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h', bmo, blo and Littlewood-Paley

g-functions with non-doubling measures

Guoen Hu, Dachun Yang and Dongyong Yang

Abstract

Let 4 be a nonnegative Radon measure on R? which satisfies the
growth condition that there exist constants Cy > 0 and n € (0, d] such
that for all z € R? and r > 0, u(B(z, r)) < Cor", where B(z,r) is
the open ball centered at x and having radius . In this paper, we in-
troduce a local atomic Hardy space hi;go (1), alocal BMO-type space
rbmo (1) and a local BLO-type space rblo (p) in the spirit of Goldberg
and establish some useful characterizations for these spaces. Espe-
cially, we prove that the space rbmo (1) satisfies a John-Nirenberg
inequality and its predual is h;’:go (u). We also establish some use-
ful properties of RBLO (1) and improve the known characterization
theorems of RBLO (u) in terms of the natural maximal function by
removing the assumption on the regularity condition. Moreover, the
relations of these local spaces with known corresponding function
spaces are also presented. As applications, we prove that the in-
homogeneous Littlewood-Paley g-function g(f) of Tolsa is bounded
from hi’tgo(u) to L'(u), and that [g(f)]? is bounded from rbmo (1) to
rblo (u).

1. Introduction

Recall that a non-doubling measure ;1 on R means that p is a nonnegative
Radon measure which only satisfies the following growth condition, namely,
there exist constants Cy > 0 and n € (0, d] such that for all z € R and r > 0,

(1.1) w(B(x,r)) < Cor",
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where B(x,r) is the open ball centered at x and having radius r. Such a
measure f is not necessary to be doubling, which is a key assumption in
the classical theory of harmonic analysis. In recent years, it was shown
that many results on the Calderén-Zygmund theory remain valid for non-
doubling measures; see, for example, [11, 12, 13, 14, 16, 17, 18, 10, 7, 26].
One of the main motivations for extending the classical theory to the non-
doubling context was the solution of several questions related to analytic
capacity, like Vitushkin’s conjecture or Painlevé’s problem; see [19, 20, 22]
or survey papers [21, 23, 24, 25] for more details.

In particular, Tolsa [17] developed a Littlewood-Paley theory with non-
doubling measures for functions in LP(u) when p € (1,00) and used this
Littlewood-Paley decomposition to establish some T'(1) theorems. One of
the main purposes of this paper is to investigate behaviors of the inhomo-
geneous Littlewood-Paley g-functions of Tolsa in [17] at the extremal cases,
namely, in the cases when p = 1 or p = oo. To this end, in this paper, we
first introduce a local atomic Hardy space h;’:go (1), a local BMO-type space
rbmo (p) and a local BLO-type space rblo (u) in the spirit of Goldberg [4]
and establish some useful characterizations for these spaces. Especially, we
prove that the space rbmo (1) satisfies a John-Nirenberg inequality and its
predual is hL>°(1). We also improve Theorem 2 and Theorem 3 of [7] on
the characterization of RBLO (u) in terms of the natural maximal function
by removing the assumption on the regularity condition there. Moreover,
relations of these local spaces with the Hardy space H'(u) and the BMO-
type space RBMO (u) of Tolsa in [16] and the BLO-type space RBLO (u)
of Jiang in [7] are also presented. As applications, we prove that the in-
homogeneous Littlewood-Paley g-function g(f) of Tolsa is bounded from
hh®(u) to LY (p), and that [g(f)]? is bounded from rbmo (1) to rblo (u).
We mention that when R? is not an initial cube (see [17, Definition 3.4] or
Definition 2.2 below) which implies u(R?) = oo, we proved in [27] that the
homogeneous Littlewood-Paley g-function ¢(f) of Tolsa is bounded from the
Hardy space H'(u) to L'(u), and that if f € RBMO (p), then [¢(f)]? is ei-
ther infinite everywhere or finite almost everywhere, and in the latter case,
[g(f)]? is bounded from RBMO (1) to RBLO (). This result generalizes
the corresponding result of Leckband [9] in replacing L*>°(R%) by BMO (R9),
even when p is the d-dimensional Lebesgue measure and ¢(f) is the classical
Littlewood-Paley g-function. Also, to the best of our knowledge, even when
 is the d-dimensional Lebesgue measure, both the space rblo () and the
boundedness of the inhomogeneous Littlewood-Paley g-function g(f) from
hi®(u) to L' () and from rbmo () to rblo (i) are new. An interesting
open problem is if ¢(f) and g(f) can characterize the Hardy space H'(u)
and h.1>°(), respectively.
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We remark that some other variants of local atomic Hardy space and
local BMO-type space in the sense of Goldberg were also introduced in [26].
However, it seems that they are not natural for the boundedness of the
inhomogeneous Littlewood-Paley g-function. A new idea used in this paper
is to classify cubes of R by using the coefficients §(-,-) of Tolsa [17] (see [17,
Definition 3.2] or Definition 2.1 below); while in [26], cubes are classified by
their side lengths as in the case of Euclidean spaces in [4]. To be precise,
in this paper, using the coefficients J(-, -), we introduce a class D of cubes,
which have “large” side lengths in the sense that if p is the d-dimensional
Lebesgue measure, then ) € D if and only if the side length of ) is no less
than C, where C is a positive constant independent of ). We then use D
to define our local Hardy space, local BMO-type space and local BLO-type
space.

It is well-known that the coefficients d(-,-) of Tolsa describe well the
geometric properties of cubes of R see Lemma 3.1 in [17] (or Lemma 2.1
below). These properties play key roles in the whole theory of analysis asso-
ciated with non-doubling measures. Using these coefficients, Tolsa in [17, 18]
further found suitable variants of dyadic cubes, which are now called cubes
of generations. These cubes of generations are the basis of the construction
on approximations of the identity of Tolsa in [17]. Another novelty of this
paper is that we introduce a quantity, which further clarifies the geometric
relations between general cubes and “dyadic” cubes of Tolsa in [17, 18]; see
Lemma 2.2 below. These properties together with the known properties of
“dyadic” cubes (see, for example, Lemma 3.4 and Lemma 4.2 in [17]) are
key tools used in this paper.

The organization of this paper is as follows. In Section 2, we recall some
necessary definitions and notation, including the definitions of the spaces
HLP (1), RBMO (), RBLO (u), approximations of the identity and the in-
homogeneous Littlewood-Paley g-function. We also remark that the space
RBLO (i) used in this paper is a slight variant of the corresponding one
in [7]. Section 3 is divided into two parts. In Section 3.1, we introduce
the spaces rbmo (u) and h5P(u) with p € (1,00], and obtain some basic
properties of these spaces, including the John-Nirenberg inequality, the du-
ality between rbmo (1) and hliP (), and the relations between HLP (1) and

hiP (1) and between RBMO (1) and rbmo (). In Section 3.2, we first es-
tablish some useful properties for RBLO (1) and improve Theorem 2 and
Theorem 3 of [7] on the characterization of RBLO (x) in terms of the natural
maximal function by removing the assumption on the regularity condition
there, and we then introduce the space rblo (1) and establish the relation
between RBLO (1) and rblo (). Moreover, similar to the result in [7], we

also obtain a characterization of rblo (1) by a local maximal operator. In
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Section 4, applying the results in Section 3, we establish the boundedness
of the Littlewood-Paley g-function g(f) from A’ (u) to L'(x), and prove
that if f € rbmo (i), then [g(f)]? belongs to rblo (i) with norm no more
than C|| f ||rbmo , where C' is a positive constant independent of f. As a
corollary, we also obtain the boundedness of the Littlewood-Paley g-function
g(f) from rbmo (u) to rblo (u).

We finally make some convention. Throughout the paper, we always
denote by C' a positive constant which is independent of main parameters,
but it may vary from line to line. Constant with subscript such as Cy, does
not change in different occurrences. The notation Y < Z means that there
exists a positive constant C' such that Y < C'Z, while Y 2 Z means that
there exists a positive constant C such that Y > CZ. The symbol A ~ B
means that A < B < A. For p € (1,0), denote by p’ the conjugate index
of p, namely, ]lp + ]é = 1. Moreover, for any D C R?, we denote by x,, the
characteristic function of D. We also set N := {1, 2, ... } and Z, := NU{0}.

2. Preliminaries

Throughout this paper, by a cube @ C R? we mean a closed cube whose
sides are parallel to the axes and centered at some point of supp (u), and we
denote its side length by 1(Q) and its center by zg. If u(R?) < oo, we also
regard R? as a cube. Let a, (3 be two positive constants, a € (1,00) and
B € (a™,00). We say that a cube @ is an («, 3)-doubling cube if it satisfies
w(a®) < Bu(Q), where and in what follows, given A > 0 and any cube @),
AQ denotes the cube concentric with QQ and having side length N[(Q). It was
pointed out by Tolsa (see [16, pp. 95-96] or [17, Remark 3.1]) that if 3 > a”,
then for any = € supp (¢) and any R > 0, there exists some (o, B)- doubhng
cube Q centered at x with [(Q) > R, and that if 3 > a¢, then for p-almost
everywhere r € R?, there exists a sequence of (o, 3)-doubling cubes {Qx }ren
centered at x with [(Qx) — 0 as k — oo. Let p € (1,00). Throughout this
paper, we always take (3, : = p?*1l. For any cube Q, let ép be the smallest
(p, B,)-doubling cube which has the form p*Q with & € NU {0}. If p = 2,
we denote the cube Qp simply by Q Moreover, by a doubling cube @, we
always mean a (2,241)-doubling cube.

Given two cubes ), R C R% let Qg be the smallest cube concentric
with @ containing  and R. The following coefficients were first introduced
by Tolsa in [16]; see also [17, 18].

Definition 2.1. Given two cubes Q, R C R%, we define

1 1
@) =mu [ oo [ o)



h', BMO, BLO AND LITTLEWOOD-PALEY g-FUNCTIONS 599

We may treat points € R? as if they were cubes (with side length
I(z) = 0). So, for any z, y € R? and cube Q C R¢, the symbols 6(z, Q) and
d(z,y) make sense.

The following useful properties of 4(-,-), which were proved by Tolsa
in [18, pp.320-321] (see also [17, Lemma 3.1]), play important roles in the
whole paper.

Lemma 2.1. There exists a positive constant C', which only depends on Cy,
n, d and p, such that the following properties hold:

(a) IflI(Q) ~ I(R) and dist (Q, R) < Cl(Q), then 6(Q, R) < C. Moreover,
6(Q,nQ) < Co2™n™ for any n € (1,00).

(b) Let p € (1,00) and Q) C R be concentric cubes such that there exist
no (p, 8,)-doubling cubes of the form p*Q, k > 0, with Q C p*Q C R.
Then §(Q, R) < C.

(¢) If Q C R, then 5(Q, R) < C[1 + log 1 33].

(d) There ezists an €y > 0 such that if P C Q C R, then

d(P,R)=6(P,Q)+0(Q, R) £ .

In particular, 6(P,Q) < 6(P,R) + ¢ and §(Q,R) < §(P,R) + €.

Moreover, if P and Q) are concentric, then ¢y = 0.
(e) For any P, Q, RCR? §(P,R) <C+46(P,Q)+Q,R).
We now recall the notion of cubes of generations in [17, 18].

Definition 2.2. We say that x € R is a stopping point (or stopping cube)
if 6(z, Q) < oo for some cube @ > x with 0 < I(Q) < co. We say that R? is
an initial cube if 5(Q,R?) < oo for some cube Q with 0 < I(Q) < oo. The
cubes Q such that 0 < 1(Q) < oo are called transit cubes.

Remark 2.1. In [17, p.67], it was pointed out that if §(z,Q) < oo for
some transit cube @ containing x, then §(z,Q’) < oo for any other transit
cube Q' containing x. Also, if 6(Q,R?) < co for some transit cube Q, then
5(Q',RY) < oo for any transit cube Q'.

Let A be some big positive constant. In particular, as in [17, 18], we
assume that A is much bigger than the constants €y, €; and vy, which appear,
respectively, in Lemma 3.1, Lemma 3.2 and Lemma 3.3 of [17]. Moreover,
the constants A, €y, €; and 7 depend only on Cy, n, d and p. In what
follows, for € > 0 and a,b € R, the notation a = b £+ € does not mean any
precise equality but the estimate |a — b < e.
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Definition 2.3. Assume that R? is not an initial cube. Let p € (1,00)
and B, := p*t. We fix some (p,3,)-doubling cube Ry C R%. This will
be our ‘reference’ cube. For each j € N, let R_; be some (p, 3,)-doubling
cube concentric with Ry, containing Ry, and such that 6(Ry, R_;) = jA+x €
(which ezists because of [17, Lemma 3.3]). If Q is a transit cube, we say that
Q is a cube of generation k € Z if it is a (p, B,)-doubling cube, and for some
cube R_; containing Q) we have §(Q,R_;) = (j+k)Axe. IfQ={z} isa
stopping cube, we say that Q) is a cube of generation k € Z if for some cube
R_; containing x we have 6(Q, R_;) < (j +k)A+ €.

We remark that the definition of cubes of generations is proved in [17,
p. 68] to be independent of the chosen reference cubes { R_;},cz, in the sense
modulo some small errors.

Definition 2.4. Assume that RY is an initial cube. Let p € (1,00) and
B, := p®™. Then we choose R as our ‘reference’ cube: If Q is a transit
cube, we say that Q is a cube of generation k > 1, if Q is (p, B,)-doubling
and 5(Q, RY) = kA + €. If Q = {x} is a stopping cube, we say that Q is a
cube of generation k > 1 if §(x,R?) < kA + ¢;. Moreover, for all k < 0, we
say that R? is a cube of generation k.

In what follows, we also regard that R? is a cube centered at all the
points x € supp (p). Using [17, Lemma 3.2], it is easy to verify that for any
x € supp (i) and k € Z, there exists a (p, 3,)-doubling cube of generation k&
centered at x; see [17, p.68]. Throughout this paper, for any = € supp ()
and k € Z, we denote by Q. 1 a fized (p, 5,)-doubling cube centered at = of
generation k. By [27, Proposition 2.1] and Definition 2.4, it follows that for
any « € supp (u), ((Qqy k) — 00 as k — —oo.

Remark 2.2. We should point out that when R is an initial cube, cubes of
generations in [17] were not assumed to be doubling. However, by using [17,
Lemma 3.2], it is easy to check that doubling cubes of generations exist even
in this case. Moreover, it is not so difficult to verify that (2,2%+1)-doubling
cubes in [17) can be replaced by (p, B5,)-doubling cubes, where p € (1,00) and

/Bp — pd+1.
In [17], Tolsa constructed an approzimation of the identity S:={Sk}?>_

related to (2,2%)-doubling cubes {Qy, &} sera, rez, Which are integral opera-
tors given by kernels Sy (z,y) on R? x R satisfying the following properties:

(A_]') Sk(xay) = Sk(ya {L') for all T,y € Rda

(A-2) For any k € Z and any x € supp (u), if Q.  is a transit cube, then

[, i) duto) = 1
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(A-3) If Q1 is a transit cube, then supp (Sk(z,-)) C Qu k—1;

(A-4) If Q. and @, are transit cubes, then there exists a positive con-
stant C' such that
C

(2.1) e (IS (s s P

(A-5) If Qu k, Qu x and Q. are transit cubes, and z, 2’ € @, x for some
xo € supp (p), then there exists a positive constant C' such that

|z — /| 1

Z(mek) [Z(Qx,k) + Z(Qy,k) + |IL’ - yHn

(2.2) |Sk(z,y)—Se(«",y)| < C

Moreover, Tolsa also pointed out that (A-1) through (A-5) also hold if any of
Qa,k, Qo k and @y  is a stopping cube, and that (A-1), (A-3) through (A-5)
also hold if any of Q.. 1, Q. x and Q, j coincides with R?, except that (A-2)
is replaced by (A-2): if Q.. = R? for some z € supp (), then Sy, := 0.
In what follows, without loss of generality, for any = € supp (i), we always
assume that Q, 1, is not a stopping cube, since the proofs for stopping cubes
are similar. Moreover, in what follows, when we mention the approximation
of the identity S, we always mean that they are associated with (2,2¢F1)-
doubling cubes.

For k € Z, let Dy, := S, —Si_1. We also use D;, to denote the correspond-
ing integral operator with kernel Dy. The inhomogeneous Littlewood-Paley
g-function g(f) is defined by

o0 1/2
o)) = 1@+ D]
k=2

We next recall the notions of the spaces H'(x) and RBMO (p) in [16]
and the space RBLO (p) in [7].

Definition 2.5. Given f € L} _(n), we set

loc
/ fwdu',
]Rd

where the notation ¢ ~ x means that ¢ € L'(u) N CY(R?) and satisfies

Mo (f)(x) = sup

o

1) llellpw <1,
(i) 0 < p(y) < ﬁ for all y € RY, and
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(iil) [Ve(y)] < W for ally € R, where V = (22-,...,-2).

Definition 2.6. The Hardy space H'(11) is the set of all functions f € L' (u)
satisfying that [o, fdup =0 and Mo(f) € L'(n). Moreover, we define the
norm of f € H'(u) by

1 ez = 1 o) + [Ma (Pl

On the Hardy space, Tolsa established the following atomic characteri-
zation (see [16, 18]).

Definition 2.7. Let n € (1,00) and p € (1,00]. A function b € L} (1) is
called a p-atomic block if

() there exists some cube R such that supp (b) C R,

(i) fua bler) dula) =0,

(ili) for j = 1,2, there exist functions a; supported on cubes Q; C R and
numbers \; € R such that b = Aa1 + Xqaq, and

(2.3) lajllzrgn < [HMQTYP L +68(Qy R

Then we define |b|H;£§(M) = A 4 Az

A function f € L*(u) is said to belong to the space HYF (1) if there exist
p-atomic blocks {b;}ien such that f = Y72 b, with > .2, |bi|Hl,}p(M) < 0.

The HYP (1) norm of f is defined by

g = it { 3 g
=1

where the infimum is taken over all the possible decompositions of f in p-
atomic blocks as above.

Remark 2.3. [t was proved in [16, 18] that the definition of H:P(u) in [16]
is independent of the chosen constant n € (1,00), and for any p € (1,00),
all the atomic Hardy spaces HoP (1) coincide with H3 2 (1) with equivalent
norms. Moreover, Tolsa proved that H,>°(u) coincides with H'(u) with
equivalent norms (see [18, Theorem 1.2]). Thus, in the rest of this paper, we
identify the atomic Hardy space HLP (1) with HY (), and when we use the
atomic characterization of H'(u), we always assume n = 2 and p = oo in

Definition 2.7.
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Definition 2.8. Let n, p € (1,00) and 8, := p**. A function f € L}, (1)

is said to be in the space RBMO (u) if there exists some constant C' > 0
such that for any cube Q centered at some point of supp (i),

1
W/Q 1(y) = mg ()] duly) < €,
and for any two (p, B,)-doubling cubes Q C R,

Imo(f) — mr(f)] < C[1+46(Q, R)],

where mq(f) denotes the mean of f over cube @), namely,

1
molf) = = /Q 1) du(y).

Moreover, we define the RBMO (u) norm of f to be the minimal constant C
as above and denote it by || f||rBMmO () -

Remark 2.4. It was proved by Tolsa in [16] that the definition of RBMO (u)
is independent of the choices of n and p. As a result, unless explicitly pointed

out, in what follows, when we mention RBMO (u) we always take p =n = 2
in Definition 2.8.

The following space RBLO (u) is a slight variant of the corresponding
space introduced by Jiang in [7]. In fact, we will show that they both
coincide with equivalent norms (see Proposition 3.10 below). It is obvious
that L>(u) € RBLO (p).

Definition 2.9. Let 7, p € (1,00) and 3, := p*™. A function f € Ll (1)
is said to belong to the space RBLO (u) if there exists some constant C' > 0
such that for any cube Q) centered at some point of supp (u),

(2.4) m/cg [f(x) - es%ipnff] du(z) < C,

and for any two (p, 5,)-doubling cubes () C R,

(2.5) essinf f — essinf f < C[1+6(Q, R)].

The minimal constant C as above is defined to be the norm of f in the space
RBLO (p) and denoted by || f||rBLO (11)-
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Remark 2.5. (i) In [7], the space RBLO (1) was defined in the following
way, namely, a function f € L} (1) is said to belong to the space RBLO (p)

if there exists a nonnegative constant C' such that for any (4V/d, (4v/d)"+)-
doubling cube Q,

@/@ [f(x) — essénf f] du(z) < 57

and for any (4Vd, (4v/d)"+t1)-doubling cubes Q C R,

mo(f) —me(f) < C[1+6(Q, R).

The minimal constant C as above is defined to be the norm of f in the space
RBLO (p).

(ii) Due to the observation of Tolsa on the existence of small (p, p
doubling cubes, where p > 1, it seems that it is convenient in applications
to replace (4v/d, (4/d)" ) -doubling cubes by (p, p™*)-doubling cubes in the
definition of RBLO (i) in (i). Moreover, Definition 2.9 is convenient in
proving that the definition of the space RBLO (p) is independent of the choice
of the constantsn, p € (1,00); see Proposition 3.8 and Proposition 3.9 below.

d+1)_

To introduce our local spaces, a new idea is to introduce a special set of
cubes via the coefficients of Tolsa in [16, 17], which is a key point. To be
precise, in the case that R? is not an initial cube, letting {R_;}jez, be the
cubes as in Definition 2.3, we then define the set

D .= {Q C R there exists a cube P C Q and j € Z, such that
P CR_; with§(P,R_;) < (j + 1)A+ e }.

If R? is an initial cube, we define the set
D:={Q CR": there exists a cube P C @ such that §(P,R%) < A+ ¢ }.

It is easy to see that if Q € D, then any R containing @) is also in D and the
definition of the set D is independent of the chosen reference cubes {R_;} ez,
in the sense modulo some small error (the error is no more than 2¢; + ¢);
see also [17, p.68]. Moreover, the following observation implies that in the
case that p is the d-dimensional Lebesgue measure on R?, then for any cube
Q C RY, Q € D if and only if [(Q) > 1. Based on this observation, we can
think that our local spaces are the local spaces in the spirit of Goldberg [4].

Proposition 2.1. Let u be the d-dimensional Lebesque measure on RY.
Then for any cube Q@ C R, Q € D if and only if 1(Q) > ag, where ag
s a positive constant independent of Q).
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Proof. In this case, we choose {R_;}jcz, as the cubes centered at the
origin with side length 27. We first see the sufficiency. For any cube @ with
1(Q) > ay, it is easy to see that there exists a nonnegative constant C', which
depends only on d, and j € Z; such that @) C R_; and

5(Q,Rj)§/ L ar<(+a,

Blag.Vai(R_,)\Blag,%) 1T — |’
where A > Clog(2v/dmax(1/ag,1)). Thus Q € D.

Conversely, if @) € D, then there exists a cube Q' C @ and j € Z, such
that Q' C R_; and 6(Q)', R_;) < (j+1)A+ €. To finish the proof, it suffices
to verify that [(Q)’) = 1. Moreover, we only need to consider the case that
1(Q") < (vVd)™'. Let wq_, be the (d — 1)-dimensional Lebesgue measure of
the unit sphere in R?. By Definition 2.1, we have

1
Q' R_;) = / ——dx.
’ Qr_,\@’ |z — 2!
From this and the fact that
{zeR": VdI(Q)/2< |z —aq| <UR_;)/2} C(Qr ,\Q),

it follows that

l(R,j)
1 I(R_;)
5(Ql7 R*J) > wdl/ —dr = Wd—1 log ( ’ ) )
vaQ) v Vdl(Q")
which implies that
(2.6) I(R;) < 25(Q/7R7j)/wd71l(Q/) < Q(jA)/Wdfll(Q/)‘

On the other hand, since [(Ry) = 1,
1
S(Ro, o) = [

——dx
R_;\Ro ||

Val(R—j)
< Wd—1 /; ; dr = Wd—1 IOg (2\/3[(R7J>) y

2

which together with Definition 2.3 yields that

(2.7) (R-;) Z 99(Ro. R—j)/wa-1 > 9(iA)/wa-1.

Combining (2.6) and (2.7) implies that I(Q’) 2 1, which completes the proof
of Proposition 2.1. [ ]
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In what follows, for any cube R and z € RN supp (u), let Hf be the
largest integer k such that R C @), x. The following properties on Hf are
useful in applications.

Lemma 2.2. The following properties hold:

(a) For any cube R and x € RN supp (1), Qz mzt1 C 3R and SR C
Qx,Hﬁ—l-

(b) For any cube R, x € RN supp(p) and k € Z with k > Hf + 2,
Qz,k - %R.

(c) For any cube R C R and z, y € RN supp (u), |HE — HY| < 1.

(d) For any cube R and x € RN supp (u), HE > 0 when R ¢ D. Moreover,
if R € D, then Hi, < 1 when R? is not an initial cube, and 0 < Hy <1
when R? 4s an initial cube.

(e) When k> 2, for any x € supp (i), Qu r ¢ D.

(f) For any cube R ¢ D and x € RN supp (i), if any cube R' C Qq mzy2,
then R' ¢ D.

(g) For any cube R and x € RN supp (p), there exists a positive constant C
such that 0(R, Q. uz) < C and 0(Qz uzi1, R) < C.

Proof. We first verify (a). For any z € RN supp (u), by the definition
of Hf, together with the decreasing property of @), in k, we know that
R C Qg gz and R ¢ Q. pgzy1, which imply that I(R) < l(QLHﬁ) and
UQz mz+1) < 2I(R). These facts together with the fact that I[(Q. mz) <
50(Qu, z—1) (see [17, p.69]) imply (a).

To see (b), for any x € RN supp (i), by the fact that [(Qu, nzi2) <
350(Qa, mz41) (see [17, p. 69]) together with the fact that I(Qq, gz 1) < 2l(R),
we have [(Qz, gz 12) < %Z(R). Thus, Qu, #y42 C ER, which together with the
decreasing property of (),  in k again verifies (b).

For any R C R? and =, y € RN supp (u), it is clear that y € Qu, 1z, N
@y, 1z Then Lemma 4.2 in [17] together with the definition of Hf implies
that R C Qx,H}o% C Qy, HE-1- This shows that Hj, > Hf, — 1. Symmetrically,
we have HY, < Hf, + 1, which verifies (c).

We now verify (d). Assume that R ¢ D. By similarity, we only consider
the case that R? is not an initial cube. Recall that

o 1= 100¢q + 100¢; + (12)"1C,
(see [17, p.69]).
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Then by Lemma 2.1 (a), we see that for any cube @, 0(Q,3Q) < 6"Cy <
o < A (see also [17, p.69]). Now assume that 3R C R_; for some j € Z,.
If R ¢ D, by the conclusion of (a) and Lemma 2.1 (d), we have that

G+ 1DA+e <8R R_;) = 6(R,3R) + (3R R_,)
< 0+ 0(Qu, Hz 11, R-j) + €0
=0+ (Hp+14j)A+4e + €.

This estimate together with the fact that ¢ < ¢ < 0 < A implies that
HE > 0.

If R? is not an initial cube and R € D, by the definitions of D and
cubes of generations, there exists a cube @’ C R and ji, jo» € Z, such
that Q" C R_j, with 6(Q", R—;,) < (j1i + 1)A+ e and Q. mz C R_j, with
0(Qu, iz, R-j,) = (jo+ HR)A £ 1. Let j := max(jy, j2). By Lemma 2.1, we
have 6(Q, mz, R—j) = (j + HE)A £ 461 Lemma 2.1 (d) together with the
definition of @ € D and the fact that ¢y < € (see [17, p.67]) implies that
0(Qu,mz, R—j) < (j +1)A+ 4e1. On the other hand, if Hf > 2, then by the
fact that ¢; < A,

5(@1’,H§7R—j) = (] + H}%)Aj:élel > (] + 1)A+4€1

This is a contradiction, which verifies that H <1 when R € D.

Similarly, if R? is an initial cube, then for any cube R € D and z €
R N supp (), we also have that Hf, < 1. On the other hand, recall that if
R? is an initial cube, then for any cube R, € supp (1) and k& € Z with
k <0, Q. = R% Therefore, obviously, H% > 0, which verify (d).

To see (e), by similarity, we only consider the case that R is an initial
cube. Assume that @), r € D. By the definition, there exists a cube ) C
Qs 1 such that §(Q, R?) < A+ ¢;. By Lemma 2.1 (d), we then have

A + €1 Z 5(@7 Rd) = 5(@7 Qx,k) + 5(@:0,]67 Rd) + €0 Z kA — €1 — €o,

which is impossible when k& > 2, since A > ¢ > €. Thus, @, x ¢ D, which
completes the proof of (e).

To prove (f), we only consider the case that R? is not an initial cube,
since the argument for the case that R is an initial cube is similar. If any
cube R’ € D, by the definition of D, there exists a cube R” C R’ and j; € Z,
such that R” C R_;, and §(R",R_;,) < (j1 + 1)A + €. By Definition 2.3,
there exists an j € Z, such that ), pggi2 C R_j, and

0(Qu, 42, B—jp) < (2 + 1) A+ e
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Let j := max{ji, j2}. By the assumption that R’ C Q. mz42, we also have
that R" C Q. iz 12, which combining with Lemma 2.1 (d) implies that

(] + 1)A + 361 + 260 Z 5(R//, R,j) + € Z 5(QI7H§+27 R,j)
= (HE+2+])A:|:261 :l:Eo,

where we used the fact that
0(R—j, R_j) = (j — ji) A £ 2e1.

This together with the choice of the constant A shows that Hf < 0, which
contradicts to (d). Thus, R’ ¢ D, which completes the proof of (f).
Finally, by the properties (a) and (b) above and Lemma 2.1, we have

0(2R, Qs mg—1) < €0+ 0(Qu mpt2, Qo iz—1) S 1,
and hence,
6(R, Quz) < €0+ 0(R,Qp iz 1) ST+ (R, 2R) +6(2R, Qz, 1z 1) S 1.
Also, the above property (a) and Lemma 2.1 imply that

0(Qumz i1, B) S 1+ 0(Qumz11,3R) + (3R, R)
S14+60(Qemzir; Quuz1) S 1,

which verifies (g) and hence, completes the proof of Lemma 2.2. |

3. The spaces rbmo (1), rblo (1) and h;;ﬁ(,u) with p € (1, o0o]

In Section 3.1, we introduce a local atomic Hardy space h;” (1) and a local
BMO-type space rbmo (u). After presenting some basic properties of these
spaces, we then prove that the space rbmo (u) satisfies a John-Nirenberg

inequality and its predual is hi;go (). Moreover, we also establish the rela-

tion between H)>°(u) and hL (1) and between RBMO (u) and rbmo (u).
In Section 3.2, we introduce a local BLO-type space rblo (1) and establish
some characterizations of both RBLO (x) and rblo (i). In particular, the
relation between RBLO (1) and rblo (1) is presented.

3.1. The spaces rbmo (1) and hL7(u) for p € (1,00]
We begin with the definition of rbmo ().
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Definition 3.1. Let n € (1,00), p € [n,00) and 3, := p*™. A function f €

Li,. (1) is said to be in the space rbmoy, , (1), if there exists a nonnegative

constant C' such that for any cube Q ¢ D,
1 / ‘ ~
— [ |[W) —mga,(f)| duly) < C,
W@ o (y) = mgo(f)| du(y)
that for any two (p, 8,)-doubling cubes () C R with Q) ¢ D,

[mo(f) —mr(f)| < C[1+6(Q, R),
and that for any cube QQ € D,

1 -
(3.1) ee) /Q F)ldp(y) < C.

Moreover, we define the rbmo, , () norm of f by the minimal constant C
as above and denote it by || fllrbmo,, , (1)-

It follows from Definition 2.8 that for any fixed n € (1,00) and any
p € [n,00), rbmo,, , (1) C RBMO (u). Moreover, from the propositions be-
low, we will see that the space rbmo,, , (1) enjoys properties similar to the
space RBMO (p), including that the definition of the space rbmo,, , (1) is
independent of n € (1,00) and p € [n,00). First of all, we have the basic
properties, whose proofs are left to the reader.

Proposition 3.1. Let n € (1,00) and p € [n,00). The following proper-
ties hold:

(i) rbmo, , (1) is a Banach space.

(i) L*°(p) C rbmo,, , (1) € RBMO (i). Moreover, for all f € L*(u),
| fllebmon. , () < 2| fl|oo(ny, and there exists a positive constant C' such
that for all f € rbmo,, , (1),

1f lrBMO (1)) < Cl f llrbmoy, » () -

(iii) If f € rbmo, , (1), then |f| € rbmo,, , (1) and there exists a positive
constant C' such that for all f € rbmo,, , (1),

I1f Hlebmon ) < Cllfllebmo , 1)

(iv) If f, g € rbmo, ,(n), then min(f,g), max(f,g) € rbmo, , (1), and
there exists a positive constant C such that for all f, g € rtbmo,, , (1),

|| min(f, g)Hrbmon,p(,u) < C(Hf”rbmon,p(u) + HgHrmen,p(ﬂ))

and

| max(f, 9)lsbmo,. , (1) < C 1S llsbmon, » () + [|9|ltbmoy, ,» (1))-
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We now introduce another equivalent norm for the space rbmo, , (1t). Let
ne (1, ) Suppose that for a given f € L} _(u), there exist a nonnegative
constant C' and a collection of numbers { f}o such that

(3.2) sup

Q¢D M nQ /lf — foldu(y) < C,

that for any two cubes @ C R with Q ¢ D,

(3.3) fo — frl < C[1+6(Q, R)),

and that for any cube Q) € D,
(3.4) fal < C.

We then define the norm | f|., = inf{C}, where the infimum is taken

over all the constants C' as above and all the numbers { fg }¢ satisfying (3.2)
through (3.4).

With a minor modification of the proof for Lemma 2.6 in [16], we have
the following conclusion.

Proposition 3.2. The norms || - ||, for n € (1,00) are equivalent.

Proof. Let 7, > ny > 1 be fixed. Obviously, || fl«,n < [|f]«n- To prove
the converse, we need to show that for a fixed collection of numbers {fg}o

satisfying (3.2) through (3.4) with n and C respectively replaced by 7 and
| f1l+, 7, we have that for any @ ¢ D,

1
o /Q ) = ol du®) S 1.

Fix p € [m,00) and 3, = p?*'. For any cube Q ¢ D and any = €
supp (1) N @, we choose @, 5 as follows. If [(Qu, mg+2) < T 1Z(Q), we then
let Q) 5 = Qu, HE+2- Otherw1se let kg be the maximal negatlve integer such

that pkol(Qx,HggH) < %nll(Q) and we then let @/, , be the biggest (p, 3,)-
doubling cube centered at x with side length p*1(Q.. H5+2) with k& < k. By
Lemma 2.1, we have §(Q} 5, Qu, nz+2) S 1. From Lemma 2.2 (d), (e) and
(f), it follows that @, , ¢ D. By the Besicovitch covering theorem, there
exists a subsequence of cubes {Q, ,}; which still covers ) N supp () and

has a bounded overlap. For any i, by Lemma 2.2 (g) and @) ¢ D, we have

\fa,. , = Jol < lfo, , — fa, e

S U +0(Q0, 2 Quy nizy) +0(Q, Qu iz MmN M-

T
@, Ht
Q
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From this estimate together with the facts that for each i, Q). , ¢ D and
Qa,,2 is (p, B,)-doubling and that p > n;, we see that

| 10@ = faldu) < [ 15@) = Sy, duta) + n(@, ey, , ~ ol

T;, 2 ;5,2

S (@ ) [l

Therefore, from the facts that {Q,, »}: are almost disjoint and that Q. , C
172Q for all 4, it follows that

[, @) - el <3 [ 1160) = ol duto) S N e
which completes the proof of Proposition 3.2. |
Based on Proposition 3.2, from now on, we write || - || instead of || - ||+ -

Proposition 3.3. Let n € (1,00), p € [n,00) and 3, := p**'. Then the
norms || - ||« and || - ||tbmo, , () are equivalent.

Proof. Suppose that f € L} (). We first show that

(3.5) 11l S (1 Wlebmon, p )
For any cube Q, let fq :=mg,(f) if Qr ¢ D, and otherwise, let fo := 0.
For any Q) ¢ D, if ép ¢ D, by Definition 3.1, we have

1
1(nQ) /Q /() = fol dp(y) < [1f lrbmo, , (-

If ép € D, then fg = 0. The (p, 3,)-doubling property of C?p together with
Definition 3.1 and the assumption that p > n further yields that

1
m/ |f(y) — fQ|dM(y)
w(Q)

00 o [ = ma ] dutw) + EEE e )

< ||fH1"bm017 p )

Notice that () C @p. If Q € D, then @” € D and fg = 0. Obviously,
|fol S 11 f lbmoy, , () Therefore (3.5) is reduced to showing that for any two
cubes Q C R with Q ¢ D,

(3.6) [fo = fal S 1+ 6(Q, RIS llbmo, , (1)-
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To show (3.6), we first claim that for any f € rbmo,, , (1) and any cubes
QCR,

(3.7) mgo(f) = mgp, (f)] S [1+0(Q; R)[| fllsbmo, , )-

If Q € D, then @p € D and R* € D. In this case, (3.7) follows directly from
Definition 3.1. If @ ¢ D, to verify (3.7), we consider two cases. -

Case (i) [(R?) > 1(Q*). In this case, Q° C 2R°. Let Ry := 2Re. It
follows from Lemma 2.1 that §(R?, Ry) < 1 and §(Q”, Ry) < 1+ 6(Q, R).
Therefore if neither Qp nor R? are in D, then

IN

= g ()| + |mn, (F) = mi ()

m@p(f>_me ) ) @
S+ (Q R £ llbmo, » (1)-

If both @p and R? are in D, then by p > n and the (p, 3,)-doubling property
of Q* and R?,

mgo(F) = m(F)] < [mgo (D] + [m (] S 1 lsbmon.» o

Thus we only need to consider the case that only one of @p and é’i isin D.
By similarity, we may assume that QQ” € D while R ¢ D. Since Q* C Ry,
we then have Ry € D and

mao(F) = mi(F)] < |mg, ()| + mm, (F)] 4 [maa () = mi (£)]

SJ Hf”rbm()n,p (M)

Case (ii) I(R?) < 1(Q?). In this case, R* C 2pQ”. Notice that [(R?) >
[(Q). Thus, there exists a unique m € N such that I[(p™ Q) < I(RF) <

I(p™Q). Therefore, p"@Q C 2,0@%’. Set Qp = 2,0@%’. Then another applica-
tion of Lemma 2.1 implies that 6(Q”, Qo) < 1 and

S(R", Qo) S 1+ 6(R*, p"Q) +6(p™Q, Qo) S 1

Therefore, an argument similar to Case (i) also establishes (3.7) in this case.
Thus, (3.7) always holds.

We now establish (3.6) by using (3.7) and considering the following three
cases. L o

Case (1) Q°, R* € D or Q”, R” ¢ D. In this case, (3.6) follows directly
from (3.7).
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Case (2) Qr ¢ D and RP € D. In this case, the estimate (3.7) together
with p > n and the (p, 8,)-doubling property of R yields that

|fQ - fR| < ’m@p(f) - mfzp(f)) + ’mép(fﬂ rg [1 + 5(Q7 R)]Herbmon,p(u)-

Case (3) Q° € D and R* ¢ D. In this case, an argument similar to
Case (2) also leads to that

fa = fal < |magp(F) = mas(F)] + [mg, (5] S [+ 8@ RIS Nrbmon. -

Thus, (3.6) holds, and hence (3.5) is also true.

Now let us establish the converse of (3.5). For f € L} . (1), assume that
there exists a sequence of numbers {fg}qg satisfying (3.2), (3.3) and (3.4)
with C' replaced by || f].. First we claim that for any cube @ € D,

1
(3.8) oo /Q (@) du(z) S |17

For any cube @ and any z € supp (1) N Q, let Q) , be the biggest
(p, 3,)-doubling cube centered at z with side length p*I(Q, 2), k < 0, and
Q) < %Z(Q) (For the existence of @ ,, see the proof of Proposi-
tion 3.2). From Lemma 2.1, it is easy to see that 0(Q), 5, Qz2) S 1. By
Lemma 2.2 (e), we then have @, , ¢ D. Applying the Besicovitch covering
theorem, we obtain a subsequence of cubes {Q, ,}: covering @ N supp (u)
with a bounded overlap. From the bounded overlap and (p, (3,)-doubling
property of {Q), ,}i, (3.2), (3.4) and the facts that Q. , C 7Q, Q. , ¢ D
and p > n, it follows that

1 1
el /Q ) <3 e /Q V)= )
+ZM(( )) ['sz 2 wii,1|+|foi,l|]
<§: )
We now claim that for any cube Q ¢ D,

1
(39) 03 L [@ = ma )] dn@) S 151

[1+0(Q%, 20 Qe D] 1l S N F1L
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Notice that if @ ¢ D and Q is (p, 8,)-doubling, then using the fact p > 7,
we have

‘@/Q[f@) - falauto)| < L) 550

Therefore, for any cube @ ¢ D, if @p ¢ D, then applying (3.3) and (3.10)
implies that

(3.10) [fo —mq(f)| =

)f@ - m@p(f)‘ < ‘f@ — a0

+ |z = ma(D| S 1F1s
if Q” € D, then from (3.3), (3.4), (3.8) and p > 7, it follows that

)f@ - m@,,(f)’ < )f@ — J50

+|fgo| + |manh)| S 151

From these estimates and (3.2), we deduce that for any cube Q ¢ D,

/Q’f@")—m /lf ~ foldu(e) + | fo = mg, (1) (@)
< (1 ]1-4(nQ).

which verifies (3.9).

Finally, for any two (p, 8,)-doubling cubes () C R with @ ¢ D, if R ¢ D,
(3.10) together with (3.3) yields that

imQ(f) —mr(f)l <|mo(f) = fol +fq = frl + [fr — mr(f)]
S [ +6(Q, B f]s

If R € D, (3.10) together with (3.3), (3.4), (3.8) and the (p, §,)-doubling
property of R leads to that

imQ(f) —=mr(f)l <|mq(f) = fol + [fo = fal + [frl + [mr(f)]
S [1+6(Q, RISl

Thus
ferbmo, , (1)  and  [|fllbmo, , (w S If ]l

which completes the proof of Proposition 3.3. |

Remark 3.1. Let n € (1,00) and p € [n,00). From Proposition 3.2 and
Proposition 3.3, it follows that the definition of the space rbmo, ,(u) is
independent of the choices of n and p. From now on, we will simply write
rbmo () instead of rbmo, , (1) for any n and p as above.
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Proposition 3.4. Let n € (1,00), p € [n,00) and B8, := p?™'. For any
fe Ll (u), the following are equivalent:

(i) f €rbmo, ,(u).
(ii) There exists a nonnegative constant Cy such that for any cube Q ¢ D,

| 1) = melante) < Conn)
that for any cubes QQ C R with QQ ¢ D,

W@ uR)

B.11)  Imo(f) — ma(f)] < Cull +6(Q. R)] ["(”Q) ”Wﬂ,

and that for any cube Q) € D,

(312) [ 1@ dute) < Contn).

(iii) There exists a nonnegative constant C, such that for any (p, 8,)-doubling
cube Q ¢ D,
(313) | @) = mepldntz) < Cont@)

that for any (p, B,)-doubling cubes () C R with Q) ¢ D,

(3.14) Imq(f) —mr(f)] < Ce[l +6(Q, R)],

and that for any (p, 5,)-doubling cube ) € D,

(3.15) /Q @) dy(x) < ConlQ).

Moreover, the minimal constants Cy and C. are equivalent to || f||ibmo,. , (u)-

Proof. By Proposition 3.2 and Proposition 3.3, it suffices to establish
Proposition 3.4 with n = p = 2. We write rbmo (x) instead of rbmo, , (1)
for simplicity. Assuming that f € rbmo (u), we now show that (ii) holds.
For any @) ¢ D,

310 |malf) ~mg(h)| < mq (| = mg)]) < “ 1 Mot
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which implies that

/|f ()] dia()

/)f o] i) + o (f) = ma(D] (@) < 20 o p(2Q).

To show (3.11), we notice that if R € D, then R € D, and

< BRR)
matf) = )] £ B o,

which together with (3.16) and (3.7) yields that for any @ C R with @ ¢ D,

ma(f) = ma(f)
< |ma(F) = ma(f)| + [malf) = ma()| + [ma(f) = ma(f)]

p2Q) | p(2R)

<

St o(@ ) L L g,
This verifies (3.11), and hence (ii) holds.

Since (ii) obviously implies (iii), to finish the proof of Proposition 3.4,
we only need to prove that if f € L1 _(u) satisfies the assumptions in (iii),
then f € rbmo (p).

For any Q ¢ D, let {Q}, 5} be the sequence of cubes as in the proof of
Proposition 3.2 with 7; = 1y = 2, which covers QN supp (u) with a bounded
overlap. We then have that for each i, ), 5 ¢ D and §(Q;,, 5, @Q,, HE i9) S L
The last assertion together with Lemma 2.2 and Lemma 2.1 further yields

that 0(Q, », 2Q) < 1. Obviously, by the choice of 1Q%, 2}i, we have Q.
C 2Q. These facts together with (3.14), (3.7) and Lemma 2.1 imply that

may, (F) = mg(f)] < |mar, ,(F) = mz(D| + ma(f) = mz ()| 5 C.

Then from (3.13), the facts that for each i, Q). , C 2Q and that @, , are
almost disjoint, it follows that

ICE ]u()

<3 / — gy, () du(e) + X |y, () = malh)] W@,

Q,
S Ccu(%?)-
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On the other hand, if @ € D, let {Q,, ,}; be the sequence of cubes
as in the proof of Proposition 3.3 with n = 2, which covers @ N supp (u)
with a bounded overlap. We then have that for each i, Q) , ¢ D and
0(Qh,; 2, Qu;,2) S 1. The last assertion further implies that for all 4,

5(@:@',27 Qm,l) S 1,

which together with (3.14), @, 1 € D and (3.15) leads to that

mar (0] < [may, () = mau, ()] + [ma., . ()] S €

Using the almost disjoint property and the doubling property of {Q, »}i,
w2 €D, (3.13), (3.15) and @), , C 2Q, we obtain

[ 1@ dunte)
Q

SZ{/Q

i

S Cep(2Q),

(@) = may ()] du(a) + p(Q, o)

mQ;iJ(f))}

’
T;,2

which implies (3.1). Thus f € rbmo (u), and this finishes the proof of
Proposition 3.4. |

The following theorem is a local version of the John-Nirenberg inequality
for the space RBMO (1) in [16]. We prove this by using some ideas from the
proof of Theorem 3.1 in [16]; see also [8].

Theorem 3.1. Let n € (1,00) and f € rbmo (n). If there exisls a sequence
of numbers {fo}q such that (3.2), (3.3) and (3.4) hold with C' replaced by

C|lf|lsbmo () Then there exist nonnegative constants Cy and Cy such that
for any cube Q) € D and X\ > 0,

(3.17) m{xe@:|f<x>|>A}>sclu<n@>exp( me )

Hf”rbnw(u)

and for any Q ¢ D and X\ > 0,

(318)  p({reQ:|f(z) - fol > A}) < Cip(nQ) exp (Mfﬁ) '

To prove Theorem 3.1, we need the following two technical lemmas.



618 G. Hu, D. YaNG AND D. YaNG

Lemma 3.1. Under the assumption of Theorem 3.1, if Q) and R are cubes
such that [(Q) ~ I(R) and dist(Q, R) < Cl(Q), then

|fQ - fR| < CHerbmo(u)a

where C' is a positive constant independent of f, Q and R.

Proof. As in Definition 2.1, let R be the smallest cube concentric with R
containing () and R, then [(Rg) < (Q). By Lemma 2.1 (a), §(Q, Rg) <1
and 0(R, Rg) < 1. We then consider the following three cases.

Case (1) Q ¢ D and R ¢ D. In this case, an application of (3.3) yields
that

\fo — frl < 1fq — frol + | fro — frI S 1| f||tbmo (u)-

Case (2) Q ¢ D and R € D, or Q € D and R ¢ D. By similarity, we
only consider the first case. Then (3.3) together with Ry € D and (3.4)
implies that

[fo = frl < |fo =Tl +[frol +1 /ol S [1+0(Q; Bl fllrbmo u) S [[f[lrbmo (1)

Case (3) Both @ and R are in D. Then (3.4) immediately implies that

|fQ - fR| < |fQ| + |fR| 5 ||f||rbmo(,u)a

which completes the proof of Lemma 3.1. |
We also need the following lemma which is an analog of [16, Lemma 3.3].

We omit the details for simplicity.

Lemma 3.2. Let f € rbmo (u) and f be a real-valued function. Given

q >0, let f,(z) :== f(z) if |f(z)| < q, and let f,(z) := qlﬁg‘ if | f(x)] > q.
Then f, € rbmo () with

qu”rbmo(ﬂ) < CHerme(u)a

where C' is a positive constant independent of ¢ and f.

Remark 3.2. Let f € rbmo () and {fo}q satisfy the conditions of Theo-
rem 3.1. Assume that f and fq are real-valued, otherwise we consider their
real and imaginary parts, respectively. For any given q > 0, let fo + =

max(fg,0), fo,— = —min(fy,0), and f, ¢ = min(fg, +,q) — min(fo, _, q).
For any given n € (1,00), it is easy to see that

1
sup

- <
¢p H(NQ) /Q |fa(2) = fo, @l dp(@) S 1| fllebmo ()
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that for any cubes QQ C R with Q ¢ D,

|fq,Q - fq,Rl rS [1 + 6(@7 R)]||erbmo(u)7

and that for any Q € D, [fq,ql < [f lsbmo )-

Proof of Theorem 3.1. By Proposition 3.2 and Proposition 3.3, it suffices
to establish (3.17) and (3.18) for n = 2. Assume that f and fg are real-
valued, otherwise we consider their real and imaginary parts, respectively.
Let f € L°°(u) first and @ be some fixed cube in D. Without loss of
generality, we may assume that || f|limo( = 1. Let @ := 3Q and B
be a positive constant which will be determined later. By the Lebesgue
differentiation theorem, for p-a.e. x € Q N supp (u) such that |f(z)| > B,
there exists a doubling cube ), centered at z such that

(3.19) ma. (1) > B.

Moreover, we assume that @), is the biggest doubling cube satisfying (3.19)
with side length 2%1(Q,,2) for some k < 0 and 1(Q,) < 5/(Q). By the
Besicovitch covering theorem, there exists an almost disjoint subfamily {Q; };
of the cubes {Q.}, such that

(3.20) {re@: [f(z)| >B}CUQ2‘-

By Lemma 2.2 (e), we know that @); ¢ D. From Proposition 3.2 and Propo-
sition 3.3, it follows that for any R € D,

1
e /R (@) dpu() S 1.

Thus, if we choose B big enough, by (3.19) and the facts that ; are almost
disjoint and that @Q; C @',

(321) > Q) gZé/Q‘ |f ()] dp() g% Q/If(x)ldﬂ(x) < Sh

We now prove that for each ¢,

(3.22) | fa

Having the fact that ; ¢ D in mind, we consider 5@/2 in the following three
cases. - - -

Case (1) 1(2Q;) > 10l(Q). Then @ C 2@Q; and so 2Q); € D. By (3.3),
(3.4) and Lemma 2.1, |fo.| < |fo, — fsg,| + |f2f@:| <1

<1,
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Case (2) 51(Q) < l(Q/Cjz) < 10l(Q). In this case, if 2Q; € D, as in
Case (1), we have |fo,| < 1. If 2Q; ¢ D, by (3.3), (3.4), the fact that
20Q); € 30QQ and Lemma 2.1, we obtain

|fa.l < ‘fQi - fé@j) + ‘fé@j - fBOQ) + | fa00| S 1.

Case (3) 1(2Q;) < 551(Q). By the choice of Q;, myg,([f]) < B, which
implies |[mz (f)| < B. If 2Q; ¢ D, then it follows from (3.2), (3.3) and
Lemma 2.1 that

|fQi < )sz - ffoz

Ifi@; € D, by (3.3) and (3.4), we then have |fo,| < |fo, _fg’@ﬂ + |f@| <1
Combining these cases above, we see that (3.22) holds.
For t > 0, we define

+ | fag, = mag ()] + s (5| S 1.

1
X(0) = smp oo | e (15() — Jolt) di(r)
1
rawp oy | e (s@) dute).

It then follows from (3.20) through (3.22) and the doubling property of Q;
that for Q € D,

@ /Q exp (£ (2)[t) dp(x)

S RGO

0 2 . w17~ falt) dnta) exp(C
< exp (Bt) + iX(t) exp(Ct).
Since f € L*>(u), X(t) < oo, which implies that
X(t) {1 _ iexp(C’t)} < exp(Bt).

We then take ¢y small enough and see that X(¢9) < 1. Therefore, for f €
L*>®(pn) and Q € D,

iz € Q:f@) > M) </Qexp 2)lto) exp(—N) dp()

S 1(2Q) exp(—A).
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In the case that Q@ ¢ D, by a slight modification of the proof for Theo-
rem 3.1 in [16], we also have that

p({re@:[f(x) = fol > A/to}) < /Qexp(lf(l") — falto = A) dp(x)

< 1(2Q) exp(—N).

When f is not bounded, consider the function f, of Lemma 3.2. From
Lemma 3.2 and the subsequent remark, we obtain that if Q) € D,

p{z e @:[fy(x)] > A}) S p(2Q) exp (=C2A),

and if @ ¢ D,
p{r e Q:|fo(z) = fool > A}) S p(2Q) exp (=C2A).
A limiting argument then completes the proof of Theorem 3.1. ]

From Theorem 3.1, we can easily deduce that the following spaces,

rbmo} (1), coincide for all p € [1,00).
For any 1 € (1,00), p € [n,00), B, := p*! and p € [1,00), a function
f € L. (p) is said to belong to the space rbmo} (u) if there exists a

loc

1

nonnegative constant C such that for all Q ¢ D,

{@ /Q (@) = mg (D dm)}” e

that for any two (p, 8,)-doubling cubes ) C R with ) ¢ D,

Imq(f) — mr(f)| < C[1 +6(Q, R)],

and that for any Q) € D,

{m/df(@l”du(x)}l/p <C.

Moreover, we define the minimal constant C' as above to be the rbmo? (1)
norm of f and denote it by || f{lsbmor , u)-

Arguing as for p = 1, one can show that another equivalent definition
for rbmo} (1) can be given in terms of the numbers {fg}q as in (3.2)
through (3.4) without depending on the constants n € (1, 00) and p € [, 00).

Using Theorem 3.1, by following an argument as in [16, Corollary 3.5],
we have the following conclusion, whose details are left to the reader.
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Corollary 3.1. For any p € [1,00), n € (1,00) and p € [n,00), the spaces
rbmo} (1) coincide with equivalent norms.

We have another characterization for rbmo (¢) which is useful in appli-
cations. To be precise, let f € L) (n). If f is real-valued and for any
cube @, let ag(f) be the real number such that inf,cg mo(]f — «|) is at-
tained if p(Q) # 0 and ag(f) := 0 if p(Q) = 0, then ag(f) satisfies that

ufz € Q: f(x) > ag(f)}) < u(@)/2, and
(e € Q: fx) < ag(h)}) < n(@)/2

If f is complex-valued, we take

aq(f) = Relaq(f)] + ilm[ag(f)],
where i = —1. Furthermore, for any p € [1,00), n € (1,00), p € [, ),
By = de and f € L} _(u), we denote by ||f|l, the minimal nonnegative

constant C such that for any ) ¢ D,

n@ /|f (Nl du(z) < C.

that for any two (p, 8,)-doubling cubes @) C R with @ ¢ D,

and that for any Q € D, |ag(f)| < CLUL

Q)
Lemma 3.3. For any n € (1,00) and p € [n,00), || - |0 is equivalent to
|| . ||rbrno(u)-
Proof. By Proposition 3.3, it suffices to show || - || ~ || - [|«. First, we will

prove || - [l. < || - [lo. For any @ C R, set fo := ag,(f) if Q° ¢ D, and
otherwise, set fo := 0. Arguing as in (3.5), to show that || - |[. < || - ||, it
suffices to verify that for any Q C R with @ ¢ D,

[fo = Jrl S 1+ 6(Q, RS-

But, as in the proof of (3.5), this can be deduced from the fact

lag, (f) = ag, (NI S [1+6(Q, B[ f]lo,

which can be proved by repeating the proof of (3.7).
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Now we prove the converse. For any cube ) € D, by the definition of
ag(f), we have

/f ) dpu(a /|f — ag(f)| dua /|f ) du(

which implies in turn that

(3.23) 2(AIn(Q) £ [ If@)ldu(o)
Q
Therefore, by Proposition 3.3,
()] < 1Q)
(3.24) lag(f) < 0) 11+

On the other hand, for any (p, 3,)-doubling cube @ ¢ D, by the definition
of ag(f) again,
325)  Joolh) = fo] < i [ 110 = fol + 1) =gl dta)

S A

This fact together with (3.3) implies that for any two (p, 5,)-doubling cubes
Q C Rwith Q@ ¢ Dand R ¢ D,

laq(f)—ar(f) < laq(f)—fol+|fo—fal+[fr—ar(N)] S 1+6(Q, R f]].

Moreover, (3.25) together with (3.3), (3.4) and (3.24) yields that for any two
(p, B,)-doubling cubes @ C R with ) ¢ D and R € D,

laq(f)—ar(f)| < lag(f)—fol+|fo—Frl+Ifrl+|ar(H) S 1+(Q, RIS

Combining these estimates above, we see that for any two (p, 8,)-doubling
cubes Q) C R with Q ¢ D,

lag(f) —ar(f)] S 14 0(Q, Rl fl--
Finally, for any cube @ ¢ D,

'er /‘f )d“( )
oo /Q 10) = folduo) + 2 10 = | | o — 0 ()]
< Ifl.

where in the last inequality, we used (3.2) through (3.4) and (3.24) when
Q* € D, and (3.2), (3.3) and (3.25) when Qr ¢ D. This completes the proof
of Lemma 3.3. u
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Remark 3.3. By Lemma 3.3, Proposition 3.2 and Proposition 3.3, in the
rest of this paper, unless otherwise stated, we will always assume that both
constants p and 1 in the definition of || - ||o as well as that of || - ||sbmo () are
equal to 2.

We now introduce local Hardy spaces.

Definition 3.2. Let n € (1,00). A function b € L}, (i) is called an oo-
block if only (i) and (iii) with p = oo of Definition 2.7 hold. Moreover, we
let |b|h;;g°(u) = 2521 A5l

A function f € L*(p) is said to belong to the space h;’tgo(u) if there ewist
oo-atomic blocks or co-blocks {b;}; such that f =", b; and ), |bi|h;§°(u) <
oo, where b; is an co-atomic block as in Definition 2.7 if supp (b;) C R; and
R; ¢ D, while b; is an oo-block if supp (b;) C R; and R; € D. Moreover, the
hh® (1) norm of f is defined by

I M{Zmumw}

where the infimum is taken over all decompositions of f in co-atomic blocks
or oo-blocks as above.

Remark 3.4. Let p € (1,00) and 3, := p**. Due to the fact that for any
cubes Q) C R, B

1+6(Q, R?) ~ 1+ 0(Q, R),
if necessary, we may assume that the cube R in Definition 3.2 is (p, 3,)-

doubling.

It is casy to see that H'(u) € hL>°(u) € L (p). Moreover, we have the
following basic properties on the space h;’tgo ().

Proposition 3.5. The following three properties hold:
() Wl (n) © L) with |10 < 1F1lys
(i) The space h>°(u) is a Banach space.

(iti) The definition of hi (1) is independent of the choice of the constant
n € (1, oo).

Proof. The proofs of the first two properties are similar to the usual
proofs for the classical atomic Hardy spaces with p being the d-dimensional
Lebesgue measure, thus we omit the details.

To prove Property (iii), let 7, > 7o > 1. It is obvious that for any

1,00
b€ hp 771( ), we have b € hatb m(u) and ||th;;§f ) = Hthltg"n ()
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1,00

To prove the converse, let b := Z?:l Ajaj € Moy (1) be an oo-atomic
block with supp (b) C R ¢ D or an oco-block with supp (b)) C R € D as in
Definition 3.2. By Remark 3.4, we may assume that R is (p, 3,)-doubling
with p > ;. Then for each j =1, 2,

;] ooy < {p(ne@;)[1+6(Q;, R}

For any = € Q; N supp (1), let @, be the cube centered at z with side
length ZQO;IIZ(Q]) It then follows that 7,Q, C 7,Q;. By the Besicovitch
covering theorem, there exists an almost disjoint subfamily {Q); s}« of the
cubes {Q, }, covering ;N supp (x). Moreover, for each j = 1, 2, the number
of cubes {Qj }r of the Besicovitch covering is bounded by some constant
Np € Ndepending only on 7, 1, and d; see [16, p.99]. Since [(Q; ) ~ [(Q);)
for all k£, by Lemma 2.1, we have 0(Q; , @;) S 1. Moreover, it follows from
Lemma 2.1 again that 6(Q; x, 72R) S 1+ 6(Q;, R). Therefore, by letting

XQj. x

N
Zkfl XQj, k
and \j == A\;, k=1, ---, Np, we see that

2 2 Np
b= Z)\jaj = ZZ)\j,kaj,k
j=1

j=1 k=1

a'j,k = aj

and
laj, kll ey < Nlajllzeqy S {n0m @)1+ 0(Qjk, R}
If b is an co-atomic block and R ¢ D, then for each j, k, let
Cjk = Nj kG k + Vi kX R
where ;1 is the constant such that c; , has zero mean. Then we see that
Ak /
Vik =~ a; k(1) dp(z).
’ 1(R) Q) k ’

Since R is (p, 8,)-doubling, it is obvious that for each j, k, ¢;j is an oo-
atomic block with |Cj7k|hl,tc)>o o S 1Akl and supp (cj k) C maRR. Therefore,
atb, nq

Np
b=2_D G
7j=1 k=1
and
2 Np
||th;t§°m(y) < Z Z |Cj7k|h;t§°n1(p,) rS Z |)\J|7

=1 k=1 J=1

which implies that ||b]|,1. S 1B,

atb, 7 (M) a;b, n2 (M) ’
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If b is an oo-block and R € D, then for each j, k, let ¢;  := \j ra; . It
is obvious that for each j, k, ¢;  is an oo-block with |Cj7]€|hl,tc)>o S A
atb, nq

and supp (¢; x) C n2R. Moreover, b = Z?Zl STNB ¢k and

2 Np 2
(LS SO TR DI
=1 k=1 =1

which implies that [|b[|, 1.0 () < |b]l,2. ), and hence completes the proof
atb, nq H’) ~ atb, no (M)
of Proposition 3.5. [ |

Remark 3.5. By Proposition 3.5, unless otherwise stated, we will always
assume that the constant n in Definition 3.2 is equal to 2.

Inspired by the duality between H'(1) and RBMO (p), we will show that
the space h;;g" (u) is the predual space of the space rbmo (u). To this end,
we will follow the scheme of [8, pp. 34-40] (see also [16]).

Lemma 3.4. rtbmo () C [hL>°(u)]*. That is, for any g € rbmo (1), the
linear functional
Ly(f) = | fgdp

R4

defined on bounded functions f with compact support extends to a continuous
. . 1,00 .

linear functional L, over h,,°(u) with ||Lg||[h;;§o(u)}* < C|g|lrbmo (n), where
C' is a positive constant independent of g.

Proof. By Remark 3.3 and Remark 3.5, we take p = 1 = 2 in Definition 3.1
and Definition 3.2. Following some standard arguments (see, for example,
[5, pp.294-296]), we only need to show that if b := Z?:l Aja; is an oo-
atomic block with supp (b) C R ¢ D as in Definition 2.7 or an co-block
with supp (b) C R € D as in Definition 3.2, then for any g € rbmo (u),

| Malata) duta)

If b is an oco-atomic block with supp (b) C R ¢ D, an argument similar
to that in [16, p.115] yields that

2
[ Madata) )] < 32 Nl
=1

If b is an oo-block with supp (b) C R € D, we have

[ b dn)| < N [ oot dute).

S |b|h;’t§°(u)||g”rbm0(u)-




h', BMO, BLO AND LITTLEWOOD-PALEY ¢g-FUNCTIONS 627

Now for i =1, 2, if Q; € D, it follows from (2.3) that

/ la(@)]g(2)| dp(x) < {p(2Q0)[1 + 6(Qs, R)]} / l9(a)] du(x)
Qi Qi
< HgHrme(u)-

If Q; ¢ D, then (2.3) together with Definition 3.1 and (3.7) yields that

/ a:(2) lg(2)] dpu(z)

< [ 1@ |o@) = mg(0)| dute) + g ()] | ja o)l aute)
< g0 Ul\g a.(0)] dut@)

(@) [mey () — mg(g)) + 1@ )] | S I9lmogs

Therefore, we have

| Walata) duta)

which completes the proof of Lemma 3.4. |

2
rS Z |)\i|Hg||rbmo |b|h o (w) ||gHrbmo(u)7
=1

Lemma 3.5. If g € rbmo (u), then HLgH[hl,oo(u)}* ~ 119l sbmo () -

Proof. By Lemma 3.4, it suffices to show || Lg|[;,1. Bl R 2 |1glsbmo (u)- With-

out loss of generality, we may assume that g "is real-valued. With the
aid of Lemma 3.3, we only need to prove that there exists some function

f € h5>°(u) such that

(3.26) 1Ly 2 Mgle Ll

By Remark 3.3 and Remark 3.5, we take p = = 2 in the definition of || - ||,
and Definition 3.2. Let € € (0,1/8]. There exist two possibilities.
Case (1) There exists some doubling cube @Q C R? with @ ¢ D such that

(3.27) /Q 19(2) — ag(9)] dulz) > elglln(@),

or there exists some doubling cube @ C R? with @ € D such that

(3.28) laq(g)] = €llgllo-
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If (3.27) holds, then for such a cube @ ¢ D satisfying (3.27), by an argu-
ment similar to that in [16, p. 116], we find an f € h>°(u) such that (3.26)
holds.

If (3.28) holds, for such a cube @ € D satisfying (3.28), we take f :=
sgn (g)xg, where and in what follows, sgn (g) denotes the sign function of
the function g. It immediately follows that f is an co-block with supp (f) C
Q and |f|h;§o(u) < u(@). By this fact, (3.23) and (3.28), we see that

L,(f)] = /Q 9(2) f(z) du(x)

Thus, in Case (1), (3.26) holds.

Case (2) For any doubling Q C R? with Q ¢ D, (3.27) fails, and for any
doubling cube Q C RY with Q € D, (3.28) fails. In this case, we further
consider the following two subcases.

Subcase (i) For any two doubling cubes Q C R with Q ¢ D,

= /Q l9(@)] dpu(2) Z ellgllollflls =

lag(9) ~ an(g)| < 511+ 5(Q, R)lgll

In this subcase, from the definition of ||g||,, there exists some cube @ ¢ D
such that

(329) | lst@) =~ agto)] duta) 2 Slgllu2)

If Q ¢ D, then by the argument in [16, p.117], we obtain that (3.26) holds.
If Q € D, we then let f := XQn{g>as(9)} ~ XQn{g<ag(9)}- It is easy to see that

f is an oo-block with supp (f) C Q and Hthl;{,’"(u) S u(2Q). Moreover,
since (3.28) fails for Q, using (3.29), we have

L2 | | [o) ~0q(0)] 5@ dn)] ~Jogo)]| | st dnte

1
2 5ll9llor(2Q) — ellgllor(@) Z Nglloll Flliz,ze -

Subcase (ii) There exists some doubling cubes () C R with @ ¢ D,

211 +5(@, Rl

In this subcase, we also only need to consider the case that R € D, because
if R ¢ D, the argument in [16, p. 118] works here as well. Assume R € D
and take f := xo. Then f is an oco-block with supp (f) C R and

1l S (14 6(Q, BIN(Q).

lag(g) — ar(g)] >
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Since (3.27) fails for @) and (3.28) fails for R, it follows from the assumption
of this subcase and the fact that ¢ < % that

L1 = | | o) ~ aa(o) ) dutz) + ag(o)u@)
> Joalo) ~ an(@)n(Q) [ 19(¢) ~ 00(0)l dn(x) ~ lore(5) (@)

> %[1 +0(Q, B)][[gllon(@) — 2¢llgllop(Q)

> 111+ 5@, R)lgln(Q).

Therefore (3.26) also holds in this case, which completes the proof of
Lemma 3.5. |

We now introduce the spaces hiP(u) for p € (1,00) and prove that
they coincide with h5;>°(1) and the dual of the space hl>°(u) is rtbmo (u)
simultaneously.

Definition 3.3. Let n € (1,00) and p € (1,00). A function b € L} (1) is
called a p-block if only (i) and (iii) with p € (1,00) of Definition 2.7 hold.
Moreover, we let |b|h1,lp(u) = 2321 |\

A function f € L'(u) is said to belong to the space hiP (1) if there exist
p-atomic blocks or p-blocks {b;}; such that f =", b; and ), |bi|h1’§(u) < 00,
where b; is a p-atomic block as in Definition 2.7 if supp (b;) C R; and
R; ¢ D, while b; is a p-block if supp (b;) C R; and R; € D. We define the
hiP (1) norm of f by letting

1F lhz;p 0y 1= o {Z |bi|hi;{,’(u>} ’

where the infimum is taken over all possible decompositions of f in p-atomic
blocks or p-blocks as above.

Remark 3.6. Let p € (1,00) and 3, := p®*. Due to the fact that for any
cubes Q) C R, B
1+0(Q,R) ~1+(Q,R).

We may assume that the cube R as in Definition 3.3 is (p, 3,)-doubling if
necessary.

It is easy to see that HL'(u) € hiP(u) € L'(u). In fact, the spaces
hii? (1) have the following properties similar to h.;>°(). We omit the details;
see [16, Proposition 5.1].
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Proposition 3.6. Let p € (1,00). The following four properties hold:
) BE200) © L () with (£ < 15 -
(i) The space hyP(u) is a Banach space.

(iii) For any p1, p2 € (1, 00] with p1 < pe, we have the continuous inclusion
haih? (1) © B ().
(iv) The definition of h;’:{;(u) is independent of the choice of the constant
n € (1, 00).
Remark 3.7. By Proposition 3.6 (iv), unless otherwise stated, we will al-
ways assume that the constant n in Definition 3.3 is equal to 2.

Lemma 3.6. For any p € (1,00), tbmo (1) C [hil(w)]*. That is, for any
g € rbmo (p), the linear functional

Le(f) = » f(x)g(x) dp(z)

defined over f € L*(u) with compact support extends to a unique continuous
. . 1 .

linear functional Ly, over h,;i(w) with HLgH[h;g(u)]* < C|9||xbmo (), where C

s a positive constant independent of g.

Proof. By Remark 3.3 and Remark 3.7, we take p = 1 = 2 in Definition 3.1
and Definition 3.3. Similar to the proof of Lemma 3.4, it suffices to show
that if b := 3>, Aa; is a p-atomic block with supp () C R ¢ D as in
Definition 2.7 or a p-block with supp () C R € D as in Definition 3.3, then
for any ¢g € rbmo (p),

[ Malate) duta)

If b is a p-atomic block with supp (b) C R ¢ D, then an argument similar
to that in [16, p. 120] gives us the desired estimate.

Now suppose b is a p-block with supp (b) C R € D. In this case, we also
have that

< 1Bl 9 o

| ¥alata) duta)

<[ la@lge)] du)

For each i, if Q; € D, then it follows from the Holder inequality, (2.3) and
Corollary 3.1 that

1/p’

@l dnte) < | [ o)l du)] " [ [ ot )]

5 ||g||rbm0(u)-

Qi
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If Q; ¢ D, then using the Holder inequality, (3.7), (2.3), Definition 3.1 and
Corollary 3.1 again, we have

/ o)l [ote) ~ mag(0)] dute) + g ()] | o) o

LY (1) T )m@@) - mé(g)) [1(Q:)] VY

+[ma(@)] (@1 | S llgllmo

< lailzrgn [H<g - mg (@)

Therefore,

| Walata) duta)

This completes the proof of Lemma 3.6. |

2
N Z |>‘i|||g||rbm0(u) = |b|h;g(#)||g||rbmo(u)'
i=1

Lemma 3.7. Let p€ (1,00). Then [h5F(u)]* CLIOC( ), where 1/p+1/p'=1

Proof. This lemma is an easy consequence of the Riesz representation
theorem, and it can be proved by a slight modification of the argument in
8, pp. 39-40]; see also Lemma 5.4 in [16]. We omit the details. [ |

Lemma 3.8. For any p € (1,00), [hi?(1)]* = rbmo (u).

Proof. By Lemma 3.6, to prove the lemma, it suffices to show that for any
p € (1,00), [h;t{;(u)] C rbmo (u). Based on Lemma 3.7, we let g € LIOC( )
such that L, € [h5P(11)]*. We will prove that g € rbmo (1) by verifying that
for any @ ¢ D,

B30) o / l9(e) — ag(9)] din) < Lol
that for any two doubling cubes Q C R with @ ¢ D,
(3.31) laqlg) = anl9)] S [1+6Q Ll

and that for any Q) € D,

p(2Q)
Q)

(3.32) lag(9)] < 1Ll o
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We first verify (3.32). Let Q € D and f := sgn(g)xg. Then f is a p-
block with supp (f) C @ and |f|h1,§(u) < 1(2Q). By the definition of ag(g),

we see that

a(9) |</|g ~aq@)ldute) + | | owyautw)] 5 | o] dua)

(NS MLy H[hl P ()] 1(2Q),

which implies (3.32).

If @ is doubling and @ ¢ D, then (3.30) is true by following the argument
for (5.2) in [16], therefore we only need to show that (3.30) holds when @ is
not doubling and @) ¢ D. Moreover, we may assume @ € D, since the proof

of (5.2) in [16] also works here for @ ¢ D. Let
lg — ag(g)”

J= g9 - a@(Q)

X@n{g#ag(9)}-

Then f is a p-block with supp (f) C Q and

339 g 5 [ [ o) ~agf o] iz

atb

On the other hand, by (3.32) together with the doubling property of @ and
Proposition 3.6 (i), we have

| Jot@) = aglo)]
Q

) = | [of) - aglo)] sy duto

<| [ o)t ana)| + |aglo)] [ 17 dute)

S gl e

1,p
atb

which together with (3.33) and the Hélder inequality implies (3.30) in this
case.

To prove (3.31), let Q@ C R with @ ¢ D be any two doubling cubes. If
R ¢ D, then by the proof of (5.3) in [16], we obtain (3.31). Now suppose
that R € D. We choose

g —ar(9)]”
f= g — CYR(Q)

Then f is a p-block with supp (f) C R and

XQn{g#ar(9)}-

1/p
g 11+ 0Q.] | [ lo6e) = cnto)l o] .
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Consequently, by applying (3.32), Proposition 3.6 (i) and the doubling prop-
erty of R, we see that

| 19t) ~ axto)V” duto
/ 9(2) — anl(9))f (2) du()
<[ [ o)) due) + lon(o) [ 1701 doa) 5 Wbl 11z
/ 1/p /
S g1 +9(Q R | | 19t) — anto)l dutw)| i)
Therefore,
1/p
307 L o)~ an(@) dut)| 5 [0+ 8@ B g

Recall that @ is doubling. From this fact, the last estimate as above, (3.30)
and the Holder inequality, it follows that

ag(g) — ar(g)]
al
< i) 190 ~oa@ldnta) + s [ lo(@) ~ anto)ldute)
Q) Jo ¢
[ +5(Q7R)]||Lg||[h;’tg(u)]*a
which verifies (3.31) and hence completes the proof of Lemma 3.8. |

Lemma 3.9. Let p € (1,00). The local atomic Hardy space hL>° (1) is dense
in the local Hardy space h:f(1).

Proof. By Definition 3.3, for every f € h5P(u) and ¢ > 0, there ex-
ists m € N and g = > b; such that |[f — g||h1p < §, where for
j=1,...,m, b; is a p-atomic block if supp (b ) C R §§ D or a p-block
if supp (b ) C R; € D. Moreover, for any j =1, ..., m, it is easy to see that

there exists an h € L>(p) such that supp (h; ) R]’ and

€
bi — hillren < .
H j ]HL (w) 2m+1[u(2Rj)]l—l/p

For each j, if b; is a p-atomic block with supp (b;) C R; ¢ D, then take

~ XR;
b, =h;, — —— h:du.
T u(Ry) /Rd 7
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By an argument similar to that in the proof for Lemma 2.1 of [6], we see
that b; is an co-atomic block with supp (b;) C R; andJ bj — ijhiéff(M) < -
If b; is a p-block with supp (b;) C R; € D, then take b; := h;. It is easy to
see that b; is an oco-block with supp (b;) C R; € D and ||b; —bj||h1,§(u) < g

Now let g := > 7", Z;; From Definition 3.2, it further follows that g €
T (1) and

1 =t < 1 = 9llitog + g = Fllipg < e
which completes the proof of Lemma 3.9. |
Theorem 3.2. For any fived p € (1,00), hif(u) = hin* () and

[Bs ()] = rbmo ().

Proof. By Lemma 3.9, we see that if f € [RLP ()], then f € [hh2°(u)]*.
With the aid of Lemma 3.8, we consider the maps i : h>*(u) — hLP(u)
and

i* wbmo (1) = [hyh (0] — (o (1]

Notice that the map ¢ is an inclusion and ¢* is the canonical injection of
rbmo (y1) in [hL°(u)]* (with the identification g = L, for g € rhmo (u)).
By Lemma 3.5, i*(rtbmo (1)) is closed in [hL:>°(1)]*. An application of the
Banach closed range theorem (see [29, p.205]) shows that hl;>°() is closed
in h? (1), which together with Lemma 3.9 implies that k1> (u) = hLP (1) as
a set. Thus i maps h.;>°(1) onto hLP(11). Observing that both kL >®(u) and
hi;ﬁ’ (1) are Banach spaces, by the corollary of the open mapping theorem
(see [29, p. 77]), we obtain that h;>°(u) = h5P () with an equivalent norm,

which completes the proof of Theorem 3.2. |

We next come to establish relations between spaces H'(u) and hL:>°(1),
and between spaces RBMO (u) and rbmo (p), respectively. If p is the d-
dimensional Lebesgue measure, Proposition 3.7 and Corollary 3.2 below are

obtained by Goldberg [4].

Proposition 3.7. Let k € N and Sy be as in Section 2. If f € h;’:go(y),
then f — Sk(f) € H' (1) and

1 = Sk(D ) < CllF e

where C' 1s a positive constant independent of f and k.
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Proof. Notice that for any oco-block or co-atomic block b := 2521 Aja; as
in Definition 3.2 or Definition 2.7, and any k € N, by (A-2) in Section 2 and
the Tonelli theorem, we have

2
(3.34) 156 2 < Illzrg S D -
j=1

From this and Definition 2.6, to prove Proposition 3.7, it suffices to show
that

2
(3.35) IMa(b = Se@)llzrg S D 1N,
7j=1

where Mg is as in Definition 2.5.

Let b be an oo-atomic block with supp (b)) C R ¢ D. Then by the fact
that {Sk }ren are uniformly bounded on H'(u) (see Theorem 3.1 in [28]), we
have

2
IMa (SOl S D IAl-
7j=1

This together with the sublinear property of Mg and Definition 2.6
yields (3.35) in this case.

Now assume that b is an oco-block with supp (b)) C R € D. Fix any
xo € RN supp (1). We consider the following two cases: (1) k < Hp"; (2)
k>Hp +1.

In Case (1), write

IMalb— Se @)l = [ Malb— Su(b) () dulx) + /

Since M is sublinear, we have that

s |A|/ Ma(a;)(z) du(e +Z|A|/

n /  Ma(S4(0)(a) du(o)
= Jl + Jg + Jg.

\2QJ

By an argument similar to that in the proof for I in Theorem 3.1 of [28], we
have J3 < 2321 |Aj|. Thus I is reduced to showing that J; + Jo < 2321 |\l
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For each j =1, 2, by Definition 3.2, for any z € 2Q); and ¢ ~ z,

/}Rdw(y)%(y) d#(y)' < lajllpewllelleig < llajllnes

which implies that Mg(a;)(z) < |[la;||re(m for any @ € 2Q;. This fact
together with Definition 3.2 further yields that

2
T <> Illlagl e n2Q;) S IAl-
j=1 :

Jj=1

On the other hand, for any j = 1, 2, and any = € 8R \ 2();, we obtain
that for any y € Q;, |z — y| ~ |© — x;|, where z; is the center of ();. From
this, it follows that for any = € 8R \ 2Q);,

Ma(a;)(z) < sup

o

[ oot | < (2120

~ e =y

which together with Lemma 2.1 and Definition 3.2 yields that

/ Ma(a;)(z) du(z) < |lajllzrd(2Q;, 8R)
8R\2Q;
S llallpee (@)1 +6(Q;, R)] < 1.

Therefore Jo S 2521 |A;], which together with estimates for J; and J3 im-
plies that I; < Z?Zl |\l

Now we estimate I. By the facts that [.[b(z) — Sy (b)(z)] du(z) = 0 and
that supp (b) C R, we write

I < / sup /R b@)lle(y) — olxo)| duly) du(z)

d\8R ¢~z

4 / sup | 15:0) )] 0(y) — (o) da(y) dp(z)
RI\8R v~z J2R

+ / sup
RA\8R ¢~

=: L; + Ly + Ls.

/R oon Sk W) [e(y) — ¢(z0)] du(y)| du(x)

Observing that by arguing as in the proofs for II; and I, in Theorem 3.1
of [28], we obtain Ly + Lz < 23:1 |Aj|. Thus, we only need to verify that
2
Ly 5 Zj:l |>‘j|-
For any y € R and z € 2" R\ 2™R with m > 3, it is obvious that
|z — o] > 1(2™2R) and |y — x| < V/dI(R), which implies that |y — 20| <
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|x — xo|. This fact together with the mean value theorem yields that for any
Y~ x,

From this, Definition 3.2 and (1.1), it follows that

L / sup [ Jay()lle(y) — (o) duly) du()

am+1R\2m R o~z J Q;

< Z X [ T ) S 3 )

amtir\2mR [[(2MR)] o

Therefore, we obtain (3.35) in Case (1).

In Case (2), we further consider the following two subcases. Subcase (i)
k> Hp +1 and for all y € RN supp (1), R ¢ @Qy x—1. In this subcase,
it is easy to see that for any y € R, Qy r—1 C 4R, which together with
supp (Sk(b)) C Uyer@y, k-1 implies that supp (S(b)) € 4R. Let I; and
I, be as in Case (1). We also have |[Mg(b — Si(b))|lo1y < L +1y and
I S Z?:l |Aj|. On the other hand, since supp (Sk(b)) C 4R, by

| o) = i) duta) =

we have

I, < / sup
RANSR @~

/ sup / b@)lle(y) — (o) duly) dy(x)
RA\SR @~
4 / sup / ISUBMlely) = (o) diy) du(o)

d\8R ¢~

/ b(y) — Su®)W)ie(y) — o(@o)] du(y)| du(z)

Moreover, using estimates similar to those for L; and Ly in Case (1) with
2R in Ly replaced by 4R, we obtain Iy < Z?Zl |\l

Subcase (i) k > H7’ 4+ 1 and there exists some yo € RN supp (u) such
that R C @y, k—1. In this subcase, by applying Lemma 4.2 in [17], we see
that supp (Sk(b)) C UyerQ@y, k-1 C Qyo, k-2 C Quy,k—3- Then

[Malb — S i
- [ Malo- st @ duta) + [ =B+ B
Qug, k-3 RNAQ, k-3



638 G. Hu, D. YAaNG AND D. YaNG

Arguing as in estimates for L; and Ly in Case (1) with 2R in L, replaced
by Quo k-3, we have Ey < 2321 |Aj]. On the other hand, by the fact that

M is sublinear, we obtain

E1<Z|)\| MMJ ) dp(x +Z|A|/

on k— J\ZQ]

—i—/ Mo (Sk(b))(z) du(x) =: F1 + Fo + Fs.
Qzg, k—3

By using an argument similar to that in the proof of J; in Case (1),
we obtain F; < 2321 |Ajl. On the other hand, because R C Qyy k-1, We
obtain that & < H} + 1. This fact together with Lemma 2.2 (c) yields
that &k < Hp" + 2. Then the assumption that Hp> + 1 < k together with
Lemma 2.1 and Lemma 2.2 (g) implies §(R, Q. x—3) S 1. Moreover, another
application of Lemma 2.1 implies that §(2Q;,4Qu.k—3) S 1+ 6(Q;, R).
Therefore, arguing as in Case (1), we have that for any « € 4Q,, r—3 \ 2Q;,

||aj||L°°(u),u(Qj).

|z — x4]"

Ma(a;)(z) S

This together with Definition 3.2 implies that
2 2
Fo S ) INlllag o i(@5)6(2Q5, 4Quq k-3) S D 1A
j=1 j=1

Similarly, by (A-2) and (A-4), we have
2
Fy ZP\ | [ Mo (Sk(ay))(x) dp(x) +/ ]
4Qz(, k—-3\2Q;

2
S Il oo u(2@Q5) [1 4 6(2Q5, 4Qu 1-3)] S D A1,
=1

j=1
which completes the proof of Proposition 3.7. |

Remark 3.8. In fact, from Theorem 3.1 in [28], we see that Proposition 3.7
and Corollary 3.2 below also hold for Sy, with k < 0 when R? is not an initial
cube.

To establish the relation between RBMO (1) and rbmo (1), we need the
following estimate, which is a simple corollary of Lemma 3.1 in [27] and the
fact that rbmo (1) € RBMO (u) (see Proposition 3.1). We only point out
that the proof of Lemma 3.1 in [27] still works, even when R? is an initial
cube.
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Lemma 3.10. There exists a positive constant C' such that for any two cubes

Q C R and f € rbmo (),

£ (y) —mg(f)] 2
/ Ty~ aol i@y 1) < 1+ 0@ BF I fllmo g

Corollary 3.2. Let k € N and Sk be as in Section 2. Then

(i) rbmo (u) = {b € RBMO (i) : Sk(b) € L>*(u)}; moreover, for any
b € rbmo (1), E|[bllrbmo (u) ~ [ Sk(b) | 2 () + l[bllrBMO (1) -

(ii) If f € RBMO (u), then f — Sip(f) € rbmo (u); moreover, there exists
a positive constant C independent of k and f such that

1f = Sk(f)ltbmo () < C|lf||rBMO (1)-

Proof. To prove (i), assume that b € RBMO (u) with Si(b) € L*>(u) first.

For any f € h::>°(u), Proposition 3.7 together with (A-1) and Theorem 5.5
in [16] implies

[ W s @) duo)

<

[ ¥ @) = SN duo)| + | [ Wa)Su() o) )

Sl e o 1ol RBAMO (1 +H5k<)||L°°(u]

Thus by Theorem 3.2, b € rbmo (¢) and

[1Bllbmo () < [1bllrBMO (1) + 1Sk (D) Lo (1)

Conversely, assume that b € rbmo (). If & > 2, then for any = €
supp (1), Quzx ¢ D by (e) of Lemma 2.2. Therefore, from (A-2) through
(A-4), the fact that Q.1 € D, Definition 3.1 and Lemma 3.10, it follows
that for any = € supp (p),

Sk(B) ()] < / Se(w,y) [b(y) — ma., . (B)] duly)
+ ‘mka(b) - szl(b)‘ + ‘mel(b)‘ 5 kHbHrbmo(,u)

Let £ = 1. If R? is an initial cube, we first claim that for any x €

supp (i),
b(y)]
———dp(y) < |blrbmeo
/Rd\czz,l |z —y|" ()
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In fact, by the fact that 297'Q, ; € D for all j > 0 together with Defini-
tion 3.1 and the fact that 6(Q, 1, RY) < 1, for any jo € N,

/ Lol du(y) < Jozl S — / b(y)| du(y)
200 Q. 1\Qu, 1 ly — x| ~ =0 [1(2972Q,,1)]" 24t1Q,. 1\27 Qa1
S 1+ 6(Qu, 15 RYNIBllbmo () S 11Bllrbmo

By letting jo — oo, we know that the above claim holds.
By this claim, (A-4) and Definition 3.1 together with @), 1 € D, we see
that for any = € supp (),

330) IS5 [ l)'Qx ()
el )
</Rd\Q ) |37—Z|" ) Qo | Q.7 "

< HbHrme(u
If R? is not an initial cube, then by (A-3), (A-4) and Definition 3.1
together with Q. 0, Q»1 € D, for any = € supp (u),

18, (0)(2)] < /Q s Z|'b+<zl>('%l>]n e

LOI )l
= /Qz,o\Qz,l mdu(Z) _'—/‘:c L [ (Qz1)]" dp(z) S HbHrbmo(u)-

Combining these estimates above, we have that for each k € N, Sy (b) €
L*(p) and ||Sk(0) || oo (u) S Kbl ebmo (1), Which implies that

1Sk () | oe () + [1bllRBMO () S KDl r0mo ()

This establishes (i).
For any b € h1:>°(u), it follows from Proposition 3.7 that

16 = Sk oy < [101]2, 00

ath (M

By this fact and the duality between H'(y) and RBMO (u), for any f €
RBMO (p),

/Rd[f(l") — Si(f)(@)]b(x) dp(x)| = — S(b)()] dp(x)
S I a0 o 1Bl 00 )

which via Theorem 3.2 implies that f — Si(f) € rbmo (x). This estab-
lishes (ii), and hence completes the proof of Corollary 3.2. |
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3.2. The spaces RBLO (x) and rblo (u)

To begin with, we prove that the definition of the space RBLO () is inde-
pendent of the chosen constants n € (1, 00) and p € (1, 00).

Let n € (1,00). Suppose that for a given f € L} _(u), there exists a
nonnegative constant C' and a collection of numbers {fo}q such that

1
(3.37) p —— /Q W) - fol duly) < C,

that for any two cubes (Q C R,

(3.38) fo — frl < C[1+6(Q, R),

and that for any cube @,

(3.39) fo < es%?inf f.

We then define the norm || f||.,, := inf {C?}, where the infimum is taken over

all the constants C' as above and all the numbers {fo}¢ satisfying (3.37)
through (3.39).

With a minor modification of the proof for Lemma 2.6 in [16], we have
the following proposition and we leave the details to the reader.

Proposition 3.8. The norm || - ||,y is independent of the choice of the
constant n € (1,00).

Based on Proposition 3.8, from now on, we write ||- ||« instead of || - ||.«,4-

Proposition 3.9. Let n € (1,00), p € (1,00) and B, := p*™. Then the
norms || - ||« and || - ||rBrLo (u) are equivalent.

Proof. Suppose that f € L} _(n). We first show that

loc

(3.40) 11 S 11 lrBLo Go-

For any cube @, let fq := essinfs, f. Then (3.37) and (3.39) hold with C =
1 f1lrBLO (- To verify that (3.38) also holds, let Ry := 2Re if I(R?) > 1(Q”)

and Ry = 2pQ~ if I(R?) < (Q*). Then arguing as in the proof of (3.7), we
obtain that for any two cubes ) C R,

(3.41) es%inff — es}s}inff S [146(Q, R)]||f||RBLO(M).
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Now let us establish the converse of (3.40). For f € L} (1), assume that

loc

there exists a sequence of numbers { fg}¢ satisfying (3.37) through (3.39)
with C' replaced by || f ||« For any cube @, by (3.38), (3.39) and Lemma 2.1,

fo — essinf f = fo = fgu + fg = essinf £ < [1+6Q QM f s S 1f e

This fact together with (3.37) yields that for any cube @,

1 .
n(nQ) /Q [f(y) —essinf / } dnly)
- - L(Q) — essin
= 00 L )~ Sl dnt) + LI o= st 1] S .

On the other hand, for any (p, 3,)-doubling cube @, since (3.37) holds
with n = p by Proposition 3.8, (3.39) implies that

e 1 N 2y < 1PQ)
ma(N) = fo = = /Q @) = ol dua) < L8

Then from (3.38) and (3.39), it follows that for any two (p, §,)-doubling
cubes QQ C R,

[l S 1Ll

es%nff — ess]%nff < es%nff —fo+fo—Ir
< mo(f) = fo + 1 +0(Q, B[ fll+e S [1 4 0(Q; R f |-

This establishes the converse of (3.40), and hence completes the proof of
Proposition 3.9. |

Proposition 3.10. Let n € (1,00), p € (1,00) and 3, := p*'. For f €

LA (w), the following statements are equivalent:

(i) f € RBLO ().
(ii) There exists a monnegative constant Cs satisfying (2.5) and that for
any (p, B,)-doubling cube Q,
1

(3.42) m/@ [f(x) - essénf f] du(z) < Cs.

(iii) There exists a nonnegative constant Cy satisfying (3.42) and that for
any (p, B,)-doubling cubes Q C R,

(3.43) mq(f) —mgr(f) < C4[1 +6(Q,R)].

Moreover, the minimal constants Cy and Cy are equivalent to || f||rsro (u)-
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Proof. By Proposition 3.8 and Proposition 3.9, it suffices to establish
Proposition 3.10 with n = p = 2. Notice that the fact (i) implies (ii)
automatically. We now prove that (i) implies (iii). From (2.5) together
with (3.42), it follows that for any doubling cubes @ C R,

malf) — malf) < mq(f) — essinf f + essinf f —essint f S C4l1 +3(Q, R)),

which implies (iii).

Finally, assume that (iii) holds. For any cube Q@ C R? and any z € Q N
supp (1), let @, be the biggest doubling cube centered at x with side length
2°1(Q), k < 0, and 1(Q,) < 5!(Q). Then Lemma 2.1 yields that §(Qq, Q) <
1 . By the Besicovitch covering theorem, there exists a subsequence of cubes
{Qx, };+ which covers @ N supp (1) and has a bounded overlap. Moreover,
from (3.42), (3.43) and the fact that Q,, C 20Q), it follows that

esginff —essinf f < mq, (f) —m=(f) + m—=(f) — essinf f

g 2Q 2Q 2Q 20

< Gyl +8(Q.,.2Q)] < Ci.

This fact together with the facts that {Q,,}; covers @ N supp (1) with
a bounded overlap, that @,, C 2Q), that @,, is doubling and (3.42) implies
that

/Q [f(x)—essénff} du(x)
< Z /

Qu,

— eSSlIlf f} du(z) + Z w(Qx,) [essmf f — essinf f]
2Q

On the other hand, from (3.43) and (3.42), it follows that for any doubling
cubes ) C R,

es%nff — ess]%nff <mq(f) —mgr(f)+mg(f) — ess}%nff S Cy[1+96(Q, R).

Therefore, we see f € RBLO (p), which implies (i). This completes the
proof of Proposition 3.10. |

Remark 3.9. (i) Let n € (1,00) and p € (1,00). From Proposition 3.8
and Proposition 3.9, it follows that the definition of the space RBLO (u) is
independent of the choices of n and p. From now on, we will always assume
n = p = 2 when we consider RBLO ().

(ii) From Lemma 2.8 in [16], Proposition 3.8 and Proposition 3.9, it is
easy to see that RBLO () C RBMO (p).
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We next recall the notion of the natural maximal operator, which is a
variant in the non-doubling context of the so-called natural maximal oper-
ator on R? in [1, 15] and was introduced by Jiang in [7]. For any locally
integrable function f and z € R?, define

M(f)(z) = sup ﬁ /Q £() dis(y)

Q3zx
Q doubling

Recall that the non centered doubling maximal operator N(f) := M(|f|) is
defined in [16, p. 126].

The following theorem is an improvement of Theorem 2 of [7] by prov-
ing that (3.45) below holds automatically under the assumption that f €
RBMO (u) and M(f) is finite almost everywhere.

Theorem 3.3. Let f € RBMO (). Then M(f) is either infinite every-
where or finite almost everywhere, and in the latter case, there exists a pos-
itive constant C' independent of f such that

HM<f)||RBLO(,u) < CHfHRBMO(u)-

Proof. Suppose that f € RBMO () and there exists a point 2y € R? such
that M(f)(zo) < co. It then follows from Lemma 2 in [7] that there exists
a positive constant C' independent of f such that for any doubling cube

an(b

1 .
Ba) o /Q MU7) ) dn(z) < I fllmnio o + essinf M(F).

By (3.44) and Proposition 3.10, Theorem 3.3 is reduced to proving that
for any doubling cubes Q C R,

(3.45) moM(f)] = me[M(f)] S 1+ 6(Q, R)I[|fl|lrBMO (1)

To prove (3.45), for any point = € @, we further set

My(f)(x) = sup / 1) duly

P>z, Pdoublmg ,u
I(P)<4l(R)

My(f)(x) == sup / 1) duly

P>z, Pdoublmg ,u
I(P)>4l(R)

U= {2 €Q: Mi(f)() > Mao()(@)} and Usg = Q\ Ui
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Then for any =z € Q, M(f)(z) = max(My(f)(z), Ma(f)(x)). By writing
f =1 =mr(Hlxsq + [f —mr(f)xea1q + mr(f)
and using the fact that mg(f) < mgr[M(f)], we see that
1

moM(N)] = malM(N)) <~ | M = ma(f)xse) (@) dix)
. ,Q
) /  M(lf = ma(Dlxan o)) di(e)
1
Fo@) D) MO i)
= : 11 + 12 + I3-

Notice that M(|f|) = N(f), which is bounded on L?(11) (see [16, p. 126]).
From this, the Holder inequality, Corollary 3.5 in [16], the doubling property
of @ and Lemma 2.1, it follows that

Ils{@ / [N (1 = matiso) )} du(az)}m
{ IRCE <>}1/2

1/2
1
< {m/%Q F(a) —ma ()| dmx)} +

+mq(f) — mr(f)|
S [ +0(Q, R f llreymo )

To estimate Iy, we will prove that for any point z € () and any doubling
cube P 3 x with I(P) < 4l(R),

(3.46) - L / 1) = mal)xans0(v) duly)
1 + 5 (Q, R)]||f||RBMo

If P C 3Q, then J = 0 and (3.46) holds automatically. Assume that P ¢
3Q. We then have that [(P) > #I(Q), which together with the fact that
[(P) < 4l(R) implies that () C 13P C 57R. Thus, Lemma 2.1 together with
(2.10) in [16] yields that

5 17 = meDl () + (1) = ()
+ }m13p<f> ! +mo(f) — me(f) < [1+6(Q, R)I fllremo g
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Now we estimate I5. Notice that for any x € ) and any doubling cube P
containing z with [(P) > 4I(R), R C 2P. Then from the fact that ms5(f) <
2

mgr[M(f)], it follows that

mp(f) = meM(f)] < |\mp(f) = mgp(f)| + mgp(f) — me[M(f)]

2 2

S I fllrBMoO (u)-

Taking the supremum over all doubling cubes P containing = with [(P) >
41(R), we have that for any = € @Q,

My(f)(x) = mp[M(f)] S ||fHRBMO(u)-

This implies that I3 < || f|lgemo () -
Combining the estimates for Iy through I3 leads to (3.45), which together

with (3.44) implies that M is bounded from RBMO (u) to RBLO (i) and
hence completes the proof of Theorem 3.3. |

Remark 3.10. (i) If i is the d-dimensional Lebesgue measure, Theorem 3.3
was obtained by Bennett in [1].

(i) From Theorem 3.3 and the facts that for any f € RBMO (p), |f] €
RBMO () with ||| f||[rBmo () S ||f||rBMO (1) (€€ [16, Proposition 2.5]) and
that N(f) = M(|f]), it follows that if f 6 RBMO (u), then N(f) is ei-
ther infinite everywhere or finite almost everywhere, and in the latter case,
N(f) € RBLO (u) and there exists a positive constant C' independent of f
such that

IN(f)llrBLo (1) < CIlfllrBMO (1) -

If u is the d-dimensional Lebesgue measure and RBLO (u) is replaced by
RBMO (), this conclusion was obtained by Bennett, DeVore and Sharpley
in [2].

It was proved in [7] that f € RBLO (p) if and only if M(f) — f € L®(u)
and [ satisfies (3.43), and moreover, || f|lrBro ) ~ [|[M(f) = fllre(n. As
a corollary of this fact and Theorem 3.3, we can improve Theorem 3 of [7]
by removing the regularity assumption on M(f) as in (3.45). We omit the
details here.

Theorem 3.4. A locally integrable function f belongs to RBLO (i) if and
only if there exist h € L*>(u) and g € RBMO (u) with M(g) finite p-a. e.
such that

(3.47) f=M(g)+h

Furthermore, | f||rro () ~ inf(||gllrBmo (u) + || || (), where the infimum
1s taken over all representations of f as m (3.47).
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Now we introduce the definition of the space rblo (u).

Definition 3.4. Let n € (1,00), p € [n,00) and (3, := p*. A function
f e LY (u) is said to belong to the space rblo (i) if there exists a nonnegative

loc \I”

constant C such that for any cube Q ¢ D,

o /Q [#(a) — essnt | dua) < €.

that for any two (p, 8,)-doubling cubes Q) C R with Q) ¢ D,
(3.48) es%nff - ess}%nff < C[1+6(Q, R),

that for any cube Q € D,

1 -
. — d
(3.49) @) Ll <€,
and that for any cube QQ € D,
(3.50) essinf f| < C.
Qr

Moreover, we define the rblo (1) norm of f by the minimal constant C as
above and denote it by || f||rbio ()-

We now prove that the definition of the space rblo (u) is independent of
the chosen constants 1 and p. To this end, let n € (1,00). Suppose that for
a given f € L1 _(u), there exists a nonnegative constant C' and a collection
of numbers { fo}o such that

1
(3.51) sup

Q¢p H(NQ) /Q[f(y) — foldp(y) < C,

that for any two cubes Q C R with Q ¢ D,

(3.52) fo — frl < C[1+6(Q, R),

that for any cube Q € D,

1 -
(3.53) el /Q @)l duty) + |fal < C.

and that for any cube @,

(3.54) fo < es%nf .
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We then define the norm || f||.,, := inf {C?}, where the infimum is taken over
all the constants C' as above and all the numbers {fo}q satisfying (3.51)
through (3.54).

Similar to Proposition 3.8, with a slight modification of the proof for
Proposition 3.2, we have the following property on the norm | - ||,,, and we
leave the details to the reader.

Proposition 3.11. The norm || - ||, is independent of the choice of the
constant n € (1, 00).

Based on Proposition 3.11, from now on, we write ||- ||, instead of || - ||+,
The proofs of the following two propositions are slight modifications of the
proofs for Proposition 3.3 and Proposition 3.4. We leave the details to the
reader.

Proposition 3.12. Let n, p and 3, be as in Definition 3.4. Then the norms
|- Il and || - |lslo () are equivalent.

Proposition 3.13. Let n € (1,00), p € [,00) and 3, := p?*'. For f €

Li,. (1), the following statements are equivalent:

(i) f € rblo(p).

(ii) There exists a nonnegative constant Cs satisfying (3.48) through (3.50)
and that for any (p, B,)-doubling cube Q ¢ D,

1

(3.55) @]

/Q [f(x) — essénf f] du(z) < Cs.

(iii) There exists a nonnegative constant Cg satisfying (3.49), (3.50), (5.55)
and that for any (p, 5,)-doubling cubes () C R with Q) ¢ D,

mq(f) —mgr(f) < Cs[1 +6(Q, R)).

Moreover, the minimal constants Cs and Cg as above are equivalent to
[ £ {leblo (1)

Remark 3.11. Let n € (1,00) and p € [n,00). From Proposition 3.11
and Proposition 3.12, it follows that the definition of the space rblo (i) is
independent of the choices of n and p. From now on, we will always assume
n = p = 2 when we consider rblo ().

From Definition 2.9 and Definition 3.4 together with Proposition 3.2 and
Proposition 3.11, it is easy to see that rblo (u) € {RBLO (x) N rbmo (u)}.
Therefore, as a consequence of Corollary 3.2, we have the following result.
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Corollary 3.3. Let k € N and Sy be as in Section 2. Then
rblo (u) C {b € RBLO (u) : Sk(b) € L>(u)}.

We now establish the relation between the space RBLO (u) and the space
rblo (1) and some characterizations of the space rblo (u) by certain maximal
function.

Proposition 3.14. Let k € N and Sy, be as in Section 2. If f € RBLO (p),
then f — Skf € rblo (1) and

1f = Sk()levro ) < Ol fllrBLO (1),

where C' is a positive constant independent of k and f.

Proof. Without loss of generality, we may assume that || f||gerLo) = 1.
We first show that for any cube ) € D,

(3.56) 00 L@ = SN 1

To do so, let us consider the following two cases:

Case (i) There exists some zg € @ N supp (p) such that Q@ C Quy k-2
In this case, we have Hj > k — 2. On the other hand, by the fact that
@ € D and Lemma 2.2 (d), we see that H;j < 1, which in turn implies
that 1 < k < 3. Moreover, from the facts that —2 < Héo — k <0 and that
Q) C Qup k-2, Lemma 2.2 (¢) and Lemma 4.2 in [17], it follows that for any
r € supp (u)NQ, =1 < HH—k+2 < 3and Q C Q3. By this fact, (3.41),
Lemma 2.1 and Lemma 2.2 (g), we have that for any 2 € supp (u) N Q,

(3.57) |essinf f — essinf f| <
é Qx,k

essinf f — essinf f| +
é Qx, k—3

4 |essinf —essmf < 1.
Q f Qq, f

x, k-3

For each € Q N supp (p), write

f S(f)(@)]

(z) —
< f(x) — essinf f + essmff — egsmff )essmff Se(f)(x ))
Q x, k

Notice that an easy argument involving (A-2) through (A-4) in Section 2
yields that for any x € supp (u),

(3.58) ‘easinff — Sk(f)(x)‘ < 1
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Then (3.56) follows from the combination of (3.57), (3.58) and the following
trivial fact that

@ /Q {f(x)—ess%nf f} du(z) < 1.

Case (i) For any x € Q N supp (u), Q ¢ Qx7k_2. In this case, notice
that by Lemma 2.2 (b), for any z € @, Qu x-1 C 5@ Then from (A-1),
(A 2), the Tonelli theorem and Proposition 3.8, it follows that

ee) /|f (@)l du(z)

2@ /‘f —essmff dp(z) + /Q‘GS%nff—Sk(f)(x) dp(z)

1
1(2Q)

2 .
< m/g@ [f(y) — essinf f] du(y) S 1.

7
Q
Now we prove that for any doubling cube @),
(3.59) ma (f = Su(f) = esgint [ = Su(N] S 1.

From Proposition 3.10 and (3.58), it follows that

ma (f = Su(f)) = essint [f = (/)]

1 . .
<o/, {1760) = 50000 — et — esgnt(-5.(1)1 } )

S+ @/@H—Sk(f)(x) +e§2§c{gff}

+ {—essinff - essénf[—Sk(f)]} } du(x) S 1.
z, k
Thus (3.59) holds.
By (3.56) and (3.59), for any cube @ € D,

essinf[f — Skf]'
Q

< [esintlf = 5] = m (£ = Su()| + g (7 = 5107 5 1.

From this together with (3.56), (3.59) and Proposition 3.13, to complete
the proof of Proposition 3.14, it remains to prove that for any two doubling
cubes @) C R with Q ¢ D,

mq(f — Se(f)) = mr(f — Sk(f)) S 1+0(Q, R).
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By Proposition 3.10, we first write

mq(f — Sk(f)) — mr(f — Sk(f))
=mq(f) —mr(f) — mq(Sk(f)) + mr(Sk(f))
S [1+6(Q, R)] — mq(Sk(f)) +mr(Sk(f))-

As in the proof of (3.56), we consider the following three cases.

Case (1) There exists some zy € RN supp (p) such that R C Qyy k—2-
In this case, Lemma 4.2 in [17] and Lemma 2.1 yield that for any =z € @ N
supp (1) and y € RN supp (1), R C Qup k-2 C Qu -3 C Qy k-1 C Qu k-5
with 0(Qy, k-4, Qu,k—5) S 1. This implies that

essinf f — essinf f
z, k Qy, k

<

e%sinf f —essinf f| +

essinf f — essinf f| +
z, k z, k—5 Q f Q f

x,k—5 y,k—4

%ssinf f—essinf f| <1,

Yy, k—4 y, k

which together with (3.58) yields that

_mQ(Sk(f) + mR(Sk(f

i fo {5

; e%syi;;ff - Sk(f)(y)‘} dp() du(y) 1.

x) — essinf f| + |essinf f — essinf
Qz,k f Q:c,k f Qy,k f

Case (2) For any x € RN supp (1), Q@ ¢ Qu x—2. In this case, for any
x € RN supp (1), R ¢ Qu k—o. It then follows from Lemma 2.2 (b) that

for any = € @ N supp (1) and y € RN supp (1), Qux C Quk—1 C £Q and
Qy,x C LR. By the Tonelli theorem and Lemma 2.1,

—mq(Sk(f)) +mr(Sk(f))
< gyt [, {0

+ |essinf f — Si(f)(v)

7
sR

— essinf f
e

+ |essinf f — essinf f

} dp(z) dp(y) S 1+6(Q, R).

Case (3) For any x € RN supp (1), R ¢ Qu k-2 and there exists some
xo € R N supp(u) such that @ C Qup k-2 In this case, Lemma 4.2
in [17] implies that for any = € Q N supp (1), @ C Qup k-2 C Qu k—3, and
Lemma 2.2(b) implies that for any z € Q) N supp (1), Qu k C Qu k-1 C gR.
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By these facts, Lemma 2.1 (e) and (3.41), we have that for any = €
Q N supp (p),

essinf f — essinf f
Q;v k R

From this, (3.58) and the Tonelli theorem, we deduce that
_mQ(Sk(f)) + mg(Sk(f))

oA

essint £ - Sk(f)(y)'} du(e) duly) < 1+ 5(Q, R),

7
3R

<149 <Qx7k, %R) S1+46(Q,R).

Sk(f — essmf fl+

+ |essinf f — essinf f
Qz k gR

which completes the proof of Proposition 3.14. |

We next define the local natural maximal operator, which is a local variant
of M. For any locally integrable function f and z € R?, let

M(f)(z) = sup ﬁ /Q £(v) dpu(y)

Qox, Q¢D
@ doubling

Lemma 3.11. Let f be a locally integrable function. Then f € rblo (u) if
and only if My(f) — f € L*>®(u) and f satisfies (3.48), (3.49) and (3.50).
Furthermore, [|Mi(f) = fllzequ ~ 1f [lipto ()

Proof. Assuming that f € rblo (u), we then see that (3.48) through (3.50)
hold. For p-a.e. z € R? there exists a sequence of doubling cubes {Qy }«
centered at x with [(Qx) — 0 such that

(3.60) lim

1
dm o Lo f(y) dp(y) = f(2);

see [16, p.96]. Let x be any point satisfying (3.60) and @ containing x be
a doubling cube with @) ¢ D. Then we obtain that f(z) > essinfg f and so
mq(f) — f(x) S || f|lbio(n)- Taking the supremum over all doubling cubes
containing x in the complement of D, we have M, (f)(z) — f(z) S || f]lwblo (u)-

Conversely, assume that f satisfies (3.48) through (3.50) and M,(f)—f €
L*>(p). Then it is easy to see that for any doubling cube @ ¢ D and p-a.e.
v €Q, f(x) > mo(f) — [Mi(f) ~ fllz=go- This yields that

es%nff > mo(f) — IMi(f) — f||L°°(M)

which together with (3.48) through (3.50) and Proposition 3.13 implies that

f € rblo(p) and || fllwio(uy S [|Mi(f) = fllzeeu)- Therefore, the proof of
Lemma 3.11 is completed. |
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Lemma 3.12. If f € rbmo (), then there exists a nonnegative constant C
independent of f such that for any doubling cube QQ ¢ D,

1 ~ :
5 [ M@ dn(0) < C o + essint M(7).
Q) Q Q
Moreover, if M,(f) is u-a.e. finite, then
57 MUDE) dul) = s M) < O ot

Proof. Fix f € rbmo (1). Without loss of generality, we may assume that
| f{lsbmo () = 1. For any doubling cube @ ¢ D, write

f=1F=mq(Nlxaq +mo(f)xiq + [Xeniq-

Obviously, M; is bounded on L?*(u) since M;(f) < N(f). Then by this
fact, the Holder inequality, the doubling property of @), Corollary 3.1 and
Lemma 2.1,

| M = ma()se] @) dute)
Q

S @)
From this, it follows that

Lcz)/QMl (f = ma(F)xsq) () du(a) S 1.

Therefore, with the aid of Proposition 3.13, Lemma 3.12 is reduced to
proving that there exists a positive constant C' such that for p-a.e. x € @,

(3.61) M [mo(f)x3q + Fraa s () < €+ essinf My(f).

For any doubling cube R containing z with R ¢ D and any y € @, if R C %Q,
then

B: =~ [ [mall)sole

Yi0(2) + F(Dan 10(2)| d(z) = Mi(F)(w)
< ma(f) = Mi)(y) <0
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Assume that R ¢ 3Q now. We then see that I(R) > #1(Q). There exist two
cases.

Case (i) [(R) < 41(Q). In this case, it is easy to see that @) C 13R C 57Q)
with the aid of the fact that I(R) > £l(Q). From this fact, Proposi-
tion 3.4, (3.7) and Lemma 2.1, it follows that

E = ﬁ /}; [f(z) — TTlQ(f>] XRd\%Q<Z> dﬂ('z) + mQ(f) - Ml(f)<y>
1
< /R [1£G2) = ma(F)] + [malf) — mas ()

+|mggp(f) —mo(f)|] du(z)
<146(Q,13R) < 1.

Case (i) I(R) > 4l(Q). In this case, Lemma 2.2 (a) and (d) imply
that Q@ C %R C Q. mz1 and Hp > 0 for any 2 € RN supp (n). Let
Ry:={z€R: Q- 151 ¢ D} and Ry := R\ R;. Then we can write

b= —/ [mQ(f)X%Q(Z) + f(2)xra\10(2) — Mz(f)(y)] dp(z)
Ry

i ),
(R) Ry
= . E1 +E2

If z € Ry, then mq_ . ,(f) < Mi(f)(y) since y € Q. nz—1. Therefore,
"R

by (3.7), Proposition 3.4, Lemma 2.1, Lemma 2.2 (g) and the doubling

property of @ and R,

1< i [ [Jmal) = mgg(N] g0t + |66) = mgi) a2
[ m ) = ma. (D] + My (F) = MUD@)] du(2)
< N;(%z%) ma(f) - m%—\é(f)) + ﬁ/}_{ {1 +6 @R, Qz,H;%l)} dp(z)

S / 1) = mggn] dutor + 151

On the other hand, for z € Ry, Lemma 2.2 (d) implies that H} < 2, from
which it follows that Qo C Qy, irz—1. The fact that y € (Qy, iz 1NQ=, 1z-1)
together with Lemma 4.2 in [17] implies that Qy #z 1 C Q. mz -2 C Qy 1z 3.
Moreover, the fact that Hy > 0 yields that Q, gz 3 C @, 3 (Recall that
by Definition 2.4, if R? is an initial cube, then for any y € supp (u) and
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k <0, Q(y, k) =R?). Thus, from the fact that mq, ,(f) < Mi(f)(y), (3.7),
Proposition 3.4, Lemma 2.1, Lemma 2.2 (g) and the doubling property of Q)
and R, it follows that

1
B2 < o /R 2 [ma(h) = m(h)|x1a() + () = map () s 2)
# |mga(5) = ma (D] + [ s o (9) = may ()] di2)
1
S (R /R[l +6(Qy,2, Q= 1z —2)] du(z) S 1.
Then (3.61) holds, which completes the proof of Lemma 3.12. [ |

The following Theorem 3.5 and Theorem 3.6 are local variants of Theo-
rem 3.3 and Theorem 3.4; see also [7, 1, 15]. We point out that unlike the
case RBLO (p), if f € rbmo (p), then M,(f) is finite almost everywhere.

Theorem 3.5. M, is bounded from rbmo () to rblo(u), namely, there
exists a positive constant C' such that for all f € rbmo (p),

[IM()llbto ) < ClLf llxbmo (s

Proof. Fix f € rbmo (u). By the homogeneity of M;, we only need to
prove the conclusion of the theorem for || f||vbmo () = 1. We first prove that
for any cube Q) € D,

(3.62) 2@ / M) ()| dua) S 1.

Write f = f Xiq T f XRi\1Q: Then by the Holder inequality, the bound-
edness of M; in L?(u) and Corollary 3.1, we deduce that

1/2
g J, M (o) @] anto) 5 {@ /. |f<a:>|2du<x>} <1

On the other hand, for any = € @) and any doubling cube P > z with P ¢ D
and PN (R\ 3Q) # 0, it is easy to see that I[(P) > £1(Q). This implies that
( C 13P and hence 13P € D. Therefore, Proposition 3.4 and Lemma 2.1
yield that

L / () du(z)

/ () = mp(D)| =) + [me(f) = meg(F)] + |megp(F)]

This further implies that (3.62) holds, and hence M;(f) is finite almost
everywhere.
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Now we prove that for any doubling cubes Q C R with Q) ¢ D,
(3.63) ma[Mi(f)] = mr[Mi(f)] S 1+6(Q, R).
Let
Q1: = {x € @Q: for any doubling cube P containing z,
if [(P) > 4l(R), then P € D}
and Q9 := @\ Q1. Moreover, for any = € @, set

M{(P@) = sup / F(y) duly

P>z, P doubling
P¢Dandl(P)<4l(R

and for any x € @9, set

M) x) =  sup / 1) duty

P>z, P doubling
P¢Dandl(P)>4l(R

Ur,q = {r € Q2 : My (f)(z) > M} (f)@)} and Uy, = Q2 \ U, q.
Then for any x € (Q; Ul g), My(f)(z) = M} (f)(x) and for any x € Uy ¢,
Mi(f)(x) = M;(f)(x). By writing

f=1f- mR(f)]XgQ +[f = mR(f)]XRd\%Q +mg(f)
and using the fact that mp < mgr[M,;(f)], we see that
moMi(f)] = mr[Mi(f)]

1 T o
: Q) /(Qluul Q) Mi(lf = ma(f)Ixso) (@) dulz)
1 o o
1 2
)] MQ’Q{MZ (f)(@) = me[Mi(f)]} dp(=)
=:F; +Fy+ Fs.

Using the estimate for I; in the proof of Theorem 3.3, we see that F; <
1 +6(Q, R). On the other hand, an argument similar to (3.46) yields that
for any point x € (Q1 UU;, o) and any doubling cube P 3 x with P ¢ D and
I(P) < 4Z<R>

/ () = mal) e 10(0) duly) S 1+ 5(Q, R).

This imphes that Fo <14+ 6(Q, R).
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To estimate F3, it suffices to prove that for any doubling cube P con-
taining « with P ¢ D and [(P) > 4l(R), mp(f) — mr[M;(f)] < 1. For any
z € PN supp (), Lemma 2.2 (a) and (d) imply that R C 3P C Q. gz
and Hp > 0. Set

Ry :={y € R: there exists a point z, € P such that sz’H;yfl ¢ D}
and Ry := R\ Ry. Then we have

mp(f) — mr[Mi(f)]
1

- [ et = i o+ s [
1 (f) < Mz( )(y). This together

with (3.7), Lemma 2.1 and Lemma 2.2 (g) implies that

Observe that for any y € Ry, mg

mef) = MD)W < e ) = e (D] + ey (D)= M)
< |me(r) = mep()| + ms(h) - mQZy’H;“(f)\ <1

On the other hand, for any y € (R N supp (u)), Lemma 2.2 (d) implies
that Hp < 2 for any z € (P N supp (u)). Moreover, an easy argument
involving the facts that y € (Q, nz1 N Q. mz—1) and that Hp > 0 and
Lemma 4.2 in [17] yields that

Qy2 CQyrz1 CQzmz2C Qynz3CQy s

Thus, from Lemma 2.2 (g) and the fact that M;(f)(y) > mq, ,(f). it follows
that

me(f) = M) < [me () = ma e (D] + M s 2 (f) = ma,2(f)
rg 1 + 5(Pu Qz,H§—2) + 5(Qy,2, QZ,HIZZ,,Q) S 1.

Therefore, combining these estimates above concludes that for any doubling
cube P 5 x with P ¢ D and l[(P) > 4l(R), mp(f) — me[M(f)] < 1,
which implies that F3 < 1. The combination of estimates for F; through Fj
implies (3.63).

By Lemma 3.12, to finish the proof of Theorem 3.5, we need to verify
that for any cube Q € D,

(3.64)

essjnf./\/ll(f)‘ <L
Q

If essinf5 M (f) > 0, then (3.62) implies (3.64). Assume that
essinf M,(f) <0
Q
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Then we see that |essinfg M, (f)| = esssupg{—M,(f)}. Recall that for
any x € supp (i), Q2 ¢ D and Q.1 € D (see Lemma 2.2 (d) and (e)). By
these facts and Proposition 3.1, for all x € supp (p),

—Mi(f)(x) < nf mp([f])

P doubling
< [mq. (1)) = ma, . (IfD] +mq,. (If) S 1,

which completes the proof of (3.64) and hence the proof of Theorem 3.5. B

Theorem 3.6. A locally integrable function f belongs to rblo (u) if and only
if there exist h € L*>(u) and g € rbmo () such that

(3.65) f=Mig)+h

Furthermore, || fllsio () ~ f(||g]lsbmo () + |2l (u)); where the infimum is
taken over all representations of f as in (3.65).

Proof. If there exist g and h satisfying (3.65), then by Theorem 3.5,
M,;(g) € rblo (), which implies f € rblo (1) and

1 llebto Gy S 1IMu(9) lebto @y + (1] oe ey S N llvbmo () + 1ol oo )

To see the converse, suppose that f € rblo(u). By Theorem 3.5 again,
we see M;(f) € rblo (u). Set h:= f—M,(f) and g :== f. Then Theorem 3.6
follows from Lemma 3.11, which completes the proof of Theorem 3.6. |

4. Boundedness of inhomogeneous Littlewood-Paley g-
function

This section is devoted to establishing the boundedness of the inhomoge-
neous Littlewood-Paley g-function in h;>°(11) and rbmo (u).

Theorem 4.1. There exists a positive constant C' such that for all f €
1,00
hatb ( )7
L9z < Ot

Proof. By the Fatou lemma, to prove the theorem, it suffices to show that
for any oo-atomic block or co-block b := 23:1 Aja; as in Definition 2.7 or

Definition 3.2, we have ||g(b)||r1(.) < Z?:l |\l
Since for any = € supp (u),

§)(x) < 15:(0) {Zwk }
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by (3.34), Theorem 4.1 is reduced to showing

(@) L D o) < Z Al

Assume that b is an co-atomic block with supp (b)) C R ¢ D. By an
argument similar to that used in the proof of Theorem 3.1 in [27], we obtain
the estimate (4.1).

If b is an oo-block with supp (b) C R € D, we write

k=2
- / R{imk(bmz}%dn(z) T / » { iwk(b)(xn?}%dm
=: T+ IL

Using the boundedness of the g-function g(f) in L?*() and an argument
similar to the estimates for I; and I in the proof of [27, Theorem 3.1] again,
we also obtain I < 2321 I\l

To estimate II, choose any point g € RN supp (u). By the Holder
inequality, the fact that for any z, y € R? with  # v,

o 1/2

1
S Dz )| < (see [17, p. 82])
ps |z —y|

and (2.3), it follows that for j =1, 2, and any 2 € Q,, y=o_, \ (4R),

{Z'D’f %) } U S 1Due, ) Plas ) iy >} n(@Q))]}

Qj k=2

5{/@j|'§j_(—y;|§d<>y[<@m s

where z; is the center of ();, and in the last step, we used the fact that
v — x| ~ v — x| for any x € @ yro_, \ (4R). On the other hand,
since R € D, by Lemma 2.2 (d), we have H? < 1. Thus for any k£ > 2
and y € RN supp (1), by (A-3) in Section 2 and Lemma 4.2 in [17], we

have Qy k-2 C Qy g0y C @y g0y, and so supp (Di(b)) C Qqy, 5rmo—s-

N|=
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Therefore, by Lemma 2.2 (a),

o0 1

2
= S Do duto
QIO H:vo 2\4R k=2
1 2
5Z|AJ~|/ T du(n) £ 3
J=1 1702\ |$ N $0| j=1
10 R @0, H
which completes the proof of Theorem 4.1. |

The following conclusion is a local variant of Lemma 9.3 in [16].

Lemma 4.1. There exists some constant Py (big enough) depending on Cj
and n such that if z € R? is some fized point and { fo}gsx is a collection of
numbers such that fo — fr < [1 4 0(Q, R)|C, for all doubling cubes Q C R
with x € Q and Q ¢ D such that 1 +6(Q, R) < Py, and |fr| < C, for all
doubling cubes R € D with R > x, then

fo—fr<Cl1+6(Q, R)]C,

for all doubling cubes QQ C R with x € Q and Q ¢ D, where C' depends on
Co, n and P,.

Proof. Let € R? be as in the lemma, Q C R be two doubling cubes in
R? with # € Q and Q ¢ D. If R ¢ D, then Lemma 4.1 can be proved by a
slight modification of the proof for Lemma 9.3 [16]. Thus we only consider
the case that R € D. Let Qp := @ and @, be the first cube of the form 2¢Q,
k > 0, such that 1 +6(Q, Q1) > P, where P (big enough) is the constant as
in [16, Lemma 9.2]. Since 1+4(Q,27'Q;) < P, by (d) and (a) of Lemma 2.1,
we have §(Q, Q1) < P+ C. Therefore, by Lemma 2.1 (b), for the doubling
cube Ql, we have (@, Ql) < C’ where C is a positive constant.

In general, for any Qz, we denote by @Q);,; the first cube of the form 2’“QZ,
k > 0, such that 1+ 5(@1, Qi+1) > P, and we consider the cube Qz+1 Then,

by (b) and (d) of Lemma 2.1, we have 5(Qi, Qi+1) < C and

Let ko be the smallest integer k such that @vk € D. Notice that @0 =)o =
@ ¢ D. By the increasing property of {Q;};, we know that ky € N. We then

have that
ko—1

fo = fin < 3 llg = fam) + | fag, = fal.
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Let N be the smallest 1nteger such that @1 is the first cube of the sequence
{Q }i such that R C Q ~+1- Then we see that ky < N + 1 by the assumption
that R € D. From the fact that Qy C (3R) and Lemma 2.1, it follows that
6(R,@n+1) < 1. By this observation and [16, Lemma 9.2] together with the
assumptions of the lemma, if we take Py := C, then

ko—1

Jo—Tfr S 1+6(Q1 Qi)IC, +2C, < [1+6(Q. Qx,)ICs
=0

< [146(Q, Qn1)|Ce S [1+6(Q, R)IC,,

which completes the proof of Lemma 4.1. |

Analogous to Theorem 3.2 in [27] for the boundedness of the homo-
geneous Littlewood-Paley g-function ¢(f) in RBMO (i), we have Theo-
rem 4.2 below for the boundedness of the inhomogeneous Littlewood-Paley
g-function ¢(f) in rbmo (). However, unlike Theorem 3.2 there, if f €
rbmo (u), then g(f) is finite almost everywhere.

Theorem 4.2. There exists a positive constant C such that for all f €
rbmo (1)

Ilg(/))*

rblo (14 CHerbmo

Proof. By the homogeneity of g(f), we may assume that || f|sbmo(u) = 1.
We first consider the case that R? is an initial cube. In this case, to show
Theorem 4.2, we first verify that for any cube Q) € D,

(4.2) ! ) /Q ()@ P du(z) S 1.

1(2Q
For any = € Q N supp (i), we write

H5+3

l9(f) (@) = |Si(f |2+Z|Dk + [g"a(f) ()],

where
o0

[d"a(H)(@)] = > D))

k:H5+4

By the fact that Q. x C IQ for k > H§ + 2 (see Lemma 2.2 (b)), the
boundedness of the g-function g(f) in L?*(u) (see [17, Theorem 6.1]) and
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Corollary 3.1,

43 gy | O] dute) < ué@) [ lo(#x0) @] duo
S g J. O e 51
Moreover, for any f € rbmo (1), k > 2 and z € supp (u),
(1.4 D)) S 1.

Indeed, since supp (Dg(z,-)) C Q. k—2, by the vanishing moment of Dy,
(A-4) and Lemma 3.10, we have

|f(y) - szk(f)l
DEIS | e

Thus, (4.4) holds, which together with the fact that 0 < H§ < 1
(Lemma 2.2 (d)) implies that

du(y) < 1.

HE5+3

(4.5) S D@ S 1.

The estimates (4.3) and (4.5) together with (3.36) imply that the esti-
mate (4.2) holds.

From (4.2), it follows immediately that for any doubling cube @ that
essinfglg(f)]? < 1. Therefore, to complete the proof of Theorem 4.2, by
Proposition 3.13, (4.2) and Lemma 4.1, we still need to show that for any
doubling cube @ ¢ D and any y € Q,

(4.6) @ /Q Ho(H@P — 02 du(z) S 1.
and for any doubling cubes Q C R with Q ¢ D,

(4.7) mq [9(f)*] —mr [9(f)*] S[1+d(Q. R)I"

We first establish (4.6). For any doubling cube @ ¢ D and z € Q N
supp (p), if 0 < HE < 5, we use the following trivial estimate that

(N @) = [g(NWI* < lg(f)()]

H5+3
2
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If IQ € D, then (4.6) can be deduced from (4.8), (4.3), (4.4) and (3.36)
directly. If 1Q ¢ D, notice that [o, Dy(z,y)du(y) = 0 when 0 < HE <5
and k > Hg + 4. Moreover, by Lemma 2.2 (b), we have supp (Dy(z,)) C
Qqz k-2 C 5@ These facts imply that

Dif (@) = Dy |(f = mz(1) xz0] (@),
On the other hand, since "¢ (f) < g(f), the doubling property of Q together

with the boundedness of the g-function g(f) in L*(p) (see [17, Theorem 6.1])
and Corollary 3.1 yields that

e @) / ]* du(x)
gﬁ/ [g<< ) xia) @ ot
: (QIQ) / ‘f z) - m’z‘é(f)r du(z) <1

This together with (4.8), (3.36) and (4.4) implies (4.6).
Now suppose that H¢ > 6. We then have

9(f) (@) = [9(f) ()] (@) + Z D) (@) = | Dk(f) ()I7]
+ Z IDL(f) ()2 + [g7a(f) ()]

Using (4.3), (4.9), (4.4) and (3.36) again, we see that the estimate (4.6) is
reduced to showing that for any =, y € Q N supp (u),

HE-3

(4.10) Y [IDu(N)@)P = IDHWF] S 1.

k=2

An application of (4.4) implies that

Y [IDuN@)P = ID(HWF] S Y D)) = D))l

For y € @ N supp (p) and 2 < k < HE — 3, we have that Q C @, x, which
together with Lemma 4.2 (c¢) in [17] implies that (), x—2 C Q4 k—3. This fact
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together with the vanishing moment of Dy, (A-5) and Lemma 3.10 further
yields that

IDu(F)(@) — Dul(F)(w)]
/Q [Dula, ) = Dl 2)] [£() = mo, 1 ()] du(2)

=yl [f2) —ma (D, eyl
< /Q Gl = A 1@ D S gy

Therefore from the fact that |x —y| < I(Q) and Lemma 3.4 in [17], it follows
that
HE -3 H -3 Q)

D Di( <1,
;U W(F)(@) = | Dl ZZQM S o) S
since () C vaHé_g.

We now prove (4.7). For any doubling cubes Q C R with @ ¢ D, and

any x € N supp (u) and y € RN supp (i), we first consider the case that
HE > Hp, +10. In this case, it Hp > 6, we write

() @) = o)) < 1S () @) + Z (1D () (@) = [De(F)(W)[?]
+ Z IDL(f) (@) + [g7a(f) ()]

Observe that for k > Hf;, +4 and x € supp (u), supp (Dg(z,-)) C Qu k-2
and by Lemma 2.2 (e), Q. r—2 ¢ D. Therefore, using (4.4) and repeating
the argument of (3.13) in [27], we obtain

H5+3 H”” 1
(4.11) > D) S 1+ Z IDk(f) ()] S [1+6(Q, R)”.
k=H%+4 k=H%+4

Consequently, (4.7) follows from (4.9), (3.36), (4.10) and (4.11).
While if 0 < Hf, < 5, by writing

l9(N) @)~ [g()) W)

H%+3 HG+3
<1S:(f |2+Z|Dk + Y D@+ [0 (@)
k=H%+4

we see that (4.7) follows from (4.9), (4.4), (3.36) and (4.11).
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Similarly, if Hp < Hg < Hp + 9, (4.7) follows from (4.9), (4.4), (3.36)
and (4.10), which completes the proof of the case that R is an initial cube.
If R? is not an initial cube, we can also show that (4.2), (4.6) and (4.7)
hold. We omit the details here; see [27]. This finishes the proof of Theo-
rem 4.2. |

An argument similar to the proof of [27, Corollary 3.1] yields the following
conclusion. We omit the details.

Corollary 4.1. There exists a positive constant C' such that for all f €
+bmo (1),

g lvio gy < ClLf lebmo -

Remark 4.1. We point out that if we define the inhomogeneous Littlewood-
Paley g-function g(f) as follows,

(3] 1/2
3()(@) = {|So<f><x>|2 Sy |Dk<f><a:>|2] |
k=1

then Theorem 4.1, Theorem 4.2 and Corollary 4.1 are still true. Notice that
when R is an initial cube, then Sy = 0 and §(f) degenerates into g(f).

Acknowledgements. Dachun Yang wishes to express his sincerely thanks
to Professor Xavier Tolsa for his useful remarks on the proof of Proposi-
tion 3.5.
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