)Qo. Then,

(MLCY)  J{(F) = f(Ao, Qo, X0, Po), where f, (Ao, Qo, X0, Po) is defined by
the Main Algorithm in Section 29.

(MLC2)  J{(F—Pg) € As(Ao)Mo B*(x, 80, ).
(MLC3)  Ifx € E then J(F) € T'(x,0, A3(Ao)Mo).
(MLC4')  If x = xo then J(F) = Po.

Proof. We start with establishing (MLC1’). Recall the Main Algorithm.
Recall also our assumption (ML4). Since Ay # M, according to (ML4),
then in the computation of f (Ao, Qo, X0, Po), the Main Algorithm reaches
the execution of Line 2. According to (ML4), for all A < Ay we have
Qo & CZ(A). Thus, the Main Algorithm reaches the execution of Line 5.

Denote by L the list of the cubes that are being produced in Lines 5-6 of
the Main Algorithm in the course of computing (Ao, Qo, X0, Po). According
to Lines 5-6 of the Main Algorithm, we know that

(51) L={Q e CZ(A,) : xe (1+cs)Qk

Since x € (1 + ¢cg)Qo, we conclude from (51) that (1 4 cg)Qo intersects
(1 4+ cg)Q for all Q € L. Consequently, all cubes in L appear in the list
Q1, -+, Qxpar- (Recall the definition of Qg ..., Qx,,.., from the beginning of
Section 33.3.) Furthermore, we claim that for any 1 <k < kiax,

(52) Ifx € Supp (eé{ ) then Qp € L,

where, as usual, for any function g, we write Supp(g) to denote the closure
of the set {x € R™: g(x) # 0}.
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Indeed, if x € Supp (GA ) then x € (1 + c¢g)Qx according to the discus-
sion in Section 28. Since Qy € CZ(A,), then (52) follows from (51). The
cubes in L are enumerated in Lines 5-6 of the Main Algorithm in the course
of computing f.(Ao, Qo, %0, Po). Let Qy,,...,Qx, . be an enumeration of
the cubes in L, that corresponds to the enumeration in Lines 5-6 of the
Main Algorithm. We conclude from (50) and (52) that

imax

(53) Ti(F Z ¥ (04 ) 5 i (Fi).

Indeed, if Qi & L then GQ‘; vanishes in a neighborhood of x, and hence (50)
reduces to (53). Note that Lines 8-15 of the Main Algorithm are being
executed exactly once for each cube Qy, (1 = 1,...,1imax), during the com-
putation of fy (Ao, Qo, X0, Po). Fix 1 <1i < ima. Consider the ith execution
of the loop in Lines 8-15 of the Main Algorithm. In this execution of the
loop, the Main Algorithm deals with the cube Qy,, and computes a a certain
polynomial fy, € P*. (The indexing in Lines 8-15 is slightly different from
here. The polynomial fy, is referred to as fy in the Main Algorithm.) We
claim that, for T <1 <1i,qax,

(54) If QiME = @ then fy, = Py, and otherwise fy, = f(Ay, Qu, Xk, Pi)-

Indeed, consider first the case where Qi NE = (). Then (54) holds according
to Line 8 of the Main Algorithm. Suppose now that Qif NE # (). Observe
that the definition of xy,, Py, in (28), (29) agrees with the computation
of xx, Px in Lines 9-11 of the Main Algorithm. In view of Line 13 of the
Main Algorithm, (54) holds also in the case where Q*NE # (). Therefore (54)
holds in all cases.

Recall the definition of the functions Fy, for k =1, ..., Kmax. Fix 1 <1 <
imax- If QX NE = 0, then Fy, = Py according to (41), and consequently
Ji(Fi) = Po = fi, by (54). If QX NE # 0, then (FK4) and (54) show that
J3(Fy,) = fi,. We conclude that

(55)  JH(Fy) =fy, forany 1 <i<ipe
Therefore, by (53) and (55),

(56) Ti(F WZMV( L) o fie.

Inspection of Line 16 of the Main Algorithm shows that the right hand side
of (56) equals fy(Ao, Qo, X0, Po). We conclude from (56) that

Jx (F) = fx(Ao, Qo, X0, Po).
Thus (MLC1’) is proven.
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Next, we will prove (MLC2'). Recall that L = {Qk] yeeey Qkimax} satis-
fies (51). By the Corollary to Lemma 2 from Section 21 we deduce that

(57)  imax < C.

Also, by (51), clearly imax = #(L) > 1, since CZ(A,) is a tiling of R™.
Set & = 8q,, - Since x € (1+¢6)Qx N (1 +¢)Qy for i =1, ..., imax, then
Lemma 2 from Section 21 implies that

(58) 38 <b8q, <26 foranyi=1,..,imax-

According to the assumption of the present lemma, x € (1+cg)Qo C QF™.
Since x € (1 + ¢g)Qx, and Qy, € CZ(A,) then Lemma 6 from Section 21
implies that

(59) &=20q, < Cdq-

Next, we use property (10) from Section 28, pertaining to the functions eéﬁ.
According to that property, for any i =1, ..., ijnax,

(60) T (04 ) € CoGIB (x,8q,,) € C'5 ™B(x,8),

where the last inclusion follows from (58). Since the 0’s are a partition of
unity, their sum is one, and (53) implies that

Tmax

(61) TR =Py + Y JE (05, ) @ D (F) =Pyl
i=1

Recall that x € (14 cg)Qy, for each i = 1,...;imax. According to (FK1),
forany i=1, ..., lmax

(62) Ji(Fi —Pi) € CA3(Ag)Mo BT (x,8q,.) € C'A3(Ay)MoB'(x,3),

where the last inclusion follows from (58). Furthermore, for alli =1, ..., i1ax
we have that (14 cg)Qx, N (1 + ¢cg)Qx, # 0, since both cubes contain x.
Lemma 2 implies that for i =1, ..., 1max

(63) Pki — P]q - CMO B(Xk] ,AzéQk] ) = CMO B(X]<1 ,Azé) .

Since x,,x € Q¥F, we know that [x—xy, | < C8. Consequently, (63) together
with (2) ,(3) from Section 12 entail that for any i =1, ..., 1imax

(64) Py — Py, € C'Mo B(x,A28) € CATMoB(x,8) € CAMoB*(x, o).
Using (62) and (64), we may state that, for any i =1, ..., iiax,
(65) Ji(Fi) — Py, € CAPA3(A5)MoB*(x,3).
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From (60) and (65), with the help of (9) from Section 12, we get that for
any i =1, ..., tmax

(66) J; (08, ) ©F U£(Fi) — Py ) € CATAS(A5)MoB(x,8)
Combining (57), (61) and (66), we obtain

(67)  Ji(F) € Py, + CATA3(A;)MoB*(x, ).

Next, according to Lemma 1, we know that,

(68) Py, —Po € CMoB(xy,,A20q,) € CAT'MB(xy,,0q,),

where we used (2) from Section 12. Since x,xy, € QjF, then [x, — x| <
Cd < C'dq, by (59). Consequently, (68), together with (3) from Section 12,
imply that

(69) Pk] — Po € C,A?M()B (X, 6Qo) Q C/A?MoBJr(X, 6Q0) .
By combining (59), (67) and (69) we conclude that,
(70)  J¥(F) —Po e CATA3(A,)MoB™(x, dq,) -

Assume, as we may from the discussion in Section 17, that the constant Ay
satisfies

(71) Ao > C where C is the constant from (70).

According to (3) of Section 17, we know that A3(Ag) = A ATA3(A,).
Thus (70) and (71) imply that

(72)  JE(F—=Po) € A3(Ao)Mo B (x,0q,),

since J{(Po) = Po, and (MLC2’) is proven.

Next, we will establish (MLC3’). Suppose that x € E. According
to (FK2), for any i =1, ..., imax

(73)  Jx(F) € T(x,0,CA3(Ay)My),

since x € (14 cg)Qx, NE. By (73) and Property 1 from Section 13, for all

i=1, .. lmao

(74)  Jx(Fi) = Jx(F,) € C'A3(A )Mo - 0 (x,0).

We apply (65) twice, and deduce that for i =1, ..., 1imax,

(75)  Jx(Fie—Fiq) = Jx(Fie—Pig ) 4]x(Pry —Fi) € 2CATA; (A )MoB(x, 8) .
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According to (74) and (75), for any i =1, ..., imax,
(76)  Jx(Fi, —Fi,) € CATA3 (A )Mo [o(x,0) N B(x, d)].

Recall that o(x,0) is Whitney t-convex at x with Whitney constant C, by
Property 3 from Section 13. The definition of Whitney t-convexity (10) from
Section 12, together with (60) and (76), implies that for any i =1, ..., imax,

(77) T (80, ) ©x Ux(Fi, — Fig )] € CATAS(A5)Mo - 0(x,0).

Next, we rewrite (53), discarding some information, as

Tmax

(78) TP =Tx(Fis) + Y Tx (03 ) @x (P = Fig )1

i=1
Recall that i,4x < C, by (57). Therefore (77) and (78) lead to
(79)  Jx(F) € Jx(Fiq) + CAFA3(A; )Mo - 0(x,0).

Next we apply (73) for i = 1, together with (79) and Property 1 from
Section 13. We conclude that

(80)  Jx(F) € T'(x,0, CAT*A3(Ay)My).
Assume, as we may, that
(81) Ao > C where C is the constant from (80).

According to (3) from Section 17 we know that Az(Ao) = AcATA3(A,),
and hence (80), (81) imply
Jx(F) € T'(x,0, A3(Ao)Mo).

Therefore (MLC3') is proven.

It remains to prove (MLC4’). Next, suppose that x = xo. By restrict-
ing (53) to (m — 1)-jets, we get

imax

(82)  Ju(F) =Ty (F Z]xo( L) 0 T (Fio).

For each i = 1,...,imax We have that x = xo € (1 + cg)Qx,, and hence,
according to (FK3), we know that Jy, (Fx,) = Po. Thus (82) entails that

Tmax

=Y 1% (83, ) @ Po=Po,
i=1

since the 0’s are partition of unity and their sum is one. Therefore (MLC4")
is established. This completes the proof of the lemma. ]
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According to Lemma 4, each x € (1+cg) Qo satisfies (MLC1'),...,(MLC4").
By comparing (MLC1'),...,(MLC4’) with (MLC1),...,(MLC4) from Sec-
tion 33.2, we see that the conclusions of the Main Lemma for Ay hold true.
Thus, we have proven the conclusions of the Main Lemma for Ay under
the assumptions (ML1),...,(ML4). Consequently, the Main Lemma for Ao
is proven also in the non-trivial case. This finishes the proof of the Main
Lemma for Ay in all cases.

The Main Lemma for Ay is therefore established, for all Ay C M.

Remark. Note that we actually used only Properties 1, 2, 3, 4 from Sec-
tion 13 in order to prove the Main Lemma. Property 0 will be used only
when applying the Main Lemma in the next section.

34. Applications of the Main Lemma

In this section, we will apply the Main Lemma for (), whose proof was
completed in the previous section. Recall from Section 29 the formula-
tion of the Main Lemma for (). Recall from Section 14 and Section 17, that
L, =L(0)+1,A, A3(0)) are constants depending only on m and n. Accord-
ing to Lemma 5 of Section 21, the tiling CZ(()) consists of all dyadic cubes of
sidelength A?. In the particular case where xo € EN Qj, the Main Lemma
for ) from Section 29 reads as follows:

Lemma 1. Suppose that Qo C R"™ is a dyadic cube of sidelength A?,
xo € ENQF and My > 0. Let Py € P be such that

PO S F(X0>€* - 1>M0)'

Then, there exists

Fe C™((1+¢6)Qo)
with the following properties:

(1) [PB(F—Po)(x)| < CMo  forall [B] < m,x € (1+cg)Qo
(2)  Jx(F) € T(x,0,CMy) for all x € EN (14 ¢g)Qo.

(3)  JH(F) =f0,Qo,x0,Po)  for all x € (14 ¢g)Qo.

(4)  If xo€ (1+¢cg)Qo, then also Jx,(F) = P

2

Here, C > 0 is a constant depending only on m and n.

The polynomial (0, Qo, X0, Po) in (3) was computed by the Main Algo-
rithm in Section 29. As a first application of Lemma 1, we will prove the
following theorem.
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Theorem 3. Suppose we are given the following data:

o A finite set E C R™ of size N.

e [For each x € E, two real numbers f(x) € R and o(x) > 0.

e A point xo € E and a polynomial Py € P.
Then, there ezists F € C™(R™) with Jy, (F) = Po such that the following hold:
(I)  Suppose M > 0 satisfies that Py € T'(xo, {x, M). Then,

| Fllemmgn) < CM and  |F(x) — f(x)] < CMo(x) forallx € E.
(IT)  The algorithm to be described below, receives the given data, performs
one-time work, and then responds to queries.

A query consists of a point x € R™, and the response to the query is
the jet J1(F).

The one-time work takes CN log N operations, and CN storage. The
time to answer a query is Clog N.

Here, C is a constant depending only on m and n.

We start with describing the relevant algorithm.

The algorithm promised in Theorem 3

As in (2) from Section 10, we will consider the blobs,
(5) T(x,0,M)={PeP:|P(x)—f(x)|<Ma(x),[0PP(x)| <M for [B] < m—1}.

In the one-time work, as is described in Section 10, we will construct from
(T'(x,0,M))ce the ALPs that give rise to blobs that are C-equivalent to
I'x,¢,M) for x € E,0 < £ < {,. We will also perform the one-time work
that is described in Section 9, in Section 23 and in Sections 24,...,26.

Next, we subdivide R™ into dyadic cubes of sidelength Az_]. Let Qg be
the set all dyadic cubes Q of sidelength A", such that ENQ* # (). For each
x € E, there are at most 5™ cubes Q € Qg such that x € Q*. These cubes
may be calculated in a straightforward manner, using C operations (for a
fixed x € E). By inspecting all points x € E, we may find all the cubes of Q
using CN computer operations. Note that #(Q) < CN.

Let us fix a linear order < on the cubes of Q, say, lexicographic order
on the centers of the cubes (lexicographic order with respect to the stan-
dard coordinates). Within CNlog N computer operations, we may sort Qg
according to the order <. To summarize,

(6) At the one-time work, we compute and store the ordered list Q, con-
suming CN log N computer operations and CN storage.
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For each Q € Q,, we compute a representative xo € EN Q*, as follows.
(7) Ifxo€ENQ* then xq:= xo, and otherwise xq:= Find-Representative(Q).

The computation of those representatives requires CN log N operations, and
may be performed during the process of computing the list Qy. (As a matter
of fact, this task may be carried out using only CN operations, in the course
of the computation of Qy. We will not use this fact.)

Next, with each Q € () we will associate a polynomial Pg. Fix Q € Q.
If xg = xo we will simply set Pq := Py. Otherwise, we compute a polyno-
mial Pq such that

(8)  Pgqis a C-original vector of the blob I'(xq, {, — 1),

where C-original vectors are defined in Section 2. The computation of Pg as
in (8) is done using Algorithm ALP3 from Section 5. For a fixed Q € Qg the
computation of Pg requires C operations, once we have precomputed the I'’s.
During the one-time work, we also compute and store xq, Pq (Q € Qo). The
total time required for the computation of the points xg and the polynomi-
als Po does not exceed CNlogN, and the amount of storage needed is no
more than CN.

This completes the description of the one-time work of our algorithm.
The resources being spent for the one-time work are bounded by CNlog N
computer operations and CN storage, for C depending only on m and n.

We move to the implementation of the query-algorithm. Thus, suppose
we are given a point x € R™. We define Qq(x) ={Q € Qp:x € (1 +¢cg)Q}.
Note that #(Qp(x)) < C.

It is straightforward to compute, say, the centers of all dyadic cubes Q
of sidelength A5 such that x € (1 + cg)Q. This computation requires C
computer operations, and produces the centers of all the cubes in Qg(x).
We still need to locate these cubes in Qg (i.e., to identify their indices in
the list Qp); this is done using C binary searches in the ordered list Q,,
each consuming C’'log N work. Therefore Qg(x) is recovered within Clog N
operations.

Once Qp(x) is obtained, the algorithm computes and returns the poly-
nomial

(9 Pei= > TF(0%) oF £4(0,Q,xq, Pg).

Q0o (x)

Thanks to Algorithm PU2 from Section 28, we may compute all the jets
Jr (GQ)Q) within Clog N operations. (As a matter of fact, C operations suffice
here; see the last paragraph in Section 28. We will not make use of this
improvement here.)
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The computation of the polynomials fy(0), Q,xq, Pq) is described in the
Main Algorithm, Section 29, and requires no more than Clog N computer
operations, given our one-time work.

This completes the description of the query-algorithm. The query-algo-
rithm clearly terminates within Clog N operations.

Next we will prove that the polynomials P,, as defined in (9), are the
m-jets of a function F that satisfies (I) from Theorem 3.

Lemma 2. Let E,f, 0,%0,Po be as in Theorem 3. Then, there exists F €
C™(R™) for which the following holds: Suppose M > 0 satisfies that

(10) Py € T'(xo, £s, M).

Then,

(11)  [F(x) —f(x)| < CMo(x) for all x € E,

(12) [ Fllen@m< CM,

(13)  J}(F) = Py for all x € R™, where Py is defined in (9); and
(14)  Jx(F) =Po.

Here, C > 0 denotes a constant depending only on m and mn.

Proof. We begin with analyzing the definition (8) of the polynomials Pq.
Let Q € Qp. If xq # X0, then according to the defining property of a “C-
original vector” from Section 2, the polynomial Pq satisfies the following:

(15) Let M’ > 0 and assume that I'(xqg,l —1,M’) # 0. Then Pq €
M(xq, L —1,CM).

In the case where xq = X0, we know from (10) that
(16) Pq=PoeTl(xq,l, M).
Fix a cube Q € Q. According to Property 2 from Section 13,
(17)  T(xo, L, M) C T(xq, L —1,CM) + CMB(xo, Xq)-
In particular, from (10) and (17) we see that
(18) T(xq,t—1,CM) # 0.
Thus, if xg # X0, then (15), (18) imply that
(19) PgeTl(xqg,ti—1,CM) C C'MB(xq, 1),

where the last inclusion follows from (5) and Property 4 of Section 13. (Note
that in (19) we use a trivial property of the I''s, the fact that I'(x,0, M) C
MB(x, 1), which is not included in Properties 0,...,4 from Section 13.)
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If xg = xo, then (19) follows from (16). Thus, (19) holds in all cases.
Now (19), together with (3) of Section 12, implies that for all x € (14+¢¢)Q,

(20)  [3PPq(x)| < CM for all || < m.

(Recall that [x —xq| < Cdq < C for all x € (1+c¢¢)Q.) We will now invoke
Lemma 1, for the cube Q, the point xq € EN Q*, the polynomial Py and
M, = CM, based on (19). By the conclusion of the lemma, there exists
Fo € C™((1 4 ¢c¢)Q), with the following properties:

(21)  [9P(Fq — Po)(x)] < CM for all |B| < m,x € (1 +¢6)Q.

(22) Jx(Fg) €T(x,0,CM) forallx € EN(1+4cg)Q,

(23)  JI(Fq) ="fx(0,Q,xq,Pq) forallx e (1+cg)Q,

where fy(0, Q,xq, Pg) is defined by the Main Algorithm from Section 29,

and
(24) If XQ c (1 + C(;)Q, then ]XQ (FQ) - PQ'

The cube Q € Qy is arbitrary, hence a function Fq € C™((1 + cg)Q) that
satisfies (21),...,(24) exists for all Q € Qy. We define a function F: R™ — R
by setting

(25) Flx)= ) 0L(x)Fq(x).
Qe
Since Supp(@%) C (1 +c¢c/2)Q and Fg € C™((1 + c¢)Q), then each

summand in the right-hand side of (25) is a well-defined C™(R™)-function.
The sum in (25) is finite, since #(Qo) < co. Hence F is a C™(R™)-function.
For any x € R™, we have that x € Supp(@%) only for Q € Qp(x). There-
fore (25) implies that

(26) JIF = 3 JI(6G) o i (Fo)

Qe (x)
For any Q € Qo we have 5o = A", and by (10) of Section 28,
(27) |6B(9%)(X)| < Cfor all || <m and x € R™
Our estimates (20),(21) and (27) imply that for any Q € Qo,
(28)  9F(8%Fq)(x)| < CM for all [B] < m and x € R™,

as Supp(er) C (14+¢g/2) Q. In view of the fact that #(Qq(x)) < C for
any x € R™, we deduce from (26) and (28) that

(29) [0PF(x)| < CM for all |B| < m,x € R™
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Thus, (12) is proven. Furthermore, from (23) and (26) we conclude that,

(30) THF = Y 5 (8h) ©f fx(B, Q,xq, Po) for all x € R™
Qe (x)

By comparing (30) with (9), we arrive at (13). Next, we focus on prov-
ing (11). Fix x € E. We need to show that

(31)  Jx(F) € T(x,0,CM).

Let us also fix a cube Q € Qp(x). Then, since the 0’s are a partition of
unity,

Fo, —F
= 0o 'Q
(32) TP =J(F)+M >, (e VI ) :
QveQy(x)
According to (20), (21) we know that for any Q+ € Qo(x),
(33) Jx(Fg, —Fq) € CMB(x, 1),

since x € (1+¢g)QN(1+cg)Q~. By applying (22) twice, we conclude that
for any Q. € Qp(x),

(34)  Jx(Fq, —Fq) €T(x,0,CM) —T'(x,0,CM) C C'Mo(x,0),

where the inclusion follows from Property 1 of Section 13. Next, we invoke
the Whitney t-Convexity of o(x, 0), according to Property 3 from Section 13.
The Whitney t-Convexity, based on (33), (34) and (27), entails that for any
Qv € Qo(X),

(35) T« (e?gv : %) =1, (6%)) Ox Jx (%) € Co(x,0).
Recall that #(Qo(x)) < C. From (32), (35) and (22), we obtain that
(36)  Jx(F) € T(x,0,CM) + C'Moa(x,0) C I'(x,0,CM),

where the last inclusion follows from Property 1 of Section 13. The inclu-
sion (36) is precisely the desired estimate (31). Hence (11) is proven. It
remains to prove (14). By the definition of xq, Pg, for any cube Q € Qg(xo)
we have xq = X0, Pq = Po. According to (24) and (26), we have

ToF)=" > Jx (6%,) ®x Po="Po,

QvEQo (x0)

since the 0’s constitute a partition of unity. Thus (14) follows and the lemma
is proven. |
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Lemma 2 implies that the output of our query-algorithm, that is, the
polynomials Py defined in (9), are the m-jets of a function that satisfies (I)
from Theorem 3. This completes the proof of Theorem 3. |

Remark. In Theorem 3, we prescribe the (m — 1)-jet of F at a given
point xo. We would like to mention without proof, that it is equally easy
to prescribe the m-jet of F at the given point xo. Denote by 7., : P* — P
the linear map that satisfies 9P (7, P)(x0) = 0PP(xo) for all |3] < m—1 and
P € P*. Suppose we alter the formulation of Theorem 3 as follows:

e Replace “Po € P” with “Pg§ € P*7.
e Replace “Jy, (F) = Py” with “J (F) = PJ7.

e Replace “Py € T(xo, s, M)” with “P5 € MB™(xo,1) and 7,,(P§) €
F(Xo, E*, M)” .

Then the modified theorem holds true. We invite the reader to fill in the
proof.

We are now in a position to prove Theorem 2 from Section 1. Theorem 2
follows from the following theorem.

Theorem 4. Suppose we are given the following data:

o A finite set E C R™
e For each x € E, two real numbers f(x) € R and o(x) > 0.

Assume that #(E) = N. Then, there exists F € C™(R™) with the following
properties:

(A)  IfFe C™R™ and M > 0 satisfy

(37) || Fllemen< M and [F(x) — f(x)| < Mo(x) for x € E,
then

(38) || Fllem@n< CM and [F(x) — f(x)| < CMo(x) for x € E.

(B)  There is an algorithm, that receives the given data, performs one-time
work, and then responds to queries.

o A query consists of a point x € R™, and the response to the query
is the jet J1(F).

o The one-time work takes CNlog N operations, and CN storage.
The work to answer a query is Clog N.

Here, C 1s a constant depending only on m and mn.
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Proof. Let us pick xo € E, and let Py € P be such that
(39) Py is a C-original vector of the blob I'(xg, £,).

We will compute the ALPs that give rise to blobs that are C-equivalent to
the s in the one-time work, using CNlog N operations and CN storage.
Having already constructed those ALPs, we may compute the polynomial Py
using Algorithm ALP3 from Section 5, using no more than C operations.

We will now invoke Theorem 3, for E, f, 0 and xq, Po. By the conclusion
of that theorem, we obtain a certain function F. We will show that F sat-
isfies (A) and (B). Note that (B) follows from (II) of Theorem 3. We still
need to prove (A). Suppose that F e C™(R") and M > 0 are such that

(40) || Fllem@n)< M and [F(x) — f(x)] < Mo(x) for x € E.
We will show that
(41) || Fllem@n)< CM and [F(x) — f(x)| < CMo(x) for x € E.

To that end, note that Property 0 from Section 13 and (40) imply that

(42) ]xo(F) € I'(xo, L., CM).

In particular T'(xo, £, CM) # 0. By (39), and by the defining property of
“C-original vectors” from Section 2,

(43) Py € F(Xo, L, C/M)

From (43), and according to (I) of Theorem 3, we conclude (41). Thus,
given (40) we deduce (41). This is exactly the content of (A). The proof is
thus complete. |

Remark. An alternative implementation for Theorem 4 moves work from
the query algorithm into the one-time work. The idea is as follows. Let
F € C™(R™) be as in Theorem 4. For x € E, let P* =J}(F).

The algorithm given above for Theorem 4 allows us to compute (and
store) all the jets P* (x € E), with work CN log N and storage CN. We view
this as part of the one-time work.

The proof of the classical Whitney extension theorem produces a function
F € C(R"), with ]i(f:) = P> for every x € E, and with ||}~:||Cm(Rn) <
C|| F|lcmgn). (Here, C depends only on m and n.) Thus, F serves as well
as F in Theorem 4. The methods of this paper allow us easily to answer
queries as follows: Given a query point x € R™, we produce the jet J} (F).
We omit the details. -
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For x € R™ and M > 0 we define the blob X(x) = (X(x, M))m=0 by
setting

Z(x,M) = {Jx(F) | F[[cn@ )< M, and Vx € E, [F(x) —f(x)] < Mo(x)}.
The set X(x, M) is convex and increasing with M, hence X(x) is a blob.

Lemma 3. Let xo € E. Then the blobs X(xq) and T'(xo, L) are C-equivalent,
for a constant C depending only on m and n.

Proof. Fix M > 0, and let Py € Z(xo, M). According to Property 0 from
Section 13, we have that

Py € r(Xo,E*, CM)

Since Py € X(xg, M) is arbitrary, we conclude that X(xo, M) C TI'(xo, £,, CM).
Next, suppose Py € T'(xg, £,, M). We will apply Theorem 3, for E, f, o and for
X0, Po. According to (I) from Theorem 3, there exists a function F € C™(R™)
with Py = Jy, (F) such that

| Fllem®n)< CM, and Vx € E, [F(x) — f(x)| < CMo(x).

Therefore, Py € Z(xo, CM). Hence I'(xq,{,, M) C X(xo, CM). This com-
pletes the proof. |

Lemma 4. Let x € R™ be such that x ¢ E, and let xo € E be such that

Ix — xo| < 2min [x —y| = 2dist(x, E).
yek

Then, X(x) is C-equivalent to the blob
[T(x0, £.) + B(x, [x — xol)] N B(x, 1).

Here, C is a constant depending only on m and n.

Proof. Fix M > 0, and let P € X(x, M). By the definition of X(x, M),
there exists a function F € C™(R™) such that

(44)  Jx(F) =P,

(45) || Fllem@n)< M, and

(46)  |F(y) —f(y)l < Mo(y) for all y € E.

According to (44) and (45),

(47) P € MB(x,1).

Furthermore, by (45), (46) and Property 0 from Section 13,
(48)  Jx,(F) € T(xo, £, CM).
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The function F satisfies (45). By Taylor’s theorem, J,,(F) — J.(F) €
CMB(z,w) for any z,w € R™ (see also (3) from Section 1). From (44) we
thus conclude that,

(49) P —TJx(F) =Jx(F) = Jx (F) € CMB(x, xo).
According to (48) and (49),
(50) P € M(xo, Ly, CM) + CMB(x, xo).

Since P is an arbitrary polynomial in X(x, M), then (50) and (47) tell us
that for any M > 0,

(51)  Z(x,M) C [I'(xo, &, CM) 4+ CMB(x, x0)] N CMB(x, 1).

This proves half of the conclusion of the lemma. We now focus on proving
the second half. Let M > 0 and let

(52) P € [T(xo, &, M)+ MB(x,%)] N MB(x,1).
Then there exists Py € T'(xo, £, M) such that
(53) P —Py e MB(x,x%x0) € CMB(x,dist(x, E)),

since, by our assumptions, |x — xo| < 2dist(x, E). Since Py € TI'(xo, s, M),
then according to Lemma 3, we have that Py € X(xo, CM). By the definition
of X(xo, CM), there exists F' € C™(R) with J, (F') = Py such that

(54) || F [|[emmn< C'M, and VX' € E, [F(x') —f(x')] < CMo(X).
Next, fix y € E. Then, by (54), (53) and the definition of F/,
(55) Jy(F) =P =(Jy(F) = Jx(F)) + (Po— P)
€ CMB(xo,y) + CMB(x, dist(x, E)).
However, according to (3) of Section 12,
(56)  B(xo,y) = B(xo, [y —x0l) € CB(x, [y —xo| + x —xol).
Furthermore, since [x — xo| < 2dist(x, E) < 2|x — y| then,
(57)  ly —xol + Ix —xo0l < (l[y —x[ + x —xol) + x —xo| <5ly —x|.

From (56) and (57) we deduce that B(xo,y) € C'B(x,5|y —x|) € CB(x,y).
By combining the last inclusion with (55), we conclude that for any y € E,

(58) J,(F)—P e C'MB(x,y) + CMB(x, dist(x, E)) € CMB(x,y),

as dist(x, E) < [x —y[. Denote f_ =EBEU{x}. Toany y € f_ we associate a
polynomial Py € P as follows: P, = J,(F)ify € E, and P, =P if y = x.
Note that x ¢ E, and hence the P,’s are well-defined.
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We would like to apply Whitney’s theorem, as described in Section 1 (see
also [35] or [32, Section VI]). According to (54), we have that

(59) Py, —P,=TJ,(F)—J.(F) € CMB(y,z) for any y,z € E.

We use (54) for the case y € E, and we use (52) for the case y = x, to obtain
that

(60) P, e CMB(y,1) forally € E.

Based on (58), (59) and (60) we may invoke Whitney’s theorem, for
the set E and the polynomials {P,},ce. By the conclusion of Whitney’s
theorem, there exists F: R™ — R with || F ||cm@n)< CM such that

(61) ]y(l:-) = 15y = Jy(F) for all y € E, and also J«(F) = P, = P.

According to (61) and (54), the function F witnesses that P € Z(x, CM).
Since P is an arbitrary polynomial in [I"(xg, {,, M) + MB(x, xo)] "MB(x, 1),
we conclude that for any M > 0,

(62)  [(xo, L, M)+ MB(x,x0)] N MB(x,1) C X(x,CM).
The lemma follows from (62) and (51). [ |

Theorem 5. Suppose we are given the following data:

o A finite set E C R™
e [For each x € E, two real numbers f(x) € R and o(x) > 0.

Assume that #(E) = N. Then there is an algorithm, that gets the given data,
performs one-time work, and then responds to queries. A query consists of a
point x € R™, and the response to the query is an ALP A (of length at most
dimP) such that K(A) is C-equivalent to the blob X(x) = (Z(x, M))m=0
defined by,

Z(x, M) = {Jx(F) | F [|en@n< M, and Wy € E, [F(y) —f(y)l < Mo(y)}.

The one-time work requires CNlog N operations and CN storage. The
time to answer a query is ClogN. Here, C is a constant depending only
on m and n.

Proof. Let us describe the relevant algorithm. First, we perform all the
one-time work of the algorithm from Theorem 3, and also all the one-time
work related to Theorem BBDI1 from Section 23. This one-time work re-
quires CN log N operations, and CN storage, as stated in Theorem 3 and in
Theorem BBDI.
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We will now present the query-algorithm. Suppose we are given a point
x € R™ We need to produce an ALP A, such that X(A) is C-equivalent
to X(x). To that end, note that according to Theorem BBD1 from Section 23,
we may compute within Clog N operations, a point xo € E such that

(63)  [x —xo| < 2dist(x, E).

Note also that the ALPs that give rise to blobs that are C-equivalent to
the s are computed in the one-time work of our algorithm. According
to (63), we may easily detect whether x € E or x ¢ E. In case where x € E,
our query-algorithm returns an ALP A of length dim P such that X(A) is
C-equivalent to I'(x, £,). Such an ALP was already computed in the one-time
work (see Section 10), and by Lemma 3 we have that X(A) is C-equivalent
to X(x).

In the case where x € E, we compute, within C computer operations, an
ALP A such that the blob X(A) is C-equivalent to

(64) [(xo, &) + B(x,x0)] N B(x,1).

Indeed, we simply need to apply Algorithm ALP6 and Algorithm ALP7 from
Section 5. From the explanation in Section 5 we know that the ALP returned
by Algorithm ALP6 has length at most dim P. Lemma 4 tells us that the blob
in (64) is C-equivalent to X(x). Our query algorithm clearly uses at most
Clog N computer operations. The proof is complete. |

In the following two sections, we will discuss several variants of the the-
orems and algorithms presented in this section. These variants will be for-
mulated precisely, in Theorem 6, Theorem 7 and Theorem 8, but we will
not supply full details pertaining their proofs. Instead, we will indicate the
necessary modifications of the above arguments, that lead to the proofs of
Theorems 6, 7, 8. Filling in the missing details is quite routine, given the
proofs of Theorem 3, Theorem 4 and Theorem 5 on which we have elaborated
throughout this manuscript.

35. Linear Dependence on Input

In this section, we strengthen Theorem 4 from Section 34, by producing an
extension function F that depends linearly on the given f. We write ¢, C, C/,
etc., to denote constants depending only on m and n.

Let us recall from Section 16 the concept of a linear map of depth k. Sup-
pose L : RN — P+ is a depth k linear map, given by a D* x N matrix L.
(Here, D" = dim P".) Then at most Ck of the entries of L’ are non-zero.
In order to specify the depth k linear map L, it is sufficient to indicate which
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entries of L’ are non-zero, and then specify the values of those non-zero en-
tries. By using this representation, we may hold a depth k linear map using
C-(k+1) storage (see Section 16). We call this representation the “compact
representation” of L.

Theorem 6. Suppose we are given the following data:

o A finite set E C R™
e A number o(x) > 0 for each x € E.

Assume that #(E) = N.
Then, there exists a collection of linear maps {Ly : x € R™}, where L, :
R#*(®) — P+ for each x € R™, such that the following hold.
(A) For each x € R™, the linear map Ly : R¥®) — P+ is of depth C (and
thus depends only on at most C' among the N coordinates of its input).
(B) Suppose f:= (f(y))ycr, where f(y) ER for ally € E (i.e., f € R#®),
Then there exists a function Fr € C™(R™) such that:
(B1) JS(F¢) = Ly [f] for all x € R™
(B2) IfF e C™(R") and M > 0 satisfy

| Fllemem<M and [F(x)—f(x)| < Mo(x) forxeE,
then
| Fe llemmny< CM and  [Fe(x) — f(x)] < CMo(x) forx € E.

(C) There is an algorithm, that takes the given data, performs one-time
work, and then responds to queries.

A query consists of a point x € R™, and the response to the query is
the depth-C linear map Ly, given in its compact representation.

The one-time work takes CN log N operations, and CN storage. The
time to answer a query is Clog N.

Here, C 1s a constant depending only on m and m.

The proof of this theorem is identical to the proof given in the previous
sections, with a few obvious modifications. The main modification, is that
rather than computing I'(x, £, M) and o(x,{, M) using ALPs, we bring in
the PALPs described in Section 6, Section 11 and Section 16. We supply
details.
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We define N = N. We suppose that the index of an input point, an
integer between 1 and N, may be stored in a single memory word. Thus
assumption (2) from Section 6 is verified. We formally think of (f(x))xcE as
depending linearly on & € R¥®) = RN and we write f = f; to denote this
formal linear dependence. For a fixed x € E, the linear projection & — f¢(x)
from RM to R is (trivially) of depth 1. Therefore (1) from Section 11 holds,
with k = 1. Recall from Section 11 that we are able to compute PALPs
A(x,{) with the following properties.

(1) For each x € E,0 < € < {,, the PALP A(x,{) and the ALP A(x,{)
constructed from E, o, f¢ in Section 10 agree at &, for every & € RN,

(2) Foreach x € E,0 < { <{, the PALP A(x,{) is of depth at most C’.

(3)  The computation of the PALPs A(x,{), for x € E,0 < { < {,, requires
no more than CN log N operations and CN storage.

Next, based on the construction of the PALPs A(x,{), we were able to
describe in Section 16 the procedure, Find—Parametrized—Neighbor(ﬁo,A,x),
defined for A C M, x € E and a depth-k parametrized polynomial ﬁo. (Re-
call from Section 16 the concept of a depth-k parametrized polynomial.)
The output of Find-Parametrized-Neighbor is a depth-Ck parametrized poly-
nomial P with the following property:

(4) Fix & € RN, Set Py = Py(£),P = P(&) and f = fz. Then P is
the polynomial returned by Find-Neighbor(Py,A,x) with initial data
E, o, f.

Assuming we have already computed the PALPs A(x, {), the procedure Find-

Parametrized-Neighbor terminates within C’ computer operations.

Next, we describe the (trivial) modifications needed, to adapt the Main
Algorithm to the new situation. The first change, is that all the polynomials
in the Main Algorithm (except for the jets of the 8’s), are now being replaced
with parametrlzed polynomlals In particular, fi (Ao, Qo, X0, Po) is replaced
by f, (Ao, Qo, X0, Po) where Py is a parametrized polynomial. The second
change is that Line 11 is replaced by

Line 11’: Define ﬁk = Find—Parametrized—Neighbor(ﬁo,AO,xk).

Suppose that Po is a parametrized polynomial of depth C, for some con-
stant C depending only on m and n, and denote P = f_;(AO, Qo,xo,ﬁo).
By an easy induction on Ay C M we obtain that for any Qo € CZ(Aop),xo €
ENQ§,x € (1+cs)Qo, the following hold:

(5) Pisa parametrized polynomial of depth C'.

(6) Fix & € RN and set Py = P}(E,),P — 13(5,) and f = fz. Then P is the
polynomial returned by fy (Ao, Qo, X0, Po) with initial data E, o, f.
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(7)  The computation of fo(Ao, Qo, X0, Po) requires Clog N computer oper-
ations, given one-time work of at most CN log N operations and CN
storage.

We may now move to the proof of Theorem 4 in Section 34. Again, only
obvious modifications are needed. We just need to replace (8), (9) and (39)
from Section 34 with

(8) ﬁQ is a parametrized C-original vector for the PALP A(xq, {.).

(9/) ﬁx = Z ];r (erv) Q;F FX(®) QV) XQy) ﬁQ‘v)
QveQo(x)

(39" P, is a parametrized C-original vector for the PALP A(xo, {,).

We compute Py in (39') and ﬁQ in (8') with the help of Algorithm PALP3 from
Section 6. Since the PALPs A(x, {,) (x € E) are of depth C, it follows from
the defining properties of Algorithm PALP3 that Po and ﬁQ are parametrized
polynomials of depth C'. By using (5), (6) and (7), it is straightforward to
obtain the following result: For any x € R™,

(8) The polynomial Py is a parametrized polynomial of depth C.

(9) The polynomial P, computed in (9) of Section 34 with initial data
E, 0, fs, %0, Po(&) equals the polynomial Py(&) from (9') with initial
data E, 0, Xo, Po.

(10) The computation of 13,( requires Clog N computer operations, given
one-time work of at most CN log N operations and CN storage.

It is now easy to deduce the conclusions of Theorem 6. Indeed, conclu-
sion (A) follows from (8), conclusion (B) follows from (9) and Theorem 4
from Section 34, and (C) follows from (10). The proof of Theorem 6 is
complete.

36. Different Types of Input

So far in this manuscript, we were mainly concerned with an efficient com-
putation of a function F: R™ — R, having a nearly minimal C™-norm under
certain restrictions on the values that the function F may attain on a given
set E C R™

In this section we will consider more general types of constraints on
the desired function F. Rather than restricting the values that F may at-
tain on the set E, we will impose conditions on the full jets J.(F) (x € E).
In particular, we will discuss algorithms for efficiently computing a function
F:R™ — R, having prescribed jets of various orders at the points of E, such
that || F ||cm(rn) has the smallest possible order of magnitude.
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Recall the definition of Whitney t-convex sets, from Section 12.

Theorem 7. Suppose we are given the following data:

o A finite set E C R™

e For each x € E, an (m — 1)-jet f(x) € P, and a centrally-symmetric
convex set o(x) C P, defined by at most, say, 2dim P linear inequali-
ties.

Assume that #(E) = N, and that for each x € E, the set o(x) is Whitney
t-convex at x, with Whitney constant W.
Then, there exists F € C™(R™) with the following properties:

(I) IfFe C™R") and M > 0 satisfy
| F lemen <M and J(F) € f(x) + Mo(x) for x€E,
then
| Fllem®n)< CM  and J«(F) € f(x) + CMo(x) for x € E.
Here C is a constant depending only on m, n and W,.
(IT) There is an algorithm, that receives the given data, performs one-time

work, and then responds to queries.

A query consists of a point x € R™, and the response to the query is the
jet J(F).

The one-time work takes C'NlogN operations, and C'N storage. The
work to answer a query is C'log N.

Here C' is a constant depending only on m and n.

Note that Theorem 4 is a particular case of Theorem 7, in which all the
sets o(x) C P take the form

(1) ox)={Pe? : [P(x)] <o (x)}
for all x € E, where o/ : E — [0,00) is some function. The centrally-

symmetric convex set o(x) in (1) is Whitney t-convex at x, with Whitney
constant 1. An additional interesting example of a Whitney t-convex set, is

(2) o(x)={Pe?P : 3PP(x) =0 forall |B] < o'(x)}
for all x € E, where ¢/ : E — {0,..., m — 1}. Note that o(x) as in (2) is
Whitney t-convex at x with Whitney constant 1.

The proof of Theorem 7 is almost identical to the proof of Theorem 4.
Next we will describe the differences between the two arguments. Thus, let

E, f, 0 be as in Theorem 7. From now on, in this section C, C’, C, etc. denote
constants depending only on m,n and W,.
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Recall the definition of the I''s and the o’s from Section 10. In order to
prove Theorem 7, we need to replace (2) of Section 10 with

(2) T(x,0,0M) = {PeP:[0*P(x)] < M for |of < m—1,
and P € f(x) + Mo(x)}

for all x € E. Having replaced (2) from Section 10 with (2), we inductively
define the sets I'(x, £, M) and o(x, £) for all x € E,M > 0 and £ > 0 exactly
as in Section 10. Since o(x) is given by at most 2 dim P linear inequalities,
then the blob I'(x,0) defined in (2') is already given by an obvious ALP
of length not exceeding 3 dim P. Therefore we may carry out the recursive
computation of the ALPs A(x,{) such that X(A(x,{)) is C-equivalent to
I'(x,{), exactly as described in Section 10. The resources needed for the
computation are still CNlogN time and CN storage (with C depending
only on m and n).

The new blobs I'(x, {) and convex sets o(x, {), that were constructed in
the preceding paragraph, are the basic blobs that are relevant to the proof of
Theorem 7, and they will replace the basic blobs defined in Section 10. Let
us discuss the properties of the new basic blobs, in comparison to Section 13.
Property 0 from Section 13 needs to be replaced with the following:

Property 0
(a) Let Fe C™(R™) and M > 0 be given. Assume that
| Fllem@®n) < M and J«(F) € f(x) + Mo(x) for all x € E.

Then J(F) € T'(x, £, C;M) for all x € E, £ > 0, where C,; depends solely
on £, m,n and W,.

(b) Let Fe C™(R™) be such that
| Fllem@mn) < 1 and J4(F) € o(x) for all x € E.

Then J,(F) € Cyo(x,£) for all x € E, £ > 0, where C, depends solely
on £, m,n and W,.

We claim that Property 0, as well as Properties 1,...,4 from Section 13,
hold also with our new definition of the I''s and o’s, when the constants
C, C, etc. are allowed now to depend also on W,. Indeed, an inspection of
the definition (2') shows that Property 0 from the present section, and Prop-
erties 1,...,4 from Section 13, all hold for { = 0, with constants depending
only on m,n and W,. As in Section 13, the proof for a general £ follows by
induction. There are only the most trivial differences between the inductive
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proof in Section 13 and the argument needed here. We omit the straightfor-
ward details. We have thus explained how to establish Property 0/, as well
as Properties 1,...,4 from Section 13, in the context of the new I’s and o’s.

Except for the slightly different construction of the I’s and ¢’s, in order
to prove Theorem 7 we use the same algorithms and the same arguments as
those used in the proof of Theorem 4, with the main difference being that
the constants depend now also on W, in addition to m and n.

Recall the first paragraph from Section 31. According to this paragraph,
Properties 0,...,4 from Section 13 are the only information we use regarding
the s and the o’s. (The only exception is (19) of Section 34, which trivially
holds also here.) In order to adapt the arguments and algorithms that
appear throughout the manuscript to suit the proof of Theorem 7, we simply
note that Properties 1,...,4 from Section 13 may also be used in the new
context, with the new I'’s and o0’s. Indeed, this is the content of the previous
paragraphs (with C,C’ being constants depending only on m,n and Wj).
Regarding Property 0 from Section 13, we would like to replace its use
with Property 0'. In relation with the proof of Theorem 4, Property 0 was
used only in (42) of Section 34. In that occurrence, the adaptation of the
argument to fit into the proof of Theorem 7, using Property 0’ in place of
Property 0 from Section 13, is very simple.

Thus, Theorem 7 follows along the lines of the proof of Theorem 4. We
invite the reader to fill in the details.

We will conclude this section with a remark related to scale invariance.
Let us denote T5(x) = &x for 6 > 0 and x € R™ Suppose F: R™ — R is an
unknown function, and that the only information we have regarding F is its
C™-norm, || F ||cmgn). Suppose & > 0 is a known number, that may be very
large or very small. Then it is impossible to guess what is even the order
of magnitude of || FoTs ||cmgn), without having more information on the
function F. In other words, the C™-norm does not behave well under scaling.
To overcome this irritating point, one might want to consider scaling-friendly
versions of the C™-norm. For instance, the semi-norm,

N (F) = sup max [0PF(x)|
xeR™ [Bl=m
is an obvious candidate. Note that if N (F) < M for some function
F:R™ — R, then by Taylor’s theorem,

(3)  Jx(F) = J,(F) € CMB(x, ) for all x,y € R™

Property (3) was almost the only property of the norm || - ||cm gn) that was
relevant in this manuscript. It is thus possible to modify slightly our discus-
sion, and obtain an extension algorithm, with respect to the semi-norm N;.
We will not carry out the details, but one may prove the following result.
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Theorem 8. Suppose we are given the following data:
o A finite set E C R™

e For each x € E, an (m — 1)-jet f(x) € P, and a centrally-symmetric
convex set o(x) C P, defined by at most, say, 2dim P linear inequali-
ties.

Assume that #(E) = N, and that for each x € E, the set o(x) is Whitney
t-convex at x, with Whitney constant W.

Then, there exists F € C™(R™) with the following properties:
(I) IfFe C™(R™ and M > 0 satisfy

Nm(F) <M and Ji(F) € f(x) + Mo(x) forx €E,
then
N (F) < CM and Jx(F) € f(x) + CMo(x) forx € E.
Here, C is a constant depending only on m,n and W,.

(IT) There is an algorithm, that takes the given data, performs one-time
work, and then responds to queries.

A query consists of a point x € R™, and the response to the query is the
jet Ji (F).

The one-time work takes C'NlogN operations, and C'N storage. The
time to answer a query is C'log N.

Here, C' is a constant depending only on m and n.

Let us just mention briefly the main point of change between the proof
of Theorem 8 and the proof of Theorem 4. Actually, all we need to do is
define

I'x,0,M) =f(x) + Mo(x), and o(x,0)=o(x)

(compare with the definition from Section 10, or with (5) from Section 34).
We may re-run our arguments, based on this new definition of I'(x,0, M)
and o(x,0), and obtain a family of blobs and convex sets that satisfy the
obvious analogues of Properties 0,...,4 from Section 13. This leads to an
analogue of the Main Lemma for Theorem 8.

To deduce Theorem 8 from the analogue of the Main Lemma, we may
take advantage of scale-invariance and translation-invariance to assume that
our set E is contained in a single dyadic cube of sidelength Az]. This allows
us to bypass the arguments in Section 34. Thus the proof of Theorem 8 is
actually a rather straightforward generalization of the proof of Theorem 4.
We omit the details.
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Appendix - Computation in Finite Precision

37. Representing Real Numbers in the Computer

Our algorithms deal with real numbers. We need to store and retrieve real
numbers from the computer memory; we add, subtract, multiply, divide and
compare real numbers, and also, when computing the Caldéron-Zygmund
cubes, we make use of the operations of logarithm, powers of two and round-
ing to the nearest integer.

As we are aiming at a rigorous, asymptotic analysis of our algorithms,
we need to specify the precise abstract model of computation underlying the
discussion. When we work with non-discrete objects, such as real numbers,
selecting a computational model is not an obvious task.

A naive approach, would be to consider a standard von Neumann com-
puter, able to work with exact real numbers and perform all the above
operations exactly, in infinite precision. It was brought to our attention
that this model of computation, and in particular the unrestricted use of
the “round to nearest integer” operation, leads to some suspiciously efficient
algorithms. For example, it was shown in [28] (see also [23]) that in this
model of computation there exists a polynomial-time algorithm, that solves
a problem for which there is no known sub-exponential algorithm in the
standard, discrete, models of computation.

Thus, some caution is needed when analyzing the performance of algo-
rithms involving real numbers. In [19] we have described a simpler algorithm,
and we have selected there a model of computation able to work with exact
real numbers. In that model of computation, an operation is one of the
following.

(1)  An exact addition, subtraction, multiplication or division of real num-
bers.

(2) A comparison of two real numbers x and y, i.e. the decision as to
whether x > y,x =y or x < y.

(3) Reading or writing of a real number from a specified memory cell.

This model of computation, referred to as real RAM (RAM stands for Ran-
dom Access Machine), is quite standard, see e.g.[27, Section 1.4]. It is also
common to strengthen this model, by allowing exponents, logarithms and
trigonometric functions (again see [27, Section 1.4]). We refer the reader e.g.
to [24] for a critical discussion of this model. Unfortunately, this widely ac-
cepted model of computation does not suit the algorithms in this manuscript;
we are currently unaware of an efficient computational approach to the space
tilings CZ(A), that avoids the use of “rounding to the nearest integer”.
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There are several other reasonable models of computation, that are more
appropriate for the analysis of our algorithms. We chose to use a finite-
precision computer, in which a real number is represented, to some accuracy,
using registers of S bits. It takes the computer one unit of time to perform
simple manipulations on one or two registers. In particular, we may add,
subtract, multiply, divide, round and compare S-bit registers, within one unit
of time. Since our registers are finite, these operations cannot be performed
with perfect precision. We suppose, as in [25, Section 4.2.2], that these
operations are as accurate as possible. We will assume explicit bounds for the
error that may be caused by each operation. The list of allowed operations,
and the assumptions we make on each of them, appear in the following
section. In Sections 39-57 we provide a detailed analysis of the performance
and accuracy of our algorithms, in the S-bit-precision model of computation.

We have elected the finite-precision model of computation, since it seems
to the authors close in spirit to our understanding of real-life digital com-
puters. We would like to emphasize that the model of computation we chose
is in no sense canonical. It is also possible to analyze our algorithms using
other models. For instance, we could have considered a real RAM, with
the addition of “rounding” and “powers of two” operations in a bounded
domain; in this model all of the computations are exact, but we are allowed,
for instance, to round real numbers to the nearest integer only if they lie in
the interval [0, S], for some given number S.

Our main goal in the analysis below is to verify that our algorithms are
honest and make sense, and that we avoid the subtle problems related to
computation with real numbers mentioned above. We confine attention to
the main algorithm presented in this manuscript, i.e., the one which appears
in the formulation of Theorem 2 or Theorem 4.

This discussion, of course, is of purely theoretical nature. It would be
interesting to examine whether our algorithms, or at least some of the ideas
in them, may be also of some practical use. Needless to say, all algorithms in
this manuscript are well suited for implementation in any standard computer
language, such as FORTRAN, PASCAL or C. A thorough study of an optimized
implementation is beyond the scope of this article.

38. The Model of Computation

For an integer S > 1, we work with “machine numbers” of the form k - 25,
with k an integer and [k| < 2+25. Our model of computation is an idealized
von Neumann computer [34], able to handle machine numbers. We also
make the following assumptions:

e Two machine numbers x and y satisfying |x| < 2% and |y| < 2% with
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£,¢>0and {4+ < S can be “multiplied” to produce a machine number
X ® y satisfying [x @ y — xy| < 275,

We suppose it takes one unit of “work” to compute x ® y.

We assume that 0 @ x =x®0=0and that x® 1 =1®x = x.

We eaisume that if [x| < 2% and |[y| < 2Y, for £, ¢ integers, then |x ® yl
<24,

If x is any machine number other than zero, then we suppose we can pro-
duce a machine number “1/x” in one unit of “work”, such that [“1/x” —

1/x] <275,
We assume that “1/x” =1 when x = 1.
We assume that if [x| > 2%, for an integer {, then |“1/x”| < 274

Two machine numbers x and y satisfying |x| < { and |y| < ¢ for integers
¢ and ¢ such that £ + £ < 25 may be added to produce their exact sum
X + Yy, which is again a machine number.

We assume it takes one unit of “work” to compute x +y.

If x is any machine number, then —x is again a machine number.

We assume it takes one unit of “work” to compute —x.

If x and y are machine numbers, then we can decide whether x < v,
y<Xx,orx=uy.

We assume this takes one unit of “work”.

If x is a machine number other than zero, then we can compute the
greatest integer { such that 2¢ < |x]|.

We assume this takes one unit of “work”.

If x is a machine number and £ is an integer with |{| < S, then we can
compute the greatest integer < 2%. (If this integer lies outside [—25, +-25],
then we produce an error message, and abort our computation.)

We assume this takes one unit of “work”.
We assume we can add, subtract, multiply and divide integers of absolute

value < 2%, in one unit of “work”.

If we compute x/y in integer arithmetic, for integers x,y (y # 0) of
absolute value at most 2%, then we obtain the greatest integer < the
real number x/y. If our desired answer lies outside [—25, 4+25], then we
produce an error message and abort our computation.

Given integers x,y of absolute value < 25, we can decide whether x < vy,
Yy<Xx,orx=1y.

We assume this takes one unit of “work”.
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e If { is an integer, with || < S, then we can compute exactly the machine
number 2¢. We assume this takes one unit of “work”.

e We assume we can read or write a machine number from /to the RAM
with one unit of “work”.

e We assume we can store the address of any memory cell in a single S-bit
word.

Under these assumptions, we say that we work with “S-bit machine num-
bers” (though the actual implementation of those machine numbers seems
to require at least 25+2 bits.) Note that it is possible to simulate arithmetic
of tS-bit machine numbers, using a computer working with S-bit machine
numbers. The amount of “work” for each elementary operation is a constant
depending only on t. Consequently, we are only interested in the order of
magnitude of S.

We will show that when our algorithms receive their input as Sp-bit
machine numbers, and if S > CS,, for a constant C depending only on m
and n, then the output produced by our algorithm is accurate to within Sy
bits. We will verify that the work and storage required are as promised,
CNlogN for the one-time work and ClogN for the query time, with CN
storage, for C being a constant depending only on m and n. Since we are
really interested only in the order of magnitude of S, this implies that we
can eventually take S = S,.

In Sections 39,...,57 we assume the above model of computation.

Throughout those sections, S will always denote the precision of our
model of computation, as was just described.

39. Data Structures

Let D > 1 be given. We will work with ALPs in RP.
Let S be a positive integer, and let Y > 1. We define an “S-bit FALP
with constant Y” to be an ALP

(DS1) A= [(M);gj@%, (be)i<e<t, (00)1<ecr, My]
in RP, with the following properties.

(DS2) L>1.
(DS3) 2 °< o0y <2%foreach £ (1 <{<L).
(DS4) 275 <M, <25

(DS5)

DS5) |bgl < 2% for each £ (1 < ¢ < L).
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(DS6) Ayl <25 for each £,j (1 <L <L,1<j<D).
<

(DST7)  Suppose we are given Ay (1 <€ <L, 1<
such that for all £,j we have

D)and b} (1 <€ <L),

Ny — Ayl < 27% and [bl— by <275,
Then the ALP A is Y-equivalent to the ALP
A= [(N) 1<

<t (b 1<ecr, (00 1<e<t, My .
155<D

(Recall that two ALPs A, A’ are C-equivalent, if the blobs to which they
give rise are C-equivalent.)

“FALP” stands for “Fault-tolerant ALP”. If also each Ay, by, 0p and M,
in (DS1) is a machine number, then we say that A is an “S-bit MALP with
constant Y.

40. Remarks on FALPs and MALPs

Lemma 1. Let

A= [(}\IZ]’)]‘ , (be)1<e<t, (0¢)1<e<r, M]

<e<
<<

o
be an S-bit FALP with constant Y. Let
-A/ - [(}\/E]) 1<t<L, (b/e)1§€§1_> (0—%)1§€§L> M;]»

1<55<D

with sz — Agl, 105 —bol, [0 — off, IM, — M, | < 275D Then A’ is an
(S + 1)-bit FALP with constant 4Y?. Moreover, A’ is 2Y -equivalent to A.

Proof. Let A" = [(A}), (bY), (07), M.], with [Af; — A, by —bj| < 2751,
We will show that A” is 4Y?-equivalent to A’. To see this, note that IAG—Ag,
|b{ — byl <275, Hence, by (DS7), the ALPs

A" = [(A\G), (), (00), M] - and A’ = [(Ny), (by), (o¢), ML]

are both Y-equivalent to A; hence they are Y?-equivalent to each other.
Since also % < oy/0¢ < 2 and % < ML/M, < 2, we know that A’ is
2-equivalent to A’, and similarly A” is 2-equivalent to A”. Consequently, A’
and A" are 4Y%equivalent, which proves (DS7) for A’, with 4Y% and S + 1
in place of Y and S. Properties (DS2,...,DS6) hold trivially for A’, with S+1
in place of S. Therefore, A’ is an (S+ 1)-bit FALP with constant 4Y?2. Also,
since A’ is Y-equivalent to A, and since A’ is 2-equivalent to A’, it follows

that A is 2Y-equivalent to A’. [ |
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As a special case of the above, let
A = [(Ag), (be), (0¢), M,]

be an S-bit FALP, with constant Y.
Define
A" = [(Ny), (be), (o), M,]

by setting

Ay = Ag if gl > 276+
Ay = 0if Ag| < 276+,

Then A’ is an (S + 1)-bit FALP with constant 4Y?, and, moreover, A and
A’ are 2Y-equivalent.

Passing from A to A’, we can ensure that any non-zero sz will have
absolute value at least 275+,

We give the name “Rounding Down” to the process of passing from A
to A’ as above.

If A is an S-bit MALP with constant ¥ and length L in RP, then we
can “round A down” in our model of computation, with work at most CDL,
where C is a universal constant. (Of course, when S > S, rounding down of
an S-bit MALP requires no computer operations at all; in this case, A = A’.)

Lemma 2. Suppose

A= [(Nj); i<t (be)i<ect, (O0)1<e<t, M.

<e<t
<j<p
is an S-bit FALP with constant Y. Then the matriz (Ay) has rank D.
(In particular, L > D.)

Proof. Suppose not. Then there exists v° € RP withv0 = (v9,...,v%) # 0,
yet Z}\g]-v? = 0 for each {. Fix j, with v?o # 0, and fix M > M,, with

j
Mo, > |b,| for each {. (Recall that o, # 0 since A is an S-bit FALP. Hence,

we can find such an M.)

Set
A" = (g +2_S5e15jj0)]1§;<% , (bo)i<e<t, (00)1<e<r, ML,

where 0 is the Kronecker delta. Since A is an S-bit FALP, the ALPs A, A’
must be Y-equivalent. In particular, for our M, we have Kpm(A) € Kym(A').
On the other hand, for any T € R, we have TW® € Ky (A), since for each £

we know that
> AT —by| = [by < Moy
j
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Hence, TV® € Kym(A’) for any T € R. In particular,

> My +27%855,) WY —by| < TMoy

j

for all T € R. That is, |(2*SVJQO) -T—"b4] < YMo; for all T € R. That’s
absurd, since S, v?o, by, M, 07, ¥ are independent of T, and v?o # 0. The
proof is complete. |

Lemma 3. Let S > 1 be an integer, and let

A = [(}\IZ]’)}%’;B y (be)i<i<p, (0¢)1<e<p, M,

be an ALP of length D in RP, satisfying the following:
(a) All numbers [Ag|, |bel, o, M, are < 25;
(b) All numbers oo, M, are > 25;
(c) Idet(Ag)| > 275,

Then A is an S'-bit FALP with constant Y, where S’ = CS, ¥ =2, and C
depends only on D.

Proof. Let C, C’, etc. denote constants depending only on D.
Let A" = [(}\e]’—f—}le]’), (be+ f)g), (O'g) , M.,] with |p'€j| , H.))g| < €, and with € > 0
to be picked below.

We will show that the ALPs A and A" are 2-equivalent. To see this, let
M > M.,. Then

Km(A) = {v=(v1,...,vp) € R":

< MGngl"Ez],...,D}

Z}\e]’\)j—bg

)

and

Km(fl/) = {V: (V],...,VD) e RP:

‘ {;7\@5"1 - bE} + {;H&'Vi - Be}

< Moy forﬂz],...,D}.

We have | E Hev; — Bl < Ce(1 4 |v]) for any v € RP. Suppose v €
j
Km(A). Then|§ Agvsl < [bgl + Moy < 25(1+M) < C-2%M for each £,
j

thanks to our assumptions on by, oy, M,.
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Since [Ag| < 2% and |det(Ag)| > 275, it follows that
|V| < C- ZCS M )

hence

> v~ B < Ce(14v) < 27°M < Mo
)

provided we take € < 27 for large enough C. (Here again we use our
assumptions on the size of M., o0,.) Thus,

)Z]}\e]'\)j — be Zj}lgj\)j — Bg’ < MO'e for each (3,

and consequently v € Kopm(A'). Hence, v € Kyp(A) implies v € Kop(A').

)

Conversely, suppose v € Kpm(A'). Then
> Mvi
j

for each {. Since also [Ag| < 2% and |det(Ag)| > 275, it follows that

v < C2%° . [1 4+ Ce(1+ )+ Mo < C2% . [1+epv| + Moyl .

< o+ [1Be+ 3 ol o] + Moy < 25+ Ce(1-+ ) + Mor
j

Taking € < 2-C"S, we can absorb the €[v| on the far right into the left-hand
side. Hence, [v| < C-2%5. M. This in turn yields

IBel + Z’H€j||\’j| < C2°eM < 27°M < Moy,

)

provided we take e < 27¢"S for a large enough C”. (Here again, we use our
hypothesis on the size of M, and o,.) Now we know that

‘ (ZM]'V;' - be) + <ZH€jVj - Be)
j j
Zue]-v]- — Be
j

< Moy, and

< B+ ) Inglvsl < Moy,

)

for all £. Hence,
‘ E ~7\({]"\/‘]'—b({) S ZM(T@,
j

ie., v € Kom(A). Thus, v e Kp(A') implies v € Kopm(A).
We have shown that A and A’ are 2-equivalent, provided e = 275 for
a large enough integer constant C, depending only on D.

This means that A satisfies (DS7), with C - S in place of S, and with
Y = 2. Also, we see that A satisfies (DS2...6), with C-S in place of S. Thus,
Ais a C-S bit FALP, with Y = 2. The proof is complete. [ |
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As an example of the previous result, let So > 1 be an integer, and
assume that

(*) So Z C and g Z CS(),

where C is a large enough constant depending only on D. Let & be a machine
number with 275 < § < 2*5 and let B be the ALP in RP given by:

(a) Ay = dy (Kronecker delta) for £,j =1,...,D;
(b) be=0forl=1,...,D;

(c) o¢:= “0™” for{ =1,...,D, where my is an integer, and 0 < m, < D
for each £;

d) M, =2"%.

In (c), we attempt to compute d™ using our model of computation, so o,
will equal 6™ plus a roundoff error. The roundoff error will be smaller
than 38™ because of (*).

Then the ALP Bjs is a CSo-bit MALP with constant 2, where C depends
only on D. This follows at once from Lemma 3. The computation of the
MALP B; requires C work, with C depending only on D.

Lemma 4. Let A be an S-bit FALP with constant Y in RP. Let M > 0.
Suppose u,v € RP, with v € Km(A) and [u| < 2725/D.
Thenv+u € KYM(.A)

Proof. Let u= (uy,...,up),v=(vi,...,vp), A = [(Ag), (be), (o¢), M.].
By hypothesis, we have Ay < 2° and Ju;| < %, and therefore, setting

D
b/e = bg + Z]_:17\g]-u]-,

we obtain |bj — bg| < 275 for each {. Since A is an S-bit FALP with con-
stant Y, it follows that A and A’ are Y-equivalent, where A" = [(Ay), (1Y),
(00), M.].

Since v € Km(A), we know that M > M., and |Zj>\ejvj — by < Moy,

for each ¢£.
Since
Zl)\ﬁ (v; + ) — by = ijejvj — by,
it follows that ijAﬁ (v; + ;) — by < Moy for each €, with M > M,, ie.,

v+u € Kpm(A'). Recalling that A" and A are Y-equivalent, we conclude
that v+ u € Kym(A). |
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41. Elementary Row Operations on FALPs

Permuting rows. Suppose A is an S-bit FALP with constant Y, and let 7t be
a permutation of the rows of A.
Then A™ is again an S-bit FALP with constant Y. Moreover, A™ is

l-equivalent to A (i.e., they give rise to the same blob).

Stripping away zeros. Suppose
A= [(}\EJ)

, (be)1<e<t, (00)1<e<r, ML

is an S-bit MALP with constant Y, and suppose Ay = 0 whenever L < { < L,
1 <j<D. Then

jl [(7\81) 1<e<C (b€)1<€<L) (G€)1<€<L» M.,]

1<j<D

is the ALP arising from A by “stripping away zeros”, where
M., = max{M.,, max{|b|/o¢: L <€ <L}
(Recall that all o, are non-zero.)

Trivially, A is a 2S-bit FALP with constant Y, because [bel/o¢ < 225,
and hence M, < 225. The ALPs A and A are 1-equivalent. We make here
the assumption that

(0) S>100and S > 1008.

Thus, in our model of computation, we can compute M., only up to a round-
off error of absolute value < 275 < 27195 Our attempt to compute A with
imperfect arithmetic yields

A = (7\61)]131% , (00 1<e<t» (00) <0<, M.,
<<

with . .

M, — M, | < 27795,

By Lemma 1 in Section 40, we see that A’ is a (28 + 1)-bit MALP with
constant 4Y?2. Also, obviously, A’ is 2-equivalent to A. Consequently;,

(a) A’ and A are 2-equivalent

(b) A’ can be computed from A in our model of computation; the work is
< CDL, with C a universal constant

(c) A’ is a (2S + 1)-bit MALP with constant 4Y2.

Thus, we can “strip away zeros” in our model of computation.
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Addition of rows. Let

A = [(Ag)r=est , (be)r<e<t, (o) 1<e<r , My
155<D
be an S-bit MALP with constant Y. Assume that
(1) S > 1000 and S > 10008S.

Suppose we are given an integer £o (1 < {y < L) and machine numbers 3,
(L=1,...,L), satisfying:

(2) B =0;

(3)  |Bel < 225 for all £; and
(4)  IBel o < 20y for all L.
Let

A= [N+ [387\60]')]‘%‘3 , (be+ Bebey)1<e<t, (00)1<e<r, ML,

<L
<D

and let A’ be the ALP arising from attempting to compute A in our model
of computation.
Thus,

j{, = [(7\6] + BE)\eoj + €€]') y (bg + Beb% + 62) y (O-E) )M*} y

where the €’s are round-off errors; we have |y, €, < 25 < 2_1035,
All entries of A’ are machine numbers. Note that A and A are 3-equiv-
alent. In fact, suppose v € Kpm(A). Then M > M,; and we have

‘Z,ij]- — bg‘ < Mo, for each ¢,
j
and therefore

' {Z Agv; — bE} + Be {ZNOW;‘ — beo]

by assumption (4). Hence, v € Kspm(A). Since B¢, = 0, we can also write

Ay = 5\21' — P 5\201', by = bi— [360620 ’

< Mo + M|B¢og, < 3Moy

where 5\5 and b ¢ denote the entries of A. Hence the same argument as above
shows that }
v € Km(A) implies v € Kzpm(A) .
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Thus, A and A are 3-equivalent, as claimed. We will check that Ais a
100S-bit FALP, with constant 9Y. To see this, we first recall the definition:

A = [(Ag), (be), (o), M,]
with 3 .
Ay = Ay + BeAgj, be = by + Peby, .
Since [Ag| < 25 for all €, j, and also [be| < 25 for all £, and since |B,| < 275,

we find that ) )
Agl, [bel <25+ 225 .25 < 23541

Also, M, and oy > 275 > 270351 In addition, f:L has length L > 1, since
the same is true of A. Now suppose we compare A with

A# - [(5\8] + ee;) y (Bg+ eg) y (O-E) )M*] )

with [0, (8] < 2771995,
We know by our previous argument applied to A, that A# is 3-equiv-
alent to

A* = [+ 0y — BelAegj + Ooil) , (e + 8¢ — Belbe, + 0¢,1), (00) , ML
=[(Ag + {0 — BeByil), (be + {8 — BeO¢, ), (0¢), M,],

and the quantities in curly brackets are less than 275,
Since A is an S-bit MALP with constant Y, it follows that A# is Y-equiv-
alent to A, which in turn is 3-equivalent to A.

So:  A* is 3-equivalent to A#;
A? is Y-equivalent to A; and
A is 3-equivalent to A .

Thus, A is 9Y-equivalent to A#, which proves (DS7) for A, with 97 and
100S in place of ¥ and S.
It follows that A is a 100S-bit FALP with constant 9.

Now, comparing A to A’, and invoking Lemma 1 from Section 40, we
see that A’ is a 101S-bit MALP, with constant 4 - (9Y)2; and that A’ is
2 - (97)-equivalent to jl, which is 3-equivalent to A. Summarizing, we have
the following results:

(A) A" is computable with work < CDL in our model of computation,
where C is a universal constant.

(B) A’ and A are 200Y-equivalent.
(C) A’ is a 101S-bit MALP with constant 103Y2.

Thus, we may perform “addition of rows” in our model of computation.
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42. Echelon Form

(O) Let A = [(}\e])]l

st (be)1<e<t, (0)1<e<r , My]

INIA

be an S-bit FALP with constant Y. Suppose we are given L with 0 < L < D.
(Recall that L > D for a FALP.) )
We say that A is “in echelon form through row L” if the following hold.

(EF1) Ayl > 2 Sforall ¢ < L.
(EF2) Ay=0for <L, 1<j<l.
(EF3) Ay=0forl>L11<j<L

(Note that our definition of Echelon form for FALPs is slightly different from
the one we used for ALPs; the pivots are no longer flexible. In this entire
Appendix, we work only with the FALPs definition.)

If A is in echelon form through row L= length (A), then we say it is in
“echelon form”.

Note that any S-bit FALP A is in echelon form through row zero, since
(EF1, 2, 3) then hold vacuously.

Note also that any S-bit FALP A in echelon form through row L satisfies
D > L. Hence, any S-bit FALP A in echelon form satisfies D > L. Since we
noted that L > D for any FALP, it follows that length (A) =L = D for an
S-bit FALP in echelon form.

Lemma 1. Let A asin (0) be an S-bit MALP with constant Y, in echelon
form through row L. Assume that

(1) S >1000 and S > 1000S.
Then there exist S',Y’, and an ALP

(2) A" = [(Ay) st (bplicest, (09)1<ec, MY,

1<55<D

with the following properties:

(3)  A'is an S'-bit MALP with constant Y.

(4)  S" = CS where C is a universal constant.

(5) Y’ is determined by Y.

(6)  Either L=D or A’ is in echelon form through row L+ 1.

(7) A and A" are Y'-equivalent.

(8)  In our model of computation, A" can be computed from A with work

< CoDL, for a universal constant Co.
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Proof. First, we “round down”. Thus, without loss of generality, we may
suppose

(9) Ayl > 275 whenever Ay # 0.

If L = D, then we may simply take A’ = A, and properties (3), ..., (8) hold
trivially.

Suppose L # D. Then in fact L < D. Since A is an S-bit FALP, we know that
the matrix (Ay) has rank D. If we had A, 4 = 0 for all £ > L, then thanks
to (EF2,3), any D x D submatrix of (Ay) would have determinant zero, as
we see by expanding by minors using successively columns 1,2,...,L + 1.
Consequently, Ayt ,q # 0 for some £ > L+1. For all { > L+1 with Ap¢,; #0,
we compute

(10)  o¢/IA¢ il (with a roundoff error),

and pick {, yielding the minimum computed ratio. Note that 275 < o, <
215 and 275 < |Ag7 4] < 275 here, thanks to (9) and to (DS3), (DS6) from
Section 39.

According to (1), the quotients (10) are computed to within a small
percentage error. Hence, the £y chosen by our computer will satisfy

(11)

Mo ) oy, < 1.01 0 for all L.

7\130,1_+1

By permuting rows, we may assume without loss of generality that £y = L+1.
In particular, Af 41,7 # 0, so that (9) yields

(12) Mgl =275

We now define By =0for { < L+1, and B¢ = —Apz,1/A, 141 (as computed)
for £ > L+ 1. Note that 3, is computed to within a small percentage error
by our computer, since either Ay ; = 0 or else numerator and denominator
have absolute values between 275 and 25, where 1000S < S. Therefore, (11)
implies

(13)  |Belog, < 20y for each £, and we have [B,| < 2%5.

(Recall that by our assumptions from Section 38, |x| < 2%yl < 2Y =
x®yl <2 and x| >27¢ = |“1/x7| <2Y)
Also,

(14)  Agzy1 + BeAg 141, as computed by our computer, will have absolute

value at most 21905 .25,
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We now perform “addition of rows” on A, using the coefficients (1 < <L),
as explained in Section 41. This is allowed, thanks to (13) and to (1). We
obtain an ALP A’ satisfying (2) ,..., (5), as well as (7), (8). Moreover,
A’ is a 101S-bit MALP, with constant 103Y that is 200Y-equivalent to A.
Regarding (6), we would be happy if A" were in echelon form through row
L 4+ 1. Unfortunately, that isn’t true, because of roundoff errors. More
precisely, we have

Nyl >275 for€=1,...,L+1,
'e]-:O forj<f < L41
7\2].:0 forji < Land £ >L4+1

but merely

Nop,l < 210052 S for (> L +1.

To achieve (6), we “round down” our MALP A’, regarding it as a 101S-bit
MALP, so that any Ay with [Aj| < 271025 ig redefined to be zero. We obtain
from A’ the 102S-bit MALP

A" = [(}\/e/])) (bg)v (O—QZ/)v M:])
with the following properties:
NG > 2719 forall¢=1,...,L+1,

(15) Ay = Oforj<€ < L+1
ANy = Oforj<L+4Tlandl>L+]1

Here, A” is a 102S-bit MALP with constant Y determined by Y. More-
over, A” is 2000Y-equivalent to A’, which is 200Y-equivalent to A. Thus,
enlarging Y, we find that

(16) A" is Y"-equivalent to A,

and that

(17) A" is a 102S-bit MALP with constant Y, where
(18) Y"is determined by Y.

In view of (15),...,(18) and the definition of Echelon form through row L+1,
we see that conclusions (2),...,(7) all hold for A”. Moreover, reviewing how
we obtained A” from A, we see easily that (8) holds as well. The proof of
the lemma is complete. |
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Repeatedly applying Lemma 1, then stripping away zeros, as for ALPs,
we obtain the following result.

Lemma 2. Let A be an S-bit MALP with constant Y, of length L in RP.
Assume that

(a) S > C and S > CS where C is a constant depending only on D.

Then there exist S',Y', and an S’-bit MALP A’ with constant Y, satisfying
the following conditions:

¢) Y is determined by Y and D.

(
d
(

(b) S’ =CS, where C is an integer constant depending only on D.
(

A and A’ are Y'-equivalent.

)
)

(e) As an S'-bit MALP, A’ is in echelon form.
)

f) In our model of computation, A" can be computed from A, with work
at most CD?L, where C is a universal constant.

Note that we need to apply Lemma 1 at most D times, in order to prove
Lemma 2. Thus, Lemma 2 holds provided we take C > 10°CP, where C is
the constant from (4).

43. Applications of Echelon Form

In this section, we will make use of a certain constant Cij, depending only
on the dimension D. We make the assumption that

(*) C} is a large enough constant determined by D.

Rather than specifying the value of C{5 here, we will assume several lower
bounds for C{5 in this section. Those lower bounds will always be by quan-
tities that depend solely on D. Eventually, we take C3 to be a constant
determined by D that satisfies those constraints.

Algorithm MALP1: Given an S-bit MALP A in RP with constant Y such
that S > C and S > C5S, we produce an S'-bit MALP A’ in RP with
constant Y', in echelon form, and Y'-equivalent to A. Here, S' = CpS for a
constant Cp depending only on D; and Y’ depends only on Y and D.

Explanation: This is the content of Lemma 2 in the preceding section. (We

assume that C35 > C from Lemma 2.) The work of the algorithm is at most
Cp- length (A), with Cp depending only on D.
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Algorithm MALP2:  Given an S-bit MALP A in RP with constant Y such

that S > C3 and S > C5S, we compute a number M such that CY D M <
onset (A) < Cyp m, where cyp and Cyp depend only on Y and D.

Explanation: We place A into echelon form using algorithm MALP1, then
take M to be the threshold of the MALP A’ in echelon form. This works,
since A’ and A are Y'-equivalent, and since the onset of a FALP in echelon
form is equal to its threshold. The work of the algorithm is at most Cp-
length (A), where Cp depends only on the dimension D.

Algorithm MALP3: Let m : RP — RP be the projection onto the last D
coordinates. Given an S-bit MALP A in RP with constant Y such that S >

C and S > C¥S, we produce an S"-bit MALP A" in RP with constant Y,
with the following properties:

o K(A") is Cy p-equivalent to mK(A), where Cy p depends only on Y, D.
e S = CpS, where Cp depends only on D.

Y depends only on Y and D.

length (A") = D.

Explanation: Using Algorithm MALP1, we find an S’-bit MALP A’ in RP,
with constant Y’, satisfying the conditions given in Algorithm MALP1. Set

A = [Ny szesy  (Bzesn, (0P1zesn, ML -

1<5<D

(Recall that a MALP in echelon form must have length exactly D.) Then

A" = |:(}\/€j)D@+‘<e<D ) (b;z)D—DnggD » (U%)D—DHSESD» M;]
D-D+1<i<D

satisfies

K(A") = nK(A'),
as we see by “backsolving” for vp_p, Vb_p_1, ... , V1 to obtain (vq,...,vp) €
Km(A') from any given (vp_pyq,...,vp) € Km(A”). (Here, we use the

triangular form of (A};) given by (EF1,2) from Section 42. See the corre-
sponding argument in Section 5.)

Consequently, K(A") is Cy p-equivalent to K (A). Also, length (A”)=D.
It remains to check that A” is an S”-bit MALP with constant Y”, as in the
statement of the algorithm. To see this, we note that, since A’ is an S’-bit
MALP in echelon form, we have

S/
|}\/€j’) |b1{|> |O—/€|> M; S 2 )
_g

op, M, > 2
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and

D-D+1<j<D

det <(7\€])D D+l<E<D)' > Z_Ds/)

thanks to the triangular form of (A};) and the estimates
Nyl > 275

The above estimates, together with Lemma 3 in Section 40, show that A"
is an S”-bit MALP with constant Y’ = 2, as claimed. Thus, A” does what
we claimed it would do.

The work of the algorithm is at most Cp- length (A), since we read off
A" from A’, which is produced from A by Algorithm MALP1.

Algorithm MALP4: Let S > 1 be an integer such that S > C{5 and S > Cg5S.
Let T : RP — RP be a linear map with || T ||, || T7' ||< 25, where || - ||
stands, say, for the Hilbert-Schmidt norm. Suppose that “ T7 is a given
matriz of machine numbers, whose elements differ from the corresponding
elements in T by at most 275/2.

Let A be an S-bit MALP in RP with constant Y. Then we produce an
S’-bit MALP A’ in RP with constant Y', such that K(A') is Y -equivalent
to TK(A). Here, 8" = CS with Cy depending only on D, and Y’ depends
only on Y and D. Also, length (A’) = length (A).

Explanation: We write Cp, Cp, etc. to denote constants depending only
on D. Denote by “T~"” the result of our attempt to compute T~" in our
model of computation (starting from the matrix “T”). Thus, the elements
of “T~1 differ from the corresponding elements of T~' by roundoff errors
that are at most Cp2°PS - 2-5/2 in absolute value. Let T~' be given by the

matrix (TU) 1<1,<D Then if
<<

A = [(Ag), (be), (00),M,],

and if we could do arithmetic without roundoff errors, then we would set

= |:(Z AEiTij) )(bﬂ) ) (O—E) ) M*:| )

and we would have KX(A') = TK(A). We examine the effect of roundoff
errors. Since [Ag| < 25 |yl < 25, it follows that the roundoff error in

computing Z)\ﬁ Ty is at most Cp - 2°PS . 275/2 in absolute value. (See
1
Section 38.) So, in trying to compute A’, we produce

.A// = |:(Z)\€1T1]+€€)) ) b ) ) ( ) M*:| s with |€€j| S C/D ,ZCDS zfg/z‘
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Let us examine also

(*2) A" = [(ZA61T15+68j+€,elj,> , (bet87), (00), M|, with [ef], [87'] < 273

Assume, as we may, that C3 is larger than 10(Cp + Cp), and recall that
S > Cg and S > C&S. Under our assumptions on S and S, we have
e+ €f| < legl + lef| < 21735, Then,

K(A") = TK(A) and K(A") = TK(A"),
where A and A* are ALPs of the form
A =1[Ag+7g), (be), (o), M*] ;
A*=[(Ag + ), (be+87), (00),M,]
with
gl < Cp2° - 2752, | < Ch - 277, |8y <27,

(We used the fact that || T [|< 25.) Assume, as we may, that C is larger
than, say, 100(C{, + Cp). Since A is an S-bit MALP with constant Y,

(*3) Tt follows that A and A* are both Y-equivalent to A; hence, they are
Y2-equivalent to each other.

(*4)  Consequently, A” and A" are Y2-equivalent (to each other).
Moreover, we have

(*5) 25<0,<2and 275 <M, <275 [b <275

since A is an S-bit MALP. We have also

(*6)  [D_AutTy + ey

Thus, (*1) and (*2) imply (*4); and we have (*5) and (*6). Comparing these
results with the definition of an S-bit FALP, we see that A” is a CpS-bit
FALP with constant Y2. Since A” arises from a machine computation, its
entries are machine numbers. Thus,

(*7) A" is a CpS-bit MALP with constant Y?2.
On the other hand, from (*3), we see that
(*8) K(A") is Y-equivalent to TK(A).

Since also length (A”) = length (A), we obtain the conclusions asserted in
Algorithm MALP4, with Y/ = Y2, S’ = CpS. The work of the algorithm is
at most Cp- length (A).

< D225_|_ C/D . 2CD527§/2 < 2ChS
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Algorithm MALP5: Let D = Dy + D,. Given A" an S-bit MALP in RP:
with constant Y such that S > C&% and S > C5S, fori = 1,2; we produce
an §'-bit MALP A with constant Y in RP" +D2, with length (A) D+ Dy,
such that K(A) is Y -equivalent to K(A') x K(A2). Here, S’ = Cp, p,S with
Cp, b, depending only on Dy and D; and Y’ depends only on Y, Dy, Ds.

Explanation: We write C,C’,... for constants depending only on Dy, Dy;
and we write Y, V", to denote constants depending only on Y, D1, D,. Using
Algorithm MALP1, we first place A" in echelon form in RP:. Let A! be an
S$’-bit MALP in echelon form in RP:, with constant Y, and with A' being
Y'-equivalent to A' (S’ = CS). It is enough to carry out Algorithm MALP5
with A' replaced by fy. In an obvious way, we produce an ALP A in
RP1+P2 guch that K(A) = K(A") x K(A?). We must show that A is an
S”-bit MALP with constant Y. (Here, S” = C'S.) To see this, we first
note that A satisfies (DS2 ..., 6) in the definition of FALPs, with S replaced
by S’, simply because A1 Az are S’-bit MALPs. Also, the entries of A are
machine numbers, since A1, A? are MALPs. It remains to show that (DS7)
holds for suitable S”, Y. To see this, we use the fact that A' A? are in
echelon form. In particular, we have

ii i i ~i i .
At = [( Ej)]SESD , (b)i<e<py, (0p)1<e<p, , M| fori=1,2
1<j<D

with

0 7\1131 Dy
where the diagonal entries Al, have absolute value at least 25",
For the “direct sum”

A = [(Ag), (be), (&60),M.],

the matrix (5\@-) has the form

3 i
(Ay) = ((/)\ 9\2) :

Hence, !det(M])I = |det A'| - | det A > 27(P1+D2)S" \We know that [Agl,
Ibel, 5¢, M, < 2% and that &, M, > 275

It now follows from Lemma 3 in Sectlon 40 that A is a CS'-bit FALP
with constant 2. Hence, our A has all the properties asserted in Algo-
rithm MALP5. (Clearly, length (A) = D1+D;.) The work of the algorithm is
at most C -(length(A')+ length(A?)), with C depending only on D and D,.
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Algorithm MALP6: Given two S-bit MALPs A, B in RP with constant Y
such that S > C& and S > (C%)2S, we compute an S'-bit MALP € in
RP with constant Y', such that length(C) = D, and K(€) is Y'-equivalent
to XK(A) + K(B). Here, S" = CS with C depending only on D; and Y’ is
determined by Y and D.

Explanation:  Write C,C’, etc. for constants depending only on D; and
Y, Y" ... for constants depending only on Y, D. Using Algorithm MALPS5,
we produce a CS-bit MALP €+ in R?P, with constant Y’, such that

(t1)  XK(€*) is Y'-equivalent to K(A) x K(B).
Next, let T: RP @ RP — RP @ RP be defined by
(12)  Tv,w) = (v,v+w).

Recall that €t is a CS-bit MALP with constant Y. Then S > Cs - CS
and CS > CJ under the legitimate assumption that C3 > C. Using Algo-
rithm MALP4, we produce a C’S-bit MALP C** in R?P with constant Y,
such that

(t3)  K(C**) is Y-equivalent to T(K(CH)).

Finally, let 7t : RP@RP — RP be the projection (v, w) + w. Since C5 > C/,
then S > C% - C’'S, and we may apply Algorithm MALP3 for C*+. Using
Algorithm MALP3, we produce a C”S-bit MALP € in RP, with constant Y,
such that

(t4)  XK(€) is Y"-equivalent to X (CT).

Then (t1),..., (T4) show that K(C€) is Y""-equivalent to K(A) + K(B).
Also, length (€) = D, since € arises by applying Algorithm MALP3.
Thus, € has the desired properties.
The work of the algorithm is at most Cp- (length(A) + length (B)),
where Cp depends only on D.

Not all of our ALP algorithms go over to MALPs. In particular, if A is
an S-bit MALP with constant ¥ in RP, and if T : R” — RP is the injection
(vi,...,vp) = (v1,...,vp,0,...,0), with D > D, then TKX(A) has the form

K(A*) with the matrix (Ag) of the ALP A* having rank < D; consequently,
by Lemma 2 from Section 40, A" is not an S’-bit MALP for any S'.

Algorithm MALP7: Suppose we are given S-bit MALPs A" with constant Y
in RP, fori=1,...,T. We compute an S-bit MALP A with constant Y
in RP, such that K(A) = KA N---NK(AT), and length(A) = length(A")
+---+length(AT).
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Explanation: We concatenate the A’s, b’s, 0’s arising from the A' in a obvious
way, and we take the maximum of the M,’s arising from the A'. Thus, we
form A. Since the A" are S-bit MALPs with constant Y, so is A. (That’s
trivial from the definition of FALPs and MALPs.) Also, one sees at once
that X(A) and length (A) are as claimed . The work of the algorithm is at
most Cp - (length(A') + - - - +length(A")), with Cp depending only on D.

Algorithm MALPS: Let 7t: RP' @ RP2 — RP2 be the projection

(Viy,..., VD, Wiy ..o, WD, ) — (W, ..., Wp, ).

We are given an S-bit MALP A in R”" @ R®2 with constant Y such that
S>Ch p, and S > C3 ,p, - S, and a vector (Wy,...,Wp,) € RP2 where
Wil < 25 for each i, and each Wy is a machine number. Then we produce
(V1,...,Vp,) € RP' with each Vi a machine number of absolute value < 2,
and having the following property:

Suppose (v1,...,vp,) € RP" and M > 0 satisfy
(#1) (V],.. .,VD1,V_\)],. ..,V_\)DZ) € KM(.A)
Then

(#2) (\7)1>-'-a\7)D1>w1)"')WD2)EKY*M(‘A)u
where Y* depends only on Y, Dy, D3.

Here, C depends only on Dy and D;.

Explanation: We write C, C’, etc., for constants depending only on Dy, Dy;
and we write Y, Y ... for constants depending only on Y, Dy, D,. Using
Algorithm MALP1, we first produce from A a CS-bit MALP A’ with con-
stant Y’ in RP'@RP2 | such that A’ is in echelon form, and A’ is Y’'-equivalent
to A.

Then, in (#1) and (#2), we may replace A by A’. From now on, we
suppose this has been done. We write vectors in RP' @ RP? as

(V],...,VD],VD]+1,...,VD]+D2),

and we suppose A" = [(Ag), (be), (0¢), M.], where { and j vary from 1 to
D; + D;. Since A’ is in echelon form, we have (with §' = CS):

(#3)  Agl, [bel, 0, M, < 25
(#4) Mel, 0¢, My > 275
(#5) Ay =0forj<d.
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Given (W1,...,Wp,) = (Vp,41,...,VD,+D,) € RP2, we attempt to compute
successively Vp,, Vp,_1, ..., V1 by “backsolving” the equations

(#6) ) AyV; = byfor € = Dy, Dy—1,...,1
j

using our model of computation. Because of round-off errors, the (vq,...,Vp)
we compute does not exactly solve (#6). However, thanks to (#3), (#4)
and (#5), and our assumptions on the w; we obtain

(#7) 5] <2 forj =1,...,Dy
and

(#8) < C2%25fort=1,...,Dy.

D Ayv;— by

j
Let A” = [(Ay), (b]), (0¢), M,], with

by =b, for{>D;, and
by => Ayvjfor £ < Dy.

)

Then
(#9) [bl —by < C2°% . 275 for all ¢,
thanks to (#8).

Hence, because A’ is an S’-bit MALP with constant Y', S > (C5,4p,/C)S,
and since Cp ,p, is a large enough constant, we have that

(#10) A" is Y'-equivalent to A’.

Note that A” depends on (Wy,...,Wp,). That won’t matter.
Now suppose (v1,...,vp,) € RP" and M > 0 satisfy

(#11)  (v1,...,VDy, VD, 41y - -+, VD, 4D, ) € Km(A').
Then (#10) gives

(#12) (vi,...,VD,, VDy 41, - -, VDy 4D, ) € Kym(A”).
In particular, for £ > Dy, we have

Z Ay V5 — by
j>t

(Here, we use (#5).) Also, (#12) gives
(#14) YYM > M.,.

(#13) < Y'M Oy.
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Note that (#13) holds also for £ < Dy, since (by definition of the b}) the
left-hand side of (#13) is zero. Hence, (#13) and (#14) yield

(\_)]) e )\_)D1 )\_)D]Jr]) LU )\_)D]+D2) S KY’M(‘A”) .
(Again, we use (#5).) By (#10), it now follows that
(#15) (\_)1) L) )\_)D1 )\_)D1 +Ty e )\_)D1 +D2) € K(Y’)ZM (‘A/)

Thus, (#11) implies (#15), which shows that our (vy,...,Vp,) has the de-
sired property.

The work of the algorithm is at most C- length (A), with C depending
only on Dy and D,. (That’s the work of Algorithm MALP1; once we ob-
tain A’, then the “backsolving” takes work at most C, a constant depending
only on Dy and D3.)

Remark. Algorithm MALPS8 replaces our discussion of original vectors for
ALPs.

Algorithm MALPO: Let D,S,Y > 1 be given. We write c,C,C’, etc., to
denote constants depending only on D, and we write Y', Y*, etc., to denote
constants depending only on Y and D.

Let T:RP — RP be a linear map, with | T ||, | T~ ||< 25.

Suppose we are given the matriz “T7, whose elements are machine numbers
that differ from the corresponding elements of T by at most 275/2.

Let 7: RP — RP be the projection onto the last D coordinates.

Let A be an S-bit MALP in RP, with constant Y and length D. Assume that
S>C and S > (C)S.

Let v0=(19,...,vY) € RP, where the v are machine numbers, with [v9| <25,
From the above data, we compute a vector v! = (vl,...,vh) € RP, with
the following properties:
(a) V]| <2%S fori=1,...,D.

(b) Letw € RP and M > 0. Assume that
(i) nT(w—v%) =0 and w € Kpm(A).
Then we can express V! as a sum

ii) v =v2+v3, where

(ii)

(iii) 7wT(v?> —v°) =0 and v* € Ky-m(A), and
(iv) W3 <2C's.2°572

Moreover, if (i) holds, then
(v) v € Ky-m(A).
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Explanation: Note that we will not compute v2, v3 above; we merely assert
that they exist. Their components need not be machine numbers.

We explain how to compute v' having the desired properties. Let v° =
TV0, and let v° be our machine approximation to v°. We can compute v°,
and we have 0 = (9, ...,V9), v = (V9,...,V%), with V9| < 25 and [v) —¥?|
<265.2752 fori=1,...,D. Applying Algorithm MALP4 we obtain a CS-
bit MALP A with constant Y’ and length < D, such that TK(A) and K(A)
are Y'-equivalent.

We now apply Algorithm MALP8 to the vector 71v° and the MALP A.
(This is allowed since S > C% - CS.) Thus, we compute a vector
v = (V],...,vp) € RP,
such that \7{ is a machine number and |\71| < 2% foreach i = 1,...,D,
and having the following property:

() Let v € RP and M > 0 satisfy v = m° and v € Km(A).

Then 0! = 7° and v' € Kypm(A).

By our assumptions on the matrix “T”, we may compute a matrix “T—"”
of machine numbers, that differ from the actual elements of T~' by at most
265.275/2 Finally, let 9! = T-'9', and let v! be our machine approximation
to 91, Thus, ' — V| < 25 . 2752 hence ! — V| < 265 . 27572,
We have computed the vector v!. We will show that it has the desired
properties. To see that v! satisfies (a), we just recall that [v'| < 25 hence
DI < T 9" < 2€5, hence [v'| < 2€"S. This proves (a).

To see that v! satisfies (b), let w € RP and M > 0 satisfy T (w—v°) =0
and w € Kpm(A). Then

m(Tw) — % = [nT(w =) + n(?° —3°)] = [n(v° —3°)| < 25 . 27572

since v = TvO and |99 — 9] < 25 . 2752 Hence, there exists u € RP,
with 7t(Tw+u) —7v° = 0, and |[u| < 2¢5.275/2. Since w € Km(A), we have
Tw € Kym(A). To summarize, A is a CS-bit MALP with constant Y’, and
Tw € Kym(A), u| < 2€5.2752 Hence, by Lemma 4 from Section 40, we

have (Tw +u) € Kynpm(A). Thus,
(TW + U) € K'Y"’M(-[l) and T[(TW + U) = TF\Z)O.

Consequently, (1) yields the following: 7v! = m°, and v' € Kywm(A).
In particular,

(*1) =T ¢ K'Y'#M(A),
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since TK(A) is Y'-equivalent to K(A). Also,

' = w' = m°.
Let us set . =v° —v° and let t = T~ 'u. Then |u < 2. 2-5/2 and hence
I <[ T - < 2¢ - 2752 In addition,

(x2)  aTE'+1Q) = m° 4 = m° = aT(V0).

Since 9! € Kysm(A) by (¥1) and [{i] < 2¢5. 2-5/2: and since A is an S-bit
MALP with constant Y, it follows from Lemma 4 in Section 40 that

(*3) P +le Kysm(A).

We set v2 =9 +11, and v =v! —v2.
Thus, the desired properties (ii), (iii), are immediate from (*2), (x3), and

the definitions of v2, v3.

It remains to check properties (iv) and (v). We have
vV=vl—v2 = =9 -1
Since we have already seen that
W' =911 <265.2°52 and |a) < 265.2°572

we obtain (iv).

To check property (v), we note that, as we have already shown, 9! €
Kysm(A) by (1), ! =97 < 2¢5.275/2 and A is an S-bit MALP with
constant Y. Applying Lemma 4 from Section 40, we conclude that v' &
Ky«m(A). That is, (v) holds.

Thus, (ii),...,(v) hold, completing the proof of (b).

Consequently, the vector v' has the properties asserted in the statement
of Algorithm MALPO9.

The work of the algorithm is at most a constant determined by D.

Remark. Algorithm MALP9 will allow a version of Find-Neighbor in our
model of computation. To carry this out, we make the following definitions.

Recall that P is the vector space of (m—1)"™" degree polynomials on R™,
and D = dim®P. We identify P with RP, by identifying P € P with
(0%P(0))|o<m_1- In particular, any ALP A in RP gives rise to a blob K(A)
in P, via this identification.

We say that P € P is a “machine polynomial” if 9*P(0) is a machine
number for each « (with || < m — 1). To specify a machine polynomial P
is to specify 0%P(0) for |o < m —1.
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Next, let x € R™ be given, and let A be a given set of multi-indices « of
order || < m — 1. In a moment, we will apply Algorithm MALP9, taking
T:RP — RP to be the map that sends (3*P(0))jaj<m_1 t0 (0P (X)) jai<m_1,
for P € P. When x = (x4, ..., Xn) with x; being a machine number of absolute
value < 25, it is straightforward to compute a matrix “T” that satisfies the
requirements of Algorithm MALP9, provided that S/S is sufficiently large.

Also, D = #(A) and we take 7t : RP — RP to be the projection
(0°P(x))jwg<m—1 = (0%P(X))acaa -

Note that T = 74 where 74 « was defined in Section 30.

From Algorithm MALP9, we obtain the following algorithm.

Algorithm MALP10: Suppose we are given the following data:

o An S-bit MALP A" in P, with constant Y and length D, such that
S>CE and S > CES.

e A point x = (X1,...,%Xn) € R™, where each xi is a machine number of
absolute value at most 25,

o A set A of multi-indices of order at most m — 1.

o A machine polynomial Py, with [0%Po(0)] < 2% for |of < m —1.
Then we compute a machine polynomial Py, with the following properties:

(a) [0%P1(0)] < 2€° for |af < m—1.
(b) Suppose P € P and M € (0, 00) satisfy

0*(P—Py)(x) =0forx € A, and P € Kpm(A').
Then we can express P1 = Piain + Perr, with
a“(Pmain - PO)(X) =0 for x € -A» and Pmain € KY*M(A/) )

and )
[0%Perr(0)] < 2°° - 2752 for o <m — 1.

Moreover, P; € Ky«m(A'). Here, C depends only on m and n; and YV*
depends only on Y, m, and n.

The work of the algorithm is less than a constant depending only on m
and n.
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44. Some Low-Level Algorithms

Low-Level Algorithm 0: Let S > 1 be an integer, let a € [275,2%5] be a
machine number, and let p be a non-zero integer, with |p| < d.

Assume S > CS for large enough C depending only on d. Then we produce
a positive machine number t such that ¢’ < at? < C’, with ¢’,C" depending
only on d.

Explanation: In our model of computation, it takes one unit of work to
produce an integer { such that 2¢ < a < 27; and we have [{] < S+ 1. We
can just set t = 27L%P). The work of the algorithm is at most 100.

Low-Level Algorithm 1: Let S > 1 be an integer, let a,a’ € [275,2%5] be
machine numbers, and let k, k" be distinct integers satisfying 0 < k, k' < d.

Assume S > CS for large enough C depending only on d. Then we partition
[275,275] into three intervals 1,1',] (any of which may be empty), with the
following properties:

e  The endpoints of any non-empty interval I, 1" or ] are machine numbers.

o dt¥< ﬁ at® for all t €1,

o atk< ﬁ a't foralltel,

dt
o J " < C', with C' depending only on d.
J

Explanation: Using Low-Level Algorithm 0, we can find to such that c-(a’t§) <
(atk) < C - (a’tf) with ¢, C depending only on d. (The round-off error in
computing a/a’ doesn’t hurt.) ) i

We take our three intervals to be [to/2,to - 291 N [273,25], and the
components of [275, 25\ [to/2C, to-2¢] for a large enough integer constant C
depending only on d. It is easy to see that these intervals have the required
properties, and that the round-off errors arising in calculating to/2°, to - 2¢
don’t hurt. The work of the algorithm is bounded by a universal constant.

Low-Level Algorithm 2: Let S > 1 be an integer. Suppose we are given a
machine number a € [275,275], an integer p with |p| < d, and an interval
[ = [teo, thil C [275,2%5], where tyo and tni are machine numbers.

Assume S > CS, where C is a large enough constant depending only on d.
Then we produce one of the following three outcomes:

(01)  We guarantee that at? > ¢’ for all t € 1.
(02)  We guarantee that at? < C" for all t € L.
(03)  We produce a machine number to € I such that ¢’ < atf < C'.

Here, ¢’ and C' depend only on d.
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Explanation: If p = 0, then by examining a we can trivially produce outcome
(O1) or (02). Otherwise, we use Low-Level Algorithm 0 to produce a machine
number to, with ¢’ < atf < C'. If to € I, then we have produced (03). If
to € I, then we can trivially produce outcome (O1) or (O2), thanks to the
monotonicity of t — at? on (0,00). The work of the algorithm is bounded
by a universal constant.

Let p(t) > 0 be a function on an interval I C (0,00), and let C > 0
be a constant. We say that p(t) is “C-stable” on I if, for any t;,t, € I,
t) <t < 2ty implies C'p(ty) < p(tz) < Cp(ty).

Low-Level Algorithm 3: Let S > 1 be an integer. Suppose we are given a par-

tition of [275,25] into intervals 1y,..., 1, ., whose endpoints are machine
numbers. For eachv =1,... Vyax, Suppose we are given a machine number
ay € [275,2*%] and an integer p~, with |py| < d. Define p(t) on [275,2+5]
by setting p(t) = avt?™ on Iy, v=1,... Vi

Assume that p(t) is Ci-stable on [275,25]. (In particular, p(t) > 0 on
[2-5,25].)

Assume also that S > C,S, for a large enough C, depending only on C;
and d. Then we produce one of the following three outcomes.

(O1) We guarantee that p(t) > ¢’ on all of [275,279].

N

(02) We guarantee that p(t) < C' on all of [275,2%5].
(03) We produce a machine number toe [275,275] such that ¢’ < p(to) < C.

Here, ¢’ and C" depend only on Cq and d.

Explanation: For each v, we apply Low-Level Algorithm 2 to a.,p~, L. If for
some v we reach outcome (03), then we can trivially produce outcome (O3).

If for all v we reach outcome (O1), then we have produced outcome (O1).
If for all v we reach outcome (02), then we have produced outcome (6,).

The only remaining case is as follows:
For each v, we reach either outcome (O1) or outcome (02).
For some v, we reach (O1), and for some other v, we reach (02).
In this case, we can find two intervals I, I,,, with an endpoint ty in common,
and with I, leading to outcome (O1) while I, leads to outcome (02). Since
p(t) is Cy-stable, it follows that ¢” < p(to) < C”, where ¢”, C” depend only
on C; and d. Thus, we have produced outcome (63).

The work of the algorithm is bounded by a constant depending only on
the number of intervals I,.
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45. Algorithms for Rational Functions

Algorithm RF1: Let S > 1 be an integer. Suppose we are given non-zero
polynomials p(t) = ap+ art +-- -+ aqt? and q(t) =bo+ bt +--- + bgtd,
with d > 1.
For each coefficient A = a; or by, assume that A is a machine number, and
that either A =0 or |A| € [275,25]. Assume S > CS and S > C for a large
enough C depending only on d.

Then we produce a partition of [275,275] into intervals 1q,..., 1, .,
such that:

(a) Each 1, is marked as being “easy” or “hard”.

(b) If L, is easy, then we produce a machine number A, and an integer p~,
with Ay| € [2735,23%] and |p+| < d, such that

— Avtpv

'p(t) < %I)\thVI forallteL,.

q(t)

(c) If L, is hard, thenJ % < C, with C depending only on d.
I,

(d) Vimax < C, with C depending only on d.

(e) The endpoints of the intervals 1, are machine numbers.

Explanation: For each pair k,k’ with ay, ar # 0, k # k/, we apply Low-
Level Algorithm 1, thus partitioning [27°, 2] into (possibly empty) intervals
I(k, k), I'(k, k'), J(k, k'), such that

(1) lat®| < ﬁ layt¥| for all t € I(k, k),

(2) ety < g at| for all t € I'(k, k),

(3) J dt < (', with C" depending only on d.
k)

We make an analogous construction for the monomials appearing in q(t),
thus obtaining intervals T(k, k'), T(k, k'), T(k,X’). The endpoints of all the
(non-empty) intervals obtained above subdivide [275,25] into subintervals
Ii,...,1 Note that the endpoints of the I, are machine numbers, and

*Y “Vmax*

that viae < C, with C depending only on d.

We call a given I, “hard” if it is contained in some interval J(k,k’) or

J(k, K'); if L, is not “hard”, then it is “easy”. If I, is hard, then jlv % < C,

with C’ depending only on d, thanks to (3) and its analogue for the T, K.



FirTING A C™-SMOOTH FUNCTION TO DaTA IT 225

Suppose I is easy, and suppose ay, ap # 0, with k # k’. Then we have
either I, C I(k, k'), I, C I'(k, k'), or I, C J(k,k’). The third possibility is
excluded, since I is easy. Hence, by (1) and (2), either

lath < !aktk! on all of I,,

200d

or else

lawtd] < 201m|aktk| on all of I,

It follows that there exists k(v), with ay) # 0, such that

/ 1
|aktk| < mmk km|

on all of I, for each k/ # k(v). Consequently,
p(t) — ar t*Y)| < ——lagt*Y)] forall t € L.
Similarly, for some k(v) with b # 0, we have

K(v
— < — f 11
[q(t) — byt ™)) ZOO b2 t*™ forall t € I,

Thus, we obtain

1

p(t) k) BRI i
- 50

Q) | k(v)—k)
q(t)  byy

on L.
by :

(4)

We can easily compute k(v) and k(v) for each I,. We set p,, = k(v) —K(v),
and let A, be our machine approximation to ay()/bgy,

Since |ak)l, byl € 27 5 251 and S > CS, we know that
1

<
— 50

Ak(v)
B

Ak(v)
b

— A

In particular, |]A,| € [27352%35]. From (4) and (5) we obtain

t
‘& _)\ tpv

1
< — [MtPY| foralltel,.
v < 55 | | for all t €

We have now demonstrated all the assertions (a),...,(e).

The work of the algorithm is at most a constant depending only on d.
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Algorithm RF2: Let S, S’ be positive integers, and suppose we are given non-
zero polynomials p(t) = ap+art+---+aqt? and q(t) = bo+bt+---+bgtd,
with d > 1. Assume that each non-zero coefficient of p or q is a machine
number whose absolute value lies in [2=5,215].

p(t)

Assume that p(t) = a8 Cy-stable on [275,25]. (In particular, we assume

that p(t) > 0 on [275,25].)

Assume also that S > C - (S+S') and S > C, where C is a large enough
constant determined by Cy and d. Then we can produce intervals 1, ma-
chine numbers Ay, and integers p~, for v.=1,..., Viax, with the following
properties:

(a) Ay € [27CB+S) 2H+CEHS for an integer constant C depending only
on d.

(b) Ip-l < d.

(c)  The L, form a partition of [275,275].

(d)  The endpoints of 1, are machine numbers.
(

e) cp(t) < AP < Clp(t) for allt € 1, with ¢ and C' depending only
on Cqy and d.

(f)  Vmax < C', with C' depending only on d.

Explanation: Apply Algorithm RF1 to p and g, with S+S’ in place of S. Thus,
we obtain a partition of [27(5'+5) 2+(S'+S)] into intervals. Intersecting these
intervals with [275,2%5], and discarding any empty intervals that arise, we
obtain a partition Iy,..., 1, . of 275 2%5] into intervals, with the following
properties.

e Fach [, is marked as being “easy” or “hard”.

dt
t

e Fach hard interval I, satisfies IIV < (', with C’ depending only

on d.

e Fach easy interval I, is marked with a machine number A, and an
integer p~, such that [py| < d, [Ay| € [2736+5) 236457 and

‘&t; — )\thv

1
< A tP¥| for all t € L.
alt < 2| | for all t €

The endpoints of the I, are machine numbers, and v,,., is less than a con-
stant determined by d.

It remains to deal with the “hard” intervals I,.



FITTING A C™-SMOOTH FUNCTION TO DATA II 227

Fix a hard interval L, and let t, be an endpoint of I,. (So, t, € [275,25].)
Using our model of computation, we compute ty ¢ := (our approximation of)
2. t,, for all integers { with [£] < C. Here, C is a large enough constant
depending only on d, to be determined later on.

Assume, as we may, that S > 2€. Tt follows that either all the t,, with
0 << C, orall the ty, with —C < € < 0, belong to [275,2%]. We know also
that vy.x < C and ILV/ % < C for each hard interval I,/; here, C depends
only on d. Consequently, for an appropriate choice of the constant C, one
of the t, ¢ belongs to [275,25] minus the union of all the hard intervals. We

define C to be such an appropriate constant, depending only on d.

Fix such a ty; we can easily find it.

Since the I, (v = 1,...,Vmax) form a partition of [275,25], we know
that our t, ¢ belongs to an easy interval I,,. We can easily find I,,.

Note that ty € [275,275], and that € < t/ty, < C for all t € I, with ¢
and C determined by d. (Here, we use the fact that t,, differs from an
endpoint of I, by (approximately) a factor 2%, with [(| < C.) Since p(t) is
Ci-stable on [275,29], it follows that

(*1)  cp(tve) < p(t) < C'p(ty,) for all t € I, with ¢’ and C" depending
only on d and C;.

On the other hand, since t, ¢ belongs to the easy interval I,,, we have

(*2) c-Au(tye)Pr < p(tye) < C-Au(ty,e)P* with ¢ and C depending only
on d.

We have already computed the A, and p,. We now define p, := 0, and
we take A, to be

(*3)  (our machine approximation of) A, - (ty ¢)P*.

The roundoff error in computing Ay is at most —55Ay. From (*1) and (*2),
we therefore obtain:

(*4)  c"AMtP < p(t) < C"A P for all t € 1, with ¢”, C” determined by
d and C;.

Also, since ty, € [275,275] and A, p,, satisfy (a) and (b) in the statement
of Algorithm RF2, then a glance at (*3) shows that A, and p- also satisfy (a)
and (b). From (*4) we obtain (e). Recall that I, was an arbitrary hard
interval. Thus, we have satisfied (a), (b), and (e) also in the hard case.

Properties (c), (d), (f) hold, since the I, arose from Algorithm RF1. So,
our Ly, Ay, py have all the properties asserted in Algorithm RF2.

The work of the algorithm is at most a constant depending only on d
and Cjy.
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46. Systems of Inequalities with Parameters

Algorithm SIP1: Let S be a positive integer. Suppose we are given machine
numbers Ay (1 <j <D, 1<€<L), b (1<t<L),o(1<l<LL) and
integers my (1 <€ <L).

Assume that 0 < my < d, Ag| < 25, |by] <25, 275 < g, < 25,

Assume also that S > CS and S > C, for a large enough C determined by
d,D,L. Then we produce one of the following three outcomes.

(I) We guarantee that, for any & € [275,275], there exists (vq,...,vp) € RP
such that

< Copd™ forl=1,...,L

D
Z }\gj\)]' — bg
j=1

and |vj| < C-25 forj=1,...,D. Here C depends only on d,D, L.

(I1) We guarantee that, for any & € [275,25], there does not exist (v1,...,vp)
€ RP such that

D
Z 7\({]"\)]" - be

j=1
and [v;] < ¢-25 forj=1,...,D. Here, ¢ depends only on d,D, L.

< cod™ ford=1,... L

(IIT) We produce a machine number & € [275,25] such that
(A) There exists (v1,...,vp) € RP such that

D
Z?\e]'\)j — be

j=1
and vl < C-2% for j=1,...,D. Here, C depends only on d,D, L.
(B) There does not exist (v1,...,vp) € RP such that

D
Z)\gj\)j — bg
j=1

and [vj| < ¢-2% for j=1,...,D. Here, ¢ depends only on d,D, L.

< Copd™ for £=1,...,L;

< copd™ for £=1,...,L;

Explanation: We write, ¢, C, Cq, C/, etc. to denote constants depending only
ond,D,L. For 8> 0andv=(vy,...,vp) € RP, let

D 2 D
(].) Q(V, 6) = Z (Z }\gjv]- — b€> 0-6_2 62m¢ + Z 2—25(\)]_)2 4 2—25‘
— -

L
=1
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For a fixed &, Q(v, d) is a quadratic function in v:

D D
Q(V,é) = Z /\ijvivj + ZEivi + H.
i,j=1 i=1
Here, Ay = Aji, and Ay, Ei, H are polynomials in 0, Ay, by, 6;1,2_5 with
rational coefficients and degree at most C. Note that, as matrices, (Ay) >

27251, where I denotes the identity matrix.
Hence, as v varies and all else remains fixed, Q(v,d) attains a minimum.
The minimizer is obtained by solving:

D
2y Ayvj+ Eg =0fori=1,..,D.
j=1

Hence,
(2)  p(8) = min Q(v,9d)

veRP

may be expressed in the form

3)  p(8) =p/a,

where p and q are polynomials in (8, Ay, by, Ge_], 2-%), with rational coef-
ficients and degree at most C. The coefficients of p and q depend only on
d,D,L. In fact, q = detz(/\i]-), and consequently

(4) q Z 27CS for any (6)}\31') bg, Oy, S)a

since (Ay;) > 27251 By the definition of Q(v,§), we have Q(v,8) > 2725,
and
5\ 24
Q(v,8) < Q(v,8) < (5_) Q(v,d) for 0 < & < 6.
(Recall that my > 0 for £ =1,...,L.) Hence, by the definition of p(8), we
have

(5)  p(8) > 2%, and

6)  p(8) < p(8) < ()™ p(&) for 0 < & < b.

In particular, p(4) is Cy-stable on (0, 00), with C; depending only on d.
Now recall that [Agl, [be < 25, Gf < 25 Then p and q may be
regarded as polynomials in &, with degree < C and coefficients of absolute
value < 263,
We call these polynomials p(6) and q(d), respectively. We attempt to
compute the coeflicients of p(8), q(d) from the given Ay, by, 0¢, S in our
model of computation. Thus, we obtain polynomials p(d), q(d) whose coef-

ficients differ from those of p(8), q(8) by at most 2¢%-275, due to round-off
error.
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Hence,
(1) (&) —p(d)l,1a(8) — q(8)] < 295 . 275 for 0 < & < 25,
Also, our estimates for the size of the coefficients of p(d), q(d) yield
(8) (8, lq(8) < 2 for 0 < & < 25
From (4), (5), (8), we learn that

p(8), q(8) € 27,2+ S for 0 < & < 25,

and therefore (7) yields
[P(8) —p(8)] < 107°p(8) and [q(8) — q(8)] < 10%q(8) for 0 < & <2°.
Consequently;,

9)  P(8),q(d) € 275,24 for 0 < & < 25, and

heil

PO < p(3) < 2

o ) for 0 < & < 25, thanks to (3).

(10) &)

N|—=
ol
ol

o

Let us write

(1) p) = Y  pedfandq®) = Y awst
0< k< kmax 0 < k< kmax

We define new polynomials p(8), q(8) by deleting from (11) all terms with
Pl < 2795 or |qi] < 27C°5, respectively. Here, C* is a large enough
integer constant determined from d, D, L. Taking C* large enough, we learn
from (9) that

[p(8) —p(8)] < 107°p(8), and g(8) — q(8)] < 107°q(8) for 0 < § < 2°.

Hence, (9) and (10) yield

(12) 1 E2Y < p(8) <488 for0 <5 <25 and

(13)  p(8), q(d) € [27C5, 27T for 0 < & < 25,
By construction,

(14) P, q are non-zero polynomials of degree < C, whose non-zero coeffi-
cients are all machine numbers belonging to

[27C5)2+CS] U [_2+CS) _ZfCS]'
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Also, since p(8) is Cy-stable on (0, 00), it follows from (12) that
(15)  p(8):= P(8)/q(d) is Cj-stable on [275, 275].

We can now apply Algorithm RF2 to the polynomials p(8) and q(8). (See
Section 45.) The algorithm applies, thanks to (14) and (15). From Algo-
rithm RF2, we obtain intervals I,, machine numbers A,, and integers p~
(1 <v < Vpax), with the following properties:

279 < <29 Ipyl < € Ve < G

the endpoints of the I, are machine numbers;
(16) the I, form a partition of [27°,25];and
AP < B < CAS™ on 1.

We define p(t) = Ayt? for t € I,. Thus, p is defined on [275,2%5].
From (15) and (16), we have

(17)  p(t) is C-stable on [275,2F5].

Thanks to (16), (17), we can apply Low-Level Algorithm 3 from Section 44.
(To apply that algorithm, we first extend p(t) to [27%,2%%] by taking it
to be constant on [27%,275] and on [25,2¢%].) Using that algorithm, we
produce one of the following outcomes:

(O1) We guarantee that p(t) > c on all of [275,275].

(02) We guarantee that p(t) < C on all of [275,275].

(03) We produce a machine number to€[275,275], such that ¢ < p(to) < C.

o O

(In case where Low-Level Algorithm 3 outputs to € [27%,275) such that ¢ <
p(to) < C, we replace to with 275. Note that (@3) still holds, since p is
constant on [27¢% 275]. Similarly, if Low-Level Algorithm 3 outputs ty €
(25,2%], we replace to with 25.)

From (12) and (16), we see that

cp(t) < p(t) < CH(t) on [275,2F5],

and therefore we may take p(t) in place of p(t) in (01), ((ADZ), (@3) Recall-
ing the definition (2) and the fact that Q(v, 8) increases with &, we conclude
that we have produced one of the following three outcomes:

(@1) We guarantee that, for every & € [275 2%5], there does not exist
v € RP such that Q(v, ) < c.
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(@2) We guarantee that, for every & € [275 2], there exists v € RP
such that Q(v,d) < C.

(03)  We produce a machine number & € [27° 25, with the following
properties:
(A) There exists v € RP such that Q(v,8) < C.
(B) There does not exist v € RP such that Q(v, ) < c.

We now recall the definition (1) of Q(v, ).

From (1), we learn the following.

[ Let ve RP, 6§ >0, and suppose Q(v,8) < C. Then
D
(18) D Ayv; — byl < Copd ™ fort =1,...,L; and
j=1
vl < C- 25forj =1,...,D.
[ Let ve RP 8§ > 0, and suppose that for some K > 0 we have ]
D
(19) > Ayv; — byl < Kogd ™ for € = 1,...,L; and
j=1
il < K-25forj=1,...,D.
| Then Q(v,8) < (L + D)K? 4 2725, i

In particular, suppose ¢ depends only on d,D, L (as in (O1),...,(03)).
Then we have (L+ D) K24 2725 < ¢ for K a small enough constant depend-
ing only on d,D,L. (Here, we use our assumption that S exceeds a large
enough constant depending only on d, D, L.) Hence, (18) and (19) allow us
to understand what happens for each of the outcomes (@1), (@2), (@3)
Thus, we produce one of the following outcomes:

((/‘j]) We guarantee that, for all § € [275, 2*5], there does not exist (v1,...,vp)
€ RP such that

D
Z?\e]'\)j — bg

< copd™ for £ =1,...,L
j=1
and [vj| < c25forj =1,...,D.
(©2) We guarantee that, for all § € [275,2*5], there exists (v1,...,vp) € RP

such that

D
Z)\gj\)j — bg < CO'géimz for £ = ],...,L

j=1
and [v;| < C2%forj =1,...,D.
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We produce a machine number & € [275,25], with the following prop-
erties:

(A) There exists (v1,...,vp) € RP such that

D
Z)\gj\)j — be

=1

and [vj] < C25forj =1,...,D.

< Cod ™ forl =1,...,L

(B) There does not exist (v1,...,vp) € RP such that
D
D> Ay — bl < cod ™ for & =1,...,L
j=1
and [vj] < c-25forj =1,...,D.

The above three outcomes are precisely those promised in the statement
of Algorithm SIP1.

Thus, we have carried out that algorithm.

The work of the algorithm is at most a constant depending only on d, D, L.

47. Equivalence above a Threshold

Let X = (Km)m=o0 and X' = (Kj)m=0 be two blobs in a vector space V;
and let Mg > 0 and A > 1 be real numbers. We say that X and X' are
“A-equivalent above My” if they satisfy

Km C Kiym for M > My, and K, € Kam for M > M.

The following remarks are obvious:

If X and X' are A-equivalent, then they are A-equivalent above M.
More generally, if K, X' are A-equivalent above My, then they are
A’-equivalent above Mj, for any My > My, A’ > A.

If X and X" are A-equivalent above My, then they are TA-equivalent
above My/T, for all T > 1.

If X and X' are A-equivalent above My, and if X' and X" are A-
equivalent above My, then X and X" are A - A-equivalent above
max (Mg, Mo).

Let Ky, K, be A-equivalent above My, for each v =1,... Vpax. Then
M<cvvme Ky 18 A-equivalent to Ny<y<n,,., K, above M.

If Ky, XK, are A-equivalent above My, and if K,, X, are A-equivalent
above My, then X7 4+ X, and K + K, are A-equivalent above M.



234 C. FEFFERMAN AND B. KLARTAG

48. Some Particular FALPs and MALPs

Recall that P stands for the vector space of all polynomials of degree at
most m — 1 on R™, and let D = dim P. Recall the remark following Algo-
rithm MALP9 from Section 43. We identify P with RP, by identifying P € P
with (0%P(0))jq<m_1 € RP. We write ¢, C,C’, etc. for constants depending
only on m and n.

For x € R™ and & > 0, and for an integer S, we set BS(x,8) =
(BS(x, 8, M))m=0, where

B (x,5,M)={P e P: |0°P(x) < M& ™ ¥ for |&f < m—1} when M > 275
and

B (x,6,M) = 0 for M < 275,
Note that BS!(x, 8) is 1-equivalent to B(x,d) above 275, where B(x, 8) is
the blob considered throughout this manuscript (see, e.g., Section 10).

Algorithm PFM1: Let S be a positive integer. Assume S > CS and S > C
for a large enough C. Given machine numbers X1, ..., %n, d, with [xi < 2°
for each i, and with 275 < & < 25, we construct a C'S-bit MALP A with
constant C', such that the blob arising from A is C'-equivalent to the blob
BBl(x,8), where x = (x1,...,%n) € R™ Moreover, length (A) =D.

Explanation: Since

d*P(x) = Z %aﬁﬂXP(O)XB,

IBI<m—1—]c

the blob BB (x, 8) arises from the ALP

-Ax,é - [()\oc,y)\od,ly\gmfh (boc)loclgmfh (O-oc)\odgmfh M*])

with Agarp = xP/B! for |af + |B| < m — 1; all other Ay, = 0; by = 0,
O =01 for |6 <m—1; and M, =2-5.

Under our ordering on multi-indices, o always precedes o+ 3 (for non-
zero multi-indices P), and therefore our matrix (A, ) is upper triangular,
with T’s on the main diagonal. Consequently, Lemma 3 in Section 40 guar-
antees that Ay s is a C’'S-bit FALP with constant 2.

Using our model of computation, we produce machine approximations
to the Ay, 04; the by and M, can be represented perfectly by machine
numbers. Thus, we obtain an ALP A. Since roundoff errors change the
Axy, Ox by at most 2¢5-275 it follows from Lemma 1 in Section 40 that A
is C'S-bit MALP with constant C’, and that A is C’-equivalent to Ays.
Clearly length (A) = D. Thus, we have produced the desired MALP A.
The work of the algorithm is at most C'.
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Next, suppose we are given x € R™, 0 > 0, t € R, and an integer S. We
define the blob T'[x, 0,t,S] = (I'v)m=0, where

v =1{P €P:|0*P(x)] < M for |a] <m—1 and |[P(x) —t| < Mo}

when M >25and 'y = 0 for M < 2735,

Algorithm PFM2: Let S be a positive integer. Assume S > CS and S > C for
large enough C. Given machine numbers x1,...xn, 0,t, with |x; < 25 for
eachi; 275 < o0 < 25; |t| < 2%; we produce a C'S-bit MALP A with constant
C’, such that the blob arising from A is C'-equivalent to T'[x, o,t,S], with
X = (X1,...,%Xn) € R™. Moreover, length (A) =D.

Explanation: Fix X1,...,%n, 0,1,S as above. Let I'° and "' be the blobs
defined as follows.
M= M)y and TT = () o

My = {PeP:|0°P(x)| < M for || < m—1} when M > 275,
My, = 0 when M < 275,

My ={PeP:[P(x)—tl < Mo, [0*P(x)] < M for 0 < |of <m—1}
when M > 2-5;

My = 0 when M < 275,

Then T[x, 0,1t,S] is the intersection of '°® and TI'". Since I = BE/(x, 1),
our previous algorithm (Algorithm PFM1) constructs a C’S-bit MALP A°
with constant C’, such that I'° is C’-equivalent to the blob arising from A°.

We study ' similarly. With Ay, as in the explanation of Algorithm
PFM1, we define an ALP

Al,o-,t‘s - [(}\oc,y)\oc\,ly\gm—1 y (boc)\oc\gm—1 »(O—a)loclgm—1 )M*] y
by setting
bo = t,by =0for a #£0,00 = 0,0 = 1 for a 20, M, = 275,

Then T is precisely the blob arising from ‘Al,a,t,S‘
On the other hand, Lemmas 1 and 3 in Section 40 show that

o A} s is a C'S-bit FALP with constant C’,
and that

e If we approximate the Ay to within an error 2 - 275 by machine
numbers, then in place of A! we obtain a C’S-bit MALP A' with

x,0,t,S»
constant C’, such that A" and A} _, ¢ are C-equivalent.
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Using our model of computation, we can compute A'. Thus, T is
C’-equivalent to the blob arising from A'.

We now apply Algorithm MALP7 followed by Algorithm MALP1, to form
an “approximate intersection” of the blobs arising from A" and A°. (See
Section 43.)

Thus, we obtain a C’'S-bit MALP A with constant C’, of length D, such
that the blob arising from A is C’-equivalent to I'°NT" = Ix, 0, t, S].

We have succeeded in constructing A with the desired properties.

The work of the algorithm is at most C'.

49. Set-Up

Fix m,n > 1. Fix also a positive integer So. The basic precision of our
algorithm will have the order of magnitude of Sy bits.

We will again be using the constants px, Ag, A1(A), Az, Az(A) from Sec-
tion 17, and the constant £, from Section 14. Recall that, in Section 17, we
demanded that Ay and py4 exceed certain constants depending only on m,n.
We will impose additional similar lower bounds on Ay in the sections to fol-
low.

We assume the following conditions.

(SUL) Sp exceeds a large enough constant determined by Ag, pg, m,n, and
(SU2) S/S, exceeds a large enough constant determined by Ay, p4, m,mn.

(Recall from Section 38 that S is the precision of our model of com-
putation.)

In the end, we will take Ay and py to be the smallest powers of two
that satisfy all the lower bounds we have imposed on them. Thus, finally,
P4, Ao, Az will depend only on m and n; while A;(A) and A3(A) will depend
only on m,n,A. Also, finally, (SU1) and (SU2) simply assert that Sy and
S/So exceed a large enough constant determined by m and n.

We are given a finite set E of points in R™. Each coordinate x; of each
point x = (x1,...,%Xn) € E is assumed to be a machine number. We assume
that [x| < 2% for any x € E, and that |[x —y| > 275 for any two distinct
points x,y € E.

We are given functions f : E — R and 0 : E — R". For each x € E,
we assume that f(x) is a machine number, with [f(x)| < 2%, and that o(x)
is a machine number, with 275 < g(x) < 2%.

We write P for the vector space of (real) (m — 1)"* degree polynomials
on R™, and we set D = dim P. We identify P with RP, by identifying P € P
with (0*P(0))jq<m_1 € RP. To “compute a polynomial” is to compute a
vector in RP, which we identify with a polynomial P € P, as above.
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50. The Basic Blobs

Here, C, C/, C , etc. denote constants depending only on m and n. From our
earlier paper [19], and from Section 9 we recall the tree T, whose nodes
A, B, ... are subsets of E. We recall also the Callahan-Kosaraju decompo-
sition £, whose elements are pairs (Aj,/\2), with /A; being a set of nodes
of T.

The Callahan-Kosaraju decomposition may be implemented in our model
of computation, under the assumptions (SU1) and (SU2) from Section 49.
Indeed, T and L, the output of the Callahan-Kosaraju algorithm, are “inher-
ently discrete” objects. The issues of precision that arise when attempting
to compute T and L are minor. In particular, the “fair split tree” of [11]
may be computed with perfect precision: We just need to work with boxes
whose vertices all have coordinates that are integer multiples of 275 for
an integer constant C, determined by n. In addition, for any x,y € E, we
may compute in our model of computation a machine number that approxi-
mates |x —y|? to within a factor of 2. It is straightforward to see, that when
applying the “2-WSPD algorithm” in our model of computation, we obtain
a list that satisfies the requirements of a 4,-WSPD. Consequently, using
CNlog N work and CN storage, we may compute a Callahan-Kosaraju de-
composition T, L, that satisfy the properties from Section 9 for » = 1/2.
(Another possibility, is to switch from Euclidean norms to {,, norms, which
may be computed exactly in our model of computation. Only the most triv-
ial changes are needed, in order to transform the arguments above to suit
the {,, metric.)

We recall the construction of our basic blobs, from Section 10.
We set T¢(x,0) = (T¢(x, 0, M) )mso, for all x € E, where

Ie(x,0,M) ={P e P: |0°P(x)] < M for || <m—1,[P(x)—T(x)] < Mo(x)}.

Once we have constructed all the blobs I'¢(x, £) (x € E) for a fixed £ > 0, we
define the T'¢(x, £+ 1) as follows:

Step 1: For A € T, we define T¢(A,{) = ﬂ {Te(x,€) + B(x,diamy (A))}.
XEA

Step 2: For (/\1,/\;) € L and i =1, 2, define

FealAL A2 Q) = () {Te(A, 0) + B(xa, diamg, (UA:))} .

AEN

Step 3: For (/\1,/\;) € L, define

Fe( AL A E) = Tea(A, 8) N {Te2(A2, ) + Blxa,, XA, — XA, e )]
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Step 4: For A € T, define

rf(Aae) = ﬂ rf(/\h/\lye) .

Step 5: For x € E, define

Fe(x, 0+ 1) = Te(x,0) N () (A, Q).

AcT
A3Sx

(Here, Step 3 differs trivially from its analogue in Section 10.)

We recall some of the notation from [19] (and from Section 9) that we
used in the above five steps. For each A € T, xa is a “representative”,
satisfying xa € A. For each (Ay,/\;) € L and i =1, 2, we write U/A; for the
union Uaen, A, and we take x, to be a “representative”, i.e., an element of
UA:. We write [x—yl,, to denote maxj<y<n [Xx—Uil, where x = (x1,...,%x)
and y = (y1,...,Yn) are two given points in R™

We will produce C¢S¢-bit MALPs A(x,£) in RP, with constants Cj, such
that the blobs K(A(x, {)) arising from A(x, £) will be C{-equivalent to I'¢(x, {)
above CJ' - 275 for { = 0,...,{,. Here, Cq Cl,... denote constants de-
pending only on m,n,{. Since we will always have 0 < { < {,, this means
that eventually we could treat C,, C} etc. as constants depending only on
m and n. Recall that P is identified with RP by identifying P € P with
(0*P(0))j<m-—1 € RP.

Using our work on Fault-Tolerant ALPs, we can easily mimic the above
five-step inductive procedure.

In fact, for £ = 0, we create a CSy-bit MALP A(x,0) with constant C’,
for each x € E, such that K(A(x,0)) is C"-equivalent to I'¢(x, 0) above 275,
The construction of such MALPs was carried out in Section 48.

Next, suppose that, for some given 0 < £ < {, — 1, we have already
computed C¢So-bit MALPs A(x, ) (for x € E), with constant Cj, such that
the blob K(A(x,{)) is Cj-equivalent to '¢(x, ) above C}’ - 275,

Then we proceed as follows.

Step 1: For each A € T, we compute a C;So-bit MALP A(A, ) with con-
stant C%, such that K(A(A, L)) is C}f -equivalent to the intersection
over x € A of K(A(x,{)) + B(x,diamy (A)) above C{’ - 27,

This can be done, thanks to Algorithm PFM1 from Section 48
and to Algorithms MALP6 and MALP7 from Section 43. Note
that we may invoke those algorithms, thanks to our assumptions

(SU1) and (SU2). Indeed, in order to apply Algorithm PFM1,
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Algorithm MALP6 and Algorithm MALP7, we need to make sure
that S > (C%)?(C¢+ C)So and S > (C + C) where D = dim P
is a constant depending only on m and n. That holds in view of
our assumptions (SU1), (SU2) and 0 < ¢ < ¢, —1.

Step 2": For each (A1,/\2) € L and i = 1,2, we compute a (:ngo—bit
MALP Ai(/\1,/\z,£) with constant é%, such that K(Ai(/A\q,A2,{))
is é%’—equivalent to the intersection over A € A; of K(A;i(A,€)) +
B(xa, diams (UA;)) above (::’e” .27,

Again, this can be done, thanks to Algorithm PFM1 from Sec-
tion 48 and Algorithms MALP6 and MALP7 from Section 43. We
may invoke those algorithms, as we have S > (C’S‘)Z(Cg + C)Sy
and So > (Cf5 + C), in view of our assumptions (SU1), (SU2) and
0<e<t, —1.

Step 3': For each (A1, A;) € £, we compute a CoSo-bit MALP A(Aq, Az, )
with constant (/f’e, such that the blob K(A(A1, Az, {)) is (/:\’e’—equiva—
lent to

KA1 N, A2, ) N AK(A2(A1L A2, ) + Blxa, XA, — XA, e )}

above é’e” - 2750, Again, this can be carried out, thanks to Algo-
rithm PFM1 and Algorithms MALP6 and MALP7, with the help of
the assumptions (SU1), (SU2) and 0 < € < {, — 1.

Step 4: For each A € T, we compute a égso—bit MALP A(A,{) with con-
stant (/f’e, such that the blob K(A(A, L)) is (A:’e’—equivalent to the

intersection over all (A1,/\;) € L with /A7 2 A of KX(A(/\1,/\2,{)),

above a{’ . 275 Again, this can be carried out, thanks to Al-
gorithm MALP7, with the help of (SU1), (SU2) and the fact that
0< <UL,

Step 5: For each x € E, we compute a C,Syp-bit MALP A(x,{ + 1) with
constant C}, such that the blob K(A(x, €+ 1)) is Cl-equivalent
to the intersection of K(A(x,€)) with all K(A(A,L)) such that
A 5 x, above C@” . 275 Again, this can be carried out, thanks to
Algorithm MALP7, and to (SU1), (SU2) and the fact that 0 < { <

L.

Thus, we can compute a C¢So-bit MALP A(x,{), for x € E and 0 <
£ < L., with constant Cj, such that the blob K(A(x,{)) is Cj-equivalent to
Ie(x,£) above C} - 275, The A(x,{) all have length D = dim P.
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One shows, as in the corresponding section with ALPs, that the work
of creating all the A(x,{), as above, is at most CNlog N, using storage at
most CN.

Next, we discuss the convex sets o(x,£) (x € E,0 < € < L,).

Recall that, when we replace f by zero, then in place of T'¢(x, £) we obtain
homogeneous blobs Ty(x, £), having the form Ty(x,{) = (Mo(x,{))m=o for
(non-empty, symmetric) convex sets o(x,£) C P. Carrying out our compu-
tation of the MALPs A(x,{) (x € E,0 < { < {,) as above, with f replaced
by zero, we obtain MALPs Aq(x,{) (x € E,0 < £ < {,), such that:

o Ap(x,f) is a C¢So-bit MALP with constant Cj; and
o K(Ao(x,0)) is Cj-equivalent to Ty(x,{) above C}’ - 275,

Let
Aol 0) = [N =0, (b 1icp, (01 1icp, MY

lx|<m—1

By induction on £, one checks easily that the bgﬂ are all equal to zero. Hence,

K(Ao(x, €)) = (Kpm(Aol(x, €)))m=o, with

KM(.Ao(X,e)) = {P eP:

> A{ﬂa“P(O)' < Mo{‘”} it M > MY,

[o<m—1
Kam(Aolx, 0) =0 it M < MY,

Since K(Ao(x,{)) is Cj-equivalent to (Mao(x, {))m=o above C}’ - 275 it fol-
lows that MY < C{" - 275 and that o(x, ) is Cf—equivalent to

{PE?:

Hence, we have computed the T¢(x, £) up to C-equivalence above C - 275
and we have computed the o(x,{) up to C-equivalence.

The computations of the approximation to the I't(x,{) and o(x,{), as
above, require a total work of CNlog N, using storage CN. It will be con-
venient also to rewrite the blobs K(Ay(x,{)) in a different form, as follows.
For x € E, let T, : RP — RP be the linear map that takes (0*P(0))|x<m_1
to (0%P(x))j<m_1 for each P € P. Then || T, ||, || T, [|< 2%, since
x| < C2%. Using Algorithm MALP4 from Section 43, and thanks to (SU1)
and (SU2), we may compute from Ao(x,{), a CSp-bit MALP Ao(x, £) with
constant C, such that K(Ae(x, ) is C-equivalent to T, K (Ao(x, {)). Hence,

(%) UC(JZLO(X,E)) is C-equivalent to ({(0%P(x))jx<m-1 : P € Mao(x,£)})m=0
above C - 275,

> Agﬂa“P(O)' < o} foriz],...,D}.

1
lof<m—1
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_ Here, C depends only on m and n, since we take 0 < £ < {,. Note that
Ao(x,€) has length D.

Let
Aolx,0) = [(5\12:;(() 1<i<o , (B9 1<i<p, (69%) 1<i<p, MY,

o] <m—1

Since the b! appearing in A(x,{) are all zero, it follows that the fo are
all zero. Hence, applying (*) with M = 1 (note that M < C27% < 1
from (*)), we find that, for x € E and 0 < { < {,,

{(0%P(x))jqy<m—1 : P € 0(x,{)} is C-equivalent to

Y Abres

lo<m—1

(**) {(Evoc)locKm—] € RD :

< G fori=1,...,D }

Here, C depends only on m and n. The A%, %% may be computed, for

i,00 Vi

all x € E, 0 < € < {,, with total work at most CN log N, and with storage
at most CN.

51. The Basic Lengthscales

Here, ¢, C, ... stand for constants depending only on m,n. Recall that we
assume (SU1) and (SU2) from Section 49.

Recall that o(x) > 275 for each x € E, and that |[x —y| > 275 for
x,y € E, x #y. Hence, given any x° € E and any (§%)q<m_1 € RP, with
|£% < 2-(m=lelSo for each «, there exists F € C™(RP), with || F ||cm @< C,
[F(x)| < o(x) for each x € E, and 9%F(x°) = &£* for || < m — 1. Therefore,
Property 0 in Section 13 tells us that

(1) {(E%)jwemo1 : £ < 27m7xDS0 for each «}
C C{(0*P(x°))w<m-1 : P € o(x°, )}
for each x° € E, 0 < £ < {,.

On the other hand, we have o(x°,£) C Co(x°,0); and |[0*P(x°)| < C for
each o, whenever P € o(x° 0). Hence,

2)  {(*P(x°)jw<m-1 : P € a(x°,0)} C C{(EY) jqg<m = Vex, [EX < 1} for
each x° €€ E,0< £ <(,.

. . g 0 ~ 0
In the previous section, we computed numbers AbX and 61* | such that
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D MxE<

[o<m—1

(3) C{(E»“)Ioclgmﬂ G foriz],...,D}

< { (P em1 P € 0x°, 0}

Y e

lol<m—1

Recall the constants Ay, A1(A), A, from Section 17, and £(A) from Sec-
tion 14. The goal of this section is to present the following algorithm.

QC-{( ) jod<mt : f‘xoforizl,...,D}.

Algorithm BL1: Given x° € E, and non-empty A C M, we compute a ma-
chine number §(x°,A) > 0, with the following properties.

(OK1) There exist polynomials P, € P, indexed by o« € A, such that
OPPL(x°) = 8pq for B, & € A; and

PP (x°)| < CA4(A)- (A8(x° AN* Plfor o € A, B €M, B > o;
(A28(x%, A))™ %P, e CA{(A) - o(x° €(A)) for x € A.

(OK2) There do not exist polynomials P, € P, indexed by « € A, such
that PP (x°%) = 8pu for B, o € A; and

PP (x°)] < cA1(A) - (Ad(x%,A)) ¥ Plfora € A, B €M, B > «;
(A28(x%, A))™ P, e cAi(A) - o(x% L(A)) for x € A.

Explanation: First, suppose A # M. It is enough to find §(x°,.A) as above,
with o(x° ¢(A)) replaced by a convex, symmetric polyhedron & that is C-
equivalent to o(x°, ¢(A)).

In view of (3), we can take

4) ={PeP:|) Apd°P(x) < &ifori=1,...,D},
peM

5 LA) X0 ~0(A)X°
where the A B=Ap ,0i=0; have already been computed.

We set Eqp = 98P «(x%) for . € A, B € M~ A, so that the desired
property of 8(x°,A) may be rewritten as follows. We seek & € (2750, 2+C50)
that satisfies:

(OK1)" There exist (&x,p)xca,penta, such that
Eopl < CAJ(A) - 8Bl for x € A, B>, and
N + Z Nip Eop

BEMNA

< CA(A)- 68 ™ fori=1,...,D and & € A.
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(OK2)" There does not exist (&q,p)xca,pena, such that
Eopl < cAg(A) - 8Bl for x € A, B> o, and

5\i,oc+ Z 5\1,(3 Eo

BEMNA

< cA(A) - 58 ™ fori=1,...,D and « € A.

Once we have found & € (2750, 2+CS) gatisfying (OK1), (OK2)’, we can
then set 5(x° A) = (our machine approximation to) 8/A,. The percentage
error in dividing & by A, will be small, by (SU1) and (SU2) from Section
49, and therefore A,6(x°, A) € [%6,26]. Consequently, 8(x°, A) satisfies
(OK1), (OK2), since b satisfies (OK1)’, (OK2)'. Thus, it is enough to find
§ € (2750 27C50) satisfying (OK1)', (OK2)'.

Algorithm SIP1 from Section 46 produces one of the following outcomes.
(Again, we use (SU1) and (SU2) in order to apply Algorithm SIP1.)

Outcome 1: We guarantee that, for each & € (275, 275%) (OK1)’ holds.
Outcome 2: We guarantee that, for each 5 € (275, 27C5%) (OK2)’ holds.
Outcome 3: We have computed § € (275, 27550) satisfying (OK1)’, (OK2)'.

We will check that Outcomes 1 and 2 cannot occur here. This will complete
our specification of Algorithm BL1.

Recall that o(x° ¢(A)) and & in (4) are C-equivalent. Hence (1) and (2)
imply the following, for vectors (/é\“)(g)ae A, BEM-

[ |/E\,OC‘[3| < 27~ m=ABDSe for ¢ € A, B € M implies

5 N
5) D Aiplap| < Coifori=1,...,D,xcA.
peM

Z 7\1‘52“,6 < oifori=1,...D and « € A implies
(6) BeM
| [Bupl < Cforx e A,BeM.

Suppose (OK1)" holds for a given § € (275 2+C50). Let (Exp)aca, pertn
be as in (OK1)’, and let

2ap=I[CA(A) o™ ™M e, pfora e A, BEMNA
Bup=[CA(A) 6™ ™5 sforac A BeA.

Here, we take C as in (OK1)’. Then, for « € A,
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}Z 7\1‘[3 /E\voc,ﬁ‘ = [CA(A)]! 5m_‘°‘“ Z 5\1,(3 Eap T+ 7\1‘“} < 0y

peM BEM~NA
for each i = 1,...,D and « € A. Hence, (6) yields |/E\,oc‘“| < (' for each
x € A, ie., [CA{(A)]" o™ ™ < C’ for each « € A. This cannot hold
for arbitrary & € [27% 275] provided Sy is sufficiently large. (Here, we
use (SU1) from Section 49.) Therefore, Outcome 1 is impossible here.

Next, suppose we are given & € (275 272%),
Let
/E\,oc,ﬁ = (é)—]z—(m—\oc\)so : 60(,(3

for « € A, B € M, with C large enough. Then by (5), we have
Z 7\143 /E\voc,ﬁ
peM

Since & < 27%% then §ld—™ > 22m—ladSe for x € A, hence, with ¢ as
in (OK2)',

(8) cAi(A)- 6y glod—m > [cA;(A) . 2(m—led)So] o (m—la)So & > C . 2(m—l«)So 51,

(7) (C)12-(m—ledSo i (| = <&ifori=1,...,Dand « € A.

provided Sy is sufficiently large (as in (SU1)). Taking now &4 = 0 for
x e A, B eMA, weobtain

Eopl =0 < cAj(A) - 8™ Pl for x e A, B EM N A, B>«
and by (7) and (8),

Z Aiploap + Mol = Ao < € - 2mdaiSog,
BEMNA

< cAq(A) - G - 8% ™ with ¢ as in (OK2)'.

In particular, there does exist (Eu,p)xen,pentna satisfying the inequali-
ties in (OK2)’. Thus (OK2)" cannot hold when & € [275 272%] Conse-
quently, Outcome 2 cannot occur here.

Therefore, only Outcome 3 can occur.

This completes our specification of Algorithm BL1, in the case A # M.
The case A = M is an easier variant of the above, in which the variables
Eap (€A, B e M\ A) do not arise. Details are left to the reader.

The work of the algorithm is at most C, for a given x° € E, once we have
computed the ALPs Ao(x°,€) (0 < £ < {,) as in Section 50.

Hence, the total work to compute all the 8(x,A) (all x € E, A C M,
A # (), given the Ao(x,€) (all x € E, 0 < < {,), is at most CN.

We define 8(x, A) := + oo for A = (), since the inequalities in (OK1) can
always be satisfied vacuously.
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52. Dyadic Cubes and Cuboids

Recall the Calderon-Zygmund decompositions from Chapter I1I. We make
use of terminology from that chapter.

All the algorithms from Sections 23,...,27 involving the BBD Tree can be
carried out in our model of computation, without error. Indeed, we may de-
cide, with perfect precision, whether a given point x € R™ whose coordinates
are machine numbers, belongs to any given dyadic cube or cuboid. (Here,
we assume that the coordinates of the vertices of the cuboid are machine
numbers, i.e., the cuboid is not absurdly large, absurdly small, or absurdly
far away.) Thus, it is straightforward to verify that the construction of the
BBD Tree in [1] may be carried out, without error.

Similarly, all the algorithms in Section 25 and Section 27 carry over
to our model of computation, without any precision issues arising. Those
algorithms are all based on the BBD Tree, and they do not use imperfect
arithmetic operations at all (they use only comparisons, to detect whether
a point belongs to a dyadic cuboid and to perform tasks of similar nature).
Regarding the approximate nearest neighbor algorithm from [1] mentioned
in Section 23: Let x,y € R™ be given points, all of whose coordinates are
machine numbers. No errors arise when we compute [x —yl,_ . Note that
the algorithms in [1], as quoted in Section 23, are well adapted to the £,
metric (see [1, Theorem 1]). Thus, if we confine ourselves to the £y, metric,
in place of the Euclidean metric, no numerical errors arise when computing
nearest neighbors. It is straightforward to verify that switching from the
Euclidean norm to the {,, norm causes only the most obvious changes to
the arguments in Sections 22,...,26. (See the remark in Section 26.) Thus,
the BBD Tree algorithms are well suited for our model of computation.

We take the constant cg to be a (negative) integer power of 2, say cg =
1/32. That way, if Q is a dyadic cube, then (1 4 cg)Q will be a union
of at most C dyadic cubes, with C depending only on m. Hence, given
X = (x1,...,%xn) € R™ (with each x; a machine number of absolute value
at most 2%?), and given a dyadic cube Q whose vertices have coordinates
that are all machine numbers, we can decide whether x € (1 4 ¢g)Q with
work C (depending only on n). Similarly, we can decide with work C whether
x € (T+c¢a/2)Q.

In particular, for each dyadic cube Q and A C M, we may detect whether
Q € CZ(A), provided Q has vertices whose coordinates are machine num-
bers, and whether Q contains a point x = (x1,...,%n), where each x; is a ma-
chine number of absolute value at most 25/2. Also, for any X = (X1,...,Xn)
such that each x; is a machine number with |x;] < 257 for all 1, and for
each A C M, we can compute the list of all cubes Q € CZ(A) such that
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(14+¢cg)Q 3 x. The work of the computation is at most Clog N, with C de-
pending only on m and n. (Of course, we assume here that we have already
done the relevant one-time work; see Sections 22,...,26.)

53. Finding Neighbors

In this section, we describe a straightforward application of Algorithm
MALP10 from Section 43. Here C, C’, etc, denote constants determined by m
and n.

Algorithm Find-Neighbor (P, Ao, x)

/* Inputs: Py € P, Ay C M such that Ay # M, x € E, and we assume that
0%Py(0) is a given machine number of absolute value < 241 A0)S for each
x (lof <m—T).
Outputs: Py = Find-Neighbor (Pg,Ag,x) is a polynomial in P. It is
guaranteed that 0*P;(0) is a machine number of absolute value at most
24 )% for each « (Jof < m —1). We compute the 0%P;(0) for each
(| < m —1). The polynomial Py is guaranteed to have the following

property:

[ Suppose P € P and M > 275 satisfy
0%(P —Po)(x) =0 for all « € Ap, and P € T'(x,L(Ao) — 1,M).
Then we can express P; = Piiain + Perr; With Prain, Perr € P;
0%(Pmain — Po)(x) = 0 for all « € Ay,
and Poain € T(x,L(Ap) — 1, C'M);

| and [3%P,(0)] < 2741 A )S0-S/2 for all ol < m —1).

Here, C’ is some constant depending only on m and n.

We assume here that we have already done the one-time work to produce
MALPs that are C-equivalent to the I'(x, £(A) — 1) above C275°.
*/
Explanation: Recall from Section 50 that we are able to construct CSgy-
bit MALPs with constant C that are C-equivalent to the T'(x,£(A)—1)
above C27%, with C being a constant depending only on m and n. By
one of the properties in Section 47, these MALPS are C%-equivalent to
the T'(x, {(A) —1) above 275 A straightforward application of Algorithm
MALP10 from Section 43 now leads to Algorithm Find-Neighbor. (Note that

Ai(Ay) > ApAi(Ap) and that we may assume Ay > C for an appropri-
ate constant C depending only on m and n.) The work of the Algorithm,
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not including one-time work used by the algorithm, is at most a constant
determined by m and n.

By using Algorithm MALP8 we can also perform the following task.
Given x € E, we compute a polynomial P; € P, such that 0%P;(0) is a
machine number of absolute value at most 2% for each & (|| < m — 1),
where C' is a constant depending only on m and n. We compute the 0*P;(0)
for each « (Ja| < m —1). The polynomial P; is guaranteed to have the fol-
lowing property:

Suppose P € P and M > 2=5 satisfy P € I'(x, £,, M).

Then we can express P; = Priain + Perr; With Prain, Perr € P;
Pmain S F(X,e*, C,M);

and [0%P..(0)] < 2€75075/2 for all « (Jof < m—1).

From (1) of Section 51, and from Property 1 of Section 13, we conclude
that Py has the following property:

Suppose P € P and M > 275 satisfy P € I'(x, £,, M).
Then P; € I'(x, £,, CM).

The work needed to perform the latter task is bounded by C, given one-
time work CN log N in space CN.

54. Partitions of Unity

Write ¢, C, C/, etc., for constants depending only on m, n.
Recall that, for A C M and Q € CZ(A), we define

(1) 83=065/ ) 65.
QeCZ(A)

Here, 98 is supported in (14 cg/2)Q, satisfies 98 > 0 everywhere, and
98 > con Q.

We have taken cg to be a power of two, so that (1+ cg/2)Q is a union
of at most C dyadic cubes, whenever Q is dyadic. Hence, we can decide
with work C whether a given x = (x1,...,%s) € R™ belongs to (1+cg/2)Q

for a given dyadic cube Q. Here, we assume that xi,...,X,, are machine
numbers. Note that for Q € CZ(A),

(2) 1>8g>c-27%,

since 8 < A" for all Q € CZ(A), and since [x —y| > ¢ - 2% for any two
distinct points x,y € E.
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We may take

2
(3) eg(x):ﬁb—(z(xj—_){?)) }mﬂfor x=(%1,...,xn) € (14+cs/2)Q,
i (T+ca/2)8q
(4) 83(x) =0 for x # (14 ¢cc/2)Q.
Here, (x?, ..., x{) is the center of Q. Note that
9205 (x)| < 85" < C-2°%,

thanks to (2), (3), (4). From (2), (3), (4), we see that 9%0§(x) may be com-
puted up to an error at most C-2%~5 where || < m and x = (x1,...,Xn)
with the x; machine numbers of absolute value < 2%. Thus, we may com-
pute JI (9(?) up to roundoff errors.

From (4), we see that

(X )= X e,
Q' eCZA) Q’eCloud(x,A)
where
Cloud(x,A) ={Q" € CZ(A) : x € (1 +¢cg)Q"}.

Recall that we can compute Cloud (x,.A) in time Clog N, given one-time
work CNlog N in space CN.

Fix x = (x1,...,%n) with each x; a machine number of absolute value
< 2%, For the moment, we identify P+ with RP* by identifying P € P+
with (0%P(x))|q<m. We can write

> JHeF) =bo + P, with bo>c and Pe Pt with P(x)=0.
Q’eCloud (x,A)

We can compute by and P € P+ ~ RP*+ with an error at most C - 2505,
We have [bgl, |P| < 2% and by > c. Note that, in the ring of m-jets at x,

we have
, —1 m ﬁ L
(X ) —ma Y e (p)
Q'eCloud (x,A) =0 0
Hence,
1
'( Z ];r(e(()g/)) S 2C50 in RD+’
Q’eCloud (x,A) (oo
and

-1
( > Ii(eoQ')> e RP*

Q’eCloud (x,A)
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can be computed up to an error at most 26505 ip time C log N given one-

time work CN log N in space CN. Multiplying Jj(e(?) by

.
( Y 11(98’))

Q’eCloud (x,A)

as jets at x, we see that we can carry out the following algorithm.

Algorithm PU: Given A C M, Q € CZ(A), and given x = (X1,...,%Xn) € R™
with each x; a machine number of absolute value < 2%, we compute machine
numbers

0o (x) (lod <m)

approx
of absolute value < 2<% such that the polynomial
1
T 0 approc (y) = Y —O(x) - (y —x)*

ol
[od<m

satisfies

’a‘x[e% o {Ii(eg)}approx] (X)} S chois fOI‘ |0(’ S m.

Here, C depends only on m,n.
The computation takes time Clog N, given one-time work CN log N in
space CN.

55. Main Algorithm and Main Lemma

We state here the analogues of our earlier Main Algorithm and Main Lemma
for our present model of computation. Here, C, C’,... denote constants
determined by m,n.

The Main Algorithm Procedure f,(Aop, Qo,Xo, Po).

/*  Inputs are as follows: Ay C M; Qo € CZ(Aop); xo = (x8,...,x%) €

y 'm

E N Qg (hence, each x{ is a machine number of absolute value <
25 thanks to our assumptions on E); Py € P, with each 9%Py(0)
being a given machine number of absolute value < 2241(40)S0: and x =
(X1,...,Xn) € (14+cg)Qo, with each x; being a given machine number
(hence, |x;] < C2%, since xo € E, and xo,x € Q§* with Qo € CZ(Ao);
recall that Qo has sidelength < A" < 1).
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Output is as follows: (Ao, Qo, X0, Po) is a polynomial P™ € P*. For
each o (|| < m), the quantity 0*P*(0) is a machine number of ab-
solute value < 223(40)So - The algorithm specifies P* by computing the
machine numbers 0*P*(0) for |«| < m. The polynomial P* is to be
viewed as an m-jet at x.

*/

Line1l IfAo=M, then define f (Ao, Qo, X0, Po) := Py, else
Line2 { Let A’ be the least A C M such that Qo € CZ(A).
Line3  If A" < Ay, then define f,(Aop, Qo, X0, Po) := fx(A’, Qo, X0, Po),
Line4  else
Line5 { Produce a list Qq, ..., Qx,.. of all the cubes
Line 6 Q € CZ(Ay) such thatx € (1+¢cg)Q.
Line 7 For each k =1,..., Knax, do the following:
Line 8 { IfENQY =0, then set fy := Py, else
Line 9 { Ifxo € Qf, then set xy =X and Py := Py, else
Line 10 { Define xy := Find-Representative (Qy).
Line 11 Define Py := Find-Neighbor (Py, Ao, Xx).
Line 12 } /* Now we have found xy, Py, for all k for which
the “else” in Line 8 is executed */
Line 13 Define fy := fy(Ay, Qx, Xk, Px).
Line 14 } /% Now we have found fy in all cases x/
Line 15} /x End of the k-loop starting at Line 7 x/
Line 16  Define (Ao, Qo, X0, Po) = (our machine approximation to)

ktn ax

Line 17 Z {];L (932)}@')@( OF fi.

k=1

/* Here, {];L (96%)} is as in Algorithm PU %/
approx

Line 18  } /% Balances the curly bracket at Line 5 */
Line 19 } /% Balances the curly bracket at Line 2 /.
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We check the following elementary result.

Lemma 1. Assume that the inputs to the Main Algorithm are as in the
comment “Inputs are as follows”. Then the Main Algorithm can be executed.
It takes time at most C"logN, given one-time work C"NlogN in space
C"N. It produces an output Pt as described in the comment “Output is as
follows”.

Proof. We use induction on A,.

In the base case Ay = M, inspection of Line 1 shows that the Main
Algorithm executes in time at most C”, and produces as output the poly-
nomial Py. Since we assume that each 9%Py(0) is a machine number of
absolute value < 221 (see the comment “Inputs are as follows”), we
have Pt = Py € P C P*, and 0“P*(0) is a machine number of absolute
value < 241 0So < 2AsMSo for [ < m — 1. (See Section 17 for the in-
equality A1(M) < A3(M). In fact, all the A¢’s are smaller than all the A3’s.)
For |&| = m, we have 0°P*(0) = 0. Thus, the conclusions of Lemma 1 hold
in the base case Ay = M.

Next, suppose Ao # M. Recall from Section 52 that we may execute
Lines 2-3 in time Clog N given one-time work CNlog N in space CN (see
also Section 26). We split the proof into two cases. First, suppose there
exists A < Ap such that Qg € CZ(A). Let A" € M be as computed
in Line 2. Then A’ < Ap. By inductive hypothesis (Lemma 1 for A’; note
that A;(A’) > Aq(Ap) and A3(A’) < A3(Ap)), we can execute Line 3 in
time C”log N given one-time work C”Nlog N in space C”N; the algorithm
terminates, and the output fy(Ao, Qo, X0, Po) is a polynomial P as in the
conclusion of Lemma 1.

Thus, Lemma 1 holds for Ay in the case A’ < Ay. For the rest of the
proof of Lemma 1, we assume that A" = Ay # M. Thus, our algorithm
passes to the execution of Lines 5-6. Recall from Section 52, that all of
our algorithms for CZ cubes work with perfect accuracy in our model of
computation. Thus, as is explained in Section 29, we may execute Lines 5-0,
and the loop in Lines 8,...,14 is executed at most C times.

Let us examine the k" execution of the loop in Lines 8,...,14. Suppose
first that E N Q3" # (. Since Lines 8-10 involve only the CZ algorithms,
again, the analysis from Section 29 is still valid. In the case where xo € Qj,
by Line 9 we have that P, = Py € P, 0%Py(0) is a known machine number of
absolute value at most 241 Ao)So < 2A41(40 )50 for each o (Jof < m—1) (recall
from Section 17 that A(Ap) < A;(Ay)); also, the coordinates of xx = x¢ are
machine numbers of absolute value at most 2%. (See the comment “Inputs
are as follows” in the Main Algorithm.)
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In the case where xo ¢ Q}, we reach the execution of Line 10. By
the defining property of Find-Representative, we know that x, € E N Qy".
When we start executing Line 11, we have the following: Py € P, 0%Py(0)
is a known machine number of absolute value at most 241 A)Se for each
 (Jof < m —1) (see the comment “Inputs are as follows” in the Main
Algorithm); also Ao C M with Ay # M; and x, € E, thanks to Line 10.
Thus Py, Ao, xi satisfy the requirements for successful execution of Find-
Neighbor. (See the comment on “Inputs” in the algorithm “Find-Neighbor”
in Section 53.) Consequently, Line 11 executes successfully, in time < C”|
given one-time work C”Nlog N in space C”"N. (See Section 53.) Recall that
the output Py produced by Find-Neighbor in Line 11 satisfies the following:
Pr € P; and for each «, the quantity 0%Py(0) is a machine number of
absolute value < 2410 )% which we compute in executing Line 11. (See
the comment on “Outputs” in the algorithm Find-Neighbor.)

Having executed Line 11, we pass to Line 13.

Note that, in both of the cases xo € Qy and xo € Qjy, we have shown
that the following holds, upon reaching Line 13:

() Ay € M; Qx € CZ(A,) (see Lines 5, 6); xx € EN Q3 Py € P,
and for | < m — 1, 0*Py(0) is a machine number of absolute value
< 2M IS0 x € (14 ¢g)Qx (see Lines 5, 6); and the coordinates of x
are machine numbers (see the comment “Inputs are as follows” in the
Main Algorithm).

The above remarks tell us that the inputs Ay, Qx, xx, Px and x are as in the
comment “Inputs are as follows” in the Main Algorithm. Since also A, < A,
we may apply Lemma 1 to fy(Ay, Qx, Xk, Pk). Consequently, Line 13 executes
in time < C”log N, given one-time work C”N log N in space C"N. Moreover,
the output fy produced by Line 13 satisfies:

(t1) frx € PT; for each « (o] < m), we have computed 0%f,(0), which is a
machine number of absolute value at most 2340 )So

We have just proven (ft) for the case E N Q3" # (). Inspection of Line 8
shows that (1) holds also for the case E N Q** = (); in this case fy, = Py,

105 (0)] < A1 (Ao)So < A3 (Ay )So

and (f1) follows; see the comment “Inputs are as follows” in the Main Algo-
rithm. (We use the fact that A1(Ap) < A3(Ay); see Section 17.) Hence, ({1)
holds for any k (1T <k < Kpax)-

The above discussion shows that we execute the k-loop (Lines 7,...,15)
in time C”log N, given one-time work C”Nlog N in space C”"N. Thereafter,
we pass to Line 16.
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Next, we check that Lines 16, 17 can be executed in time C”logN,
given one-time work C”NlogN in space C"N; and we discuss the output
T (Ao, Qo, X0, Po) produced by Lines 16, 17. Each fy satisfies (171).

To prepare for execution of the product ® in Line 17, we must com-
pute (a machine approximation to) (9%fx(x))q<m, given the (0%f1(0))x<m
from (1). We obtain values {0%fi(x)}approx for || < m; each of these is a
machine number of absolute value

< ZC/"Ag (.Aa )So .

(This follows easily from (Tt), together with our earlier observation that the
coordinates of x are machine numbers of absolute value < 2¢%.) Given the
{0%F (%) Japprox, and the output of Algorithm PU, we can compute a machine
approximation to

0 {{Ij(ﬁé’)} oM fk} (x) for |of < m;
k approx
and these machine approximations are all less than 2CAs (A% i absolute
value. Summing over k = 1,..., kpnax, and recalling that k., < C, we

obtain (for || < m) a machine number 0, of absolute value < C-267 (A )So

which serves as our approximation to

Kmax B
0 [Z{Ii(eéi )}approx Qi fk (X)
k=1

Expanding

in powers of y, we obtain coefficients {4 (with round-off errors), such that
(Wa)|y<m 18 an approximation to

Kmax B
(o [Z (0 Naprox O fi| (0)) e

k=1

The VP, are machine numbers of absolute value < 207 A Ay )50 thanks to
our estimates for the 0, and for the coordinates of x. Thus, we can exe-
cute Lines 16, 17. Their output is the polynomial

1
fu(Ao, Qo, X0, Po) = D all)aya>
lod<m
specified by exhibiting the 1. Since Algorithm PU takes time < C”logN,
given one-time work C”Nlog N in space C”"N, the same is true of Lines 16, 17.
(Here again, we use the fact that Kp.x < C.)
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Moreover, fy (Ao, Qo, X0, Po) € P, and for || < m,
a“[fx(‘AO) QO) X0, PO)](O)

is a machine number of absolute value
< ZC#A3 (Ag S0 < A0A3(AG S0  PA3(Ao)So

)

which we have computed. Here, we assume that
AO Z C#)

which is a legitimate assumption, as C* is a constant depending only on m
and n. The execution of the Main Algorithm for (x, Ao, Qo, X0, Po) terminates
after execution of Lines 16,17. We have shown that the Main Algorithm for
(x, Ao, Qo, X0, Po) runs in time C”log N, given one-time work C”Nlog N in

space C"N.
We have established the conclusions of Lemma 1 for the inputs (x, A, Qo,
X0, Po). The proof of Lemma 1 is complete. |

Note that, in the proof of Lemma 1, we needed some control on the size,
e.g., of the fy, in order to avoid overflow errors in executing Lines 16,17.

Now we are ready to state the Main Lemma.

Main Lemma for Ao:
Let Qo € CZ(Ap), let xo € EN QF with xo € EN QF in case EN Qf # 0,
and let Py € P.
Suppose that, for each « (|| < m —1), the quantity 0°Py(0) is a machine
number of absolute value at most 2741 (Ao)So,
Let Mg be a machine number, with 275 < My < A1(Ag)2+5%. Assume that
PoeT(x0,8(Ap),Mp).

Then there exists F € C™((1 4 cg)Qo), with the following properties:

(1) Ji(F) =Py € As(Ao) - Mo - B*(x,80,) for all x € (1+ cg)Qo.
(I1) J(F) € T(x,0, As(Ao) - Mo) for all x € EN (1 + cg)Qo.
(
(

III) ]on € (] + Cg)Qo, then ]xo (F) = P,.

IV) Let x = (x1,...,xn) € (1 +¢g)Qo, and assume each x; is a machine
number. Then

0% (F) — (Ao, Qo, X0, Po)](0)| < 243M40)S078/2 for o <.

Here, f, (Ao, Qo, X0, Po) is the polynomial produced by the Main Algorithm
for inputs (Ao, Qo, X0, Po). Note that Ay, Qo, X0, Po and x in (IV) are as in
the comment “Inputs are as follows” in the Main Algorithm. Hence, by
Lemma 1, Ty (Ao, Qo, X0, Po) is a well-defined polynomial belonging to P+.
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56. Proof of the Main Lemma

We write C,c,C’, etc. to denote constants determined by m and n. As
for the Main Lemma for “perfect arithmetic” (Section 29), we proceed by
induction on Ay, with respect to our order relation < on subsets of M.

Base Case: Suppose A9 = M. Then we have Qo € CZ(M) and Py €
I"(x0, £(M), Mo), with xo € ENQF" such that xo € ENQ* in case E N QF # 0.
Thus, we are in the base case of the induction on Ay that proves the Main
Lemma for perfect arithmetic. In that case, we showed that F = Py on
(T4+cg)Qo satisfies (I) and (II) in the statement of our present Main Lemma.
Also, (III) is obvious. Moreover, Line 1 of the Main Algorithm gives here
fx(M,Qo,Xo,Po) = Po, i.e., a“[fx(M,Qo,Xo,Po)](O) = a"‘PO(O) exactly, for
|l < m. Since also 9%[J}(F)I(0) = 0%Py(0) exactly (lof < m), it follows
that 0X[J}(F) — (M, Qo, X0, Po)1(0) = 0 exactly, for |«| < m. Hence, con-
clusion (IV) holds also, completing the proof of the Main Lemma in the
base case.

Induction Step: Fix Ay C M with Ay # M, and assume that the Main
Lemma for A holds for all A < Ag. We will prove the Main Lemma for A,.
Let My, Qo, X0, Po be as in the hypotheses of the Main Lemma for Ay. We
distinguish two cases.

Trivial Case: Qo € CZ(A) for some A < A,.
Non-Trivial Case: Qo ¢ CZ(A) for all A < A,.

In the trivial case, let A’ be minimal, subject to Qo € CZ(A’). Then
A" < Ap. By inspection of Lines 1,2,3 of the Main Algorithm, we see that

(1) fx(Ao, Qo, %0, Po) = fx(A’, Qo, X0, Po)
whenever x = (x1,...,%n) € (1+cg)Qo with each x; being a machine
number.

As in the trivial case of the Main Lemma for perfect arithmetic, we find
that CMy, Qo, X0, Po satisfy the hypotheses of the Main Lemma for A’. Ap-
plying the Main Lemma for A’ (which we may do, since A" < Ay and since
Aq(A") > Aq(Ap)), we obtain F € C™((1+cg)Qo), with the following prop-
erties:

(I)/ ]X(F) — Po - Ag(fl/) . CMO . B+(X, 6Q0) for all x € (] + Cg)Qo;
(IT) J(F) € T'(x,0,A3(A") - CMy) for all x € EN (1 + ¢g)Qo;
(IIT)" If x0 € (1 4+ c)Qo, then Jy, (F) = Po; and
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(IV)" Let x = (x1,...,%n) € (1 4+¢cg)Qo, and assume each x; is a machine
number. Then

00 (F) — (A’ Qo, X0, Po)I(0)] < 27 AIS075/2 for |of < m.

Applying (1), and recalling that CA3(A’) < Az(Ap) for A’ < Ao, we see
that (I),...,(IV)" imply the desired properties (I),...,(IV) for F. This com-
pletes the inductive step in the proof of the Main Lemma;, in the trivial case.

For the rest of this section, we assume we are in the non-trivial case. Let

Q={QeCZAy): T+cc)QoN(1+cg)Q #0}.

For each Q € Q, we define a point xg € R™ and a polynomial Pg € P, as
follows.

(2) I ENQ™ =0, then we set xq = center of Q,Pqo = Po.
(3) Ifxo € ENQ*, then we set xg = Xo, Pq = Po.
(4) HENQ*™ #0 and xo € EN Q*, then we set
xq = Find-Representative(Q).
(Note that xq € ENQ** with xq € EN Q* in case EN Q* # 0, by the

defining property of Find-Representative.)

We then let Pq = Find-Neighbor (Po, Ao, Xq). Note that Py, Ao, xq are
as required for inputs of the procedure Find-Neighbor.

Thus, in all cases, Pg € P, and 0*P(0) is a machine number of absolute
value at most 221 )% for |af < m — 1. (In Case (2) and Case (3), this
follows from our assumptions on Py in the hypotheses of the Main Lemma,
and the inequality A;(Ao) < Aj(Ay). In Case (4), it follows from the
defining properties of Find-Neighbor in Section 53.) Note that in Case (2),
we necessarily have §q = A5 (see Lemma 4 of Section 21).

In Case (4), the defining property of Find-Neighbor also tells us the fol-
lowing.

(5) Suppose P € P and M > 275 satisfy

0%(P — Po)(XQ) =0 for all «x € Ap, and P € F(XQ,Q(.A()) —1,M).
Then we can express

Po = Pgai“ + Pg’, with Pgai“, Py €7,

6“(Pgai” —Po) (XQ) =0 for all x € Ay,

and Pgai“ € INxqg, L(Ao) —1,CM);

and [9°Pg"(0)] < 2% A0 )%0=5/2 for o <m — 1.
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Since Py € T'(xo, £(Ao), My), and since we are in the non-trivial case, we
may apply here the analysis of Section 32. By Lemma 7 from Section 32,
we learn the following in Case (4).

(6) There exists P € P, satisfying

0%(P — Po)(XQ) =0 for all « € Ap; and P € F(XQ, (Ao) —1,C"'My) .
Moreover, any such P satisfies that P — Py € CMoB(xq, A20q,)-

Since My > 2*50., then by (5) and (6), we conclude that in Case (4), we
may write Pq = P&™" + PE’, with P§*", P&" € P such that
(7) 6“(P83i“ — Po)(xq) =0 for all & € Ay,
P& € T'(xq, {(Ao) — T,CMy),
P& —Po € CMoB(xq, A28q,); and
9°Pgr(0)] < 271 A )S0=S/2 for |of <m — 1.

In Case (2) and in Case (3), we simply set PE*" = Pq and Pg" = 0.
Note that (7) holds also in Case (3), since in this case, xq = Xo and by our
assumptions

PEH" =P = Py € IN(xq, {(Ao), CMo) C (xq, £(Ao) — 1,C'My).

Thus (7) holds in Case (3) and Case (4). Note that (7) shows that Pg*" €
Fﬁo (xq, Po, CMy), in Case (3) and Case (4). (See Section 32 for the definition
of T#.)

Next, we claim that,

(8) Pgai“—PB?i“ € CMoB(xq, A20q) whenever (14+cg)QN(1+4cg)Q’ # 0;
Q,Q Q.

Indeed, (8) follows from (7) and Lemma 8 in Section 32, when both Q and
Q’ satisfy either (3) or (4). In case where at least one of Q, Q' satisfies (2),
then (8) follows from (7). For instance, if Q satisfies (2), then Pq = Po and
8g = A,' > 8q,; hence (8) either follows from (7), or else holds trivially
since Pg‘i‘ﬂ“ = Py = Po.

We recall that 8g > ¢ -27% for all Q € CZ(A,), hence for all Q € Q.
Recall also that [xq| < 2% for Q € Q (because xq € Q**, Q € CZ(A}),
Qo€ CZ(Ap), (T4+¢c)QN(T+¢cg)Qo#0,xo € ENQY, and x| < C-2%
for x € E). Therefore from (7) we obtain that in Case (4),

(9) IaBP%"(xQ)I S ZA‘ [A(;Jsoig/z S CMO . (AzéQ)milm for |[?)| S m—1.

(Here, we use our hypothesis My > 275 from the Main Lemma, as well
as (SU2) from Section 49.) Note that (9) trivially holds in Cases (2) and (3),
as PG’ = 0 in those cases.
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Next, suppose Q, Q' € Q, with

(1+cc)QN(T4+ce)Q #0.

Then %6Q < 8qg < 26¢ and |xq — x| < Cdg. Hence, applying (8) to Q
and Q’, and then applying (9), we learn that

(10) [0B(Pq —Pa)(xQ)l < C"My - (A28q)™ ¥l for |B] < m —1.

Next, recall that (I'(xq,2(Ao) —1,M))m=o is C-equivalent above 2% to
the blob arising from a CSy-bit MALP with constant C’. Therefore, from
Lemma 4 in Section 40, we have the following elementary result.

(11) Suppose P € I'(xq, {(Ao)—1,M),M > 275 and suppose that [0%P'(0)
< 275 (for a large enough constant C determined by m and n). Then
P+P' e F(XQ, E(Ao) —1 ,C/M).

Taking P = PE*™ and P’ = P in (11), recalling that Mo > 27> by our
assumptions, and applying (7) and (SU2), we learn that

(12) Pg €T(xq,{l(Ao) —1,C'My) for Q € Q in Case (4).
We have (12) also for Q € Q in Case (3), since then
Po = Po € T'(xo, £(Ao), Mo) = T'(xq, £(Ao), Mo) C T(xq, {(Ao) —1,C'My).

In Case (2), there is no analogue of (12), since xq ¢ E, and the I'(xq, {, M)
are undefined.

Our basic results on the polynomials Pg are (10) and (12).

We prepare to apply our induction hypothesis, namely the Main Lemma
for A;.

Let Q € Q be in Case (3) or (4). We will check that the cube Q, the
point xq, the polynomial Pqg, and the constant C”"M, (for a suitable integer
constant C” > 1 depending only on m,n), satisfy the hypotheses of the
Main Lemma for A,. In fact:

e Qe CZ(Ay), since Q € Q.

e xg € ENQ™, with xog € ENQ* if ENQ* # 0. (In Case (3), this
holds, since xg = xo € ENQ*; in Case (4), it follows from the defining
property of the procedure Find-Representative.)

e P € P, and, for x| < m—1, 0*Pq(0) is a machine number of absolute
value at most 2210 )% (as we noted immediately after (2), (3), (4)).
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e C"M, is a machine number satisfying
275 < C"Mo < C"AG(A0)2% < Aq(Ag)2%,

provided that Ay > C"”. (Recall from Section 17 that A;(Ay) >
AoA1(Ao).)

o Po eT(xq,l(Ay),C"My), as we see from (12).

This completes our verification of the hypotheses of the Main Lemma for A
Applying that lemma, we obtain a function

(13) Fg € C™((1 +¢c¢)Q), for each Q € Q in Case (3) or (4), satisfying
the following:

(14) ]i(FQ) — PQ c Ag(Aa) . C//Mo . B+(X, 6Q) for x € (] + Cg)Q.
(15)  Ju(FQ) € T(x,0, As(A3) - C"Mo) for all x € EN (1 + ¢g)Q.
(16) If XQ € (1 + C(;)Q, then ]XQ (FQ) = PQ.
(17)

17

15

Let x = (x1,...,%n) € (1 +¢cg)Q, and assume each x; is a machine
number. Then

|a“[];¢r(FQ) - fx(‘Aa) Q)XQ» PQ)] (0)| S 2A3 (Aa)so_g/z for |(X| S m.

Properties (14),..., (17) hold when Q € Q falls into Case (3) or (4). In Case (2),
we simply define

Properties (13), (14), (16) hold also for Q € Q in Case (2), since we then have
J7(FQ) = Jxo(Fq) = Pq = Po. Property (15) holds vacuously in Case (2),
while property (17) makes no sense in Case (2), since fy(Ay, Q,xq,Pg) is

defined only when xq € E. (See the comment “Inputs are as follows” in the
Main Algorithm.)

With 92, as in Section 54, we define
0
_ E Q
(19) F = QEQeAOFQ on (] —|—Cg)Q0.

Note that (19) makes sense, thanks to (13), since 92, is supported in
0
(1+c¢g)Q. Recall that any point in R™ has a small neighborhood that meets
at most C of the supports of the 92, (Q € CZ(Ay)). Consequently,
0
(20) Fe C™((1+cs)Qo).

We check that the above function F satisfies properties (I),...,(IV) in the
conclusion of the Main Lemma for A,.



260 C. FEFFERMAN AND B. KLARTAG

Regarding (I), let x € (1+¢g)Qo, and let Q € CZ(A,) contain x. Then
(21) THF—Po) = i (Fq—Pol + 3 JH(6S ) @ I (Fo — Fo)
QeQ

since

D JieR ) =1

QeQ
A given Q € Q makes a non-zero contribution to (21) only if x € (1 + ¢g) Q.
There are at most C such Q € Q, and they all satisfy %5 < dq < 284, and
(22) Ji(Fq —Fg) =Pq =Py +Ji(Fo—Pq) = Ji(Fg — Pa)
€ C"A3(Ay)IMoB™(x, 83) + CMOB+(X,A26@),

thanks to (14) and (10). It therefore follows from (21) and (14), along with
our estimates for the derivatives of the 92,, that
0

(23) JHF—Py) € [P(A2 — Pol + CVAT'A3(A4 )MoBF(x, 6(3)'
Next, note that
(24) Py —Po € CMoB™(xg, A2dq,) € C'MoB*(x, A2dq, ).

If Q falls into Case (4), this follows from (7); note that |x —xg| < Cdg <
C'dq, since x € Q N (14 cg)Qo, with Q € CZ(Ay) and Qo € CZ(Ap). (See
Lemma 6 from Section 21.) If instead Q falls into Case (2) or (3), then (24)
holds trivially, since then P5 = Po.

We have b5 < Cdq,, by Lemma 6 from Section 21. Consequently, (23)
and (24) together yield

];{(F) —Po € CVA?A3(A5)MOB+(X, 0, )-
This implies conclusion (I) of the Main Lemma for Ay, since Az(Ao) >
CYATA;(Ag).
Next, we check conclusion (II) for our function F. Let x € EN(T4c¢g)Qo,
and let Q € CZ(A,) with Q 3 x. Then (19) gives

(25) Jx(F) = Jx(Fa) + > Jx(8% ) Ok Jx(Fq—Fa).

QeQ

The only Q € Q that contribute to (25) are those satisfying x € (14 cg)Q.
There are at most C such Q € Q, and they satisfy %6?2 < dg < 26@.
Moreover, given such a Q, we can argue as follows:

Applying (15) to Q and to Q, we find that

(26) Jx(Fq —Fg) € T(x,0,C"A3(A;)Mo) — T'(x, 0, C"A3(Ay)Mo)
C C"A3(Ay)Moa(x,0).
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Also, (22) applies, and it gives
(27) Jx(Fo—Fg) € CiVAE‘Ag(Ag)MOB(X,éé).

From (26), (27), our estimates for the derivatives of 92, and the Whitney
0

t-convexity of o(x,0), we conclude that

(28) ]X(eja) Ox Jx(Fq —Fg) € CYAT - A3(A; )Moo(x, 0).
Putting (15) and (28) into (25), we conclude that

(29) Jx(F) € T(x,0,CYAT - A3(A;)Mo) € T'(x,0, As(Ag)Mo),

since A3(Ag) > CAT - A3(Ay). Conclusion (II) for our function F is im-
mediate from (29).
Next, we check conclusion (III). Suppose xo € (1 + cg)Qo. From (19),

(30) ]Xo(F) = Z IXO(G%) Oxo ]xo(FQ)-

QeQ
The only Q that contribute to (30) are those satisfying xo € (1 + ¢g)Q.
Such Q fall into Case (3), and therefore satisfy Pq = Po,xq = %xo. In
particular, such Q satisfy xg = xo € (1+c¢g)Q, and therefore also J, (Fg) =
Jxo (FQ) = Pq = Po, by (16). Consequently, (30) implies

To(F) = D Jx(853.) @x Po =Py,
QeQ

proving conclusion (III) of the Main Lemma for A,.

It remains to check conclusion (IV).
Let x = (X1,...,%Xn) € (14¢cg)Qo, and assume each x; is a machine number.
Let Q1,..., Qx,.. be a list of all the Q € CZ(A,) for which we have x €
(14 cg)Q. This precise list of cubes is being computed in Lines 5, 6 of the
Main Algorithm. We assume that our enumeration here corresponds to that
in Lines 5, 6.

Then from (19) we obtain

kmax
+(F) = Q) ot 1+
Note that
JT(Fo) =Po HENQY =0 (see (18));

and if EN Q3" # ), then the following holds:

If xo € Qf, then xg, = xo and Pg, = Py, else: we use Find-Representa-
tive to find xq, € EN Q}*, with xq, € ENQj if EN Qf # 0; then we
use Find-Neighbor to compute a polynomial P, € P.
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Comparing the above discussion with Lines 5,...,11 of the Main Algorithm,
we find that:

(32) fy from Line 8 agrees perfectly with Jf(Fq,) if EN Qy = 0.

(33) xx, Px from Lines 9,..., 12 agree perfectly with our present xq,, Pg,, in
case EN Q3 # 0.

From (33) and (17), we see that

(34) 0% (Fo,)—fx(Ag, Qi X, P)I(0)] < 243140 0%0-5/2 for o] < m, when-
ever EN Qf # 0.

Here, Qy, Xk, Px are as in the Main Algorithm. Comparing (34) with Line 13
in the Main Algorithm, we conclude that [0%[J}(Fq, ) —fi](0)] < 270 )S0=5/2
for |« < m, whenever E N Q3 # 0.

Together with (32), this shows that, when we execute Lines 16, 17 of the
Main Algorithm, we have

(35) !a"‘[]j[(FQk) —fiJ(0)] < 2A3(Ag)S0=S/2 {5 all o <m, T <k < Kpax-
Note also that
(36) [0%)f(Fo,)1(0)] < 2CAMA )% for [ < m.

In fact, in the case EN QF = 0, we have J{(Fq,) = Po by (18), and (36)
follows from our hypotheses on Py in the formulation of the Main Lemma
(recall that Aj(Ag) < As3(Ay)). In the case where E N Qf # 0, since
x € (14 ¢cg)Qx, (14) applies, and we have

(37) [0%[Fq —Pl(x)| < A3(Ag) - C"Mo - 85 “for o <m, T <k < Kiax.

Since also |x| < 2% (since x € (14 ¢g)Qo, with xo € Q5  NE, 8q, < 1), it
follows from (37) that

9%} (Fo, — Pi)l(0)] < Az(Ag )M, - 2€%

for [of < m, 1 <k < Kpax. Since Mo < Aq(Ag)2% < 224140050 and since
[0%P(0)] < 2MMo)So < 2240 )50 (see the text right after (4)), then (36)
follows. This completes our verlﬁcation of (36).

Regarding the m-jets of our 935, we recall that Algorithm PU produces

{]*(GQk ) Japprox € P, satisfying

(38) 10°0(09%) — {09 ) Japprond ()] < 265075 for [of <, 1 < k < Ky
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Recall that Algorithm PU computes the numbers 0%{J (925 ) Yapprox (X) for
0

|| < m; in particular, those numbers are machine numbers.
Since 8q, > 27> (because Qx € CZ(A;)), our estimates for derivatives
of 89 yield [0%0S* (x)| < C8o* < 2% for [af < m, 1 < k < Kyax, hence
0

(39) TLOFN(x) < 2% for fo < m, T <K < K

We can now use (35), (36), (38), (39) to conclude that

Kmax Kmax
(40 aO(|: Z ]Jr er ®+ I+ FQk Z{I+ er }approx ®+ fk:|( )

k=1

< 2CA3(AG)S0=5/2 for || < m.

(Here again, we have used the fact that [x| < 2% to pass from (35), (36)
to corresponding estimates for derivatives at x.)

From (35), (36), (38) , (39), we have also
[0 (03 Vapprox (¥)] < 2°% and [0%Fy(x)] < 29400 for [af < m.

Consequently, when we execute Lines 16, 17 of the Main Algorithm, we obtain
a polynomial f,(Ag, Qo, X0, Po) that satisfies

km ax

(41) 000, Qoo Po) = 3 (105 Moo 0 )] £ 255157572
for |of < m.

(Here again, we use [x| < 2¢%.)
Combining (31), (40), and (41), we find that

’aoc[];r(}:) - fX(AO) QO)XO) PO)](X)’ S 2CA3 (Aa)SO—S/Z for |(X| S m.
Again using x| < 2¢%, we deduce that
(42) |05 (F) — fx(Ao, Qo, X0, Po)l(0)] < 2674 )80=5/2 for |off < m.

Since A3(Ap) > C'As(Ay), we conclude from (42) that (IV) of the Main
Lemma for Ay holds.

Thus, we have shown that our F € C™((1 + cg)Qo) satisfies all the
properties (I),...,(IV).

The proof of the Main Lemma is complete. |
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57. Applications of the main lemma

In this section, we prove an analogue of Theorem 4 that relates to our model
of computation. We assume here the model of computation from Section 38,
as well as (SU1), (SU2) from Section 49. In this section, ¢, C, C’, etc. stand

for constants depending only on m and n.

Theorem 9. Suppose we are given the following data:

o A finite set E C R™, such that

x For x € E, we have that x = (X1, ..., Xn) where each x; is a ma-
chine number with x; < 2%°.

x Forx,y € E such that x #y we have [x —y| > 275,

e For each x € E, two real numbers f(x) and o(x), such that

x f(x) is a machine number that satisfies |f(x)| < 2%.

x 0(x) is a machine number that satisfies 2750 < o(x) < 2%,

Assume that #(E) = N. Then, there exists F € C™(R™) with the following
properties:

(A)

IfF e C™R™) and 2750 < M < 2% satisfy
I F lem@n) < M and [F(x) — f(x)| < Mo(x) forx € E,
then

| Fllem@®n)< CM and [F(x) — f(x)| < CMo(x) forx € E.

There is an algorithm, in our model of computation, that receives the
given data, performs one-time work, and then responds to queries.

A query consists of a point x = (Xq,...,xn) € R™, such that x; is a
machine number with [xi| < 2% for all 1 <i < mn. The response to the
query 1s the family of coefficients (a“ﬁx(O)) of a polynomial Py
that satisfies

lo<m

0% (JH(F) = Py) (0)] < 275/* for all o < m.

The one-time work takes CNlog N operations and CN storage. The
work to answer a query is Clog N.

Here, C 1s a constant depending only on m and mn.
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We will make use of the Main Lemma for () from Section 55. Recall that
CZ(0) consists of all dyadic cubes of sidelength A?. The following lemma
is an immediate consequence of the Main Lemma for () from Section 55, and
of Lemma 1 from Section 55.

Lemma 1. Suppose that Qo C R"™ is a dyadic cube of sidelength A?,
xo € ENQ}Y and 275 < My < Aq(0)2%5. Let Py € P be such that

(1) 9%*Po(0) is a machine number that satisfies [9%Py(0)] < 221 @Se for gl
o <m—1.

(2) Py e T(xo,Ls, Mo).

Then, there exists
Fe C™((1+cs)Qo)

with the following properties:
(3)  [9B(F—Po)(x)] < CA3(0)Mo  forall x € (14 c)Qo, IRl < m.

(4) Jx(F) € T'(x, 0, CAg(@)Mo) forall x € EN (1+ cg)Qo.

(5)  Let x = (x1,...,%n) € (1 +¢g)Qo be such that x; is a machine number
for all1 <i<mn. Then,

[0 [T (F) — fx(0, Qo, xo, Po)] (0)] < 22050525 a1} |of < m,
where T,(0, Qo, X0, Po) is computed by the Main Algorithm in Section 55.

(6) Letx = (X1,...,%n) € (1 +¢g)Qo be such that x; is a machine number
for all 1 <i<n. Then the numbers

a(xfx(@v QO) X0, PO) (O)>
for || < m, are all machine numbers in the range [—223@)S0 2A3(@)S0]
Here, C > 0 is a constant depending only on m and n.

Let us describe the algorithm promised in Theorem 9. We perform all
the one-time work described in Sections 48, 50, 51, 52. In addition, in the
one-time work, we subdivide R™ into dyadic cubes of sidelength Az_]. Let Qg
be the set all dyadic cubes Q of sidelength A;', such that E N Q* # (). As
in Section 34, we have #(Qy) < CN. We compute the list Qgy, and then
sort the cubes in QQy with respect to the lexicographic order on the centers
of the cubes. We store the sorted list in memory, during the one-time work.
This requires CN log N operations and CN storage.

For each Q € Q,, we compute a representative xq := Find-Representa-
tive(Q). Then xg € EN Q*, by the defining property of Find-Representative
from Section 25. We store the CN representatives in memory.
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Next, for each Q € Q) we will compute a polynomial Pg € P having the
following properties:

(7)  93%(Pg)(0) is a machine number in the range [—2%1 (@S0 2A10)%0] for all
o) <m—1.

(8) Suppose P € P and M > 275 satisfy P € I'(xq, {x, M).
Then PQ S F(XQ,Q*, CM).

We may compute the machine numbers (a“(PQ)(O))l‘xlSm_] thanks to the
discussion at the end of Section 53. (We assume, as we may, that Aq(()
exceeds the constant C’' from that discussion.) We compute and store all
the polynomials Pg in memory, during the one-time work. The total time
required for the computation of the points xg and the polynomials Pq does
not exceed CN log N, and the storage required is no more than CN.

This completes the description of the one-time work of our algorithm.
The resources being spent for the one-time work are bounded by CNlog N
computer operations and CN storage, for C depending only on m and n.

We move to describe the query algorithm. Suppose we are given a point
x € R™, whose coordinates are machine numbers with absolute values that
do not exceed 2%. We set Qy(x) ={Q € Qp: x € (1 +cg)Q}. Note that
#(Qp(x)) < C. Given the one-time work, we may compute Qy(x) using at
most Clog N operations, by applying binary searches on the sorted list Q
(details in Section 34).

Once Qy(x) is obtained, the algorithm computes the polynomial P,
which is our machine approximation to

9 Y Ti(0%) @f £(0,Q,xq, Pa).

Q0o (x)

Let us elaborate on the computation of the approximation to (9). For
cach Q € Qop(x) denote fq = fx(0,Q,xq,Pg). Note that from (7), we
see that x, Q,xq, Po satisfy the conditions in the comment “Inputs are as
follows” in Section 55. Hence, fg is well-defined, and we may apply the
Main Algorithm from Section 55 to compute (0%fq(0)), <., Next, in order
to carry out the @ -operation, we compute the machine approximation to
(6“fQ(X))|“|<m. According to (6), we have that [0%fq(0)] < 2243@S0 for all
l«| < m, and therefore also our machine approximations (0%fq(x)) approx
are never larger than 24 ™% in absolute value. Using Algorithm PU from
Section 54 we may compute machine numbers that approximate

(10) 9> (J; (6%) @ fq) (x) for all [of < m.
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The machine approximations are all smaller than 263 ®Se in absolute

value, and they differ from the actual quantities in (10) by no more than
2CAs50=5/2  Qumming over Q € Qo(x), we compute numbers that are
machine approximations to

(11) 6“( Z Jr (9%) oF fQ) (x) for all || < m.

Qe (x)
Since #(Qp(x)) < C, our machine approximations are all bounded by
2CAsMS0 and differ from (11) by at most 2643 (0S0=5/2 according to (SUL)
and (SU2). Finally, we compute from our approximation to (11) additional
machine numbers, which are our approximations to

(12) 6“( Z Jr (9%) oF fQ) (0) for all |« < m.
Qe (x)

Since x| < 2% then our machine approximations to (12) are smaller than
2€A 0% and differ from (12) by no more than 24 ®%0=5/2 Thus we are
able to compute an approximation to the polynomial in (9), as we computed
good approximations to all of its derivatives at zero. This completes the
description of the query algorithm. The amount of work needed to carry
out the query is bounded by Clog N, given the one-time work.

Remark. It is equally easy to produce, in Theorem 9, an approximation to
the derivatives of the polynomial J}(F) at the point x, rather than at zero.
We just observe that S > CSy and |x| < 2%, hence the roundoff errors
caused by translating from 0 to x do not hurt.

[t remains to prove that the polynomials in (9) satisfy the conclusions of
Theorem 9. This is essentially the content of the following lemma.

Lemma 2. Let E, f, 0 be as in Theorem 9. Then, there exists F € C™(R™)
for which the following holds: Suppose 2750 <M < (A1(0))"/22% satisfies that

(13) T(x,L, M) #0D forall x € E.
Then,
(14) [F(x) —f(x)] < C' AT As(0)Mo(x) for all x € E,
(15) I F llem @< CATAS(0IM,
(16) For anyx € R™ whose coordinates are machine numbers whose absolute
value is smaller than 2%, we have
% (JX(F) = Px) (0)] < 290752 for all o < m,
where Py is defined in (9).

Here, C' > 0 denotes a constant depending only on m and .
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Proof. Recall that for any cube Q € Qp, we have defined a point xq €
Q*NE, and a polynomial Pq € P such that 0*Po(0) is a machine number
whose absolute value does not exceed 2415 for all |of < m —1 (see (7).
Fix Q € Qp. By our assumption (13), we have

(17) T(xq,l, M) # 0.
According to (8) and (17), we know that
(18) Pg € Mxq, L, C'M) C CMB(xq, 1)

where the last inclusion follows from Property 4 from Section 13, and the
definition of I'(xg,0,M). We will now invoke Lemma 1, for the quantity
C'M, the cube Q, the point xg € EN Q* and the polynomial Pq, based
on (18). By the conclusion of Lemma 1, there exists Fo € C™((1 4 ¢¢)Q),
with the following properties:

(19) [0B(Fq — Pq)(x)] < CA3(0)M for all [B] < m,x € (1+¢cs)Q.
(20) ]X(FQ) € I'(x,0,CA3(0)M) forallx e EN(1+ cg)Q,

(21) Let x € (1+cg)Qx be a point whose coordinates are machine numbers.
Then,

0% (1 (Fq) — fx(0, Q,xq, Pq)) (0)] < A3 (0)S0-5/2.

(22) Let x € (1+¢g)Q be a point whose coordinates are machine numbers.
Then the quantities 0%f (0, Q, xq, Pq)(0), for || < m, are all machine
numbers in the range [—23 (@)So A3 (@)So]

We define a function F: R™ — R by setting
(23) F(x)= Y  03(x)Fq(x).

Qe

Since Supp(@%) C (1+cg/2)Q and Fg € C™((1 4 ¢c¢)Q), then Fis a well-

defined C™(R™)-function. For any x € R™, we have that x € Supp(er) only
for Q € Qp(x). Therefore (23) implies that

(24) i = Y JI(8G) ot T (Fo).
Qe (%)
For any Q € Oy we have dg = A2_1, and by the explanation in Section 54,
(25) [8P(0%)(x)| < CAY* for all [B] < m and x € R™
Since #(Qo(x)) < C, then (18), (19), (24), (25) imply that
(26) [0PF(x)| < CAT'A3(0)M for all |B] < m,x € R™
Thus, (15) is proven.
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Recall the definition (9) of P,, and also the discussion following that
definition. We have that, for all |a| < m,

a(x(Px - Z ];r (e%) @)J(r fX(Q) Q)XQ) PQ)) (O)’ S 2CA3 0)So—S/2

Q€ (x)
By (21), (24), (25) and (27) we conclude that
(28) ’a(x (H(F) - ISX) (0)} < 2CA0050-5/2 1 g1 lo| < m.

This proves (16). Next, we prove (14). Fix x € E and a cube Q € Qo(x).
Then, since the 0’s are a partition of unity,

_ o Fo.—TFg
(20) TP =L(FQ)+M Y T (e T)
QvEQY (%)

(27)

According to (20) and to Property 1 from Section 13, we know that

I, (%} € C'A5(0)o(x, 0).

By (18) and (19), we have that

Fo, —F
T (%) € C'As(0)B(x, 1).

Next, we invoke the Whitney t-Convexity of o(x,0), according to Property 3
from Section 13. By the Whitney t-convexity and (25),

(30) T« (0%, - o) =14 (80,) o (F052) € CAT AS(B)ox,0).
Recall that #(Qo(x)) < C. From (29), (30) and (20), we conclude that
(31) Ju(F)€T(x,0, CA3(0)M)+C'ATA;3(B)Mo(x,0) CT'(x,0, CATA;(()M).
Now (14) follows from (31). The lemma is thus proven. [ |

Proof of Theorem 9. Let 275 < M < 2% and suppose that F € C™(R"™)
satisfies

(32) || F |em@en)< M and [F(x) — f(x)] < Mo(x) forall x € E.
According to Property 0 from Section 13,
(33) T'(x,L,CM) #( forall x €E.

Assume, as we may, that (A;(())"/? > C for C being the constant from (33).
Now, (A) and (B) follow from Lemma 2, and from the description of the
algorithm above, since A, and Aj3()) are constants depending only on m
and n. The theorem is thus proven. |
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Recall that S is the precision of our model of computation, as presented
in Section 38. Recall from Section 38 that we are interested only in the
order of magnitude of S; it is possible to simulate a model of computation
with CS-bit machine numbers, using a model of computation that is based
on S-bit machine numbers. The work to simulate a single CS-bit operation,
using a model of computation able to work only with S-bit numbers, is
bounded by C’ that depends solely on C.

Recall from Section 49, that our only assumptions on S and Sy are that
S > CSy and Sy > C, for some constant C depending only on m and n
(since Ag,p4 depend only on m and n). As we are interested only in the
order of magnitude of S, it is possible to deduce a variant of Theorem 9, in
which S, the precision in which the input is given, equals S, the precision
of our model of computation. We conclude the following theorem.

Theorem 10. Assume the model of computation from Section 38. Suppose
we are given the following data:
e A finite set E C R™, such that for any x = (xq,...,xn) € E, we have

that each xi is a machine number.

e For each x € E, two real numbers f(x) and o(x), such that f(x), o(x)
are machine numbers, and o(x) > 0.

Assume that #(E) = N. Then, there exists F € C™(R™) with the follow-
mg properties:

(A) IfFe C™R") and M > 0 is a machine number such that
| Fllem@n< M and [F(x) —f(x)] < Mo(x) forx € E,
then

| Fllem®en)< CM  and |F(x) —f(x)| < CMo(x) forx € E.

(B) There is an algorithm, in our model of computation, that receives the
given data, performs one-time work, and then responds to queries.

A query consists of a point x = (X1,...,Xn) € R™, such that x; is a
machine number for all 1 < 1 < mn. The response to the query is a
family of machine numbers (qu)jq<m such that

9°F(x) — qol < 275 for all |of < m.

(It might happen that [9°F(x)| > 25 for some o, and consequently,
0%F(x) cannot be approximated by a machine number. In that case, we
output machine numbers my, ..., My, with k < C, such that }6“F(x) —

SE, Zigmi} <2°8)
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The one-time work takes CN log N operations and CN storage. The

work to answer a query is Clog N.

Here, C 1s a constant depending only on m and m.

Indeed, Theorem 10 follows immediately from Theorem 9 and the dis-
cussion in Section 38, once we observe that for a machine number a, the
condition a > 0 is equivalent to a > 27°.
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