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Adams inequality
on metric measure spaces

Tero Mäkäläinen

Abstract

In this paper, we prove the Adams inequality in complete metric
spaces supporting a Poincaré inequality with a doubling measure. We
also prove the trace inequalities for the Riesz potentials.

1. Introduction

In the Euclidean spaces we have the following Adams inequality, see e.g. [1],
[21], [27] or [28]:

Theorem 1.1. Let ν be a Radon measure on R
n and let 1 ≤ p < q < ∞

with p < n. Suppose that there is a constant M such that for all balls
B(x, r) ⊂ R

n,

ν(B(x, r)) ≤ Mrα,

where α = q(n − p)/p. Then

(1.1)

(∫
Rn

|u|qdν

)1/q

≤ CM1/q

(∫
Rn

|∇u|pdx

)1/p

,

for all u ∈ C∞
0 (Rn), where C = C(p, q, n) > 0.

In potential theory, this type of inequalities arise from investigation
of imbeddings G : Lp(µ) → Lq(ν), where G is a potential, [2]. These
imbeddings are often referred to as trace inequalities. In the Euclidean set-
ting a necessary and sufficient condition for trace type theorems is proven,
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see [2, Chapter 7.2]. The sharp result is a growth condition for the mea-
sure ν involving Riesz capacity of a ball. See also [28, Chapter 4] for more
discussions on the Adams type inequality.

For Sobolev functions, inequality (1.1) is an extension of the Sobolev
inequality, since if ν is n-dimensional Lebesgue measure, then

q = p∗ =
np

n − p
.

In this paper, we study the Adams type inequality and trace inequalities for
Riesz potential on metric measure spaces. Before we state our main results,
we discuss the standard assumptions on the spaces and the background of
analysis on metric measure spaces.

The results in this paper are formulated for Lipschitz functions. In a
metric space (X, d), a function u : X → R is said to be Lipschitz continuous,
denoted by u ∈ Lip(X), if for some constant L > 0∣∣u(x) − u(y)

∣∣ ≤ Ld(x, y),

for every x, y ∈ X. We also use the notation u ∈ Lip0(X) when the function
u has compact support. For a Lipschitz function u : X → R, we define

Lip u(x) := lim sup
y→x

|u(x) − u(y)|
d(x, y)

.

We require the following standard conditions on the mass and on the
geometry of the metric space. First, we assume that the space is equipped
with a doubling measure. A measure µ is doubling if balls have positive and
finite measure and there exists a constant Cd ≥ 1 such that for all balls
B(x, r) in X,

µ(B(x, 2r)) ≤ Cdµ(B(x, r)).

Note that the doubling measure µ has a density lower bound [11, pp. 103-
104]: There exist constants c, s > 0 that depend only on the doubling
constant of µ, such that

(1.2)
µ(B(y, r))

µ(B(x, R))
≥ c

( r

R

)s

,

whenever r < R, x ∈ X and y ∈ B(x, R). Usually we consider s to be the
natural dimension of the space X, and in this paper we assume that s > 1.
We call such spaces doubling spaces, or spaces of homogeneous type.

Second, we assume that the space admits a Poincaré inequality:
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Definition 1.2. A metric measure space (X, d, µ) is said to admit a weak
(1, p)-Poincaré (or weak p-Poincaré) inequality, 1 ≤ p < ∞, with constants
Cp > 0 and τ ≥ 1, if

(1.3) −
∫

B(x,r)

∣∣u − uB(x,r)

∣∣ dµ ≤ Cpr

(
−
∫

B(x,τr)

(
Lip u

)p
dµ

)1/p

for all balls B(x, r) ⊂ X and for every Lipschitz function u : X → R. Here
barred integrals mean integral averages and uB is the average value of u
over B.

There are also different definitions for the Poincaré inequality on a met-
ric measure space. However many definitions coincide when the space is
complete and supports a doubling Borel regular measure, see discussion in
[13, Chapter 1.2] and references therein. The Poincaré inequality forces the
space to be sufficiently regular in a geometric sense.

Recently there has been progress in the theory of Sobolev spaces in gen-
eral metric measure spaces, see for instance [7], [10], [9], [12], [14], [20], [24]
and references therein. In [24], Shanmugalingam constructs a Sobolev type
space on metric spaces, which yields the same space studied by Cheeger
in [7]. When the metric space satisfies our general assumptions, the Sobolev
type spaces introduced by Haj�lasz [9] also coincide with the spaces men-
tioned above.

If the metric space is equipped with a doubling measure and it supports
a Poincaré inequality, then Lipschitz functions are dense in the space of
Sobolev functions on the metric measure space, see [25]. Therefore the
results in this paper can also be applied to the Sobolev functions.

When these standard assumptions on the space and on the measure hold,
the space has nice geometric properties and allows us to conduct deep analy-
sis of such a space, and recently such analysis was done in many areas of
studies. For instance, in [12], [20] quasiconformal mappings in metric spaces
are studied. Also some results of Euclidean potential theory can be gener-
alized to metric spaces, see [17], [18], [19] and [25]. Thanks to Cheeger’s
definition of partial derivatives [7], it is even possible to study partial differ-
ential equations on such spaces, see [4] and [6]. In [10], the Sobolev inequality
is shown to be true in this setting.

The aim of this paper is to show that the Adams-type inequality also
holds on metric spaces under some general assumptions. In this paper we
prove a trace inequality for a Riesz potential (Theorem 4.1). Similar results
for other similar potentials can be found in [8, Theorem 6.2.1].

We could not obtain the sharp results as in [2] for general metric measure
spaces, since our measure is not assumed to be (Ahlfors) Q-regular and hence
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we do not have connection between the measure and the capacity. When
the measure µ is Q-regular, the results are achieved easily from proofs in
the Euclidean case, basically by replacing the Lebesgue measure with the
measure µ. In this paper the difficulty comes from the fact that only the
lower bound for the measure µ is needed, see (1.2), without any upper bound.

Similar problems as in this paper are studied also in [15], with a different
approach.

The case p = 1 needs a special treatment as usual. We prove the following
global Adams inequality in the case p = 1.

Theorem 1.3. Let (X, d, µ) be a complete metric measure space such that it
admits a weak (1, 1)-Poincaré inequality and µ is a doubling Radon measure.
Let ν be a Radon measure on X. Suppose that there are M ≥ 0 and q ≥ 1,
such that for all balls B(x, r) ⊂ X of radius r < diam X, it holds

ν(B(x, r))

µ(B(x, r))q
≤ Mr−q.

Then (∫
X

|u|qdν

)1/q

≤ CM1/q

∫
X

Lip u dµ,

for all u ∈ Lip0(X), where the constant C > 0 depends only on q, s, the
doubling constant and the constants in the Poincaré inequality.

Two key elements in the proof of Theorem 1.3 are isoperimetric inequality
and co-area formula (Theorem 2.3), which are already studied by Ambro-
sio [3] and Miranda [22]. We follow the approach in [28, Lemma 4.9.1], which
can be easily generalized to our setting by using Lemma 3.1.

For the case p > 1, we have the following theorem.

Theorem 1.4. Let (X, d, µ) be a complete metric measure space such that
it admits a weak (1, t)-Poincaré inequality for some 1 ≤ t < p, and µ is a
doubling Radon measure. Suppose that ν is a Radon measure on X, satisfy-
ing

ν(B(x, r))

µ(B(x, r))
≤ Mrα with α =

sq

p
− s − q

t
,

for all balls B(x, r) ⊂ X of radius r < diam X, where 1 < p < q < ∞,
p/t < s and M is a positive constant. Here s is from (1.2). If u ∈ Lip0(B0)
for some ball B0 = B(x0, r0) ⊂ X, for which r0 < diam X/10, we have(∫

B0

∣∣u∣∣qdν

)1/q

≤ Cµ(B0)
1/q−1/p r

t−1
t

+ s
p
− s

q

0 M1/q

(∫
B0

(
Lip u

)p
dµ

)1/p

,

where C = C(p, q, s, t, Cd, Cp, τ) > 0.
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In a forthcoming paper the author applies the Adams inequality to study
p-harmonic functions on metric measure spaces and to characterize remov-
able sets for Hölder continuous Cheeger p-harmonic functions.

The proof splits into two steps. First, we prove the inequality

|u|p ≤ CI1,B

(
(Lip u)p

)
,

where I1,B is a generalization of the Riesz potential, see Theorem 3.2 and
Remark 3.3. Second part is to apply the Adams inequality for the Riesz
potential, also called as the Fractional Integration Theorem, which states
that

I1,B : Lp(B, µ) −→ Lq(B, ν)

is a bounded operator, see Corollary 4.2.
In Theorem 1.4, we assume that weak (1, t)-Poincaré inequality holds for

some 1 ≤ t < p. This better Poincaré inequality follows from the weak (1, p)-
Poincaré inequality by the result in [13]. The case p = s is not included in
the Theorem 1.4 when the weak (1, 1)-Poincaré inequality holds. This case
is more delicate and is treated in Section 6.

The case p > s is not interesting, since the claim follows from [10, The-
orem 5.1 (3)].

This paper is organized as follows. In section 2 we give the main defin-
itions and some preliminary results. A few key lemmas are proven in sec-
tion 3. The Adams inequality for Riesz potential is discussed in Section 4.
Section 5 contains the proofs of Theorem 1.3 and Theorem 1.4. Finally, in
section 6 we prove the Adams inequality for borderline case p = s.

2. Preliminaries

Throughout the paper we denote by C > 0 a constant, whose value may
vary between each usage, even in the same line.

The triple (X, d, µ) denotes a complete metric measure space. The
equipped measure µ is assumed to be a Radon measure, which means that
the measure is Borel regular and the measure of every compact set is finite.
We also assume that the measure of every nonempty open set is positive

The ball with center x ∈ X and radius r > 0 is denoted by

B(x, r) =
{
y ∈ X : d(y, x) < r

}
and we use the notation σB(x, r) = B(x, σr). We write

uA =
1

µ(A)

∫
A

u dµ = −
∫

A

u dµ,

for a measurable A ⊂ X and a measurable function u : X → [−∞,∞].
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The norm of v in Lp(X, µ) = Lp(X) is denoted by

||v||p = ||v||p,µ =

(∫
X

|v|pdµ

)1/p

.

Definition 2.1. The Riesz potential of a nonnegative, measurable func-
tion f on a metric measure space (X, d, µ) is

I1(f)(x) =

∫
X

f(y)d(x, y)

µ
(
B(x, d(x, y))

)dµ(y),

We will also use the notation

I1,A(f)(x) =

∫
A

f(y)d(x, y)

µ
(
B(x, d(x, y))

)dµ(y),

for a measurable sets A ⊂ X.

For properties of the above natural generalization of the Riesz potential,
we refer the reader to [11, Theorem 3.22]. From other sources, the reader
may find other generalizations of the Riesz potential to metric spaces. Rela-
tions between different definitions depend on regularity assumptions of the
measure.

Following [3] and [22], we define the class of sets of finite perimeter on
metric measure spaces.

Definition 2.2. Let E ⊂ X be a Borel set and A ⊂ X an open set. The
perimeter of E in A is

P (E, A) := inf
{

lim inf
h→∞

∫
A

Lip uh dµ : (uh)⊂ Liploc(A), uh → χE in L1
loc(A)

}
,

where χE denotes the characteristic function of E. We say that E has finite
perimeter in X if P (E, X) < ∞.

Next we give the generalized isoperimetric inequality and co-area for-
mula. For proofs see [3, Theorem 4.3] and [22].

Theorem 2.3. Let (X, d, µ) be a complete doubling metric measure space,
and E ⊂ X be a set of finite perimeter. Then

(i) if (X, d, µ) admits a weak (1, 1)-Poincaré inequality, the following rel-
ative isoperimetric inequality holds for all balls B = B(x, r) ⊂ X:

min{µ(E ∩ B), µ((X \ E) ∩ B)} ≤ C

(
rs

µ(B)

)1/(s−1)

[P (E, τB)]
s

s−1 ,

where s > 1 is any exponent satisfying (1.2).
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(ii) for any nonnegative u ∈ Liploc(X) the co-area formula holds:∫ ∞

−∞
P ({u > t}, B(x, r)) dt =

∫
B(x,r)

Lip u dµ,

for every ball B(x, r) ⊂ X.

Here we state the Marcinkiewicz Interpolation Theorem without proof.
For more discussion on the theorem, see [26, Appendix B].

Let (p0, q0) and (p1, q1) be pairs of numbers such that 1 ≤ pi ≤ qi < ∞
for i = 0, 1, p0 < p1, and q0 	= q1, and let ν be a Radon measure on X. An
subadditive operator T is of weak-type (pi, qi) if there is a constant Ci such
that for all u ∈ Lpi(X) and α > 0,

ν
({x : |(Tu)(x)| > α}) ≤ (α−1Ci||u||pi

)qi.

Theorem 2.4. (Marcinkiewicz Interpolation Theorem) Let ν be a Radon
measure on X. Suppose an operator T is simultaneously of weak-types
(p0, q0) and (p1, q1). If for some 0 < θ < 1

1

p
=

1 − θ

p0

+
θ

p1

and
1

q
=

1 − θ

q0

+
θ

q1

,

then T is of strong type (p, q), i.e. for all u ∈ Lp(X)

||Tu||q,ν ≤ CC1−θ
0 Cθ

1 ||u||p,

where C = C(pi, qi, θ), i = 0, 1.

3. Several Lemmas

First, to prove Theorem 1.3 we need the following metric space version of
boxing inequality. It is also proven in [16, Theorem 3.1], but for reader’s
convenience we give the proof here.

Lemma 3.1. Let (X, d, µ) be a complete doubling metric measure space
supporting a weak (1, 1)-Poincaré inequality. Let E ⊂ X be a bounded open
set of finite perimeter. Then there exist a constant C > 0 and a sequence of
balls B(xi, ri) with xi ∈ E such that

E ⊂
∞⋃
i=1

B(xi, ri)
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and ∞∑
i=1

µ(B(xi, ri))

ri
≤ CP (E, X),

where C depends only on the doubling constant and the constants in the
Poincaré inequality.

Proof. If µ(X) < ∞, let x0 ∈ E and balls B(x0, ri), where

ri =
µ(X)

P (E, X)
2i.

Now the lemma holds with the balls B(x0, ri) and C = 1. So we may assume
µ(X) = ∞.

Now for any x ∈ E we define

f(r) =
µ(B(x, r) ∩ E)

µ(B(x, r))
.

Since E is open we can find r1 > 0 such that f(r1) = 1. By the assumption
that E is bounded, f(r) → 0 when r → ∞. Let i0 = min{i : f(2ir1) < 1/2},
and we get that f(2i0−1r1) ≥ 1/2 and f(2i0r1) < 1/2.

Now by the doubling property of µ and by the choice of i0 we obtain

1

2Cd
≤ µ(B(x, 2i0−1r1) ∩ E)

Cdµ(B(x, 2i0−1r1))
≤ µ(B(x, 2i0r1) ∩ E)

µ(B(x, 2i0r1))
<

1

2
.

Set rx = 2i0r1. Then

min
{
µ(B(x, rx) ∩ E), µ(B(x, rx) ∩ (X \ E))

} ≥ 1

2Cd
µ
(
B(x, rx)

)
.

We may assume that s > 1 is an exponent satisfying (1.2). By the relative
isoperimetric inequality (Theorem 2.3(i))[

1

2Cd

µ(B(x, rx))

] s−1
s

≤ C
rx

µ(B(x, rx))1/s
P (E, B(x, τrx)).

Thus

(3.1)
µ(B(x, rx))

rx

≤ CP (E, B(x, τrx)).

Next we choose a cover for E: Let B = B(x, τrx) be the family of all balls
such that x ∈ E and rx chosen as before. Since E is bounded, rx are uni-
formly bounded w.r.t x and by the basic covering theorem ([11, Thm. 1.2])
we obtain a sequence of disjoint balls B(xi, τrxi

) ∈ B so that

∞⋃
i=1

B(xi, 5τrxi
) ⊃ E.
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Let B(xi, ri) = B(xi, 5τrxi
). Now by the doubling property of µ and (3.1)

∑ µ(B(xi, ri))

ri
≤ C

∑
P (E, B(xi, τrxi

)) ≤ CP (E, X). �

Second, we prove a lemma, needed in proof of Theorem 1.4. Here we
need the chain condition.

We say that X satisfies a chain condition if for every λ ≥ 1 there is a
constant M such that for each x ∈ X and all 0 < ρ < R < diam(X)/4 there
is a sequence of balls B0, B1, B2, . . . , Bk for some integer k with

1. λB0 ⊂ X \ B(x, R) and λBk ⊂ B(x, ρ),

2. M−1 diam(λBi) ≤ dist(x, λBi) ≤ M diam(λBi) for i = 0, 1, 2, . . . , k,

3. there is a ball Ri ⊂ Bi ∩ Bi+1, such that

Bi ∪ Bi+1 ⊂ MRi

for i = 0, 1, 2, . . . , k − 1,

4. no point of X belongs to more than M balls λBi.

The chain condition above is a bit different from the one stated in [10,
Ch.6]. With a minor change of the proof in [10, Ch.6], we can show that
each connected doubling space satisfies the chain condition above. We need
to cover each annuli with balls of radii equal to ε2jλ−1 instead of ε2j. Then
the argument in [10, Ch.6] shows that for a fixed σ > 0, the balls Bi can be
chosen such that λBi ⊂ B(x, (1 + σ)R) for all i.

In the next theorem and remark, we show that if the space admits a
weak Poincaré inequality, then we have the following pointwise inequality
for Lipschitz continuous functions, see also [11, Thm. 9.5].

Theorem 3.2. Assume that (X, d, µ) admits a weak (1, p)-Poincaré in-
equality with a doubling Borel measure µ. Let u ∈ Lip(X) and fix a ball
B(y, r) ⊂ X. Then for each x ∈ B(y, r) there exists a ball

B(zx, r/8) ⊂ B(y, 2r)

such that

∣∣u(x) − uB(zx,r/8)

∣∣p ≤ Crp−1I1,B(y,2r)

(
(Lip u)p

)
(x).
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Proof . Let λ = τ and R = r/8 in the chain condition. Let x ∈ B(y, r).
For any small ρ > 0, we have a chain {Bi}k

i=0, for which

|u(x) − uB0 | ≤
k−1∑
i=0

|uBi+1
− uBi

| + |u(x) − uBk
|

≤
k−1∑
i=0

(|uBi+1
− uRi

| + |uBi
− uRi

|)+ ρ||Lip u||L∞

≤
k−1∑
i=0

(
−
∫

Ri

|u − uBi+1
|dµ + −

∫
Ri

|u − uBi
|dµ

)
+ ρ||Lip u||L∞

≤ C
k∑

i=0

−
∫

Bi

|u − uBi
|dµ + ρ||Lip u||L∞

≤ C
k∑

i=0

ri

(
−
∫

τBi

(Lip u)pdµ

)1/p

+ ρ||Lip u||L∞.

In the second step, we used the Lipschitz continuity of u. Here the number
of balls k depends on ρ. We may assume that τBi ⊂ B(y, 3

2
r) for all i. Next

we choose our ball Bz := B(zx, r/8) ⊂ B(y, 2r) where zx is the center of the
ball B0. We have

|uB0 − uBz | ≤ C −
∫

Bz∪B0

|u − uBz∪B0 |dµ ≤ Cr

(
−
∫

τBz∪τB0

(Lip u)pdµ

)1/p

.

Putting the above two estimates together gives us

|u(x) − uBz | ≤ |u(x) − uB0 | + |uB0 − uBz |

≤ Cr(p−1)/p

(
k∑

i=0

ri −
∫

τBi

(Lip u)pdµ

)1/p

+ Cr(p−1)/p

(
r −
∫

τBz∪τB0

(Lip u)pdµ

)1/p

+ ρ||Lip u||L∞

≤ Cr(p−1)/p

(∫
B(y,2r)

(Lip u(w))pd(x, w)

µ(B(x, d(x, w)))
dµ(w)

)1/p

+ ρ||Lip u||L∞,

where the condition 2 of the chain and the finite overlap property of the
balls τBi are needed. The claim follows by letting ρ → 0. �

Note that in Theorem 3.2, it is possible to replace B(y, 2r) by B(y, (1 +
ε)r) and B(zx, r/8) by B(zx, εr/8), where ε > 0 is any small fixed number.
Notice also that, in this case the constant depends on ε.
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Remark 3.3. If r < diam X/10 and u = 0 in X \B(y, r) in Theorem 3.2, we
can prove that

|u(x)|p ≤ Crp−1I1,B(y,r)((Lip u)p)(x),

for all x ∈ B(y, r). The proof is similar to that of Theorem 3.2. The only
change is that by choosing R = 5

2
r, we find a ball B(zx, r) ⊂ B(y, 5r) such

that B(zx, r)∩B(y, r) = ∅. In this case, we may assume that τBi ⊂ B(y, 4r)
for all balls Bi in the chain.

The next lemma is due to Muckenhoupt and Wheeden in the setting of
Euclidean spaces, see [23] and [2, Theorem 3.6.1]. We generalize it to the
setting of metric measure spaces.

Lemma 3.4. Assume that (X, d, µ) is complete and µ is doubling. Let
1 < p < ∞ and fix a ball B0 = B(x0, r0) ⊂ X and let ν be any positive
Radon measure on B0. Then(∫

4B0

Î3r0(ν)pdµ

)1/p

≤ C
r0

µ(B0)1/s

(∫
4B0

M1(ν)pdµ

)1/p

,

where C = C(s, p, Cd) > 0 is a constant, M1 is the fractional maximal
operator

M1(ν)(x) = sup
r>0

(
ν(B(x, r))

µ(B(x, r))1−1/s

)

and Î3r0 is a local Riesz potential

Î3r0(ν)(x) =

∫
B(x,3r0)

d(x, y)

µ(B(x, d(x, y)))
dν(y).

Proof . By (1.2) and by the doubling property of µ there exists C > 0
depending only on s and Cd such that

(3.2) Csr
s ≤ µ(B(x, r)), where Cs = Cµ(B0)r−s

0 ,

for all balls B(x, r) ⊂ X with x ∈ 4B0 and r < 8r0. We use Cs in this proof
to clarify notations.

The claim is a consequence of the following inequality: There exist a > 1
and b > 1, depending only on s and the doubling constant of µ, such that

for any λ > 0 and any 0 < ε < C
1/s
s C

1−s
s

1 C−1
4 ,

µ({Î3r0(ν) > aλ}) ≤ bC
1

1−s
s ε

s
s−1 µ({Î3r0(ν) > λ})

+ Cµ({x ∈ 4B0 : M1(ν)(x) > ελ}),
(3.3)

where C ≥ 1 is depending only on the doubling constant of µ, C1 =
C1(Cd, s) ≥ 1 is from (3.5) and C4 = C4(Cd) ≥ 1 is from (3.11).
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Indeed, multiplying both sides of (3.3) by λp−1 and integrating with
respect to λ, we obtain for any R > 0,∫ R

0

µ({Î3r0(ν) >aλ})λp−1 dλ ≤ bC
1

1−s
s ε

s
s−1

∫ R

0

µ({Î3r0(ν) > λ})λp−1 dλ

+ C

∫ R

0

µ({x ∈ 4B0 : M1(ν)(x) > ελ})λp−1 dλ.

Thus by changing variables, we have

a−p

∫ aR

0

µ({Î3r0(ν) >λ})λp−1 dλ ≤ bC
1

1−s
s ε

s
s−1

∫ R

0

µ({Î3r0(ν) > λ})λp−1 dλ

+ Cε−p

∫ εR

0

µ({x ∈ 4B0 : M1(ν)(x) > λ})λp−1 dλ.

All integrals above are finite, since Î3r0(ν) = 0 in X \ 4B0. Next we choose

ε = min

{
1

2
, C

1−s
s

1 C−1
4

(
1

2
a−pb−1C1/(s−1)

s

) s−1
s
}

,

and it follows that

a−p

∫ aR

0

µ({Î3r0(ν)>λ})λp−1 dλ ≤ Cε−p

∫ εR

0

µ({x ∈ 4B0 : M1(ν)>λ})λp−1 dλ.

Letting R → ∞, we obtain

(3.4) a−p

∫
4B0

Î3r0(ν)pdµ ≤ Cε−p

∫
4B0

M1(ν)pdµ,

which proves the Lemma.
It remains to prove (3.3). We begin by considering an easy case, that is,

{Î3r0(ν) > λ} ⊃ B0. Then for any x ∈ 4B0, we have by the weak-estimate
of the Riesz potential, see [11, Theorem 3.22],

µ(B0) ≤ µ({Î3r0(ν) > λ}) ≤ CC
1

1−s
s

(
1

λ

∫
B0

dν

) s
s−1

= CC
1

1−s
s λ

s
1−s µ(B(x, 5r0))

(
ν(B(x, 5r0))

µ(B(x, 5r0))
s−1

s

) s
s−1

≤ C1C
1

1−s
s λ

s
1−s µ(B0)M1(ν)(x)

s
s−1 ,

(3.5)

where C1 = C1(Cd, s) ≥ 1, and in the last step, we used the doubling
property of µ. Hence, for all x ∈ 4B0

M1(ν)(x) ≥ C1/s
s C

1−s
s

1 λ.
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Thus (3.3) is true with any ε < C
1/s
s C

1−s
s

1 , since {Î3r0(ν) > λ} ⊂ 4B0, and

4B0 ⊂ {x ∈ 4B0 : M1(ν)(x) ≥ C
1/s
s C

1−s
s

1 λ}.

Thus, we may assume that there exists x ∈ B0 such that Î3r0(ν)(x) ≤ λ.
Now we prove (3.3) in two cases. First, we consider the set {x ∈ 5

4
B0 :

Î3r0(ν)(x) > aλ}. Let δ > 0 be any small number. Let A ⊂ 4B0 be an open
set such that {Î3r0(ν) > λ} ⊂ A and µ(A) ≤ µ({Î3r0(ν) > λ}) + δ. The set
A has a Whitney covering with countable family of balls Ŵ = {Bi}, where
the balls {1

2
B : B ∈ Ŵ} are pairwise disjoint, see [5, Chapter 3] for the

Whitney coverings in metric spaces. Now we only consider the balls which
intersect the set 5

4
B0 and we denote W = {B ∈ Ŵ : B ∩ 5

4
B0 	= ∅}. By the

construction of the Whitney covering, for every Bi = B(xi, ri) ∈ W there
exists y1 ∈ 4B0 such that Î3r0(ν)(y1) ≤ λ and

(3.6) 8ri ≤ dist(y1, B
i) ≤ 16ri.

Moreover, Bi ⊂ 2B0, since we assumed that Î3r0(ν)(x) ≤ λ for some x ∈ B0.
In our case, we can show by a geometric argument that for any Bi =

B(xi, ri) ∈ W there exists y0 ∈ 2B0 such that Î3r0(ν)(y0) ≤ λ and

(3.7) dist(y0, B
i) ≤ 54ri.

Indeed, when y1 ∈ 2B0 in (3.6), the claim is clear with y0 = y1. So assume
that y1 ∈ 4B0 \ 2B0 in (3.6). Since Bi ∩ 5

4
B0 	= ∅, we have dist(y1, B

i) +
diam Bi ≥ 3

4
r0. Now by (3.6) we get that ri ≥ 1

24
r0. In addition, we

know that there exists y0 ∈ B0 such that Î3r0(ν)(y0) ≤ λ and therefore
dist(y0, B

i) ≤ 9
4
r0 ≤ 54ri.

Let B1 = B(x1, r1) ∈ W be any ball in W and assume that a > 1,
which we will fix later. Suppose B1 intersects the set {M1(ν) ≤ ελ}. Let
B2 = B(x1, 56r1) and denote ν1 = ν|B2 and ν2 = ν − ν1. By the weak-
estimate of the Riesz potential, see [11, Theorem 3.22],

µ({Î3r0(ν1) > aλ/2}) ≤ C2C
1

1−s
s

(
1

aλ

∫
X

dν1

) s
s−1

.

Let x3 ∈ B1 such that M1(ν)(x3) ≤ ελ and let B3 = B(x3, 58r1), when
B2 ⊂ B3. Then by the definition of the fractional maximal function M1,∫

X

dν1 =

∫
B2

dν ≤
∫

B3

dν ≤ M1(ν)(x3)µ(B3)
s−1

s ≤ ελµ(B3)
s−1

s .

Thus by the doubling property,(
1

aλ

∫
X

dν1

) s
s−1

≤ C3

(ε

a

) s
s−1

µ(1
2
B1).
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So with b = C/as/(s−1), where C = C2C3 ≥ 1 depends only on Cd and s, we
have

(3.8) µ
({x ∈ B1 : Î3r0(ν1)(x) > aλ/2}) ≤ bC

1
1−s
s ε

s
s−1 µ(1

2
B1).

Now we estimate Î3r0(ν2) in B1. If B0 ⊂ B2, then Î3r0(ν2)(x) = 0 for
all x ∈ B1 and (3.9) follows. Assume that B0 \ B2 	= ∅. If x4 ∈ 2B0 is a
point with d(x4, B1) ≤ 54r1, then because of the choice of B2, for all x ∈ B1

and for all y ∈ X \ B2 we have d(x4, y) ≤ d(x4, x) + d(x, y) ≤ 3d(x, y)
and d(x, y) ≤ d(x, x4) + d(x4, y) ≤ 56r1 + d(x4, y) ≤ 57d(x4, y). Thus, if in
addition we assume, as we may, that Î3r0(ν)(x4) ≤ λ, then for any x ∈ B1

Î3r0(ν2)(x) =

∫
B(x,3r0)

d(x, y)

µ(B(x, d(x, y)))
dν2(y)

≤ Ĉ

∫
B0

d(x4, y)

µ(B(x, 6d(x, y)))
dν2(y)

≤ Ĉ

∫
B(x4,3r0)

d(x4, y)

µ(B(x4, d(x4, y)))
dν2(y)

≤ ĈÎ3r0(ν)(x4) ≤ Ĉλ,

where we used the doubling property of µ and the facts that B(x4, d(x4, y)) ⊂
B(x, 6d(x, y)), the support of ν2 is in B0 and x ∈ 2B0. Here Ĉ = Ĉ(Cd) ≥ 1.
Now we choose a as a = 2Ĉ, when we have Î3r0(ν2)(x) ≤ aλ/2. It follows
that, whenever x ∈ B1 such that Î3r0(ν)(x) > aλ, we have Î3r0(ν2)(x) ≤ aλ/2
and thus Î3r0(ν1)(x) > aλ/2. In other words, we have shown that, either

B1 ⊂
{
x : M1(ν)(x) > ελ

}
or

(3.9)
{
x ∈ B1 : Î3r0(ν)(x) > aλ

} ⊂ {x ∈ B1 : Î3r0(ν1)(x) > aλ/2
}
.

In the second case, it follows from (3.8) that

µ
({x ∈ B1 : Î3r0(ν)(x) > aλ}) ≤ bC

1
1−s
s ε

s
s−1 µ(1

2
B1).

Now adding over all Bi ∈ W and letting δ → 0, we get

µ({x ∈ 5
4
B0 : Î3r0(ν) > aλ}) ≤ bC

1
1−s
s ε

s
s−1 µ({x ∈ 2B0 : Î3r0(ν) > λ})

+ Cµ({x ∈ 2B0 : M1(ν)(x) > ελ}),(3.10)

where C = C(Cd) > 1. Here we needed the finite overlap property of
balls Bi, see [5, Lemma 3.4].
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Second, we consider the set {x ∈ 4B0 \ 5
4
B0 : Î3r0(ν)(x) > aλ}. For any

x ∈ 4B0 \ 5
4
B0, we have

Î3r0(ν)(x) ≤
∫

B(x,3r0)\B(x, 1
4
r0)

d(x, y)

µ(B(x, d(x, y)))
dν(y)

≤ ν(B0)

µ(B(x, 1
4
r0))

3r0 ≤ C4
5r0

µ(B(x, 5r0))1/s

ν(B(x, 5r0))

µ(B(x, 5r0))1−1/s

≤ C4C
−1/s
s M1(ν)(x),

(3.11)

where we used the doubling property of µ in the third step, and the condi-
tion (3.2) in the last step. We can choose C4 = 3

5
C5

d . So (3.11) implies that

if x ∈ 4B0 \ 5
4
B0 and Î3r0(ν)(x) > λ, then M1(ν)(x) > ελ, with ε < C

1/s
s C−1

4 .

Thus, for any 0 < ε < C
1/s
s C−1

4

µ
({x ∈ 4B0 \ 5

4
B0 : Î3r0(ν)(x) > λ}) ≤ µ

({x ∈ 4B0 : M1(ν)(x) > ελ}).
Now by this estimate and (3.10), we obtain (3.3). �

4. Adams inequality for Riesz potential

Notice that in [8, Thm. 6.2.1] one has a result similar to the following the-
orem, but the potential they studied is different from ours. Still, if we
make an assumption, as in Theorem 4.1, that Csr

s ≤ µ(B(x, r)) for all
balls B(x, r) ⊂ X of radius r < diam X, and additional assumptions that
1/p − 1/q − 1/s ≥ 0 and µ(X) = ∞, then Theorem 4.1 follows from [8,
Thm. 6.2.1]. However the additional assumptions for the exponents and for
the measure of the space is not needed in the following proof. Here the the
proof is similar to that of [28, Thm. 4.7.2], but we need a different approach
in many estimates, since our measure is not Ahlfors regular.

Theorem 4.1. Let (X, d, µ) be a metric measure space, where µ is a doubling
Radon measure, and 1 < p < s. Let ν be a Radon measure in X. Suppose
that there are positive constants M and Cs such that

Csr
s ≤ µ(B(x, r)) and

ν(B(x, r))

µ(B(x, r))
≤ Mrα,

for all balls B(x, r) ⊂ X of radius r < diam X, where α = sq
p
− s − q and

1 < p < q < ∞. Then(∫
X

I1(|f |)qdν

)1/q

≤ CC
1
q
− 1

p
s M

1
q

(∫
X

|f |pdµ

)1/p

,

for all f ∈ Lp(X, µ), where C = C(p, q, Cd, s) > 0.
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Proof . In this proof, we assume diam X = ∞. When the diameter of X
is finite, a few minor technical changes are needed in the following proof.
Indeed, we only need to integrate over [0, diam X] instead of [0,∞[ in (4.2).

For t > 0, let At = {x : I1(|f |)(x) > t} and νt = ν|At . We may
assume that ν(At) > 0. First, we have by Fubini’s theorem and the doubling
property of µ that

tν(At) ≤
∫

At

I1(|f |)dν =

∫
X

I1(|f |)dνt

≤ Cd

∫
X

∫
X

|f(x)|d(x, y)

µ(B(y, 2d(x, y)))
dµ(x)dνt(y)

≤ Cd

∫
X

∫
X

|f(x)|d(x, y)

µ(B(x, d(x, y)))
dνt(y)dµ(x)

= Cd

∫
X

I1(νt)(x)|f(x)| dµ(x).

(4.1)

Next we estimate I1(νt) in the following way. We set rj = 2j.

I1(νt)(x) =

∫
X

d(x, y)

µ(B(x, d(x, y)))
dνt(y)

=
+∞∑

j=−∞

∫
{rj<d(x,y)≤rj+1}

d(x, y)

µ(B(x, d(x, y)))
dνt(y)

≤
+∞∑

j=−∞

rj+1

µ(B(x, rj))
νt(B(x, rj+1))

≤ Cd

+∞∑
j=−∞

νt(B(x, rj+1))

µ(B(x, rj+1))
rj+1 ≤ C2

d

∫ ∞

0

νt(B(x, r))

µ(B(x, r))
dr,

where in the last two steps we used the doubling property of µ. Now for
some R > 0, to be fixed later, we have

tν(At) ≤ C

∫ R

0

∫
X

|f(x)|νt(B(x, r))

µ(B(x, r))
dµ(x)dr

+ C

∫ ∞

R

∫
X

|f(x)|νt(B(x, r))

µ(B(x, r))
dµ(x)dr = J1 + J2.

(4.2)

We will estimate J1 and J2 in the following way. First, to estimate J1,
we have by the growth condition for the measures that, with 1/p+ 1/p′ = 1,

νt(B(x, r))

µ(B(x, r))
=

[
νt(B(x, r))

µ(B(x, r))

]1/p [
νt(B(x, r))

µ(B(x, r))

]1/p′

≤ (Mrα)1/p

[
νt(B(x, r))

µ(B(x, r))

]1/p′

.
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By the Hölder inequality and the above estimate,

J1 ≤ C

∫ R

0

||f ||p
(∫

X

[
νt(B(x, r))

µ(B(x, r))

]p′

dµ(x)

)1/p′

dr

≤ C||f ||pM1/p

∫ R

0

(∫
X

[
νt(B(x, r))

µ(B(x, r))

]
dµ(x)

)1/p′

rα/pdr.

(4.3)

For r > 0, we define the set

Er = (X × X) ∩ {(x, y) : d(x, y) < r}
and by Fubini’s theorem, we obtain∫

X

νt(B(x, r))

µ(B(x, r))
dµ(x) =

∫
X

1

µ(B(x, r))

∫
B(x,r)

dνt(y)dµ(x)

=

∫
X

∫
X

χEr(x, y)

µ(B(x, r))
dµ(x)dνt(y) ≤ Cdν(At),

(4.4)

where the last step follows from

(4.5)

∫
X

χEr(x, y)

µ(B(x, r))
dµ(x) ≤ Cd

for all y ∈ X, which in turn follows from the doubling property of µ. Indeed,∫
X

χEr(x, y)

µ(B(x, r))
dµ(x) =

∫
B(y,r)

1

µ(B(x, r))
dµ(x)

≤ Cd

∫
B(y,r)

1

µ(B(x, 2r))
dµ(x) ≤ Cd

∫
B(y,r)

1

µ(B(y, r))
dµ(x) = Cd,

since B(y, r) ⊂ B(x, 2r). Combining (4.3) and (4.4), we arrive at

J1 ≤ C||f ||pM1/pν(At)
1/p′
∫ R

0

rα/pdr = C||f ||pM1/pν(At)
1/p′Rα/p+1,

since 1 + α
p

= 1
p
( s

p
− 1)(q − p) > 0.

Next, we estimate J2. By the assumption on the measure µ,

νt(B(x, r))

µ(B(x, r))
=

[
νt(B(x, r))

µ(B(x, r))

]1/p [
νt(B(x, r))

µ(B(x, r))

]1/p′

≤ C−1/p
s r−s/pν(At)

1/p

[
νt(B(x, r))

µ(B(x, r))

]1/p′

,
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which gives us

J2 ≤ C

∫ ∞

R

||f ||p
(∫

X

[
νt(B(x, r))

µ(B(x, r))

]p′

dµ(x)

)1/p′

dr

≤ CC−1/p
s ||f ||p ν(At)

1/p

∫ ∞

R

(∫
X

νt(B(x, r))

µ(B(x, r))
dµ(x)

)1/p′

r−s/pdr.

By (4.4),

J2 ≤ CC−1/p
s ||f ||pν(At)

∫ ∞

R

r−s/pdr ≤ CC−1/p
s ||f ||pν(At)R

1−s/p,

since 1 − s/p < 0.

Now we have

J1 + J2 ≤ C||f ||p
(
M1/pν(At)

1/p′Rα/p+1 + C−1/p
s ν(At)R

1−s/p
)

.

By choosing

R =

(
ν(At)

MCs

) 1
α+s

,

we arrive at

J1 + J2 ≤ CC1/q−1/p
s ||f ||pM1/qν(At)

1−1/q.

Now from (4.2) and the previous inequality, it follows

tν(At)
1/q ≤ CC1/q−1/p

s M1/q||f ||p.

Thus the Riesz potential operator I1(·) is of weak type (p, q), whenever

1 < p < q < ∞, p < s,

and the claim follows from the Marcinkiewicz Interpolation, Theorem 2.4. �

When µ is a doubling measure on X and B0 = B(x0, r0) ⊂ X, then

C̃sr
s ≤ µ(B(x, r)), where C̃s =

cµ(B0)

2srs
0

,

for all balls B(x, r) ⊂ X with x ∈ B0 and r < 2r0. Here c is from (1.2).

Now we have the following local version of Adams inequality for Riesz
potentials.
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Corollary 4.2. Let (X, d, µ) be a metric measure space, where µ is a dou-
bling Radon measure, and 1 < p < s. Assume that ν is a Radon measure
such that

ν(B(x, r))

µ(B(x, r))
≤ Mr

sq
p
−s−q

for all balls B(x, r) ⊂ X of radius r < diam X, where M is a positive con-
stant and 1 < p < q < ∞. If f ∈Lp(B0, µ) for some ball B0 = B(x0, r0) ⊂X,
we have(∫

B0

I1,B0(|f |)qdν

)1/q

≤ Cµ(B0)
1/q−1/p r

s
p
− s

q

0 M1/q

(∫
B0

|f |pdµ

)1/p

,

where C = C(p, q, Cd, s) > 0 is a constant.

5. Proofs of Theorem 1.3 and Theorem 1.4

First we prove the Adams type inequality in a case p = 1.

Proof of Theorem 1.3. Let u ∈ Lip0(X). First, we consider the case q = 1.
We may assume that u ≥ 0. For t > 0, define Et = {x : u(x) > t}. The
set Et is open and bounded, since u is continuous and has compact support.
In addition, the set Et is of finite perimeter for a.e. t ∈ [0,∞[. Lemma 3.1
imply that for all such t there exists a covering of Et by a sequence of balls
Bi := B(xi, ri) such that

∞∑
i=1

µ(Bi)

ri

≤ CP (Et, X).

Hence by the assumption on the measure ν in the theorem, we have

ν(Et) ≤
∑

i

ν(Bi) ≤ M
∑

i

µ(Bi)

ri
≤ CMP (Et, X).

Now applying the co-area formula (Theorem 2.3), we get∫
X

u dν =

∫ ∞

0

ν(Et)dt ≤ CM

∫ ∞

0

P (Et, X)dt ≤ CM

∫
X

Lip u dµ.

Next, we prove the case q > 1. Let f ∈ Lq′(X, ν), f ≥ 0 and B(x, r) ⊂ X.
By Hölder inequality we get

∫
B(x,r)

f dν ≤
(∫

B(x,r)

f q′ dν

)1/q′

ν(B(x, r))1/q ≤ M1/q||f ||q′;ν µ(B(x, r))

r
.
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So the measure fdν satisfies the assumptions of Theorem 1.3 with q = 1,
which was proved above. Hence if u ∈ Lip0(X),∫

X

ufdν ≤ CM1/q||f ||q′,ν
∫

X

Lip u dµ,

for all f ∈ Lq′(X, ν), f ≥ 0. Because u ≥ 0 and hence

||u||q;ν = sup

{∫
X

ufdν : ||f ||q′;ν ≤ 1, f ≥ 0

}
,

we have (∫
X

|u|qdν

)1/q

≤ CM1/q

∫
X

Lip u dµ.
�

Next we prove a version of Theorem 1.4 for all Lipschitz functions, not
necessarily with compact support. From now on, we assume that p > 1.

Theorem 5.1. Suppose that the assumptions in Theorem 1.4 hold for the
space X and for measures µ and ν. Let u ∈ Lip(X). For all balls B =
B(x, r) ⊂ X(∫

B

|u − uB|qdν

)1/q

≤ Cµ(B)1/q−1/p r
t−1

t
+ s

p
− s

q M1/q

(∫
2τB

(Lip u)pdµ

)1/p

,

where C = C(p, q, s, t, Cd, Cp, τ) > 0 is a constant.

Proof. Fix a ball B = B(x, r) ⊂ X. By Theorem 3.2, we have for each
y ∈ B

(5.1) |u(y) − uB(zy ,r/8)|t ≤ Crt−1I1,B(x,2r)((Lip u)t)(y),

for some ball B(zy, r/8) ⊂ B(x, 2r).

By the Minkowski inequality,(∫
B

|u(y) − uB|qdν(y)

)1/q

≤
(∫

B

|u(y) − uB(zy ,r/8)|qdν(y)

)1/q

+

(∫
B

|uB(zy,r/8) − uB|qdν(y)

)1/q

.

(5.2)

To estimate last two terms in (5.2), we observe that

|uB(zy ,r/8) − uB| ≤ |uB(zy,r/8) − u2B| + |uB − u2B|
≤ −
∫

B(zy ,r/8)

|u − u2B| dµ + −
∫

B

|u − u2B| dµ ≤ C −
∫

2B

|u − u2B| dµ,

where in the last step, we used the doubling property of µ.



Adams inequality on metric measure spaces 553

Thus by the Poincaré inequality,

(∫
B

|uB(zy,r/8) − uB|qdν(y)

)1/q

≤ Cν(B)1/q −
∫

2B

|u − u2B|dµ

≤ Cν(B)1/qr

(
−
∫

2τB

(Lip u)pdµ

)1/p

≤ CM1/qr
s
p
− s

q
− 1

t µ(B)
1
q
− 1

p r

(∫
2τB

(Lip u)pdµ

)1/p

.

To estimate other term in (5.2) we apply the pointwise estimate (5.1)
and Corollary 4.2, where in this case q̃ = q/t and p̃ = p/t

(∫
B

|u(y) − uB(zy ,r/8)|qdν(y)

)1/q

=

(∫
B

(|u(y) − uB(zy ,r/8)|t)q/tdν(y)

)1/q

≤ Cr
t−1

t

(∫
2B

(I1,2B((Lip u)t))q/tdν

)1/q

≤ Cµ(B)
1
q
− 1

p r
t−1

t
+ s

p
− s

q M1/q

(∫
2B

((Lip u)t)p/tdµ

)1/p

.

The claim follows from (5.2) and the two estimates above. �

Proof of Theorem 1.4. From Remark 3.3: For each y ∈ B0,

|u(y)|t ≤ Crt−1
0 I1,B0((Lip u)t)(y).

By this estimate and by Corollary 4.2,

(∫
B0

|u(y)|qdν(y)

)1/q

≤ Cr
t−1

t
0

(∫
B0

(I1,B0((Lip u)t))q/tdν

)1/q

≤ Cµ(B0)
1
q
− 1

p r
t−1

t
+ s

p
− s

q

0 M1/q

(∫
B0

((Lip u)t)p/tdµ

)1/p

.

�

6. Borderline cases

Here we prove some results in the borderline case p = s. First, a version of
Adams type inequality for Riesz potential is considered. Here we are only
able to prove a weak-type local inequality for the Riesz potential; it would
be interesting to know if a strong-type inequality can be achieved.
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Theorem 6.1. Let (X, d, µ) be a metric measure space, where µ is a doubling
Radon measure. Let B0 = B(x0, r0) ⊂ X and suppose that ν is a Radon
measure in B0 with

(6.1) ν
(
B(x, r)

) ≤ M
(

log
r0

r

) 1−s
s

q

,

for all balls B(x, r)⊂X such that x∈ 2B0 and r< r0/2. Here 1 < s < q < ∞
and M is a positive constant. Then

tν
({x ∈ B0 : I1,B0(|f |)(x) > t})1/q ≤ Cr0µ(B0)

−1/sM
1
q

(∫
B0

|f |sdµ

)1/s

,

for all t > 0 and all f ∈ Ls(B0, µ), where C = C(s, q, Cd) is a positive
constant.

Proof. We use the same techniques here as in the proof of Theorem 4.1,
but we need a different approach to obtain some estimates. For t > 0, let
At = {x ∈ B0 : I1,B0(|f |)(x) > t} and νt = ν|At . We may assume that
ν(At) > 0. By the estimate (4.1) and by the Hölder inequality

tν(At) ≤ Cd

∫
B0

I1,B0(νt)(x)|f(x)| dµ(x)

≤ Cd||f ||s
(∫

B0

I1,B0(νt)
s′dµ

)1/s′

≤ Cd||f ||s
(∫

4B0

Î3r0(νt)
s′dµ

)1/s′

,

(6.2)

where Î3r0 is the local Riesz potential as in Lemma 3.4. We shall apply
Lemma 3.4 to estimate the norm of Î3r0 . First, for each x ∈ 4B0 and
0 < r < 5r0,

νt(B(x, r))

µ(B(x, r))1−1/s
≤ C

(∫ 2r

r

[
νt(B(x, ξ))

µ(B(x, ξ))1−1/s

]s′
dξ

ξ

)1/s′

≤ C

(∫ 10r0

0

[
νt(B(x, ξ))

µ(B(x, ξ))1−1/s

]s′
dξ

ξ

)1/s′

.

Thus

M1(νt)(x) ≤ C

(∫ 10r0

0

[
νt(B(x, r))

µ(B(x, r))1−1/s

]s′
dr

r

)1/s′

,

where M1 is the fractional maximal operator as in Lemma 3.4. Now by
Lemma 3.4,

(6.3)

∫
4B0

Î3r0(νt)
s′dµ ≤ Crs′

0 µ(B0)1−s′
∫

4B0

∫ 10r0

0

νt(B(x, r))s′

µ(B(x, r))

dr

r
dµ(x).
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We now divide integration with respect to r into two parts. Let R1 be any
number with 0 < R1 ≤ r0/2, to be fixed later. We estimate integrals on the
right hand side of (6.3) in the following way. First, to estimate the integral
with respect to r from 0 to R1, we use the growth condition of ν, Fubini’s
theorem and (4.4), to get∫

4B0

∫ R1

0

νt(B(x, r))s′

µ(B(x, r))

dr

r
dµ(x)

≤
∫ R1

0

Ms′−1
(

log
r0

r

)−q/s

r−1

∫
4B0

νt(B(x, r))

µ(B(x, r))
dµ(x) dr

≤ CMs′−1ν(At)

∫ R1

0

r−1
(

log
r0

r

)−q/s

dr

≤ CMs′−1ν(At)

(
log

r0

R1

)1−q/s

.

(6.4)

Second, we get the estimate for the remaining part of the integral in (6.3)
by (4.4), as follows∫

4B0

∫ 10r0

R1

νt(B(x, r))s′

µ(B(x, r))

dr

r
dµ(x)

≤
∫ 10r0

R1

ν(At)
s′−1r−1

∫
4B0

νt(B(x, r))

µ(B(x, r))
dµ(x) dr

≤ Cν(At)
s′
∫ 10r0

R1

r−1 dr ≤ Cν(At)
s′ log

r0

R1

.

(6.5)

Now from (6.3), we get by (6.4) and (6.5) that∫
4B0

Î3r0(νt)
s′dµ ≤ Crs′

0 µ(B0)
1−s′
[
Ms′−1ν(At)

(
log

r0

R1

)1−q/s

+ ν(At)
s′ log

r0

R1

]
.

Now, we choose 0 < R1 ≤ r0/2 such that

log
r0

R1
=

(
M

ν(At)

)s′/q

.

This is always possible, if M ≥ (log 2)q/s′ν(B0), which we may assume.
Indeed, (6.1) shows that M ≥ cν(B0) for some constant c > 0, independent
of ν and B0. Thus, multiplying M by a constant, we may assume that
M ≥ (log 2)q/s′ν(B0). Therefore we arrive at∫

4B0

Î3r0(νt)
s′dµ ≤ Crs′

0 µ(B0)1−s′Ms′/qν(At)
s′(1−1/q).



556 T. Mäkäläinen

Now by the estimate above and (6.2), we obtain that

tν(At)
1/q ≤ Cr0µ(B0)

−1/sM1/q||f ||s.
This completes the proof of the Theorem. �

Next we obtain the following Adams inequality for Lipschitz functions
when p = s.

Theorem 6.2. Let (X, d, µ) be a complete metric measure space such that it
supports weak (1, 1)-Poincaré inequality and µ is a doubling Radon measure.
Let B0 = B(x0, r0) ⊂ X such that r0 < diam X/10 and suppose that ν is a
Radon measure in B0 with

ν(B(x, r)) ≤ M
(

log
r0

r

) 1−s
s

q

,

for all balls B(x, r)⊂X such that x∈ 2B0 and r < r0/2. Here 1 < s < q <∞
and M is a positive constant. Then(∫

B0

|u|qdν

)1/q

≤ Cr0µ(B0)
−1/sM1/q

(∫
B0

(Lip u)sdµ

)1/s

,

for all u ∈ Lip0(B0), where C = C(q, s, Cd, Cp, τ) > 0 is a constant.

Proof. By Remark 3.3 and Theorem 6.1

ν
({x ∈ B0 : |u(x)| > t})tq ≤ Ĉqν

({x ∈ B0 : I1,B0(Lip u)(x) > t/Ĉ})(t/Ĉ)q

≤ CA

(∫
B0

(Lip u)sdµ

)q/s

,(6.6)

where A = rq
0µ(B0)

−q/sM and Ĉ is a constant from Remark 3.3. We may
assume that u ≥ 0, since positive and negative parts of u can be esti-
mated separately in the following way. We use a truncation argument to
prove a strong-type inequality from the weak-type inequality above. By
the truncation property, see [10, Chapter 2], for every 0 < t1 < t2 < ∞
the weak Poincaré inequality holds for the pair ut2

t1 , (Lip u)χ{t1<u≤t2}, where
ut2

t1 = min{max{0, u − t1}, t2 − t1} and χE is the characteristic function of
the set E. Thus (6.6) also holds for this pair. Now∫

B0

uq dν ≤
∞∑

k=−∞
2kqν({u ≥ 2k−1}) =

∞∑
k=−∞

2kqν({u2k−1

2k−2 ≥ 2k−2})

≤ CA
∞∑

k=−∞

(∫
B0

(Lip u)sχ{2k−2≤u<2k−1}dµ

)q/s

≤ CA

( ∞∑
k=−∞

∫
B0

(Lip u)sχ{2k−2≤u<2k−1}dµ

)q/s

≤ CA

(∫
B0

(Lip u)sdµ

)q/s

,

where in the second to the last step we used the inequality q/s ≥ 1. �
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[15] Kinnunen, J. and Korte, R.: Characterizations of Sobolev inequalities
on metric spaces. J. Math. Anal. Appl. 344 (2008), no. 2, 1093–1104.

[16] Kinnunen, J., Korte, R., Shanmugalingam, N. and Tuominen, H.:
Lebesgue points and capacities via the boxing inequality in metric spaces.
Indiana Univ. Math. J. 57 (2008), no. 1, 401–430.

[17] Kinnunen, J. and Martio, O.: Nonlinear potential theory on metric
spaces. Illinois J. Math. 46 (2002), no. 3, 857–883.

[18] Kinnunen, J. and Martio, O.: Potential theory of quasiminimizers.
Ann. Acad. Sci. Fenn. Math. 28 (2003), no. 2, 459–490.

[19] Kinnunen, J. and Shanmugalingam, N.: Regularity of quasi-mini-
mizers on metric spaces. Manuscripta Math. 105 (2001), no. 3, 401–423.

[20] Koskela, P. and MacManus, P.: Quasiconformal mappings and
Sobolev spaces. Studia Math. 131 (1998), no. 1, 1–17.

[21] Maz’ja, V. G.: Sobolev spaces. Springer Series in Soviet Mathematics.
Springer-Verlag, Berlin, 1985.

[22] Miranda Jr., M.: Functions of bounded variation on “good” metric
spaces. J. Math. Pures Appl. (9) 82 (2003), no. 8, 975–1004.

[23] Muckenhoupt, B. and Wheeden, R.: Weighted norm inequalities for
fractional integrals. Trans. Amer. Math. Soc. 192 (1974), 261–274.

[24] Shanmugalingam, N.: Newtonian spaces: an extension of Sobolev spaces
to metric measure spaces. Rev. Mat. Iberoamericana 16 (2000), 243–279.

[25] Shanmugalingam, N.: Harmonic functions on metric spaces. Illinois J.
Math. 45 (2001), no. 3, 1021–1050.

[26] Stein, E. M.: Singular integrals and differentiability properties of func-
tions. Princeton Mathematical Series 30. Princeton University Press,
Princeton, N.J., 1970.

[27] Turesson, B. O.: Nonlinear potential theory and weighted Sobolev
spaces. Lecture Notes in Mathematics, 1736. Springer-Verlag, Berlin, 2000.

[28] Ziemer, W. P.: Weakly differentiable functions. Graduate Texts in Math-
ematics 120. Springer-Verlag, New York, 1989.

Recibido: 13 de septiembre de 2007
Revisado: 11 de febrero de 2008
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tjmakala@gmail.com

The author was partially supported by the Academy of Finland, project 207288.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


