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Small solutions to semi-linear wave
equations with radial data

of critical regularity

Kunio Hidano

Abstract

This paper investigates the problem of global existence of small
solutions to semi-linear wave equations with radially symmetric data
of critical regularity. Under radial symmetry we focus on the case
where the power of nonlinear term is somewhat smaller than the con-
formal power. Our result covers the case where the power is strictly
larger than the John-Glassey exponent in two or three space dimen-
sions. In higher dimension it applies to the equation whose power is
strictly larger than the L?-critical exponent. The main theorem is
therefore an improvement over a previous result due to Lindblad and
Sogge. The new ingredient in our proof is an effective use of some
weighted estimates of radially symmetric solutions to inhomogeneous
wave equations.

1. Introduction and Result

In this paper we study the Cauchy problem for the semi-linear wave equation
(1.1) Otu— Au= NMulP'u, teR, xeR" (p>1, AeC)
subject to initial data (u(0),0u(0)) = (f,g) € H5(R™) x H*"Y(R"). Here
H?(R"™) (—n/2 < 0 < n/2) denotes the homogeneous Sobolev space defined
as {v e §'(R") : |D,|?v € L*(R™)} with the norm ||| D,|7v|| z2(rn), Wwhere we

have defined the operator |D,|” as |D,|"v := F!|£|°Fv using the Fourier
transform F and its inverse transform F~!. Our interest is to study the
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global existence of small H*-solutions to (1.1). In [11] Lindblad and Sogge
studied the H*-theory of the equation (1.1) in depth. Assuming

4
n—2s 2

<s<

DN W

12) p-1 §s<g(n:z@, (n > 4)

or, equivalently

they proved that, for any (f,g) € H*(R") x H*"Y(R") with ||| D,|* f|| z2&n) +
1| Dx|* gl 2(rny small, the associated integral equation has a unique global
solution (Theorem 2.2 of [11]). From the point of view of the H*-theory for
nonlinear evolution equations, this result concerns the critical case and is a
natural extension of the results due to Pecher (Theorem 2 of [14]), Ginibre
and Velo (Proposition 3.3 of [2]) who handled the H'-critical case (i.e., s = 1,
p = 1+4/(n—2)) for small data. We note that Theorem 2.2 of [11] also covers
the case n > 4 and 3/2 < s <n/2if p—1(=4/(n— 2s)) is an even integer.
Later, their result for higher dimension n > 4 was improved by Nakamura
and Ozawa [13|, whose result covers the case of n > 4, 3/2 < s < n/2
and [s] < p—1=4/(n— 2s) ([s] denotes the greatest integer not greater
than s > 0).

Next let us review the previous results concerning the global existence
of small H*-solutions for s < 1/2. Assuming

4 n+1 1
(13) p_1:n+1—4s’ m %53
or, equivalently
n+1 1 4dn 4
SETL TS ey P a T
for general data, or
4 1
(1.4) p_lzn—Qs’ %<3<§

or, equivalently
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for radially symmetric data, Lindblad and Sogge proved that the asso-
ciated integral equation has a unique global solution if |||D.|*f|z2®r) +
1| D2 |* gl 2(rny is sufficiently small ([12, Theorem 5.9], [11, Theorem 8.1]).
In the present paper we intend to show that this result for radially sym-
metric data holds in a wider range of s. Let K(t) = (sint|D,|)/|D.| and
K(t) = cost|D,|. We will prove the following

Theorem 1.1. Supposen > 2, p—1=4/(n—2s), and

’L(ﬁ_l
4

1
— :2
1 )<8<2,n ,

1 4 1
(1.5) L 2 -
5 V2 3 <3<27 n =23,

\

1
0<8<§, n > 4.

There exists a positive constant 6 depending on n, p, and A such that if
radially symmetric data (f,g) € H*(R") x H*~Y(R") is small so that

11D2l* Fll2@ny + 11Dal* gl 2@y <6,

then the integral equation
t
(1.6) ut) = K(t)f + K(t)g + A/ K(t = 7)|u(r)["~ u(r)dr
0

has a unique radially symmetric solution u € C(R; H¥(R™)) satisfying

(L.7) sup || Dul"u(t) e + o]l e < €9
te

for a suitable constant C' > 0. Here qo > 2 and oy € R are the exponents
given (3.2), (3.3) below.

Remark 1.2. Since the way of choosing gy > 2 is too involved to explain at
this stage, we postpone the explanation till Section 3.

The condition in Theorem 1.1 can be restated in terms of p, namely,
s=n/2-2/(p—1) and

4
pO(n)_1<p_1<—17 n:2a3a

(1.8)
4 4
—<p—-1l<——, n>4,
n n—1
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where pg(n) is the larger root of the quadratic equation (n—1)p*—(n+1)p—
2 =0, hence po(2) = (3 +V17)/2, po(3) = 1+ V2, po(n) < 2 for n > 4. (It
is easily seen that po(n) > 14+4/n (n = 2,3), po(4) = 2, and po(n) < 1+4/n
(n > 5).) In fact, a result similar to Theorem 1.1 was obtained by Sogge
(Theorem 6.1 of Chapter III of [17]) for n = 3, later by the present author
for n = 2,3,4 [7]. Hence it is for n > 5 that Theorem 1.1 is essentially new
and its proof needs some new ingredients. In this paper we devise how to
solve the problem for all n > 2 at once. To this end, we fully exploit the
advantages of some weighted estimates in 7] which have played an essential
role in generalizing Theorem 6.1 of Sogge [17| and showing a result similar
to Theorem 1.1 for n = 2, 3,4. Though it is elementary, our key observation
in the present paper is that the weighted estimate (2.1) below for eP=lip
does hold for a < 0 as well as a > 0 under certain condition, whereas in the
previous paper [7] the importance of the weighted estimate for o < 0 was
overlooked. Using the Christ-Kiselev lemma [1| along with the standard 7T
argument, we derive a useful weighted estimate (see (2.11) below) for the
inhomogeneous wave equation from (2.1). Specifically, the estimate (2.11)
for acv < 0 works very well in the contraction-mapping argument, and we will
prove our main result for all n > 2 at once using these weighted estimates.

We remark that the condition p > pg(n) (n = 2,3) in Theorem 1.1 is just
the same as in the classics of John [9] for n = 3 and Glassey [4] for n = 2
concerning the existence of global C%-solutions with small, smooth data of
compact support. It was also proved by John (n = 3) and Glassey (n = 2)
that there exist finite-time blow-up solutions even for small, smooth data of
compact support if A > 0 and p < po(n) 9], [3]. (See, e.g., Schaeffer [15]
for the blow up for p = po(n), n = 2,3.) Interestingly, the number pg(n)
plays a prominent role also in the theory of well-posedness for low-regularity,
radially symmetric solutions. Indeed, in Chapter IIT of [17] Sogge proved
local-in-time existence of unique solutions for radially symmetric data in
H'?2=1/p 5 =127/ swhen n = 3 and 2 < p < po(3). See also [7] where a
different proof of this fact was given.! We note that, under the condition
p>1,1/2-1/p>3/2-2/(p—1) <= p < po(3). Sogge also showed
that the order 1/2 — 1/p is necessary as well as sufficient for local-in-time
well-posedness (see page 122 of [17]).

This paper is organized as follows. Section 2 is devoted to the proof
of weighted space-time L? estimates for the free wave equation and the
inhomogeneous wave equation. In Section 3, using these key estimates and
the contraction mapping principle, we prove Theorem 1.1.

'In [8] it has been proved that the local-in-time existence of unique solutions is true also
for n =2 and 2 < p < po(2) when radially symmetric data are in H/2=1/P x H~1/2=1/p,
Its proof uses a (14 2)-dimensional analogue of the key estimate (6.5) on page 123 of [17].
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2. Weighted space-time L? estimates

We define (Wo)(t,z) = W(t)p(z) = Flell Fp. Reviewing the proof
in 7] of the weighted L9 estimate of W (t)p for radially symmetric data ¢,
we begin with showing

Theorem 2.1. Suppose n > 2. There exists a constant C' > 0 depending on
n, q, a, and the estimate

(2.1) Iz~ *WellLo@xrny < Cll[Dal*@l 2@

holds for radially symmetric data ¢ € H*(R"™) provided that

n+1 n n n-—1 n
—a=—=—35, 2<q¢g<o0, —— <a<-—.
q 2 q 2 q

(2.2)

Remark 2.2. In the previous paper |7] the estimate (2.1) was shown under
the condition

1
(2.3) nt —a:%—s, a>0, q¢g>2,

n
g art S0y

(the last condition ¢ < n/a is interpreted as ¢ < oo for a = 0), instead
of (2.2). It turns out below that we should make much account of the esti-
mate (2.1) also for @ < 0, which, together with the Christ-Kiselev lemma [1],
plays a crucial role in the proof of our useful estimate for radially symmetric
solutions to inhomogeneous equations (see (2.11)).

Proof . Though its proof is essentially the same as that of Theorem 2.1
of 7], we prove Theorem 2.1 above to make this paper self-contained. Our
proof is obviously inspired by that of Proposition 6.6.3 of Sogge [17]. Let

do denote the Lebesgue measure on the unit sphere S"~! C R”, and let do
denote the Fourier transform of do, that is,

(2.4) o () = /S  *do (do = do(w))

Since ¢ is radially symmetric and so is ¢(= F¢), we may write p(§) as
¥(]€]). Using the Heaviside function H(p), we have

25) (Woltr) = 20) " [ oy ooy

= ) (@) [ CHE o Tl ).
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We may view the right-hand side of (2.5) as an inverse Fourier transform
in t. Using the Sobolev embedding theorem first and then the Plancherel
theorem, we have

(2.6) [|(We) (-, 2)l Lo

|Dt|1/2-1/q(<2w>-1 / e"tﬂH<p>¢<|p|>p"-135<|p|x>dp)

S Cqm

L2(Ry)
= C||¢p(p)p >V g () |
L2(R)

for any fixed x € R"™.

__ To proceed, we recall that do is a smooth function on R” satisfying
do(&) = O(|¢|~"=V/2) as |¢] — oo (see, e.g., Stein [18] on page 348). Using
the Minkowski inequality and making the change of variables y = pz, we
obtain

(2.7) lz]~*W | Laxrn)

< Cllw(p)pt 20| |2| 2 do (pa) | oz

L2(Ry)

= C"1/)(p)p(1/2—1/q)+a—(n/q)+n—1|||y|—“3<\r(y)||m(ﬂ%g)HL?(R;)
< Cllu(p)pt /2ol en |

=C| |§|(1/2—1/q)+°‘_(n/q)+(n—1)/2@||L2(Rn)

= C|||Dx|("/2)_(("+1)/‘1)+°‘4p||L2(Rn).

Here we have handled the L(R})-norm of |y|*a35(y) as

(2.8) y|™*do (y)| Laqyern:yi<1y) + Nyl “do(y) | Loyerny>1p) < C,

using the decay property of do and the last condition in (2.2). We have
finished the proof. [ ]

In what follows we denote by ¢ the Holder conjugate exponent of g¢:
1/q+1/¢ = 1. By virtue of the Christ-Kiselev lemma (see Theorem 1.2
of [1], see also Smith and Sogge [16], Tao [20]) we can derive the following
key estimates for radially symmetric solutions to inhomogeneous equations
directly from the estimate (2.1) for W (t)ep.
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Theorem 2.3. Supposen >2,2<qg<o0,2<{§<o0,(q,q) #(2,2), and

n n-—1 n n n-—1 .n
—_ — <Oé<—, - — < a< —
q 2 q q 2 q
Set
n n+1 _ n . n+
S:=—4a— , Si=—-—+4+a— —.
2 q 2 q

The estimate

t
(2.9) |x|a/0 W(t —7)F(r)dr < Olllzl*| e Fll L xn)

La(RxR")

holds for radially symmetric (in x) F.

Theorem 2.4. Supposen > 2,2 < q < oo, and

n n-—1 n

- — < o< -—.

q q
Set

~ n . n+l

S =—-+a——

2 q
The estimate
t
(2.10) HID:EIS/ W(t—71)F(r)dr < Ol|2|*Fl 1o @xreny
0 L (R;L?(R™))

holds for radially symmetric (in x) F.

Corollary 2.5. Supposen > 2,2 <qg<o00,2<§< o0, (q,q9) # (2,2),

n n-—1 n n—1 _ n
T <ao<—, = — <a< —,
q 2 q q 2 q
and
n n+1l n _ n+1l
— _ + - _ - — 1
The estimate
t
(211) H|Dm|1(n/2)d+(n+1)/fi/ K(t _ T)F(T)dT
0 Loo(R;L2(R™))

_I_

< Cll2|*F || par rxreny
L4(RxR?)

|x|_o‘/0 K(t—71)F(r)dr

holds for radially symmetric (in z) F'.
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Proof of Theorem 2.3. As is well-known, we have
(2.12) W*F:/W(—T)F(T)dT.
R

Theorem 2.1 therefore yields
(2.13) [De| =W F [ r2ny < Cll|2|* Fll o )

and

(2.14) |x|a/ W(t—7)F(T)dr = |||z|"*WW*F|| Lamxrn)
R L4(RxR")

< O Do W Fll ey = CllIDL =W Dol F 2y
< Ol Dal | o ey

Taking account of the assumption (q, §) # (2,2), we may apply the Christ-
Kiselev lemma [1] and we obtain the estimate (2.9). The proof of Theo-
rem 2.3 has been finished. ]

Proof of Theorem 2.4. By the conservation law and (2.13) we have for
any fixed t € R

1 Da| =W ()W F| 2y = [|W ()] Da =W F| 2(zen)
= [[Da] "W F | 2wy < Cll|2]"Fl| a7 ey

which leads to

(2.15) Do | =W )W | o g2y < ClllEl*Fll o gocien)-

Again we can use the Christ-Kiselev lemma to derive the estimate (2.10)
directly from (2.15). The proof of Theorem 2.4 has been finished. |

Proof of Corollary 2.5. Since

sint|D,|  etlPel — e=tlDel

K(t) = =
W=D, 20104

and all the results in Theorems 2.1, 2.3 and 2.4 are obviously valid also for
e~P«| the estimate (2.11) is an immediate consequence of Theorems 2.3
and 2.4. |
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Remark 2.5. We make three remarks on the estimate (2.11). In the previous
paper |7] the author showed as an immediate consequence of (2.1)

(2.16) H|D| /Kt—T Vdr
< (R;L2(R™))

+|||x|” O‘/Kt—T T)dT

<c / 1D F ()| g2y dr
R

L4(RxR?)

for n > 2 and ¢, s, a satisfying (2.3). Combined with the inequality

(2.17) 1Dz |0 L2 @m)
—(n/2)+5 1 . n
S CH’T‘ ( /2)+ ||v(lr“)||L2(Sn71)HLl((O,oo);Tnfld’r’)’ § < s < 5

which is a dual version of the trace lemma (see e.g., Li and Zhou [10],
Hidano [6])

- n
<S<§,

N =

su%w‘("/2 *llo(r )| L2 (sn-1y §C|||Dz|§v||L2(R")’
>

the inequality (2.16) leads to

(2.18) H|DI|S/OtK(t—T)F(T)dT

Loo(R; L2 (R™))

|x|_o‘/0 K(t—71)F(r)dr

if 1/2 <1—s < n/2, in addition. Actually, the estimates (2.16) obviously
holds for n > 2 and ¢, s, « satisfying (2.2). Since s =n/2 — (n+1)/q¢+ «
(see (2.2)), the condition 1/2 < 1 —s < n/2 in (2.18) is equivalent to
—(n—1)/2 < —(n/2)+ (1 —s) < 0. Hence we find that the estimate (2.11)
is valid also in the limiting case ¢ = oo for radially symmetric (in =) F.

< O~ OBl 1 )
La(RxR™)

The second remark on the estimate (2.11) is made for the case (¢, ) =
(2,2). In the framework of the L? theory Sugimoto established some weighted
estimates for the wave equation. It follows from Corollary 2.6 of [19] that

(2.19) < Oll|2|*F || 2wy

L2(RXR")

|:c|a/0 K(t— 7)F(r)dr

if 1/2 < a < n/2,1/2 < & < n/2, a+ & = 2. Indeed, we obtain this
inequality (2.19) just by taking 0 =7 = 0 and s + @ = 0 in Corollary 2.6
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of [19]. Actually, Sugimoto studied the problem without the radial symmetry
of F' and the L?-estimate he proved is much more general in the sense that
it states the property of regularity in the angular variables. Since the radial
estimate (2.10) is true for ¢ = 2, we conclude that the estimate (2.11) in
fact holds also for (¢, ¢) = (2,2) when F is radially symmetric in z.

The final remark is made on the relation between our estimate (2.11)
and the Harmse estimate used in the proof of Theorem 8.1 of [11]. In [5]
Harmse proved the estimate

t
(2.20) / K(t — 7)F(r)dr < CIF |l
0 La(RxR™)
n+1 2 1 n—1 n+1 n-+1
— < - , +2=—
2n n+1 ¢ 2n q q

without the assumption of radial symmetry of F. See Theorem 2.3 of [5].
As far as radially symmetric solutions are concerned, we can derive (2.20)
directly from (2.11) by taking o = & = 0. Thus our estimate (2.11) may be
regarded as a weighted version of the Harmse estimate (2.20).

3. Proof of Theorem 1.1

We recall that po(n) is the larger root of the equation (n—1)p? —(n+1)p—2 =
0, and it satisfies po(n) > 1+ (4/n) (n =2,3), po(4) = 2, po(n) < 1+ (4/n)
(n > 5). We start with the following observation.

Proposition 3.1. Suppose n > 2. The inequality

1 2 —1 2 1
(3.1) max{—, _ : - Q} < -
2p p—1 2 p—1 p j%

holds for any p with max{py(n), 1 + (4/n)} <p<1+4/(n—1).

Proof. We note

Since

we see
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for n > 3, and
2 n—1 2
_ > _
p—1 2 T p—1
2 n—1 2
_ < _
p—1 2 T p—1

if po(2) <p <4,

if4<p<5

TDIITII

for n = 2. As is easily observed, we have the equivalence

2 n—1 1
- <<= (n—-1)p*— Dp—2>0
which shows Proposition 3.1 for n > 3 and for n = 2, po(2) < p < 4.
It remains to consider the case n = 2, 4 < p < 5. What we need to verify

is the inequality

2 2 1
————-< - (4<p<5
p—1 p p ( )

which is obviously true. We have finished the proof of Proposition 3.1. W

We note that the inequality p > 1+ (4/n) is equivalent to 2/(p — 1) —
(n—1)/2 < 1/2, and that the inequality 2/(p — 1) — n/p < 1/2 holds when
n = 2,4 <p<5. In view of Proposition 3.1 we can choose gy > 2 satisfying

1 2 -1 2 1 1
(3.2) max{—, . , - E} < —< =

2p p—1 2 p-1 p Qo P
for any n > 2 and any p with max{pg(n), 1 + (4/n)} <p <1+4+4/(n—1).
For this exponent ¢y we set

n+1 2

@ p—1

Employing these two exponents ¢o and «q, we define the space X of functions
on R™ as follows:

(3.3) ap =

3.4) X :={v=uv(t,x)|v is radially symmetric in z and
y 8y
v e C(R; H*(R")),

SUp (1D vt gz + 210l ey < 00
te

Here and in what follows, we set s :=n/2 —2/(p—1). Choosing ¢; and o
in such a way that they satisfy

a
(3.5) p%Z%,—fzao

and using the key estimate (2.11) with ¢ = ¢1, & = a1, we carry out the
contraction-mapping argument.
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To proceed, we must make sure of the following conditions: 2 < ¢; < oo,

n n-—1 n
3.6 — — <a;<— (1=0,1
(36) Lot << (=0
and
n n+1 n n+1
3.7 — — — — = 1.
(3.7) 5 tao ” +5+a "

Let us start with the verification of 2 < ¢; < co. By the definition of ¢
(see (3.5)) wesee 0 < 1/q1 < 1/2 <= 1/(2p) < 1/qy < 1/p, and the last
condition is indeed satisfied (see (3.2)).

We next verify (3.6) for j = 0. By the definition of aq (see (3.3)) we find
that the condition (3.6) for 7 = 0 is equivalent to

2 n—1 1 2

< .
p—1 2 @ p—1

Because of 1/p < 2/(p—1) we find that the condition (3.6) is surely satisfied
for j = 0 (see (3.2)). In order to verify (3.6) for j = 1 we recall the definition
of ag, ¢ and o (see (3.3), (3.5)). It is seen that the condition (3.6) for j =1

is equivalent to
2 n 1 2 n+1

< .
p—1 p q@ p-1 2p

Since
1 2 n+1

p p-1 2
we find that the condition (3.6) is satisfied also for j = 1 (see (3.2)).
Finally, the exponent o has in fact been defined in (3.3) so that the
condition (3.7) is satisfied. Hence we have finished the verification of the
conditions in Corollary 2.4.
We are ready to solve the integral equation (1.6) by using the esti-
mates (2.1) and (2.11). In what follows we always assume n > 2 and
max{po(n), 1 +(4/n)} <p<1+4/(n—1). An application of (2.1) shows

4
=p<l——,
n—1

Proposition 3.2. Suppose f € H*(R"), g € H* Y (R"). If f and g are
radially symmetric, then K(t)f, K(t)g € X and the estimate

(3.8) sup D | uo(t) || L2@ny + [[|2]~* o || Lao (xrm)
te
< C(I1Do* fll2@ny + 1| Dal® gl £2(rny)

holds for a suitable constant C' > 0 independent of f, g. Here ug denotes
K(t)f+ K(t)g.
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Proof. Obviously, K(t)f, K(t)g € C(R; H*(R")), and they are radially

symmetric. We note that

¢itlDal 1 g=it|Dsl oitl Dzl _ o=it|Dy|

K(t) = . K@) = %D

2
We also note that the result of Theorem 2.1 is valid also for e~ Pzl Since
the condition (2.2) is satisfied by qo, so and «y, the estimate (3.8) is an

immediate consequence of Theorem 2.1 and the energy conservation. |

Proposition 3.3. Forv e X

(3.9) /0 K(t—7)u(r) [P u(r)dr € X.

Moreover, the estimate

(3.10) sup

teR

ID:JcISO/O K(t =) (Jor ()P on(7) = oo (7) P~ (7)) dr

L2(R")

|~ i K(t =) (loa(r)P~ o (r) = Joa(7) [P~ oa(7)) dr

L9 (RxR™)
2 o1
< (S Meluilmmzn)) Mo (o = o)llamesa
j=1

holds for all vy, v, € X.

Proof. First of all, we recall the definition (3.5) of two exponents ¢; and «;.
For the purpose of showing Proposition 3.3 we need to verify the fact

(3.11)  |D, |so/ K(t — 1)F(r)dr € (C 1 L®)(R; I*(R™))

for radially symmetric (in ) F satisfying |z|*F € L% (R x R"). To make
sure of the continuity in the time variable, we choose a sequence of radially
symmetric (in z) functions {G,};en C C§°(RxR™) such that G; — |z|* F' in
Lqi (R x R™) (j — o00) by the density of Cg°(R x R") in L% (R x R™). Setting

= |z|7™G;, we claim that |D,|7'*°F; € L] (R; LQ(R”)). Indeed, by
the Sobolev embedding theorem, we know LY(R™) ¢ H-(=)(R™) (1/I =
1/2 + (1 — s9)/n). It therefore suffices to show |z|~*1 € LY(B) (B := {z €
R™ : || < 1}) for the verification of the claim. We see

|:c|*°”eLl(B)<:>oz1<%<:>oz1<g+1—so

n n n+1
=Sy <—+1—(=— +ap ).
2 2 4q0
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Here the last equivalence is due to sp = (n/2) — (n+1)/qo + . Moreover,
using (3.7), we see that

n n+1 n
- — + oy +a1<——|—1
2 qo 2

n n+1 n n+1
<— |1l—=—a; + t+o < =41« <n.
2 1 2 q1

Since 1/¢1 =1 — (p/qo) (see (3.5)), the last inequality may be rewritten as

1 - 1
pin+1) " qo
Because of 1/(2p) < 1/qo (see (3.2)) the condition (3.12) is obviously satis-
fied, and our claim has been verified.

By virtue of our claim |D,| ' F; € L{ (R;L*(R")) we find by the
standard argument

(3.12)

t
D, [ / K(t — 7)Fy(r)dr
0
t
_ /0 (sin(t — 7)|Dy|)| Da| 0 Fy (r)dr € C(R; LA(R™))
(7 =1,2,...), and by the estimate (2.11)

sup
teR

|D,|* 0/ K(t —7)(Fj(t) — Fi(7))dr
< Cll|z]|* (Fy — Fp)l

L2(]R")
= C|Gj — Gl 4 — 0

L% (RxR™) L1 (RxR™)

as j, k — oo. Due to the completeness of (C'N L>)(R; L*(R™)) the limit
function

D, |So/ K(t - 7)F(r)dr

is also in (C'N L*)(R; L*(R")), which shows (3.11).

Now we are ready to complete the proof of Proposition 3.3. The radial
symmetry of the integral in (3.9) is obvious. The exponents ¢; and
have been chosen in (3.5) so that the property (3.9) is a direct consequence
of (2.11) and (3.11). Using the basic inequality

1P~ or = [va P~ | < C(Jor| + [wa] )P~ Hor — v,

we can obtain the estimate (3.10) in quite the same way. The proof of
Proposition 3.3 has been finished. |
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We are in a position to complete the proof of Theorem 1.1. For M > 0 let
us define

Xy ={veX| e 11Dal*00(t, )l L2@ny + 2]~ 0] Lo (mxrmy < M }.
te

Endowed with the metric

d(v,w) := b 1Dz (v(t, ) — w(t, )l z@ny + |27 (0 — w)|| Lo R xR7),
S

the set X, is a complete metric space. Defining the operator

N(v) = K(t)f + K(t)g + A / K(t - n)u(r)Pto(r)dr,

we find by Propositions 3.2 and 3.3 that there exists a constant 6 > 0 depend-
ing on n, p, and A such that if |||D,|* f| L2y + ||| Da]* gl L2@n) < 8, then
the operator N has a unique fixed point in X¢s. Here C' is a suitable posi-
tive constant, and the fixed point is a solution to the integral equation (1.6)
which is unique in X¢s5. We have finished the proof of Theorem 1.1.
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