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Algorithmic equiresolution of

deformations of embedded varieties

Augusto Nobile

Abstract

A theory of simultaneous resolution of singularities for families of
embedded varieties (over a field of characteristic zero) parametrized
by the spectrum of a suitable artinian ring, and compatible with a
given algorithm of resolution, is presented. As usually, this a simple
consequence of a similar theory for analogous families of basic objects,
to which the main portion of this article is devoted.

1. Introduction

The fact that an arbitrary algebraic variety X, over a field of characteristic
zero, admits a resolution (that is, a proper birational morphism f : X’ — X,
with X’ regular) was first established by H. Hironaka in his celebrated 1964
article [14].

Once resolution is available for a single variety, a natural question is to
try to simultaneously resolve all the members of a given family, say parame-
terized by a variety 7', a process that might be called equiresolution. It is
clear that this is not always possible: to succeed means that, in some sense,
the singularities of the different members are not too different. Moreover,
there are many conditions that can be imposed to a simultaneous resolution
process, which lead to different notions (see [25], written in the late 1970’s).
Another possible approach, using more recent developments, involves al-
gorithmic resolutions. These theories arose as an attempt to improve and
better understand the article [14].

In [14] the resolution is achieved by means of a finite sequence of blowing-
ups, or monoidal transforms, each with a regular center contained in the
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singular set (and satisfying some further technical conditions, like normal
flatness). But the proof, aside from being very complicated, is existential in
the sense that it is not made very clear how to choose each center. For many
years there was no improvement upon the original presentation. But start-
ing in the late 1980’s several authors (basing their work, in part, on some
pioneering contributions of Hironaka himself, e.g., [15]) obtained “algorith-
mic resolution theorems”, i.e., processes of resolution where one specifies the
center to choose each time we blow-up. See, e.g., [26], [11], [5], [6], [9], [17],
[28]. This approach not only simplifies the original proof of [14], but affords
some additional results. For instance, one obtains equivariant resolutions,
i.e., compatible with the action of a group on the variety.

A common feature of all these works is the substitution of the origi-
nal problem, where one directly deals with algebraic varieties, by another,
seemingly more technical one, where one tries to “improve” other objects,
involving a sheaf of ideals on a regular ambient scheme. More precisely, one
deals with basic objects. We follow the terminology of [5], although the lan-
guage and presentation vary with the different authors. A basic object (over
a field k) is a four-tuple B = (W, I,b, E') where W is a k-smooth variety, [
a never-zero sheaf of Oy -ideals, b a positive integer and E a collection of
smooth divisors of W with normal crossings. One defines a suitable notion
of permissible transformation, which gives us a new basic object, induced
by B on the blowing-up W’ of W with an appropriate regular center. Then
essentially the goal is to reach, by means of a sequence of permissible trans-
formations, a basic object B, = (W, I, b, E,.) where for all z € W, the order
of the stalk (I,), in Ow, . is less than b. Moreover, one should be able to
describe each center, say as the set of maximum value of an upper semicon-
tinuous function taking values in a suitable totally ordered set (depending
on the dimension of W only). If this is done in an appropriate way, the
solution to this problem easily implies that of resolving varieties, in such a
way that the centers of the blowing-ups used are explicitly described ([5],
Section 5). See also, for other procedures, e.g., [6], [16] or [28].

So, returning to the problem of equiresolution, a possible approach is this
one: in the presence of a given algorithm of resolution (say, of embedded
varieties, i.e., a closed inclusion of varieties X C W, with W regular), and
given a family of such embedded varieties, introduce and study a reasonable
notion of algorithmic equiresolution, i.e., a sequence of monoidal transfor-
mations of the ambient total space inducing on each fiber the algorithmic
resolution process. When the parameter space is smooth (or, at least, re-
duced), this problem was studied in [10], where several proposed definitions
(for families of ideals and of embedded varieties) are seen to be equivalent.
See also [7], Section 6.
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But there is something unsatisfactory about the restriction to the use
of reduced parameter spaces only. In many problems one is naturally lead
to the consideration of families parameterized by non-reduced schemes. For
instance, assuming a suitable resolution algorithm has been fixed, an appli-
cation discussed in [10] consists of a stratification of the Hilbert scheme of
subvarieties of P" with a given Hilbert polynomial, expressing it as a union
of reduced locally closed subschemes, such that the restriction of the univer-
sal family to each stratum is algorithmically equisolvable, and universal with
respect to equisolvable families parameterized by reduced schemes. Clearly
the “reduced” condition is not entirely satisfactory. Indeed, the Hilbert
scheme itself might be non-reduced, moreover many usual techniques to
study features such as smoothness, tangent spaces, etc., involve the con-
sideration of families parametrized by schemes of the form S = Spec (A),
with A an artinian ring. So, it seems natural to study, at least, the notion
of algorithmic equiresolution for families parametrized by S as above (i.e.,
infinitesimal families or infinitesimal deformations of embedded varieties).

In this paper the latter problem is investigated. As said, initially we
deal with basic objects over an artinian ring A as above (also called A-
or S-basic objects, see Definition 4.1). Of course, the main difficulty here
is that we have just one fiber (the naturally induced basic object over the
only point of S), so that to directly compare the algorithmic resolutions
of the various fibers makes no sense. Rather, one should try to introduce
conditions that make the notion “the algorithmic resolution of the (single)
fiber evenly spreads along S = Spec (A)” rigorous. It seems that, essentially,
the only tool we have is to require that, in a suitable sense and working with
appropriate completions of local rings, the orders of certain series do not
change when we reduce the coefficients modulo the maximal ideal of A.
This is what we attempt to do.

For instance, the most fundamental notion developed along these lines is
that of permissible B-center (or permissible center relative to S), where B =
(p: W — S, I,b,F), (S = Spec(A), A an artinian local ring whose residue
field has characteristic zero and p is a smooth morphism) is a basic object
over A, see 4.1 for the complete definition. Namely, by controlling certain
orders of ideals, one may impose a condition on a closed subscheme C' C W,
flat over S which, were S a reduced scheme rather than an infinitesimal one,
would induce on each fiber of p (a regular variety over a field) a permissible
center, say in the sense of [5]. Then it is possible to define a natural notion
of permissible transform of B with center C. If we repeat the process of
choosing a permissible center and transforming, we get what we call an
A-permissible sequence of A-basic objects, and this induces a permissible
sequence (in the sense of [5]) at the level of closed fibers. If this sequence is
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a resolution of B (the fiber of B) we say that our A-permissible sequence
is an equiresolution of the A-basic object B. (This is done in Sections 3
and 4). A natural question is: if an algorithm for resolution of basic objects
over fields (of characteristic zero) is given, when will an equiresolution be
algorithmic?

In [10] the problem of algorithmic equiresolution of families parametrized
by a reduced scheme is studied. There one works with an arbitrary resolution
algorithm satisfying certain conditions (“good algorithms”). So far I do
not know how to treat the present deformation situation with this degree
of generality. Trying to get experience, 1 deal with a specific resolution
algorithm, namely essentially that of [11] (or [5], [21], [8]). We review the
algorithm, for the reader’s convenience, in Section 2.

Let us better explain what is our main result. Let A be the class of
artinian local algebras, whose residue a field has characteristic zero. If B
is a basic object over a characteristic zero field k, write ¢(B) = r if

(1) BO) — BO(O) — ...« BO
is the algorithnmic resolution of B®. Then we have:

Theorem 1.1. There is a function associating to each A-basic object
B = (W — Spec A, I,b, E)

(A € A) with fiber B a non-negative integer e(B) < ((B©Y) and A-
permissible centers Cy, ..., Cep)—1, where Cy is a B = By-center, Cy an
A-center for the transform By of By with center Cy, and so on (thus an
A-permissible sequence

(2) B:Bo<—B1<—"'<—B€(B)

is determined), such that: (i) each center C; induces on the fiber the i-
th algorithmic center used in the sequence (1) (and hence (2) induces the
truncation at level e(B) of (1)), (ii) this correspondence is functorial with
respect to homomorphisms A — A’ and etale morphisms W' — W.

The sequence (2) thus obtained is called the partial algorithmic equireso-
lution of B. When e(B) = £(B©®) we say that B is algorithmically equisolv-
able and call the corresponding sequence (2) its algorithmic equiresolution.

The idea to show this is to try to generalize, or “spread”, the different
steps of the algorithmic resolution process of the fiber (a basic object over a
field) to the A-basic object B. The number e(B) indicates how far we can go
in the process. Of course, often e(B) < ¢(B(®), not any infinitesimal family
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will be equisolvable. This generalization is studied in Sections 4 though 8.
Theorem 1.1 is proved in Section 9, where we introduce conditions which, if
valid, insure that centers used in the algorithmic resolution of the fiber B©)
extend over S = Spec (A), producing the unique centers C; of the Theorem.

From this theorem similar results for infinitesimal families of ideals or of
embedded varieties may be easily obtained.

Actually, the algorithm we use is not strictly that of [11]. We use a
slight variation of this method. The reason is that there are some technical
difficulties to adapt the whole process of [11] to our situation. This occurs
at a key inductive step, where a basic object B = (W, I,b, E) is replaced
by another Bz, whose underlying scheme is a regular hypersurface Z of W,
which is only locally defined, not canonically (what many authors call a hy-
persurface of mazximal contact). Because of this, there is a serious glueing
problem to get globally valid statements. In the references above this is ad-
dressed by re-doing the theory in a more general set-up, that of generalized
basic objects where, after proving some technical results, the glueing process
is easier. It seems difficult to adapt this approach to the context of basic
objects over an artinian ring A. But, following a suggestion of S. Encinas,
by using techniques of Wlodarczyk in [28] (homogenized basic objects, spe-
cially a suitable version of his “Glueing Lemma”), it is possible to develop
a satisfactory theory over A, bypassing the use of generalized basic objects.
See 9.11 for more details.

Most of this article deals with basic objects, the transition to families
of ideals or embedded varieties, by now standard (see [5], Section 5), is
explained in Section 9. Of course, geometrically the most interesting case is
that of families of varieties, but at present it does not seem possible to discuss
this situation without a rather lengthy previous study of families of basic
objects (or something similar). Also at the end of Section 9 it is indicated
how our conditions &; afford a natural notion of algorithmic equiresolution
for families parametrized by arbitrary noetherian schemes.

In another article we shall compare this notion with others available
when the parameter space is reduced ([10]). In the future we hope to study
applications (like those discussed in [10], Section 4) as well as the functors
on Artin rings that naturally arise (see [24]).

In an appendix (Section 11) we include some rather basic algebraic re-
sults, that we could not find in the literature.

It is my pleasure to thank O. Villamayor and S. Encinas for their help
and encouragement, as well as the referee, for useful suggestions to improve
this article.
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2. The algorithm

2.1. Terminology and conventions. In general, we shall use the notation
and language of [13]. We describe next a few exceptions. If W is a scheme,
a W-ideal will mean a coherent sheaf of Oy -ideals. If I is a W-ideal, the
symbol V(I) will denote the closed subscheme of W defined by /. As usual,
V(I) will denote the closed subset of the underlying topological space of W
of zeroes of I. If Y is a closed subscheme of a scheme W, the symbol I(Y)
denotes the W-ideal defining Y. An algebraic variety over a field k will be a
reduced algebraic k-scheme. If W is a reduced scheme, a never-zero W-ideal
is a W-ideal I such that the stalk I, is not zero for all z € W in general [
is a never-zero ideal of W if IOy is never-zero, with W/ = W,..4.

The term local ring will mean noetherian local ring. In general, the
maximal ideal, or radical, of a local ring R will be denoted by r(R). Often,
we write (R, M) to denote the local ring R with maximal ideal M. The
order of an ideal I in the local ring (A, M) is the largest integer s such that
I C M». If W is a noetherian scheme, I is a W-ideal and # € W, then v, (I)
denotes the order of the ideal I, of Ow,.

All the varieties we consider in this paper are defined over characteristic
zero fields.

2.2. The goal of this article is to study certain questions on simultaneous
resolution, or equiresolution, in the presence of an algorithm of resolution
of singularities. The most interesting case is that of algebraic varieties, but
in our approach it is more convenient to study first, in detail, the analogous
problem for a more formal type of objects, the so-called basic objects (over
fields). From this similar results for varieties easily follow. We shall work
with a specific algorithm, essentially that developed in [26] and [27] (and
presented more sistematically in [11] or [5]). For the reader’s convenience,
and also to motivate our work in the succeeding sections, we shall briefly
review this algorithm. We omit proofs and many details, found in the ref-
erences just mentioned or, extended to the more general setting of basic
objects over artinian rings, in further sections of the present paper.

In this section we work with algebraic schemes over a field k, of char-
acteristic zero (although something similar can be done in a more general
context, see [10, 5.11]).

2.3. A basic object (over a field k, of characteristic zero) is a four-tuple
B = (W,I,b,E), where W is a smooth, equidimensional algebraic variety
over k, I is a never-zero W-ideal, b > 0 is an integer and E = (Hy, ..., H,)
is a sequence of distinct regular hypersurfaces of W (i.e., each H; is a regular
Weil divisor of W) with normal crossings ([5, 2.1]). The smooth variety W
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is the underlying scheme of B, denoted by us(B). The dimension of B is
the dimension of the variety us(B).

In [11] or [5], the notation (W, (I,b), E) is used for a basic object, we
drop the inside parenthesis to simplify.

2.4. The singular set Sing(B) of a basic object is {z € W : v, (I) > b}.
This is a closed set of W. Indeed, one may introduce an operation A’ on
W-ideals, i > 1, so that Sing(B) = V(A*"}(I)). Concerning A = Al if w is
a closed point of W and z, ..., z, is a regular system of parameters of R =
Ow,, and D; is the derivation associated to z; (the “partial derivative” with
respect to x;), then A([),, is the ideal of R generated by L,U{D;f : f € I,,},
A" is defined by iteration. One defines A(I) more intrinsically by means of
suitable Fitting ideals of €,(1)/x, k the base field. See [5, Section 13] for
more details.

The use of differential methods (such as the operators A’(I)) was pio-
neered by Jean Giraud (see [12]). These have greatly helped to clarify and
simplify the theory of resolution of singularities. They give us an alternative
way to treat Hironaka’s notion of maximal contact, and play and important
role in algorithmic techniques.

2.5. Permissible transformations. It B= (W, 1,b,FE), E = (Hy,...,H,,)isa
basic object, a permissible center for B is a closed subscheme C' C W having
normal crossings with the hypersurfaces H;, i = 1,...,m (in particular, C
is regular) such that C' C Sing(B). We define the transform of B with
center C' as the basic object By = (Wi, I1,b, Ey)) where W is the blowing-
up of W with center C' (so, we have a natural morphism W; — W), E' =
(H{,...,H. ,Hpy1), where H! is the strict transform of H; (i = 1,...m)
and H,,,; is the exceptional divisor, finally I, := I(H,,1) °IOw, (cf. [5],
Section 3). The process of replacing B by such new basic object Bj is
is called the (permissible) transformation of B with center C, denoted by
B — B;. We'll also write By := T(B, ().

It W, — W is as above, we also define the proper transform of I to
Wi as the Wi-ideal £7*IOy;,, where £ defines the exceptional divisor and
the exponent «a is as large as possible. This integer is constant along each
irreducible component of the center C' used, but in general not globally
constant.

2.6. A resolution of the basic object B is a sequence By «— --- «— B,,
where each arrow B; « Bj;; is a permissible transformation, such that
Sing(B,) = 0.

An algorithm of resolution (for basic objects in §) is a rule that asso-
ciates to each positive integer d a totally ordered set A4 and, for any given
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basic object By = (W, Iy, bo, Ep) of dimension d, functions as follows. First,
there is an upper semicontinuous function gy : Sing(By) — A, (taking fi-
nitely many values), such that Cy = Max(gyo) = {w € Sing(By) : go(w)
is maximum} is a permissible center. If By = T(By, Cy) has Sing(By) # 0,
a function g¢; : Sing(B;) — A is given, such that C; = Max (g;) is a well
determined Bj-permissible center, which we blow-up, and so on. Eventually
we get in this way a permissible sequence By «— By «— --- <« B,. We require
that this be a resolution, i.e., Sing(B,) = (). This is called the algorithmic
resolution sequence of B. Moreover, this should be stable under etale base
change, meaning that if B’ is the basic object obtained by pull-back under
an etale map W’ — W, then the pull-back of the resolution sequence above
may be identified to the resolution sequence of B’ (and the new resolution

functions are induced by the original ones) and, similarly, under extension
of the base field.

2.7. In this paper we shall work with a specific algorithm, a variant of
that of [5] or [11] (with some elements from [28]). We shall refer to it as
the VW-algorithm. In its construction, the following auxiliary notions are
important.

(1) the functions w, and t,. If
(1) By« -+« B,

is a sequence of basic objects and permissible transformations (where we
write B; = (W}, 1;,b, E;), for all j), we define, for z € Sing(B,), w,(z) :=
v.(I,)/b (where I, denotes the proper transform of Iy to W,). It can be
proved that if in our sequence the center of each transformation is contained
in Max(w,) (the set of points where w; reaches its maximum value max(w;))
then max(w;_1) > maz(w;), for j < r. Such a sequence will be called
w-permissible.

The functions ¢, are defined by induction on the length r of a w-permissi-
ble sequence as above. If r = 0, for x € Sing(B,) we write to(z) =
(wo(x), no(x)), where ng(z) is the number of hypersurfaces in E, contain-
ing z. Assume that ¢t; = (wj,n;) was defined (on Sing(B;)) for j < r and
that in our sequence (1) is t-permissible, i.e., that each center C; used in the
blowing-ups is contained in the subset of Sing(B;) where t; reaches its max-
imum value (in particular then (1) is w-permissible). Let s be the smallest
index such that max(w,) = max(w,) and E_ the collection of the hypersur-
faces in E, which are strict transforms of those in F. Then, for = € Sing(B,)
we set: t.(x) = (w.(x),n,(x)), where n,(z) is the number of hypersurfaces
in £ containing x. A B,-center which is contained in Max(¢,) will be called
t-permissible. It can be proved that in a t-permissible sequence the sequence
max(;) is non-increasing.
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(17) Monomial objects. A basic object B = (W,1,b, E), where E =
(Hy, ..., Hy,) is monomial if for each w € W we have:

I, = I(H)*“™)  I(H,,)* ™)

with each function «; : W — Z constant on each irreducible component of H;
and zero outside H;. If B is monomial, one may define (using combinatorial
techniques) a function I'p from Sing(B) to Z x Q x ZN which is upper-
semicontinuous (when the target is lexicographically ordered). Then, it turns
out that C' := Max(I'g) is a permissible center and that, if B; = T(B, (),
max(I'p,) < max(I'p). This center C' is the intersection of certain hyper-
surfaces in F, which are explicitly determined from I'p (see [5, Section 20],
or 5.4 of this paper).

2.8. Now we briefly describe our resolution algorithm, that will be called
the VW-resolution algorithm.

(a) For each integer d > 1 we must indicate a totally ordered set A(@
and, for any given basic object By = (W, Iy, by, Ey) over k of dimension d,
the corresponding resolution functions g;.

This process will be defined inductively on the dimension of By, as fol-
lows. In the sequel, §; := Q x Z and 8, := Z x Q x ZN, in all cases
lexicographically ordered.

If dim(By) = 1, let AW = 8 U8, U {00,}, where if a € 8, and b € §;
then @ > b and ooy is the largest element of the set. Then we define for
w € Sing(By), go(w) = to(w) and, if g; is defined for i < s, determining a
permissible sequence By < By « .-+ « B, we define, for w € Sing(B;),
gs(w) = ts(w) if ws(w) > 0 and g5(w) = I'p, (w) otherwise.

In the induction step we need the following auxiliary construction.

(8) Inductive step. Assume that we have an algorithm of resolution
defined for basic objects of dimension < d. Consider a t-permissible sequence
of basic objects and transformations

(1) By« By« -« B,

Let w € Max(ts) and suppose that, near w, dim Max(t;) < d — 2. Then
there is an open neighborhood U of w (in W = us(By)), a hypersurface Z;
on U, containing w, and a basic object By* = (Z, I;*, bs*, E"), having the
following properties:

(i) Sing(B,") = Max (t.y).

(77) The algorithmic resolution sequence corresponding (by the induction
hypothesis) to B,*:
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(determined, say, by resolution functions g;) induces a t-permissible sequence

(3> BS — §s+1 — §s+p

(obtained by using the same centers C; = Max(g;), and denoting by B, the
restriction of By to U).

(179) If max(t;) = max(tsy;) (j = 1,...,p) then, for all such indices j,

us((Bs");) gets identified to Z,,;, the strict transform of Z; to us(Bs.;) and
Sing((B,");) = Max(t,,;) (where t; are the t-functions of the sequence (3)).

(iv) Under the assumption of (iii) for all j =0, ..., p, if w; € Max(t.y,)
is in the pre-image of w (under the morphism B,,; — B, arising from (3)),
the resolution function g; of B,* defines a function (still denoted by g;)
on a neighborhood (in Max(t,;,)) of w;. The process does not uniquely
determine the neighborhood U nor the hypersurface Z, but the value g;(w,)
is independent of the choices.

In 2.9 we are going to indicate how to make these constructions.

(7) Now, assuming the resolution functions given for dimension < d, we’ll
define resolution functions g; for objects of dimension d as follows. In this
case, the totally ordered set of values will be: A9 = (§; x A=) )US,U{00,},
where 8; x Al4=D is lexicographically ordered, any element of 8, is larger
than any element of 8; x Al4™Y) and ooy is the largest element.

Consider first a single basic object By. Let M := Max(ty) and M (1)
the union of the one-codimensional components of M. Given x € Sing(B,),
necessarily we have wo(x) > 0 and there are three cases. (a) x € M(1). Then
set go(x) = (to(x), 004-1). (b) x € M \ M(1). Then take a neighborhood U
of x (in W) such that the basic object Bj above is defined and the function
go : Zy — A7V as in (iv) above (with s = j = 0) Then set go(z) =
(to(z), go(z)). This value is independent of the choices made. (c) v ¢ M
Then set go(z) = (to(z), 004-1).

Assume now that resolutions functions g;, ¢ = 0,...,7 — 1 have been
defined, determining centers C; = Max (g;),7 = 0,...,7 — 1..., leading to
a permissible sequence By «— --- «— B;, B; = (W;,1;,b,E;), i = 0,...,7,
Jj = 0. We assume that if B;_; is not a monomial object, then this is a
t-sequence.

There are two basic cases: (a) max(w;) =0, (b) max(w;) > 0.

In case (a), B; is monomial, for x € Sing(B;) let I'; be its I'-function
and set g;(z) := [';(z). In case (b), let M;(j) denote the union of the
one-codimensional components of M(j) := Max(t;) and H the exceptional
divisor of the blowing-up (with center C;) W;_; « W;. For = € Sing(B;)
there are three sub-cases:
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1(t;)NH. Then we set g;(x) = (t;(x), 004—1) if z € M;(j) and
,004-1) if € Sing(B;) but = ¢ M;(j).

M (j) \ Mi(5)) N H. Then consider the smallest index s such
t;j(x), where z, is the image of z in Sing(B;) induced by
the sequence above. Using the construction of (3), applied to x; € Wi,
we obtain resolution functions of B, go,gi1,.... Then it makes sense to
take g;_(z), and it can be proved that this value is well-defined. We set
9i(x) = (t;(x), gj=s(x)) € 81 x ALV,

(b3) v ¢ H. Then, if 2’ is the image of  in W;_y, set g;(x) = g;_1(2')

With this definition, if B; is not monomial then the center C; = Max(g;)
is contained in Max(t;).

It can be proved that the sequence {max(g;)} is strictly decreasing, which
leads to a resolution of B ([5] or [11]).

2.9. We shall better explain some details of this process, specially the crucial
inductive step of 2.8. For this, we must review some other concepts.

(o) Adapted hypersurfaces, nice objects. A hypersurface Z C W is
adapted to B (or Z is B-adapted) if the following conditions hold: (Al)
I(Z) € A (1) (an inclusion of sheaves of Oy-ideals), (A2) Z is transversal
to E (see 6.1). If, moreover: (A3) “Whenever D (resp. D’) is an irreducible
component of Z (resp. of V(A*~1(I))) then D # D holds, we say that Z
is inductive.

We shall say that B (a basic object in §8) is nice if either Sing(B) is
empty or B admits an adapted hypersurface. An adapted hypersurface is
necessarily regular.

(B) Inductive objects If B is a nice basic object we define a W-ideal,
called the coefficient ideal and denoted by C([I), as follows:

o) = Y [N

If Z a B-inductive hypersurface, then the coefficient ideal relative to Z, or
the Z-coefficient ideal, denoted by C(I, Z), is the restriction of C(I) to Z.
This is a never-zero Z-ideal.

The basic object By := (Z,C(I,Z),b\,Ez), E; = (HiNZ,...,H,NZ),
is called the inductive object of B, relative to the inductive hypersurface Z.

(7) Consider a t-permissible sequence of basic objects and transforma-
tions By « -+ < B, (where (B; = (W;,1;,b,E;)) and a point w € W,
such that, near w, M,, = {z : t,(x) = t,(w)} has codimension (in W,.) > 1.
Then there is a nice object B!, defined on a suitable neighborhood U of w
in W,, admitting an inductive hypersurface Z, such that Sing(B/) = M,,.
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The definition and properties of this object are presented in [11, 9.5] or, in
a more general context, in Section 8 of this paper.

(0) Homogenized ideals and objects. If W is a variety, a W-weighted ideal
is a pair (1,b), where I C Oy is W-ideal and b is a non-negative integer.
The associated homogenized ideal of (1, b) is the the W-ideal

(1) HIL) =T+ANDTI)+- -+ A DT + -+ A (DT 1)

where we have written T'(I) := A*71(I) (see [28], Section 2).

If B = (W,I,bF) is a basic object in §, the basic object H(B) :=
(W, H(I1,b),b, E) is the homogenized object associated to B. This is dis-
cussed in detail (in a more general setting) in Section 7.

2.10. We return to the discussion of the VW-resolution algorithm. In the
notation of 2.8, we take as the open set U a neighborhood of w over which
the nice object B” of 2.9 (v) is defined. Then its associated homogenized
object H(B,") := (HB) is again nice and it admits an adapted hypersurface
Zs containing w, defined on U. This will be the Z; of 2.8. Our object B}
of 2.8 () will be (H(BY))z..

In 8.5 of this paper we shall check that properties (i)-(iv) of 2.8 (3) are
valid.

2.11. The algorithm discussed in [11] or [5] is very similar to the VW-
algorithm just described. It proceeds as in 2.8, the only difference is that
in the inductive step the auxiliary object B now is (BY)z, rather than
(H(BY))z.. This looks simpler, however with this approach it is more dif-
ficult to check that the process is independent of the choice of the adapted
hypersurfaces Z; we choose (as mentioned in the introduction, see also 9.11).

Actually, it can be proved that both the VW-algorithm and that of [11]
are the same, in the sense that the resolution functions in either case coin-
cide. We shall not check this fact in this paper.

We want to emphasize that we do not claim that the VW-algorithm (or
that of [11]) and that of [28] are the same. They are not, as is proved in [7]
Remark 6.16. The VW-algorithm is not that of [28], but essentially that
of [11], with some details changed by using some concepts from [28].

2.12. The algorithms just discussed enjoy some important additional prop-
erties. For instance, they are functorial with respect to etale morphisms
W' — W (where W = us(B), B a basic object) and extension of the base
field. For the precise statements and a proof see [11] or [5].

2.13. In the following sections (3 through 8) we attempt to generalize, as
much as possible, the theory just described to the case where we do not work
over a base field k£ but rather a (suitable) artinian ring A. Our point of view
is to regard a basic object defined over A (see 4.1) as an infinitesimal family
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of basic objects, or an infinitesimal deformation of the only (closed) fiber that
we have. In our approach, when adapting a given notion is adapted to this
situation, the intuitive idea is that it applies to the fiber and it “spreads well”
along the (infinitesimal) parameter space Spec(A). This won’t be always
possible. When the whole resolution process of the fiber can be extended
to an object over A we’ll say that we achieved algorithmic equiresolution.
The extension of this theory to the mentioned relative situation sometimes
is straightforward, sometimes not. In general, when the translation to this
relative situation is simple we shall omit the proofs or certain details.

Concerning the algorithm of resolution, working over an artinian ring A
the resolution functions g; of 2.6 do not seem very useful. Indeed, these
functions are really defined on the underlying topological space W (notation
of 2.3), or a subspace thereof. If W is a scheme over A (artinian), W and the
fiber share the same topological space. Hence, for our purposes the VW-
algorithm should be regarded as a rule selecting the appropriate centers
Cy, C1, . .. involved in the algorithmic resolution sequence of 2.6. This is our
point of view.

3. Basic notions

3.1. In general, we shall use the notation and terminology introduced in 2.1.
In addition, throughout, the symbol A will denote the collection of artinian
local rings (A, M) such that the residue field k = A/M has characteristic
zero. Since such a ring is necessarily complete and equicharacteristic, A will
contain a (unique) field of representatives, i.e. a subfield mapping onto k
via the canonical homomorphism A — A/M = k. Thus, A is automatically
a k-algebra. If A € A we'll usually write S = Spec (A).

3.2. If p: W — S is a smooth morphism, S = Spec(A), the fiber (or
closed fiber) of p is the fiber over the only point of S (regarded as a closed
subscheme of §). It is denoted it by WO, Then W© = W,., and this is
an algebraic variety, smooth over the field A/M. If I C Oy is a W-ideal,
IO .= IOy is called the fiber of I.

A hypersurface on W over S, or an S-hypersurface, or an A-hypersurface,
is a positive Cartier divisor H, flat over S, inducing over the fiber W) a
regular codimension one subscheme H®. Thus, the ideal I(H), (the stalk
at y of the ideal sheaf defining H C W) is defined by a single element,
inducing at Oy« , an element a of order one. This element a is a non-zero
divisor of Oy ,. This is a consequence of Theorem 23.2 (page 179) in [20]
(or use 11.2, witn n = 1). It can be proved that the naturally induced
projection morphism H — S is smooth (see 11.2).
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3.3. Let p: W — S be as in 3.1, w a point of W, R = Oy, R = Ow© 4
(the local ring of the special fiber at w, which is regular.) A system of ele-
ments aq,...,a, in R is called a regular system of parameters of R relative
to p, or simply (if the morphism p is clear) an A-regular (or S-regular) sys-
tem of parameters if the induced elements ago), e a!” in R form a regular
system of parameters, in the usual sense. Elements a4, ..., a, of R are part of
an A-reqular system of parameters, or a partial A-regular system of parame-
ters, if they are contained in an A-regular system of parameters ag, ..., a,,
r < n, of R. Then necessarily aq,...,a, is a regular sequence in the local
ring Ow,, (see 11.2) or use the result in [20] cited at the end of 3.2 and
induction).

3.4. An collection E = {H,,..., H,} of S-hypersurfaces of W is said to
have normal crossings if for all points w € W there is an A-regular system
of parameters ay, ..., a, of Ow,, such that H; U---U H,, is defined at w by
a product of elements a;, without multiple factors. This product might be
empty, hence = 1 (this happens when no hypersurface H; contains w.)

A subscheme C' of W (with defining sheaf of ideals I(C)) is said to
have normal crossings with E over S (or relative to S) if £ has normal
crossings and for all points w € C', there is an A-regular system of parameters
ai, ..., a,in Oy, such that the stalk I(C'),, is generated by (a1, . .., a;)Ow.w
(for some r < n) and for each H; containing w, the ideal I(H;),, is generated
by a suitable element a;, j € {1,...,n}.

It can be proved that the induced projection C' — S is smooth, and the
blowing-up W; of W with center C' is also S-smooth (see 11.2).

3.5. An S-pair (or A-pair) is an ordered pair (p : W — S, E), with p smooth
and £ = (Hy, ..., H,,) an ordered m-tuple of distinct S-hypersurfaces on W
having normal crossings. We call W the scheme of the pair (p, E). When A
is a field which should be clear from the context (e.g., when taking a closed
fiber), often we shall write (W, E) for the pair.

A permissible center for the pair (p, E) (as above) is a subscheme C'
of W, having normal crossings with E£. Then C' is automatically smooth

over S (3.4).

3.6. We use the notation of 2.1. Let B = (p: W — S, E) be a pair over S, [
a never zero W-ideal and C' C W be an irreducible S-permissible center for
the pair (p, F), defined by the W-ideal J C Oy, with generic point y € C.
We shall say that the order of I along C' is > m, written v(I,C) > m, if
(in the local ring Oy, ) we have I, C (J,)™.
Finally, we write v(I,C') = m if m is the largest integer such that
v(I,C) > m.
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Example 3.7. Let W = A% = Spec A[z, y] with A = k[e] = k[t]/(#?) (and,
say, k = C), S = Spec A, W — S the natural projection, I = (ex + 3> + %)
Alx,y], E =0, C = V(x,y), w the “origin”, i.e. the maximal ideal (¢, z,y)
Alz,y], b =2. Then C' is S-permissible and I,, has order 2, but v(I,C) = 1.

3.8. Let W — S = Spec A (with A € A) be a smooth morphism, w € W,
ai,...a, elements of R := Oy, which are part of an A-regular system
of parameters, J = (ai,...,a,)R, R = R/J. Then, the completion R*
of R with respect to J is isomorphic to the power series ring in r variables
R'[[z1,...,x.]], where z; corresponds to a;, for all i (see 11.6).

Now, with the notation of 3.6, let w be the generic point of the center C
and J = I(C'),. Then, by definition of permissible center, there is a sequence
ai, ..., a, which is part of an A-regular system of parameters (see 3.3) and ge-
nerates J. Then, again with notation of 3.6, v(I,C') = m if and only if each
f € I, when regarded as an element of the completion R* = R/[[z1, ..., z,]],
R’ = O¢ 4, can be written as a power series in z1, ..., z, of order > m, with
coefficients in R', and for some f that order will be exactly m.

3.9. The notions of 3.6 can be described in a more global way as follows
(cf. [11] or [5, Section 13]). We retain the assumptions and notation of 3.6.
Let J be a W-ideal. Define A(J/S):= J+F4-1(Qly/s), where Y := V(J) and
Fi_1 denotes the (d—1)-Fitting ideal. Then, using well known properties of
the objects involved and remarks in 3.8, the following facts are easily verified.

If w e Cis a closed point the stalk I(C), is generated by an A-
regular sequence ay,...,a, of Ow,, let R* = A'[[zy,...,2,]] (with A" =
Ow.w/(ay,...,a,)) denote the completion of Oy, with respect to the ideal
(ai,...,a,). Then A(J/S) R*is the ideal generated by the elements f € J,,
and the partials 0f /0x;, i =1,...,n, for all f € J,.

We may iterate this construction, getting W-ideals A(J/S),1=1,2,...,
such that A’(J/S)R* is the ideal generated by elements of I and their partial
derivatives of order < j.

The connection between this object and the notion of 3.6 is given in the
following result.

Proposition 3.10. If (W — S, E) is an S-pair, C' is an irreducible per-
missible center, with generic point y and defining ideal I1(C) = J, and I a
never-zero W -ideal, then the following statements are equivalent:

(i) I, C (J,)° (i.e., v(I,C) > ).

(i1) I, C (Jo)b for every closed point x in a dense open subset of C' (i.e.,
a non-empty subset of C').

(iii) AP1(1/S), C J, for every closed point x in a dense open subset
of C (say, for x in UNC, U a suitable open set of W.)

(iv) AY(I/S)C J
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Proof. The other implications being well-known, we discuss the implica-
tion (4i7) = (iv). Recall the following basic facts. Here, if Y is a locally
closed subscheme of a scheme W, ¢l(Y') denotes the scheme-theoretic closure

of Yin W.

(a) If Y is a closed subscheme of W, U an open of W, Y’ = Y N U then
cdA(Y')CY.

(b) In the notation of (a) if, moreover, the closed subscheme Y is irreducible,
has no embedded points (e.g., if it is C-M, that is a Cohen-Macaulay scheme)
and U and Y have at least one point in common, then c¢l(Y') =Y

Now we prove (iii) = (iv) as follows. Let Y = V(A’"1(1/S)), note that
V(I(C)) = C. Observe, moreover, that W is C-M (use the fact that W is
smooth over S which is C-M, now use the Corollary to Thm. 23.3, page 181
of [20]). Since C' is locally defined by a regular sequence, C' is also C-M, in
particular with no embedded points. Let U be an open set in W such that
the open subset of C' in (4i7) is of the form C" = CNU. Let Y =Y NU,
and C' = C' NU. The assumption of (4i7) implies that the restriction of
AP"Y(I/S) to U is contained in the restriction of I(C) to U (because the
closed points are dense, W,..; being an algebraic scheme over a field). This
implies, taking V, that C! C Y’. Taking closure we get cl(C’") C cl(Y").
But, by (a) and (b), c/(C") = C and ¢l(Y’) C Y. Thus, C C Y, which is
equivalent to (iv). [ |

3.11. Note that the notion of S-hypersurface given in 3.2 may be equiva-
lently expressed as follows. A subscheme H of W is an S-hypersurface if,
for each x € H, I(H), is generated by an element a € Oy, whose image
in Oy, is in M\M? (with M = r(Op ,)). Indeed, as remarked in 3.2,
the definition given there implies this notion. Conversely, if H C W is as
indicated, then H is flat over S (see the end of 3.4) and, using 3.8, the
completion of R = Oy, with respect to (a) is isomorphic to A'[[a]] (with
a analytically independent over A" = A/(a)), showing that a is not a zero
divisor in Oy ,. Hence, H is a relative Cartier divisor over S.

3.12. Let (p : W — S, E) be an S-pair, C' an S-permissible center of it.
If W’ is the blowing up of W with center C', p’ : W' — S the induced
morphism and E' = (H{,...,H,, ,H] ), where H/ is the strict transform
of H;, for i =1,...,m and H),, is the exceptional divisor, then (p', E’) is
a new S-pair, called the transform of (p, F') with center C'. The fact that
H) ., is an A-hypersurface (in the sense of 3.2) is seen by using 3.11, the
other points are easy. The closed fiber of (p/, E') may be identified to the
transform of (W E©) with center C := C N W© (use 11.7).
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4. Basic objects

Definition 4.1. A basic object over S is a four-tuple B = (p : W —
S,1,b, E), where (p, E) is an S-pair, I a never-zero W-ideal (2.1) and b is a
non-negative integer.

The pair (p, E) is the underlying pair of the basic object B and W is the
underlying scheme of the basic object B, denoted by us(B). The integer b
is the index of the A-basic object B. The dimension of B, dim (B), is the
dimension of the scheme us(B).

There is a naturally defined notion of the fiber of a basic object B, usually
denoted by B = (W© 10 p EO) We let Sing (B®) denote the closed
set {w € WO :p,(I®) > b} and Sing (B) := Sing (B).

4.2. If B=(p: W — S,1,b, E) is an S-basic object, a subscheme C' C W
is a permissible center for B (or B-permissible, or just a B-center) if it is
a permissible center for its underlying S-pair (p, F') and moreover, for each
irreducible component C’ of C' we have, letting C"® be the fiber of the
natural projection C' — S, that

1) v(,C")y=v({I?,C") >b
with the notation of 3.6.

Note that if A =k (a field) then a B-permissible center is a permissible
center in the sense of [11], [5] or 2.5. A B-permissible center induces a
permissible center on the fiber B(©).

Example 4.3. It is possible to have A-basic objects without any permissible
centers. This is a simple example.

Let B = (W — S,1,2,(), where S = Spec(A), with A = k[e] (k a
characteristic zero field, €2 = 0, ), W = Spec (A[z]) (z an indeterminate)
I = (2% ex). Were C' a B-permissible center, it should induce the only
permissible center of the fiber B®, namely the origin V(x). Hence, the
ideal I(C) is generated by an element of the form y = x + h, h € (¢)Alx]
and Afz] = Aly]. Then I = ((y — h)?,e(y — h)) = (y* ey) and C = V(y).
Now it is clear that v(I,C) = 1 while v(I®, C©®)) = 2, impossible were C' a
B-permissible center.

Proposition 4.4. (a) Let C be an irreducible B-center, with B as in 4.1,
Z C W an irreducible S-hypersurface, both C' and Z having a common
point y. Assume I(Z), C I(C),. Then, C C Z.

(b) Assume C, C" are irreducible B-centers, having a common point y,

and 1(C), = I1(C"),. Then C =C".
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Proof. It is similar to that of 3.10. (a) Let ¢l indicate scheme-theoretic
closure in W. The hypothesis implies that there is an open dense neighbor-
hood U of y in W such that, letting C := Cly, Z1 := Z)y, we get C; C Z;.
Hence cl(Cy) C cl(Z;). But since both C' and Z are Cohen-Macaulay, hence
without non-trivial embedded points, necessarily cl(Cy) = C, cl(Z;) = Z.
(b) Use the same argument as in (a), with C’ rather than Z, to get
C C . Similarly we get C' C C. [ |

4.5. If B is an A-basic object, C' an A-permissible center for B and 7 :
W1 — W the blowing-up of W with center C', the sheaf I induces several
important sheaves of Oy ,-ideals. Namely, we have:

(1) Iy = IOy, (the total transform of I to W),

(i) I, := E7bI], where € defines the exceptional divisor (the controlled
transform of I to W),

(iii) I, := £7°I'}, with a as large as possible (the proper transform of I.)
(If C' is not connected, the exponent a is constant along p~!(C”), for each
connected component C” of C', but not necessarily globally constant).

4.6. Given a A-basic object B (as in 4.2), the 4-tuple B, = (W; —
S, I,b, Ey) (where I is the controlled transform of I and E; is defined
as in 3.5) is a new A-basic object, called the transform of the basic object
B with center C' (or at C'). The process of replacing a basic object B by its
transform By (with a permissible center C, as above) will be called the trans-
formation of B with center C, indicated by B < By, if C'is clear. Sometimes
we shall write T(B, C) to denote the transform of B with center C.

Using the statement at the end of 3.12, one may verify that the transform
of an S-basic object with a B-permissible center over S induces (by taking
fibers) the transform of the fiber B() with center C©) := CNW© (notation
as in 3.12). Moreover, I_l(o) =10,

When A = k = a field, the notions of 4.5 and 4.6 reduce themselves to
those of 2.5.

4.7. A permissible sequence of transformations over S is one of the form:
(1) By« -+ B,

where each arrow B; «— B;,; stands for a transformation of basic objects,
with a B;-permissible center, say C; C W; = us(B;). Note that, by taking
fibers, such a sequence induces one:

BY) —...— BO®

where the i-th arrow is the transformation with permissible center C’i@l C
us(Bi(O)), where C@l is the restriction of C;_; to the fiber. The sequence
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obtained from (1) by deleting B4, ..., B, and the corresponding arrows is
called the j-truncation of the sequence (1).

The sequence (1) is called an equiresolution of the basic object By if
Sing (B,) =0

4.8. W-equivalence. Let B = (W — S,1,b,E) and B' = (W — S, J,¢, E')
be basic objects (S = Spec(A), A asin 3.1) be basic objects over S. We shall
say that they are pre-equivalent if the following conditions hold: (0) C' C W
is a B-permissible center if and only if it is a B’-permissible center, (1) If B;
(resp. Bjp) denotes the transform of B (resp. B’) with center C, then C} is
a Bj-permissible center if and only if it is a B] permissible center, consider
the transforms with center Ci, ..., (n) if we repeat this process n times (n
any natural number), obtaining basic objects B,, and B!, respectively, C,, is
a Bj,-permissible center if and only if it is a B! -permissible center.

We say that B and B’ are W-equivalent if, in addition, the special
fibers B and B'® are also pre-equivalent.

In case where the base is a field, pre-equivalence is the same as equiv-
alence. This notion is what in [28] is called equivalence. The notion of
equivalence used in [11] requires a further condition, for that reason we use
our terminology of W-equivalence.

Example 4.9. Let B = (W — S,1,b,2,0) and B = (W — S,1',b,2,0),
where S = SpecA), A = kle], k a field, € = 0, W = Spec (Az]), [ =
(z? + ex), I' = (2°,ex). Then, the A-basic objects B and B’ are pre-
equivalent but not equivalent.

5. Some resolution tools

In this section we study, in the context of A-basic objects (A € A), some
notions discussed in 2.7 (where we worked over a field).

5.1. w- and t-permissible centers. Consider a permissible sequence of A-
basic objects
(1) By« By« -« B,

where B; 11 = T(B;), C; a B;-permissible center, for all .. We want to define,
recursively on the length 7, the notion “(1) is an w-permissible sequence, or
an w-sequence” (see 2.7, where A = k, a field). If r = 0, by definition (1)
is always w-permissible. Assume we know, by induction, what is an w-
permissible sequence when the length is 7, and that this implies that the
induced sequence of special fibers

(2) B((]O) —BY ... BO

T
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is such that each center C’i(o) that was used satisfies C’i(o) C Max(w;) (i.e., is
w-permissible). Given a sequence of length r+ 1, we say it is w-permissible if

its r-truncation is so (then we have a function w, with domain Sing(BﬁO)) =
Sing(B,). Let b./b := max(w,)) and if the center C, used to obtain B,
satisfies v(1,, C,) = I/(L@, C. ) = b, (where, e.g., T, demotes proper trans-
form, see 4.5). Then the induced sequence of fibers satisfies Ci(O) C Max(w;)
for all 4, with notation as above. Given a w-permissible sequence (1), each
center C; used in it is said to be w-permissible for B;. If (1) is an w-
permissible sequence, by the function w; of (1) we mean the function w; of
the corresponding sequence of fibers.

Now we study ¢-permissible sequences. Consider a sequence of A-basic
objects and transformations (1), where we write B; = (W; — S,1;,b, E), for
all 7. We shall define, by induction on the length r, what it means that (1)
is t-permissible.

If » =0 (i.e. there is just one basic object), the sequence (reduced to
one object) is t-permissible.

Next assume the notion of t-permissible center is defined, by induction,
if the sequence has length < r, in such a way that it induces a sequence
of fibers which is ¢-permissible, in the sense of 2.8. We declare a sequence
of length r + 1 t-permissible if the following conditions (a) and (b) hold:
(a) the r-truncation of (1) is t-permissible . Hence by looking at fibers we
have functions t;, i = 1,...,r satisfying max (¢;) > max (t;41), 1 =0,...,7.
Let s be the smallest index such that max (ws) = max(w,). Let E consist
of the hypersurfaces in E, which are strict transforms of those in E; and
(w,m) = maz(t,). Then we demand: (b) any component C' of the center C,

used to obtain B,; satisfies: v(I,,C) = V(Iﬁo),C’(O)) = b, and for each
closed point y € C, the number of hypersurfaces in E, containing y is as
equal to m. If (1) is a ¢-permissible sequence, each center C; used in it is
said to be t-permissible for B;, and by the function ¢; of (1) we mean the
function ¢; of the corresponding sequence of fibers.

5.2. We shall consider, in the present situation, the analogue of certain
numerical invariants introduced in [26] (see also [27], where it is proved that
the algorithm is equivariant, or [11], which is an exposition of these two
papers). But we shall use, to simplify, a different notation. Consider a
permissible sequence of A-basic objects and transformations as in (1) of 5.1,
which is also t-permissible.

If C is any irreducible permissible center for B;, j = 0,...r, we define

wi(C) = ([, O)b,  a;(C) = v(1;,C)/b
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where we have used the notation of 3.6 and 4.5. In [11] these numbers are
denoted by w-ord and ord respectively.

Proposition 5.3. With the notation and assumptions introduced in 5.2,
let C' be an irreducible permissible center for B, D. its image by the natural
morphism W, — W, := us(B;), assume D C C; and let D; be the irreducible

component of the center C; containing D}, i =0,...,7 — 1. Then,

WT(C) = UT(C) - Ur—l(Dr—l) -t UO(DO) +r
Proof. Note that if B; = (W; — S,1;,b, E;), with E; = (Hy,..., Hpytj),
where Hy,..., H,, are the strict transforms of the hypersurfaces in Ej, then

we have an expression

(1) I =1(Hn1))™ ... [(Hpy)I;

J

where each exponent a; is constant on each irreducible component of H;.
From this (for j = r), taking orders along C' (see 3.6) we get:

(15, C) = (T3, C)+ 3 ay(9)

where y is the generic oint of C. Note that if y; is the image of y in W; via
the appropriate morphism,

a;j(y;) = v(lj_1,Dj1) = b

From this , iterating, we obtain:

=

v(I,.,C) =v(I,,C) — (Tﬁ v(1;, D;)) +rb

i

Il
o

Dividing by b we obtain the desired formula. |

We shall discuss the notion of monomial objects (2.7 (ii) or [11], Sec-
tion 5) in the context of basic objects over a ring A € A.

5.4. Monomial objects. Using the notation of 2.7 (iz), let B = (W, 1,b, F)
(where E = (Hy,...,H,,)) be a monomial object (with W a k-variety, k a
characteristic zero field). We define functions I';, i = 1,2,3, with domain
S := Sing (B), as follows.

If we S, I'i(w) is the smallest integer p such that there are indices
i1,...,1%, such that

(1) a; (w) + -+ oy (w) > b
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Consider, for w € S, the set P'(w) of sequences iy, ...,1, satisfying (1)
above, and let [';(w) be the maximum of the rational numbers (a;, (w) +
-+ oy, (w)) /b, for (iy,...,1,) € P'(w).

If we S, let P(w) be the set of all sequences (iy,...,1,,0,0,...) such
that (a;, (w)+- -+, (w))/b = Iy(w), and define I's(w) to be the maximum
of the set P(w), when we use the lexicographical order.

Finally, one defines a function I" (or I'g) from S to Z x Q x ZN by the for-
mula I'(w) = (=1 (w), Ty(w), T's(w)). When the target is lexicographically
ordered the function I' is upper semicontinuous.

Let max (I's) = (i1,...,4,,0,0,...) and take C = H;, N---N H;,. Then,
it turns out that C' is a permissible center for the pair (W, F) and that the
transform B; of B is again monomial, satisfying max (I's,) < max (I'p).
Thus, iterating this process, after a finite number of steps we reach a situa-
tion where the singular locus is empty. (See [11, Section 5] or [5, Section 20]).

Now consider A-basic objects B = (W — S, I,b,F), E = (Hy,...,Hy,)
S = Spec (A) A € A. We shall say that such an object is premonomial if
its closed fiber B©® is monomial. Let I' := T po. We say that our A-basic
object B is monomial if it is premonomial and, letting (i1, ...,4,,0,0,...) =
max (I'3), then C':= H;, N---NH;, is a B-permissible center. This is called
the canonical center of the monomial A-basic object B.

The following proposition is an easy consequence of the definitions.

Proposition 5.5. Let B be a monomial A-basic object B, C := H; N---NH;,

its canonical center. Let H; induce Hi(o) on the special fiber B©). Then, if
By is the transform of B with center C, the closed fiber B©) is naturally
isomorphic to the transform of B©) with center Hi(lo) N---N HZ-(:), and this

is the canonical center of B,

It immediately follows from the proposition that if B is monomial, with
canonical center C, then the transform B; of B at C'is again premonomial.

Definition 5.6. If B is a basic object over A, we say that B admits a I'-
permissible center if: (a) B is monomial, (b) the transform B; of B at the
canonical center is again monomial.

5.7. p-permissible sequences. A sequence By «— - -- < B, of A-basic objects
and transformations is called p-permissible if there is an integer s > 0 such
that: (a) By « --- < By is t-permissible, (b) B; is monomial if s < j
and, for all such j, B; < Bj;; is the transformation with the canonical
center of B;. In particular, it could be s > r, in this case the sequence is
t-permissible, or s = 0, in this case all the objects are monomial and the
transformations have canonical centers.
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6. The inductive object

6.1. Throughout this section, A denotes an artinian ring in A (3.1) and S =
Spec (A). Given an A-basic object B = (W — S,1,b,E), E = (Hy, ..., Hy,),
we say that an S-hypersurface Z C W is transversal to FE if for each closed
point w in Z, there is an A-regular system of parameters ay, ..., a, of Ow,,
such that I(Z), is defined by a; and for every H in F containing w, the
ideal I(H),, is defined by some a;, with ¢ > 1. In particular, Z has normal
crossings with E, in the sense of 3.4.

6.2. Adapted and inductive hypersurfaces, nice objects. Given an A-basic
object B = (W — S, I,b, E) as above, we say that an S-hypersurface Z C W
is adapted to B (or that Z is B-adapted) if the following conditions hold:

(A1) I(Z) C A*1(1/8) (an inclusion of sheaves of Oy -ideals),
(A2) Z is transversal to E.
If Z is adapted and, moreover, it satisfies

(A3) Whenever D (resp. D’) is an irreducible component of Z (resp. of
V(AP"Y(1/S))) we have D # D', then we say that Z is B-inductive
(or just inductive, if B is clear).

In [11] the analogues of (A1) and (A2) are called (LC) and (IA), respectively.
Condition (A3) does not follow from the others. For instance, if B is the
basic object (Spec (C[z,y], (v),1,0) and Z is the line V(y), then Z satisfies
(A1) and (A2) but D = Z is a component of both Z and V(A*~1(1/S)). But
if Sing(B) has codimension at least two, then any B-adapted hypersurface
is automatically inductive.

We shall say that B (a basic object over A) is nice if either Sing(B)
is empty or B admits an adapted hypersurface. We say that B is nice at
w € W if there is an open neighborhood U of w such that the restriction of
B to U is nice; B is locally nice if B is nice at w, for any w € W.

6.3. Remarks on hypersurfaces. We keep the previous assumptions and
notation. Recall that, according to 3.2 and 3.11, if Z C W is a regular A-
hypersurface and w € Z is a closed point, then the stalk /(7),, is generated
by an element a € Oy, which is part of an A-regular system of parame-
ters 3.3. In particular, if aq, ..., aq form an A-regular system of parameters
of Ow.w, J := (a1,...,aq4) and a € J, then the order of the generator a with
respect to J is =1.

Now assume that the regular hypersurface Z also satisfies (Al), i.e.,
I(Z) € ACY .= A Y(]/S). Then, if w € Z, the generator a € I(Z),
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defining Z near w belongs to the stalk [A®~Y],. If C' is a B-permissible
center, then by (Al) and 3.10 necessarily C C Z. If w € C, then J :=
I(C), is generated by part of an A-regular system of parameters. Since
C C Z, a € J and hence the order of a with respect to J is 1. Thus we see
that [A®~V], contains an element which is part of an A-regular system of
parameters.

Conversely, if w € W and [A®~V],, contains an element a which is part
of an A-regular system of parameters, then a defines, near w, an A-regular
hypersurface satisfying condition (A1).

Lemma 6.4. If B is nice basic object over A, then its fiber B is also a
nice basic object (over the residue field of A).

The proof is simple and will be omitted.

6.5. If B is a nice object and C' C W is an irreducible B-permissible center,
with generic point y, then v(C, ) = b. To see this, it suffices to show that
if w is a closed point of Sing B, then the stalk [A®~Y],, contains contains an
element which is part of an A-regular system of parameters. But if Z is any
adapted hypersurface, from condition (A1) and the inclusion A*~1(1/S) C
I(C) we obtain I(Z) C I(C). From this, our assertion follows from 6.3,
taking J = I(C),,.

6.6. Recall that if B = (W, I,b, E) is a basic object over a field, then it is
called good if v,(I) = b for any w € Sing(B) (see [11] ). Working over A
artinian, we shall say that an A-basic object B is good if its special fiber B(")
is good, in the sense just mentioned. The result of 6.5 says that, working
over a field, a nice object is good. Since the fiber of a nice A-object is a
nice k-object (k being the residue field of A), the same is true working with
A-basic objects.

Remark 6.7. Given a good A-basic object B = (W — S, 1,b, E), a closed
subscheme C' of W which is a center for the pair (W — S, E) (see 3.5)
is also a B-permissible center if and only if A*71(7/S) C I(C). In other
words, the extra condition v(I,C’) = v(I® C"®), for any component C’
of ', automatically follows. Indeed, one implication is clear, for the other
note that from the inclusion and the assumption that B is good we get
b<v(I,C") <v(I® C"0) = b, hence all of these are equalities.

6.8. The notion of adapted hypersurface is stable under permissible trans-
formation, in the sense that if B «— B; = (W, — S,11,b, Ey) is a trans-
formation along a B-permissible center C' and Z; is the strict transform of
Z to Wiy, then Z; is an adapted hypersurface for B;. The stability of con-
dition (A1) follows from Lemma 6.10 below (Giraud’s Lemma), part (b),
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and that of (A2) is well known. Lemma 6.10 follows from Lemma 6.9, to
be given next. The proofs of both lemmas are entirely analogous to those
given in 9.1 and 9.2 of [11], and will be omitted. Indeed, thanks to the
remarks in 3.8, the necessary calculations in completions of rings (discussed
in [11, Section 9]) can be carried out in our case.

Lemma 6.9. Using the notation of 6.8, let B «— B; be a permissible trans-
formation of A-basic objects, H C W1 the exceptional divisor, with defining
ideal I1(H). Then,

(i) A*(1/S)Ow, C I(HY),
(id) I(H) "' AP (1/S)Ow, C AVi(I,/S).

Lemma 6.10. Consider an A-basic object B = (W — S, J b, F), an A-
adapted hypersurface Z C W, an irreducible B-permissible center C' C Z
and By = (Wy — S, J1,b, E1), the transform of B with center C. Let B’ =
(W — S, 1(Z),1,E). Then :

(a) C is a B'-permissible center, and if B} = (W, — S, I1(Z)1,1, Ey) is
the the transform of B' with center C, then 1(Z), = 1(Z,), where Z, is the
strict transform of Z to W1,

(b) 1(Zy) € AP 1(J/S).

6.11. The coefficient ideal and the object B;. We use the notation of 6.1.
Let B be a nice A-basic object and Z a B-inductive hypersurface.

(a) We define a sheaf of Oy -ideals, called the coefficient ideal and de-
noted by C(1/5), as follows:

b—1
C(I/S) =Y [AY(I/S)"
=0

Often, when A is a field we'll simply write C(I). If B is nice and Z a B-
inductive hypersurface, we define a sheaf of ideals on Z, called the coefficient
ideal relative to Z, or the Z-coefficient ideal, denoted by C(I/S, Z), as the
restriction of €(1/5) to Z.

(b) The A-basic object By := (Z — S,C(I/S, Z),b!, Ez), where we write
E; =(HNZ,...,H,NZ)is called the inductive object of B, relative to
the inductive hypersurface Z. Indeed, this is an A-basic object. The fact that
E7 is a system of A-hypersurfaces with normal crossings follows from (A2);
what is left is to check that C(I/S,Z) is a never zero sheaf of ideals, and
this follows from (A3).
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6.12. Condition (A3) is important. For instance, if the basic object is B =
(Spec (Clz, y], (¥*),2,0) and Z is the line V(y), then C((y?)) restricts the
zero sheaf of ideals on Z. So, Z is not a B-inductive hypersurface.

But, as remarked in 6.2, if Sing(B) has codimension at least two, any
B-adapted hypersurface is automatically inductive, so for any B-adapted
hypersurface the inductive object is defined. We shall use this observation
several times, for instance in Sections 9.7 and 9.8.

It is well known that the object By is not necessarily nice, even if the

base ring A is a field k.

6.13. In case we are working over a field k (characteristic zero), if B =
(W, J,b, E') is a nice basic object and Z an inductive hypersurface, it is
proved in [11] that the object By has the following properties:

(1) Sing(B) = Sing(By). From this it follows that a subscheme C of W
is a B-permissible center if and only if C' is a Bz-permissible center.

(i1) If B « By is a permissible transformation, by (i) using the same
center we obtain a permissible transformation By <« (Bz);. By 6.8 the
strict transform Z; of Z to B is an inductive hypersurface of B;. Al-
though we cannot prove that (Bj)g, is isomorphic to (Byz)y, it is true that
Sing((Bi)z,) = Sing((Bz)1). We may repeat the process, taking a trans-
formation of B; with a permissible center C; (which will also be (Byz);-
permissible.) After iterating k times we get (in obvious notation):

(1) Sing((Bk)z,) = Sing((Bz))

The analog of (i) in the context of basic objects over an artinian ring A would
be the assertion: if B is a nice A-basic object and Z is a B-inductive hyper-
surface, then a center C'is B-permissible if and only if it is Bz-permissible.
More precisely, if C' is a permissible center for Bz, then by (A2) C will
be a permissible center for the pair (W — S, E) (see 3.5). But, will it be
B-permissible (i.e., will v(I,C) = v(I®,C®) > b hold?) Conversely, if C
is a B-permissible center, then by (A1) it will be permissible for the pair
(Z — S, Ez). But, will it be Bz-permissible?

The answer to both questions is negative. Next we present examples.

Example 6.14. (Showing that C' is B-permissible does not imply C' is B-
permissible). Let B = (W — S,I,2,0) where S = Spec(A), A = kle], k a
field, e = 0, W = Spec(A[z, z]), I = (2* + ex?, 2% + 2?). Then, AY(I/S) =
(z,ex,2%) and one easily checks that Z, defined by the ideal (z) A[z, z] is a
B-inductive hypersurface, and By = (Spec(A[z]) — Spec(A), (ex?, x3),2,0).
Then we see that C' C W, defined by the ideal (z,z) is a B-permissible
center but not a Bz-permissible center.
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Example 6.15. (Showing that C' is Bz-permissible does not imply C' is
B-permissible). Let A and W — S be as in Example 6.14, B = (W —
S, 1,4,0), where I = (2° + ex?z + 2*). Then one verifies that Z, the
subscheme of W defined by (z) Alz, 2] is a B-inductive hypersurface, and
Bz = (Spec(A[z]) — Spec(A), (z29),24,0). The subscheme C of Z, defined
by (z)A[z] on Z and by (x,z) on W, is a Bz-permissible center but not a
B-permissible one.

Definition 6.16. We use the notation of 6.11. A closed subscheme C' of Z
is a strongly permissible center for By (or a strong Bz-center) if it is a
permissible center for both By and B.

6.17. We extend this notion to sequences as follows. Let B be a nice S-
basic object, Z a B-inductive hypersurface. We use the notation of 6.11. A
permissible sequence of S-basic objects:

(1) Bz:=(Bz)o« (Bz)1 <« (Bz)m

(with centers C; C us((Bz);), i =0,...m — 1) is said to be strongly permis-
sible if: Cy is a strongly permissible (Bz)o-center (hence, C is a B-center
and if By := T(B,C)), us((Bz)1) may be identified, to the strict trans-
form Z; of Z to us(B;), and C; to a closed subscheme of us(By)), C; is a
Bj-permissible center; if By := T(By, C}), with similar identifications C is a
permissible Bs-center, and so on. So, eventually, with these identifications,
C; must be a B; center, i =0,...,m — 1.

Thus, the strongly permissible sequence (1) induces a permissible se-
quence of S-basic objects

(2) B« By« -+ B,

using the same centers C; as in (1).
When A = k = a field, according to 6.13 a center is permissible if and
only if it is strongly permissible.

7. The homogenized ideal and applications

In this section we present, adapted to our needs, some notions and results
due to Wlodarzeyck (cf. [28], where one works over a field). Throughout,
S =Spec(A), A€ A, asin 3.1.

Definition 7.1. Given a scheme W, a weighted W -ideal is a pair (I,b),
where [ C Oy is W-ideal and b is a non-negative integer. Often, if W is
clear, we’ll talk about a weighted ideal.



1022 A. NOBILE

Definition 7.2. Let (I,b) be a weighted W-ideal, where W is a scheme,
smooth over S. The homogenized ideal, relative to S, associated to (I,b) is
the the W-ideal H(I/S,b) = I+ A(I/S)T(I/S) + -+ AYI/S)T(I/S)" +
c 4 AYT/8)T (1)), where we have written T'(1/S) = A 1(1/S).
If B=(W — S,I,b,F) is a A-basic object, we use the notation H(B) :=
(W — S, H(I/S,b),b, E) (a new A-basic object).

Note that passing to the fiber we obtain, in the usual notation, H(I(?),b) =
H(I/S, b)),

Lemma 7.3. If (1,b) is a weighted ideal on an S-smooth scheme W, then
AYH(I/S) = AN (H(T/S,D))

The proof is elementary and we leave it to the reader.

Proposition 7.4. If B= (W — S,1,b, E) is a good A-basic object (see 5.4),
then H(B) is W-equivalent to B.

Proof. By Remark 6.7 and Lemma 7.3 a center C' is B-permissible if and
only if it is H(I)-permissible. By induction, by the same reason it suffices
to show that, for all » > 0, if B «— By < --- « B, and H(B) « [H(B)]; <
-« [H(B)], are permissible sequences of basic objects and transforma-
tions, where in both cases the same permissible centers have been used,
then
(1) ATHL/S) = AH([HI/S b))

(where H(I/S,b), is the ideal in the basic object H(B),). To simplify,
sometimes we’ll drop “b”, writing, e.g., H(I/S,b) = H(I/S).
First we shall check that

) [H{/9)] € H(I:/5)

To see this, consider [H(I/S],_1 = Ly + >0t AT, /S)T(I,_1/S)". The
controlled transform of this ideal to W, is

(=

RIS, = I+ SN2 /S)T (T, /SY.

i=1

But, letting H be the exceptional divisor of the blowing up W,_; «— W,
and & := I(H), [AY(I,_1/S)T(I,_1/S), = E-CDA(I/S)[ET(I)9)] C
AY(I./S)[T(I./S)]?, the last inclusion by 6.9. From this (2) clearly follows.
So, we have inclusions I, C H(I/S,b), C H(I./S,b). Applying the operator
A1 to each of these and using 7.3 we see that the resulting first and third
terms are equal, hence we obtain (1). [ |
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We shall need the following basic result.

Proposition 7.5. Let B= (W — S,1,b, E) be an A-basic object, y a point
of W, R = Ow,, ai,...,a, an A-regular system of parameters of R, M =
r(A) and J = MR+ (ay,...,a,)R. Then, J is the mazimal ideal of R.

Proof. Let J' := max(R). We have J C J'. To see that equality holds,
letting R’ denote the completion of R with respect to J, and using the fact
that R’ is a flat R-algebra, it suffices to show that JR = J'R’. Now, we have
the followmg 1dent1ﬁcat10ns R//JR/ = (R/MR)/(ay,...,a,)(R'/MR") =

(R/MR)/(al, . a,,)(R/MR) (R( )/maX(R(O)), where the hat indicates
completion With respect to the maximal ideal. The last equality holds be-
cause ar, . .., a, induces a regular system of parameters in the regular local
ring R = Ow 4, in particular it generates the maximal ideal of RO So,
R'/JR' is a field, hence JR' must be equal to the maximal ideal J' R/, as
claimed. [ |

Proposition 7.6. With the notation of the previous proposition, letting R
denote the completion of R with respect to its maximal ideal and R’ the
completion with respect to (ai,...,a,)R, we have R' = R.

Proof. Using the fact that A is artinian and hence a power of its maximal
ideal M is equal to zero, it is easy to verify that there is a positive integer s
such that for all sufficiently large integers ¢ we have Q' C J* C Q"% where
Q= (a1,...,a,)Rand J = MR+ (a1,...,a,)R =r(R) (use 7.5). It is well
known that these inclusions imply that the topologies defined by @ and J
are the same, whence the claimed equality of completions. |

Proposition 7.7. Let B, the point y € W and R = Ow, be as in 7.5, let
both u,u, ..., u, and v,uy, ..., u, be A-reqular systems of parameters of R,
R the completion of R with respect to its maximal ideal M. Then, there is
an A-linear automorphism ¢ of R such that ¢(u) = v cmd qﬁ(uz) = u; for
i=2,....n and, moreover, such that if h =u—v andp: R — R/( ) is the
ccmomcal quotient homomorphism, then p ¢ = p.

Proof. Consider the completion R* of R with respect to the ideal generated
by (u,ug,...,u,). We know: (i) R* = A'[[u, us, ..., u,)], for a suitable over-
ring A" of A (see 3.8 or 11.6), (ii) R* = R (see 7.6.) Using the identification
(ii), to prove the proposition it suffices to define an automorphism ¢ of R*
satisfying the required properties. Define ¢ by the conditions: ¢(a) = a
for a € A, ¢(u) = v and ¢(u;) = uj, j = 2,...,n. This is correct, since
v, regarded as an element of R*, must be of the form v = m + «, with
m € MR* (M = r(A)), a € (u,ug,...,u,)R*, and M* = 0 for s large
enough. Modulo M R*, this induces a homomorphism of rings of formal
power series K[[u,ug, ..., u,]] — K[[v,us,...,u,]] (with K a field), which
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clearly is an isomorphism. By the “nilpotent” Nakayama’s Lemma, ¢ must
be an isomorphism. The statement about the quotient map p follows from

the fact that u — ¢(u) = h. |

Proposition 7.8. Keep the assumptions and notation of 7.7, but also as-
sume that uw € T(I/S), and v € T(1/S),. Then, the automorphism ¢

satisfies: $(H(I/S)R) = H(I/S)R

Proof. Above, we wrote H(I/S)R := H(I/S) R. Recall the definitions
in 7.7: we identify R with R* := A'[[u,us, . .. ]] then ¢ : R* — R* is
defined by: ¢(u) = v, ¢(w;) = u;, for i = 2,...,n, ¢(a) = a for a € A'.
Thus, for f(u,us,...,u,) € R*,

af OF 22 VO 305
(1) of=/flu)+ +§0— h” BT h”

(With this set-up, what follows imitates the proof of [28], Lemma 2.9.4). To

check the desired equality, since ¢ is an automorphism of a noetherian ring,

it suffices to show: ¢(H(I[/S)R*) C H(I/S)R*.

To check the latter inclusion, in view of the definition of H(//S) in 7.2,
it suffices to show: ¢(AJ(1/S)[T(I/S)R* C H(I/S)R*, j =0,...,b—1,
where as in 7.2 we have written T(I/S) = A*~Y(I/S). It is easy to verify
that this inclusion follows if we can prove the following assertions: (a;) :
SNI(I/S)RY) € HN(I/S)RY), § = 0,...,b— 1, (b) = (T(I/S)RY) C
H(I/S)R*. Now, (ag) is a consequence of formula (1) above. Since this
is valid for any ideal I, we may substitute (in (ag)) I by A/(1/S), and we
obtain (a;), for all j. Concerning (b), if g € T'(1/5),, by (1) (with f = g)
and the fact that h = uw —v € T(I/S) (hence h' € [T(I/S),]* for all i), it
follows that ¢(g) € T'(1/95), as desired. [ |

Let us recall some terminology and notation to be used in the next the-
orem. Given a scheme W and a point w € W, an etale neighborhod of
y in W consists of a scheme V', a point v € V and an etale morphism
7 : V. — W such that m(v) = w. We use the notation 7 : (V,v) — (W, w)
to indicate this etale neighborhood. To shrink the etale neighborhood
means to take the composition of 7’ of © with another etale neighborhood
' (V' v') — (V,v). If fand g are morphisms from a scheme V' to a scheme
W and Y is a closed subscheme of W, we say that f and g agree over Y if
YY) =g 1Y) :=Y"and fj = gj, where j : Y’ — V is the inclusion.

If B=(p: W — S1,bF) is an S-basic object, f : V — W an
etale morphism, f*(B) denotes the S-basic object (V, f*(I),b, f*(E)), where
f*(I) := IOy and f*(F) is the sequence of inverse images by f of the
hypersurfaces that appear in E.



ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 1025

Theorem 7.9. Let B = (W — S,1,b, E) be a nice basic object, Z and Z'
adapted hypersurfaces, y € Z N Z'. Let Z (resp. Z') be defined by u €
D(W,Ow) (resp. v € T(W,0w)) and J = H(I/S). Then, there are etale
neighborhoods 7, : (V,z) — (W,y) and 7, : (V,z) — (W,y) such that: (a)
i (J) =75(J) , (b) wi(u) = 7 (v), (¢) if H is any hypersurface in E, then

. (H) =7, (H) (hence, w5 (E) = 7*(E)), (d) m, = m, over V(u — v).

u u

Proof. Since W is of finite type over A, we may find an affine open neigh-
borhood of y, still denoted by W, of the form Spec (D), where D = A[x|/K,
with x = (z1,...,2m) (21,..., 2, algebraically independent over A) and K
and ideal of A[x], say generated by f; € A[x], i =1,...,r. The point y cor-
responds to a prime ideal P of D, so we may identify R = Oy, = Dp. More-
over, shrinking W, if necessary, we may assume that: (i) J R = (¢g1,...,9)R,
where g; € A[x], for all j, (ii) there are elements us, ..., u, in R such that
both u, us, ..., u, and v, us, . .., u, are A-regular systems of parameters of R,
where each hypersurface H in E containing y is defined at y by some u;,
¢ > 1 and, moreover, v and u;, j = 2,...,n are images in R = Dp of
polynomials (in A[x]) ¢(x) and ¢;(x), j = 2, ..., n respectively.
Now, we have natural homomorphisms

Alx] = A[x]/K — (A[x]/K)p = R — R

where R denotes the completion of R with respect to its maximal ideal. Let
¥ : Alx] — R be the composition of these homomorphisms, and a; the image
of z; € A[x] in R, i =1,...,m. The fact that ¥ factors through K means:

(1) filar,...;am) =0, i=1,...,r

Now consider the automorphism ¢ (of E) associated to w, v, us, ..., u,, as
in 7.7, and the composition ¢ : A[x] — R. Since ¢ is A-linear and the
coefficients of ¢(x) are in A, the fact that ¢(u) = v means:

2 qlar,...,an) =vER
For the same reasons, the fact that ¢(u;) = w;, i = 2,...,n, means
(3)  qla,...,an)=w €R, i=2,...,n

Let J R be generated by elements hy,...,h, in R. Then, as above, from
¢(JR) = JR we obtain:

(4)  gi=cphi+-,ciphy, j=1,...t

for suitable elements c;; € R.
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We may view (1) through (4) as polynomial equations with coefficients
in R in unknowns { A} and {C};}, which have a solution {a;} and {c;;} in R.
By Artin’s approximation Lemma (see [2] 1.10, note that since A is a finite
dimensional vector space over k = A/r(A), the hypothesis are valid) for any
positive integer s we find solutions {b;}, {d;;} in R, the henselization of R
with respect to its maximal ideal. Choose s > 2. By sendlng Xitob; € R C
R,i=1,...,m, we obtain an A-linear homomorphism cAlx] - R C R,
which induces a homomorphism « : A[x]/K — R and, localizing at P and
completing, another ¢’ : R — R. By our choice s > 2, ¢ agrees with the
isomorphism ¢ modulo N (N = r(ﬁ) Hence, ¢’ is also an automorphism
of R, satisfying ¢ (u) =vand ¢(u;) =w;, i =1,...,n.

Returning to v : D — E, from the definition of henselization (involving
a limit of etale neighborhoods) for some etale neighborhood =, : (V,z) —
(W, y) there is an induced morphism & : V. — W such that a(z) =y. If
we consider the induced homomorphism Owy — OVZ, by our construction
this may be identified to the isomorphism ¢’ : R — R Thus, & is etale
at z. Hence, shrinking V if necessary, & defines an etale neighborhood
. (V,2z) — (W,y). Shrinking again this neighborhood if necessary, by
using 7.7 we see 7, and 7, satisfy properties (a) through (d). [ |

7.10. Theorem 7.9 can be extended to sequences of permissible transforma-
tions of A-basic objects as follows. Suppose we are in the conditions of 7.9.
We retain the notation of that theorem, but we also write By := (W —
S, J,b, E) (recall J =H(I/S)). Take a By-permissible center C. Since C' C
V(u—v), by 7.9 (d) 7;1(C) = 7;1(C) := C C V. Let us write J := 7}(J) =
m(J) (the equality by 7.9, (a )), and By = (V,J,b, E), where E = 7*(E) =
7*(E). Since m, and , are etale, we have that both 7*(A*~1(J/S)) and
i (AP1(J/S)) agree with A~ 1(J/S) ie, T (A~ 1(J/S)) = mr(AP1(J)9))
= AP1(J/S). Now we may easily check that C is a B-permissible cen-
ter. We transform B and B with centers C' and C respectively, getting
B« By = (W, — S,J1,b,E)) and By «+ B, = (W1, J1,b, E1) respectively.
By Proposition 11.7, both the pull-backs of 7, : V — W and 7w, : V — W
via W «— W, (the blowing-up of W with center C') may be identified to the
blowing-up V; of V with center C. Hence we get etale morphisms 71, 71,
from V; to W; induced by 7, and 7, respectively. Notice that again, by the
etaleness, both 77, (J;) and 7},(J;) may be identified to J;, hence they are
equal. Similarly, if u; (resp. v;) define the strict transform of Z (resp. Z’)
to Wy, then 7, (uy) = 75, (v1) = @, where u; is the proper transform of @
to Vi. Note that (by 6.8) these hypersurfaces are again adapted.
A formal argument with cartesian (i.e., fiber product) squares shows that
Ty = T, Over V(u; —vq) (in the sense explained after the statement of 7.9)
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and moreover, if we choose a point y; € W lying over y, := y, then there is
a point z; € Vj lying over zy such that m,1(21) = m1(21) = ¥1.

Now the procedure may be iterated: if € is a permissible B;-center,
then 77,/ (Cy) = 71, (C1) := C; and this is a permissible center for B, we
take the transforms of B; and B; with centers C; and C] respectively, and
proceed as before. Iterating, we obtain the following result:

Theorem 7.11. Let
(1) By« By «—---«— B,

be a permissible sequence of A-basic objects and transformations, where By
is the homogenized basic object associated to a nice basic object B = (W —
S, 1,b, E), we write B; = (W; — S, J;,b, E;) (so, Jo = H(I/S), Wy = W),
pi + Wy — W,y the corresponding blowing-up morphism, ¢ = 1,...,r. Let Z
and Z' be B-adapted hypersurfaces, defined by elements u, v of T'(W, Ow)
respectively, yo € ZNZ' a point of W. Then there are a permissible sequence
of A-basic objects and transformations By < By « -+ < B, (we write
B; = (V; — S, J;,b, E;), q; denotes the i-th blowing-up morphism V; — V;_1),
and for each i etale morphisms mw;, and mw;, from V; to W; such that:

(i) 75, (B;) = By = i, (By), in particular 75,(J;) = 7%, (J;)

(17) 7%, (u;) = 75, (v;), where u; and v; denote the strict transforms of u
and v to W;, respectively.

(1) T4 = W5 over V(u; — v;)

(iv) for all i, 71 (Cy) = 7,1 (C;) and this is the center of the i-th trans-
formation B; < Bj;q

(v) for all i, the squares

qi qi
Vi = Vi Vi <V
\Lﬂ'u,ifl lﬂui \Lﬂ—v,ifl \Lﬂ'vi
Pi Pi
W,y « W Wi, &« W

are cartesian.

(vi) If y; € W; is such that p;(y;) = yi—1, i@ = 1,...,r, then there are
points z; € Vi, i = 1,...,7, such that my(z) = mi(2z) = yi and qi(z) =
zi—1, C. Moreover, if zg, . . ., z,_1 as above are given, then we can find z,. € V.,
lying over z._1 such that w,.(z.) = Ty (2,) = yr and ¢.(z.) = 2,1

7.12. Next we discuss a version of 7.11 relative to inductive objects. In it, we
use the following notation and assumptions. Let By = (Wy — S, Jo, b, Ep)
be as in 7.11, i.e., the homogenized A-basic object associated to a nice
basic object B = (Wy — S,I,b, FE), Z and Z’' be B-inductive hypersurfaces,
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defined by elements u, v of I'(W, Oy, ) respectively. Let Cy C Z N Z' be
a strongly permissible center for both B*; := (By)z and B*y := (By)z.
Hence, writing By := B, () is also a By-permissible center. Consider B} =
T(Bg, Cy), By = T(By,Co) and By = T(By, Cpy). By 6.8 we may identify
us(By) and us(Bf*) with the strict transforms Z; and 7] of Z; := Z and
Zy = 7' to Wy = us(By) (via the blowing-up Wy — W with center Cj)
respectively; again Z; and Z] will be Bj-inductive hypersurfaces. Let C; C
Z1\NZ} be a permissible center simultaneously for Bf, Bf* and B;. Transform
these objects with center Cj, obtaining A-basic objects Bj, B and B
respectively. Again by 6.8 we may identify us(Bj) = Zs, us(BY) = ZI,
where Zy and Z} are the strict transforms of Z; and Z] to Wy = us(By),
and so on. We assume this can be repeated, eventually obtaining strongly
permissible sequences of A-basic objects (6.17):

(1) (Bo)z =B - B,

and
(2) (B())Z — B/*O e B/*r

where in each case we have used (in the sense just explained) the same
centers C; C Z; N Z!, where Z; = us(B*;), Z! = us(B™;),i=0,...,r—1, as
well as one:

(3) By« -+ B,

where the center of B; < B, is again C;. Since, for all i, Z; and Z! are
B,-inductive hypersurfaces in W;, it makes sense to take a point y € Z; N Z.
We still denote by p; the morphisms Z; — Z;_; and Z! — Z]_, induced by
pi: Wy — W,y of 7.11. Let m; : Y; — Z; and 7', : Y; — Z! be the morphisms
induced by m,; and 7, ; respectively, ¢ = 0,...,r. Then we have:

Theorem 7.13. The hypotheses and notation are those of 7.11 and 7.12,
so we have the sequences (1), (2), (3) there introduced. Then, there is a
permissible sequence of A-basic objects and transformations By «— - -+ < B,
(we write B; = Y; — S, ji,b!,Ei), q*; Y, — Yy the induced morphism,
for all i), and for each i etale morphisms m; : Y; — Z;, i 1 Y; — Z!, such
that w*(B*;) = B; = /" (B";) and the squares

q; q*;

Yioin <« Y Yii &« Y
bmica L by b
Pi Pi
Zi, &z z, oz

are cartesian.

Moreover, if y; € Z; N Z! is such that p;(y;) = yi—1, 1 =1,...,r and z; €
Yi,i=1,...,r =1 is such that 7;(2;) = 7i(2;) = y; and ¢*;(z;) = zi—1, then
there is a point z, € V., such that ¢(z,) = z,—1 and 7.(z.) = 7'(2) = Y.
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Proof. Let Yy := m,0 ' (Zy) = 70 '(Z}). Then, the induced morphisms
o : Yo — Zy and 7, : Yo — Z| are etale. From this fact, my*(B*) =
76" (B™0) = Boy, and Cj is a strongly permissible center for the inductive
object Byy,. Let (Boy,)1 := T(Boy,, Co) (6.11 (b)). Then, using the notation
of 7.10, Yy := us((Boy,)1) may be identified to the hypersurface of V; defined
by @ and C; to a closed subscheme of Y;. The induced morphisms m; :
Y1 — Z; and 7] : Y7 — Z] are again etale, which implies that m*(B*;) =
7" (B"™1) = (Boy, )1 and C] is a permissible center for both (Byy,); and B.
Continuing in this way, we get a permissible sequence of A-basic objects

F0}/() — (FOY())l o (B_OYO)T

obtained by using the centers C;, i=0,...,r—1 of 7.11. Let Y;:=us((Boy,):),
i=20,...r. Then m :Y; — Z; and 7/; : Y1 — Z! (the morphisms induced
by m.; and 7,;), respectively) are etale, and 7;*(B*;) = (FZ)Yz = 7" (B";),
for all i = 1,...,r. The other assertions are consequences of 7.11. |

8. The associated locally nice object

In this section we discuss how to associate to a basic object B over an
artinian local ring A € A, locally, a nice object B”, extending the results
of 2.9 (7). The presentation follows that of [11], where one works over a
base field. In particular, the construction of B” is done via an intermediate
object B’, which has some but not all the desired properties. Since the
discussion in [11] is rather sketchy, and some changes are necessary in the
present context, we provide some details.

Throughout this section, A € A is an artinian ring as in 3.1, S =
Spec (A). Given an A-basic object B = (W — S,1,b, E), to say “C is
a center of B” means: C' is a center for the underlying pair (W — S, E),
see 3.5. (To be a B-center is stronger, see 4.2).

We shall use the notation and results of 2.7 and 5.1 about the functions w,
and t,.

Definition 8.1. Consider a w-permissible A-sequence By «— -« B, let
max(w,) = b./b. We associate to B, = (W, — S, I,,b, E,) the following
basic object By. There are two cases:

() b, > b . We define B, = (W, — S, 1,,b,, E,) (see 4.5 for I,,),

(8) b, < b. In the notation of Proposition 5.3, let E, = (Hi,..., Hpyr)
(where Hy, ..., H,, are the strict transforms of the hypersurfaces that ap-
pear in Ey), C. = [(Hpyy1)™ ... I(Hpyr)™; we set B = (W, — S, A

Cb b (b—b,), E,).
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Proposition 8.2. With notation and assumptions as in 8.1, the A-basic
object B'r = (W, — S, J,., U, E,) has the following properties:

(a) (B)® = (B

(b) A center C C W, is w-permissible (see 5.1) if and only if it is B..-
permissible.

(¢) For every Bl.-center C, v(J,C) = v(J©, CO) =¥, where b/ is the
index of By).

(d) Let C C W, be a center which is w-permissible (or Bl.-permissible,
by (b) it is the same). Consider the transformations B, < (B), and B, «

B,41 with center C, and the associated object B, . Assume max(w,) =

max(wy41). Then, (B) = B,

Proof. (a) This readily follows from the definitions.

(b) From [11] (or by direct verification, which is easy) we have:
W vE".c0) =y,

Thus, to prove (b) we have to show: for a center C, v(I,,C) = v(I,,C) >
b, & v(J,,0) =v(J,,C) >1. In case (a), J, = I, so the equivalence
is obvious (and the > symbols are equalities). So, consider case (/3), where
Jr = (1) +Cl and ¥ = b,.(b —b,).

Check the implication = first. By our assumption and (1), we have

V(I_T,bfbr, C) = V(I_T,(O)b br, C©®) = b.(b—b,). On the other hand, since our
sequence of A-basic objects of 8.1 is permissible, v(C,,C) = V(Cﬁo), CcO) =
b—b, (the exponents a; are the same over A or at the level of the special fiber).
Then v(Ctr, C) = V((C,(p))br, C©) = b,(b—b,) and the implication = follows.

Now we check the implication <. First, we claim that v(I,,C) =
1/(]_,.(0), C®) = b,. We always have v(I,,C) < I/(I_T(O), CO) = b,.. To
check that the sign < cannot hold, we may assume C' is irreducible, with
generic point y, and we work in the ring R, the completion of Oy, with
respect to (ai,...,a,), an A-regular system of parameters which generates
the ideal I(C),. We know R = A'[[a4,...,a,]] (a power series ring), where
A’ is an appropriate local A-algebra. By (1), we may find in I, R a series
h = My+- -+ M, +--- (sum of homogeneous parts in the power series ring),
where M,, is not a zero-divisor of R. Were, by contradiction, v(I,.,C') < b,,
then we may find in I, a series ¢, g = M+ -+ (sum of homogeneous parts)

where M, # 0 and ¢ < b,. But then the series g(h=1) € Trbibr C J,
and (because M, is not a zero-divisor) has order < b.(b — b,), a contra-
diction. So, the equality holds. But B! induces over the special fiber the

object B, in particular C' C Sing(B,) = Sing(BﬁO). In [11] it is proved
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that I/(Iéo), C©) > b,. Thus, the implication < is proved. It follows C is
a B, center.

(c) By (b), such a center C is also a w-center. Then, in case («) the equal-
ity follows from the definition of w-center. In case (), from this definition
and Proposition 5.3. Note that in this case a1 +---+ a,, = b — b,.

(d) The proof is a calculation entirely analogous to that for the case
where A = k is a field, and we shall omit it. |

If (using the notation above) Bl = (W, — S, J,, U/, E,) is the object as-
sociated to an A-basic object B, = (W, — S, I,.,b, E,.), given a closed point
y € Sing(B) = Max(w,) (8.2) (b), we may find an element f € Ab"l(Jr/S)y
defining, on a neighborhood of y, an S-hypersurface Z satisfying condi-
tion (Al) of 6.2. But in general (A2) of 6.2 won’t be satisfied, hence Z
won’t be adapted to B/.. To overcome this difficulty we introduce another
A-basic object, denoted by B,” (see [11, 9.5]). This object B/ will be essen-
tial in inductive arguments.

8.3. Here we use the notation of 5.1. Consider a ¢t-permissible sequence of
A-basic objects
(1) By« -« B,

where we write B; = (W; — S, I;,b, E;).
(a) We shall say that an open set U C W, is amenable for B, if the
following property holds. As usual, we write ¢, = (w;,,n,). Let max(t, ) =

(@,m) (where @ = max(w,y)). Then, we require that for hypersurfaces
HY,...,H>in B we have:

Max(t,7) = Max(w, ) N Hy N -+ HoNU

These hypersurfaces are uniquely determined, by the maximality of . Note
that this concept depends not just on B, but also on its position in a t-
permissible sequence like sequence (1) above.
If we may take U = W, as our amenable open, we say that B, is amenable.
(b) Note that if, in (1), = € Sing(B,), by the upper-semicontinuity of ¢,
and the definitions we may find an open neighborhood U of z in W, such
that ¢,(z) is the maximum of ¢, ;; and U is amenable for B,.
(c) The object B,”. Let U be a amenable open for B,. Then we define
a new A-basic object (B,)" as follows. Let B, = (W,, J.,¥, E,). Then,
(Br)" = (U, 1V, E}), where

I'=(J,+I(H)" + -+ I(H2) )u, Ef=(E\E )

(concerning E-, see 5.1). By (b), given a point = € Sing(B,) always there
is a neighborhood U os x such that (B, ;)" is defined.
When B, is amenable and we take U = us(B,) we simply write B/
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Proposition 8.4. Let By < --- < B, be a t-permissible sequence of A-
basic objects, B; = (W; — S,1;,b, E;), where B, is amenable, and B! the
associated object just introduced. Then we have:

(a) (B = (B

(b) A center C for B, is t-permissible if and only if it is B! -permissible.

(¢) For every irreducible B} -center C, v(I,C) = V(I;/(O),C(O)) = U (the
index of BY').

(d) Let C C W, be a B,.-center which is t-permissible (or Bl-permissible,
it is the same.) Consider the transformations Bl «— (B!); and B, < B,41

with center C, and the object B)', | associated to B,i,. Assume max(t,) =
max(t,41). Then, (B)1 = (Byy1)”

(e) B! is a locally nice object.

Proof. (a) easily follows from the definitions. (b) follows from the definition
of I, using 8.2(b) and the fact that Max(¢,) = Max(w,)NH;N--- HX (recall
that here U = W,). (c) follows from (c) of 8.2 and the fact that such a
center C'is contained in each hypersurface H;.

Concerning (d), let B,y = (W,y1, 1), 1, b", EY). We must prove that, via
the morphism p : W,.4; — W, (the blowing up with center a ¢-permissible
center C, with exceptional divisor H), I'',; coincides with the controlled
transform [(H)~*"I’Ow,,, = L. Let H 7 denote the strict transform of H
via p, note that H € E, | (because max(t,) = max(t,11)). Letting O :=
Ow, ., we have:

L=I(H)" 10 = I(H) I+ I(H;)" + -+ I(H})"]0'
= I(H) ™I+ (I(H) " T(H )Y + -+ (TH) T I (Hy )Y 0!
= L'+ I(H)" + -+ I(HY)"

and the latter is precisely I, |, as desired.

(e) Consider the smallest index s such that max(t;) = - -- = max(¢,). As
usual, ¢; denotes the j-th t-function of the sequence of special fibers. Work-
ing with B”, by 8.2 (c) and 6.3, if € Sing(B?) is a closed point we may get
an open neighborhood V' of x in W, and an element h € I'(V, A¥~1(17/5))
defining an A-hypersurface on V. This is an adapted hypersurface (for B/
restricted to V). Indeed, clearly (A1) of 6.2 is satisfied, and (A2) is obvious
because E? is empty. Letting x vary in the (dense) set of closed points of
Sing(BY) we get an open covering {V;}, j = 1,...,¢ of Sing(BY) and hy-
persurfaces Z; defined on V; and adapted for the restriction of B to Vj,
for all j. Transforming with center Cs, letting Vi, be the pre-image of V;
in Wyy1 and Zy; the strict transform of Z;, by Giraud’s Lemma 6.10, Z3; is



ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 1033

locally defined by an element of A*~1(1”,/S) and is transversal to E, ;"
(which consists of the exceptional divisor H; of the transformation only),
because Cs NV} is contained in Z;. Thus, Z; is adapted to the restriction of
B!, to V4, for all j. Reiterating, we get a covering of Sing(B;’) by open sets
Vir—s)j» 3 = 1,...,q of W, and on each V|,_,) ; an A-hypersurface Z_) ;,
adapted to the restriction of B, to V{,_y) ;, for all j. Thus, B} is locally nice,
as claimed. ]

8.5. More on the resolution algorithm over a field. Now we check the asser-
tions made in 2.10, by using the theory of Section 7 and the present one (in
case A =k, a field).

We take as the open set U of 2.10 an amenable neighborhood of w. Then
the nice object B” of 8.3 is defined on U, hence its associated homogenized
object H(B,") := (HB) (which is again nice) admits an adapted hypersur-
face Zsy (or simply Z,) containing w, defined on U. From the assumption
“dim(Max(ts) < d —1” made in 2.8, Z; is inductive. This is the hypersur-
face Z of 2.8, while our object B¥ is (HBY)z, (6.11 (b)). (More properly, we
should write, e.g., B;;; = H((Bsjy)")z,, rather than BJ, we try to simplify
the notation).

Now we check properties (i) — (iv) of 2.8.

(1) By 6.13, Sing(B?) = Sing(H B,"). Since, by Proposition 7.4, B,” and
HB," are W-equivalent, we obtain Sing(HB,") = Sing(B,”). Combining
these facts, we get (7) of 2.8.

(17) By repeated application of 6.13 (i), (i¢), from the algorithmic reso-
lution (2) of 2.8 (obtained by the inductive hypothesis) we get a permissible
sequence

(1) (HBS) = (HB) — -+

By the W-equivalence of (HB,”) and B,"” (7.4), the sequence (1) induces
(by using the same centers) a permissible sequence

(2) S// P (Bs//>1 — .

which, by 8.4 (b), induces (by using again the same centers) a ¢-permissible
sequence N N

(3) By« Bgp «+— - -
as claimed in (i7) of 2.8.

(49i) By 6.10, us(Bg, ;) may be identified to the strict transform Z; of Z,
to the scheme us((HB");). By the W-equivalence of By” and (HB,"),
us((HB,");) = us((By");). But, from our assumption “max(t,) = --- =
max(tey,)”, we get (BS"); = (Erﬂ-). Since Z; = us(B},;), the fact that

us(By,;) = Max(t44;) follows from 8.4.
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(4v) Since Sing(B7,;) can be identified to Max(t,1;) C Sing(Bsy;), g;
defines a function as claimed. The fact that its value g;(z) is well-defined
comes from the following observation, by restricting to a suitable amenable
open neighborhood of x and using the compatibility of our constructions
with etale pull-backs, in particular open inclusions.

Let B = (U — S,1,b, E) be a nice basic object, (HB) its associated
homogenized (nice) object, Z, Z' adapted hypersurfaces for (HB), B* =
(HB)z, B = (HB)';,. Consider the resolution functions gy, ..., g, of B*
and hy, ..., hyy of B™ respectively (known by induction on the dimension).
We claim that g; = h;, for all i. This means that m = m/, for all ¢ both g;
and h; have the same domain, and they take equal values.

Indeed, for j = 0, note that, by [11], Sy := Sing(B*) = Sing((HB)z) =
Sing((HB)) = Sing((HB)z/) = Sing(B"™) hence the domains of gy and hy
agree. If x € Sy, by 7.13 we get etale neighborhoods p: (Y,y) — (Z,z) and
P (Y,y) — (Z',x) such that p*(B*) = p"*(B"") := B. By the compatibility

of the algorithm with etale morphisms, p*(go) and p"*(hg) agree on Sing(B).
Hence, go(z) = p*(90)(y) = " (ho)(y) = ho(x). Consequently, Max(go) =
Max(hg) (say, = C'). But C is the first center we use in the resolution both
for B* and B”*. By [11], C is also a permissible center for (HB) (or its W-
equivalent object B). Transform these objects with center C, getting B* «
B*i, B «— B, HB «— HB;, B «+ Bj respectively. We know that us(B*;)
(resp. us(B'")) is the strict transform Z; (resp. Z7) of Z (resp. Z') to Uy :=
us((HB)1) = us(By) (use 6.10). Again S; = Sing(B*;) = Sing((HB;)) =
Sing(B"*1) (both = Sing(By)). Using again 7.13, given an arbitrary point x;
in S, lying over xyp € S C U, we get commutative cartesian diagrams

y & vy y & vy
I Lp Ly Lo
A 7z ez

(where, by the compatibility of the resolution algorithm with etale pull-
backs, ¢ is the first transformation in the algorithmic resolution process
for B) such that p;*(B*)) = p/,*(B"*1) := B;. Then, both p;*(gy) and
p,"(h1) must be the first resolution function for B, hence they must agree.
Exactly as in case j = 0 we conclude that g;(x1) = hy(x1). Since x; was
arbitrary in S, g = hy. We may iterate this procedure, each time using 7.13
to show that m = m' and ¢; = h; for all 4.

We should check that the functions g; thus defined are compatible with
etale pull-backs (we used this fact in the inductive step). But this is simple,
and we leave it to the reader (or see [5] or [11]).
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9. Algorithmic equiresolution

9.1. In this section we work with the VW-resolution algorithm (for ba-
sic objects over fields of characteristic zero) discussed in 2.8, 2.10 and 8.5.
Henceforth this will be referred to as the algorithm. As usually, A is the
class of rings of 3.1.

We shall prove Theorem 1.1. To that effect, given a ring A € A and
an A-basic object B = (W — S,1,b,E), S = Spec(A), we shall introduce
certain conditions &;, j = 0,1,..., which may be valid or not. Intuitively,
these conditions work as follows. Let

(1) B9 :.=B"” ... BO

be the algorithmic resolution of the fiber B(Y) of B, obtained by using algo-
rithmic resolution functions ¢;, ¢ = 0, ..., r—1, which yield resolution centers
C; = Max(g;) C us(B”). For 0 < j < r the validity of &; means that all
the operations involved to complete the first 7 — 1 steps in the algorithmic
resolution (1) (i.e., what is necessary to obtain the j-truncation of (1)) can
be extended, in a natural way, along S = Spec A. Theorem 1.1 will be an
immediate consequence of this theory. Let us discuss these conditions more
carefully.

We define conditions &; for every non-negative integer. We declare them
vacuously valid for j > r. In particular if, in (1), 7 = 0, i.e., Sing(B®) = 0,
then B is algorithmically equisolvable. So, assume r > 0. Then, for values
Jj = 0,...,7 — 1, condition &;, if valid, defines centers C;, ¢ = 0,...,7,
where more precisely Cy is a center for B = By, C] is a center for By =
T(By, Co),...,C; is a center for B; = T(B;_1,C;_1). Thus, if £;_; is valid,
1 < j <r, one has an induced permissible sequence of A-basic objects

(2); By =B,

These conditions &; will satisfy the following properties:

(a) The sequence (2); induces, by taking fiber, the j-truncation of the
algorithmic resolution of B,

(b) If i < 7, then the sequence (2); is the i-truncation of the analogous
sequence (2);.

(¢) If f: W' — W is an etale morphism and B’ is the A-basic object
induced from B by pull-back, if condition &; is valid for B then it is also
valid for B" and the centers C’ associated to B are the pull-backs of those
associated by &; to B.

(d) The conclusion of (c¢) remains true if W/ = W x5S’ where S’ — S is
induced by a ring homomorphism (of rings in A) A — A" and f: W' — W
is the first projection (i.e., &; is stable under change of the base ring A).
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These conditions, satisfying the mentioned properties, will be defined
inductively on d = dim B. This will be done in the following sub-sections.
But, accepting the results just stated, we may prove Theorem 1.1 as follows.

9.2. Proof of Theorem 1.1. Given an A-basic object B, with fiber B let
condition &; be valid for i = 0,...,s—1. Then define e(B) := s. There is an
associated A-permissible sequence B = By « --- « By (this is (2); of 9.1,
with j = s), using centers C; C us(B;), i =0,...,s—1. These are the centers
we associate to B to complete the definition of the function of Theorem 1.1.
The claimed properties of this function follow from properties (a), (b), (c)
and (d) of conditions &; stated in 9.1.

Definition 9.3. Given an A-basic object B as in 9.1 we say that it is
algorithmically equisolvable if conditions &; are valid for every j > 0. Equiv-
alently, since conditions &; are vacuously valid for j > r, we may require
that &; be valid for j = 0,...,r—1 (with r as in sequence (1) in 9.1) or that
in Theorem 1.1 it must be e(B) = ¢(B©).

In this case, the sequence (2), of 9.1 that is determined will be called the
algorithmic equiresolution sequence of B.

Of course, an A-basic object may not be algorithmically equisolvable.
For instance, the basic object of Example 4.3 has non-empty singular locus
but it does not admit any permissible center. Hence it cannot have any
equiresolution.

Now let us precisely define conditions &;.

9.4. Defining &; when dim (B) = 1. Let (1) of 9.1 be the algorithmic reso-
lution of the special fiber B®. We shall define, for 0 < j < r, conditions &,
in such a way that if £; is valid, then the resulting sequence (2); (of 9.1) is
p-permissible (see 5.7).

Start with &. Consider B := Bj. Notice that necessarily max(wg) > 0.
In this case, the zeroth algorithmic center C®) of the fiber B is Max(ty).
To define &, take an open cover {U;} of Max(ty) such that each U; is
amenable for B, hence (Byy,)" = B/ = (U;— S, 1],V E}) is defined
(see 8.3). Then, to have & valid, we require that, for all 4, AY~1(17/S)
define a B!-permissible center C;. Since the locally defined objects B! agree
on intersections (this follows from the construction in 8.3), this requirement
is independent of the choice of the cover and the different C; glue together
to yield a well-defined center C' which is B-permissible (because, by 8.4,
C restricted to each U; is Bjy,- permissible). This C' is the center & de-
fines. Property (a) is true because because (B)y,)” restricted to the fiber is
(BO )" and Sing(B© )" = V(A1) = Max(ty)NU;. Property (b)
is clear. Moreover, C' is t-permissible (8.4 (b)).
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Now, if j > 1, assuming &; defined for s < j, we introduce condition &;.
Looking at BJ(-O), there are two cases: (o) max(w;) > 0, (8) max(w;) = 0.

Consider case (a). To declare &; valid, first we require that conditions &,
be valid, for s < j. Hence, we have a ¢-permissible sequence By < --- < B;.

Recall that in this case the j-th center C](-O) in (1) of 9.1 is Max(t;). Apply
to B; the technique used in the case j = 0. Namely, cover Max(¢;) by
amenable open sets, so that nice basic A-objects (B}); = (U; — S, I/, b/, EY)
are defined (see 8.3). To finish the definition of &£; in this case we require
that the subscheme defined by A% ~1(1//S) be a (B} )i-center Cj;, for all 4.
As above, this is independent of the chosen cover, and these centers patch
together to produce a t-permissible center C; for B;, which will be the B;-
center determined by &;. Requirement (a) is treated as above (case j = 0)
and (b) is clear.

Now consider case (). Here, the object B; is premonomial. To have
condition &; satisfied we require that B; be monomial, and we take as the
associated center the canonical monomial center. The verification of prop-
erties (a) though (d) is simple.

9.5. It remains to check, in case (), properties (c¢) and (d). We are not going
to present the details of this verification, either here or in the other parts of
the discussion of conditions &;. In fact, the verification is either immediate
or a consequence of calculations in certain local rings (see, e.g., 3.9 and 3.10).
These calculations are simple once we use the following observations.

For (c), use the identification of Proposition 7.6. Concerning (d), note
that if B = (W — Spec A, I,b, E) is an A-basic object, w € W a closed
point, A — A’ a homomorphism in A, W' = W x4 A’ — W the first
projection, w' € W' a point lying over w, R = Ow, 2, Owrw = R
the induced homomorphism, then: (a) an A-regular system of parameters
a = (a,...,a,) of R maps into an A’-regular system of parameters a’ =
(d),...,d.) of R, (b) if R (resp. R') is the completion of R with respect

to a (resp. of R’ with respect to a’) then there is an identification of R

and the power series ring Ay[[z1, ..., z,]] (resp. R = A,[[z1, ..., 2,]]) where
Ay = R/(ay,...,a,) (resp. A} = R'/(d},...,a])), with these, ¢ induces the
natural homomorphism from A; = R/(ay,...,a,) to A} = R'/(d},...,a))

(sending each x; to itself); we also use the corresponding known result in

case A and A’ are fields (2.12).

In the discussion of the case where the dimension d of B is arbitrary we
shall need a lemma that we state next. Its proof will be presented in 9.10.
Informally, it says that if (H B) is the homogenized A-object associated to B
(nice), Z and Z' are inductive hypersurfaces for (H B) and we assume, induc-
tively on the dimension, that the inductive objects (HB)z and (HB)y are
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algorithmically equisolvable, then the 0-th centers Cy and C{ of their algo-
rithmic equiresolutions coincide: Cy = C{. Moreover, under suitable strong
permissibility assumptions similar equalities hold for the other algorithmic
resolution centers associated to (HB)z and (HB) .

Lemma 9.6. In the previous notation, assume conditions &;, satisfying
(a), (b), (¢) of 9.1, are defined for every possible j when the dimension
of our basic object is < d. Let B= (W — S,1,b, E) be a nice d-dimensional
basic object over A, (HB) := H(B) = (W — S, H([/S,b),b, E) (c¢f. 7.2, it
is again nice), Z and Z' inductive hypersurfaces for (HB). Let (HB)z and
(HB)z be the corresponding inductive objects. Assume that both (HB)z
and (HB)z are algorithmically equisolvable (i.e., they satisfy conditions E;
for all possible j, since their dimensions are equal to d — 1, by our hypoth-
esis these conditions are defined). Consider the corresponding algorithmic
equiresolution sequences

(1) (HB)z=((HB)z)o -~ (HB)z):
(2)  (HB)z = ((HB)z)o - — ((HB)z):

(Note that the length of these sequences, which depends on the special fibers
only, must be the same, by the results of 8.5). Assume that both (1) and (2)
are strongly permissible sequences (see 6.17), determined by centers C; C
us(((HB)z)i), C! Cus(((HB)z)i), 1 =0,...,t — 1 respectively. Let

3)  (HB)o— (HB)1 —--- — (HB),
(4)  (HB)o=(HB); — (HB)| «— - — (HB);

be the induced permissible sequences (see 6.17). By 6.10, if Z; and Z! are
the strict transforms of Z and Z' to (HB); and (H B)), respectively, there
are identifications Z; = us((HB)z);, Z! = us((HB)");.

Then, using these identifications, Co=C}, hence us(HB); = us((HB)});
using this fact, C1 = C| (an equality of subschemes of us((HB)y), hence
(HB)y = (HB))), and so on, eventually getting C\ = C}, (as subschemes
of us((HB),) = us((HB))), A=0,...,1).

9.7. Defining conditions £; when dim B = d, an arbitrary positive integer.
The case d = 1 being explained, we shall proceed by induction on d. So,
assuming the definition (having properties (a), (b), (¢) and (d) of 9.1) known
when the dimension of the A-basic object is less than d, we’ll introduce
conditions &; for B d-dimensional. This will be done again by induction
on j .

Start with ;7 = 0. Let B = By be our A-basic object. Looking at the
fiber B its wy function must satisfy max (wy) > 0. Consider M = Max(to).
There are two cases: dimM =d —1ordimM < d — 1.
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(I) Case dim M = d — 1. Here, on the fiber B the zeroth algorithmic
resolution center is M (1), the union of the components of M of codimen-
sion one. We proceed as in the one-dimensional situation. Namely, con-
sider locally defined nice A-basic objects BY = (U; — S, I/',b], E}) as in 8.3,
where the open sets U; cover M(1) and, for all i, U; NY = (), for any ir-
reducible component Y of codimension > 1 of M. (This is possible, since
by [11] M(1) is regular.) Then we declare condition & valid if for each i
the W-ideal A% ~1(I7/S) defines a permissible center C;. Again, since the
considered nice basic objects agree on each intersection U; NUy, the different
C; define a B-center C. We take C' as the center that &, associates to B.
From the construction of the nice object B! (8.3), this is independent of
the choice of the open cover {U;}. Conditions (a), (b), (c¢) and (d) of 9.1
are easily checked (see 9.4 and 9.5). This finishes the case where j = 0 and
dim(M) =d - 1.

(II) Case dimM < d — 1. In this situation, the zeroth algorithmic
center Céo) in the resolution sequence (1) of 9.1 is defined inductively, on

the dimension (using locally defined basic objects B(()O)H, inductive hyper-
surfaces, homogeneization (7.2) and the corresponding inductive objects).
Accordingly, we cover M = max(gg) by amenable opens U; (i in a suit-
able set, go is the 0-th resolution function of Béo)). Hence on each U; there
is a nice A-basic object B] = (U; — S,I!,b], E!) admitting an adapted
hypersurface Z; C U; (see 8.3). For each i take the homogenized object
(HB!) := H(B!) = (U; — S,1;,b!, E) (where I} := H(I!/S,b!)). The
object (HB!) is again nice, admitting Z; as an adapted hypersurface. From
our assumption on dim(M), by 8.4 (b) and 6.12, Z; also satisfies (A3) of 6.2,
i.e., Z; is inductive. Consider the inductive object B} := (HBY)z, = (Z; —
S,@(I*/S, Z;), by, E;), see 6.11 (a). By induction we know what it means the
expression “condition &; is valid for B}, for every ¢ and s”. So, we declare:
&o is valid for B if the following conditions hold: (a) for all 7, & is valid for
By, for all s > 0; (b) the center C; that condition &, is associates to B}, is
strongly permissible (see 6.17). Then we claim that these centers C; agree
on intersections, defining a B-permissible center C' C W. These statements

follow from the following:

Observation: Let V; and V5 be amenable open neighborhoods of x € M,
such that nice basic objects B} and B, with inductive hypersurfaces Z;
and Zs, are defined on V; and V; respectively, as in 8.3. Let Bf := (HBY)z,,
1 = 1,2, both satisfying condition &, for all s > 0. Let U C VNV,
be an open neighborhood of x, C; the center that condition & assigns to
B!, i =1,2. Assume C;, i = 1,2, are strongly permissible centers. Then,
CiNU=CyNU.
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To prove this observation note that, by the construction of 8.3, BY U=
Bé/IU (say =B"). Now, both Z; N U and Z; N U are hypersurfaces on U
adapted to B”. Then by applying Lemma 9.6 (case A = 0) we get C;NU =
Cy N U, as needed.

9.8. Now, inductively, assuming conditions &, satisfying properties (a),
(b), (c) and (d) of 9.1, have been defined for s < j, j > 0, let’s intro-
duce condition &;. By our inductive hypothesis (see 9.1, (2);) we get a
permissible sequence of A-basic objects

(1) B=By« -« B;

J

inducing on fibers a sequence

2) BO=B«...—BY"
(where (2) is the j-truncation of the algorithmic resolution of B(?)). Look-
ing at the functions w, corresponding to the sequence (2), we distinguish
two cases: (I) max (w;) = 0, (II) max (w;) > 0. In case (I), B; is pre-
monomial. We declare condition &; valid if B; is monomial and we take the
corresponding center C; to be the canonical center in this case (see 5.4.)

In situation (II), looking at the functions ¢, corresponding to the se-
quence (2), and letting M := Max(¢;) and d = dim(B), we distinguish the
following two possibilities: () dimM < d —1, () dimM =d — 1.

Consider («) first. This is the situation where to define the j-th cen-
ter C’O(O) in the algorithmic resolution of B® we use induction on the di-
mension (via local associated homogenized nice basic objects, inductive
hypersurfaces, inductive objects). Take the index ¢ such that max(t,) =
max(t,11) = --- = max(t;) but max(t,_1) > max(t,). dim(M,) < d —1,
with M, := Max(t,). To declare condition £j valid, first we require that
conditions & hold, for s < j. In particular, condition &, is valid. Take an
open cover {Vj,} of C, (teh g-th algorithmic center in (1) of 9.1) such
that on each Vi; we have a nice A-basic object By, := (By;;,)" with adapted
hypersurface Z;, C Vj, (i.e., Vi, is amenable, see 8.3). From dim(M)< d—1
we see that Z;, is inductive (i.e., (A3) of 6.2 holds, see 6.12) Next we take,
for each i, the homogeneous A-basic object (HBj,) := H(Bj,) (again nice),
admitting Z;, as an inductive hypersurface. Consider next, for each index 1,
the inductive object Bj, := (HBj,)z, and the algorithmic equiresolution
sequence

(3) B, «— By« - B — -

(obtained by the validity of condition &) with centers Cy, C us(B;), q
p < j. (It reaches at least level j because of the equalities max(t,) = - - -

I IA
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max(?;)). Finally, we say that B satisfies condition &; if the sequence (3) is
strongly permissible (6.17), for all 7. Then there is an induced permissible se-
quence (HBj) « -+« (HB};). Let Bj; denote the restriction of B, to Vj,.

By the W-equivalence of By, and (H Bj;) and repeated application of 8.4, we
obtain (by using the same centers) an induced ¢-permissible sequence

(4) Big < Bigt1 <+ By;.

From the validity of &, for p < j, by induction we may assume that by vary-
ing 7 the centers (), glue together, to produce globally defined centers C,,
q < p < j, so that the resulting sequence coincides with (1). More precisely,
we obtain C, C us(B,), next Cyy1 C us(Byy1), where By = T(B,, Cy),
and so on. Finally, we have B; = T(B;_1,C}_1). In this way, us(fB;) any
be identified to an open Vj; C us(B;), the center Cj; of B; to a closed sub-
scheme of V;; C us(B;). Arguing as in 9.7(II), using Lemma 9.6 (now in case
A = j) we see that these agree on intersections. By the strong permissibility
condition on the sequence (3), we obtain a ¢-permissible center C; of B;.
This Cj is the center &; attaches to B;. Again by Lemma 9.6, this center
is independent of the choice of the cover and the adapted surfaces selected,
so C'is well defined.

Situation () is treated exactly as case “dimM =d — 17 in 9.7.

In both cases a and 3 property (a) of 9.1 follows from the fact that our
construction over A induces on the fiber the appropriate algorithmic center
in the resolution (1) of 9.1, (b) of 9.1 is immediate and (c), (d) are easily
verified by using the remarks of 9.5.

So, we have completed the definition of conditions &;, and the proof of
Theorem 1.1 (see 9.2) is complete.

Example 9.9. A basic object over A may have many equiresolutions, but
only one of these can be the algorithmic equiresolution. Consider the fol-
lowing example. Here, k denotes a characteristic zero field, A = k[e],
where €2 = 0, R = Alz,y| (z,y indeterminates), S = Spec(4), W =
Spec (R), W — S is induced by the natural homomorphism A — R. Let
B =W — S (y*2°),2,0). Then BO = (Spec (k[z,y], (v* z°),2,0) and
Sing(B®)=V(x,y) (the origin). If we blow-up the origin 0 of Spec (k[x,y])
the resulting transform B%O) will satisty Sing(B%O)):@, and clearly this is the
algorithmic resolution of B®. Concerning B, if (for A € k) C\ C W is the
subscheme defined by the ideal I(Cy) := (y,x — Ae) C R, then C) is a per-
missible center. Indeed, if we let 2’ := 2 — \e, then I = (y2, 2/° +3\ez’?) and
I(Cy) = (y,2"). Now we immediately see that v(I,C) = v(I?,C®) = 2.
Clearly Cy induces the origin 0 on B, for all \. If By, is the transform B
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with center C), then Sing(Bj)) is nonsingular, for all A. In fact, its restric-
tion to the non trivial affine open of the blowing-up is (Spec (Alz',y] —
S, (y%, 2" + 3Xe),2, H) (with H = V(2')), and we see that Sing(Byy) = 0.
Thus, for any A we obtain an equiresolution of B.

For what values of A\ will this be algorithmic, that is will condition &,
hold? We are in the case where (in the notation of 9.7) we have codim(M) > 1,
so we have to use the inductive object. Note that B is a nice A-basic ob-
ject, Z defined by the ideal (y)A[z,y] is an inductive hypersurface. Let us
study condition & using Z. Here, A(I/S) = (y,z%), H(I/S) = (y?, 2%y, %),
C(H(I/S),Z) = (2*)A[z]. Hence, By = (Spec(A[z] — S, (z*),2,0). By
induction, to have condition &, satisfied, we need a permissible center for
By. To study permissiblity for C (defined by I(C)) = (z — A¢)), note that
(r — Xe)® = (2% — 3)\ex?). From this fact we see that for A # 0 we get
2=v(J,Cy) < V(J(O),C’go)) = 3, so that the center C) is not permissible,
while for A = 0 we get v/(J, Cy) = v(J©,C\”) = 3, so that C is permissible.
So, this way the only algorithmic center we get is C, in agreement with the
general theory

9.10. Proof of Lemma 9.6. We proceed by induction on ¢. Let t =0,
i.e., we have a single A-basic object (HB). Let C (resp. C’) be the algo-
rithmic center of (HB)y (vesp. (HB)z/). Firstly, we claim that C© = ¢"©
(equality of fibers). Indeed, by (a) in 9.1, these are the algorithmic zeroth
centers of the fibers (HB®) ;) and (HB®) 40 respectively. But both cen-
ters, regarded as subschemes of W := us(HB®) must be the (unique)
algorithmic zeroth center of (HB®) (by the construction when the base is
a field). Hence they agree: C'©) = C"(0),

Since the set of closed points is dense, to show the equality C' = C’
it suffices to show that if y is any closed point in C® = ¢ (O), then the
restrictions of C' and C’ to a neighborhood of y coincide.

By using 7.13 we find etale morphisms 7,7’ from a scheme Y into Z
and Z’ respectively, such that 7*((HB)z) = 7" ((HB)z/). By (c) of 9.1, both
771(C) and 7'~}(C") must be the algorithmic zeroth center that condition
&o assigns to 7 ((HB)z)) and 7" ((H B) z/) respectively. Since these A-basic
objects are equal, 7~ 1(C) = 7'~'(C"), whence C' = €’ near y, as claimed.

The inductive step (transition from ¢ to ¢ 4 1) is accomplished with an
argument similar to that used for ¢ = 0, applying the inductive hypothesis
and again Theorem 7.13.

9.11. On generalized basic objects. Initially, we intended to use strictly the
resolution process for basic objects (over a field) discussed in [11] or [5]. In
it there is a fundamental inductive step, where one replaces a basic object B
first by a nice object B” (locally defined) and then this one by an object Bz
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with underlying scheme Z, a regular hypersurface defined on us(B”). By
induction we have a resolution function for Bz, which allows us to define
(locally) a resolution function for B. Alternately, we have an algorithmic
permissible center for By which produces (locally) an algorithmic center
for B. But this construction is local and moreover, given B”, there are
many adapted hypersurfaces Z, so there is a problem of patching, if we
try to get a globally defined resolution function (or algorithmic permissible
resolution center). (Similar considerations apply to a basic object B; which
appears in a suitable permissible sequence of basic objects, see 6.13). In these
references to solve this problem the authors use generalized basic objects. In
a suitable sense these are, locally, basic objects, but it is possible to define
for them global permissible centers, globally defined ¢-functions (see 2.8),
and so on. Once this is verified, the mentioned patching problem is easily
solved. Key results to implement this approach are: (a) Hironaka’s trick
(see [5, Section 21]) (b) the fact that formula (1) of 6.13 holds or (essentially
equivalently), (c) that a center C' is permissible for B if and only if it is
permissible for Bz. As we saw, the statement analogous to (c) working over
A € A rather than a field is not true (see 6.14 and 6.15). Hence it does not
seem possible to adapt this approach to the situation where we work over
an artinian ring, necessary for Theorem 1.1. This difficulty was overcome by
abandoning generalized basic objects and using some techniques from [28]
instead. This leads to the VW-resolution algorithm, that we have used.
However, many aspects of the theory of generalized basic objects, including
Hironaka’s trick, can be adapted to the case of objects over A € A. Since
we do not make use of these results, we do not present the details here.

10. Families of ideals and varieties

It is known that, working over a field, our algorithm of resolution for basic
objects induces algorithms for principalization of ideals and resolution of
embedded varieties (see [5]). In this section we present a brief review of
these facts and a description of an analogue when we work over an Artin
ring. Throughout, A will denote a ring in the class A of 3.1, S := Spec (A).

10.1. Families of ideals. Given an Artin ring A € A, an idealistic triple (or
id-triple) over A is a 3-tuple 7 = (p : W — S, I, E), S = Spec (A), such
that (W — S, E) is an S-pair (3.5) and I is a never-zero W-ideal (2.1).

There is natural notion of (closed) fiber, by reducing modulo r(A). This
fiber is an id-triple over k = A/r(A), T© = (W©® — Speck, [0, E©). We
might call an id-triple over A € A a family of triples (over fields) parame-
trized by S or an infinitesimal deformation of the triple 7@, If A =k is a
field, often we shall write (W, I, E) := (W — Speck, I, E).
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Given and id-triple 7 = (W — S, I, FE) and a subscheme C' of W which
is a permissible center for the underlying S-pair (W — S, E) (3.5), we may
define the transform of 7 with center C. This is the id-triple 7; = (W; —
S, 1}, Ey), where (W — S, Ey) is the transform of the S-pair (W — S, E)
with center C' (3.12) and I] = IOy, (the total transform of I to Wy, 4.5).

An A-resolution, or equiprincipalization of T is a sequence T = 7y «—
Ti— -+« T, of id-triples, with 7; = (W; — S, I, E;), 7;11 the transform
of 7; with a permissible center, such that I/ = I(Hy)® ...I(H)® (where
E, = (Hy,...,Ey)), for suitable (locally constant) integral exponents ¢; > 0,
1 =1,...,5. By taking fibers, such an A-principalization induces a princi-
palization sequence for 7 (see [5], Theorem 2.5).

It is known that when the base is a field k (of characteristic zero) our
algorithm of resolution for basic objects induces an algorithm for principal-
ization of id-triples. Namely, given the id-triple 7 = (W, I, E) over a field k,
one considers the basic object By = (W, I, 1, E) and applies the algorithm
to By, getting a resolution B = By «— - -+« B,, B; = (W;, I;, 1, E;). Just by
dropping the entry b = 1 in each basic object B;, we get the desired prin-
cipalization. See [5, Parts I, II] for details. Henceforth this principalization
process will be referred to as the algorithmic principalization of T =(W, 1, E).

Now, relative to the VW-algorithm, we introduce a notion of algorithmic
equiresolution, or equiprincipalization, for id-triples over A € A. Namely,
given such an id-triple T=(W — S, I, E), with fiber 7 = (W © 10 EO))
we say that 7 is algorithmically equiprincipalizable if conditions &, ..., &1
are valid for the basic object B = (W — S, I, 1, F). Alternatively, we could
demand that conditions &; be valid for all possible j, since they are vacu-
ously hold for j > r. So, if 7 is equiprincipalizable, we have an algorithmic
equiresolution B = By «— - «— B,, B; = (W;,I;,1, E;), of B. As before
(when we worked over a field), by dropping throughout the entry b = 1, we
obtain an A-principalization of 7 inducing by taking fibers the algorithmic
principalization of T, This will be called the algorithmic equiprincipaliza-
tion of T.

It is easy to state and prove a theorem analogous to 1.1 for A-triples,
A € A. We leave this task to the reader.

We could have defined the notion of family of ideals parametrized by
Spec (A), A € Aas apair (p: W — S, 1), with p and I as above, and es-
sentially repeat what was done above. But since in an A-resolution process
the exceptional divisors that appear must be considered, it seems more rea-
sonable to work from the outset with id-triples instead.

10.2. Working over a characteristic zero field k, a pair X = (X, W) where W
is a scheme, smooth over k, and X is a reduced, equidimensional subscheme
of W will be called an embedded variety.
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A resolution of X is a proper, birational morphism f : W’ — W with
W’ smooth, such that: (7) the exceptional locus of f is the union of regular
hypersurfaces Hy, ..., H, with normal crossings, (ii) the strict transform X’
of X to W' is regular, and has normal crossings with Hy,..., H,, (iit) f
induces an isomorphism X' — f~}(2) — X — X, where X is the singular
locus of X.

As explained in Sections (2.4) and (5.8) of [5], our algorithm for resolution
of basic objects induces an algorithm for resolution of embedded varieties.
Indeed, consider the basic object B = (W, I(X),1,0) and its corresponding
algorithmic resolution:

B=By«— By« -« DB,

obtained via resolution functions gy, ..., g,_1, taking values in a totally or-
dered set A d = dim(W) (see 2.8). We write B; = (W;, I, 1, E;), for all i.
A property of our algorithm says that go is constant, say = a € A on
W\ Sing(X) and there is a unique index n (depending on B, hence on X)
such that max(g,)=a. It turns out that the strict transform X,, of X to W,
is a union of components of Max(g,) (i.e., the n-th center in the algorithmic
resolution process), hence it is regular, having normal crossings with E,.
We shall denote the index n above by n(X).

10.3. Relative A-varieties and their resolutions. If A € A (3.1), a scheme X
together with a flat morphism of finite type f : X — S = Spec A will be
called a relative A-scheme. The morphism won’t be specified when it is clear
from the context. If the (only) fiber X(© is reduced and equidimensional,
we shall talk about a relative A-variety. In that case, if U is the open set
of points where X(© is smooth over k = A/r(A), the induced morphism
Xy — S is smooth over is smooth (because it is flat, with smooth fiber).
Note that Xy is a Cohen-Macaulay scheme (use 21.C, page 154, in [19]).
Let us write §(X/S) := Xp.

A resolution of an a relative A-variety f : X — S is a proper morphism
¢ X' — X such that: (i) f¢ : X’ — S is smooth, (i7) ¢ induces a resolution
of fibers morphism ¢©@ : X’ — X© (ie., ¢© is proper, birational and an
isomorphism off the singular locus of X ().

10.4. Relative embedded A-schemes and varieties. As usually, A is an Artin
ring in A, S = Spec (A4).

(a) A relative embedded A-scheme (or an embedded scheme, flat over S)
is a pair X = (X,p: W — ), with p smooth, X a closed subscheme of W,
such that the morphism ¢ : X — S induced by p is flat.

If in addition X© is reduced and equidimensional, we talk about a rela-
tive embedded A-variety. In this case (X© W©®) is an embedded variety
over k = A/r(A).
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(b) We say that an the relative embedded A-variety X is equisolvable if
there is a proper morphism ¢ : W' — W such that: (i) the composition
Y W' — S is smooth, (ii) ¢ induces a proper birational morphism of
fibers W' — WO (jii) If X = $(X/A) (the largest open subscheme of X
smooth over S, see 10.3) and X’ is the scheme-theoretic closure of ¢~ 1(X)
in W', then the induced morphism X’ — X is a resolution of the relative
A-variety ¢ : X — S.

We have used the term relative by analogy with the well established
terminology concerning divisors flat over a base scheme, see [22, page 72].

Theorem 10.5. Let X = (X,p: W — S) be a relative A-embedded variety,
XO = (XO WO) its fiber. Assume B := (p: W — S,1(X),1,0), satisfies
conditions &, . .., E,, where ¢ = n(X©)) (10.8). Then, X is equisolvable in
the sense of 10.4 (b).

Proof. The validity of these conditions implies the existence of a permissible
sequence

B:BQH"'%BqHBqJA

B, = (W;,I1(X);,1, E;), with centers C; C W;, i = 0,...¢q, inducing on
special fibers the (¢ + 1)-truncation of the algorithmic resolution sequence
of the fiber BO) = B(()O) (with centers 02(0)7 i = 0,...,9). By 10.2 the
strict transform X" of X to us(Bgo)) is the (disjoint) union of components
YI(O), .. .,YS(O) of the center C§°). Let Y;, i = 0,...,s be the component
of the center C, inducing Y;(O) on the special fiber (i.e., modulo r(A)) and
¢ W, — Wy the naturally induced morphism. Using the fact that S$(X/A)
is a Cohen-Macaulay scheme and remark (b) in the proof of Proposition 3.10,
one sees that the scheme -theoretic closure of ¥~ (8(X/A)) in W, is equal
to Y1 U...UY; = X,. Since C, is smooth over S (via the restriction of the
natural projection W, — ) X, is smooth over S and one readily checks

that the morphism ¢ : W, — W defines an equiresolution of X in the sense
of 10.4 (b). [ |

10.6. In the notation of Theorem 10.5, when conditions &,...,&;, ¢ =
n(X®), hold for B = (p : W — S,I(X),1,0)) we say that the relative
embedded A-variety X is algorithmically equisolvable, and call the equireso-
lution obtained in the Proof of 10.5 its algorithmic equiresolution.

10.7. We use the notation of 10.5 and its proof. If X is is algorithmi-
cally equisolvable the algorithmic equiresolution of 10.5 has some additional
properties, namely: (a) the morphism ¥ : W, — W is a composition of
blowing-ups with centers smooth over S, (b) the exceptional divisor D of ¢
is a union of hypersurfaces with normal crossings (3.4), (¢) X, has normal
crossings with D.
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10.8. To finish this chapter we indicate how our notions of equiresolution
(for basic objects, ideals or embedded schemes), given when we work over
S = Spec(A), A € A, naturally induce similar notions when working with
families parametrized by an arbitrary noetherian scheme T'. Consider, e.g.,
a basic object over a scheme T, that is a four-tuple B = (p: W — T, 1,b, E),
with p a smooth morphism, I a never-zero ideal of Oy, b a positive integer,
E a finite sequence of distinct hypersurfaces of W with normal crossings. Let
teT, R := Or;and P, the maximal ideal of R. Hence, for any non-negative
integer m, Ry, := R/P,™™ € A. The family B induces an R,,-basic
object Bim = (Ptom : Wem — Stams Ltam, 0y Etm) (St = Spec (Rym)) where
the morphism p,, is obtained by base change (via the natural morphism
Stm — T), the hypersurfaces in E} ,, come, by pull-back, from those in E,
and I;,, = IOw,,. We say that B is algorithmically equisolvable at t if,
for every integer m > 0, the induced family B, ,, is an equisolvable R, -
basic object, in the sense of 9.3. Finally we say that B is algorithmically
equisolvable if it is algorithmically equisolvable at ¢t € T', for every ¢t € T

Similarly, essentially by substituting in our previous work (in 10.1 and
10.4) the base S = Spec (A) by an arbitrary noetherian scheme 7', we in-
troduce the notions of family of id-triples and family of embedded schemes,
parametrized by 7. With the notation above, we naturally obtain induced
families over Ry ,,, at each point ¢ € T" and we say that a family of id-triples is
equiprincipalizable at ¢ is the induced family over R, ,, is so, for all m > 0.
Finally we say that it is equiprincipalizable if it is equiprincipalizable at
every t € T

Following [11] or [5] we say that a family of embedded schemes (X, W — S)
is algorithmically equisolvable if its associated family of id-triples (W —
S, I1(X),b,0) is algorithmically equiprincipalizable.

In case the parameter space is a smooth algebraic k-scheme 7' (k a char-
acteristic zero field) these notions are closely related to those studied in [10]
or [5, Section 10]. This will be discussed in a subsequent article. We hope
that that the present theory will also have applications similar to those
considered in [10, Section 4] (Hilbert schemes).

11. Appendix 1: Review of useful results

In this appendix we collect a number of basic algebraic and geometric results
that are used in the paper. Probably most of them are well known, but
we prove those for which we could not find appropriate references in the
literature.

11.1. (a) We shall use the notation and terminology of 3.1. Thus, .4 denotes
the collection of artinian local rings (A, M) such that the residue field k& =
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A/M has characteristic zero. Any ring in A is necessarily a complete k-
algebra, k = A/r(A).

(b) We shall be primarily concerned with the following situation: (A, M)
is an artinian ring in A, (R,N) a local noetherian A-algebra, essentially
of finite type (via a local homomorphism A — R), S = Spec(A). Let
Z = Spec (R) and 7 : Z — S be the induced morphism. The closed fiber is
isomorphic to Spec (R(®), where R := R/MR

(c) Often it will be the case that R is a N-smooth A-algebra, or N-
smooth over A. This is usually defined in terms of a homomorphism lifting
property (see [20, page 213] or [1, Def. 14, p. 222]). Equivalently, this means
that that the morphism 7 above is flat, with its closed fiber geometrically
regular, see [1, Thm. 18, p.224]. Under our assumption that the field A/ M
has zero characteric, this just means: “the closed fiber is regular”, that is
“RO) is regular”.

Lemma 11.2. With notation as in 11.1 (b), assume moreover that R is a

I . di : (0) 0) I
reqular ring, of dimensionn, ay”’,...,an’ 18 a reqular system of parameters

of RO, and for all i let a; € N' = r(R) be such that a; induces a* via
the canonical homomorphism R — R®. Then: (i) ay,...,a, is a reqular
sequence in R, (ii) R is a Cohen-Macaulay ring, (iii) If R is a N -smooth
A-algebra then, for any indices 1 <iy < --- <i, <n, R/(a;,...,a; )R is a

N -smooth A-algebra.

Proof. We show that ay,...,a, is a regular sequence by induction on n,
the case n = 0 (i.e., A = R) being trivial. It suffices to check that a := a; is a
regular element of R. In fact, if this is the case, then our hypotheses applies
to R/(ay) and the images of as, ..., a, in this ring, and we use induction.

We shall see that a is regular in R by induction on dim(A) (dimension
as a vector space over k = A/M). The case where dim(A) = 0 is trivial.
For the inductive step, we shall use the well-known fact that the maximal
ideal M contains an element € # 0 such that e M = 0. Let A" := A/(¢)A,
¢ =R — R := R/(¢)R be the canonical homomorphism and b the image of
ap in R'. By induction assumption b is a regular element. Let o be an element
of R such that aa = 0, o its image in R’. Then, ba’ = 0, which (by the
regularity of b) implies that o/ = 0. Hence, o € K := Ker (¢) = (¢) R. Note
that, by the property of the element €, K = (¢)R is naturally a k-module,
as such isomorphic to R(®). By this isomorphism, o € K corresponds to
c € RO and aa to ago) c. Since a§°) # 0 in the integral domain R
(because ago) is part of a regular system of parameters), ¢ = 0, hence av = 0,
as desired. This proves (7)
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(77) The fact that R is Cohen Macaulay follows from the equalities
dim(R) = dim(R®) = n and the existence of the regular sequence ay, .. ., a,,
that we just verified.

(737) Concerning the smoothness, to begin with R is A-flat by the "lifting
relations criterion” ([3] p. 11, the proof presented there, for polynomial rings,
works more generally and yields the result we need here.) In fact, we are
dealing with regular sequences, whose relations are trivial. Next, the only
closed fiber is a regular variety, since ago), cee al? was a regular system of

parameters in the regular local ring R, which gives us smoothness. |

Proposition 11.3. Let f : X — Y be a morphism of noetherian schemes,
D C X an effective Cartier divisor (which we identify to a closed subscheme
of X locally defined by a non-zero divisor), U = X — D, f': D — Y and
fu : U — Y the morphisms induced by f by restriction. Assume both f'
and fy are smooth. Then, f is smooth (i.e., flat with geometrically reqular

fibers).

Proof. In [23] it is shown that the flatness of f’ and fy implies that f is
flat. Let us check that all the geometric fibers are regular. So, consider
such a fiber X, y a geometric point of Y. Here, with obvious notation,
DnX, C X, is a Cartier divisor, let U, = X, — D. Note that D N X,
(resp. U,) can be identified to the fiber of f’ (resp. fy) at y, hence is
regular. Then the regularity of X, is a consequence of the following lemma,
finishing the proof. |

Lemma 11.4. Let (R,N) be a noetherian local ring, a € N a regular
element of R (i.e., a non-zero divisor), suppose R/(a) is a regular ring.
Then, R is regular.

Proof. Let dim(R) = d, R' := R/N, N’ the maximal ideal of R'. By [4,
Cor. 12.18], dim(R')= d — 1, The natural homomorphism of vectors spaces
(over the common residue field k) N'/N? — N’/N" is onto and its kernel is
generated by a+/N?, hence we have dim(N /N?) < dim(N'/N"?)+1, where
dim means dimension as a vector space. But by the assumed regularity of R,
the right hand side is equal to dim(R') +1 = dim(R) — 1+ 1 = dim(R) = d.
Hence dim(R) = dim(N /N?) and R is regular. [ ]

Proposition 11.5. The notation is as in 1.1(a), we asume that R is N -
smooth over A. Let ay,...,a, be elements of R inducing a reqular system
of parameters da}, . .., al, of the regular local ring R® and I = (a4,...,a,)R,
r<mn. Ifp:Z — Z is the blowing-up of Z with center I and ' : Z' — S
the composition of p and =, then 7 is a smooth morphism.
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Proof. Let R; := Rlai/a;,--- ,an/a;]. By the usual local description of
the blowing-up, it suffices to show that if we regard R; as an A-algebra via
the composition homomorphism A — R — R;, then the resulting morphism
U; := Spec (R;) — S is smooth, for all ¢ = 1,...,n. To simplify the nota-
tion take ¢ = 1. Let E C Z' be the exceptional divisor of our blowing-up,
E; := ENU; (note that that U; is naturally identified to an open of Z’).
By Proposition 11.3, it suffices to show that the induced morphisms from
Ul .= U; — E; and E; to S are both smooth. Since U/ is isomorphic to
Z —V(I),and Z is smooth over S, U/ — S is smooth. Concerning, E; — S,
since ag,...,a, is a regular sequence in R, then we have an isomorphism
of graded rings gr;(R) = (R/I)[Ty,...,T.], where the T;’s are indetermi-
nates. The Proj of this is £ and, “dehomogenizing”, FE; is isomorphic to
Spec(R/I)[ta, ..., t.]) (see [18], p. 152), where t; = T;/Ty, i = 2,...,7
Since (R/I)[ts,...,t,] is a polynomial ring over R/I and R/I is smooth
over A (by Lemma 11.2, #ii), the smoothness of the projection E; — S fol-
lows. ]

On the following proposition we use the notation of 3.1-3.3.

Proposition 11.6. Let W — S = Spec (A) be a smooth morphism, w €

W, ay,...,a, a partial system of A-reqular parameters of R = Oy, I =
(a1,...,a,)R. Let R be the I-completion of R. Then, R is isomorphic to a
power series ring A'[[z1, ..., x,]], so that the isomorphism sends a; into x;,

i=1,...,n and A’ is isomorphic to R/I.

Proof. (i) First we shall prove this result with the added assumption that R
contains a subring A’ isomorphic to R/I via the canonical quotient homo-

morphism. In this case R is not necessarily local, and aq,...,a, may be
assumed to be just a regular sequence.
Consider the ring homomorphism ¢ : A'[z1,...,x,] — R (where the ele-

ments x1, ..., T, are algebraically independent over A’) such that ¢ (b) = b if
b e A" and 9(x;) = a; for all i. We claim that the induced homomorphism of
completions, with respect to the ideals (z1,...,z,) and (a4, ..., a,) respec-
tively, is the desired isomorphism. It suffices to show that for all positive
integer j the homomorphism v, : A'[xy, ..., z,]/(x1,...,2,)) — R/I7A’ in-
duced by # is bijective. By taking quotients this will be true if the induced
homomorphism (z1,...,2,)"/(z1,...,2,)" ™" — 7/ is bijective, for all
positive integer j. But the later statement is true by the isomorphism of
graded rings R/I[zy,...,x,] =~ gr;(R) (proved, e.g., in [18, page 152]).

(17) Let us consider now the general case. First let us check that the com-
pletion R contains a subring A mapping isomorphically onto R / I~R /1 via
the quotient map (where I:=1 R) To see this, consider the commutative



ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 1051

diagram
A —— R/I?

Lo

A s RJI
(recall that R is an A-algebra). Note that by 11.2, A’ ~ R/I is smooth

over A, hence the is a homomorphism as : A’ — R/I? making the resulting
augmented diagram commutative. Thus, we obtain a commutative diagram:

A —— R/I?

Lol

A 2 R/I?

As before, the smoothness of A" over A gives us a homomorphism ajz :
A" — R/I? making the resulting augmented diagram commutative. Reiter-
ating, we get a system of compatible homomorphisms «; : A* — R/I’ for
all positive integer j, which yields a homomorphism A" — R inducing an
isomorphism A’ ~ R/I. Thus the image of A’ (still denoted by A’) is the
desired subring of R.

(11i) Now apply the result of (i) to R. If R* denotes its completion
with respect to the ideal (aq,...,a,), then R* is isomorphic to a power
series ring A'[[x1,...,2,]], so that the isomorphism sends a; into z;. But
since R is (aq,...,a,)-complete, the natural homomorphism R — R* is
an isomorphism. Thus, R has the desired property, and the proposition is
proved. |

Next we present a result on blowing-ups that we use several times.

Proposition 11.7. Let f : X — T be a morphism of schemes, C' C X a
close subscheme, flat over T', J = I(C), such that J, C Ox, is generated by
a reqular sequence , for allx € C. LetT" — T be a morphism, X' = X xpT",
p: X' — X the natural projection, C' = C x¢ T' = p~(C), X; — X and
X| — Xj the blowing-ups with centers C' and C" respectively. Then, there
is a natural isomorphism X| = X7 xx X'

11.8. In particular, we may take as 7" a closed point ¢ of T" and the natural
morphism Spec (k(t)) — T'. By the proposition, we may identify the blowing
-up of f~'(t) with center f~'(t) N C with fi~'(t), where f; : X; — T is
obtained by composition.

By using the definition (or construction ) of the blowing-up given in [13,
page 163], Proposition 11.7 is an easy consequence of the following algebraic
lemma. In it, if B is a ring and [ and ideal of B, we write Pg(l) :=
B&I®I*@®--- (agraded B-algebra).
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Lemma 11.9. Let R — B be a homomorphism of rings, I C B an ideal,
generated by a regular sequence, such that B/I is R-flat. Let R — R a
ring homomorphism, B' := R' ® g B (naturally a B-algebra) and I' := IB’.
Then, iPB (029 R, = iPB/(]/).

Proof. The contention follows if we prove that I" @ R' = (I')* = (IB)",

for all n > 0. But this follows if B/I™ is R-flat, for all n. Indeed, from the
exact sequence of R-modules

0—I"—-B—B/I"—0

by tensoring with R’ over R we get, from the flatness of the R-module B/I",
that the sequence

0—I"®r RSB — (B/I") @, R — 0

is exact. So, ¢, is injective and I" @z R’ = Im(¢,) = (IB’)", as needed.
To see that B/I™ is R-flat (for all n > 0), from the fact that [ is generated
by a regular sequence, we obtain canonical isomorphisms

gri(By=B/Io /P I?)P®---=(B/D)[Ty,...,T,]

(a polynomial ring, see [18, Proposition 5.10]). Thus, I"/I"™ is a finite
free B/I-module, for each n. Since B/I is R-flat, it follows that I /1" is
R-flat, for all n > 0. By using the exact sequences

0— I"/I"" — B/I""" — B/I" — 0

and induction, we obtain that B/I™ is R-flat for all n > 0, as desired. W

References

[1] ANDRE, M.: Homologie des algébres commutatives. Die Grundlehren
der mathematischen Wissenschaften 206. Springer-Verlag, Berlin-New
York, 1974.

[2] ARTIN, M.: Algebraic approximations of structures over complete local
rings. Inst. Hautes Etudes Sci. Publ. Math. 36 (1969), 23-58.

[3] ARTIN, M.: Deformations of singularities. Tata Institute, Bombay, 1976.

[4] ATiyAH, M. AND MACDONALD, I. G.: Introduction to commutative alge-
bra. Addison-Wesley, Reading, Mass.-London-Don Mills, Ont., 1969.
[5] BRAVO, A., ENCINAS, S. AND VILLAMAYOR, O.: A simplified proof of

desingularization and applications. Rev. Mat. Iberoamericana 21 (2005),
no. 2, 349-458.



[6]

ALGORITHMIC EQUIRESOLUTION OF DEFORMATIONS 1053

BIERSTONE, E. AND MILMAN, P.: Canonical desingularization in charac-
teristic zero by blowing up the maximum strata of a local invariant. Invent.
Math. 128 (1997), no. 7, 207-302.

BIERSTONE, E. AND MILMAN, P.: Desingularization algorithms I. Role of
exceptional divisors. Moscow Math. J. 3 (2003), no. 3, 751-805, 1197.
CUTKOSKY, S.: Resolution of singularities. Graduate Studies in Mathe-
matics 63. Am. Math. Soc., Providence, RI, 2004.

ENcINAS, S. AND HAUSER, H.: Strong resolution of singularities in char-
acteristic zero. Comment. Math. Helv. 77 (2002), no. 4, 821-845.
EnciNas, S., NOBILE, A. AND VILLAMAYOR, O.: On algorithmic equi-
resolution and stratification of Hilbert schemes. Proc. London Math.
Soc. 86 (2003), no. 3, 607-648.

ENCINAS, S. AND VILLAMAYOR, O.: A course on constructive desingular-
ization and equivariance. In Resolution of singularities (Obergurl, 1997),
147-227. Progr. Math. 181. Birkhauser, Basel, 2000.

GIRAUD, J.: Sur la théorie du contact maximal. Mat. Z. 137 (1974),
285-310.

HARTSHORNE, R.: Algebraic geometry. Graduate Texts in Mathematics 52.
Springer-Verlag, New York-Heidelberg, 1977.

HiroNAKA, H.: Resolution of singularities of an algebraic variety over a
field of characteristic zero, I-1I. Ann. of Math. (2) 79 (1964), 109-326.
HiroNAKA, H.: Idealistic exponent of singularity. In Algebraic geometry
(J.J. Sylvester Sympos., John Hopkins Univ., Baltimore, Md., 1976), 52—
125. Johns Hopkins Univ. Press, Baltimore, Md., 1977.

KoLLAR, J.: Resolution of singularities-Seattle lecture. Preprint,
arXiv:math.AG/0508332v1.

KOLLAR, J.: Lectures on resolution of singularities. Annals of Mathematics
Studies 166. Princeton University Press, Princeton, NJ, 2007.

Kunz, E.: Introduction to Commutative Algebra and Algebraic Geometry.
Birkhauser Boston, Boston, MA, 1985.

MATSUMURA, H.: Commutative Algebra. W.A. Benjamin, New York,
1970.

MATSUMURA, H.: Commutative ring theory. Cambridge Studies in Ad-
vanced Mathematics 8. Cambridge University Press, Cambridge, 1989.
MaTsuki, K.: Notes on the inductive algorithm of resolution of singulari-
ties of S. Encinas and O. Villamayor. Preprint, arXiv:math.AG/0103120.
MUMFORD, D.: Lectures on curves on an algebraic surface. Annals of
Mathematics Studies 59. Princeton University Press, Princeton, NJ, 1966.
NOBILE, A.: A note on flat algebras. Proc. Amer. Math. Soc. 64 (1977),
no. 2, 206-208.

SCHLESSINGER, M.: Functors of Artin rings. Trans. Amer. Math. Soc. 130
(1968), 208-222.



1054

[25]
[26]
[27]
[28]
[29]

[30]

A. NOBILE

TEISSIER, B.: Résolution simultanée. In Séminaire sur les sigularités des
surfaces., 71-81. Lecture Notes in Mathematics 777. Springer, Berlin, 1980.
VILLAMAYOR, O.: Constructiveness of Hironaka’s resolution. Ann. Sci.
Ecole Norm. Sup. (4) 22 (1989), no. 1, 1-32.

VILLAMAYOR, O.: Patching local uniformizations. Ann. Sci. Ecole Norm.
Sup. (4) 25 (1992), no. 6, 629-677.

WLODARCZYK, J.: Simple Hironaka resolution in characteristic zero.
J. Amer. Math. Soc. 18 (2005), no. 4, 779-822.

ZARISk1, O.: Studies in equisingularity, I. Amer. J. Math. 87 (1965),
507-536.

ZARISKI, O.: Studies in equisingularity, II. Amer. J. Math. 87 (1965),
972-1006.

Recibido: 23 de enero de 2008
Revisado: 21 de abril de 2008

Augusto Nobile

Louisiana State University
Department of Mathematics
Baton Rouge, LA 70803, USA
nobile@math.lsu.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


