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The C™ Norm of a Function with
Prescribed Jets 11

Charles Fefferman

Abstract

We give algorithms to compute a function F on R™, having pre-
scribed Taylor polynomials (or taking prescribed values) at N given
points, with the C™-norm of F close to least possible.
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0. Introduction

Fix myn > 1. We compute the least possible (infimum) C™-norm of a
function F : R™ — R having prescribed m*" order Taylor polynomials at N
given points. Also, given € > 0, we compute such an F, whose C™-norm is
within € percent of least possible. Our computation consists of an algorithm,
to be implemented on an (idealized) digital computer. Given € and N as
above, our computation uses at most exp(C/€)N log N computer operations,
where C is a “controlled constant” (see below).

We also present preliminary results on the more difficult problem of com-
puting the least possible (infimum) C™-norm of a function F taking pre-
scribed values at N given points. Again, given € > 0, we compute such
an F, whose C™-norm is within € percent of the least possible. This time,
our computation uses exp(C/e)N>(log N)? operations. Surely this result is
not optimal; we look forward to future improvements.

In previous work [22, 23], Fefferman-Klartag computed functions F hav-
ing prescribed values, or prescribed Taylor polynomials, at N given points,
with the C™-norm of F having the least possible “order of magnitude”. Our
goal here is to gain precision, by passing from “orders of magnitude” to
errors of at most € percent, for an arbitrarily small given e.

To state our results precisely, we must say exactly what we mean by “the
C™norm”, an “idealized digital computer”, and “computing a function”.
Let us start with the C™-norm.

If O € R™is open, then C™(Q) denotes the space of functions F: Q — R,
whose derivatives through order m are continuous and bounded on Q. For
F e C™(Q) and x € Q, we write J(F) (the “jet” of F at x) to denote the
m order Taylor polynomial of F at x. Thus, J,(F) belongs to P, the vector

space of all (real) m" degree polynomials on R™.
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There are many equivalent norms on C™(Q), e.g.,

(1) [ F[[= sup max [0%F(x)],

xeQ lx|[<m

or

12
@) ||F||:sup( b ':;z—mamxw) |

x€Q \ |al<m

To fix a particular norm on C™, we assume throughout this paper that,
for each x € R™, we are given a norm | - |, on the vector space P. These
norms are subject to restrictions, to be spelled out in Section 3 below. We
then define

3) [ Fllemi@ = suplJx(F)l
xeQ

For instance, the norms (1) and (2) arise by taking

(4)  IPlk = max [0°P(x]]

lo]<m

or

1/2
(5) IPL = ( > %Ha“P(x)V) ,

[o]<m

respectively, for P € P, x € R™

Throughout this paper, we assume that the C™-norm is given by (3).

In Section 3 below, we introduce the notion of a “controlled constant”.
In this introduction, it is enough to note that a controlled constant may
depend only on m,n and the choice of the family of norms | - |y (x € R™)
in (3). Throughout this paper, we write ¢, C, C’, etc. to denote controlled
constants. These letters may denote different controlled constants in differ-
ent occurrences.

If X,Y > 0 are real numbers computed from input data (such as pre-
scribed Taylor polynomials at N given points), then we say that X and Y
have “the same order of magnitude”, provided we have cX <Y < CX for
controlled constants ¢ and C. To “compute the order of magnitude of X” is
to compute some Y > 0 such that X and Y have the same order of magnitude.

Next, we discuss our “idealized digital computer”. Our computer has
standard Von Neumann architecture (see, e.g., [39]), but we assume here
that the computer can store, and perform elementary operations, on exact
real numbers, without roundoff error.
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The elementary operations include addition, multiplication, comparison
(deciding whether two given numbers x and y satisfy x < y), exponentiation
and logarithms, and the “greatest integer” function. Each of these elemen-
tary operations takes one unit of “work”. See Section 2 below, for a more
careful discussion of this model of computation and its pitfalls.

Our computer will need to acquire information on the family of norms
| -+ |x on P, which we used in (3) to define the C™norm. We assume
that our computer has access to an Oracle. Given P € P, x € R™ and
€ >0, the Oracle returns a real number N.(P,x), guaranteed to satisfy
(1+¢€) "™We(P,x) < [Pl < (14 €)Ne(P,x).

Each time our computer obtains an answer N¢(P, x) from the Oracle, we
are charged exp(C/e€) units of “work”.

Note that our assumptions regarding the Oracle are quite conservative.
For instance, for the norms given by (4) or (5), we can compute |P|, exactly
in at most C operations, for any given P € P, x € R™

This concludes our introductory remarks on the “idealized digital com-
puter”.

We still need to explain what we mean by “computing a function”. We
have in mind the following dialogue with the computer. First, we enter the
input data for our problem (e.g., a number € > 0, points x1,...,xn € R™,
and polynomials Pq,...,Py € P; we will be “computing a function” F €
C™(R™), such that Jy, (F) = P; for each i = 1,...,N). The computer then
executes an algorithm, performing Ly elementary operations (the “one-time
work”). When it has finished the one-time work, the machine signals that
it is ready to accept further input. We may then address “queries” to the
computer. A “query” consists of a point x € R™, and the computer re-
sponds to each query x by executing an algorithm (the “query work”, en-
tailing L elementary operations) and returning a polynomial P, € P. We
say that our algorithms “compute the function” F € C™(R"), provided we
have Py = J«(F) for any query point x € R™ Here, we demand that F be
uniquely determined by the input data. We do not allow “adaptive algo-
rithms” in which query work performed in computing Py is stored and used
subsequently to compute P, for another query point y. We allow the com-
puter to access the Oracle during the one-time work, but not at query time.
The work charged by the Oracle is part of the one-time work L.

The computer resources used in “computing a function” F are the one-
time work Lo; the query work L;; and the “space” or “storage”, i.e., the
number of memory cells in the random-access memory (RAM).

We will be working with algorithms that compute a function F as well
as other data (e.g., a real number). We regard any work done in computing
the “other data” to be part of the one-time work.
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This concludes our explanation of “computing a function”.

It will be convenient to introduce the following definitions and notation.
A “Whitney field” is a family P = (P*)xcE of polynomials P* € P, indexed
by the points x in a finite set E C R™. We say that P = (P¥)yerisa Whitney
field “on E”, and we write Wh(E) for the vector space of all Whitney fields
on E. If Pis a Whitney field on E, and if S C E, then we define the
“restriction” P|s € Wh(S) in an obvious way.

IfP = (P*)xcE is a Whitney field, Q D E is an open set, and F € C™(Q),
then we say that “F agrees with ﬁ”, or “F is an extending function for ﬁ”,
provided J,(F) = P* for each x € E.

We define a C™ norm on Whitney fields. If P € Wh(E), and if Q O E is
an open set, then we define

| P |lemicy = inf{ | F [lcm(a): F € C™Q), F agrees with P }.

Elementary examples show that this infimum need not be a minimum. For
a constant A > 1, we say that an extending function F € C™(R™) for a
Whitney field P is “A-optimal”, provided || F [|cm@n) < A || P ||com@n).

Similarly, if f: E — R and F € C™(Q), with E C R™ finite and Q D E
open, then we say that “F agrees with f”7  or “F is an extending function
for 7, provided we have F = f on E. We define a C™-norm on functions
f: E — R, by setting

| fllem@= inf{ | Fllem@: Fe C™Q), F agrees with f}.

Again, this infimum needn’t be a minimum. For a constant A > 1, we
say that an extending function F € C™(R™) for f : E — R is “A-optimal”,
provided

[ Fllemmny< AL [lemmn -

Note that an A-optimal extending function is always defined on the full R™
We are now ready to state the main results of this paper. We write #/(E)
for the number of elements of a finite set E.

Theorem 1. Given 0 < € < 1/2, and given a Whitney field P e Wh(E),
with #(E) =N > 1, an algorithm to be specified below computes a (14 €)-
optimal extending function for P, as well as a number N¢(P), such that

(14 €)"Ne(P) <[ P llem@n) < (14 €) Ne(P).

Our algorithm uses one-time work at most exp(C/€)Nlog(N + 1), query
work at most Clog(N/e€), and storage at most exp(C/e)N.
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Theorem 2. Given 0 < € < 1/2, and given a function f : E — R, with
E C R™ and #(E) = N > 1, an algorithm to be specified below computes a
(1 4+ €)-optimal extending function for f, as well a number Nc(f), such that

(T+e) " Ne(f) <[ fllemmm< (1 + €)Ne(f).
Our algorithm uses one-time work at most exp(C/e) N>(log(N +1))2, query

work at most Clog(N/e), and storage at most exp(C/e)N2.

We would prefer a power of 1/€ in place of exp(C/€) in Theorem 1, but
the N-dependence seems optimal.

The algorithm promised in Theorem 2 is presumably far from optimal.

To set the stage for discussion of the proofs of Theorems 1 and 2, we first
recall the previous work of Fefferman-Klartag [22, 23]. There, we proved the
following results.

Theorem 3. (Easy) Given a Whitney field P € Wh(E), with#(E) =N > 1,
an algorithm presented in [22, 23] computes a C-optimal extending function
for P, and a number N(P) such that

cN(P) <[ P |lem@n < CN(P).

Our algorithm uses one-time work at most CNlog(N + 1), query work at
most Clog(N + 1), and storage at most CN.

Theorem 4. (Hard) Given a function f : E — R, with E C R™ and
#(E) = N > 1, an algorithm presented in [22, 23] computes a C-optimal
extending function for f, and a number N(f) such that

Our algorithm uses one-time work at most CNlog(N + 1), query work at
most Clog(N + 1), and storage at most CN.

The proofs of Theorems 3 and 4 are based on “finiteness principles”. A
“finiteness principle” for f : E — R asserts that

6) N fllemmn) < C - max{]| (fls) [lem@mn): S € E,#(S) < k¥,

with k# depending only on m and n.
For Whitney fields P € Wh(E), a finiteness principle asserts that

(7) I Pllen@en < C - max{]| (Pls) lem@ny: S CE,#(S) < k#).

In fact, (7), with k* = 2, is immediate from the classical Whitney extension
theorem, which we now recall in the case of finite sets.
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Theorem 5. (Whitney) Let P = (P¥)ser be a Whitney field, and let M > 0
be the smallest real number such that:

0°P*(x)] < M for|a| < m and x € E; and
Q*(P*—PY)(x)| < Mx—y[™ ™ for|af < m—1,x,y€E.

Then

See, e.g., [31, 38, 41].

Estimate (6) lies deeper. It was conjectured by Y. Brudnyi and P.
Shvartsman [6],...,[10], and proven by them [8] in the case m = 2, with an op-
timal constant k#. (The case m = 1 is trivial.) The general case was proven
in [14]. Related results on “Whitney’s extension problem” and its variants
appear in Whitney [41, 42, 43], Glaeser [25], Y. Brudnyi and P. Shvartsman
[5],16],...,[10], [35],...,[37]; E. Bierstone, P. Milman and W. Pawlucki [2, 3];
N. Zobin [44, 45] ; and C. Fefferman and B. Klartag [13],...,[20], [22, 23]. It
would be interesting to find an easy proof of Theorem 4 or estimate (6).

Estimate (6) allows us to compute the order of magnitude of || f ||cmgn),
as in Theorem 4, because the order of magnitude of || (fls) ||cmgn) for
#(S) < k¥ may be easily computed by linear algebra. (See [14] for details.)
Hence, in effect, we may take N(f) in Theorem 4 to be the right-hand side
of (6).

As for Theorem 3, we can take N(ﬁ) to be the number M in Theo-
rem 5 (which is comparable to the right-hand side of (7), with k# = 2). A
glance at Theorem 5 suggests that it takes work N? to compute the num-
ber M. In fact, the work to compute the order of magnitude of M can be
cut down to NlogN, by using the “Well-Separated Pairs Decomposition”,
and the “Balanced Box Decomposition Tree” from computer science. (See
Callahan-Kosaraju [11] and Arya et al [1].) These ideas from computer sci-
ence are clearly related to our problems, since, e.g., they allow an efficient
computation of the Lipschitz norm of a function f: E — R, up to a factor
(T+e€). See Har-Peled and Mendel [26]. These results from computer science
play a key role in our work, here and in [22, 23].

The proofs of Theorem 5, and of (6), (7), are constructive. Thus, once we
know how to compute the order of magnitude of || f ||cmgn) or || p lom ®n),
we can also compute C-optimal extending functions.

This concludes our discussion of Theorems 3 and 4.

To continue our preparation for the proofs of Theorems 1 and 2, we next
discuss a result from our previous paper [21].
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There, we gave a version of Whitney’s theorem (Theorem 5), in which
the C™-norm of the extending function is controlled up to a factor (1 + €).
To state the result, we introduce the notion of an “e-testing set”:

Let € > 0 be given. A finite set S C R™ is an “e-testing set”, provided
there exists an open ball B(xg, ) C R™, such that

(8) S C B(xp,71), and

—2/e

(9) -yl > cee *¢r for any two distinct points y,y’ € S.

An e-testing set has simple geometry; roughly speaking, it has only one
relevant lengthscale. Note that any e-testing set S satisfies

(10)  #(S) < exp(C/e),

and that any singleton or pair, S = {x} or S ={x,y}, is an e-testing set.
The main result of [21] is as follows.

Theorem 6. Let P = (PX)xce be a Whitney field. Then, for 0 < € < c,
we have

(11) || P [lem@mn< (14 Ce)-max{|| (Pls) ||cm@n): S C E is an e-testing set)

In view of (10), Theorem 6 is a “(1 + €)-finiteness principle”, with k#* =
k#(e) = exp(C/e).

We comment on the proof of Theorem 6. Recall that Whitney’s classical
proof of Theorem 5 is based on a “Whitney partition of unity”, adapted
to a decomposition of R™ into “Whitney cubes”. Our proof of Theorem 6
patches together (1 + €)-optimal extending functions for Pl (for suitable
e-testing sets S), by means of a “gentle partition of unity”. (See Sections 5
and 6 below.)

The proof of Theorem 6 is constructive. We refine it here, bringing in
computer-science ideas from [11], to prove the following result, analogous to
the main result in [20].

Theorem 7. Let E C R™ be given, with #(E) = N > 1. Let 0 < € < c.

Then there exists a list S1,S2,...,St of e-testing sets contained in &, with

the following properties.

(A) L<EN.

B) || P llem@n < (1 + Ce) - max{|| (Pls,) [[em@ny: € = 1,..., L} for any
P € Wh(E).

(C) The list Sq,...,SL can be computed from € and E, using work at most

exp(C/€e)Nlog N, and storage at most exp(C/€e)N.
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Moreover, given a (1 + €)-optimal extending function F, for ﬁ| s,, for each
¢=1,...,L, the proof of Theorem 7 constructs a (14 Ce)-optimal extending
function for P. (We patch together the F,, using a gentle partition of unity.)

We are now ready to discuss the proof of Theorem 1.
Once we have established Theorem 7, our task in proving Theorem 1 reduces
to the following extension problem.

Problem 1: Given 0 < € < ¢, and given a Whitney field P on an €-testing
set, compute a (1 + Ce)-optimal extending function for P, and compute a
number N¢(P), such that

(12) (14 Ce) "™We(P) <[ P |[em@n) < (14 Ce)N(P).

This is unfortunately not trivial, even for a Whitney field on a single
point. (Recall that the analogous computation in the setting of Theorems 3
and 4 required nothing more than trivial linear algebra.)

To explain our solution to Problem 1, we confine our discussion to the
computation of a number N(P) satisfying (12). Once we can do this, we
can also compute a (14 Ce)-optimal extending function, since our methods
are constructive.

To simplify further, we replace Problem 1 by the following easier version.

Problem 2: Let 0 < € < ¢, and let S C B(xo, 1) be an e-testing set, as
in (8), (9). Assume v < e~'. Given a Whitney field P € Wh(S), compute a
number N¢(P) such that

(14+Ce) | P llenpio,m < Ne(P) < (1+Ce) || P llem(ine,20) -

Problem 2 is easier than Problem 1, since it is enough to construct a
nearly optimal extending function on the ball B(x, 1), as opposed to the
whole R™. We will see, in Sections 14...20 below, that the solution of Prob-
lem 2 is in fact one step in our solution of Problem 1. We omit details here,
and confine our discussion to Problem 2. Our introductory discussion of
Problem 2 is oversimplified; see Section 14 for correct statements.

A crucial step in our solution of Problem 2 is the following

Smoothing Lemma: Let S C B(xo,1) be an e-testing set, as in (8), (9)
where 0 < € < c. Then, for any function F € C™(B(xo,2r)), there exists a
function F € C™1(B(xo, 1)), with the following properties:

(A)  Jy(F) = Jy(F) for ally € S.
B) N FllemBrom < (14+Ce) || FllemBixo,2m) -
(C)  [0*F(x)] < Cexp () v~ || F [lem Bixo 21 for ol = m+1,x € B(xo, 7).
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Thus, F inherits the good properties of F, and its (m + 1)=t derivatives
are under control.

Let us first discuss the proof of the Smoothing Lemma, and then see how
it applies to Problem 2.

It is natural to try to prove the Smoothing Lemma by convolving F
with an approximate identity. This produces a function Fy that satisfies (B)
and (C) but not (A). In fact, fory € S, we expect that J,(Fo) will be nowhere
near J,(F), since we have no control over the modulus of continuity of the
mth derivatives of F. Our problem is to “correct” Fo, to achieve (A), without
spoiling (B) and (C).

To do so, we let PY = Jy(F) € P, for each y € S. The function pv
satisfies (A), (B), (C) locally on a tiny ball BY about y; but it makes no
sense to use PY as an extending function outside BY. We patch together
our functions Fy and PV (all y € S), by using a gentle partition of unity, to
produce a function F that satisfies (A), (B) and (C).

This concludes our summary of the proof of the Smoothing Lemma.

We prepare to apply the Smoothing Lemma to Problem 2. To do so, we
extend our testing set S to a “fine net”, i.e., a finite set ST with the following
properties.

(13) S C S* C B(xo, 7).
(14) For any x € B(xo, 1), there exists y € ST such that [x—y| < exp (—6%‘) T.
(15) #(S*) < exp(C/e).

It is trivial to construct such an S¥.
To solve Problem 2 using the Smoothing Lemma, we now pose a

Linear Programming Problem: Find a real number M and polynomials P € P
for all y € ST, satisfying the following constraints, with M as small as
possible.

The Constraints:
(16) [Psly < M for each y € S*.
(17) [0X(Pf—P/)(y)l < Crlexp (*2) ly—y/[™ M for [l <m, y,y'€S™.

(18) PJ = PYfor eachy € S, where P= (PY)yek is the given Whitney field
in Problem 2.

Using the Oracle, we can replace (16) by a family of linear constraints,
without significantly changing the problem. Thus, the above minimization
problem is indeed a linear programming problem. This linear programming
problem involves at most exp(C/e) linear constraints in a vector space of
dimension at most exp(C/¢€).
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Let (M, (Pg)yeg+) be a solution of the above linear programming prob-
lem. Using the Smoothing Lemma, we will show that

(19) (1+Ce)™" || P lemmun < Mo < (14 Ce)- || P [|om (Bixg,2r)-

Once we know (19), we can just take Ne(ﬁ) = My, and we will have
solved Problem 2.

To see (19), we argue as follows. By definition of the C™norm of a
Whitney field, there exists F € C™(B(xo, 2r)), such that

(20) Jy(F) = PY for each y € S, and

21 [ FllemBro,2mn < (14+€)- I P llem@ix,2n)-

Applying the Smoothing Lemma, we obtain a function F € C™(B(xo, 1)),
satisfying

(22)  Jy(F) = J,(F) for each y € S,

(23) || Fllem@rom < (1 + Ce): || P [lom(pix,2r), and

(24) 18°F(x)] < Cexp (™) 171 || P [[em(Bxo,2n) for [df = m+1, x €
B(XO>T)-

Let us set

(25) M = (14+Ce)- || P |[cm(px,2r) and

(26) Py = Jy(F) forally € S*.

Then the constraints (16), (17), (18) hold. In fact, (16) follows from (23), (25)
and (26), by definition (3) of the C™-norm.

Moreover, (17) follows from (24), (25) and (26) and Taylor’s theorem;
while (18) is immediate from (20), (22) and (26).

Thus, the above (M, (P)yes+) satisfies the constraints (16), (17), (18),
whereas (M, (Pg)y€5+) is a minimizer. Consequently, My < M. That is,

Mo < (1 + Ce)- || P | cm (Bixo,21)) »

which is half of the desired estimate (19).

To establish the other half of (19), we recall that (M, (Pg)yeg+) satisfies
the constraints (16), (17), (18). Thus,

(27) !PS!y < My fory € S*;

(28) [0%(PS—P)(Y)l < Crlexp () ly — y/I™"¥Mp for [af < m,
Y,y €85
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and

(29) P = PYforeachy €.

From (27) we obtain the estimates

(30) 0PO(y) < CMo for o < m, y € S

(This step uses the “Bounded Distortion Property”, which is one of the as-
sumptions made in Section 3 on the family of norms | - |, in (3).)

In the statement of Problem 2, we assume that r < €' and € < c.
Hence, (30) trivially implies

(31) |8°‘P8(y)| < Cr'exp (4%1) M, for |&| <m,y e St.

Thanks to (28), (31) and the classical Whitney extension theorem (Theo-
rem 5 with m+1 in place of m), there exists a function F € C™(R™), such
that

(32) Jy(F) = PJforally e ST,
and
(33) [0%F(x)| < Cr'exp (4%1) M, for [dl = m + 1 and x € R™
In view of (29) and (32), we have
(34) J,(F) = PVfory €S,
We will show that
(35) | Fllem®mom < (1+ Ce)Mo.
Once we establish (35), we obtain from (34), (35) and the definition of the
C™-norm of a Whitney field that
I P llem o < (14 Ce)Mo,

which is the remaining half of our desired estimate (19).
Thus, to prove (19) and thereby solve Problem 2, it remains only to
prove (35). By definition (3), estimate (35) is equivalent to the estimate

(36) [Jx(F)lx < (14 Ce)M, for all x € B(xo, T).

So our task is to prove (36). To do so, we start with the points of the fine
net S*. From (27) and (32), we see at once that

(37) Jy(F)ly < Mo for ally € S™.

Moreover, whenever |x —y| < exp (—%1) T and |« < m, estimate (33) and
Taylor’s theorem give
(38)  10%[Jx(F) = Jy(FI(x)] < Cr " exp (1) |x —y[™ 19 M,

< Cr'exp (47”‘) lexp (—%1) M-l M, < eM,

since v < €' in Problem 2.
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Thus, the jets Jx(F) and J,(F) are “close”. From (38) and the properties
of the norms | - |, assumed in Section 3, we conclude that

(39) (Pl < (14 Ce)lTy(F)ly+ CeMo, whenever [x—y| < exp (—°2)r.

The desired estimate (36) now follows at once from (37) and (39), to-
gether with property (14) of the fine net S¥.

This completes our summary of the solution of Problem 2, as well as our
discussion of the proof of Theorem 1. We pass to the proof of Theorem 2.

A fundamental difference between Theorems 1 and 2 is that the nat-
ural “finiteness principle” analogous to Theorem 6 is false in the context of
Theorem 2. In fact, the following negative result is proven in Fefferman-
Klartag [24], for the case of C?(R?), equipped with the norm (1) or (2).

Theorem 8. There exists a universal constant €y > 0, for which the follow-
ing holds.

Given any X, there exists a function f : E — R on a finite set E C R?,
such that

max{|| (fls) |cz2): S C E,#(S) < k#} < T,but || fllczgey> T + eo.

Thus, an efficient algorithm to compute || f ||cmgn) up to a factor (1+¢)
will require new ideas. Our Theorem 2 provides a (presumably) inefficient
solution to this problem.

To explain the ideas in the proof of Theorem 2, we again confine ourselves
to the computation of the norm, leaving the construction of a nearly optional
extending function to Sections 26...29 below.

Let us say that a Whitney field P = (P*)xce “agrees” with a function
f:E— R, provided (P*)(x) = f(x) for each x € E. Immediately from the
relevant definitions, we then have

| f[lem@n) = inf{|| P | cm ®ny: P € Wh(E), P agrees with f }.
Together with Theorem 1, this yields
(40) (1 + Ce)" || flem@n) < inf{Nc(P): P € Wh(E), P agrees with f}
< (14 Ce) [ fllemmny,
with Ne(ﬁ) as in Theorem 1.

—

To exploit (40), we review the proof of Theorem 1 to see how N¢(P) depends
on P € Wh(E). We find that there exist a finite-dimensional vector space W,
and (real-valued) linear functionals Ay, ..., Ax on Wh(E) @ W, such that
(41) N¢(P) = min - max A (P, wW)].

-----

Moreover, W and Aq,...,Ax may be computed efficiently from € and E.
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Combining (40) and (41), we now see that

(42) (14 Ce)™ | fommn <
< min{ max Ac(P,w)|: (P,w) € Wh(E)&W, ﬁagrees with f}

.....

< (14 Ce) [ fllemmn -
Consequently, we may take N(f) to be the “minimax” in (42), and we have
(14 Ce) " Ne(f) <[ f [[emmn) < (14 Ce) Ne(f),

as in Theorem 2. The computation of N¢(f) is a linear programming prob-
lem, involving at most exp(C/€e) - N constraints, in a vector space of dimen-
sion at most exp(C/e) - N.

We solve this linear programming problem using the “ellipsoid method”
from computer science. (See [29].) The one-time work and storage given
in Theorem 2 arise from the ellipsoid method. More efficient linear pro-
gramming algorithms will surely sharpen Theorem 2, but are unlikely to
yield an efficient computation of || f ||cmgn) up to a factor (14 €) without
further ideas.

Note that the computation for Theorem 1 entails solving ~ N/e “lit-
tle” linear programming problems, each having “size” ~ exp(C/€). On the
other hand, our computation for Theorem 2 involves a single “big” linear
programming problem, of “size” ~ exp(C/€) - N. Of course, the “big prob-
lem” requires much more work than all the “little problems” combined.

This completes our introductory remarks on the proof of Theorem 2.
Again, we stress that our discussion of the proofs of Theorems 1 and 2 is
oversimplified. (For instance, the proof of Theorem 7 actually comes after
that of Theorem 1.) We refer the reader to Sections 1...29 below, for the
real story.

Let us briefly explain what happens in each of the sections to follow.

Section 1 gives notation and elementary definitions.

Section 2 specifies our model of computation in more detail than in this
introduction.

Section 3 gives our assumptions on the norms | - |, in (3), defines “controlled
constants”, and shows how to replace (16) by a family of linear
constraints, using the Oracle.

Section 4 recalls well-known results from computer science.

Section 5 recalls the basic lemma from [21] on “gentle partitions of unity”,
and gives a few simple corollaries.
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Section 6 states the “Main Patching Lemma”, which is a constructive ver-
sion of Theorem 6. Given a list of useful inputs, the Main Patch-
ing Lemma constructs a (1 + Ce)-optimal extending function for
a given Whitney field P.

The task of computing the “useful inputs” for the Main Patching
Lemma occupies Sections 8...20 below.

Section 7 proves the Main Patching Lemma, along the lines of [21].

Section 8 uses the Well-Separated-Pairs Decomposition to compute effi-
ciently the order of magnitude of the number M in Theorem 5.

Section 9 computes the “regularized distance”, a smooth function compa-
rable to the distance to a given finite set E C R™. See [31, 38, 41]
for this notion.

Section 10 gives routine algorithms to compute some cutoff functions ap-
pearing in the Main Patching Lemma.

Section 11 computes the list of testing sets used by the Main Patching
Lemma.

Section 12 states and proves the Smoothing Lemma, which we have stated
(not quite correctly) in this introduction.

Section 13 implements our discussion of (27)...(39) above, as an algorithm.

Section 14 (roughly speaking) applies the Smoothing Lemma to solve Prob-
lem 2 (local extension from a Whitney field on a testing set), as
explained earlier in this introduction.

Sections 15...20 pass from our solution of Problem 2 (local extension) to a
solution of Problem 1 (global extension). Section 15 treats the
case of a Whitney field on a single point, while Sections 16...20
combine our results from Sections 14 and 15 to treat the general
case. More precisely, we subdivide the general case into several
subcases, depending essentially on the diameter of the given e-
testing set. Sections 16...19 treat the various subcases, and Sec-
tion 20 puts them together.

Sections 21...24 present the proof of Theorem 1. The algorithm promised
in Theorem 1 uses the results of Sections 8 through 20, in order
to apply the Main Patching Lemma.

Section 25 proves Theorem 7, and also records some observations on the
algorithm in Theorem 1. These observations will be used in the
proof of Theorem 2.

Sections 26...29 give the proof of Theorem 2. In Section 26, we introduce
“minimax functions”, similar to the minimax in (41) above. We
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—

prove in Sections 27 and 28 that the quantity N¢(P) in Theorem 1
is a minimax function of P, thus establishing (41). Finally, Sec-
tion 29 exploits (41), as explained in our introduction, to compute
an almost-optimal Whitney field Pe Wh(E) agreeing with a given
function f : E — R. This reduces Theorem 2 to Theorem 1.

In the sections below, we present algorithms in the following format.

Algorithm [Name|:  Given [data] satisfying [assumptions], we compute
[stuff] such that [some properties hold].
The algorithm requires work at most [W] and storage at most [S].

Explanation: [Here, we specify the algorithm and prove that it performs as
asserted.]

If the above [assumptions] are not satisfied, then we make no claim as
to what our algorithm does, or even whether it terminates. Our algorithm
need not check whether the [assumptions| are satisfied.

Many of our algorithms compute a function F € C™(R™), and possibly
other data as well (e.g., a number Ne(l;) or a ball B(xg,r)). In this case,
instead of saying that our algorithm “requires work at most [W] and storage
at most [S]”, we say the following:

The algorithm requires one-time work at most [Lol, query work at most
[L4], and storage at most [S].

Recall that any work used to compute answers other than the function F
is counted as part of the one-time work.

For a few algorithms, which are either well-known or discussed in [23],
we provide a reference to the literature in place of an Explanation.

Acknowledgments. It is a pleasure to thank Bo’az Klartag for many valuable
conversations, some of which led to major improvements in this paper. I am
grateful also to A. Naor, A. Razborov, and A. Wigderson, for pointing me
to the relevant ideas and literature from computer science. I thank A. Tsao,
for bringing to my attention the practical problem of passing a smooth
surface through N given points. From E. Bierstone, Y. Brudnyi, B. Klartag,
P. Milman, W. Pawtucki, P. Shvartsman, and N. Zobin I learned a lot about
“Whitney’s extension problems”.

As always, Gerree Pecht spoils me with her rapid, accurate ETEXing of
my long manuscript.

We conclude this introduction with a trivial remark about our labeling
of equations. Let k, k', { be integers, and suppose we are in Section k/. Then
we write (k.£) to denote equation (£) in Section k. In the case k' = k, we
simply write ({).

Let us get to work.
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1. Notation and Preliminaries

Recall that we have fixed m,n > 1, and that P denotes the vector space of
all (real) polynomials of degree at most m on R™.

For Q C R™ open, we write C[™.(Q) for the space of real-valued locally

loc

C™ functions on Q, and we write C™(Q) for the space of all F € C7-(Q)
such that F and its derivatives through mth order are bounded on Q. We
define C*1(Q) and C™(Q) similarly. For Fe I (Q) and x € Q, we write

loc loc

J«(F) for the mth order Taylor polynomial of F at x. Thus, J«(F) belongs to P.
For P;,P, € P and x € R™, we write P; ®, P2 to denote the product
of Py and P, as m-jets at x; i.e., P; ©4 P2 is the unique polynomial in P that
satisfies
0%([P1 ®x P2] — P1Py) (x) = O for |&| < m.
If Fi,F, € cn (Q) and x € Q, then ]x(Fﬂ:z) = ]X(F]) Ox ]x(Fz)

loc

For F € C.(Q), we write suppnF to denote the set of all points x € Q
such that F is not identically zero on any neighborhood of x. When Q = R™,
we write supp F for suppF.

Recall that a Whitney field on a finite set S C R™ is a family of polyno-

mials
(1) P = (PY)yes
indexed by S, with each PY € P. If S C Q (with Q open), and if F € C-(Q),
then we say that F agrees with P as in (1) if we have J(F) = PYforally € S.

If P as in (1) is a Whitney field on S, and if S’ C S is a subset, then we
write Plg for the Whitney field (PY)yes, and we call l3|5/ the “restriction”
of P to S

If F agrees with Plg, then we say that F “agrees with PonS”. IfS' = {yo}
is a singleton, then we say that F “agrees with P at Yo .

We write Wh(S) for the vector space of Whitney fields on a given set
SCR™

Let x € R™ and v > 0. Then B(x,r) denotes the open ball in R™ with
center x and radius T.

A dyadic cube in R™ is a Cartesian product of the form

Q - [zemhzz(m] + ])) X X [zemnyzz(mn—l_ ]))

where £, my,..., m, are integers. More generally, a “cube” in R™ is a Carte-
sian product of half-open intervals

Q - [a1)b1) X [a2>b2) X X [an)bn) - Rn)

with by —a; = by —a = -+ = by — a,. We write dg to denote the
sidelength of a cube Q, and we write cent(Q) to denote the center of Q.
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We define Q* to be the unique cube satisfying cent(Q*) = cent(Q) and
dg+ = 30q. Also, we write Q™ to denote (Q*)*, and Q*** to denote (Q**)*.
Note that if Q is a dyadic cube, then Q*, Q* and Q** may be trivially
partitioned into dyadic cubes .

For any set E C R™ we write E™ and EY for the interior and closure
of E, respectively.

For any set S, we write #(S) to denote the number of elements of S. If S
is infinite, then we define #(S) = 4+ co. We write ¢ to denote the empty set.

For E C R™, we write diam(E) to denote the diameter of E, i.e., sup{|x —
x| x,x" € E}. Also, for E, E' C R™, we write dist(E, E’) to denote inf{|x—x/| :
x € E,x € ¥'}. If E = ¢, then diam(E) =0, and if E = ¢ or £/ = ¢, then
dist(E,E') = +o00. We write dist(x, E’) to denote inf{|x — x/| : X' € E'}.
If E' = ¢, then dist(x,E') = + oo.

2. The Model of Computation

Our model of computation (called “real RAM” in the computer science
literature) differs from a standard Von Neumann computer [39] in that we
assume that the computer can store, retrieve from memory, and manipulate
exact real numbers , without roundoff errors. Our computer includes several
registers, and finitely many memory cells labeled by integers 1,2,..., Memory-
Size. Each memory cell and each register is capable of storing either an
integer or a real number. The machine can perform the following operations,
each of which costs one unit of “work”.

e Retrieve the contents of memory cell k, and write it to one of the
registers. (1 < k < Memory-Size).

e Write the contents of a register to memory cell k (T < k < Memory-
Size).

e Write the number 0 or 1 to one of the registers.

e Given two real numbers x and y appearing in the registers, compute
x+vy, x—y, xy, and (if y # 0) x/y. Also, decide whether x < vy,
X >y, or x =1y.

e Given a real number x appearing in a register, compute exp(x); and,
if x > 0, compute log(x).

e Given a real number x appearing in a register, compute |x|, the great-
est integer < x.

e Retrieve a real number entered by the user, and place it in a register.

e Output to the user a real number or integer appearing as the contents
of a register.
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We assume that the above operations can be carried out perfectly, with-
out roundoff error.

Also, as mentioned in the introduction, we assume that our computer
is capable of communicating with an Oracle, which will be used to convey
to the computer (an approximation to) [Pl for a given P € P and x € R™
Thus, we assume that the computer can do the following:

e Output the contents of a register to the Oracle.

e Wait for the Oracle to communicate a real number S; once the Oracle
speaks, the number S is placed in one of the registers of our machine.

To output a number to the Oracle costs us one unit of “work”. However,
when the Oracle speaks to our machine, then she decides how many units of
“work” to charge us. For more about the Oracle, see Section 3.

The flow of control in our computer proceeds as for a standard Von
Neumann machine [39]. This concludes our brief description of the model
of computation used in this paper.

It is well-known to computer scientists that the above “real RAM” model
of computation (even without an Oracle) leads to some suspiciously efficient
algorithms that make crucial use of the complete absence of roundoff errors.
See, e.g., [34]. This issue can be dealt with in various ways. In Fefferman-
Klartag [23], we made a rigorous analysis of the effect of roundoff errors on
the algorithms presented there. We believe that the algorithms in this paper
can be analyzed in a somewhat similar spirit, but we have not put in the
hard work required to decide the issue. The best we can say now is that it
is natural to guess that our algorithms will survive in the presence of small
enough roundoff errors.

3. C™ Norm

Suppose we are given a norm | - |, on the vector space P, for each x € R™. We
assume that these norms satisfy the following conditions, for certain given
constants Cg, Cop, Cy.

Bounded Distortion Property: We have

Co- max [0*P(x)| < |Plx < Co - max [0%P(x)]

lo<m [o]<m

forall x € R" and P € P.

Approximate Translation-Invariance Property: Let P € P and x,y € R™ be
given. Define a polynomial P, € P by setting P,,(z) = P(z—y) for all z € R™
Then we have

|Py|x+y S eXp(C1|y|) : |P|x
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Throughout this paper, we assume that we are given the family of norms
| - |x, and the constants ¢y, Co, C1, such that the above properties hold. We
say that a constant is controlled if it is determined by m,n, ¢y, Co and C;.

We write ¢, C, C/, etc., to denote controlled constants. Unless otherwise
specified, these constants may change from one occurrence to the next. We
recall the following definitions from the introduction.

For F € C™(Q), we define || F ||cm(q)= supyeo [Jx(F)lx.

Also, for any Whitney field P, we define || P ||cm@n) to denote the infimum

of || F||cmgn) over all F € C™(R™) that agree with P.

We need to specify the norms | - |, to our computer. Therefore, we assume
we have access to an Oracle, as follows. We query the Oracle by specifying
a point x € R™, a polynomial P € P, and a number €, with 0 < € < 1. The
Oracle responds by producing a number N¢(P, x), such that

(1T + €) "Ne(P,x) < [Pl < (1 4 €)Ne(P,x).

We are charged exp(C/e) units of work for each query (P, x, €) addressed to
the Oracle.

We may suppose that N¢(P,x) = N(—P,x), for any P, x, e. (In fact, we
may replace N¢(P,x) by max{N¢(P,x), Ne(—P, x)} without harm.)

The following algorithm gives us a close approximation to the unit ball
for the norm | - |,.

Algorithm 3.1. (“Find-Unit-Ball”).

Given a number €, with 0 < € < 1; and given a point x € R™; we
compute a finite set O(e,x) of linear functionals on P, with the following
properties.

(Op) For any A € O(e,x), we have also —A € O(e, x).
(01) (14+€) Pl < max{A(P): A € O(e,x)} < (14 ¢€)[Plx for all P € P.
(02) #(0(e,x)) < exp(C/e).

Moreover,

(O3) The work and storage used for the computation are at most exp(C/€).

Explanation: We introduce some definitions and prove a few elementary
facts, then we give the algorithm and prove (Op)...(O3). Fix x € R™. For
P € P, let |P| = max|q<m [0*P(x)|. Thus,

(1) [Pl < |Plx < C|P| for P € P, by the Bounded Distortion Property.

Let P* be the dual vector space to P, and let | - [* and | - |% be the norms
dual to | - [, | - |x, respectively. Thus (1) implies

(2) A < AL < CIA for A € P~
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Let A, € > 0 be real numbers. Assume that

(3) A exceeds a large enough controlled constant, and
(4) O0<e<A™2

Later, we will pick A to be a controlled constant, large enough to satisfy (3).
For now, however, we just assume (3) and (4).

We introduce two finite sets ' C P and A* C P*, with the following
properties.

) Every Py € T satisfies [Po| < 2A.

) For any P € P with |[P| < A, there exists Py € I such that [P — Po| < €.
7) Every Ap € A* satisfies [Ao|* < 2A.

8) Forany A € P* with |[A|* < A, there exists Ay € A* such that [A—Ao|* < €.

(5
(6
(
(

(We can easily construct such A* and I'. For instance, we can take I' to
be the ball of radius 2A about 0 for the norm | - |, intersected with a fine
enough cubic lattice in P. We can define A* similarly.)

Now, we define sets I'(e) C T and O*(e,x) C A*, as follows:

(9) T(e) = {Po € T': Ne(Po,x) < 1 + Ae}, where N¢(Pp,x) is the
number computed by the Oracle for the query Py, x, €; and
(10) O*(e,x) = {Ao € A*: Ao(Py) < 1 + 2Ae€ for all Py € T'(e)}.
We will prove two elementary propositions regarding O*(e, x).
Proposition 1. Let Ay € O*(e,x), and let P € P. Then
Mo(P) < (1 + T0A€) - [Py

Proof. We may assume that [P, = 1. Then [P| < C by (1). Hence, (3)
and (6) show that there exists Py € T" such that [P — Py| < €. Fix such a Py.
By (1), we have |[P—Py|, < Ce. Hence, [Polx < |P|x+|Po—Plx < 1+ Ce. The
defining property of N¢(P,x) then yields N¢(Po,x) < (14+Ce) < 1 + Ae
by (3).

Thus, Py € T and N(Po,x) < 1 + Ae. By definition (9), we have
Po € T'(€e). Since also Ag € O*(€,x), it follows from (10) that

Moreover, we have Ag € O*(e,x) C A*, hence [Ao|* < 2A by (7). Conse-
quently;,

(12)  Ao(P —Po)| < [Aol* - [P —Pol < 2Ae.
From (11) and (12), we obtain Ag(P) < 1 + 4Ag, proving Proposition 1. B
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Proposition 2. Let P € P. Then there exists Ao € O*(€,x) such that
Ao(P) = (1—Ce) - [Pl

Proof. There exists A € P* such that
(13) |A[Z =1 and
(14) A(P) = [Pl

By (13) and (2), we have A|* < C. Hence, by (3) and (8), there exists
Ao € A* such that

(15) A —=2Ag|* < €.

By (2), we therefore have

(16) A —=MAglt < Ce.

From (13) and (16), we obtain
(17) Mol < 1 + Ce.

Let Py € T'(e). Then N (Po,x) < 1 + Ae by (9); hence, [Poly < (1 +
Ce) - (1 + Ae) by defining property of N¢(P,x). Consequently, we have

Mo(Po) < Aol - [Polx < (T4 Ce) - [(14Ce) - (14 Ae)] (see (17)).

Thanks to (3) and (4), it follows that A(Py) < 1 4 2Ae.
Thus, A\g € A*, and Ap(Py) < T 4 2Ae€ for all Py € T'(e). By defini-
tion (10), we have

(18) Ao € O*(G,X).
Moreover, (14) and (16) yield the inequality
(19)  Ao(P) = A(P)=(A=A0)(P) = [Plk—=[A=Aol; - [Plx = (1—Ce) - [Plx.

The conclusion of Proposition 2 is immediate from (18) and (19). [ |

Let us now take A to be a controlled constant, large enough that (3)
holds. We have also (4), provided € > 0 is less than a small enough controlled
constant.

Since A is now a controlled constant, the two Propositions above tell us
that

(20) (1 —Ce)-|Plx < max{A(P): A € O*(e,x)} < (1 + Ce) - [Pl for P € P.

Estimate (20) holds if € is less than a small enough controlled constant.
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Now we can explain how to carry out Algorithm 3.1. First suppose
that € is less than a small enough controlled constant. With A as above,
we compute sets A* and I satisfying (5)...(8). This elementary computation
takes work and storage at most Ce P, where D = dim P. Moreover, we can
take our A* and T to satisfy also

(21)  #(A"), #(T) < Ce ™.

(Details of the computation of I' and A* are left to the reader.) We then
compute the set I'(e) from (9). This requires #(I") queries to the Oracle,
to learn the numbers N.(Py, x) for all Py € I'. Thus, the work to compute
I'(e) is at most exp(C/e), thanks to (21) and our assumption on the work
to query the Oracle.

Having computed T'(e), we can then compute O*(e,x) from (10). The
work needed for this step is at most C - #(A*) - #(I') < C - € 2P, while
the storage needed is at most C - € P.

Thus, we have computed O*(€, x) using total work and storage at most

exp(C/e). The set O*(e,x) satisfies (20), and also
(22) #(0*(e,x)) < #(A*) < Ce™P < exp(C/e).

We have achieved (20) and (22), using work and storage at most exp(C/¢€),
provided € is less than a small enough controlled constant.

We now drop our assumption that € is less than a small enough controlled
constant. We assume merely that 0 < e < 1.

To compute Of(e,x) satisfying (O1),(03), (03) in Algorithm 3.1, it is
enough to replace € by € = ce for a small enough controlled constant c;
we then compute O*(€’,x), and we just set O(e,x) = O*(e’,x). Proper-
ties (O1), (03), (03) are immediate from the corresponding properties of
O*(€', x).

By taking the sets A* and T in (5)...(8) to be symmetric about the
origin, we obtain from the above construction that A € O(e€, x) if and only if
—A € Of(e,x), for any given functional A on P. Thus, property (Op) holds
as well. This concludes our explanation of Algorithm 3.1.

We close this section by noting an elementary consequence of the Bounded
Distortion and Approximate-Translation Invariance properties.

Lemma 1. Let P e P, x e R™, 1t € B(0,1). If|Plx < 1, then
Pl < 1 + Cl7l.

Proof. Define the translate P. € P, by setting P.(z) = P(z — T) for all

z € R™. We have
(23) ’PT’X+T < ] + Ch’a

by the Approximate-Translation Invariance property.



298 C. FEFFERMAN

On the other hand, by the Bounded Distortion Property, we have [0*P(x)| < C
for || < m, which implies the estimate

[0%(P —Po)(x + 1) < Clt| for [ <m.
Another application of the Bounded Distortion Property now gives

(24) |P - PT|X+T < C|T|

The desired conclusion is immediate from (23) and (24). |

4. Background from Computer Science

In this section, we recall some standard results from computer science. We
start with the “Ellipsoid Algorithm” for linear programming.

Let us work in RP. We write v,V', vy, etc., for vectors in RP, and we
write A, A, A, etc., to denote linear functionals on RP. We denote a positive-
definite quadratic form on RP by q(-). An “ellipsoid” is a subset E C RP,
given by

(1) E={veRP:qgv—vo) <1}

for a positive-definite quadratic form q and a vector vy.

A “linear constraint” in RP is an inequality of the form A(v) > b (with
A € (RP)* and b € R given), for an unknown vector v € RP. Given a list
of linear constraints Ag(v) > by for £ = 1,...,L, the “feasible region” is
defined as
K={MeRP:A\(v) > byfort =1,...,L.

Now suppose we are given a list of linear constraints, and a linear func-
tional A € (RP)*. We would like to find a vector v € K, with A(v) as small
as possible, or nearly so. Of course, this makes sense only if K is non-empty
and A is bounded below on K.

For the “ellipsoid algorithm”, we assume that K is roughly comparable
to a given ellipsoid E, in the sense that

(2) K C E, and volK > APvol E for given real number A > 0.

(In (2), A does not denote a linear functional. We trust that no confusion
will result.)

The idea of the ellipsoid method is that either the center of E belongs
to K, or else one can trivially produce another ellipsoid E’, such that K C E
and vol (E') < (1 —c¢/D)vol (E) for a universal constant c.
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This allows us to perform the following algorithm.

Ellipsoid Algorithm: Given positive real numbers €,\, with 0 < € < 1/2
and 0 < A < 1/2; and given an ellipsoid E with center vo; and given a list
of L linear constraints on RP, whose feasible region K satisfies

(a) K C E and
(b) volK > APvol E;
and given a linear functional/f\e (RP)*; we compute a vector vi €K such that
A(vi) < minfA(v): v e K} + € - max{A(v—vo)|: v € E}.
The computation requires work at most CD*L log (%) log (le), and storage
at most C - (D + L)2.

The following special case will be used below. We write
Bo = {(vi,...,vp) € RP: | < 1fori=1,...,D}.

Special Ellipsoid Algorithm: Given positive real numbers €,/\,\, as-
sumed to satisfy 0 < € < 1/2 and 2\ < /\; and given a list of L linear
constraints in RP, whose feasible region K is assumed to satisfy

(a) K € ABp and

(b) K D ABp + v for an (unknown) vector v € RP;
we compute a vector (V9,...,vY) € K, such that

V) < min{v;: (vi,...,vp) €K} + e A.

The work required is at most CDL log (%) log (%), and the storage re-
quired is at most C - (D + L)
See [29]. Also, see [28, 32] as a sample of the extensive literature on linear
programming.

Next, we give some standard results from computational geometry. We
start this discussion with the Well-Separated Pairs Decomposition due to
Callahan and Kosaraju [11]. The results below are significantly weaker than
those of [11]. We state here only what we will need below.

Let E C R™, with #(E) = N < o0; and let 0 < k < 1 be given. (We
assume N > 2.) We write A(k), A’(k), etc., to denote constants determined
by k and n. Then there exists a finite list of Cartesian products, E/, x EZ,
v =1,...,Vmax, with the following properties:

e Each E/, and EY is a non-empty subset of E.

o {(x,x") € ExE :x # %"} is the disjoint union of the E, x EY
v=1,..., Viax
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e diam(E.), diam(EY) < « - dist(E,, EY) for each v.
e The number of E, x EY is viax < A(k)N.

e There is an algorithm, called Algorithm WSPD, that accepts as in-
put (E, k), and produces as output a list of “representatives” (x.,x?) €
B X EY, v=1,.., Viax-

Algorithm WSPD consumes work at most A’(k)Nlog N, and storage
at most A”(k)N.

Later, we will take k to be a small enough controlled constant. The quanti-
ties A(k), A’(k), A”(k) will then also be controlled constants.

We pass to the “Balanced Box Decomposition Tree” or “BBD Tree”, due
to Arya, Mount, Netanyahu, Silverman and Wu [1]. Again, we state only
what we will need below, which is significantly weaker than the full results
in [1].

BBD Tree Algorithm: There is an algorithm with the following properties.

e The input for the algorithm consists of a non-empty finite set E C R™,

with #(E) = N.
e The algorithm performs one-time work, and then responds to queries
as follows.

o A query consists of a point x € R™ or a dyadic cube Q in R™.

e The response to a query x € R™ is a point y € E such that |x —y| <
2dist(x, E).

o The response to a query Q is a “representative” xq € E N Q, or a
message indicating that EN Q is empty.

e The one-time work is at most CN log(N+1) using storage at most CN.
e The work to answer a query is at most Clog(N + 1).
See also Sections 23 and 27 in [23], where the query algorithm for Q is spelled

out in detail.
As an obvious consequence of the above, we have the following algorithm.

Algorithm Find-Representative: Given a non-empty set E C R™, with
#(E) = N < oo, we can perform one-time work CNlog(N+1) in space CN,
after which we can respond to queries as follows:

o A query consists of a dyadic cube Q C R™.

o The response to a query Q is a “representative” xqo € ENQ™, or a
message indicating that E N Q™" is empty.

e The work to answer a query is at most Clog(N + 1).
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In fact, we have only to partition Q** into dyadic cubes {Q~}, and apply
the BBD Tree query algorithm to each Q5.

There is an analogue of Algorithm Find-Representative, with Q** re-
placed by Q*. We again give this algorithm the name “Find-Representative”.
Similarly, we may take Q*** in place of Q**.

5. Gentle Partitions of Unity

We recall a result from our previous paper [21], and give two corollaries and
a simple variant.

Lemma GPU: Let {U,} be an open cover of an open set Q C R™, and let
d(x) > 0 be defined for all x € Q. Suppose that, for each v, we are given
functions F,, € C™(U,) and x» € C™(Q). Let €,A9,A7,A2 >0 and M >0
be real numbers. Assume that the following conditions are satisfied.

(GPU1) Any given x € Q belongs to suppaX~ for at most Ay distinct v.
(GPU2) > xv =1 0n Q.

(GPU3) xv > 0 on Q for each v.
(GPU4) suppg X~ C U, for eachv.
(

GPU5) [0%x(x)] < Aje - (8(x)7™ for 0 < |af < m, x € Q, and for
each v.

(GPUG6) |Jx(Fy)lx < M for x € suppg X~ (any v).

(GPUT) 0%(Fy — F)(x)] < AM - (8(x))™ ™ for |of < m—1, x €

suppa X~ N suppo Xu (any w,v).
Then the function F =3 x+ Fy belongs to C™(Q), and

|| F ||Cm(Q)§ (] + A/G)M,

where A’ depends only on Ay, A1,Az, m,n, and on Co, Co in the Bounded
Distortion Property. (See Section 3.)

The above differs from “Lemma GPU” in [21] only in the most trivial
details.

Corollary 1. Let yo € R™; let A >0, M > 0,8 > 0,0 < € < 1 be real
numbers; and let 0 € C™(R™). Assume that 0 < 0y < 1 on R™; 0y(x) =1
for Ix —yol < e!/(1%9)5; suppBy C B(yo, e'/13)8); and

10%05(x)| < Aelx —yol ™ for 0 < |af < m,x € R™~ {yo}.
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Also, let Fo € C™(B(yo, "9 8)), F; € C™(R™). Assume that

| Fo llemBryg.ei/i3015)) < M,

|| F] ||Cm(Rn) S M, a/nd

]yo(FO) - ]yo (F1)
Then the function F = 0oFy + (1 — 09)F; belongs to C™(R™), and

|| F ||Cm(]R“) S (] + A,€)M,

with A’ depending only on A,m,n and the constants ¢o, Co in the Bounded
Distortion Property.

Proof. We write A’, A”, etc., to denote constants determined by A, m, n,
€o, Co as in the conclusion of our Corollary.

We apply Lemma GPU with Q = R™ Uy = B(yo,e'/®%), U; = R™,
Xo = 00, X1 = 1— 00, 6(x) = 8+ |x —yol, Fo and F; as in the hypotheses
of Corollary 1, Ag = 2, A; = 2™A, and A,= large enough constant of the
form A’.

All the hypotheses of Lemma GPU are immediate here, except for (GPU5)
and (GPUT). To check these, we argue as follows.

For 0 < |af < m and |x —yo| > 0, we have

0%%o0(x)] = [0%x1(x)| = [0%00(x)| < Aelx —yo| ™
< (2MA)e - (84 x —yol) .
On the other hand, for 0 < || < m and |[x — yo| < 8, we have
|0%x0(x)] = [0%1(x)] = 0, since 8y = 1 on B(yy, d).

(GPU5) is immediate from the above observations.
To check (GPUT), we first note that

[0%(Fo — Juo (Fo)) (x)] < A’M [x —yo/™ ™
for || < m—1, x € B(yo, "/398); and
[0%(F1 — Juo (F1)) (%)) < A'M |x —yo/™ ™

for || < m—1, x € B(yo, e"88), thanks to our hypotheses on the C™
norms of Fy and Fy together with Taylor’s theorem and the Bounded Dis-
tortion Property. Combining these last two estimates, and recalling that
Juo (Fo) = Jy, (F1), we find that

0%(Fo— F1)(x)] < A"MIx —yo/™ ¥ for |«] < m —1, x € B(yo, e'/%5),

from which (GPU7) follows at once. Thus Lemma GPU applies, and it yields
the conclusion of Corollary 1. [ |
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Corollary 2. Let 0 < €9 < 1 and M > 0 be real numbers, let Qo C R™ be
a cube, let 0o € C™(R™), and let Fo € C™(QI).
Assume that 0 < 8y <1 on R™;

supp 8o C QU;
10%0o(x)| < €g for 0 < || <m, x € R™; and
|| FO HCm(Q'é't) S M

Then

= 0o - Fo belongs to C™(R™), and
H F ||Cm(Rn) S (1 —+ Ceo)M.
Proof. Immediate from Lemma GPU, with Q = R™, Uy = Qt, Uy = R™,

Xo =00, X1 =1—00, 6(x) =1 for all x € R™, Fy as given, F; =0, € = €y,
Aog=2, A1 =1, A, =1/Cp, with ¢o from the Bounded Distortion Property. B

The next result is an easier variant of Lemma GPU.
Lemma LGPU: Let0<e<1, A>1, M >0 be real numbers. Let QV be
patrwise disjoint dyadic cubes of sidelength S, where AMe ! < 5 < e
Let 6, € C™(R"), and assume that 6, > 0 on R™ (each v), ) 6, <1
on R™, supp 6, C (Q%)™ (each v), and [0%0,(x)| < Ae for 0 < |« < m,
x € R™ (eachv).

Let Fy € C™((Q2%)™), with || Fy || en (g jm) < M (eachv).

Then F =) 0F, belongs to C™(R™), and

H F ||Cm(R“) S (1 +A/€)M,

where A’ depends only on A,m,n and Ty, Co in the Bounded Distortion
Property.

Proof. Obviously, F € C™(R™). Our task is to estimate || F |[cm®n). We
write A’, A", etc., to denote constants determined by A, m,n,co, Co.
Fix x € R™, and note that

(1) Jx(F) = 2 0.(x)Jx(Fy) + 2_ &, where

(2) 8V - ]x(evFv) _ev(X)]x(Fv) c P.

By hypothesis, we have |Jx(Fy)lx < M for each v; and ) | 0,(x) < 1 with
each 0,(x) > 0. Since | - | is a norm, it follows that

(3) 20| = M.
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We turn to the €,. From (2) we have

(4) 0%E(x) = (3;:“ B‘T—;ﬂaﬁev(x) - 0VF, (x).
[Bl#0

For 0 < |B] < m, we have [0P0,(x)] < Ae; and, for |y] < m, we have
|0YFy(x)] < A’M, thanks to our hypothesis on || F, ||cm and the Bounded
Distortion Property. Putting these remarks into (4), we find that

(5)  [0%E4(x)] < A”eM for |&| < m (each v).

Since x belongs to at most A" distinct Qi‘,, and since supp 0, C Qi‘,, we see
from (2) that &, is nonzero for at most A" distinct v. Hence, (5) implies

a“{; av} (x)

Another application of the Bounded Distortion Property now yields
(6) > &x < A”eM.

< A'eM for |a] < m.

From (1), (3), (6), we see that [J4(F)|x < (1+ A”e)M. Since x € R™ was ar-
bitrary, it follows that || F ||cm @< (14 A”€)M, proving Lemma LGPU. B

6. The Main Patching Lemma

In this section and the next, we adapt to our purposes the arguments from
Section 5 in [21]. Here, we give the set-up and state a result. The next
section proves that result.

Our set-up is as follows. We are given real numbers € > 0 and M > 0,
and positive constants Ay, ..., A;. In addition, we suppose we are given the
following objects.

Whitney Field: We suppose we are given a Whitney field P= (PY)yee on a
finite set E C R™
We assume that

(1) [o%(P*=PY)(x)] < AM - [x —y[™ ™ for o] <m, x,y € E, x #y.

Regularized Distance: We suppose we are given a function 8(-) in C[ (R™\E).

loc
We assume that

(2)  Aj'dist(x,E) < 8(x) < Ajdist (x, E) for all x € R*\ E, and
(3)  19%86(x)| < Az - (8(x))' 1 for |&f < m, x € R™ . E.
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Partitions of Unity: We suppose we are given a C™ partition of unity

4 1= ¥ xtoR

—o00 <{< o0

We assume for each £ that

(5)  xe(t) >0fort e R;suppxe C ({—T1,0+1);| (%)kXE(t)’ < Ajz for
k<m,teR.

For each { € Z, we suppose we are given a C™ partition of unity

6) 1=5 0% onR™

We assume, for each {,~v, that

(7) 8% > 0 on R™ and 6! is supported in the interior of a cube QY of
sidelength 6,, where

(8)  Aj'eTexp((L+1)/e) < & < Ase ! exp((L+1)/e).

Also, for each £,v, we assume that

(9)  [0%0%(x)] < As - [e7 exp((L+1)/€e)] ™ for ol < m, x € R™

Regarding the cubes QY, we assume that

(10) For fixed £ € Z and x € R™, there are at most Ag distinct v for which
x € QL.

Testing Sets: For each {,v, we suppose we are given a set

(11) S En(QY-

We assume that

(12) dist (y,S%) < A; - exp(({—1)/e) for ally € EN (Q%)*.

Local Extending Functions: For each £, v, we suppose we are given a function
F, € C™(R™). We assume that

(13) F agrees with P on S, and
(14) | F flemn < M.

For each x € E, we suppose we are given a function F* € C™(R"). We
assume that

(15)  Jx(F*) = P*for x € E, and
(16) For each £ and v, if S¢ = {x}, then F, = F*.
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We call a constant “weakly controlled” if it is determined by Ay, ..., A7
above, together with m, n and ¢y, Co, C; from Section 3. We write A7, A/, A",
etc., to denote weakly controlled constants.

We patch together the F¢ into a single function F on R™, by setting

(17) F(x) = P*(x) for x € E, and
(18) F(x) = 3 xelelogd(x)) - 85(x) - Fi(x) for x € R™  E.
(Y

Under the above assumptions, we have the following result.

Main Patching Lemma: Suppose € is less than a small enough weakly
controlled constant. Then F belongs to C™(R™), agrees with P, and satisfies
| Fllem@mn) < (1+Ae)M for a weakly controlled constant A.

The proof of this lemma will be given in the next section.

7. Proof of the Main Patching Lemma

In this section, we prove the Main Patching Lemma, using ideas from Sec-
tion 5 of [21]. We adopt the convention that, for k > 1, the label (k) refers to
equation (k) in Section 6 of our present paper. Also, we retain the assump-
tions and conventions of Section 6. In particular, A, A’, A”, etc., denote
“weakly controlled constants”.

We adapt the arguments in Section 5 of [21], using the hypotheses of
the Main Patching Lemma in place of equations (6), (8)...(13), (18)...(22),
and (34), (35) in Section 5 of [21].

Let

1) Q =R"<E

For each £,v, define

(2)  xi(x) = 0%(x) - xe(elogd(x)) for x € Q.

From (4)...(7) and (10), we see that

(3)  Any given x € Q belongs to suppg X}, for at most A distinct (£,v);

(4) > x4 =1onQ;and
Lv

(5) x, >0o0nQ.
Setting
(6) U, = Q for each £,v, we have

(7)  suppoXxs C Us,
by definition of suppg.
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We prepare to estimate the derivatives of x.

As in Section 5 of [21], we first note that 0%[x,(€ logd(-))](x) is a sum of
terms of the form

T

H 0P [elog 8()1(x) - xér)(elogé(x)),

v=1

where xlgr) denotes the 1" derivative of x,, and where ;+---+p, = o and
cach B+ is non-zero. Moreover, cach 9P [e log 8(x)] is a sum of terms of the
form

M 8(x) -+ Ao §(x)
(8(x))s ’

with y1 + -+ vs, = B~+. Consequently, for 0 < |x| < m, the quantity
0%[x¢(€logd(-))](x) is a sum of terms

B0 ()
(8(x))s

with 1 <r <mandy; +---+7vs = a Thanks to (3) and (5), it follows
that

(8)  10%[xe(elogd(-NI(x)| < Ae - (8(x)) ™ for 0 < ol < m, x € Q.
We note also that
(9)  exp((€—1)/e) < 8(x) < exp((£+1)/€) for x € suppg xe(€logd(-)),

as we see at once from (5). Hence, for

€

X" (elog8(x)),

X € suppaXy, = suppq (85 - xel(elog §(+))),
we have
(10) [9%0%(x)| < Ael™ (5(x)) 7™ for |a] < m (see (9)).

Since 0 < x¢(elogd(x)) < 1 (see (4), (5)), it follows from (8), (10) and our
definition (2) of x¢ that
(

(11) [ (x)| < Ae - (8(x)) 7™ for 0 < |af < m, x € Q, each {,v.

Thus, we have succeeded in estimating the derivatives of x&.
We next turn to the extending functions F in (13), (14). Since F €
C™(R™), we have in particular that

(12) F, e Ccm(us).
From (14), we have

(13)  Jx(FY)]x < M for all x € suppaX’, (any £,v).
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We prepare to estimate the derivatives of F{, — F¢, at a point

,v/

(14)  x € suppaX’, Nsuppax’.

For x as in (14), we have x € suppn0%, C QY; and also x € suppyx.(€logd(-)),
hence 8(x) is estimated by (9). Comparing (9) with (7), (8), we see that
8(x) < Ae sidelength (Q%); hence (2) yields a point

(15) yekt
such that
(16) |x —y| < Ad(x) < A’e sidelength (Q%).

Since x € QY and € is less than a small enough weakly controlled constant,
we learn from (15), (16) that gy € EN(QY)*. Consequently, (12) applies and
we obtain a point

(17) y €58,

such that

(18) ly—vyl < A - exp((£—1)/e) < Ad(x), thanks to (9).
From (16), (17), (18), we conclude that

(19) There exists y € S, such that [x —y| < Ad(x).
Similarly,

(20) There exists y’ € S%,, such that [x —y'| < Ad(x).
Fix y,y’ as in (19), (20), and note that

21) ly—vy'l < As(x).

From (13) and (19), we have

(22) Jy(FY) = PY,

and from (13) and (20), we have

(23) Jy(FL) = PV

From (14), the Bounded Distortion Property, and Taylor’s theorem, we obtain
the estimate

P¥(FS = Ty (F)(¥)] < AMpx —y™ ™ for | <m.
In view of (19) and (22), this implies that
(24)  [o%(F, —PY)(x)| < AM(8(x))™ ™ for |af < m.
Similarly,
(25) 10%(FY, — P¥)(x)| < AM(5(x))™ ™ for o] < m.
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Next, invoking (1), we see that
P¥(PY = PY)(y)] < AMJy —y/I™ ™ for [af < m,ify #y'
Since [y —v’|, [x —y| < Ad(x) (see (19) and (21)), it follows that
[O%(PY — P¥)(y)] < AM(8(x))™ ™ for [of < m,
and hence
(26) [9%(PY—PY)(x)] < AM(8(x))™ ™ for || < m, since PY—PY ¢ P.
From (24), (25), (26), we obtain our desired estimate,

27)  [0%(FL — FY)(x)] < AM(8(x))™ ™ for |of < m, x € suppox’ N
suppox’y (any (£,v), (¢,v)).

We can now apply Lemma GPU to the open set Q, the open cover {U!}, the
function §(x), the partition of unity {x!}, and the functions F{, € C™(U%).
The hypotheses of Lemma GPU are immediate from our present re-
sults (3), (4), (5), (7), (11), (13), (27).
Thus, we learn from Lemma GPU that the function F, defined in (17), (18),
satisfies

(28) Fe C™MR™\E), and || F|en@nag < (1+Ae)M.

Next, we investigate how F behaves on R™ ~_E near a point of E. Fix
(29) xo €E,
let A be a small enough positive number to be fixed later, and suppose
(30) x € R™\ E, with
(31) Ix—x0l < A.
Recall that E is finite; hence, we may suppose that
(32) 2A < dist(xo, E \ {x0}).
For y € E \ {xo}, we then have

x—yl = xo—yl—Ixo—x| > 2A =A = A > [x —xql.

Consequently;,
(33)  [x —x0| = dist(x, E).
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Let (£,v) be such that

(34) suppoxt 2 x.

Then x € suppXe(€logd(-)); hence (9) applies. From (9) and (2), we obtain
(35) A Texp((£—1)/e) < [x—xo| < A exp((L+1)/€).

Also, (34) yields

(36) x € suppnf’ C QL.

Recall from (7), (8) that sidelength (QY) = &, < Ae ' exp(({ + 1)/¢);
together with (35) and (31), this yields
(37) sidelength (QY) < Ae T exp(2/€) - x —xo| < Ae ' exp(2/e) - A.

v

On the other hand, (7) and (8) yield also
(38) sidelength (QY) = & > A e Texp(({+1)/e) > A Te Tx — x|,

thanks to (35). Since € is less than a small enough weakly controlled con-
stant, it follows from (29), (36) and (38) that

(39) xo€(QY)* NE.

We next show that E N (QY)* consists of the single point xo. In fact, if

v

y € EN(QY)* with y # xo, then from (37) and (39) we would have
(40) |y —xo| < A- sidelength (Q%) < Ae ' exp(2/e) - A.

v

If A is small enough, then (40) cannot hold for two distinct points y, xo in
the finite set E. We assume that A is small enough that (32) holds and (40)
is impossible. We then obtain E N (Q%)* = {xo}.

Together with (11) and (12), this shows that S{ = {xo}. Therefore,
from (16), we obtain the equality

(41) F = Fo,

We have proven (41) for every (£,v) satisfying (34).
Consequently, for xo, x as in (29), (30), (31), the definition (18) and (2) yield

Foo = 3 xdx) -F = 3 %) - Fox).
(Y Lv

Recalling (4), we conclude that
(42) F(x) = F(x) for all x € R™~ E such that [x — xo| < A.
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Here, x; is an arbitrary point of E, and A is a small enough positive number.
We note that

(43) o e Cm(Rn)’ and || Fxo ||Cm(Rn) < M, for xo € E,

thanks to (41) and (14).
Also, we recall from (15) that

(44)  Jx, (F*) = P* for any x¢ € E.
We now define a function F on R™, by setting
(45) —Fon R™E, and F = F* on B(xg, A) for each xo € E.

Note that (45) provides a consistent definition of a function F, since the
balls B(xo, AA) (xo € E) are pairwise disjoint for A small enough, and thanks

0 (42). Since F € C™(R™~ E) and P° € C™(B(xo, A)) for each xo € E, it
follows from (45) that
(46) F € C™RM).

(We can now pick A to be any positive number small enough that the
above arguments work.) Moreover, (44) and (45) show that

(47)  Jx, (F) = P* for all x € E.
We estimate the C™ norm of F, by checking that
(48) [Jx(F)lx < (1 + Ae)M for all x € R™

Indeed, for x € R™ \ Eo, (48) follows from (28) and (45); while, for
x € Eo, (48) follows from (43) and (45). Thus, (48) holds in all cases, and
consequently,

49) | Fllemmy < (1 + Ae)M.

We note that, in fact,

(50) F = FonR™

In fact, (50) holds on R™ \ E, thanks to (45). For xo € E, we have
F(xo) = P™(xo) = F(xo)

by (47) and (17). Thus (50) holds also on E.

In view of (50), our results (46), (47), (49) show that F € C™(R™), F
agrees with P, and || F ||cn ®") < (1 + Ae)M. These are the conclusions of
the Main Patching Lemma.

The proof of that Lemma is complete. |
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8. Comparing Polynomials at Representative Points

Let E C R™ be a finite set, and let 0 < k < 1 be a real number. Recall
the representatives (x.,x”) (1 < v < V) arising from the Well-Separated

vy v
Pairs Decomposition from Section 4, for the parameter k. As an application

of the Well-Separated Pairs Decomposition, we recall the following lemma
from [20]. (See also Har-Peled and Mendel [26].)

Lemma 8.1. Suppose we are given an (m—1)"st degree polynomial P* on R™,
for each x € E. Let M > 0, and assume that

PP —P)(xL)] < M- [x,—x2™ 1 forjal < m—1,1 < v < Vi

Assume also that k is less than a small enough constant determined by m,n.
Then, for any x,y € E, we have

X(P*—PY)(x)| < CM - [x —y/™ ™ for|af < m—1,
with C depending only on m and n.

In order to check efficiently that estimate (1) in Section 6 is satisfied, we
will use the following variant of Lemma 8.1.

Lemma 8.2. Let P = (P¥)xee be a Whitney field on E, and let M > 0.
Assume that k is less than a small enough constant determined by m,mn.
Assume also that

(1)  [9*PY(y)| < M for |afl =m, y € E; and that

(2)  PX(PY —P)(X,)] < M - X, — x4 for ol < m—1,1 < v <
Vinax -

Then

(3)  XP*=PY)(x)] < CM - [x —y[™* for|a] < m, x,y € E, x #v,

with C depending only on m,n.

Proof. We reduce matters to Lemma 8.1. We write ¢, C, C’, etc. (in this
proof) to denote constants depending only on m,n. Let

PX(z) = Z Ay - (z—x)* forx e E,zeR™

lod <m
Then (1) yields
(4) A < CM for |&| = m.
Define )
PX(z) = Z A - (z—x)* forxeE,zeR™

X
lo <m—1
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Thus, each P¥is an (m—1)"%t degree polynomial on R™. Also, for x,y € E
and |&] < m—1, we have

0°PY(x) = °PY(x) — Y clo, V) AUy - (x—1)Y,
hyl=m—|«f

which implies that
(5)  [0*PY(x) — 0*PY(x)| < CMx —y|[™ 1 thanks to (4).
In view of (5), our hypothesis (2) implies the estimate
QP — P)(x,)| < CMIX, — 4™ forfoaf < m—1,1 <V < Viax.
Therefore, Lemma 8.1 tells us that
(6)  [0*(P*—PY)(x)] < C'Mx—y|™ ™ for [af < m—1,x,y €E, x#v.

The conclusion (3) of Lemma 9.2 follows from (5) and (6), for |«| < m—1.
For |« = m, conclusion (3) follows from (1), since 9*P* and 9%*PY are
constant polynomials. The proof of the lemma is complete. |

9. Computing a Regularized Distance

Suppose E C R™ and #(E) = N < oo, with N > 2. In this section we
show how to compute a function 6(x) > 0, defined on R™\ E, and satisfying
estimates (2) and (3) in Section 6. The idea goes back to Whitney [41]. To
give an efficient algorithm, we bring in the BBD Tree from Section 4.

We define Q to be the set of all dyadic cubes Q C R™, such that

but (1) fails for any dyadic cube strictly containing Q. For fixed x € R™ \{ E,
one checks easily that any sufficiently small dyadic cube containing x sat-
isfies (1), while any sufficiently large dyadic cube containing x fails to sat-
isfy (1). Consequently, x € Q for some Q € Q. Thus Q is a covering of
R™~ E. Also, the cubes in Q are pairwise disjoint, since any two distinct
dyadic cubes Q, Q' satisfy one of the three conditions QN Q' = ¢, Q C Q’,
Q' € Q. Moreover, each Q € Q is obviously contained in R™\ E. The above
remarks show that

(2)  The cubes of Q form a partition of R™ \ E.
Next, suppose Q, Q" € Q, and Q* N (Q’)* # ¢. Then
(3) 16q < dg < 25q.
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In fact, suppose (3) fails. Since Q, Q" are dyadic cubes, their sidelengths
are powers of two. Therefore, g and 6 must differ by at least a factor of 4.
Without loss of generality, we may assume that o < leéQ,, Let QT be the
dyadic “parent” of Q, i.e., the dyadic cube for which Q" D Q, dq+ = 20¢.
Then we have 8o+ < 18y and (Q")*N(Q’)* # ¢. Consequently, (Q*)** C
(Q')*™*. Therefore, (1) holds for the cube Q™ since it holds for Q" € Q.

This contradicts our assumption that Q € Q, completing the proof of (3).

For any dyadic cube Q, we introduce a function @q € C™(R™), with the
properties:

(4) @g > 0onR™ @g=1o0n Q; supppg C Q*; and
(5) [0%pql < C85* on R™, for |of < m.

By taking @q to be an appropriate spline, we can satisfy (4), (5), and give
a query algorithm as follows.

Algorithm 9.1. (“Find-jet-of ¢q”): Given a dyadic cube Q and a point
x € R™, we compute the jet Jx(@q) with work at most C.

We now define the “regularized distance” by Whitney’s formula

(6)  d(x) = X 0q- @qlx) forx € R*\ E.
QeQ

Using the definition of Q and properties (2), (3), one checks easily that
(7)  cdist(x,E) < dg < Cdist(x, E) for x € Q*, Q € Q,

and therefore the function 8(x) in (6) satisfies

(8) cdist(x,E) < 8(x) < Cdist(x,E) forx e R*\ E

and

(9)  [9%6(x)] < C - (8(x))' ™ for [l < m, x € R™\ E.

Thus, the properties (2), (3) in Section 6 hold for our function 8(x).
We prepare to compute the function 6(x).
Given x € R™ N E, we define

(10) 9Q(x) ={Qe€Q:xeQ*}.
Since supp @q C Q* for any Q, a glance at (6) gives

(11) Jo(3()) = Y 80 - Jxl(@q), for x € R*~ E.
Qe9(x)
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Moreover, (7) shows that
(12) cdist(x,E) < dg < Cdist (x,E) for x e R*\ E, Q € Q(x).
Our computation of d(x) proceeds as follows

Algorithm 9.2. (“Compute-Regularized-Distance”): After one-time work
at most CNlogN in space CN, we can answer queries as follows. Given
x € R™ N E, we compute J(6(-)) with work at most ClogN.

Explanation: We perform the one-time work of the BBD Tree, and of Algo-
rithm “Find-Repepresentative”, as in Section 4. Recall that this one-time
work is at most CN log N, and requires space at most CN.

Suppose we have done the above one-time work, and suppose we are given
a query point x € R™ ~ E. Then, using the BBD Tree Query algorithm, we
can compute a number d > 0 such that

(13) 1dist(x,E) < d < 2dist (x, E).

The computation of d requires work at most ClogN. From (10), (12)
and (13), we have

(14) cd < dg < Cd and Q* 3 x for each Q € Q(x).

There are at most C dyadic cubes Q satisfying (14) for given x, d; and it
takes work at most C to list them. Let Qq,..., Qr be a list of all the dyadic
cubes satisfying (14).

Next, we test each Qg(1 < € <L), to decide whether Q, € Q. To do so,
we let Qf be the dyadic “parent” of Qy, i.e., the dyadic cube containing Q,,
with sidelength twice that of Q.. Then, by definition of Q, we have Q, € Q
if and only if

(15) ENQi™ = ¢ but EN(Q))™ # ¢.

We can test whether (15) holds, thanks to Algorithm “Find-Representative”
from Section 4, applied to the two dyadic cubes Q and Q. For each Qq,
this requires work at most Clog N, and there are at most C distinct Q.
Thus, it takes work at most Clog N to decide which of the cubes Qq,..., Q¢
belong to Q.

However, one checks easily that Q(x) is precisely the set of all the cubes Q,
(1 <€ <L) that belong to Q.

Thus, we have produced a list of all the cubes in Q(x). There are at
most C such cubes. We can now trivially compute J,(8(-)), using equa-
tion (11) and Algorithm 9.1. The work of this last step is at most C. This
completes our explanation of Algorithm 9.2.
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10. Computing Partitions of Unity

In this section, we compute cutoff functions x,(t), 0%(x), as well as cubes
¢ satisfying conditions (4)...(10) in Section 6. We also compute additional
cutoff functions that will be used later.
By taking xo(t) to be an appropriate spline on R, and then defining
Xe(t) = xo(t —¢) for £ € Z, we can arrange that

(1) x¢ € C™R) for each { € Z,

and that for each { € Z, we have

(2) x¢e>0onR;suppxe C (£—1,8+1);] (L) xe(t)| < Cor [k < m, t € R;

and that
(3) X xe(t) = 1forallt €R;

eZ

moreover, we can answer queries as follows.

Algorithm 10.1. (“Compute-x,”): Given L € Z, t € R, 0 < k < m, we

compute (%)k X¢(t) with work at most C.

In view of (1), (2), (3), the x¢ form a C™ partition of unity satisfying (4)
and (5) in Section 6.

Next, we prepare to define and compute cubes Q¢ and cutoff functions 6°,
as in (6)...(10) in Section 6.

For s € Z, and for any lattice point v = (vq,...,v,) € Z", we let Q§f>
denote the dyadic cube Q@ = 25 -v,25 - (vi+ 1)) X -0 X [2% - vy, 28 -
(vin+1)) C R™

Thus, for fixed s € Z, the Qi,s> (v € Z™) partition R™ into dyadic cubes
of sidelength 25.

By taking /G\é@ € C™(R") to be an appropriate spline, and then defining
/9\<VS>(X) = @éo>(2_sx —v) for s € Z and v € Z™, we can arrange that, for
each s,v, we have:

Ve CnRm);
(

and we can answer queries as follows.
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Algorithm 10.2. Givens € Z, v € Z™, x € R™, we compute the jet ]X(§§,S>)
with work at most C.

We now define
6<VS>(x) = @@(x)/z @y(x) forx e R", se€ Z,veZ™
v'ezm
Here, we may restrict the sum to run over only those v/ € Z™" such that
(s) %
x € (Qy/)".
From the properties of the ol >, we see that the 0 satisfy the following.
oy € C™(R™);
9@ > 0 on R™
supp 0% C [(Q¥))]™;
> 0% =1 on R™;

vezn
|a°<e<$>(x)| < C .29 for |af < m, x € R™
and we can answer queries as follows.

Algorithm 10.3. Given s € Z, v € Z™, x € R™, we compute ]X(9§,5>) with
work at most C.

Now suppose we are given 0 < € < 1 and { € Z. With work at most C,
we can compute an s € 7Z, such that

4)  SeTexp((t+1)/e) <25 < TeTexp((L+1)/e).

Fix s as in (4). For any v € Z", we then define

AN

QL = (Q¥), o) =6, Q) =Ql.
Also, we define 6, = 3 - 25.
The properties of the ' and Qi,s ! then yield the following.

(5)  Each 0% belongs to C™(R™).
(6) > 0% =1onR" for each { € Z.

vezn

For each £,v,
(7) 0% > 0onR™ and 0! is supported in the interior of the cube QY;
(8)  the sidelength of QY is 8;; and

(9) e lexp((L+1)/e) < & < e 'exp((L+1)/e).
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Also, for each £,v, we have

(10) [9%0%(x)] < C - [e T exp((L+1)/e)] 7™ for |af < m, x € R™
Moreover,

(11) For fixed { € Z and x € R™, we have x € Q¥ for at most C distinct v.
Furthermore, we can answer queries as follows.

Algorithm 10.4. (“Compute 0%7): Given 0 < € < 1,0 € Z, v € Z",
x € R™, we compute the jet J(0%), as well as the cubes Q, QY. The work
of this algorithm is at most C.

Note that, by definition,
(12) Each Q! is a dyadic cube, and Q% = (Q%)*.

v

In view of (5)...(12), the 0%, form a C™ partition of unity, satisfying condi-
tions (6)...(10) in Section 6.

This concludes our discussion of the 0. Regarding the Q' we note that
it is trivial to answer queries as follows.

Algorithm 10.5. (“Find-Relevant-Cubes”): Given { € Z and x € R™, we
produce a list of all the v € Z™ such that x € (Q%)*. There are at most C
such v € Z™, and the work of the algorithm is at most C.

Next, we compute a cutoff function that will be used later in computing
local extending functions as in (13)...(16) in Section 6.

Algorithm 10.6. Given a pointye € R™ and numbers d >0 and0 < e < 1,
we compute a function 8y € C™ T (R™), with the following properties:

(a) 0<06p<T1 onRY

(b)  Bo(x) = 1 for [x —yol < /163,

()  supp@y C B(yo, €/®)8); and

(d)  [0%0o(x)] < Ce - [x —yo| ™ for0<|af < m+T1, xR {yoh
The one-time work to compute 0y is zero, the storage used is at most C, and

the work to answer a query (by computing Jx(00) at a query point x) is at
most C.

Explanation: By taking x € C™(R) to be an appropriate spline, we can

arrange the following.

(13) 0 < x < 15 x(t) =1 for t < 1/16; suppx C (—o0, 1/8); x"(t)] < C
for 0 <1t <m+1,t&R (where X denotes the ! derivative of x);
and,

(14) given 0 <1 < m, t € R, we can compute X (t) with work at most C.



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS IT 319

We then define

Ix —yol

) for x # yo, Bolyo) = 1.

Evidently, 8o € C™(R™), and (a), (b), (c¢) hold for 8. Also, evidently, J,(6o)
can be computed with work at most C. It remains to check properly (d) for
the function 8. Suppose x € R™ \ {yo}. Then, for 0 < || < m + 1, the
quantity 0%0y(x) is a sum of terms of the form

(15) ﬁ (an [e log b(—ifydo : X(T)<elog |X_5y0|>'

v=1

with B+ ---+ B+ = «, and with each B~ non-zero. Since [x"(t)| < C for
all t € R, and since

Oo(x) = x(e log

x — Yol
o

it follows that each term (15) is less than or equal in absolute value to

Cefx — yo/ ™™, with 0 < r < m + 1. This immediately implies (d), since

0 < € < 1. Thus, our function 6y has all the required properties.

‘aﬁv [elog H < Celx —yol ! for 0 < [Ba) < m+1,

11. Computing Testing Sets

The goal of this section is to compute suitable “testing sets” S¢ satisfying
conditions (11) and (12) in Section 6.

Algorithm 11.1. (“Find-Testing-Set”): Given 0 < € < 1; given E C R™
with #(E) = N < oo; and given a dyadic cube Q C R™; we compute a
finite set S(Q) C E N Q**, such that

—2/€

(a) |ly—vy'| > cee dq for any two distinct points y,y" € S(Q); and

such that
(b) dist(y,S(Q)) < Cee #/€8q for anyy € E N Q**.
After the one-time work of the BBD Tree Algorithm (See Section 4), the

work to compute S(Q) is at most exp(C/€) - log(N +1).
The storage needed is at most CN + exp(C/¢€).

Explanation: Recall that dq denotes the sidelength of Q. With work at most
exp(C/e), we partition Q** into dyadic cubes Q~ (1 < v < V) of common
sidelength 6q,, such that

(1)  cee¢8g < 8q, < Cee¥€8q, and Vyax < exp(C/e).

For each Q., we check whether E N Q. is empty; and, if EN Q. # ¢, then
we compute a point y, € EN Q5.
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To do so, we use the BBD Tree Algorithm. After the one-time work
of the BBD Tree Algorithm, the work to examine a single Q. is at most
Clog(N + 1). Hence, the work to produce the set

2)  S(Q) = {y+:ENQ, # b}

is at most Clog(N41) Vi < exp(C’/€)log(N+1). Obviously, the set S(Q)
in (2) satisfies

(3) S(Q) c EnQ™,

and also

4 dist (y,S(Q)) < Cee %/¢5q for any y € E N Q**.
Q

Unfortunately, S(Q) may fail to satisfy condition (a) above. Therefore, we
proceed as follows.

By induction on v, we decide whether or not to discard y., according to
the “Vitali rule”:

(5)  We discard y. if and only if there exists v/ < v, such that y, was
not discarded, and [y, —yv| < ee €38,.

Let S(Q) be the set of all the points y. € S(Q) that were not discarded.
We can compute S(Q) from S(Q) with work at most C(Vmax)? < exp (C/e).

Note that S(Q) € S(Q) € EN Q**. Moreover, we cannot have
(6)  lyv—yv| < ee €8¢ for two distinet points Yy, yv € S(Q).

In fact, suppose (6) holds. Without loss of generality, we may assume v/ < v.
Since y, € S(Q), the point y, € S(Q) was not discarded. Consequently, (5)
and (6) tell us that y. is discarded, contradicting the assumption from (6)
that y, € S(Q).

Thus, as claimed, (6) cannot hold. The set S(Q) therefore satisfies con-
dition (a). Let us check that S(Q) also satisfies condition (b).

Thus, let y € EN Q**. From (4), we have

(7)  ly—vy'| < Cee 254 for some y' € S(Q).
Fix y" as in (7). If y’ belongs to S(Q), then (7) shows at once that
(8)  dist(y,S(Q)) < Cee #¢dq.

On the other hand, if y’ does not belong to S(Q), then, according to our
rule (5), there exists y” € S(Q) such that [y’ —y"| < ee ¢ 3,.
Together with (7), this shows that

dist(y,S(Q) < ly—y"l < ly—v'l + v —y"| < Cee ¥¢5q,

and hence again (8) holds. Thus, (8) holds in all cases, completing the proof
of (b).
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We have computed a set S(Q) C EN Q**, satisfying (a) and (b). After the
one-time work of the BBD Tree Algorithm, the total work to compute S(Q)
is at most exp (C/¢€) - log N.

Regarding the storage needed for Algorithm 11.1, we first recall that
we need space CN to allow us to use the BBD Tree. We then generate
the cubes Q. and the points y- one at a time. We need to store S(Q)
from (2), which requires at most space exp(C/e€). In a crude implementation,
we can mark each of the y, to indicate whether it is discarded according
to (5); and then we generate and store the set S(Q). The space needed for
these last steps is at most exp(C/€). Thus, the total storage required for
Algorithm 11.1 is at most CN + exp(C/¢€).

The explanation of Algorithm 11.1 is complete.

For most dyadic cubes Q, the set S(Q) produced by Algorithm 11.1 will
be empty or a singleton. This fact will be clear from the following algorithm.

Algorithm 11.2. (“Find-Interesting-Cubes”): Given 0 < € < 1, and given
E C R™ with #(E) = N, 2 < N < oo, we produce a list of dyadic cubes,
QW ..., QWM with the following properties.

(a) For T < A < L, the set S(QW) computed from €,E, Q™ by Algo-
rithm 11.1 has cardinality at least two.

(b) For any dyadic cube Q other than Q. ... QW the set S(Q) com-
puted from €,E,Q by Algorithm 11.1 has cardinality at most one.

(c) No cube appears more than once in the list QU, ... Q.
(d) L<(C/e) - N.
(e) The work to compute Q... QW is at most exp(C/e) - NlogN and

the storage needed is at most %N + exp(C/e).

Explanation: First we discuss the properties of dyadic cubes Q such that
#(S(Q)) > 2. Then we give the algorithm to compute the list QM ... QM.

Let Q be a dyadic cube such that the set S(Q) computed from €, E, Q by
Algorithm 11.1 has cardinality at least 2. Let y’,y” be two distinct points
in S(Q). By the defining properties of S(Q), we have

(9) y/)y/l E E m Q**7 and
(10) W' —y"| > cee ¥¢3,.

Let x.,,x7, EL,EY (1 < v < vyax) be as in our discussion of the Well-
Separated Pairs Decomposition in Section 4, with k less than a small enough

controlled constant. Since y’,y” are two distinct points of E, we have

(11) vy’ € B, and y” € EY for some .
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Fix v as in (11). We recall from Section 4 that also
(12) %, e, x} € EY, and

(13) diam(E,), diam(E%) < kdist(E,, EZ).

020"

From (9), (11), (12), (13), we learn that

(14) K, =y, Xy —y"l < kly'—y"| < Ckdq,
and consequently,

(15)  x,, X, € Q™,

by another application of (9). Returning to (14), and applying (10), we see
also that

(16) I\, —xI > Iy —y"| > c'ee ¥ 5q.

From (15), (16), we have learned the following: For any dyadic cube Q
such that #(S(Q)) > 2, there exists v (1 <+v < V.y), such that

(17) x,,x! € Q**, and g < Ce'e¥¢x,, —x/|.

vy My

Now we can describe how to carry out Algorithm 11.2.

Step 1: First, we do the one-time work of the BBD Tree and the WSPD
(for a small enough controlled constant k).

In particular, we produce the “representatives” x/, x, (1 < v <

Vmax) from the WSPD. Recall that v, < CN, and that the above
one-time work is at most CN log N, using storage CN.

Step 2: Next, for each v (T < v < V. ), we list all the dyadic cubes Q such
that (17) holds. For a given v there are at most C/e such cubes,
and we can compute them with work at most C/e.

Step 3: For each dyadic cube Q produced in Step 2, we use Algorithm 11.1 to
compute S(Q), and we check whether #(S(Q)) > 2. If #(S(Q)) >2,
then we add Q to a list L of “interesting cubes”.

Because v, < CN, the number of cubes in our list £ at the end of
Step 3 is at most (C/¢€) - N. Since Viyae < CN and Algorithm 11.1 computes
a single S(Q) with work at most exp(C/¢€)log N, in space CN+exp(C/€), we
see that the total work needed for Steps 2 and 3 is at most exp(C/e)Nlog N,
and the storage required for these steps is at most %N +exp(C/e).

Thanks to our result (17), we know that any dyadic cube Q for which
Algorithm 11.1 produces a set S(Q) with #(S(Q)) > 2 must appear on the
list L.
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On the other hand, every cube Q appearing on our list £ is such that
Algorithm 11.1 produces a set S(Q) with #(S(Q)) > 2. (That’s immediate
from inspection of Step 3.)

Step 4:  Finally, we sort our list £, and remove duplicates, to guarantee
that no cube Q appears more than once in our final list £L°. Since
the length of L is at most % - N, the work of Step 4 is at most
(C/€)N - log ((C/€)N), which is less than exp(C/e)Nlog N.

The space required for Step 4 is at most (C/e)N.

The list L° consists precisely of all the dyadic cubes Q such that the set
S(Q) produced from Q by Algorithm 11.1 satisfies #(S(Q)) > 2. Moreover,
no cube Q appears more than once in the list £°. Also, the length of the
list £° is at most that of £, which is at most %N.

Thus, our list L° satisfies (a), (b), (c), (d).

Remark 11.1. Note also that the cubes in L° appear sorted.

Let us estimate the work and storage used by the above algorithm. We
have seen that Step 1 requires work at most CN log N in space CN. We have
seen also that Steps 2 and 3 require work at most exp(C/€e)Nlog N in space
%N + exp (C/e). Finally, we have seen that Step 4 requires work (much) less
than exp(C/e) Nlog N, in space %N. Altogether, then, Algorithm 11.2 con-
sumes work at most exp(C/€)N log N in space %N + exp(C/e€), as claimed
in (e) above.

Thus, we have verified (a)...(e), completing our explanation of Algo-
rithm 11.2.

The next algorithm will be used to construct local extending functions
as in (13)...(16) in Section 6.

Algorithm 11.3. (“Produce-Fine-Net”): Given a number 0 <n <1, a ball
B(xo,7) C R™, and a set S C B(xg, 1) such that

(WS) y —V'| > 7557 for any two distinct points y,y' € S, we produce a set

ST C R™, with the following properties:

(a) SC ST C B(xo,1);

(b) dist(x,S*) < nr for any x € B(xo,1); and

(c) y —V'| > 150 for any two distinct y,y" € S*.
Moreover,

(d) The work of the algorithm is at most Cn~>", and the storage
needed 1s at most Cn™™.
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Explanation: First, we define the set S*; next, we show that S* satisfies (a),
(b), (c); and finally, we check (d).
To define S*, we set

(18) S = [(a6%) Z"] 1 Blxo, ),

and then put
(19) S*=Sufye S: dist(y,S) >

To0m )
To prove (a), (b), (c), we first check the following property of S.
(20) dist(x, S) < 15 for any x € B(xo, 7).

In fact, let x € B(xq, T). We pick X" € B(xo, (1—2§)7) such that [x—x'| < I§;

oon 2™ such that [x' —y| < 1.
Since X" € B(xo, (1— 50) ) and [x'—y| < 185, we have y € B(xo, (1—155)7) C
B(xo,T), and thus y € S by definition (18). Since also
nroonr
— < — - 4+ -
=yl s =X+ Kyl —50+1oo 10°

the proof of (20) is complete.

Now we can check (a), (b), (c) for our set S*. In fact, (a) is obvious
from (18), (19), since S C B(xo,r). To check (b), let x € B(xop,r). If
dist(x,S) < mr, then (b) is obvious. Suppose dist(x,S) > mr. Thanks
0 (20), there exists y € S with [x —y| < 15 For this y, we have dist(y,S) >
dist(x,S) — [x —y| > nr — 75, and therefore y € ST according to (19).
Thus, dist(x,S) < [x —y| < §§ <nr, completing the proof of (b).

To check (c), let y,y’ € ST be two distinct points.

Ify,y €S, then |y —y'| > 135, by our assumption (WS).

Ifyé¢ S,y ¢S, then by (18), (19), we have y,y’ €
therefore [y —y’| >

Toon 2" Y # ', and

To0m
Ifyé¢sS, ye S then since y € ST, we learn from (19) that [y —y'| >
dist(y, S) > To0m

IfyeS y ¢ S then since y’ € ST, we learn from (19) that [y —y'| >
dist(y/, S)

Thus, (c¢) holds in all cases.

Let us estimate the work and storage needed to compute S* from (18), (19).
Since S C B(xo, 1), it follows from our assumption (WS) that

#(S) <Cn™

— 100n
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Also, a glance at (18) shows that

#(S) < Cq ™,

and that the work and storage required to compute and store S are at
most Cn™™.

To compute ST from (19), we compute the distance from each point
of S to each point of S. This requires work at most Cn~2™ Also, we want
to store the set S*, which requires space C - #(S*) < C - [#(S) + #(S)]
(see (19)) < Cn™

Thus, the work and storage for Algorithm 11.3 are as given in (d). This
completes our explanation of Algorithm 11.3.

Remark 11.2. In a model of computation that includes round-off errors,

there may be points y € 55-Z" such that we cannot determine whether

y € B(xo, 7). In such delicate cases, we decide not to place y in the set S.
Similarly, there may exist points y € S for which we cannot determine
whether or not dist(y,S) > 135-. We decide to omit such points from the
set S.

With the above modifications, our discussion of Algorithm 11.3 carries
over to a model of computation with small enough roundoff errors.

Let €,E,Q be as in Algorithm 11.1, and let Q... Q™ be the list of
cubes produced by applying Algorithm 11.2 with inputs €, E. If Q does not
appear in the list QM ..., Q) then we know that the set S(Q) computed
by Algorithm 11.1 satisfies #(S(Q)) < 1. This will allow us to compute
S(Q) with less work than that of Algorithm 11.1, thanks to the following
observation:

(21) If #(S(Q)) < 1, then EN Q** has diameter at most éee‘z/eéQ.

This follows at once from the defining property (b) of the set S(Q) in
Algorithm 11.1. Exploiting (21), we present the following algorithm.

Algorithm 11.4. Given 0 < € < 1; given E C R™ with #(E) = N < oo;
and given a dyadic cube Q C R™; we compute a set Scheap(Q) C R™ with the
following property:

Let S(Q) be the set computed from €, &, Q by Algorithm 11.1.

[f#(S(Q)) < ]7 then S(Q) = Scheap(Q)'

After the one-time work of the BBD Tree Algorithm (see Section 4), the
work to compute Scheap(Q) is at most Clog N, and the storage required is at

most CN.
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Explanation: First, we perform the algorithm Find-Representative from Sec-
tion 4. With work at most Clog N, either we learn that EN Q™ = ¢ (in
which case S(Q) = ¢, and we may return the set Scheap(Q) = P), or else we
obtain a point xq € ENQ**. If #(S(Q)) <1, then

(22) ENQ* C B(xq,2Cee2¢5q), by (21).

Let Q+(1T < v < Vpay) be as in the explanation of Algorithm 11.1. If
dist(xqg, Q) > 2Cee?€8q, then ENQ, = ¢ by (22). Consequently, if
#(S(Q)) < 1, then the only cubes Q. that may contribute to S(Q) in (2)
are those that satisfy

(23) dist(xq, Qv) < 2Cee ¥4,

Thanks to (1), there are at most C such cubes, and we can list them with
work at most C.

Whether or not #(S(Q)) < 1, we now proceed as in the explanation
of Algorithm 11.1, except that instead of examining all the cubes Q., we
now examine only those satisfying (23). In place of §(Q), S(Q), we thus
compute “cheap versions”, which we call Scheap(Q), Scheap(Q), respectively.
If #(S(Q)) < ]7 then we have Scheap(Q) = S(Q) and Scheap(Q) = S(Q)

Whether or not #(S(Q)) < 1, the work to examine a single Q-, as in our
explanation of Algorithm 11.1 is at most Clog N, and we are now examining
at most C cubes Q..

Thus,~ the work to compute gcheap(Q) is at most Clogl}l. Moreover,
since #(Scheap(Q)) < C, the work to compute Scheap(Q) from Scpeap(Q) is at
most C.

Thus, the total work to compute Scheap(Q) is at most Clog N. If #(S(Q))

< 1, then we know that Scheap(Q) = S(Q). This completes our explanation
of Algorithm 11.4.

12. Smoothing Lemmas

In this section, we show that any given F€ C™(B(xo, 7)) can be closely approx-
imated on a slightly smaller ball B(xo,1’) by a function F€ C™(B(xo,1'))
with controlled C™'-norm. Our main result here is Lemma 12.2 below.

Lemma 12.1. Assume that € > 0 is less than a small enough controlled con-
stant, and let 0 <1 < 1/e. Let F € C™(B(xo,1)), with || F ||cmBxr) < 1
Let 0 <1} < min(r, e™).

Then there exists F € C™(B(xo, T — 1)), with the following properties:
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() || Fllem ooy < 1 + Ce;
(b) |a“(}~:_F)(X)| < C-@/r) - ™™ for ol < m—1, x € B(xo,r—1);
(c) [0°F(x)] < C - 77" for|a| = m+1, x € B(xo, T —1).

Proof. Let

(1) Po=Jx(F) €2,

and let

(2) F =F-=Po

Since || F ||cm(Bxer)) < 1, the Bounded Distortion Property and Taylor’s
theorem yield

(3)  [0%Po(x0)| < C for |&] < m, and
(4)  [9%F;(x)| < Cr™ ™ for || < m, x € B(xo,T).

Let @ € C™1(R™) be a function with the following properties.

(5) @ =0onRY suppe C B(O,n);J e(t)dt = 1; @(1) < Cq™™ for

n

TeR™ and [Ve(T)] < C - (7)™ for T € R™
We define
(6) F=Po+ @*F;on B(xo, v —1), where % denotes convolution.

Note that the right-hand side of (6) is well-defined on B(xo,r — 1), since
supp @ C B(0,7) and F; € C™(B(xo,1)). Since ¢ € C™(R™), one sees at
once from (6) that F € C™(B(xo, 1 —1)).

Let us check (a), (b), (c) for F. We begin with (b). From (2) and (6), we
have F—F = ¢ * F; — Fy. Hence, for || < m —1 and x € B(xo, T — 1), we
have

0%(F = F)(x)| = I(¢ * 9%F; — 3°F1)(x)|

:‘ J 0 (1) [0%F(x — T) — 3%+ (x)] dt

T€B(0,n)
< | o [m NT a“ﬂ(yﬂ] dv
T€B(0,1)
< Crmlat J @(T)|tldTt < C- <2) oyl

T€B(0,1)

thanks to (4), (5). Thus, (b) holds for F.
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Next, we establish (c). For [B] = m, [y[ =1, x € B(xo,7 —1), we have
0PtYPy = 0 since Py € P. Hence, (6) yields 0P TF(x) = 0¥ @ * 0PF;(x), and
therefore

8 F) < supyep, [PV - | Y (mdr < it
TER™

thanks to (4) and (5). Thus, (c) holds for F.
It remains to establish (a). To do so, we first note that

(7)  F=@xF+ (Po—@xPo) on B(xo, 7 —1),
thanks to (2) and (6). Regarding the term @ % F in (7), we note that

(8) @xF = J @(t)Frdt on B(xo, T —1),
TEB(0,A)

where Fr € C™(B(xo, T —1)) is the translate,

(9)  Fix) = F(x — 1) for x € B(xo, T —1).

Since || F |lemBx,r) < 1, the Approximate Translation-Invariance property
and (9) yield

| Fe llem o - < exp(Cltl) < 1+ C7 for T € B(0,7),
and therefore (8) gives
(10) [ @ *FllemBio ran < 1 4 €7,
thanks to (5). Regarding the term Py — ¢ * Py in (7), we note that
Po—@xPoe P,

and that
|0%(Po — @ % Po)(x0)| < C for |af < m,

thanks to (3) and (5). Consequently, for x € B(xo,7) € B(xo, e '), we have
[0%(Po — @ * Po)(x)| < Cne™™, for |af < m.

The Bounded Distortion Property therefore gives |J(Po— @ *Po)l, < C'e ™
for x € B(xp, 1), which in turn gives the estimate

(11) [ Po—= @ * Po [lcm B rnpy < C'E™™
From (7), (10), (11), we see that
H F HCm(B(xo,r—ﬁ))S 1+ C/ﬁ + C”ﬁefm <1+ C”’e,

since < €™ and e < 1. Thus, (a) holds for F. The proof of Lemma 12.1
is complete. |
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Lemma 12.2. Let € > 0 be less than a small enough controlled constant,
and let B(xo, 1) be an open ball with radius

(1) r < e

Suppose that

(2) 0 <m < e2e Ve,

Let

(t3) S C Blxo, (1=m)r),

and assume that

(t4) |y —y'| > 2ne'/er for any two distinct points, y,y’ € S.
Let M > 0, and let

(15) F & C™(B(xo,1), with || F[len oy < M.

Then there exists F#* € C™ 1 (B(xo, (1 —1)1)), with the following properties.
(A) | F# llem ot < (14 CeIM

(B) TJy(F#) = Jy(F) for ally € S.
(C) [d*F#(x)] < Cn™™r 7™M for [a] = m+1, x € B(xo, (1—7)7).

Proof. Without loss of generality, we may suppose M = 1. We apply
Lemma 12.1, with

(12) 1 =n™r.
Let us check the hypotheses of Lemma 12.1. From our present hypotheses

(with M = 1), we know that:
€ > 0 is less than a small enough controlled constant; 0 < r < e " F €
C™(B(xo,7)); and || F [lemBxo,m < 1-

Also, since 1 < 1, we have 1 = n™7r < T; moreover, since v < €',
we have ] = n™r < nMe ! < M Te e < e™H1 because € is less than
a small enough controlled constant, and thanks to (12). Thus 0 < 7 <
min(r, e™"), completing our verification of the hypotheses of Lemma 12.1.
Applying that result, we obtain a function
(13) Fe ™ (B(xo, (1—n™r)),

with the following properties.
(14) || F lem (Bxg,(1—nm)r) < 14 Ce.
(15) [0X(F—F)(x)| < Cn rm o for jof < m—1, x € B(xp, (1 —m™)7).
(16) [0%F(x)| < Cn ™ for |a] = m + 1, x € B(xo, (1 —m™)r).
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The function F needn’t satisfy (B). We prepare to correct it, using
Lemma GPU. We set

(17) Q = U = B(xo, (1—=1™)1).

For each y € S, we define

(18) PY = J,(F) € P, and

(19) WY = B(y,ne'cr).

(20) The UY(y € S) are pairwise disjoint, thanks to (14).

_ We estimate the C™ norm of PY on UY, and we compare F with PY on
UNuY. To do so, we first note that

(21) |PY, < 1fory €S,

thanks to (18) and (15) (with M =1).
We have also

(22) me'/er < (e?e/€) - eVe . (e71) = e <1, by (1) and (12).
From (19), (21), (22), and Lemma 1 in Section 3, we obtain the estimate
(23) PV <1+ CeforxeU¥, yeSs.

Next, fixy € S and x € UYNU (see (17), (19)). From (14), the Bounded
Distortion Property, and Taylor’s theorem, we have

(24) 0%(F — ]y( N(x)| < Clx —y[™ 1 for |of < m.

(In the degenerate case x =y, || = m, we define the right-hand side of (24)
to be zero.)

We will check that
(25) [@X(F—F)(y)l < C - (r)™ ™ for | < m.

In fact, for |af < m—T, estimate (25) is immediate from (15), sincen < 1.
For || = m, estimate (25) follows from (f5) (with M = 1) and (14), thanks
to the Bounded Distortion Property (and the fact that y € B(xo, (1 —n™)r)

by (13)). Thus, (25) holds in all cases.
From (25), we deduce the weaker estimate

P(Jy(F) = Jy(FW)l < C- Ir+x—y[I™ for |af < m,
which in turn yields

(26) [0%(]y (F) — JuF)(X) < C - mr+[x —y[l™ ™ for |«] < m, since
Jy(F) = TJy(F) € P.
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Combining (24) and (26), and recalling (18), we find that

(27) PXF—=PY)(x)| < C - r + [x —yll™ ™ for ol <m, x € UYN U,
y € S.

Estimates (23) and (27) are our main results on the PY and F — PV.

Next, given y € S, we define XY to be the function 84, computed by ap-
plying Algorithm 10.6, with yo =y, and with & =nr. We are not concerned
here with computing the function xY, but we recall the properties (a)...(d)
in Algorithm 10.6. Thus,

(28) xVv e C™I(RM),

(29) 0 < x¥ <1onRm

(30) x¥(x) =1 for [x —y| < e/ qr,

(31) suppx¥ C B(y,e'/®Inr) c UY (see (19)), and

(32)  [0%¥(x)| < Celx —y[ ™™ for 0 < |of < m+1,x € R*\ {y}.

Properties (28)...(32) hold for each y € S.
From (30) and (32), we obtain the estimate

(33) [0%Y(x)| < Ce-Mmr+x—yl ™ for0 < |af <m+1,x€R™,y€S.
In addition to the functions x¥(y € S), we define a function ¥, by setting

(34) x=1-— ZXU on R™

yes

(Recall that S is finite; see (3) and (4).)
Thanks to (20) and (28)...(33), the function x has the following proper-
ties.

/(16¢€)

x(x) =0 for [x —y| < e/%nr y € S.

X = 1 in a neighborhood of x, for x ¢ Us uv.
ye

(39) [0%¢(x)] < Ce-Mr+x—yl™Mfor0<|of <m+1,x€UY,yeS.
We now define

(40) 8(x) = nr+dist(x,S) > 0 for x € R™
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We now check the hypotheses of Lemma GPU from Section 5, for the
following data:

e The open cover {UY (all y € S), U} of the open set Q, as in (17), (19);

e The function 8(x) > 0, as in (40);

e The functions PY (all y € S) and F, as in (18), (13)...(16);

e The functions x¥ (ally € S) and ¥, as in (28)...(34);

e The constants Ag = A; = A, = C for a large enough controlled
constant C.

e The constant called M in Lemma GPU will be taken here to be 1+ Ce
for a large enough controlled constant C.

The verification of the hypotheses of Lemma GPU for the above data
proceeds as follows.

First of all, {U¥(all y € S), U} is an open cover of an open set Q C R™.
Also, 8(x) > 0 for all x € Q, thanks to (40). For each y € S, we have
PY € C™(UWY), since PY € P. Moreover, F € C™(U), as we see from (13)
and (17). We have x¥ € C™(Q) for y € S, and x € C™(Q); see (28)
and (35). We have €, Ay, A1,A; >0 and M > 0.

We now check hypotheses (GPUL...7).

(GPU1) asserts here that any given point of Q can belong to at most C of
the sets suppox? (y € S), and suppyx. That assertion holds, thanks
to (20) and (31); note that suppn@ C suppe for any function ¢
on R™

(GPU2) asserts here that ) x¥+x = 1 on Q, which is immediate from (34).
yes

(GPU3) asserts here that x¥ > 0 on Q for each y € S, and that x > 0
on Q. These assertions are immediate from (29), (36).

(GPU4) asserts here that suppox¥ C UY for y € S, and that
(41)  suppox C U.

The assertion regarding the xV¥ is immediate from (31), since suppox” C
suppx¥. Assertion (41) holds trivially, since U = Q (see (17)), and suppaoX
is defined to be a subset of Q.

(GPU5) asserts here that

(42) [0%¥(x)| < Ce- T + dist(x,S)] ™ for 0 < Jaf <m, x € Q, y €S,
and that

(43)  [0%g¢(x)| < Ce - 7 + dist(x, S)] 7 for 0 < || < m, x € Q.



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS II 333

We establish (42) and (43) by cases. If x ¢ UyesUY, then the left-hand
sides of (42), (43) are both zero, thanks to (31) and (38). Thus, we may
assume that x € UY for some § € S.

In this case, we have dist(x, S) = [x—y|, by (19), (20). Consequently, (43)
now follows from (39), and (42) for y =y follows from (33).

For y € S~ {y}, (42) holds thanks to (20) and (31), since here x € UVY.
Thus, (42), (43) hold in all cases, proving (GPUb5).

(GPUG) asserts here that
(44)  [Jx(PY)|x <1+ Ce for x € suppgx?, y € S, and that
(45)  |JTx(F)lx < 1+ Ce for x € suppyX-

Estimate (45) is immediate from (14) and (17). To check (44), we recall that
PY € P, hence J,(PY) = PY fory € S, x € UY. Consequently, (44) follows
from (23) and (31), since suppox?¥ C suppx?. Thus, (GPUG) holds.

(GPUT7) here asserts that

(46) QX(F — PY)(x)] < Cr + dist(x,$)™ ™ for |6l < m —1, x €
suppaXx? NsuppoX,y € S.
(See (20), (31), (40).)

To check (46), we recall that x € suppoXY NsupppX, Y € S imply x €
Uy N U by (17), (31); hence dist(x,S) = |x —y| thanks to (20). Thus, (46)
follows from (27), proving (GPUT).

This completes the verification of the hypotheses of Lemma GPU for the
above data. Applying that lemma, we learn the following.

Define a function F# on B(xo, (1 —1n™)r), by setting

(47) FF(x) = sty(X) - PY(x) +X(x) - F(x) for x € B(xo, (1 —n™)7).

Then
(48)  F# € C™(B(xo, (1 —=m™)7)), and || F# ||cm (B(xe,(1—nm)r) < 14 Ce.

We investigate J,(F#) for y € S. From (18), (20), (30), (31), we learn
that, for each y € S, we have

(19) Jy(PY) = PY = Jy(F), Jy(x¥) = 1, and Jy(x¥) = 0 for g € S~ {y}.
Also, (37) yields

(50) Jy(x) = OforyeS.

Substituting (49), (50) into (47), we learn that

(51) Jy(F*) = Jy(F) for y € S.



334 C. FEFFERMAN

Next, we study the (m + 1)=t derivatives of F#. We recall that each PV
belongs to P, and that xY(y € S), X, and F all belong to C™(B(xo, (1 —
n™)r)). (See (13), (18), (28), (35).)

Since S is finite (see (13), (14)), it follows that
(52) F# € C™(B(xo, (1 —M™)1)) (see (47)).

Let ¢l = m+ 1, and let x € Q = B(xq, (1 —m™)r).
We estimate [0%F#(x)|. We proceed by cases.

Case 1: Suppose x € Q ~\ US UY. Then (31), (38), (47) show that F# = F in
ye

a neighborhood of x. Therefore, (16) gives

(53) [0°F#(x)| < Cn ™r ' in Case 1.

Case 2: Suppose x € UY for some y € S. From (20), (31), (34), we see that
xY=0o0n UY fory € S~ {y}, and X =1 —xY on UY. Hence, (47) gives

(54) F# =xY.PY 4+ (1—x9) - Fon UV

Since || = m+ 1 and PY € P, we have 0*PY = 0. Hence, from (54), we
obtain

(55) 3FH(x) = (1) - F (0= 3 5 0% (x) - 97 (F—PT) ).

B+y=a
[BI#0

We estimate the terms on the right in (55). Recalling (16) and (29), we see
that

(56) |(1—xY(x)) - 0°F(x)| < Cn ™r .
Also, for  +v = «, |B] # 0, estimates (27) and (33) yield

(57)  19BxI(x)|- [9Y(F=PY)(x)| < Ce-Inr+ [x—y[l P C. r+ [x—y[I™
=Ce - Ir+ Kxk—yl" < Cnmr,

since Bl +y] = |6l = m+1, and e,n < 1.
Putting (56) and (57) into (55), we learn that

(58) [0%F#(x)] < Cn~™r ! in Case 2.
In view of (53) and (58), we now have
(59) [0%F#(x)] < Cn ™r ! for &) = m+ 1, x € B(xo, (1 —m™)7).

The conclusions of Lemma 12.2 are immediate from (52), (48), (51)
and (59), since here M = 1. The proof of Lemma 12.2 is complete. |



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS II 335

13. Extending a Whitney Field from a Fine Net

The next several sections give algorithms that will allow us to compute
functions F, as in (13)...(16) in Section 6. The algorithm of this section is
as follows.

Algorithm 13.1. Suppose we are given the following data.

o A real number € > 0, assumed to be less than a small enough controlled
constant.

A real number 0 <m < €.

A real number A, assumed to be greater than a large enough controlled
constant.

An open ball B(xo, 1), with r < e .

A Whitney field P = (PY)yes+, where S is assumed to satisfy:

(TO) S+ C B(XOvT‘);’
(1) -yl = A~ mr for any two distinct points y,y’ € S*; and
(t2) dist(x,S™) < mr for all x € B(xo,T).

Given the above data, we compute a function F € C™(R™), with the following
properties.

(A) F agrees with P.
(B)  Suppose M > 0 is a real number, and suppose that
(13) |PY]y < M for ally € ST, and
(t4) B¥(PY=PY)(y)] < eM-(nr) " ly—y/ ™" for|od <m, y,y' € S*.
Then
IF llemBom < (14 CA™e) - M.
The computation of F uses one-time work at most C - (An~")?"™, storage at

most C - (An~Y™, and query work at most C.

Explanation: Our plan is as follows. We start by discussing the geometry
of the ball B(xo, 1) and the set ST. Next, we recall a relevant partition of
unity from Section 10. We then define a function F on R™, and prove that it
satisfies (A) and (B). Finally, we show how to compute F, and we estimate
the work and storage of the computation.
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We begin with some trivial geometry. It is convenient to regard B(xo, 1)
as a subset of a cube Q, which we will partition into dyadic cubes. To do
so, we proceed as follows. First, we fix an integer s, satisfying

(1) A r<ym-2s< LA r,
and then fix an integer L > 0, satisfying
(2)  100r < 2. L < 1000r.

Note that

(3) cAn' <L < CAn .

Next, let (x9,...,x%) be the coordinates of xo. For each j(1 <j < mn),
we produce an integer mj, such that

(4) [X]Q —2r, X]Q +2r) C [2° - my, 2° - (m; + L)) for each j.
We can find such m;, thanks to (2). From (4), we have

n

B(xo,T) C H —r,xd 1) c []2° - my, 25 - (my+1)).

=1

Thus, setting
(5) H -mj, 2° - (my + 1)),

we note that Q is a cube, and that
(6)  Blxo,1) C Q, and
(7) 8 = 2°-L < 1000r,

thanks to (2).
From Section 10, we recall the dyadic cubes

n

(8) $ =125 v;, 25 (vy+ 1) for v=(vi,...,vn) € Z
j=1

Comparing (5) with (8), we see that

(9)  Q is partitioned into dyadic cubes Q¥ (v eg), where

(10) §G={v=(vy,...,vi) €Z":m; <v;<my+Lforj=1,... ,nk
We check the following property of the cubes Qi,s>.

(11) LetveZ™ If (Q~ ) N B(xo,7) # ¢, thenv € G.
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In fact, let v = (vq,...,vn) € Z™, and suppose
(X1) v )XTL) € (Q'<\/S>)* N B(XO)T)'

From (8), we have
Q) H ),2° - (vi+2)),

and therefore x; € [2° - (v;—1),2% - (v;+2)) N [XO -, xo + 1) for each j.
In particular, 2°-v; lies within distance 2-2° of the interval [x —r x°+r)
Since 2 - 2° < r by (1), it follows that 25-v; € [x{ —2r, x + 2r) for
each j, and consequently 2°-v; € [2°-m;, 25(m; + L)), thanks to (4). Thus,
m; <v; < my+L for each j, ie., v=(vi,...,vn) € G, completing the proof
of (11).
Let us now bring in the set ST. For each v € G, let
(12)  x, = center of Q'Y
and let
(13) y, = a point of S* as close as possible to x..

Note that (13) makes sense, since S* is finite. In fact, our assump-
tions (10), (1) show that
(14) #(S*) < C - (An )™
We next establish the following properties of the points y. .
(15) Let x € B(xo,7) N (Q¥)*. Then v € § and |x —y,| < Cnr.

(16) Letv e G. If (Q)* N S* # ¢, then (Q)* N ST = {yy)

To see (15), let x € B(xo, N (QE)*. Thenv € G, by (11) Since x, X, €
(QV )*, and since (QV )* has diameter 3y/n - 25 < A nr (see (1)), we
have [x—x,| < A nr < nr. Also, by assumption (’[2) there existsy € S*
with [x—y| < T]T Moreover, by definition (13), we have [xy—y~| < [xy—yl.
In view of the above remarks, we have

X =Yyl < x =% + Xy =Yyl < Ix =%y + [xy — Yyl
< x—xv + Ix =% + [x—y| < 3nr,

proving (15).

To see (16), let y € ( <s>) N S*. Since x, and y belong to ( i,s>) , a
cube with diameter < A nr, we have |xV y| < A nr. Hence, by
definition (13), we have also Xy — Y] < A nr. Consequently, ly — yl
< %A‘qu. Since also y,y, € ST, it now follows from assumption (f1)
that y = y~.
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This proves that y, is the one and only point belonging to (Q<VS>)* RINE
which is our desired conclusion (16).

Next, from Section 10, we recall the partition of unity

17 1= 5 o onR™,

vez"

where
(18) 0 € C™(RM) for v € Z™,
(19) supp 0  (QY")* for each v € Z™,
and
(20) 3%0%(x)| < C - 275 for |l < m, x € R™, v € Z™
Thanks to (1), our estimate (20) is equivalent to
(21) [9%0% (x)| < C - (Ar) ¥ < CA™ - (1) for |af < m, x € R™,
v ez

We want to restrict the sum in (17) tov € §. In view of (11) and (19), we
have v € G for every v € Z™ such that suppei,s> N B(xo, 1) # ¢. Hence, (17)
yields

(22) S 0% =1 on B(xo,1).
veS
We are now ready to define our function F. We set
23) F= 5 o . Pv on R™
veg

Note that
(24) F € C™(R"),

and F is of compact support. (See (18), (19), and recall that G is finite and

each PYv is a polynomial.)
Next, we show that F satisfies (A) and (B). We first establish (A):

Fixy € S*. Ifve Gandy € supp8', then y € ST N (QY)* by (19),
and therefore y, =y, by (16). Consequently, (23) gives

Jy(F) = > Ty(8%) - PY) = PV,
veg

thanks to (22) and (10).
Thus, F agrees with P, proving (A).
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We pass to (B). Suppose M > 0 is a real number, and suppose the
PY(y € ST) satisty (13) and (14). Fix x € B(xo, ), and then fix v € G such
that x € (Q%)*. (Such a v exists, by (19), (22).) From (22) and (23), we
have

(25) F=Pvw + 3 o8 . (P¥ — P¥) on B(xo,1).

veg

We estimate the terms on the right in (25).
(s)

To do so, we note first that any v € G such that x € (Q~’)* satisfies
Ix —yy| < Cnr, thanks to (15). In particular,

(26) [x—ysl < Cnr,
and
(27)  |x —ys| < Cnr for any v € G such that x € supp 8. (See (19).)

From (26), (27), we obtain at once [y, —yy| < Cnr for any v € G such that
X € supp 0! Therefore, (14) yields

Q%(PYY — P¥)(yy)| < CeM - (nr)™

for || < m, v € G such that x € supp 0.
Together with (26), this gives
[0¥(P¥ —P¥)(x)| < C'eM -+ ()™

for |[x] < m, v € G such that x € supp 0.
Recalling (21), we deduce that

(28) 0268 - (P¥ —P¥)}(x)| < A™CeM - (n1)™ ¥ for [af < m,v €S
s.t. x € supp 0%

Moreover, there are at most C distinct v € G such that x € supp o >, as
we see from (19). Consequently, (28) yields

(29)

aoc{ s ol (va—va)}(x)) < CA™eM - (1)™ 1 for |a] < m.

veS

We are assuming here that 1 < €2, v < €', and therefore

(30) nr < e.

From (29), (30), and the Bounded Distortion Property, we conclude that

(X 0 - (P —pw))

ve§

(31) < CA™MeM.

X
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Thus, we have estimated the sum in (25). Regarding the term PY” in (25),
we recall from (13) that

(32) |PY[,, < M.

Also, from (26), (30), we have [x —yy| < Cnr < Ce < 1. Hence, (32) and
Lemma 1 in Section 3 yield the estimate [PY¥[, < (1 + Ce)M.
Substituting this estimate and (31) into (25), and recalling that A > 1,
we obtain the estimate |J4(F)lx < (1 + CA™e)M.
Since x is an arbitrary point in B(xg, 1), it follows that

| FllemBrean < (1 + CA™e)M.
This completes the proof of (B).

It remains to compute the function F in (23), and to estimate the work
and storage needed for the computation. We begin with the one-time work.
We compute the integers s, L, my,...,my in (1)...(4), with work at most C.
Note that the set G in (10) is then an n-dimensional box in an integer lattice;
hence, any quantity indexed by § may be stored as an n-dimensional array,
consisting of L™ entries. Recall from (3) that L™ < C - (An~")™

Next, for each v € G, we compute crudely the point y- in (13), by exam-
ining each y € ST. We then store the polynomial P¥ in an n-dimensional
array indexed by v € G. The work to compute a single PY¥ is at most
C-#(ST) < C - (An7)™ see (14).

The memory consumed in storing the PY¥¥ (all v € §) is at most C -
(An~")™. This completes the one-time work. Note that the total one-time
work is at most C' - (An~")™ - #(G) < C" - (An~ ")

We pass to the query algorithm, which computes J,(F) for a given query
point x € R™ We assume we have done the above one-time work.

Let x € R™ be given, and let §(x) = {v € §: x € (Q@)*} Note
that #(G(x)) < C, and that G(x) can be computed with work at most C.
From (19) and (23), we have

(33) Ju(F) = X Jx(0%) o PV,

ve§(x)

For each v € §(x), we compute ]5(9@) by Algorithm 10.3, look up
PY¥ from the array created by our one-time work, and then compute the
product ]5(9@) Ox PYY.

Summing on v € §(x), we obtain J,(F) from formula (33). Since Algo-
rithm 10.3 takes work at most C, and since #(G(x)) < C, it follows that
J«(F) is computed using work at most C.

Thus, F is computed using one-time work at most C - (An~')?™ and
storage at most C - (An~")™ and the query work is at most C.

This completes our explanation of Algorithm 13.1.



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS II 341

14. Local Extension of a Whitney Field from a Testing
Set

In this section, we continue preparing to compute functions F, as in (13)...(16)
of Section 6. We will use Algorithm 3.1 (“Find-Unit-Ball”), and the Special
Ellipsoid Algorithm for linear programming.

Algorithm 14.1. Given a real number € > 0, assumed to be less than a
small enough controlled constant; and given a dyadic cube Q, whose side-
length 6q is assumed to satisfy

(1) 8q < ce ! for a small enough controlled constant ¢;

and gien a Whitney field P= (PY)yes, where the set S is assumed to satisfy
(2) S C Q*, and
(3) ly—v| > e 3€8q for any two distinct points y,y' € S;

we compute a ball B(xo, 1), a real number Ne(ﬁ,Q) > 0, and a function
F € C™(R"™), with the following properties.

(A) Q" CB(xo,1), andr < Cdg.

(B) F agrees with P.

(©) I Fllempiom < (1 + Ce) - Ne(P, Q).
(D) Ne(P,Q) < (14 Ce)- || P flempie 2n-

The storage and the one-time work needed for the computation are at most
exp(C/e€), and the work to answer a query is at most C.

Explanation: Our algorithm consists of seven steps.

First, we present Steps 1...4. Then we introduce a family of linear con-
straints in a finite-dimensional vector space, and prove several lemmas on the
feasible region. Next, we present Steps 5, 6, 7, in which we solve a linear pro-
gramming problem and use the result to compute Ne(ﬁ, Q) and F. Finally,
we prove (A)...(D), and analyze the work and storage of our algorithm.

The first four steps of our algorithm are as follows.
Step 1. We compute a ball B(xo, ) such that
(4) Q" CB(xp,r)and r < Cdg.
From (1) and (4), we obtain
(5) 2r< e
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Note that

(6) S C B(xo,7), and

() ly—1'| > c - e ¥¢r for any two distinct points y,y’ € S,
thanks to (2), (3), (4).

Step 2:  We apply Algorithm 11.3 (“Produce-Fine-Net”) to the set S, the
ball B(xg, 1), and the number

(8) m=e°me

Thanks to (6), (7), (8), the data S,B(xo, 1), n satisfy the assumptions of
Algorithm 11.3. Thus, that algorithm computes a set ST, with the following
properties.

(9) SCSTCB(xo,7)

(10) dist(x,S™) < mr for any x € B(xo, 7).

(11) |y —v'| > &= for any two distinct points y,y’ € S™.
Note that (9) and (11) yield

(12) #(8) < #(S) < C-m™

Step 3:  For each y € S*, we apply Algorithm 3.1 (“Find-Unit-Ball”), to
compute a family O(e,y) of linear functionals on P, such that

(13) (1+¢e) - [Py < max{A(P): A € O(e,y)} < (1+¢€) - [Pl for all
PePandy e ST; and

(14) #(0O(e,y)) < exp(C/e) for each y € S*.
Step 4:  We compute the smallest real number M > 0 such that

(15) [9%PY¥(y)| < M for |l <m, y € S; and
(16) [@%(PY—PY)(y)l < M - [y —y/[™™ for o] <m, y,y' €S,y £ V.

Before passing to Steps 5, 6, 7, we study the feasible region for a family of
linear constraints, which we now introduce.
Let A be a constant, to be picked later. Assume that

(17) A exceeds a large enough controlled constant, and

(18) e < AT1©

Later, we will take A to be a controlled constant large enough to satisfy (17).
Our assumption (18) will then hold, since we assume that € is less than a
small enough controlled constant. For the moment, however, we do not
fix A; we simply assume (17) and (18).
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Now let X denote the vector space of all
(19) & = [M, (Py)yes+], with M € R and each Py, € P.

Note that Py in (19) is indexed by a subscript y € S*, while our given
Whitney field P is equal to (PY)yes, with PY indexed by a superscript y € S.

We will study the following family of constraints on a vector & € X as
in (19).

The Basic Constraints

S

(200 0 <M< A.-M.
(21) A(Py) < (14 Ae€) - M for each A € O(e,y) and each y € S*.

(22) [0%(Py—Py)(y)l < A - e*™er Ty —y/|™ 1 . M for [af < m and
v,y €St

(23) P, = PYforeachy€S.

We write X(e€, Q, ]3) to denote the set of all & € X that satisfy the above
constraints. We will prove the following results about this feasible region.

Lemma 14.1. For any [M, (Py)yes+] € X(e, Q,P), we have

(24) cM <M < A - M,

with M as in Step 4.

Lemma 14.2. Fizyo € S. Then every [M, (Py)yes+] € X(€,Q, P) satisfies
(25) [0%(Py, — P¥)(y)| < CAe*™ermIdM, for|af <m,y e S+.

Lemma 14.3. There exists £F = [M7, (P#)yey] € X, with the following
properties.

(26) M# < (14 Ce)« || P [|cm(Bixo.2r))-
(27) Let & = [M/,(Pl)yes+] € X, with
(a) IM'| < exp(—A/e)M#;
(b) [2%P,(y)l < exp(—A/e)r™1®M# for |a| <m, y € S*; and

(c) P, =0 forally€S.
Then

(d) &# + & € X(e,Q,P).
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Proof of Lemma 14.1. Let [M, (Py)yes+] satisfy (20) ...(23). Immediately
from (20), we have M < AM. Our desired result (24) thus amounts to
saying that

(28) M < CM.

Let us prove (28).

From (21) and the defining property (13) of O(e,y), we obtain the esti-
mate [Py, < (1 + Ce) - (14+Ae)M for each y € S*. Hence, by (17), (18),
and the Bounded Distortion Property, we have
(29) [0%Py(y)| < CM for |&| < m,y € S™.

Since T < ¢e !, we know that A - e*™ €1~ > 1. Hence, (22), (29) and the

classical Whitney extension theorem for finite sets tell us that there exists

(30) Fe C™(RM),

such that
(31) Jy(F) = Py for each y € ST,
and

(32) [0%F(x)] < CA - e"™er M for jaf < m+1,x € R™.

Here, J,(F) denotes an m™ order Taylor polynomial as usual, even though
F € C™H(RM).

Let x € B(xo, 1) be given. By (8) and (10), there exists y € S*, such
that

(33) x—yl < e ®™er

Note that y € B(xo, 1) as well; see (9). For x| < m, we have

F(x) =3%F(y)| < e—yl - max [73°F < (e7™/ 1) - (CAe™ 7'M
Xo,T

by (32) and (33). Thus,
(34)  [0%F(x) — 0*F(y)| < CAe 2™eM < M for | < m,
thanks to (17) and (18).
On the other hand, (29) and (31) give
(35) [0*F(y)l < CM for [of < m,

sincey € ST.
From (34) and (35), we see that [0%F(x)| < CM for || < m, x € B(x,T).
Hence, Taylor’s theorem gives
(36) [P*(Jy(F =Ty ()l < CMly—y/|™ “ for | <m,y,y" € B(xo, 1),
y#y'.
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From (31), (36) and (9), we conclude that
(37)  18%(Py—=Py)(y)l < CM - ly—y'[™ ¥ for[a] < m,y,y" € S*, y # Y’

Now, recalling (23), and comparing (29) and (37) with the definition
of M in Step 4, we see that
M < CM.

This is precisely our desired inequality (28). The proof of Lemma 14.1 is
complete. [

Proof of Lemma 14.2. Note that Py, = P¥ by (23), and that [y—yo| < 2r,
by (9). Hence, for |&| < m, (22) gives

0%(Py — P¥)(y)| < Ae™™ 1y —yo™ M
< ZA e4m/e’y _ y0|mf\od M,
which immediately implies the desired conclusion (25). |

Proof of Lemma 14.3. We start by relating || P ||cm(Bx 2r) to M (as

in Step 4). By definition of M, and by the classical Whitney extension
theorem, there exists a function

(38) F € C™(R™M),

such that

(39) Jy(F) = PYforally €S,

and

(40) [9%F(x)| < CM for |a| <m, x € R™

By (40) and the Bounded Distortion Property, we have || F ||cm@n) < C'M.

Together with (39) and the definition of the C™-norm of a Whitney field,
this yields

(41) || P llem@io2m < || P llem@mn) < C'M.

Next, again using the definition of the C™-norm of the Whitney field
P = (PY)yes, we see that there exists

(42) Fe C™(B(xo,2r))
with

(43) J,(F) = Py fory €S,
and

(44) || Fllempiozn < (14 €) - || P llem(ixg.2r)-
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We now apply Lemma 12.2 to the following data.

(45)

e Our € > 0.

e The ball B(xo, 2r).

e The number fj = ¢e#€ for a small enough controlled con-
stant C.

e The set S.

e The number M = (1 + €) - || P ||Cm(B(x0,2r))-
e The function F.

Here, fj in (45) plays the role of 1 in Lemma 12.2.

Let us check the hypotheses of that Lemma for the data (45).
We are assuming that € > 0 is less than a small enough controlled
constant. We must check (11)...(15) from Lemma 12.2, for the data (45).

(t1)
(12)

(13)
(t4)

(5)

1

here asserts that 2r < €', which we know from (5).

—4/e 1

here asserts that 0 < Ce < €?e7V¢, which holds since ¢ < 1 and

e <.

here asserts that S C B(xo, (1 —¢€e */€) - 2r), which follows from (6),
since ¢ < 1 and e < 1.

here asserts that [y —y’| > 2 - (e ™€) - e/¢ . (2r) for any two
distinct points y,y’ € S; this holds (for € a small enough controlled
constant), thanks to (7).

here asserts that £ € C™(B(xo,2r)), and that

I P lemmio2n < (14 €) - || Pllem () -

These assertions are precisely our results (42) and (44).

Thus, the hypotheses of Lemma 12.2 hold for the data (45). Applying
that result, we learn that there exists

(46)

F# e C™(B(xo, 1)),

with the following properties.

(47)
(48)
(49)

| F# lemBio < (T4 Ce) - || P lem Bixo 2v)-
J,(F#) = J,(F) forally € S.
0°F#(x)| < Ce*™ 11 || P ||cm(Bixo,2n) for [ = m+1, % € B(xo,7).

Let us now define

(50) M# =] P [lem(pixe,2n)
and also
(51) P¥ = Jy(F#) for each y € S*.
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Thus,
(52) &F = [M#, (P#)yes+] belongs to X.

We derive some basic properties of &7.
First of all, (47), (51) and (13) yield the inequalities

(53) A(P¥) = AJy(F#)) < (1+Ce)- || P [lem(Boar) for A € O(e,y)
andy € S*.

Secondly, (49) and (51) yield the estimate

(54) [0%(PF — PH) (W) < Ce*™er Ny — y|™ % || B || cm(pir,2n for
ol < m,y,y’ €857,

by Taylor’s theorem.
Thirdly, (43), (48) and (51) show that

(55) P# =PYforyesS.
Finally, (41) and (50) give
(56) 0 < M# < CN.

The basic properties of £# are (53)...(56).

Now let us show that the conclusions (26), (27) hold for £#. First of
all, (26) is immediate from (50). To prove (27), let

& = [M',(Py)yes+] € X
satisfy (27)(a), (b), (c). We must show that
EF + & = [M* + M/, (Pf + P))yes]

satisfies (27)(d), i.e., £# + & satisfies the Basic Constraints (20)...(23).
From (27)(a) and (17), we have

(67) (1—e)M#* < M#* + M’ < (1+e)M7,

since exp(—A/e) < exp(—1/€e) < e. Immediately from (56) and (57), we
have
0< M*+M < CM < AM,

since A exceeds a large enough controlled constant.
Thus, constraint (20) is satisfied by the point &% + &’
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Next, note that (27)(b) and the Bounded Distortion Property show that
Plly < Cexp(—A/e) - e ™M#, forye ST,
since T < €' (see (5)). By property (13) of the O(e,y), it follows that
A(P,) < C'exp(—A/e)e ™M* for A€ O(e,y),y € S*.
Together with (53) and (50), this implies that
(58) A(P¥ 4+ P) < (1+C"e)M* for A € O(e,y), y € ST,

since exp(—A/e) e ™ < exp(—1/€) - e ™< €.
From (57) and (58), we obtain the estimate

(59) A(PE+P,) < (1+C") - IM#* + M < (1+Ae) - [M# + M for
A€ O(e,y),ye St

since A exceeds a large enough controlled constant.
In view of (59), the constraint (21) is satisfied by the vector &# + &/

We pass to constraint (22). Let y,y’ € S* be distinct points. Then
by (9), we have

(60) ly—y'l < 2r.

From (27)(b), we have

(61) [8°PL(y)] < exp(—A/e)r™¥M# for |of < m, and
(62) [9%Py (y')| < exp(—A/e) T™MM# for [a < m.

From (60) and (62), we obtain [0*P,,(y)| < C exp(—A/e) T MM# for
lef <m.
Together with (61), this yields

(63) [9%(Py, —PL)(y)l < C exp(—A/e)T™*M* for o < m.

We have also

|y _y/| Z c e—6m/€T.’

thanks to (8) and (11); consequently,

6m(m+1)
(64) I = p1LpmHl—led < Cp T e e y —y/ ™1 for |« < m.

We substitute (64) into (63), and recall that A > 6m(m -+ 1) by (17). This
tells us that

(65) [0%(Py, — P, )yl < Cr 'y —y/ ™ M# for |« < m.
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From (50), (54) and (65) we now learn that
P([PF + P I—[PL 4P, D () < Ce™r Ty —y ™ M*  for |af < m.
Together with (57), this yields
(66) [0*([P} + Pyl — [Pj +P () < Cet™er Ty —y/ ™ [M# 4
M’ <
< A - etmerly —y/ Ml L [M#F 4 M for o] < m,
by (17).
In view of (66), the constraints (22) hold for the vector &# + &/
Finally, from (55) and (27)(c), we have
P¥ + Pl =PF =PY foryes.
Thus, the constraints (23) are satisfied by &# + &/
We have shown that all the constraints (20)...(23) are satisfied by the
vector &7 + &', Thus, by definition, £§* + & € X(e, Q, P).
This is precisely conclusion (27)(d). Thus, (27)(a), (b), (c) imply (27)(d).
This proves (27), and completes the proof of Lemma 14.3. |

We now pick A to be a controlled constant, large enough to satisfy (17).
As mentioned before, it follows that € satisfies (18), since we are assuming
that € is less than a small enough controlled constant.

We note a simple consequence of Lemmas 14.1 and 14.3. Let &* be
as in Lemma 15.3. Then the point & = 0 satisfies (27)( ), (b), (c), and
therefore we learn from (27)(d) that £# belongs to X(e, Q, P). Consequently,
Lemma 14.1 tells us that

(67) cM < M# < CM,
with M# as in Lemma 14.1. Here, we have used the fact that we have
picked A to be a controlled constant.

We prepare to use the Special Ellipsoid Algorithm from Section 4, to
compute a point [MP, (Pg)yeg+] € X(g,Q, P), with M nearly as small as
possible.  We have to check that the assumptions of that algorithm are
satisfied. For this verification, we introduce rescaled (affine) coordinates as
follows. We suppose for the moment that M # 0. (See Step 5 below.)

Fix yo € S. Given & = [M, (Py)yes+] € X, we define
68) V(E») = [vo, (Vy,oc)ues+\s] S RD, where

x| <m

) vo = M/M,
70) vy« = (0%(Py —PY)(y / Mrm—‘“‘ Jfory e ST\ S, |af <m, and
) D=1+ #{a: |af < m}- #(ST\S).
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Note that the restriction of y to the affine space of all [M, (Py)yes+] € X
satisfying (23) is an isomorphism; moreover, the inverse of this isomorphism
is trivial to compute. We denote this inverse y~'.

The image y(X(e, Q,l;)) C RP is the feasible region for a list of con-
straints that may be read off trivially from (20)...(23).

The number of constraints is

(72) L=1+4 X #0(e,y) + 2[H#(SM))? - #{a:[of < ml,

yesS+t
as we see from (20)...(22); the constraints (23) do not contribute to L.

Recall that A is a controlled constant, and recall the estimate (67),
with M# as in Lemma 14.3. By comparing Lemmas 14.1, 14.2 and 14.3
with definitions (68), (69), (70), we see that the set y(X(e, Q, P)) has the
following properties.

(73)  For any [vo, (Vya)yest-s] € Y(X(e, Q, P)), we have ¢ < vo < C and
vy ol < Cetm/e fo‘ra‘ygz STNS, o < m.

(74)  Some translate of the set
{[vo, ("y»“)y‘iﬁigs} € RP: |vgl, vyol < exp(—C/e) (all y € ST\S,
lof <m)} is contained in y(X(e, Q, P)).

Consequently, the feasible region y(X(e€, Q, 13)) C RP satisfies the assump-

tions (a) and (b) of the Special Ellipsoid Algorithm, with

(75) A = Ce*™€and A = e /¢,

(See Section 4.) Thus, the Special Ellipsoid Algorithm applies here.

We are now ready to describe the remaining steps in Algorithm 14.1.

Step 5: Using the Special Ellipsoid Algorithm, we compute a point

W3, (V3 ) vests] € ¥(X(e, Q,P)),

o] <m
with .
vy < inf{vo: [vo, (Vya)vests] € ¥(X(e,Q,P))} + €.

lx|<m

Applying v~ ! to [vg, (Vg’a)yeer\s ], we obtain a point

lof <m
(76) &0 =[MO, (PY)yes+] € X(e,Q,P),
such that
(77) MO < inf(M: [M, (P,)yes:] € X(e,Q,P)} + eM.
(See (69).)
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In the degenerate case M = 0, we can check easily that (76), (77) hold
for £2 = 0. Thus, (76) and (77) hold in all cases.

Step 6: With £° and M° as in (76), we set
(78) Ne(P,Q) = M°

Step 7: We apply Algorithm 13.1 (extending a Whitney field from a fine
net) to the following data.

(79) Our given € > 0.

The number 1 from (8).

A = a large enough controlled constant.
The open ball B(xo, 1) from (4).

The Whitney field PO = (PS)yes+ from (76).

Let us check that the data (79) satisfy the assumptions of Algorithm 13.1.
We know that € > 0 is less than a small enough controlled constant, and that
0 <m < €? (see (8)). Also, A exceeds a large enough controlled constant,
as assumed in Algorithm 13.1, since in (79) we make take A to be an even
larger controlled constant. Recall from (5) that r < e~

We now verify conditions (10), (1), (f2) of Algorithm 13.1, for the
data (79). In fact, (10) is immediate from (9); (11) follows from (11), since
we may take A > 100n in (79); and (12) is immediate from (10).

Thus, as claimed, all the assumptions of Algorithm 13.1 hold for the
data(79). Applying that algorithm, we compute a function

(80) Fe C™(RM),

with the following properties.

(81) F agrees with P°.

(82) Let M > 0 be a real number, such that
(a) [Py < M for ally € ST, and

(b) [0%(PJ =PI < eM - ()" - [y —y/[™ 1 for o < m,
Y,y €St

Then
() | Fllem@mxer < (1+Ce) - M.

Thus, we have computed a ball B(xo, 1) (see Step 1), a number N.(P, Q)
(see Step 6), and a function F € C™(R™) (see Step 7).
This completes our description of Algorithm 14.1.
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Next, we prove (A)...(D) for the ball B(xo, ), the number Ne(ﬁ, Q), and
the function F computed above. First of all, (A) is simply (4). To check (B),
note first that [M°, (P$)yes+] satisfies constraints (20)...(23), thanks to (76).
In particular, we have PJ = PY for y € S. Therefore, (B) follows from (81).

To establish (C), we again note that constraints (20)...(23) are satisfied by
£2 = [MP, (P))yes+], thanks to (76). Applying (21) and (13), and recalling
that A is a controlled constant, we learn that
(83) [Py < (1 +€)- (1+Ae)M® < (1+Ce)MCfory € S™.

Also, applying (22) for £° and recalling (8), we find that
’aoc(PS o PS’)(y)’ < /ﬁ‘\\e4m/e 1‘71 |y _y/|m+1f\od . MO

= A e )y =y ™ MO for fof < m,y,y e ST
Since A is a controlled constant, and since € is less than a small enough
controlled constant, we have Ae2m/e < €, and thus
(84) [Py =PI < eM®- (1) " - Jy — y|™ " for |af < m and

Y,y eSSt
Estimates (83) and (84) show that conditions (82)(a) and (b) hold for M =
(1 + Ce)MPC. Consequently, (82) tells us that
(85) [IFllemprom= (1+Ce)M.

Since we set Ne(l;, Q) = M in Step 6, the estimate (85) is precisely our
desired conclusion (C).

To prove (D), let £# = [M#, (Pf)yey] be as in Lemma 14.3. Thus, (26)
and (27) hold. Taking & = 0 in (27), we conclude (as before) that &% €
X(e, Q,P). Consequently, (26) implies that

inf{M: [M, (Py)yes+] € X(e,Q,P)} < (1+Ce)- || P [lem(Bixo,2n)
and therefore (77) yields
(86) M® < (14+Ce)- || P [lcmBo,2ry + €M
Also, (76) and Lemma 14.1 show that
(87) M < CMO.
Substituting (87) into (86), we find that

MO < (1 + C€) . H ]3 ||Cm(B(xo,2r)) +C€MO,

and therefore
(88) MO < (14 Ce): || PlenBrao 2

Again recalling that Ne(l;, Q) = M by Step 6, we see that (88) is precisely
our desired conclusion (D).
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Thus, (A)...(D) hold for the ball B(xo, ), the number N(P, Q), and the
function F computed by Algorithm 14.1.

It remains to estimate the work and storage needed for Algorithm 14.1.
Let us go over each of our seven steps.

Obviously, Step 1 requires work and storage at most C.

Step 2 requires work at most Cn—2™ and storage at most Cn™™. (See our

description of Algorithm 11.3.) Since n is given by (8), the work and storage
for Step 2 are at most exp(C/e).

Step 3 requires work and storage at most exp(C/e) for each y € ST. (See
our description of Algorithm 3.1.) Thanks to (8) and (12), it follows that
the work and storage for Step 3 are at most exp(C’/€).

Step 4 requires storage at most C (aside from the space used to hold our
input P). The work required for Step 4 is at most C - (#(S))?, which is at
most exp(C/e), thanks to (8) and (12).

Step 5 entails setting up and solving a linear programming problem. To
set up and store the constraints (20)...(23) requires work and storage at
most exp(C/e), as we see from (8), (12), (14) and from (20)...(23). To pass
from (20)...(23) to the constraints defining y(X(e, Q,P)) as in (68)...(70)
also requires work at most exp(C/e€).

From (71), (72) and (8), (12), (14), we see that the dimension D, and
the number of constraints L for our linear programming problem are both at
most exp(C/e€). Also, the numbers /A and A appearing in the assumptions
(a), (b) of the Special Ellipsoid Algorithm are given by (75). Thus, A <
exp(C/e) and A > exp(—C/e).

Moreover, the quantity that plays the role of the “€” in the Special
Ellipsoid Algorithm is equal to € = e A~ > exp(—C'/e).

Consequently, the work and storage needed to apply the Ellipsoid Algo-
rithm here are at most CD*Llog (B2) log (2) (see Section 4), which is at
most exp(C/e€), thanks to the above estimates for D, L, /A, A, €.

Finally, it takes work at most exp(C/e) to apply y~' to the vector
[V, (vg)“)y‘is;;s} to obtain £2 = [M?, (P9)yes+].

Thus, the work and storage needed for Step 5 are at most exp(C/¢€).
Obviously, Step 6 requires work and storage at most C.

Finally, Step 7 entails one-time work at most C - 172", storage at most
C - ™, and query work at most C; this follows from our description of
Algorithm 13.1, since we took A to be a controlled constant in (79). Since 1
is given by (8), we see that Step 7 requires storage and one-time work at
most exp(C/e€), and query work at most C.
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Note that all the work of Steps 1...6 is one-time work. The only query
work performed by Algorithm 14.1 occurs in Step 7. Consequently, the
above estimates for the work and storage requirements of Steps 1...7 tell us
the following:

Algorithm 14.1 requires storage and one-time work at most exp(C/€),
and its query work is at most C.

Thus, Algorithm 14.1 performs as claimed. This completes our explana-
tion of that algorithm.

For future reference, we record the following simple observations on the
internal workings of Algorithm 14.1.

Proposition 14.1. Let €, Q, P= (PY)yes be as assumed in Algorithm 14.1.
Then Algorithm 14.1 performs the following actions.

(a) Using only Q (not € or ﬁ), it computes Xo, T such that Q** C B(xo, 1),
andr < Cdq.

(b) Using only €,Q,S (not the PY), it computes a set ST, such that S C
ST C B(xo,7) and #(S) < exp(C/e).

(¢) Using only € and ST, it computes for each y € ST a finite family
O(e,y) of (real) linear functionals on P, symmetric about the origin,
with #(0(e,y)) < exp(C/e).

(d) It computes E° = [M°, (Pg)y€5+] eR® Y &P, with the following

yest
properties.

e The vector E° satisfies the constraints

PS = PY foryeS;
A(PS) < (1 + A€e) - M° for each A € O(e,y),y € ST;

0%(PS — P)(y)| < A - etm/er Ty —y/ MO

forlaf < m andy,y € S*. |

Here A denotes a particular controlled constant.
o Suppose EF = [MT, (P )yes+] is another vector satisfying the
constraints (1). Then M® < (14 Ce)M™.
(e) It returns the number N(P,Q) = MO, with M® as in (d).

(f) The work and storage used to compute xo,7,S* and all the O(e,y) are
at most exp(C/¢€).
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Proof. Assertions (a), (b), (¢) are obvious from inspection of Steps 1,2,3 in
Algorithm 14.1, together with property (Oy) of the sets O(e,y) (see Sect. 3).
To check (d), we first note that the constraints () in (d) differ from the
Basic Constraints (20)...(23), only in that (20) is missing from (). How-
ever, omitting (20) has no effect on the infimum of all M* such that some
[M™F, (P)yes+] satisfies (20)...(23).
(To see this, note that the £° = [M°, (P])yes+] in (76) satisfies (20)...(23),
with M® < AN If £+ = [M¥, (P{)yes+] satisfies (21)...(23) but not (20),
then we have M+t > AN > M°. Consequently, omitting such &* leaves the
infimum in question unchanged.)
Thus, (d) follows, once we show that the £° computed in (Step 5) belongs
to X(e, Q, 13) and satisfies

(1) MO® < (1+Ce) - inf{M*: [M*, (P)es:] € X(e, Q,P)l.

Let Q = inf{M*: [M*, (P})yes+] € X(e,Q,P)}. From (76), (77), we
learn that £° € X(e, Q,ﬁ), and that Q < M° < Q + eM. Moreover, (76)
and Lemma 14.1 yield M < CMO. Consequently,

Q<M and M® < Q+ CeM°,

from which (ft) follows trivially. This completes the proof of (d).

Next, note that (e) holds, by inspection of Step 6. Finally, (f) holds, since
all the computations referred to in (f) are part of the one-time work of
Algorithm 14.1, which is at most exp(C/€). The proof of Proposition 14.1
is complete. |

15. Singletons

In this section, we give the algorithm that will be used later to compute the
functions F* in (15), (16) of Section 6.

Algorithm 15.1. (“Singleton”) Given € > 0, assumed to be less than a
small enough controlled constant; and given a Whitney field P = (PY)yes

on a singleton S = {yo}, we compute a number Ne(ﬁ) > 0, and a function
F e C™(R"), such that:

(A) F agrees with P;
B) || Fllen@n < (1 + Ce) - Ne(P); and
(C) Ne(P) < (14 Ce)- || P llemn)-

The storage and the one-time work needed for the computation are at most
exp(C/e€); and the work to answer a query is at most C.
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Explanation: First we define F and N¢(P) and check (A), (B), (C). Then we

explain how to compute our F and Ne(ﬁ). We compute a dyadic cube Q
containing Yo, such that

(1) 1ce ! < 8q < ¢e', with € as in Algorithm 14.1.

(The work and storage needed to compute Q are at most C.)

Then €, Q, P satisfy conditions (1), (2), (3) in Section 14, and therefore
Algorithm 14.1 applies. That algorithm computes a ball B(xo, 1), a number
N(P, Q) >0, and a function Fy € C™(R™), with the following properties.

(2) Q™ C B(xp,7) and r < Cdg.
(3)  Fo agrees with P.
(4) | Fo llem@iomn < (14 Ce) - Ne(P, Q).

(5)  Ne(P,Q) < (1+Ce)- || P |lcemBixo.2m):

Moreover, the storage and one-time work used by Algorithm 14.1 are at
most exp(C/e€), and the work at query time is at most C.

We now take 85 € C™(R™) to be a cutoff function, such that

(6) 0<8o<TonR"Y 8 =1onQ;suppBo C (Q™)™; [2%0p(x)| < Cel
for 0 < x| <m, x € R™

This is possible thanks to (1). Moreover, we may take 6 to be an appropriate
spline, so that we can answer queries as follows.

(7)  Given a query point x € R™, we can compute J,(8o) with work and
storage at most C.

There is no one-time work involved in computing 0.
We also take €y = Ce, so that (6) yields

(8)  [0%00(x)| < € for 0 < || <m, x € R™

Since € is assumed to be less than a small enough controlled constant, we
have

(9) 0< ey <.

We take Qo = Q™ and M = (1 + Ce) - Ne(P,Q), with C as in (4).
Thus (2), (4) and (6) yield

(10) suppBo C (Qo)™, and
(11)  Foe C™QEFY), || Fo llem(qpm< M.
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Thanks to (6), (8), (9), (10), (11), the hypotheses of Corollary 2 in
Section 5 hold for €, 00, Fo, Qo. Applying that corollary, we see that the
function

(12) == 90 : Fo on R™
satisfies

(13) F € C™R"), and

(14) || Fllem@ey < (1 + Ce)N(P, Q).
We define
(15) Ne(P) = Ne(P,Q) >

—

and we check that N¢(P), F satisfy (A), (B), (C). In fact, since 8o =1 on Q
and S = {yo} with yo € Q, we have J, (F) = Jy, (00 - Fo) = Jy,(Fo) = P¥°,
thanks to (3). Thus, (A) holds. Also, (B) is immediate from (14), (15);
and (C) follows from (5), since

| P llemBixo2n< I Pllemmn) -

It remains to show how to compute the above Ne(ﬁ) and F, and to
estimate the work and storage of the computation.
This is easy. The one-time work is as follows.

e Compute Q.
e Perform the one-time work of Algorithm 14.1.

e Set Ne(l;) = Ne(l;, Q). (The right-hand side has been computed as
part of the one-time work of Algorithm 14.1)

After we have done the one-time work, we can answer queries as follows.
Given a query point x € R™,

o We compute J(Fo) by the query algorithm in Algorithm 14.1.

e We compute J,(6o) as in (7).

e We return the polynomial J(F) = Jx(00) ®x Jx(Fo)-

One checks easily that the storage and one-time work here are at most
exp(C/e€), and the query work is at most C.
This completes our explanation of Algorithm 15.1.

For future reference, we record a few remarks on the inner workings of
Algorithm 15.1.
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Proposition 15.1. Let 6,13 = (PY)yes, S = {uo} be as assumed in Algo-
rithm 15.1. Then Algorithm 15.1 performs as follows.

(a) It computes a dyadic cube Q containing yo. The cube Q is computed
from € and yo, without using the polynomial PY°. The work and stor-
age used to compute Q are at most C.

(b) The number Ne(P) returned by Algorithm 15.1 is equal to the number
Ne(P, Q) returned by Algorithm 14.1 for the input data €,Q,P. (In
particular, €, Q, P are as assumed in Algorithm 14.1).

Proof. Assertion (a) is immediate from the first paragraph of our explana-
tion of Algorithm 15.1.

Regarding (b), we recall from the second paragraph of our explanation of
Algorithm 15.1 that €, Q, P are as assumed in Algorithm 14.1. The assertion
in (b) regarding N(P) is simply equation (15). [ |

16. Extending a Whitney Field from a Testing Set I

The next few sections provide the algorithms that compute the functions F!,

—

in (13)...(16) of Section 6. We treat Whitney fields P = (PY)yes, with
S C Q* for a dyadic cube Q. We distinguish several cases, depending on
the size of Q. This section deals with the case in which Q is quite small.

Algorithm 16.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q whose sidelength satisfies

(1) 5Q S e—1/(4e);.
and given a Whitney field P= (PY)yes, where the set S is assumed to satisfy
(2) S c Q*, and

(3) l—v|>e*e?e

dq for any two distinct points y,y’ € S;

we compute a number Ne(];) and a function F € C™(R"™), such that
(A) F agrees with P;

(B) || Fllemmn < (1 4+ Ce) - Ne(P); and

(C) Ne(P) < (14 Ce)- || P flemn).

The storage and the one-time work needed for the computation are at
most exp(C/€), and the work to answer a query is at most C.
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Explanation: We first define N¢(P), F and prove (A), (B), (C); then, we
explain how to compute our Ne(ls), F. Fix a point

(4)  yo€S.

Applying Algorithm 10.6, we obtain a function

(5) 09 € C™T(RM),

with the following properties.

(6) 0< 8y <1onR™

(7)  suppBo C B(yo, e"®98q), and 8y = 1 on B(yo, e'/1%¢8).

(8)  19%0p(x)| < Ce - [x —yol ™ for 0 < |of < M+ 1, x € R™\ {yo}

Moreover, we can answer queries as follows.

(9)  Given x € R™ we can compute J(6o) with work and storage at
most C.

We fix a dyadic cube Qqp, such that

(10)  Blyo,2-e"®985) C Qjo,

and

(11) e'/Bgq < §q,, < C - el/Bp,.

Note that (1) and (11) yield

(12) 8q,, < Ce VB < 1.

Note also that, since yo € Q** by (2) and (4), we have

(13)  ScQ* C B(yo, C8q) C Blyo, e"1%)85) C B(yo,2- e"/84) C Qj,
thanks to (2) and (10).

Moreover, if y and y’ are distinct points of S, then (3) and (11) yield
(14) ly—vy| > e?e g > €2 - e ¥ . ce /B5q,, > e¥¢8q,,.
We apply Algorithm 14.1 to the data €, Qqo, P. (Note that the assump-
tions (1), (2), (3) of Algorithm 14.1 follow at once from our present re-

sults (12), (13), (14).) Thus, we obtain a ball B(xc, r), a number Ne(ﬁ, Qoo)
> 0, and a function Fy € C™(R™), with the following properties.

(15) Q&5 € B(xo, 1) and v < Cdq,,-

(16) Fo agrees with P.

(17) | Fo llem B < (14 C'e) - Ne(P, Qoo)-
(18)  Ne(P,Qoo) < (14 Ce)- || P [[embiro 2r)-
(19)

Moreover, we can compute Ne(];, Qoo) and Fy, with storage and one-
time work at most exp(C/e) and with query work at most C.



360 C. FEFFERMAN

Also, by applying Algorithm 15.1 (“Singleton”), we compute a number
Ne(P,yo) > 0, and a function F; € C™(R"), with the following properties.

) Fy agrees with P at Yo.
) ITFrllemmn) < (14 C€) - Ne(P, yo).
22) Ne(P,yo) < (1+Ce) - || (Plyyg) lemmn)-
)

Moreover, we can compute Ne(ﬁ,yo) and Fy, with storage and one-
time work at most exp(C/e), and with query work at most C.

We prepare to apply Corollary 1 in Section 5 to the above yo, Fo, F1, 00, 8q,
taking A to be a large enough controlled constant, and taking

(24) M = (14 Ce) max(N(P, Qoo), Ne(P,yo)), with C = max(C’, C");

here, C" and C” are as in (17) and (21).

The hypotheses of that corollary regarding 6y hold here, thanks to our
present results (5)...(8). Also, (10) and (15) yield B(yo,2 - e'/855) C
B(xo, 1), and therefore (17) and (24) give

I Fo llem o erisarsgn < M.

Since furthermore
| Fillemeny < M

by (21) and (24), the hypotheses of Corollary 1 in Section 5 concerning the
C™-norms of Fy and F; are satisfied here.
Finally, (16) and (20) show that

Juo (Fo) = Tyo (F1),

completing our verification of the hypotheses of Corollary 1 in Section 5.
Applying that Corollary, we now learn that the function

(25) F:90F0—|—(]—90)F1 on R™
satisfies
(26) Fe C™(R™M),

and

hence

(27) || Fllem@n < (1+ Ce) - max[Ne(P, Qoo), Ne(P,yo)l.
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We take F as in (25), and set
(28) Ne(P) = max[Ne(P, Qoo). Ne(P, vo)l.

We check that (A), (B), (C) hold for the above F and N¢(P). From (7)
and (13), we have J,(0o) =1 for y € S, and therefore (25), (16) yield

Jy(F) = Jy(Fo) = P¥ foryes,

proving (A). Also, (B) is immediate from (27) and (28). Finally, (C) follows
from (18), (22) and (28), since

| P llemBxo2n<Il P lem@ny, and || (Plyyy) [[em@n) < || P [lomgn) -

Thus, (A), (B), (C) hold for our F and N¢(P).

It remains to compute F and Ne(ﬁ), and to estimate the work and storage
needed for the computation. This is straightforward. The one-time work is
as follows.

e Find a point yp in S.
e Compute a dyadic cube Qqp satisfying (10) and (11).

e Perform the one-time work associated with Algorithm 14.1 for the
input data (€, Qqo, P).

e Perform the one-time work associated with Algorithm 15.1 for the
input data (€, Plgy,))-

e Compute N¢(P) from (28).
Thanks to (19) and (23), one-time work and storage consumed in carrying
out the above steps are at most exp(C/¢€)

The query algorithm proceeds as follows.

Given a query point x € R™, we compute Jx(00), Jx(Fo), Jx(F1) from (9),
(19), (23), respectively. We then return the polynomial

]X(F) = ]5(60) ®5 ]E(FO) + (1 - ]5(90)) ®5 ]5(F1)

(See (25)). The work involved here is at most C, as we see from (9), (19), (23).
Thus, the storage and one-time work to compute N¢(P) and F are at
most exp(C/e€), and the work to answer a query is at most C.

This concludes our explanation of Algorithm 16.1.

For future reference, we record a few remarks on the inner workings of
Algorithm 16.1.
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Proposition 16.1. Let €,Q, P = (PY)yes be as assumed in Algorithm 16.1.
Then Algorithm 16.1 performs as follows.

(a) It computes a point yo € S and a dyadic cube Qoo. The point yo and
the cube Qoo are computed from €, Q, S, without using the polynomials
PY(y € S). The work and storage used to compute yo and Qoo are at
most C.

(b) It applies Algorithm 14.1 to the input data €, Qop, P, to compute a

number Ne(ﬁ,Qoo). (In particular, the input data €,Qoo,l3 are as
assumed for Algorithm 14.1.)

(c) It applies Algorithm 15.1 to the input data €, l3|{y0}, to compute a num-

ber Ne(ﬁ,yo). (In particular, the input data e,l;I{yo} are as assumed
for Algorithm 15.1.)

(d) It returns the number Ne(ﬁ) = maX[Ne(l;, Qoo), Ne(ﬁ,yo)]-

Proof. Immediate from our explanation of Algorithm 16.1. |

17. Extending a Whitney Field from a Testing Set 11

In this section, we present the analogue of Algorithm 16.1 in the case of a
cube Q that is neither very big nor very small.

Algorithm 17.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q whose sidelength satisfies

(1) eV < 8q < c#e! for a small enough controlled constant c#;
and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy
(2) Sc Q™ and

(3) ly—vy| > e?e8q for any two distinct points y,y' € S;

we compute a number N.(P) and a function F € C™(R™), such that

(A) F agrees with P;

B) || Fllem@n < (1 + Ce) - Ne(P); and

(C) Ne(P) < (1+ Ce)- || Pllcmn).

The storage and the one-time work needed for the computation are at
most exp(C/€), and the work to answer a query is at most C.
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—

Explanation: First, we define N¢(P) and F and prove that they satisfy (A), (B)

and (C); then we discuss the computation of our N¢(P) and F.
We fix a dyadic cube Qqp, such that

(4) Q™ C Qg and
(5) osCe ' < 8qy < 55€€e !, with € as in equation (1) in Section 14.

Such a cube Qqo exists, thanks to our assumption (1).
Next, we fix a cutoff function 8o € C™(R™), with the following properties:

< 0y < 1lon :0p=1on :su 0 C int: an
(6) 0 <00 <TonR™6=1o0n Qgy; suppBo C (Qz)™; and

(1) 10%00(x)] < Cdo for |af < m, x € R™

By taking 8y to be an appropriate spline, we can answer queries as fol-
lows.

(8)  Given a point x € R™ we compute Jx(0o) with work and storage at
most C.

In view of (5) and (7), we have
(9)  10%0p(x)] < Ce for 0 < || < m, x € R™, since € < 1.

We prepare to apply Algorithm 14.1 to the data €, Qqo, P. Let us check
that these data satisfy the assumptions of that algorithm. We are assuming
here that € is less than a small enough controlled constant. Also, Qqo is
a dyadic cube, whose sidelength 0q,, satisfies equation (1) in Section 14,
thanks to our present equation (5). Also, our Whitney field P = (PY)yes
satisfies

(10) S < Q™ C Qg € Q&%
thanks to (2) and (4). Consequently, inclusion (2) in Section 14 holds for
the data €, Qqp, P.

Next, note that

5o > e/ > cee V25,
by (1) and (5). Therefore, (3) yields

ly—y'| > e?e?8q > cele ¥ 8q,, > e 0g

00 00

for any two distinct points y,y’ € S, since € is less than a small enough
controlled constant.

Thus, equation (3) in Section 14 holds for the data €, Qop, P. This com-
pletes the verification of the assumptions of Algorithm 14.1 for the data

€, QOO) P.
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Applying Algorithm 14.1 to €, Qoo, P, we compute a ball B(xo, 1), a num-
ber N¢(P, Qoo), and a function Fy € C™(R"), with the following properties.

(11)  (Qoo)™ C Blxo,T).

(12) Fp agrees with P.

(13) || Fo llem @i < (1 + Ce) - Ne(P, Qoo).
(14) Ne(P,Qoo) < (1+Ce)- || P [lem(Bxo, 20
Moreover,

(15) The storage and one-time work to compute B(xo, 1), Ne(P, Qoo), Fo
are at most exp(C/e); and the work to answer a query is at most C.

We now define
(16) Ne(P) = Ne(P, Qoo), and
(17) = 0y - Fp € C™(R").

Let us check that (A), (B), (C) hold for N¢(P) and F as in (16), (17).
First of all, let y € S. Then y € Qf, by (10), hence J,(60) = 1 by (6).
Consequently, Jy(F) = Jy(Fo) by (17), and therefore J,(F) = PY by (12).
Thus, our F satisfies (A).

Next, we estimate the norm of F in C™(R"™), in order to check (B).
We will apply Corollary 2 in Section 5 to the following data:
(18) e The number €y = Ce for a large enough controlled constant C.
e The number M =|| Fo ||cm(B(xo.1))-
e The cube Qo = Q.
e The cutoff function 8¢ from (6)...(9).
e The function Fy from (11)...(15).
Let us check that the hypotheses of that corollary are satisfied by the
data (18). In fact, we have 0 < €y < 1, since € is less than a small enough
controlled constant. Also, M > 0, Qg is a cube, 8y € C™(R™), and Fy €

C™QU). We have 0 < 8y < 1 on R™; suppfy C QUt; and [9%00(x)| < €o
for 0 < |af < m, x € R™; all thanks to (6), (9) and (18). Also,

I Fo llem(qir) =l Fo llem gz im) < I Fo llem o = M,

thanks to (11) and (18). This completes the verification of the hypotheses
of Corollary 2 in Section 5 for the data (18).
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Applying that corollary, and recalling (17), we learn that
I Fllemmn < (T 4+ Ce)- || Fo llem oo -
Together with (13), this yields

| Fllem@en) < (1 + Ce) - Ne(P, Qoo
which is our desired conclusion (B), in view of definition (16).
Next, note that conclusion (C) follows at once from (14) and (16). Thus,
conclusions (A), (B), (C) hold for N¢(P), F as in (16), (17).
We turn to the computation of Ne(l;) and F. The one-time work is as
follows.

Step 1: We compute a dyadic cube Qg satisfying (4) and (5).
Step 2. We perform the one-time work of Algorithm 14.1 for the data
€, QOO) ]3

Step 3: We set Ne(P) = N(P, Qoo), where the right-hand side has been
computed in Step 2.

Given a query point x € R™ the query algorithm proceeds as
follows.

Step Q1: We compute Jx(Fo) by the query algorithm of Algorithm 14.1,
applied to the data €, Qqo, P.
Step Q2: We compute J«(6o) as in (8).
Step Q3: We return the polynomial J(F) = Jx(00) ®x Jx(Fo). (See (17).)
From (8) and (15), one sees trivially that the storage and one-time work

of the above algorithm are at most exp(C/e), and the work to answer a
query is at most C. This completes our explanation of Algorithm 17.1.

For future reference, we record a few observations on the inner workings
of Algorithm 17.1.

Proposition 17.1. Let €,Q, P be as assumed in Algorithm 17.1. Then the
Algorithm 17.1 performs as follows.

(a) It computes a dyadic cube Qoo, using only € and Q (but not using ﬁ)
The work and storage used to compute Qoo are at most C.

(b) It applies Algorithm 14.1 to the input data €, Qop, P, to compute a

number Ne(ﬁ,Qoo). (In particular, the input data €,Qoo,l3 are as
assumed in Algorithm 14.1.)

(c) It returns the number
Ne(P) = Ne(P, Qoo)

Proof. Immediate from our explanation of Algorithm 17.1. |
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18. Extending a Whitney Field from a Testing Set III

In this section, we provide the analogue of Algorithms 16.1 and 17.1 in the
case of a rather large cube Q.

Algorithm 18.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q whose sidelength satisfies

(1) dcte™ < 8g < €' with c# as in Algorithm 17.1;
and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy
(2) ScQ™, and

(3) ly—v'| > e*e¥<bq for any two distinct points y,y’' € S;

—

we compute a number N¢(P) and a function F € C™(R"™), such that
(A) F agrees with P;
(B) |IFllemen) < (14 Ce) - Ne(P); and

(C) Ne(P) < (1+ Ce)- || Pllemn)

The storage and the one-time work needed for the computation are at most
exp(C/e€), and the work to answer a query is at most C.

Explanation: We will reduce matters to Algorithm 17.1 by a partition of unity.
We begin by introducing that partition of unity. Next, we define N¢(P)

—

and F, and check (A), (B), (C). Then we show how to compute our N¢(P)

and F, and estimate the work and storage needed.
Recall the cubes Q§,S> and cutoff functions 9§,S>, v = (vi,...,Vn) € Z™,
defined in Section 10. We fix s € Z, such that

1 o# e s 1 o# el
(4)  gecte <27 < gpcte

Thanks to (1) and (4), the cube Q** is partitioned into dyadic subcubes Q§,5>,
for v.= (vq,...,vn) € Z™ varying over the set

5) 9

(Viy. ooy Vi) € Z™: viPin < vy < v for each i}, for suitable
LV (1 =1,... n).

Also from (1) and (4), we see that
(6) #(9) < v~

Note that, for any v € Z™, we have 9§,S> = 0 on a neighborhood of Q**,
unless v € G. (To see this, we recall that supp ol ¢ (Q@)*; see Section 10.)
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Consequently, the 9§,S>,v € G, have the following properties.

(1) 8 e C™(R™), 8% > 0 on R™, supp8l’ c [(QV)1]™, [o0Y| <
Cel* on R™ for |«| < m; and also

8 Y 6 <1TonR" and 5 65 =1on Q™.

ve§g veS

Moreover, we can answer queries as follows.

(9)  Given x € R™ and v € G, we can compute ]X(G@) with work and
storage at most C.

Note also that

(10) Given x € R™, we can compute the set of v € G such that x € (Q@)*.
This computation takes work and storage at most C. There are at
most C such v.

For each v € G, we define
(11) Sy = S n (Q{N.
We will show that the data

(12) (&, QY Pls,)

satisfy the assumptions of Algorithm 17.1, for each v € G.
To see this, fix v € §. We know that € is less than a small enough
controlled constant. Also, thanks to (4), the sidelength of Q§,S> satisfies

e /28 < < c*e . (Recall that 6Q<s> = 2%)

QY
Next, note that S, C (Q@)**, thanks to (11).

Finally, for any two distinct points y,y’ € Sy, we learn from (1), (3), (4)
that

y—vy'| > eze’z/eéQ > eze’z/eéQ@.

This completes our verification of the assumptions of Algorithm 17.1 for the
data (12).

For each v € G, let Ne(ﬁ|gv) and F, € C™(R"™) be the number and
function computed by applying Algorithm 17.1 to the data (12). Then the
following hold.

(13) F, agrees with Plg, for each v € G.
(14) || Fy lem@n) < (1 4+ Ce) - Ne(Pls, ) for each v € .
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(15) Ne(Pls,) < (1 + Ce)- || (Pls,) |lcmgn) for each v € G.

(16) For each v € G, the storage and the one-time work to compute
Ne(Pls,) and F, (given the data (12)) are at most exp(C/e), and
the work to answer a query is at most C.

—

We now define N¢(P) and F. We set
(17) Ne(P) = max{N(Pls,) : v € G}
and we define

(18) F= 3 o8 - F, € CR").

veS
Let us check that (A), (B), (C) hold for our Ne(P) and F. We begin
with (A). Fix y € S. We have y € Q** by (2), hence

(19) ¥ Jy6%) =1,

ve§g

by (8). For each v € G such that y € supp 0%, we have y € (Q)* by (7),
hence y € Sy by (11), and therefore J(F,) = PY by (13). Thus,

(20) Jy(Fy) = PY for each v € G such that y € supp (6@).
From (18), (19), (20), we see that
Tu(F) = > Jy(05) 0y Ty(Fy) = ) Ty(65) @, PY = PY,
veg veS

proving (A).
We pass to (B). We apply Lemma LGPU from Section 5, taking

(21) A = Large enough controlled constant,
Q. = Q§f> for each v € G,
5 = 25,

M = (1 4+ Ce) - max{N(Pls,): v € G
(The hypotheses of that lemma hold for the data (21), thanks to (4), (7), (8)
and (14).) From Lemma LGPU, we learn that the function F in (18) satisfies
| Fllemmny < (1 + Ce) - max{N(Pls,): vegl.

Together with (17), this proves conclusion (B).
Next, we establish (C). From (15), we have

Ne(ﬁsy) < (14 Ce)- | P |cm@n) for each v € §.

Consequently, (C) follows trivially from (17). Thus, (A), (B), (C) hold for
our N¢(P) and F.



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS II 369

We turn to the computation of Ne(ﬁ) and F. The one-time work is as follows.
B in

max

Step 1: Compute s € Z satisfying (4), and then compute the vi™ and v}

(i=1,...,n)asin (5).
Step 2: For each v € G, we compute Qi,s>, Sy =S8N (Qi,s>)**, and lslgv.
Step 3: For each v € G, we perform the one-time work of Algorithm 17.1

for the data (e, Qi,s>, l3|5v). This produces the number Ne(ﬁbv) for
each v € G, and prepares us to answer queries on J4(F,) for any

given x € R™ and v € G.
Step 4: We set Ne(l;) = maX{Ne(ﬁISV) :ve§h
(Kn)_c € R™, the query algorithm proceeds as follows
Step Q1: Find §(x) = {v e §: x € (QV)).
Step Q2: For each v € §(x), compute 15(6@) and J,(F,).

Step Q3: Return the polynomial Jy(F) = > ]E(G@) Ox Jx(Fy).

ve§(x)

Since ]E(GQS ') = 0 forv € G~ G(x), our query algorithm correctly calculates
Jx(F), with F as in (18).

Also, we note that #(S) < e®/¢, thanks to (2) and (3). Consequently, (6)
and (16) show that the one-time work and storage required for our algorithm
are at most exp(C/e). From (9), (10), (16), we see that our query algorithm
requires work at most C.

This completes our explanation of Algorithm 18.1.

For future reference, we record a few remarks on the inner working of
Algorithm 18.1.

Proposition 18.1. Let €, Q, P = (PY)yes be as assumed in Algorithm 18.1.
Then the Algorithm 18.1 performs as follows

(a) It computes an integer s and a finite subset G C Z™, using only €, Q
(and not using P). The set G satisfies #(G) < exp(C/e). The work
and storage used to compute s,G are at most exp(C/€).

(b) For each v € G, it computes the set Sy, = SN Q) with QY as
in Section 10. The work and storage to compute and store all the sets
Sv(v € 9G) are at most exp(C/€).

(¢) Foreachv € G, it applies Algorithm 17.1 to the input data €, Qi,s>, ]5)|5V ,
to compute a number Nc(Pls,). (In particular, these input data are as
assumed in Algorithm 17.1.)

(d) It returns the number N.(P) = maX{Ne(ﬂgv) :v e gl
Proof. Obvious from our explanation of Algorithm 18.1. |
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19. Extending a Whitney Field from a Testing Set IV

In this section, we give an analogue of Algorithms 16.1, 17.1 and 18.1 for
the case of a huge cube Q.

Algorithm 19.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q whose sidelength satisfies

(1) 8q > e5¢;

and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy
(2) ScQ™, and

(3) ly—vy| > e?e¥8q for any two distinct points y,y' € S;

we compute a number N.(P) and a function F € C™(R™), such that

(A) F agrees with P;

(B) |l Fllen@n < (1 + Ce) - Ne(P); and

(C) Ne(P) < (1+ Ce)- || P lemn)

The storage and the one-time work needed for the computation are at
most exp(C/€), and the work to answer a query is at most C.

Explanation: By a partition of unity, we reduce matters to Algorithm 15.1.
Our discussion is close to that of Section 18. Fix an integer s, such that

(4) %6_3“ 6Q < 285 < e3¢ 6Q.

Recall from Section 10 the dyadic cubes Q@ and cutoff functions 6@, for
v =(Vvi,...,Vn) € Z™

Thanks to (4), the cube Q** is partitioned into dyadic subcubes i,s>,

for v.=(vy,...,vn) € Z™ varying over the set
(5) G ={(vi,...,Vn) € Z" : v < v; < VP for each i}, for suitable
v PR (=1 ... n).

Also thanks to (4), we have
(6)  #(G) < e/~

Note that, for any v € Z™, we have 6@ = 0 on a neighborhood of Q**,
unless v € G. (To see this, recall that supp ol ¢ (Q<VS>)*; see Section 10.)
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Consequently, the ol (v € Z™) have the following properties.
(7) v e C™R™), 837 > 0on R™, supp 8y C [(QV) 1™
8) 9% < C - (e7360)"™ on R™, for |of < m:
Q

9) > 0% = 1 on R™ and

vez™
(10) ¥ 8% =1on Q™.
veg
Moreover, we can answer queries as follows.

(11) Given x € R™ and v € Z™, we can compute ]5(9@) with work and
storage at most C.

(12) Given x € R™, we can compute {v € §:x € (Q<VS>)*} with work and
storage at most C. In particular, there are at most C such v € G.

For each v € G, we define

(13) Sy = SN (Q¥)™

We will check that

(14)  #(Sy) < 1 for each v € G.

To see this, we fix v € G, and suppose that y,y’ are two distinct points
of Sy. We will derive a contradiction. In fact, since y,y’ both belong to
(Q@)**, we have

(15) W=yl < Coye =C- 2%
On the other hand, (3) and (4) yield
(16) y—y'| > e?e e . 5q = (e2-e/) - (e ¥/8q) > (e2e!/€) - (c-2°).
Since (15) contradicts (16), there cannot be two distinct points in S., com-
pleting the proof of (14).

For each v € G, we now define N, (P) > Oand F, € C™(R"), as follows.

Let v € G. Then S, is empty or a singleton, by (14). If S, is empty,
then we set New(ﬁ) =0and F, = 0.

If #(S,) = 1, then we define New(ﬁ) and F, € C™(R") to be the
number and the function computed by Algorithm 15.1 applied to the data
(e, P| s, ). (Note that the assumptions of Algorithm 15.1 hold here, since e
is less than a small enough controlled constant, and 13! sv is a Whitney field
on a singleton.)
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In either case (#(S,) = 0 or #(S,) = 1), the following properties hold.

17) F, agrees with P on S, for each v € G.

—

) I Fvllem@n) < (1 + Ce) - Ney(P), for each v € G.
19) Ne~(P) < (1 4 Cé)- || P ||em@n) for cach v € G.
)

Given v € G, and given the data (€, ]3|5V), the storage and one-time

work to compute N¢~(P) and F, are at most exp(C/e€), and the work
to answer a query is at most C.

In fact, if S, is non-empty, then (17)...(20) are immediate from the basic
assertions of Algorithm 15.1. If S, is empty, then (17)...(20) hold trivially.

—

We now define N¢(P) and F. We set

—

(21)  Ne(P) = max{Ne(P):v e g,
and we define

22) F=3 o - F, € CR").
veS
Let us check that (A), (B), (C) hold for the above N¢(P) and F. We
begin with (A). Fix y € S. We have y € Q** by (2), hence

(23) ¥ Ju63) =1,
veg
by (10).
For each v € G such that y € supp 6@, we havey € (Q@)* by (7), hence
y € Sy by (13), and therefore J(Fy) = PY by (17). Thus,

(24) Jy(Fy) = PY for each v € G such that y € supp 0.
From (22), (23), (24), we see that

Jo(F) = D Ju(08) oy Jy(Fy) = D Jy(08) @y PY = PY,

ve§ veg

proving (A).
We pass to (B). Our plan is to apply Lemma LGPU to the following
data.

= 28

= 27% in place of € in Lemma LGPU.
A = Large enough controlled constant.
(25 | M = (1 + Ce) - max{N_,(P): veG).
The functions e<j ) and Fv,ve§

The cubes Qi,s>, veg§

m o
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Let us check the hypotheses of Lemma LGPU for the data (25). We
have 0 < € < 1, by (1) and (4). Also, A > 1 and M > 0. Moreover,
ATle ' <8<e " in fact, 5 =¢".

The desired properties of the 8 are immediate from (7), (8), (9). Fi-
nally, the desired properties of the F, are immediate from (18), and from
our definition of M in (25).

Thus, the hypotheses of Lemma LGPU all hold for the data (25).

Applying that lemma, we see that the function F in (22) satisfies

—

|| F HCm(Rn) < (] + C/€) . maX{NeN(P) 1V E 9}

Together with (21), this yields conclusion (B).
Note also that conclusion (C) follows trivially from (19) and (21). Thus,

—

(A), (B) and (C) hold for our N¢(P) and F.
We turn to the computation of our Ne(l;) and F. The one-time work is

as follows.

Step 1. We compute s € Z satisfying (4), and then we compute vi"®, vax
(i=1,...,n) asin (5).

Step 2: For each v € G, we compute S, = SN (Qi,s>)** and ﬁ|5v.

Step 3: For each v € G, we set A(v) = 1if S, is non-empty, A(v) = 0
otherwise.

Step 4: For each v € G such that A(v) = 1, we perform the one-time work
of Algorithm 15.1 for the data (€, ﬁ!sv). This produces a number

—

Nen~(P), and allows us to answer queries regarding a function F,.
Step 5: We set Ne(l;) = maX{Neﬁ,(ﬁ): all v € G such that A(v) = 1}.
Given x € R™, our query algorithm proceeds as follows.
Step QL: Find §(x) = {v € G:x € (Q¥)* and A(v) = 1}.
Step Q2: For each v € §(x), compute ]E(G@) and Jx(Fy).
Step Q3: Return Jy(F) = 3 J(087) @y Jx(Fy).

ve§(x)

Since ]E(e@) =0forveg x¢&( i,s>)*, and since F, = 0 for v € G,
A(v) = 0, it follows that our query algorithm correctly computes J«(F),
with F as in (22).

Also, we note that #(S) < e/, thanks to (2) and (3). Consequently, (6)
and (20) show that the storage and one-time work of our algorithm are at
most exp(C/e). From (11), (12) and (20), we see that the work to answer a
query is at most C. This completes our explanation of Algorithm 19.1.
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For future reference, we give a simple proposition concerning the output
of Algorithm 19.1.

Proposition 19.1. Let €, Q, P= (PY)yes be as assumed in Algorithm 19.1.
Then the following hold.

(a) #(S) < exp(C/e).

(b) For each yo € S, the input data €,Ply,, are as assumed in Algo-
rithm 15.1.

(¢) For each yo € S, let Ne(ﬁhyo}) be the number computed by applying
Algorithm 15.1 to the input data €, ]3|{y0}-

—

Then the number N¢(P) returned by Algorithm 15.1 is equal to

max{Ne(Pliyo)) : Yo € S}

Proof. Assertion (a) follows trivially from (2) and (3). Assertion (b) holds,
since the only assumptions for Algorithm 15.1. are that € is less than a small
enough controlled constant, and that the input Whitney field is defined on
a singleton.

We turn to assertion (c¢). We refer to our explanation of Algorithm 19.1.

For any v € G such that A(v) = 1, the set S, is a singleton, and
thus N~ (P) is among the numbers N¢(Ply,1), Yo € S. Consequently,

(26) max{Ne~(P):ve G Alv) =1} < max{N(Ply,)) : yo € S).

On the other hand, let yo € S. Then yo € Q™ C Q**, hence yo € Qi—f>
for some v € G. Fix such a v. Then since yp € SN (Qi,s))** = S5, we have
A(V) = 1. Recalling (14), we conclude that Sy = {yo}. Consequently, in
Step 4, we set Ne‘;,(ls') = Ne(ﬁhyo}). Hence,

Ne(Pliyo)) < max{Neo(P):ve§, Alv) = 1}.
Since Yo € S was arbitrary, it follows that
max{Ne(Plryy1) : Yo € S} < max{Ne(P):ve G, Alv) = 1}.
Together with (26), this yields the equality
(27)  max(Ne(Ply,) : Yo € S} = max(Neo(P): v e G A(V) =11

The desired conclusion (¢) now follows from (27) and Step 5 above. |
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20. Extending a Whitney Field from a Testing Set V

In this section, we combine the results of the last several sections.

Algorithm 20.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q; and given a Whitney field
P = (PY)yes, where the set S is assumed to satisfy

(1) ScQ™, and
(2) ly—v| > e*e¥8q for any two distinct points y,y’ € S;

—

we compute a number N¢(P) > 0 and a function F € C™(R"™), such that
(A) F agrees with P;

B) || Fllemmn < (14 Ce) - Ne(P); and

(C) Ne(P) < (1+Ce)- || P fleman).

The storage and the one-time work needed for the computation are at
most exp(C/€), and the work to answer a query is at most C.

Explanation: The sidelength 6o must satisfy at least one of the following.

Case 1: §g < e /19,

Case 2: e /129 < 55 < c#e”!, with c# as in Algorithm 17.1.

Case 3: Jc#e ™! < 8q < €', with ¢# as in Algorithm 17.1.

Case 4: 5g > e”/¢.

With work and storage at most C, we can identify one of the above cases that
holds for our given Q. In cases 1,2,3,4, we can find N¢(P) and F satisfying
(A), (B), (C) by applying Algorithm 16.1, 17.1, 18.1 or 19.1, respectively.

The work and storage of our computation are as asserted above.
This completes our explanation of Algorithm 20.1.

21. The Main Extension Algorithm

In the next several sections, we present the following algorithm.

Algorithm 21.1. (“Main Extension Algorithm”): Given € > 0, assumed
to be less than a small enough controlled constant; and given a Whitney field
P = (P¥)xee, with #(E) = N, 2 < N < oo; we compute a real number
Ne(P) > 0 and a function F € C™(R™), such that:
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(A) F agrees with P;
(B) || Fllem@n) < (1 4 Ce) - Ne(P); and
(C) Ne(P) < (14 Ce)- || Pllemmn).
The storage and one-time work of the algorithm are at most exp(C/€)N
and exp(C/€) Nlog N, respectively.
The work to answer a query is at most C - log(N/e€).

Theorem 1 (from the Introduction) is an obvious consequence of Algo-
rithms 21.1 and 15.1.

The explanation of the above algorithm occurs in the next three sections.

In Section 22, we present the one-time work of Algorithm 21.1. This
one-time work computes the number N ( 13) and allows us to answer queries.
In Section 23, we define a function F € C™(R"), and we prove that our
Ne(P) and F satisfy conditions (A), (B), (C) above. Finally, in Section 24,
we present the query algorithm that computes J«(F) for any given x € R™

22. The One-Time Work

In this section, we carry out the one-time work of Algorithm 21.1. We let
k > 0 be a small enough controlled constant. Let €,P,E, N be as in Sec-
tion 21. We proceed as follows.

Step 1: We perform the one-time work of the BBD Tree, and we carry
out Algorithm WSPD with input (E,k). (See Section 4.) Let
(xl,x”) € EXE (v=1,...,vimax) be the “representatives” pro-

vy v

duced by Algorithm WSPD, as explained in Section 4.

This step takes work at most CN log N in space CN, since K is a
controlled constant. Also, we have v, < CN.

Step 2:  We compute the smallest real number M > 0 such that

(1)  [o*P¥ < M for |l < m, x € E; and

(2) P —P) ()] < M - X, —x|™ ¥ for ol < m—1,1 <+v <
Vimax-

Note that Lemma 8.2 assures us that

(3)  9X(P*—=PY)(x)] < CM - x —y|™ ™ for [a] < m ,x,yeE,x#y.

The work involved in Step 2 is at most CN, and the storage needed
(once we have already stored the input P and the representatives x.,, x7
(v=1T1,...,Vimax)) is at most C.

Thanks to (3), we will be able to prove assumption (1) in Section 6 for
a suitable M to be picked later.
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In addition to (3), we will use the following estimate.
(4) M<C|Pen ®n), for a large enough controlled constant C*.

To prove (4), let M* be any real number greater than || P ||cngn). Then,
by definition of the C™-norm of a Whitney field, there exists F* € C™(R")
such that F* agrees with P, and || F* ||cm ' < MT.

The Bounded Distortion Property gives

(5)  |0*F*(x)] < CMT for |of < m, x € R™,
which in turn yields

6)  [@*(Jx(F") =Ty (F))(x)] < C'M*tx —y|/™ ™ for |af < m, x,y € R™,
X # Y,

by Taylor’s theorem.
Since F* agrees with P, (5) and (6) imply

0*P*(x)] < CM™T for |&| <m, x € E,
and
(P —PY)(x)] < C'MTx —y/™ ™ for jof <m, x,y € E, x #y.

Comparing these estimates with the definition of M, we learn that M <
C*M*. Since M is any real number greater than || P |cm ®n), the proof
of (4) is complete.

For this section and the next, we fix C* as in (4).

Step 3: We perform the one-time work of Algorithm 9.2 (“Compute-Reg-
ularized-Distance”).

This requires work at most CNlogN in space CN. After this
step, we can answer queries regarding a certain function 6(-) €

m (R1 < E).

loc

The function &(-) satisfies
(7)  cdist(x,E) < 8(x) < Cdist(x,E) for x € R*\ E, and
(8)  9%8(x)] < C - (8(x))"* for |af < m, x € R*~ E.
The query algorithm regarding &(-) performs as follows.

(9)  Given x € R™\E, we can compute J(8(+)) with work at most Clog N,
in space CN.

For (7), (8), (9), see estimates (8), (9) in Section 9, as well as Algorithm 9.2.
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Note that our present estimates (7) and (8) give us assumptions (2)

and (3) in Section 6.

Step 4: We carry out Algorithm 11.2 (“Find-Interesting-Cubes”), to com-
pute a list Q... QY of dyadic cubes, with the following prop-
erties.

(10) The cubes Q" ..., QM are all distinct.

(11) L < (C/e) - N.

(12) For any given dyadic cube Q, the set S(Q) computed from €, E, Q by
Algorithm 11.1 has cardinality > 2 if and only if Q is one of the Q™
A=1,...,L

The work of Step 4 is at most exp(C/e)-Nlog N, and the storage needed
is at most %N + exp(C/e).

Step 5: We introduce any convenient ordering on the set of dyadic cubes.
(Say, we use lexicographic order in terms of the sidelength and
coordinates of the center point of a given cube.) We then sort our
list QM ..., QM with respect to that order.

This takes work at most CLlIogL < %N . log(%N) in space CL <
%N; see (11). Thus, (10), (11), (12) hold, and we can perform
binary searches as follows.

(13) Given a dyadic cube Q, we can decide whether Q = Q™ for some A,
with work at most Clog(N/e).

If Q = QW for some A, then we can compute that A, again with
work at most Clog(N/e).

Step 6: For each A = 1,...,L, we apply Algorithm 11.1 to €, E,QW, to

compute a finite set SV, with the following properties.

SN c EN (QW)*.
—2/€

(14)
(15) |[y—vy'l > cee
(16) dist (y,S™) < Cee €8 for any y € EN (QM)*.
(17)  #(S™) > 2, as we see from (12).

The work to compute a single S is at most exp(C/e€) - log N, and the
storage needed is at most CN + exp(C/e).

As we loop over A, we can re-use the above storage, but we want to store
all the sets S, ... ST,

From (14), (15) we see that #(S™) < exp(C/e) for each A.

Along with (11), the above remarks show that Step 6 consumes altogether
at most exp(C’/e)Nlog N work, and at most exp(C’/e)N storage.

dqm for any two distinct points y,y’ € S,
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The sets S™Y) computed in this step will be used as the sets S¢ in Section 6,
for certain { and v. In particular, assumptions (11) and (12) in Section 6
will be proven using (14) and (16) here.
Step 7: For each A = 1,... L, we perform the one-time work of Algo-
rithm 20.1 for the inputs €, Q™ ]3’5(7\)-
Note that these inputs satisfy the assumptions of Algorithm 20.1 since € > 0
is less than a small enough controlled constant, and thanks to (14) and (15).

From this step, we obtain for each A a number Ng\)(ﬁ) > 0, and we are
able to answer queries as follows, regarding a function F& € C™(R™).

(18) Given A(1 <A < L), and given x € R™, we can compute J,(FV) with
work at most C.

The number N2 (P) and the function FV satisfy the following conditions.
(19)  F™ agrees with P on S™.

(20) || FN [|em@n< (1 + Ce) - NO(P).

(21) NP < (14 Ce)- || (Plsm) flom ).
For each A, Step 7 requires work and storage at most exp(C/e). Hence,
by (11), the total work and storage of Step 7 are at most exp(C’/e) - N.
The functions FY computed in this step will be used as the functions
F! in Section 6, for certain £ and v. Compare our present (19), (20) with
assumptions (13), (14) in Section 6.
Step 8: For each yg € E, we carry out the one-time work of Algorithm 15.1

for the inputs e, ﬁ!{yo}.
After this step, we have computed numbers NéyO)(ﬁ) > 0, and we can answer

queries regarding functions FVo) € C™(R™). These numbers and functions
have the following properties, for each yo € E.

(22) FWo) agrees with P at yo.
(23) [ F¥) emmn)< (14 Ce) - NEO/(P).
(24) N&'(PY < (14+Ce)- || (Pliyy)) lemzn).
The relevant query algorithm is as follows.
(25) Given yp€E and x€R™, we can compute J,(F¥0)) with work at most C.

Step 8 requires work and storage at most exp(C/e) for each yo € E. Hence,
the total work and storage required for Step 8 are at most exp(C/e)N.
The functions F¥)(y, € E) will be used as the functions F¥(x € E) in
Section 6.
Compare our present (22) with assumption (15) in Section 6.
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Step 9: We compute
(26) N(P) = max{NV(P) (allA = 1,...,L), N¥/(P) (all yo € E), 241,

where C* is the controlled constant in estimate (4).

Here, we are simply computing the maximum of a list of numbers that
were already computed in Steps 1...8 above. The work of this step is thus
at most

C-N+L+1)< %N (see (11)),

and we need storage at most C (aside from the storage already used to hold
the numbers N(e}‘)(ls), NéyO)(ﬁ), M).

This completes our description of the one-time work of Algorithm 21.1.

Thanks to our estimates for the work and storage of each particular
step, we now see that the one-time work of Algorithm 21.1 is at most
exp(C/€)NlogN, and the storage required is at most exp(C/e)N. These
are as asserted in Section 21.

We have computed the number Ne(l;) in Step 9. In the next section,
we will define a function F € C™(R™), and show that Ne(l;), F satisfy con-
ditions (A), (B), (C) from Section 21. In Section 24, we give the query
algorithm to compute J,(F) for any given x € R™

23. The Main Extending Function

In this section, we retain the notation and conventions of Sections 21 and 22.
We recall the convention that (k.£) refers to equation £ in Section k. Our
goal here is to define a function F € C™(R™), which, together with Ne(l;)
from (22.26), satisfies (A), (B), (C) of Section 21. We apply the Main Patch-
ing Lemma from Section 6, along with the results of our one-time work from
Section 22. We proceed as follows. We define

(1) ™M = (1 + Ce) - N(P) for a large enough controlled constant C,
with N¢(P) as in (22.26).

From (1) and (22.26), we have M < 2C*M, with M as in (22.1) and (22.2).
Therefore, estimate (22.3) shows that assumption (6.1) holds here, where we
may take Ap to be a controlled constant.

Let 8() € Ci(R™ \ E) be as in Step 3 in Section 22. Then (22.7)

and (22.8) tell us that assumptions (6.2) and (6.3) hold here, where we may
take A7 and A, to be controlled constants.
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For { € Z, let x, € C™(R) be as in (10.1), (10.2), (10.3). From those
equations and estmates, we learn that assumptions (6.4) and (6.5) hold here,
where we may take A3z to be a controlled constant.

For each { € Z and v € Z™, let 8%, and Q!, be as in (10.5)...(10.11). Those
results show that assumptions (6.6)...(6.10) hold here, where we may take
A4, As, Ag to be controlled constants.

We recall from (10.4) and the remarks just after it, that

(2) Q¢ = (Qi,s>)* for a suitable dyadic cube Qi,s>, where

v

(3)  sidelength (Qi,s>) = 2% and é e exp((L+1)/e) <25 < %exp((ﬂ—l—
1)/€). Thus,

(4) cexp((t—1)/e) < ee 5 < Cexp((L—1)/e).

Qv

Let { € Z, v € Z™ be given; and let QY be as in (2), (3). We define
S, = S(QY)

to be the set obtained by applying Algorithm 11.1 to the input €, E, Q<VS>.
The following are among the defining properties of Algorithm 11.1.

(5)  SLCEN(QY)™ = EN(QY” (see (2)).
6) |ly—1vy| > cee ¥ 6Q£s> > ¢ exp((£ — 1)/¢e) for any two distinct
Y,y €S (see (4)).
(7)  dist(y,S¢) < Cee_2/€6Q<s> < C'exp((£—1)/€) for any y € E N
(Q3)" (see (2) and (4)).
Thus, assumptions (6.11) and (6.12) hold here, where we may take A;
to be a controlled constant.

Comparing our present definition of S!, with that of S™ in Step 6 of
Section 22, we learn the following.

(8) Letl e Z veZ1<A<L If the cube Q¥ in (2) satisfies
QY = QM then S& = SW.

Also, comparing our present definition of S¢ with (22.12), we learn the
following.

(9) Let £ € Z v e Z" and let Q% be as in (2). If the cube QY does
not appear in the list Q... QM. then #(S%) < 1.
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Next, let £ € Z, v € Z™, and let Q' be as in (2). We will define a
function F$, € C™(R™), proceeding by cases as follows.

Case 1. Suppose Q@ appears in the list QMM ..., Q. Say, Q<VS> = QW.
Then we define
F, = FW,
with FM as in (22.19)...(22.21). From (22.19) and (8), we learn

that
(10) FL agrees with P on S¢;
moreover, (22.20), (22.26) and (1) show that
(11) I F femen< (14 CONS(P) < (14 Ce)Ne(P) < M,
provided we take C in (1) to be larger than C in (11).

Case 2: Suppose Q@ does not appear in the list QU ..., QM.
Then #(SY) < 1, by (9). Thus, either S¢ = ¢, or else S¢ = {yo}
for some yo € E. (See (5).)

Subcase 2a: If S = ¢, then we set F, = 0. Trivially,

(12) F agrees with P on SY, and

(13) IF lenn < M.

Subcase 2b: If S¢ = {yo} with yo € E, then we set F, = F¥o) with Fvo) as
in (22.22)...(22.24). From (22.22), we see that

(14) F! agrees with P on S.
Moreover, (22.23), (22.26) and (1) show that
(15) | FS lem@en) < (14 Ce) - NE(P) < (1 4 Ce) - Ne(P) < M,

provided we take C in (1) to be larger than C in (15).

We now pick C to be a controlled constant, large enough to guaran-
tee (11) and (15). Thus, F, € C™(R") is defined for all { € Z, v € Z™
From (10)...(15), we see that assumptions (6.13) and (6.14) hold here in all
cases.

Next, for each yo € E, let F¥) € C™(R") be as in (22.22)...(22.24).
From (22.22), we see that assumption (6.15) holds here. Moreover, let { € Z,
v € Z™, and assume that S = {yo} for some yo € E. Then we cannot be in



THE C™ NORM OF A FUNCTION WITH PRESCRIBED JETS II 383

Case 1 above, since we would then have #(S%) = #(S™) > 2 for some A,
by (8) and (22.17). Evidently, we cannot be in Subcase 2a either. Thus, we
are in Subcase 2b, and consequently F{, = F¥) by definition. This shows
that assumption (6.16) holds here.

We have now shown that (6.1)...(6.16) hold for the e, M, P, 5(), xe(-),
0!, Qf, St FY and FW) given above, where we may take Ao, ..., A7 to be
controlled constants. Consequently, the Main Patching Lemma from Section 6
applies, and it tells us the following.

We define a function F on R™, by setting
(16) F(x) = (P*)(x) for x € E, and
(17)  F(x) = Y xelelogd(x)) - 04(x) - F(x) for x € R™\ E.
Lv

Then

(18) Fe C™(R™),

(19) F agrees with 13, and

(20) || Fllem@n) < (1 + Ce) - Ne(P). (See (1).)

Thus, the number N¢(P) in (22.26) and the function F in (16), (17),
together satisfy (A) and (B) in Section 21. We now show that (C) holds
as well.

Estimates (22.21) and (22.24) show at once that

21) NY(P) < (1 + Ce)- || P ||em@n) for all A,

and that

(22) NY)P) < (1 + Ce)- || P|lenn) for all yo € E.
Also, from estimate (22.4), we have

(23) & <IPllonn.

(Recall that the constant C* has been fixed as in (22.4); it does not vary
from one occurrence to the next.)

From estimates (21), (22), (23) and the definition (22.26) of N¢(P), we
see that . .

Ne(P) < (1 + Ce)- [ Pllemn,

which is the desired conclusion (C).

Thus, we have shown that our N¢(P) and F satisfy conditions (A), (B)
and (C) from Section 21.

In the next section, we give the query algorithm to compute J,(F) for a
given query point x € R™
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24. The Query Algorithm

In this section, we adopt the notation and assumptions of Sections 21, 22,
and 23. Our goal is to give the query algorithm within Algorithm 21.1.
We assume here that we have already carried out the one-time work in
Section 22. We begin with the following query algorithm.

Algorithm 24.1. (“Compute F$”): Given L € Z, v € Z™ and x € R™, we
compute J(FY), using work at most Clog(N/e).

Explanation: We first compute Qi,s> from (23.2). Recall that Qi,s> is a dyadic
cube, and QY = (Q@)* We then perform a binary search as in (22.13), to

determine whether Qi,s> appears in the list Q... QM.
If Qi,s> does appear in the list Q" ... Q. then the binary search (22.13)
returns a A such that Qi,s ) = QW. We find ourselves in Case 1 from Sec-

tion 23, and therefore, we have F$, = FV. We compute J,(F™) by apply-
ing (22.18), and we return J(F}) = J,(FM).

If Q§,S> does not appear in the list QM ... QM then we find ourselves
in Case 2 from Section 23. We defined S!, by applying Algorithm 11.1 to
the inputs €, E, Q% (as explained in Section 23, just after (23.4)). We are

guaranteed that S¢ is empty or a singleton. (See (23.9)). Consequently, we
may compute the set S%, by applying Algorithm 11.4.

o If S¢ = ¢, then we are in Subcase 2a from Section 23.
In that subcase, we defined F, = 0. We return J,(F) = 0.

o If S¢ = {yo}, then we are in Subcase 2b from Section 23.

In that subcase, we defined F$, = F¥J).  We compute J,(F¥)) by
applying (22.25), and we return J,(F) = J,(Fvo)).

Thus, in all cases, we have succeeded in computing J,(F!).
Let us estimate the work of the above computation.
The computation of Q@ takes work at most C.
The binary search using (22.13) takes work at most Clog(N/e€).
The computation of J,(FV) using (22.18) takes work at most C.
The computation of S using Algorithm 11.4 ( not Algorithm 11.1) takes
work at most ClogN.
The computation of J,(F¥)) using (22.25) requires work at most C.
Consequently, the total work to compute J,(F!) is at most Clog(N/e).
This completes our explanation of Algorithm 24.1.
We are almost ready to present the query algorithm within Algorithm 21.1.
We prepare the way by making a few remarks.
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We recall that Fis given by (23.16), (23.17), and that the cutoff functions
appearing there satisfy

suppxe C (£— 1,0+ 1), and supp®’, C QY; see (10.2) and (10.7).
Consequently, for x € R™ \ E it is natural to define
(1) Alx)={te€Z:elogd(x) e ({—1,L+1)}.
Also, for x € R™ ~\ E and for £ € A(x), we define
(2) V0 ={(vezZ:Ql 5%
We then have
(B) P = X X Jexelelogd(-))) Ox Jx(0)) Ox Jx(F3), for x €
R™ . E. |
On the other hand, for x € E, we have
(4)  Jx(F) = Px,

since F agrees with P (as shown in Section 23).
Our query algorithm for J,(F) makes straightforward use of formulas (3)
and (4).

Algorithm 24.2 (Query Algorithm within Algorithm 21.1): Given x € R™,
we compute J(F), using work at most Clog(N/e).

Explanation: First, we perform a binary search to decide whether x € E.

If x € E, then we return the polynomial PX, which is the correct answer,
thanks to (4).

If x ¢ E, then we proceed as follows.
We compute J(8(+)), using (22.9). In particular, this gives us the value

d(x), from which we can compute the set A(x) in (1). Note that #(A(x)) =1

or 2. For each { € A(x), we compute (%)k){g(t) at t = elogd(x), for
k=0,...,m, by Algorithm 10.1. From the data already computed, we can
now compute Jx(x¢(€logd(-))) for each £ € A(x).

in (2), using Algo-

Next, for each £ € A(x), we compute the set V(x,{) ),
(V(x,£)) < C, as men-

rithm 10.5 (“Find-Relevant-Cubes”). Note that #
tioned in our statement of Algorithm 10.5.

For each £ € A(x), and for each v € V(x, {), we now compute J,(6%) by
Algorithm 10.4, and J(F%) by Algorithm 24.1.

We then return the polynomial J,(F), which we compute from (3).

Thus, we have succeeded in computing J«(F).
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Let us estimate the work required for the above computation.
The binary search requires work at most Clog N.
The application of (22.9) to compute J,(8(-)) also takes work at most C log N.
The computation of A(x) from d(x) takes work at most C.

The computation of (%)k Xe(t) at t = elogd(x) for k = 0,..., m and all
£ € A(x) takes work at most C.

The computation of J(xe(€logd(-))) for all £ € A(x) then takes work at
most C.

The applications of Algorithm 10.5 take total work at most C.

For each £ € A(x) and v € V(x,{), the application of Algorithm 10.4
takes work at most C, and the application of Algorithm 24.1 takes work at
most Clog(N/¢€).

Since there are at most C such ({,v), the total work of all the applications
of Algorithms 10.4 and 24.1 is at most Clog(N/e).

The evaluation of the right-hand side of (3) then requires work at most C.

Altogether, the work of Algorithm 24.2 is at most Clog(N/e).

This agrees with what we claimed for the work at query time in Section 21.

Our explanations of Algorithms 24.2 and 21.1 are complete.

25. Remarks on the One-Time Work

In this section, we return to the setting of Section 22. For future reference, we
set down several remarks on the one-time work of that section, and we show
that the one-time work can be simplified a bit. We then prove Theorem 7
(from the Introduction), one of our main results.

Proposition 25.1. Let €, P= (P¥)yee, N = #(E) be as in Section 22. Then
the algorithm given in Section 22 performs as follows.

oxX(v=T1,..., Vimax) from the WSPD

(a) It computes the representatives X.,, X%,
for B, with k a small enough controlled constant.

The x.,, X%, depend only on E, and not on € or on the polynomials P*(x €

E). We have Vo < CN.
(b) It computes the least M > 0 such that

Q*PX(x)| < M for|al < m, x € E and

PP — P) ()] < I, — x| ™ - M for [l Sm =1, 1 <V < Vigay.
(c) It computes a list of cubes QW) and sets SV CE (A=1,...,L), with L <

% - N. This list is computed from € and &, without using the polynomials

PX(x € E). For each A, the set SN arises by applying Algorithm 11.1 to
the input data €, Q™ E.
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(d) For each AM(1 < N < L), it applies Algorithm 20.1 to the input data
e, QW ﬁ|5(x), to compute a number N(e)\)(ls’). (In particular, these input
data are as assumed in Algorithm 20.1.) We have

NMP) < (1 4 Ce)- || (Plsim) [emmn)  for each A,

(e) For each yo € E, it applies Algorithm 15.1 to the input data € ﬁI{yo},

to compute a number N (P Yo). (In particular, these input data are as
assumed in Algorithm 15.1.) We have

Ne(P,yo) < (14 Ce) - || (Plyy)) llemmny,  for each yo € E.

(f) It returns the number
ax {
xd
2C*’

where C* is the controlled constant fived in Section 22.

N(P) = NY(P) (1€ A < 1), NelP,yo) (yo € B,

(g) The work and storage to compute all the Q™ S™ for X =1,... L, are
at most exp(C/€)NlogN, and exp(C/€)N, respectively.

Proof. Everything asserted in the above Proposition was shown in Sec-
tion 22. |

Let N(P) be as above. In Section 23, we exhibited a function F €
C™(R™), and proved the following properties of N¢(P) and F.

(A) F agrees with P.
(B) | Fllem@n < (1+Ce)Ne(P).

(C) Ne(P) (] + C€ || P ||Cm (R™)-
From (A) and (B), we conclude that
(1) P llenmn < (1 + CeNe(P),

by definition of the C™-norm of a Whitney field. On the other hand,
from (22.4), we recall that

(2) 2 <3 Pllen@n.

Combining (1) and (2), we see that

(3) & < LiCe . N (P).

Since € is less than a small enough controlled constant, we have Hce <1
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Hence, comparing (3) with conclusion (f) of Proposition 25.1, we find
that

() Ne(P) = max{NM(P) (1 < A <L), Ne(P,yo) (yo € E)}.

In other words, we can delete the term % from the maximum in (f). Conse-

quently, we needn’t bother to compute M at all; we may simply omit Step 2
from the algorithm described in Section 22.

From Proposition 25.1 (d) and (e), we recall that
(1+Ce) || (Plgin) |cm@®ny  for each A, and

NM(P) <
P.yo) < (14 Ce)- || (Plegyy) lem@mny,  for each yo € E.

Ne(P,yo)
Consequently, (') implies the estimate
Ne(P) <
< (14 Ce) - max{|| (Plsa) [[em@n) (T<ASL), || (Pliys) [lem@ny (yo € ).
Together with (1), this yields
(4) P llem@m< (14 Ce) - max { || (Plsa) lemn) (T <A<,
I (Plugo)) lemen) (o € E)}

We recall that each S?) arises from the input €, E, Q™ by Algorithm 11.1.
By the defining properties of that algorithm, we have, for 1 <A < L, that

() SN c (QM)*NE, and

(6) ly—v'| > cee 5 for any two distinct points y,y’ € S,
Recall that the Q™ and S™ are defined for 1 <A < L, with

(7) L < SF N =#(E).

It is convenient to define Q™ and S™ for L4+ 1 < A < L+ N, as
follows. Let {y1,...,yn} be an enumeration of E. For i = 1,2,..., N, we
define STV = {y;}, and we take Q™Y to be a dyadic cube of side 1 (say),
containing y;.

Then (5), (6) hold also for L4+1 < A < L+ N. Our estimate (4) may be
restated as follows.

(8) || ]3 ||Cm[Rn]§ (1 —+ C€) . max{|| (]3’5(7\)) HC‘“[R“J: 1 S 7\ S L+ N}

Let us estimate the work and storage needed to compute (and store) all

the Q™ and SM, A =1,...,L+N.
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Trivially, we can compute and store all the QW and SV for L +1 <
A < L+ N with work and storage at most CN. Hence, Proposition 25.1(g)
implies the following.

(9)  The cubes Q™ and the sets S, for all A = 1,...,L + N, can be
computed and stored, with at most exp(C/e)NlogN operations, in
space at most exp(C/e)N.

Theorem 7 from the introduction now follows at once from (5)...(9).

26. Minimax Functions

Let V, W be (real) finite-dimensional vector spaces, and let A; : VAW — R
(i=1,...,1) be linear functionals.

Then we can define a function A :V — R, by setting
(1)  Av) = min, iqua_g_clI?\i(v,w)l forve V.
(It is an elementary exercise to check that the minimum over all w € W is
attained.)

We call

(2) T]:(V»VV»A]»))\I)

a “V-descriptor”, with V as in (1), (2). Also, we call A(v) the “minimax
function arising from n”, and we write this function as A(v,n). For brevity,
we may say that 1 is a “descriptor” (omitting the V), or that A is a “minimax
function” (omitting the n).

Here, we allow degenerate cases. If I = 0, then (1) simply means that
A(v) =0 for all v € V. If W is a single point {0}, then (1) reduces to

1=

Alv) = max, Ai(v)], for linear functionals Ay,...,A1: V — R.

We define the “dimension” of the descriptor 1 in (2) to be the dimension of
the vector space W. Also, we define the “length” of the descriptor (2) to be
the number of linear functionals appearing in (2), i.e., the integer I.

Given a vector v € V, we would like to compute a vector w € W that
nearly achieves the minimum in (1). Therefore, we make the following defi-
nition.

Let ve V, W% € W, let T > 1 be areal number, and let A, n be given
by (1) and (2). We say that w® is a “T'-optimal” vector for v,1, provided

max Ai(v,w%)] < T - min max [Ayv,w)|.
1T WEW i=1,..1

i=1,...,

(Compare with Algorithm 26.3 below.)



390 C. FEFFERMAN

Suppose that V and W in (1), (2) are identified with Euclidean spaces RP
and R¢, respectively. Then, for i =1,..., 1, the functional A; is specified by
(D + d) coordinates (A],...,APT4).

Thus, the descriptor n can be stored in memory, and it occupies storage
at most

(3) C - (dimV + dimn) - length(n) + C.

In this section, we perform a few elementary operations involving de-
scriptors and minimax functions. For our algorithms involving descriptors,
we suppose that V and W are identified with R and R¢ (respectively), and
that any given descriptor 1 is specified by its coordinates as above.

Proposition 26.1. Let T : V; — V5 be a linear map, and let
(4) mn = (Vo, W,A,..., A1) be a Vy-descriptor.
Define the Vi-descriptor

noT = (Vi,W,A; o (T@®1d),...,A\1o(TeId)),

where 1d denotes the identity map on W.
Then we have

(5) A(vi,noT) = A(Tvy,n) for all vy € V5.
Moreover,
(6) dim(noT) = dim(n) and length(no T) = length (n).

Finally, if w is a T-optimal vector for Tv,m, then w is also a T'-optimal
vector forv,moT.

Proof. Trivial. [}

Thus, if T : V7 — V; is linear, and if A is a minimax function on V3,
then A o T is a minimax function on Vj.

Proposition 26.2. Fora=1,...,A, let

(7)) Ma = (W, AY, ... Afy)) be a V-descriptor.
Let

(8) W =W; @ - Whp,

and, fora = 1,... A, let

9) me:VeW—=VaeW,

be the natural projection.
Let A1, ..., A be an enumeration of the family of linear functionals

(10) Mome: VEWSR(1<a<A, 1<i<](a)).
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Define a V-descriptor niv---vna, by setting

(11) mv:---via = (\/,VV,;\],...,}\I),
with W and A; as in (8) and (10).
Then, for allv € V, we have

(12) /\(V>ﬂ1V VnA) = I_l’]laXA /\(Vma)-

=1,...,

Moreover,

(13) length (myv---vna) = length (1) +---+ length (na),

and
(14) dim(nyv---vna) = dim(n;) + -+ + dim(na).

Finally, let v € V, and suppose that wq € W s T-optimal for v,ng
(a=1,...,A).
Then (Wq,...,Wwa) € Wi @ --- B Wa is [-optimal for viniv---vna.

Thus, if Aq,...,Aa are minimax functions on V, then the function
A(v) = max{A1(v),...,AA(V)} (v € V)

is again a minimax function.
If {ng, & € A} is a finite collection of V-descriptors indexed by « € A,

then we sometimes write \/ My to denote Ny, v« - - VMg, where (aq,..., xa)
xeA
is an enumeration of A.

Proof of Proposition 26.2. Fixv e V. Foreach a=1,..., A, let wq be
a minimizer for the function

w —  max Af{v,w)|(we W,).
i=1,...1(a)

Then, for any w = (Wq,...,wa) € W = W; @ --- @ Wj,, and for any a
(1 < a<A), we have

max [Af o (v, w)| = max [A{(v,wa)l = Alv,nd),
1<i<I(a) 1<i<I(a)

with equality in case wq = Wq.
Consequently, for any w = (wq,...,wa) € W, we have

max max |AY o (v, w)| > max A(v
jmax, - max A{ av,wj| > max, (Vv,Na)

with equality in case w = (W1,...,Wa). Thus,
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(15) mi\r}v max{A omg(v,w)|: 1 < a <A1 <1< I(a)}
we

= max{A(v,ng): 1 < a < A}.

In view of the definition (11) of nyv---vna, the equality (15) tells us that

/\(V»Th Ve 'VT]A) - maX{A(vaN)v ) A(V)T]A)}»
completing the proof of (12). Conclusions (13) and (14) are obvious.
Finally, suppose wq is I'-optimal for v,n, for each a=1,...,A. Then
max [A{ o 7o (v, (W1, ..., Wa))| = max max|A{(v,wg)]

<maxT - Avyng =T - Alvyniv---vna) by (12).

Thus, (w1,...,wa) is l-optimal for v,nyv---vna. [ |
To implement the above propositions, we set down the following algo-

rithms.

Algorithm 26.1. Given T : RP" — RP2 (specified as a matriz), and given
an RP2-descriptor n, we compute the RP'-descriptorno T.
We recall that dim(n o T) = dim(n) and length (n o T) = length (n).
The work required for the computation is at most

C+ C - length (1) - [dim V; - dim V, 4+ dim(n)].

The storage required for the computation (aside from that required to hold
the inputs m, T) is alt most

C+ C - (dimV; + dim(n)) - length(n).

Algorithm 26.2. Given a list ny,...,na of RP-descriptors, we compute
the RP-descriptor v ---vna. Recall that

dim(myv---vna) = dim(ny) + -+ dim(na), and
length (Nyv---vna) = length (ny) +-- -+ length (na) .

The work and storage required for the computation are at most

A A
C+C-[D+ ) dimmndl-[) length(ma)].
a=1

a=1

We omit the straightforward explanation of Algorithms 26.1 and 26.2.

Given a minimax function A(-) in the form (1), and given a vector v € V,
we would like to find a vector w that nearly achieves the minimum in (1).
Under favorable circumstances, we can find such a w, thanks to the following
application of the Ellipsoid Algorithm.
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Algorithm 26.3. Given a list Ai(-) — by (1 =1,...,1) of affine functions
on RP (with Ay € (RP)* and b; € R); given a real number T > 1 and a
vector wo € RP such that

(1) max, Ai(wo) — by < T - min max, | Ai(w) — by,

i=1,..., weRD i=1,..,,
and given € > 0; we compute a vector wy € RP, such that

(17) nax IAi(wy) —bi) < (1 + €) - min max |Ay(w)— by
=1,..., WweRD i=1,..., I

The work of the computation is at most C(D + I1)° (log1) (log IDr) and the

storage is at most C - (D + I)2.

Explanation: Let W be a vector subspace of RP, complementary to W, :=
nullspace (A1) N --- N nullspace (A7), and let 7 : RP — W be the natural
projection arising from the direct sum decomposition RP =W @ W,,.

Note that Ai(7tw) = Ay(w) for any w € RP and i = 1,...,1. Hence,
in (1), we may replace wy by wy; and then, in the statement of our problem,
we may pass from RP to the subspace W. Consequently, we may assume
without loss of generality that nullspace (A7) N ---N nullspace (A1) = {0}.

Thus, the quadratic form ZL] (Ai(w))? on RP may be assumed to be
strictly positive-definite.

Now let
(16) M = max [Ai(wo) — by,

i

-----

and let

(17) K = {(M,w) € R&RP: A{(w)—by] < Mfori =1,....,I,T7"M <
M < 100

Note that

{(M,w) e R&RP: A(w) —by] < Mfori=1,....,1, M < I"'"M}
is empty, by hypothesis (f). Note also that on
{(M,w) € RERP: A(w)—by] < Mfori=1,....,1, M > 10M}

we evidently have M > 101(7[, whereas the point (m,wo) belongs to K. The
above remarks show that

(18) min max Ai(w) —bi] = min{M : (M, w) € K}.

weRD i=1,...,



394 C. FEFFERMAN

For any (M, w) € K, we have 0 < M < 10M, and
Ailw —wo)l < Aw) =bil + Ai(wo) bl < M + M < 11M

fori = 1,...,I; and therefore

I
(19) K c {M,w) € R@® RP : M? + Y (Ai(w —w))? < (100 +
iz
1211) M2 =E.
On the other hand, suppose (M, w) € R ® RP, with

I
(M=30)% + 3 (Nlw —wo))? < M2

i=1

Then M — 3M| < M; and for i = 1,...,1, we have [Ai(w — wo)| < M,

hence
Ai(w) — byl < Ai(wo) —bil + M < 2M < M (since [M —3M| < M).

Consequently;,

(20) {(M,w) € R&RP: (M—3M)2 + i (Ai(w —wp))? < M2} C K.

i=1

Trivially, we have

(21) TR < M < 10M for (M, w) € K, and

(22) M| < (100 + 1211)"/2M for (M, w) € E (see (19)).

Thanks to (19), (20), (22), the Ellipsoid Algorithm produces a point
(23)  (Mjy,wq) €K,

such that

(24) M; < min M + el " M.

T (Mw)eK
From (17) we obtain trivially

(25) M <T min M.

(Mw)eK
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Combining (24) and (25), we find that
M; < (14 €) - min{M: (M,w) € K}.
We have also [Ai{(wq)—bi| < My fori=1,..., [ thanks to (23). Therefore,
max Ai(wq) —bi < (T+€) min{M: (M,w) € K}

i=1,...,

= (T4+€) min max [A{(w)— by,
WERD i=1,...1

thanks to (18). Thus, wy satisfies (7).

Let us review how we computed wy.

e By linear algebra, we reduced matters to the case () nullspace (A;) = {0}.
i=1

e We computed M from formula (16).

e We defined the convex set K in (17).

e Using the ellipsoid method, starting with (17), (19), (20), (22), we com-
puted the point (M7, w;) € K.

This gives wy.
We can easily estimate the work and storage used in the above computa-

tion. We may assume that D,1 > 1, since our problem is trivial otherwise.

e The linear algebra in our computation takes space at most CDI and work
at most CDI - (D + I).

e The computation of M from (16) requires work at most CDI and space
at most C (aside from the space used to hold the input data).

e [Exhibiting the constraints defining K in (17) requires work and space at
most CDI.

e Exhibiting the ellipsoids in (19), (20) requires work at most CD?I in space
at most CD?2.

e The quantities playing the roles of €, A, D, L in the Ellipsoid Algorithm
here are € = cel (100 4+ 1211)7"2 N = (100 +1211)""2 D + 1, and
2141, respectively. Consequently, our application of the ellipsoid method
uses work at most CD*I log(100 + 1211) log(g -D - (100 + 1211)) in
space at most CDI.

Altogether, the work and storage used by Algorithm 26.3 are at most
5 'DI > .
C- (D + I)?(logI) (log —) and C - (D 4+ I)%, respectively.
€

The explanation of Algorithm 26.3 is complete.
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27. Minimax Functions of Whitney Fields

In this section, we study the quantities Ne(ﬁ), Ne(ﬁ, Q), computed by Al-
gorithms 14.1...20.1, as functions of the Whitney field P. We shall see that
these functions are all well-approximated by minimax functions, and we will
provide algorithms to compute the descriptors 1 of those minimax functions.
Moreover, given a Whitney field 13, we compute a (1 + Ce)-optimal vector
for ﬁ,n, with n as above.

We begin with some notation, definitions and remarks.

Recall that, for E € R™ Wh(E) denotes the vector space of Whitney
fields on E. If E is the disjoint union of two sets E; and E;, then we identify
Wh(E) with Wh(E;) & Wh(E;) in the obvious way, and we write
(1) HE] : Wh(E) — Wh(E,)
to denote the obvious projection.

We identify Wh(E) with RP, D = dim[Wh(E)], by identifying P =
(P*)xeE with the coordinates 9*P*(x) (|| < m,x € E). In all our algorithms
involving Wh(E)-descriptors, we assume that this identification has been
made.

We recall from the preceding section that P /\(lg,n) (13 € Wh(S)) is
the minimax function arising from a given Wh(S)-descriptor 1.

As usual, given two real numbers X, Y > 0 and a real number I' > 1, we
say that X and Y “differ by at most a factor of I provided T'X < Y < TX.

The following algorithms accomplish the goals of this section.

Algorithm 27.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q, assumed to satisfy

(2) 8q < ce !, with ¢ as in Algorithm 14.1;

and given a set

3) S cQ,

assumed to satisfy

(4)  ly—v| > e 3€8q for any two distinct points y,y' € S;
we compute a Wh(S)-descriptor n, with the following properties.

(5)  For any P € Wh(S), the number N(P, Q) computed from e, Q,ﬁ by
Algorithm 14.1 differs by at most a factor (1 + Ce) from A(P,n).

(6)  The length and dimension of n are at most exp(C/e).

The work and storage used to compute 1 are at most exp(C/€).
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Explanation: We recall Proposition 14.1. Let B(xq, 1), ST, O(e,y) (y € ST)
be as in that proposition. We can compute these objects with work and
storage at most exp(C/e€), by Proposition 14.1 (f). We set

(7) n = (Wh,(S),VVh(S+\S),}\1,...,}\1),

where (Aq,...,A;) is an enumeration of the following family of linear func-

tionals on Wh(S) ® Wh(ST ~'S) = Wh(S™).

(8)  The functionals P = (PY)es+ — (1 + Ae)" - A(PY) for y € ST,
A € O(e,y);

together with

(9)  The functionals P = (P¥)yes: +— [Aetm/erTy — y/|mt-lal]-1 .
0X(PY—PY)(y) for laf < m,y,y' €ST, y#Y"

Here, A is as in Proposition 14.1; recall that A is a controlled constant.

We will check that the descriptor n satisfies (5) and (6), and that it
is computed from €,Q,S using work and storage at most exp(C/e). In
fact, both (6) and the desired estimate for work and storage are obvious
by inspection of (7), (8), (9), since #(S*) < exp(C/e) and #(0O(e,y)) <
exp(C/e) for each y € S*. (See Proposition 14.1 (b), (c).)

It remains only to check (5). Let P = (PY)yes € Wh(S) be given. We
recall that each O(e,y) (y € S*) is symmetric about the origin. (See Propo-
sition 14.1 (c).) Let &% = [M°, (PJ)yes+] be in Proposition 14.1 (d), (e); and
let P’ = (P9)yes-<s € Wh(ST N S).

Comparing (7), (8), (9) with Proposition 14.1 (d), we learn that
max [\(P,P)] < M,

i=

(10)

-----

and that

(11) M° < (1 + Ce) - max (P, P")| for any P” € Wh(ST < S).

-----

Comparing (10), (11) with the definition of /\(ﬁ,n), we see that
(12) MO differs from A(P, 1) by at most a factor of (14 Ce),
and also

(13) P'is a (1 + Ce)-optimal vector for P, 1.

Conclusion (5) is now immediate from (12), together with Proposition 14.1(e).
This completes our explanation of Algorithm 27.1.
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Algorithm 27.2. Given €,Q, S as in Algorithm 27.1; and given Pe WHh(S);
we compute a (1 + Ce)-optimal vector w° for ﬁ,n, where 1 is the Wh(S)-
descriptor computed from €,Q,S by Algorithm 27.1.

The work and storage used to compute w° are at most exp(C/e).

Explanation: We compute & = [M°, (Pg)y€5+] as in Proposition 14.1 (d),
and we set

WO = P" = (P%)yesius € Wh(ST\S).

According to (13), the vector w° is (1 + Ce)-optimal for P.m.

Thanks to Proposition 14.1 (f), the work and storage used to compute w
are at most exp(C/e).

This completes our explanation of Algorithm 27.2.

0

Algorithm 27.3. Given € > 0, assumed to be less than a small enough
controlled constant; and given a point yo € R™; we compute a Wh({yo})-
descriptor n, such that:

(a) For any P € Whi({yo)), the number Nc(P) computed from e, p by Al-
gorithm 15.1 differs by at most a factor of (1 + Ce) from A(P,n);

and
(b) The length and dimension of n are at most exp(C/e€).
The work and storage used to compute n are at most exp(C/€).

Explanation Let Q be the cube computed as in Proposition 15.1, and let n
be the descriptor computed from €, Q,{yo} by Algorithm 27.1. For any
Pe Wh({yo}), Proposition 15.1 shows that the number Ne(ﬁ) computed by
Algorithm 15.1 is equal to the number Ne(ﬁ, Q) computed from €, Q, p by
Algorithm 14.1. Hence (a) follows from (5). Evidently, (b) follows from (6).

The work and storage used to compute Q are at most C, by Proposi-
tion 15.1; and the work and storage used to compute n from €, Q,{yo} are
at most exp(C/e€), as we see from Algorithm 27.1.

This completes our explanation of Algorithm 27.3.

Algorithm 27.4. Given €,yo as in Algorithm 27.3, and given Pe Wh({yo}),
we compute a (14 Ce)-optimal vector w° for 13,11, where n is the descriptor
computed from €,yo by Algorithm 27.3.

The work and storage used to compute w° are at most exp(C/e).
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Explanation: Let Q be the cube computed from €,yg as in Proposition 15.1,
let 1 be the Wh({yo})-descriptor computed from €, Q, {yo by Algorithm 27.1,
and let w° be the vector computed from €, Q,{yo}, P by Algorithm 27.2.
Thus, w° is a (1 + Ce)-optimal vector for ﬁ,n, by the defining property
of W® in Algorithm 27.2. Recall from our explanation of Algorithm 27.3
that our present 1 is precisely the descriptor computed from €,yo by Algo-
rithm 27.3. Thus, w° has the required property. Moreover, the estimates for
work and storage given in Proposition 15.1 and Algorithm 27.2 show that
our present computation of W° from €, yo, P uses work and storage at most

exp(C/e).
This completes our explanation of Algorithm 27.4.

Algorithm 27.5. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube, assumed to satisfy

(14) 8o < e /1o,

and given a set

(15) S < Q™,

assumed to satisfy

(16) ly—1v'| > e*e?/€8q for any two distinct points y,y' € S;
we compute a Wh(S)-descriptor n, with the following properties.

(17) For any P € Wh(S), the number No(P) computed from €,Q,P by
Algorithm 16.1 differs by at most a factor of (1+ Ce) from A(P,1n).

(18) The length and dimension of n are at most exp(C/e).
The work and storage used to compute n are at most exp(C/€).

Explanation: We recall Proposition 16.1. Let yo, Qoo be as in that propo-
sition. In partlcular we can compute Yo, Qoo with work and storage at
most C. For any P € Wh(S), the number N(P) computed from €, Q, P by
Algorithm 16.1 is given by

(19) Ne(P) = max(Ne(P, Qoo); Ne(Pliyyp yo)),

where Ne(ﬁ, Qoo) is the number computed from €, Qoo, P by Algorithm 14.1,
and N (P’ ,Yo) is the number computed from e, P’ by Algorithm 15.1 (with
P = 13|{y0} here).

By applying Algorithm 27.1 to €, Qqo, S, we obtain a Wh(S)-descriptor 1y,
such that:

(20) N(P, Qqo) differs from A(P,m1) by at most a factor (1+ Ce), for any
P € Wh(S);
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and
(21) length (m1), dim(ny) < exp(C/e).

The work and storage used to compute 17 are at most exp(C/€).
Also, by applying Algorithm 27.3 to €,yo, we obtain a Wh({yo})-descrip-
tor 13, such that:

(22) N.(P',yo) differs from A(P', 1) by at most a factor (1+ Ce), for any
P’ € Wh({yo}); and
(23) length (M2), dim(n2) < exp(C/e).

The work and storage used to compute 1, are at most exp(C/€). In (22),
Nc(P’,yo) denotes the number computed from €, P’ by Algorithm 15.1.
Note that

(24)  #(S) < exp(C/e),

thanks to (15), (16).

By applying Algorithm 26.1 to the Wh({yo})-descriptor 1, and the lin-
ear map ﬂ?yo} : Wh(S) — Wh({yo}), we compute a Wh(S)-descriptor 1y,
given by
(25) me=m20 ﬂ{syo}-

The work and storage used to apply Algorithm 26.1 are at most exp(C/€),
thanks to (23), (24). Moreover, we have

(26) length (n;) = length () < exp(C/e) and dim(n,) = dim(f,) <
exp(C/e),

as we see from Algorithm 26.1 and (23).
Proposition 26.1 and (22) yield

(27) Ne(ﬁ|{yo},yo) differs from /\(ﬁ,nz) by at most a factor (1 + Ce), for
any Pc WHh(S).

From (19), (20), (27), we obtain the following result.

(28) N(P) differs from max(A(P,11), A(P,12)) by at most a factor (1 +
Ce), for any P € Wh(S).

In (28), N¢(P) denotes the number computed from €, Q, P by Algorithm 16.1.
We now compute the Wh(S)-descriptor

(29) m=m Vny
by applying Algorithm 26.2.
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We have

(30) length (n) = length (1) + length (n2) < exp(C/e)

and
(31) dim(n) = dim(n;) + dim(nz) < exp(C/e),

thanks to (21), (26) and Algorithm 26.2.

Moreover, Proposition 26.2 gives
(32)  A(P,m1Vn2) = max(A(P,m), A(P,n2), for any P € Wh(S).

The work and storage used by Algorithm 26.2 are at most exp(C/€),
thanks to (21), (26) and (24).

Comparing (28) with (32), we see that (17) holds for the descriptor 1
in (29). Moreover, (18) holds for that descriptor, as we see in (30), (31).
Thus, 1 has the desired properties. Finally, the total work and storage used
in all the above steps are at most exp(C/¢€).

This completes our explanation of Algorithm 27.5.

Algorithm 27.6. Given €,Q, S as in Algorithm 27.5, and given Pe Wh(S),
we compute a (14 Ce)-optimal vector w° for 13,11, where n is the descriptor
computed from €,Q,S by Algorithm 27.5.

The work and storage used to compute w° are at most exp(C/e).

Explanation: We repeat the explanation of Algorithm 27.5, and then continue
as follows.

Applying Algorithm 27.2 to €, Q, S,ﬁ, we compute a (1 + Ce)-optimal
vector w' for ﬁ,m.

The work and storage used to compute w' are at most exp(C/¢).

Next, applying Algorithm 27.4 to e,yo,ﬁ|{yo}, we compute a (1 + Ce)-
optimal vector w? for l3|{yo},ﬁ2.
The work and storage used to compute w? are at most exp(C/€).

By Proposition 26.1, w? is also a (1 + Ce)-optimal vector for P2,
thanks to (25). Now Proposition 26.2 shows that w® = (w' w?) is a
(1 + Ce)-optimal vector for ﬁ,m VN, In view of (29), our vector w° is
a (14 Ce)-optimal vector for ﬁ,n, where 1 is the descriptor computed from
€,Q, S by Algorithm 27.5. We have seen that the work and storage used to

compute w° are at most exp(C/e).

This concludes our explanation of Algorithm 27.6.
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Algorithm 27.7. Given € > 0, assumed to be less than a small enough
controlled constant; and given a cube Q, assumed to satisfy

(33) e V29 < 8q < c#e ! with c# as in Algorithm 17.1;

and given a set

(34) S c Q™

assumed to satisfy

(35) ly—v'| > e*e?/€8q for any two distinct points y,y' € S;
we compute a Wh(S)-descriptor v, such that:

(36) For any P € Wh(S), the number N¢(P) computed from €,Q,P

by
Algorithm 17.1 differs by at most a factor of (1 + Ce) from /\(lg,n);
and

(37) length (n), dim(n) < exp(C/e).
The work and storage used to compute ) are at most exp(C/€).
Explanation: Obvious from Proposition 17.1 and Algorithm 27.1.

Algorithm 27.8. Given €,Q, S as in Algorithm 27.7, and given a Whitney
field Pe WHh(S), we compute a (1+ Ce)-optimal vector w® for 13,11, where
is the descriptor computed from €,Q,S by Algorithm 27.7.

The work and storage used to compute W° are at most exp(C/¢).

Explanation: Obvious from Proposition 17.1 and Algorithm 27.2.

Algorithm 27.9. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q, assumed to satisfy

(38) Lcte ! < 8q < €' with c# as in Algorithm 17.1;

and given a set

(39) S Cc Q™

assumed to satisfy

(40) ly—vy'| > e*e€8q for any two distinct points y,y’ € S;
we compute a Wh(S)-descriptor n, with the following properties.

(41) For any P e WHh(S), the number Ne(ﬁ) computed from e,Q,ﬁ by
Algorithm 18.1 differs by at most a factor of (1+ Ce) from A(P,n).

(42) The length and dimension of n are at most exp(C/e).

The work and storage used to compute ) are at most exp(C/€).
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Explanation: From (39), (40), we have
(43)  #(S) < exp(C/e).

We recall Proposition 18.1. Let s,G, Q% (all v € G) and S, (all v € G) be
as in that proposition. In particular, we can compute these objects using
work and storage at most exp(C/€), using only €,Q,S (not 13)

According to Proposition 18.1, for any Pe WHh(S), the number Ne(l;)
computed from €, Q,P by Algorithm 18.1 is given by

(49) Ne(P) = max Ne(Plsy).
ve

where Ne(ﬁbv) denotes the number computed from e, Qi,s >, 15)|5V by Algo-
rithm 17.1.

For each v € G, we apply Algorithm 27.7 to e, Q@,SV, to compute a
Wh (S, )-descriptor 1, with the following properties.

(45) For any P e WHh(S,), the number Ne(ﬁ’) computed from €, Q@, P’
by Algorithm 17.1 differs by at most a factor (1+ Ce) from A(P’, 7).

(46) The length and dimension of 1}, are at most exp(C/e€).

The work and storage used to compute a single i}, are at most exp(C/€).
Since #(9) < exp(C/e) by Proposition 18.1, we conclude that the total
work and storage used to compute all the (v € G) are at most exp(C/e).

Next, for each v € G, we apply Algorithm 26.1 to the Wh(S,,)-descriptor
flv and the linear map ﬂgv : Wh(S) — WHh(S,), to compute a Wh(S)-
descriptor 1+, with the following properties.

(47)  A(P,my) = A(Pls,,7) for any P € Wh(S).
(48) The length and dimension of 1, are at most exp(C/e€).

(To derive (48), we use (46) and refer to Algorithm 26.1.)

For each v € G, the application of Algorithm 26.1 uses work and storage at
most exp(C/e), thanks to (43) and (46). Since #(G) < exp(C/e), it follows
that the total work and storage used to compute all the 1, (v € G) from the

corresponding 1, are at most exp(C/€).
From (44), (45), (47), we conclude that

(49) Ne(ﬁ) differs by at most a factor (1+ Ce) from maéc A(ﬁ,nv), for any
ve
P € Wh(S);

where again Ne(ﬁ) denotes the number computed from e, Q,]S by Algo-
rithm 18.1.
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We now apply Algorithm 26.2 to the family of Wh(S)-descriptors n.,
(v € G). Thus, we compute the Wh(S) descriptor

(50) n= \/ N,

ve§g

using work and storage at most exp(C/e), as we see from (43), (48) and the
fact that #(9) < exp(C/e€).
By Proposition 26.2, the descriptor 1 in (50) has the following properties.

(51) A(P,m) = max A(P,1,) for any P € Wh(S).

veg

(52) length(m) = }_ length (ny) < exp(C/e).
ve§

(53) dim(n) = Zg dim(n,) < exp(C/e).

(Here again, we use (48) and the fact that #(G) < exp(C/e€).)
Comparing (49) with (51), we learn that

(54) Ne(ﬁ) differs by at most a factor (1 + Ce) from /\(ﬁ,n), for any
P € Wh(S).

Again in (54), N(P) denotes the number computed from €, Q, P by Algo-
rithm 18.1.

The desired properties (41), (42) of our descriptor n are equivalent to
our results (52), (53), (54). Moreover, we have seen that the total work and
storage used to compute 1 from €, Q, S are at most exp(C/€).

This concludes our explanation of Algorithm 27.9.

Algorithm 27.10. Given €,Q, S as in Algorithm 27.9, and given a Whitney
field Pe WHh(S), we compute a (14 Ce)-optimal vector w® for ﬁ,n, where M
is the descriptor computed from €,Q,S by Algorithm 27.9.

The work and storage used to compute w° are at most exp(C/e).

Explanation: We repeat the explanation of Algorithm 27.9, and then continue
as follows.

Applying Algorithm 27.8 to €, Qi,s>, S+, l3|gv, we obtain, for each v € G,
a (14 Ce)-optimal vector w" for l3|gv, v, with 1y as in the explanation of
Algorithm 27.9.

The work and storage used to compute a single w" are at most exp(C/¢€)
(see Algorithm 27.8), and we know that #(G) < exp(C/e). Hence, the total
work and storage used to compute all the wY(v € G) are at most exp(C/e).
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For each v € G, Proposition 26.1 and the definition of 1, together show
that w" is a (1 + Ce)-optimal vector for P, n,. Consequently, Proposi-
tion 26.2 shows that the vector

W = (W) eg

is a (14 Ce)-optimal vector forn = \/ 1y. (See (50).)
veg
The work and storage used to compute W° are at most exp(C/¢).

This completes our explanation of Algorithm 27.10.

Algorithm 27.11. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q, assumed to satisfy

(55) 8q > e%/¢;

and given a set

(56) S C Q™

assumed to satisfy

(57) ly—v'| > e*e?/€8q for any two distinct points y,y' € S;
we compute a Wh(S)-descriptor v, with the following properties.

(58) For any P e WHh(S), the number Ne(ﬁ) computed from e,Q,l3 by
Algorithm 19.1 differs by at most a factor of (14 Ce) from A(P,n).

(59) The length and dimension of n are at most exp(C/€).
The work and storage used to compute n are at most exp(C/e).
Explanation: By (56) and (57), we have
(60) #(S) < exp(C/e).
Recall Proposition 19.1. Thus,

(61) For any P e Wh(S), the number N(P) computed from e, Q,ﬁ by
Algorithm 19.1 is equal to max{N¢(Plg,1) : vo € S},

where
(62) Ne(ﬁ!{yo}) is the number computed from e, l3|{y0} by Algorithm 15.1.

For each yo €S, we apply Algorithm 27.3 to €,yo, to compute a Wh({yo})-
descriptor 1y,, with the following properties.

(63) For any P c Wh({yo}), the number Ne(l;’) computed from e,ﬁ’ by
Algorithm 15.1 differs by at most a factor of (1+Ce) from A(P’,1y,).

(64) The length and dimension of 1, are at most exp(C/€).
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The work and storage used to compute a single 11,,, are at most exp(C/e).
Hence, by (60), the total work and storage used to compute all the 1y,
(yo € S) are at most exp(C/e).

Next, for each yo € S, we apply Algorithm 26.1 to the Wh({yo})-descrip-
tor My, and the linear map ﬂfyo}: Wh(S) — Wh({yo}).

Thus, for each yo € S, we obtain a Wh(S)-descriptor ny,, with the
following properties.

(65) For any P € Wh(S), we have A(Pliy,), fly,) = A(P, 1y, ).
(66) The length and dimension of 1, are at most exp(C/e).

The work and storage used to compute a single 1, are at most exp(C/e),
thanks to (60), (64), and our estimate for the work and storage used by
Algorithm 26.1. Hence, by (60), the total work and storage used to compute
all the ny, (yo € S) are at most exp(C/e).

From (61), (62), (63), (65) we obtain the following result.

(67) For any Pe WHh(S), the number Ne(];) computed from €, Q, P by Al-
gorithm 19.1 differs by at most a factor of (14-Ce) from max{A(P,1y,) :
Yo € S}.

We now apply Algorithm 26.2 to the family of Wh(S)-descriptors {ny, :
Yo € S}. Thus, we compute the descriptor

68) N =V Ny

Yo€S

and we know from Proposition 26.2 that

(69) max{/\(ﬁ,nyo) tYo €S} = /\(ﬁ,n) for any Pc WHh(S).
Moreover,

(70) 1 has length and dimension at most exp(C/¢€),

thanks to (60), (66) and our formulas for the length and dimension of
Miv---vna in Algorithm 26.2. From (60), (66) and Algorithm 26.2, we learn
also that the work and storage used to compute 1 are at most exp(C/¢€).
The desired properties (58), (59) of n are immediate from (67), (69)
and (70). We have seen that the above computation uses work and storage
at most exp(C/e).
This completes our explanation of Algorithm 27.11.
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Algorithm 27.12. Given €,Q,S as in Algorithm 27.11, and given a Whit-

ney field Pe WHh(S), we compute a (1 + Ce)- optimal vector w° for ﬁ,n,

where 1 is the Wh(S)-descriptor computed from €,Q,S by Algorithm 27.11.
The work and storage used to compute W° are at most exp(C/e).

Explanation: We repeat the explanation of Algorithm 27.11, and then add
the following.

For each yo € S, we apply Algorithm 27.4 to €,yo, ﬁI{yo}, to compute a
(1 4+ Ce)-optimal vector w¥° for l3|{y0}, My, (With 7y, as in the explanation
of Algorithm 27.11).

According to our estimate for the work and storage of Algorithm 27.4, we
can compute a single wY using work and storage at most exp(C/€). Hence,
by (60), the total work and storage used to compute all the w¥ (y, € S)
are at most exp(C/e).

Recall from our explanation of Algorithm 27.11 that ny, =1y, © ﬂfyo , for
each yo € S. Hence, Proposition 26.1 shows that w¥ is a (1 + Ce)-optimal
vector for P, My, for any yo € S.

Also, recall from our explanation of Algorithm 27.11 that n = \/ mny,,
Yo€S
where 1 is the descriptor computed from €, Q, S by that algorithm. Propo-

sition 26.2 therefore shows that

wl = (Wyo)yoes
is a (1+ Ce)-optimal vector for ﬁ,n. We have computed w® using work and
storage at most exp(C/e).

This completes our explanation of Algorithm 27.12.

Algorithm 27.13. Given € > 0, assumed to be less than a small enough
controlled constant; and given a dyadic cube Q; and given a set

(711) S c Q™,
assumed to satisfy
(72) [y —vy'| > e*e ¥¢8q for any two distinct points y,y’ € Q;
we compute a Wh(S)-descriptor v, with the following properties.
(73) For any P € Wh(S), the number Ne(P) computed from e,Qﬁ,l3 by
Algorithm 20.1 differs by at most a factor of (1+ Ce) from A(P,1n).
(74) The length and dimension of n are at most exp(C/e).
The work and storage used to compute 1 are at most exp(C/€).

Explanation: We proceed by cases, depending on the size of dq, as in our
explanation of Algorithm 20.1.
This reduces matters to Algorithms 27.5, 27.7, 27.9, and 27.11.
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Algorithm 27.14. Given €,Q, S as in Algorithm 27.13, and given a Whit-

ney field P € Wh(S), we compute a (1 + Ce)-optimal vector w° for ﬁ,n,

where 1 is the Wh(S)-descriptor computed from €,Q,S by Algorithm 27.13.
The work and storage used to compute w° are at most exp(C/e).

Explanation: We proceed by cases, depending on the size of 6q, as in our
explanations of Algorithms 20.1. and 27.13.
This reduces matters to Algorithms 27.6, 27.8, 27.10, and 27.12.

28. Minmax Functions and the Main Algorithm

—

In this section, we will see that the number N¢(P) computed by the Main
Algorithm (Algorithm 21.1) is well-approximated by a minimax function.
In addition, we compute a (1 4+ Ce)-optimal vector for ﬁ,n, where 1 is the
descriptor of that minimax function.

Algorithm 28.1. Given € > 0, assumed to be less than a small enough
controlled constant, and given a set E C R™, with #(E) = N, 2 < N < ooy
we compute a Wh(E)-descriptor n, with the following properties.

(1)  For any P e WHh(E), the number Ne(l;) computed from €, p by Algo-
rithm 21.1 differs by at most a factor of (1+ Ce) from A(P,n).

(2)  The length and dimension of n are at most exp(C/e) - N.
Moreover, the computation of n uses work and storage at most exp(C/e)N2.

Explanation: We make some preliminary remarks. Recall from Section 26
that a V-descriptor 1 with length L and dimension D is stored as a matrix,
requiring storage C+C - [dimV + D] - L. In view of (2), it will take storage
exp(C/e)N? simply to hold the matrix representing 1. Hence, it is natural
to expect that the work and storage of our algorithm will be comparable
to exp(C/e)N2. In fact, the matrix representing 1 is sparse, and almost all
the work of Algorithm 28.1 consists of repeatedly writing the number zero.
Unfortunately, it is not clear how to take advantage of this fact, once we
apply Algorithm 28.1 below.

Let us begin our explanation of Algorithm 28.1. We recall Proposi-
tion 25.1, with conclusion (f) there replaced by the sharper conclusion (f'),
as explained in Section 25.

We compute the list of cubes and sets QW, SN A =1,...,L, as in that
proposition. Thus, the following hold.

(3) L < SN

(4) The total work and storage to compute all the QW and S™ (A =
1,...,L) are at most exp(C/e) NlogN and exp(C/€)N, respectively.
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(5) Foreach A =1,...,L, theset S™ C E arises by applying Algorithm 11.1
to the input data e, QW, E.

(6) For any Pe WHh(E), the number Ne(];) computed from e,l3 by Algo-
rithm 21.1 is given by

(7) Ne(P) = max{Ne(Plsin) (1 <A <L), Ne(Plyyy) (Yo € E)}, where

(8) Ne(ﬁ|5m ) is the number computed from e, Q™ l3|5m by Algorithm 20.1,
and

9) Ne(ﬁI{yo}) is the number computed from e, ﬁ’{yo} by Algorithm 15.1.

By (5) and the defining properties of Algorithm 11.1, we know that, for each
A=1,... L
10) S™ C En (QWM)*, and
(10) :
(11) ly—y'| > cee <8y for any distinct points y,y’ € SW.

Hence, S™ and Q™ satisfy conditions (71) and (72) in Section 27. Con-
sequently, we may apply Algorithm 27.13 to €, QW, SN to compute a
Wh(S™)-descriptor N, with the following properties.

(12) For any P’ € Wh(S™), the number N(P') computed from €, QW
P’ by Algorithm 20.1 differs by at most a factor of (1 + Ce) from
AP, M)

(13) The length and dimension of 1V are at most exp(C/€).

We compute descriptors 1 satisfying (12) and (13), for each A =1,...,L.

The work and storage used to compute a single 1) are at most exp(C/¢),
as we see from Algorithm 27.13. Hence, the total work and storage used to
compute all the 7™ (A = 1,...,L) (given the S™ and Q™) are at most
exp(C/e)N; see (3).

Next, for each A = 1,...,L, we apply Algorithm 26.1 to Wh(SW)-
descriptor 1M and the linear map 7g,, : Wh(E) — Wh(S™). Thus, for
each A, we obtain a Wh(E)-descriptor 1", with the following properties.

(14) For any P € Wh(E), A(Plsn,7a™) = A(P,n™).
(15) The length and dimension of n™ are at most exp(C/¢).

Moreover, the work and storage used to compute a single 1 from the
corresponding 1 are at most exp(C/€) - N. Hence, by (3), the total work

and storage used to compute nm,...,n(” from ﬁm,...,ﬁm are at most
exp(C/e) - N2,
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Comparing (7), (8) with (12), (14), we learn that

(16) For any P € Wh(E), the number N¢(Plsn) in (7) differs by at most
a factor of (14 Ce) from A(P,n™).

Property (16) holds for each A = 1,... L.

Next, for each yo € E, we apply Algorithm 27.3 (to € and yy), to compute
a Wh({yo})-descriptor fj¥°), with the following properties.

(17) For any P’ € Wh({yo}), the number N¢(P') computed from €, P’ by
Algorithm 15.1 differs by at most a factor (14 Ce) from A(P’,{¥0)).

(18) The length and dimension of 71V are at most exp(C/e).

For each yo € E, the work and storage used to compute 7j(V°) are at most
exp(C/e). Hence, the total work and storage used to compute all the 7V
(yo € E) are at most exp(C/e)N.

For each yo € E, we now apply Algorithm 26.1 to the Wh({yo})-descrip-
tor Vo) and the linear map 71{%0} : Wh(E) — Wh({yo}).

Thus, for each yo € E, we compute a Wh(E)-descriptor n'¥0), with the
following properties.

(19)  For any P € Wh(E), A(Ply,), 1) = A(P,n).
(20) The length and dimension of V) are at most exp(C/¢).

Moreover, for each fixed yo € E, the work and storage used to compute nve)
from 1}(Y°) are at most exp(C/e)N. Consequently, the total work and storage
used to compute all the n¥) (yo € E) from the iV (y, € E) are at most
exp(C/e) - N2.

Comparing (7), (9) with (17), (19), we see that the following holds, for
each yo € E.

(21) For any P € Wh(E), the number Ne(ﬁhyo}) in (7) differs by at most
a factor of (14 Ce) from A(P,nvo)).

From (6), (7), (16) and (21), we learn that

(22) For any P € Wh(E), the number N(P) computed from e, P by Algo-
rithm 21.1 differs by at most a factor of (14 Ce) from max{A(P,n™)
(7\ - 1) R L)u /\(P»T](y‘))) (UO € E)}

We now apply Algorithm 26.2 to compute the Wh(E)-descriptor

(23) T] — (n“)v... Vn('—))v \/ n(}'o)_

yo€E
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According to Proposition 26.2, we have

(24) A(P,m) = max{A(P,n™) (A = 1,...,L), A(P,n™)) (yo € E)} for
any P € Wh(E).

Moreover, that same proposition gives

L
length() = >_ length(n™) + > length (n¥°)) and
A=

Yo€E

dim(n) = é dimm®W) + 5 dim(ne)).

yo€k

Thanks to (15),7(20) and (3), it follows that
(25) The length and dimension of 1 are at most exp(C/e)N.

Also, the estimate for work and storage given in Algorithm 26.2 shows that
it takes work and storage at most exp(C/e)N? to compute 1 from (23).
The desired properties (1) and (2) of the descriptor n are now immediate
from (22), (24), (25). We have computed 1 using total work and storage at
most exp(C/e)N2.
This completes our explanation of Algorithm 28.1.

Algorithm 28.2. Given €,E, N as in Algorithm 28.1, and given a Whitney
field Pe WHh(E), we compute a (1 + Ce)-optimal vector w® for 13,11, wheren
is the Wh(E)-descriptor computed from €, E by Algorithm 28.1.

The work and storage used to compute W° are at most exp(C/e)N2.

Explanation: We repeat our explanation of Algorithm 28.1, and then continue
as follows.

For each A = 1,...,L, we apply Algorithm 27.14 to e, Q®W, SW, ﬁ|5(x).
This produces a (14 Ce)-optimal vector w for ﬁ|s(A), AN, with 1™ as in
the explanation of Algorithm 28.1.

The work and storage used to compute a single w* are at most exp(C/€),
as we see from Algorithm 27.14. Hence, by (3), the total work and storage
used to compute all the w™ (A =1,...,L) are at most exp(C/e)N.

For each A = 1,...,L, we recall that n®» =7 o HEW. Consequently,
Proposition 26.1 shows that

(26) Foreach A=1,...,L, w is a (1 4 Ce)-optimal vector for P, q™.

Next, for each yo € E, we apply Algorithm 27.4 to e,yo,ﬁI{yo}. This
produces a (1 + Ce)-optimal vector w¥e) for ﬁ|{y0}, Ao) with 1Y) as in
the explanation of Algorithm 28.1.

The work and storage used to compute a single w¥) are at most exp(C/e),
as we see from Algorithm 27.4. Hence, the total work and storage used to
compute all the w¥o) (yo € E) are at most exp(C/e) - N.
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For each yo € E, we recall that Vo) = () o n}iyo}. Consequently,
Proposition 26.1 shows that

(27) For each yo € E, w¥) is a (1 4 Ce)-optimal vector for ]3, n o).
Now (23), (26), (27) and Proposition 26.2 together show that

w- = (W(U yee ey W(L) y (W(yO))yer)

is a (1 4+ Ce)-optimal vector for ﬁ,n, with 1 as in Algorithm 28.1.

We have seen that the work and storage used to compute w® are most
exp(C/€)N, plus the work and storage needed to repeat Algorithm 28.1.
Thus, our algorithm uses total work and storage at most exp(C/e)N2.

This completes our explanation of Algorithm 28.2.

Remark 28.1. To carry out Algorithm 28.2, we needn’t repeat all the steps
in Algorithm 28.1. This allows us easily to reduce the work and storage of
Algorithm 28.2 to exp(C/€)NlogN and exp(C/€)N, respectively. Unfortu-
nately, these improvements will not help us when we apply Algorithm 28.2
in the next section.

29. From Whitney Fields to Functions

In this section, we pass from Whitney fields to functions, and give the proof
of Theorem 2. We begin by introducing some definitions and notation.

Given a finite set E C R™, we write Fns(E) to denote the vector space
of all functions f: E — R. We identify f € Fns(E) with the Whitney field
[f] = (P¥)xee, where for each x € E, P* denotes the constant polynomial
PX(y) = f(x) (all y € R™). Thus, Fns(E) is identified with a subspace of
WHh(E). Also, we write Why(E) to denote the space of all Whitney fields
P = (P*)xce € Wh(E) such that P*(x) =0 for all x € E.

Thus,

(1)  Wh(E) = Fns(E) @ Who(E).

In this section we write P to denote an element of Why(E), f to denote an
element of Fns(E), and (f,P) to denote an element of Wh(E), as in (1).
Let us record some of our earlier definitions and results using the above
notation.
Let (f, 13) € Wh(E), with P= (P¥)yee € Why(E). Then the C™-norm of
(f,P) is given by

2) || (f,P) lem@n)= inf{|| F [|om@ny:
Fe C™(R"Y), F = f on E, 9%F(x) = 0%P*(x) for 0 < |a] < m, x € EJ.
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For f € Fns(E), the C™-norm is given by

(3) || f ||C"1[]R“) = 1nf{|| F ||Cm(Rn)Z F € Cm(Rn)’ F=fon E}
Comparing (2) and (3), we see that

(4) || fllem@gny= inf{|| (f, P) l|om ®n): P € Why(E)},

for any f € Fns(E).
In terms of our new notation, Algorithm 21.1 takes the following form.

Algorithm 29.1. Given € > 0, assumed to be less than a small enough
controlled constant; and given a Whitney field (f,ﬁ) € Wh(E), with P =
(P¥)yee € Whyo(E), and with #(E) =N, 2 < N < oco; we compute a number
Ne(f, 13) >0, and a function F € C™(R™), with the following properties.

(5) F = fonkE.

(6)  O%F(x) = 0%P*(x) for 0 < || < m, x € E.
() || Fllen@n) < (1 4 Ce) - Ne(f, P).

(8) Ne(f,P) < (1 + Ce) || (f,P) [[cn @)

Moreover,

(9)  The one-time work of the algorithm is at most exp(C/€) NlogN, the
query work is at most Clog(N/e€), and the storage used is at most
exp(C/€e)N.

Note that (5)...(8) and (2) imply

(10)  (1=Cé) || (f,P) em@n) < Ne(f,P) < (14 Ce) || (,P) [[cmmn),

and

(1) [ Fllemmn) < (14 Ce)- || (f,P) [[eman).

Next, we prepare to express Algorithms 28.1 and 28.2 in our new nota-
tion. A Wh(E)-descriptor 1 takes the form

(12) n = (FTLS(E) D WhO(E)a Wa 7\1)"'))\1)’

where W is a finite-dimensional vector space, and Aq,..., A1 : Fns(E) &
Who(E) @ W — R are linear functionals. We write (f, ﬁ,w) to denote an
element of Fns(E) & Who(E) ® W, and we write A{(f, lg,w) to denote the
value of the linear functional A; applied to the vector (f,P,w).
Let n be a Wh(E)-descriptor in the form (12).

Then, for (f,P) € Fns(E) & Who(E), we have
(13)  A((f,P),n) = min max A(f, P, w).

.....
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Some of our computations will involve Fns(E)-descriptors 1. We identify
Fns(E) with RN (N = #(E)), by taking the co-ordinates of f € Fns(E) to
be the function values f(x) (all x € E). Thus, a Fns(E)-descriptor i can be
stored in the computer as a matrix, as described in Section 26.

The reformulations of Algorithms 28.1 and 28.2 in our new notation are
as follows.

Algorithm 29.2. Given € > 0, assumed to be less than a small enough
controlled constant; and given a set E C R™, with #(E) = N, 2 < N < oo,
we compute a Wh(E)-descriptorm in the form (12), with the following prop-
erties.

—

(14) Let (f,P) € Wh(E). Then the number Ne(f, P) computed from €, (f,P)
by Algorithm 29.1 differs by at most a factor of (1+Ce) from A((f, P),n);
see (13).

(15) In (12), we have I < exp(C/€)N and dimW < exp(C/e)N.
Moreover,
(16) The work and storage used to compute  are at most exp(C/e) - N2,

Algorithm 29.3. Given €,E,N as in Algorithm 29.2, and given a Whit-
ney field (f,P) € Wh(E), we compute a (1 + Ce)-optimal vector w® € W
for (f,l;) and n, where 1 is the Wh(E)-descriptor computed from €,E by
Algorithm 29.2.

The work and storage used to compute w° are at most exp(C/e) - N2.

As a simple consequence of Theorem 4 from the introduction (see Feffer-
man-Klartag [22, 23]), we have the following algorithm.

Algorithm 29.4. Given f € Fns(E), with E C R™, #(E) =N, 2 < N < oo,
we compute P* € Why(E) such that

(A7) | (£, P#) lonen) < C L f flemeny.
The computation of P# uses work at most CNlog N, and storage at most CN.

Explanation: By Theorem 4, we can compute a function F € C™(R™), such
that F=fon E, and || F [|[cm@en) < C || f ||cm@gn). The computation of F
involves one-time work at most CN log N, storage at most CN, and query
work at most ClogN.

We take

—

P# = (Pf)er, where Pf =J.(F)—f(x) forx € E.
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Thus, P# ¢ Why(E), and the Whitney field (f, P#) agrees with F, in the
sense that F(x) x) for x € E, and

= f(
d%F(x) = 0%P¥(x) for 0 <|a| < m,x €E.

Hence, (2) yields || (f,P#) ||cn@n)<|| F [[emgn) < C || f [[emzn). This
proves (17). The work and storage of our algorithm are as asserted.
This completes our explanation of Algorithm 29.4.

Algorithm 29.5. Given € > 0, assumed to be less than a small enough
controlled constant; and given f € Fns(E), with E C R™, #(E) = N, 2 <
N < oco; we compute a number Ne(f) > 0 and a function F € C™R™), with
the following properties.

(18) F = f onE.
(19) [ Fllem@my < (1 4+ Ce) - Ne(f).

(20) Ne(f) < (1 + Ce)- | f f[emqan.

The algorithm uses one-time work at most exp(C/e)N>(log N)?, query
work at most Clog(N/e), and storage at most exp(C/e)N2.

Explanation: The algorithm proceeds in several steps.
Step 1: Applying Algorithm 29.2 to €, E, we compute a Wh(E)-descriptor
(21) n = (FTLS(E) S Wh'O(E)v\/V) }\1)"'>}\I)7
satisfying (14) and (15).
The work and storage of Step 1 are at most exp(C/€)N?, by (16).
In (21), each A is a linear functional on [Fns(E) & Who(E)] & W. We

may instead regard A; as a linear functional on Fns(E) & [Why(E) & WI.
This allows us to carry out the next step below.

Step 2: We compute the Fns(E)-descriptor 1], defined by
(22) 1 = (Fns(E), Who(E) @ W, Aq,..., Ap).
Thanks to (15), we see easily that

(23) The length and dimension of 17 are at most exp(C/e)N.

Moreover, the task of computing 1 from 1 is trivial; it requires work and
storage at most exp(C/e)N?2.

Let us discuss the relationship of 1 and 1 to C™-norms.
For any P € Why(E), (10) and (14) together show that

-----

< (14Ce) [ (£,P) lomen) -
(Here we have also used (13).)
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Taking the infimum over P in (24), and recalling (4), we see that

(25) (1 —=Ce) || f[lemmm) < inf max Ai(f, P, w)|
(Pw) € Whe (E)gW =1,

< (1+Ce) | fllemmn) -
That is,
(26) (1—=Ce) [ fllemmn)< Alf,1) < (14 Ce) || f [ommn),

thanks to (22) and the definition of A(f, 7).
In view of (26), we would like to compute A(f,1) up to a factor (14 Ce),
using Algorithm 26.3.

One of the inputs to that algorithm is a vector, assumed to satisfy con-
dition (}) in Section 26. To produce such a vector, we proceed as follows.

Step 3: Applying Algorithm 29.4 to f, we compute P# € Who(E) such that
@7) || (F,P#) [lem@n) < C || f [[emn)-

The work and storage used for Step 3 are at most CNlogN and CN,
respectively.
Step 4: Applying Algorithm 29.3 to €, E, N and (f, P#), we compute a (1 +
- Ce)-optimal vector w#* € W for (f, ﬁ#),n. Thus,

(28)  max Ai(f, P#, w#)| < (1+ Ce) - min max |A\(f, P#, w)|.

1,..., weW i=1,..1

The work and storage used for Step 4 are at most exp(C/e)N2.
Observe that

(29) max, |7\i(f,l3#,w#)| < (T4 Ce) - min max A, P#,w)| (by (28))
1= we 1

----- W oi=l1,..,
< (1+Ce) || (f,P#) [|onan (by (24))
< C I flemen (by (27)).
On the other hand, for any P € Why(E), we have
I [lom ) < I (F,P) lommn (by (4))
< (1+Ce) - min max [\(f, P,w)| (by (24)).
we i=1,...,
Consequently,
(30) | fllem@n) < (1+Ce) - min max_ [Ai(f, P, w)|.

(Pw)EWhy (E)aw i=1,...1

(The minimum is achieved, thanks to an elementary remark from Sec-
tion 26.)
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Combining (29) and (30), we learn that

(31)  max_|A(f,P# w#)| < C min max_ [Ai(f, P, w)l.
i=1,....I (Pw)eWh, (E)aw i=1,-..1
Let us compare (22) and (31) with condition (f) in the statement of
Algorithm 26.3. We find that the vector (P#, w#) satisfies (1) for the list of
affine functions Who(E) @ W 3 (P, w) — Ai(f,ﬁ,w) (i=1,...,I), with T
in () equal to C in (31).
Thus, we are in position to apply Algorithm 26.3.

Step 5: We apply Algorithm 26.3 to the list of affine functions (P, w)
Ai(f, lg,w) (i=1,...,1), with (ﬁ#,w#) here playing the role of the
vector w° in Algorithm 26.3. We recall that we can take I' = C in
Algorithm 26.3.

Thus, we compute a vector

(32) (PO, w°) € Why(E) & W,

such that
(33) max |7\i(f,l30,w°)| < (14 Ce) - min max |7\i(f,l3,w)|.
=1l (Pw)eWny (E)ew =11

Thanks to (23), we have [, D < exp(C/e)N in Algorithm 26.3. There-
fore, the work consumed by Step 4 is at most exp(C/e)N>(log N)?2, while
the storage used is at most exp(C/e)N2. (These quantities dominate the
work and storage used in Algorithm 29.5. Thus, virtually all the work goes
into solving one big linear programming problem.)

We now observe that

£ flemny < | (£, PO) [l oman) (by (4))
< . mi (f PO
< (1+ Ce) - min max |A(f, P, w)| (by (24))

< (14 Ce) - max [\(f, PO, w0)|

-----

< (1T + Ce) - min max_ A(f, P,w)| (by (33))
(Pw) e Why (E)ow 1=1,...1
< (] + C//€) . || f ||CT“(R“] (by (25))

In particular,
(34) || fllem@n) < || (f,P%) [[em@n) < (1 + C”€)- ||  |lcm@n).

This reduces matters to Algorithm 29.1. We proceed as follows.
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Step 6: We apply Algorithm 29.1 to € and (f, P°).

Thus, we compute a number N(f, ]5'0) > 0, and a function F € C™(R"),
with the following properties.

(35) = fon E.

(36) 0%F(x) = 0*P%*(x) for 0 < || < m, x € E; where PO = (P%¥), .
(37) || Fllemmn) < (1 + Ce)Ne(f, PO).

(38) Ne(f,P%) < (1 + Ce) || (£,P°) [cmmn).

The one-time work of Step 6 is at most exp(C/€)N log N, while the query
work is at most Clog(N/e€), and the storage used is at most exp(C/€) - N.
Finally, we mop up as follows.

Step 7: We set N(f) = Ne(f,ﬁo), and take F as in Step 6. Let us check
that N¢(f) and F have the desired properties (18), (19), (20). In
fact, we have already proven (18); see (35). Also, (19) is immediate
from (37), since we have just set N¢(f) = N(f, P%). To check (20),
we note that

Ne(f) = Ne(f,P) < (1 + Ce) || (f,P%) [|em@n)

(] + Cme) || f ||Cm(Rn),
by (38) and (34). Thus, (18), (19), (20) hold.

<
<

We have seen that the one-time work of Steps 1...7 above is at most
exp(C/€e)N>(log N)?2, while the query work (which occurs only in Step 6) is
at most Clog(N/e), and the storage used is at most exp(C/e)NZ.

This completes our explanation of Algorithm 29.5.

Note that (18), (19), (20) and the definition of || f ||cmgn) show that
(39) (1—=Ce) [[fllem@n) < Ne(f) < (T 4 Ce) || fllemmn),
and
(40) || Fllemmy < (1 + Ce)- || fllemmn), F = fonE.

Thus, (39) and (40) hold for the number N(f) and the function F € C™(R™)
computed by Algorithm 29.5.

Theorem 2 from the introduction is now obvious; in the case #(E) > 2,
we just apply Algorithm 29.5 to €', f, with € = ¢ - min(e, 1) for a small
enough c.

The case #(E) = 1 follows; details are left to the reader.
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