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Sharp linear and bilinear restriction
estimates for paraboloids in the

cylindrically symmetric case

Shuanglin Shao

Abstract

For cylindrically symmetric functions dyadically supported on the
paraboloid, we obtain a family of sharp linear and bilinear adjoint
restriction estimates. As corollaries, we first extend the ranges of
exponents for the classical linear or bilinear adjoint restriction con-
jectures for such functions and verify the linear adjoint restriction
conjecture for the paraboloid. We also interpret the restriction esti-
mates in terms of solutions to the Schrédinger equation and establish
the analogous results when the paraboloid is replaced by the lower
third of the sphere.

1. Introduction

Let n > 3 be a fixed integer and S be a smooth compact non-empty subset of
the paraboloid {(7,£) € Rx R"™': 7 =[¢]*}. If 0 < p, ¢ < oo, the classical
linear adjoint restriction estimate® for the paraboloid is the a priori estimate

(1.1) I(gdo)*|lzg, @xrn-1) < Cpan.sllgllze(s.ar
for all Schwartz functions g on S, where
(900)"(t.) = [ 9(r o) = [ glleP )1 ag
S Rn—1

denotes the inverse space-time Fourier transform of the measure gdo, and
do is the canonical measure of the paraboloid defined in Section 2.
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In the notation of [17], the estimate (1.1) is denoted by R5(p — ¢) and the esti-
mate (1.2) is denoted by RS, 5,(p X p — q).
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By duality, the estimate (1.1) is equivalent to the following estimate

||fHLp’(s,da) < Cp,q,mSHfHLq'(RXR"*l)

for all Schwartz functions f, which roughly says that the Fourier trans-
form of an L7 (R x R™™!) function can be “meaningfully” restricted to the
paraboloid S. This leads to the restriction problem, one of the central prob-
lems in harmonic analysis, which concerns the optimal range of exponents p
and ¢ for which the estimate (1.1) should hold. It was originally proposed
by Stein for the sphere [13] and then extended to smooth sub-manifolds
of R x R"! with appropriate curvature [14] such as the paraboloid and
the cone. The restriction problem is intricately related to other outstanding
problems in analysis such as the Bochner-Riesz conjecture, the local smooth-
ing conjecture, the Kakeya set conjecture and the Kakeya maximal function
conjecture, see e.g., [17], [18].

In this paper, we will mainly focus on the restriction estimates for the
paraboloid. The corresponding linear adjoint restriction conjecture for the
paraboloid asserts that

Conjecture 1.1. The mequality (1.1) holds with constants depending on S,

n and p,q if and only if ¢ > - " and "+1 < "p,l

The conditions on p and ¢ are known to be best possible by the decay
estimates of (do)Y and the standard Knapp example, see e.g., [14], [17].
When n = 2, the non-endpoint case was first proven to be true by Fefferman
and Stein [7] (and generalized to other oscillatory integrals by Carleson and
Sjolin [5]), and the endpoint case was proven to be true by Zygmund [29].
When n > 2, it was proven with the additional condition ¢ > 2:j1 by

Tomas [25] using real interpolation, and ¢ = "H ) by Stein [14] using com-
plex interpolation. In 1977, Cérdoba [6] gave an alternate proof for n = 2
by largely relying on the successful resolution of the Kakeya conjecture in
two dimensions. In 1991, Bourgain [1] generalized Cérdoba’s arguments to
higher dimensions, so that nontrivial progress on the Kakeya problem might
imply some nontrivial progress on the restriction result; using this technique,
he proved estimates for some ¢ < ("“) ; in particular, g > 4— 7z whenn = 3.
Further improvements along this hne were made by Moyua Vargas Vega
and Wolff, see e.g., [11], [27]. The current best result ¢ > w in higher
dimensions n > 3 is due to Tao [20], based on the techniques in Wolff’s
breakthrough paper on the cone restriction estimates [28].

Among various techniques developed to attack this problem, the bilinear
method proves to be very powerful. Variants of this idea also have applica-
tions to the nonlinear dispersive equations, see e.g., [2], [3], [9], etc. More
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precisely, we assume S; and S; to be two smooth compact non-empty sub-
sets of the paraboloid in R x R"!, which are transverse in the sense that
the unit normals of S; and of S, are separated by at least some fixed an-
gle ¢ > 0. Then the classical bilinear adjoint restriction conjecture concerns
the optimal range of exponents p and ¢ for which the bilinear operator,
(f,g) — (fdo1)Y(gdos), should bound from L? x L? to L4, where doy, dos
are the canonical Lebesgue measures of S, Ss, respectively. The following
formulation of this conjecture is taken from [23].

Conjecture 1.2. Let Si, Sy be defined as above and q¢ > "5, "2—‘;2 + % <n
and "2—“ +1=2 < — 1. Then there exists a constant 0 < C' < oo depending

q
on S1,Sa,n and p,q such that

(1.2) I(fdo1)*(gdo2) ||z, mxmn—1) < CllfllLoesnllgllpaess)
for all f € LP(S,) and g € LP(Ss).

It is known that the bilinear restriction conjecture 1.2 is stronger than
the linear restriction conjecture 1.1, see [23]. For a discussion of recent
progress made on this problem, see [17]. We remark that the conditions
on p and ¢ in this conjecture are also known to be best possible by the decay
estimates of (do)¥ and the variants of the standard Knapp examples such
as the squashed caps and the stretched caps, see e.g., [23], [17].

However, none of these Knapp-type examples are cylindrically symmetric
functions, i.e., functions on RxR"~! invariant under spatial rotations. Hence
we expect that further estimates are available if we assume that functions are
cylindrically symmetric and supported on a dyadic subset of the paraboloid
in the form of {(7,&) : M < [£| < 2M, 7 = [£]?} with M € 2Z. We denote
by L,; this class of functions. Indeed, it is the case: when n = 3, the
Tomas-Stein restriction estimate L? — L* is known to be best possible; but
for functions in Ly, the estimate L? — L7 is true for any ¢ > 10/3 by
Corollary 2.3 in Section 3.

Our main theorems, Theorem 2.1 and 2.5, of this paper are to present a
family of sharp linear adjoint restriction estimates for f € £;, and bilinear
ones for f € £4 and g € Ly with 0 < M < 1/4 on the dyadic space-time
slab R x {R/2 < |z| < R} with R € 2Z. The proofs essentially combine
the two classical and elementary methods, the Carleson-Sj6lin argument [14]
and the bilinear method via the Whitney decomposition, which effectively
solved the two dimensional restriction conjecture. In the arguments, we
heavily exploit the rotational symmetry via the “Fourier-Bessel” formula,
Lemma 3.2, for cylindrically symmetric functions to reduce matters to main
term estimates by encoding the error term into certain integrals. A lot of
effort is devoted to inventing counterexamples to show that the restriction
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estimates are best possible by relying on the idea coming from the standard
Knapp examples, the principles of both stationary phase and non-stationary
phase [14] and the Khintchine inequality [17]. We remark that some of of
them are quite challenging, see e.g., Example 4.5.

As corollaries of the main theorems, we can verify the inequality (1.1)
for £j; when the exponents p and ¢ are in a larger region (see Figure 2)
and show that it is nearly sharp except for certain endpoints. Furthermore,
we show that the linear adjoint restriction conjecture 1.1 holds for all cylin-
drically symmetric functions when p and ¢ are restricted to the classical
region. By similar arguments, one can also establish the analogous sharp
restriction estimates when the paraboloid is replaced by the lower third of
the sphere 8"~ ! or more general cylindrically symmetric and compact hy-
persurfaces of elliptic type as defined in [12], [23]. As applications of the
restriction estimates, we will interpret them in terms of the solutions to the
Schodinger equations and present another proof of the weighted Strichartz
estimates in [26] for Schrodinger equations.

Acknowledgements. The author is very grateful to his advisor Terence
Tao for introducing this fascinating subject, and is indebted to him for many
helpful conversations and encouragement during the preparation of this pa-
per. The author thanks Monica Visan for helpful discussions. The author
would like to thank the referee for his valuable comments and suggestions.

2. Notations and Main Theorems

Let n > 3 be the fixed space-time dimension. In this paper, we interpret
R x R""! as the space-time frequency space.

We will use the notations X SY,Y 2 X, or X = O(Y) to denote the
estimate |X| < CY for some constant 0 < C' < oo, which may depend on
p,q,n and Sy or Sy, but not on the functions. If X <Y and Y < X we
will write X ~ Y. If the constant C' depends on a special parameter other
than the above, we shall denote it explicitly by subscripts. For example, C.
should be understood as a positive constant not only depending on p, q,n
and S; or Sy, but also on €.

We denote by do the canonical Lebesgue measure of the standard para-
boloid S = {(7,€) : 7 = [£|*} in R x R""! which is the pullback of n — 1-
dimensional Lebesgue measure d¢ under the projection map (7, ) +— &; thus,

/ fnedo= [ FQeR e,
s Rn—1

By 8" 2 we denote the n — 1 dimensional unit sphere canonically embedded
in R"!, and by dy its surface measure.



SHARP LINEAR AND BILINEAR RESTRICTION ESTIMATES 1131

We define a dyadic number to be any number R € 2% of the form R = 27
where 7 is an integer. For each dyadic number R > 0, we define the dyadic
annulus in R"~!,

Ap:={x eR"': R/2 < |z| < R}.
We define the space-time norm L{L” of f on R x R""! by

1/q

a/r
||f||LgL;<RXw1>=</R ([ wtearas) dt) ,

with the usual modifications when ¢ or r are equal to infinity, or when the
domain R x R"~! is replaced by a small region of space-time such as R x Ag.
When ¢ = r, we abbreviate it by L{ .. Unless specified in this paper, all the
space-time integrals are taken over R x Ag with dyadic R > 0, which will
be clear from the context.

We define the spatial Fourier transform of f on R*~! by

f) = (z)e™" "¢ du.

Rn—1

We use 1y to denote the indicator function of the set U, i.e.,

1, forxzeU,

lu(e) = {0 forx ¢ U.

For 1 < p < oo, we denote the conjugate exponent of p by p', ie., 1/p +
1/p= 1.

We start with stating the main theorem concerning the linear restriction
estimates, which is proven in Section 3.

Theorem 2.1. Suppose f € L1 and R > 0 is a dyadic number. Then the
following sharp restriction estimates hold:

o forq=2and?2 <p < oo,
I(fdo)¥ ||z, < min {R2, R*T }||f| o).
e forgq=4and4<p<oo,Ve >0,
I(fdo)|| s, Semin {R™T5 R} ]| os).
o forq=3p and1<p <4,

. n_o)(l_1y _n-1
I(fdo)¥||zs, S min {R"2G2) RE | f]|ogs).
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o forq=o00 and 1 <p < oo,
. _n—2
I(fdo)" |z, < min { R, 1| fllorcs).

where A in {A, B} is given by the case where R > 2 and B by R < 1. Fur-
thermore, by interpolation we obtain the sharp restriction estimates LP — L4
when p,q are in the region determined by these lines (Figure 1).

) 1212
2

LP — L7 with ¢ =

Ll — >

v

1

IS
ol
Bl

Figure 1: Linear restriction estimates on R x Ap.

Remark 2.2. We observe that the estimates above in each case are “con-
tinuous” in the sense that they match when R ~ 1.

One can easily obtain the following corollary regarding the linear adjoint
restriction conjecture.

Corollary 2.3. Suppose f are cylindrically functions supported on the para-
boloid.

o [f f € Ly, the linear adjoint restriction conjecture 1.1 holds with
constants depending on p, q, n and M whenever q > %, % + % <1

1 201 :
and 3 + == <n—1 (Figure 2).

e The linear adjoint restriction conjecture 1.1 is true for all f (Figure 2).



SHARP LINEAR AND BILINEAR RESTRICTION ESTIMATES 1133

n—1
2n

n
2(mn-1)

Figure 2: Linear restriction estimates for L£ps (cf. the inside trapezoid,
the classical range of p and ¢ for Conjecture 1.1).

Proof. By Theorem 2.1, the first assertion follows from scaling to f € £;
and then summing all dyadic R and using interpolation.

To prove the second assertion, it is sufficient to obtain it under the bound-
ary conditions ¢ > % and ™ — 2=l gince other estimates are easily

q
obtained by a standard argument of using the Holder inequality. By inter-
polating between the L? — L? estimate and the LP — L7 estimates on the
line segment ¢ = 3p’ and 1 < p < 4, we obtain that, for ¢ > 2o ntl — n-l

n—-1’ q¢ = p
and f € L,

/

1(fdo) Ny, S BN fllzas).

where « is the step function

R) — —nT_Q[]_—%], fOI‘RZ2,
Oé( )_ n—1
= for0 < R<1.

We remark that the constant above C R*") does not depend on e. By scaling,
when f € L)/, under the same conditions on p and g,

I(fdo) Iy, S (RM)* 0| £l o),

where « is defined as above. Then for all cylindrically symmetric f supported
on the paraboloid, we decompose it into a sum of dyadically supported
functions,

f= Z f1{(775):T=\5\27MS|€|§2M}:ZfM’
M

M: dyadic
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where fur == flire)r=¢]2,m<|¢|<2nm}. Hence
1/q
1(fdo)||a  @xmn—1y = ZH fdo)* |11 (RMR>

1/q
_ z||z<fMda>V||zg@<RxAR))
R M

a\ 1/q
< Z (Z [(fardo) HLq RXAR> )
a\ 1/q
<12 (Z(RM)Q(RM)!\fM||LP(S>> )
R \ M

1/p
N ZHfMHLp(s) = [ fllzecs),

where R > 0 and M > 0 are both dyadic numbers; in the last inequality,
since

VR >0, (RM)*"™) < oo,

VM >0, (RM)*"™) < oo,

we have used the Schur’s test for exponents p and ¢ satisfying the condition
q>="5>p=>1 |

Remark 2.4. In the cylindrically symmetric case, we remark that ¢ > %
is still sharp since it is given by the decay estimate |(do)Y(t,&)| < Cn(1 +
It] 4+ [£])E/2, see e.g., [14, Chapter 8, Theorem 3.1].

Next we state the theorem regarding the bilinear restriction estimates in
the cylindrically symmetric case, which is proven in Section 4.

Theorem 2.5. Suppose f € L1 and g € Ly with0 < M <1/4. R>01isa
dyadic number. Then the following sharp bilinear restriction estimates hold:

e forq=1and 2 <p < o0,

[(fdo1)" (gdo) ||,
< min {RMi_T, R:M~

T zos g o)
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e forq=2and 2 <p < o0,

|(fdo)" (gdo) |1z
n—1_n n—1 n

. _n—2 n—1_n-—1 1 7 n—1 —/1
gmm{R =M=z 5 ,RIM ¥ ,RT M~ }Hf||Lp(sl)||gHLp(52).

o forq=4and 4 <p<oo,Ve>0,

[(fdo1)" (gdo)”||Ls ,
<min{ R METS RTOT MY RTM

n

-1
7 sy 190 sy -

e forq=3p and 1 <p < 4,

I(fdor)* (gdo2) ]|,

) _n=2  n_n-1 n—2)(l_ly, n=1 _n-1  n-1
Smin{R™ 7 M2 ROGTDM RN MY fllesy gl os.)-

e forq=o00 and1 < p < o0,

I(fdo1)" (gdo2)” || e,
n_ n— n— n—1 n—1
Smin{ RCAMETT RFMT M| fllsesol9llzeis).

where A in {A, B,C} is given by the case where R > 1/M, Bby2 < R <
1/M and C by R < 1. Furthermore, by interpolation we obtain the sharp
restriction estimates LP X LP — L when p and q are in the region determined
by these lines (Figure 3).

1

PoA

L? x L? — L'

L?x L? — L?

111

LY x L* — L*

v LP x L? — L7 with ¢ =3p~and 1 < p <4

L'x L' — L=

0 1 1 1

1 2

Figure 3: Bilinear restriction estimates on R x Ag.
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Remark 2.6. We observe that R > ﬁ if and only if A < B and R > 1 if
and only if B < C. In other words, the estimates are “continuous” in the
sense that A ~ B when R ~ 1/M and B ~ C when R ~ 1.

As a corollary of Theorem 2.5, we see that the bilinear adjoint restriction
conjecture holds for exponents p and ¢ in a larger region.

Corollary 2.7. Suppose f and g are defined as Theorem 2.5. Then the
bilinear adjoint restriction conjecture 1.2 holds with constants depending on
p, ¢, m, S1, Sz and M, whenever ¢ > -5, %4—% <n and 12—) +% < 2. These
estimates are sharp except for certain endpoints (Figure 4).

1 L2 x [ — L%

L'x L' 5L

0 = W ! »

Figure 4: Bilinear restriction estimates for functions in £1 and Ly with
0 < M <1/4 (cf. the inside pentagram, the classical range of p and ¢ for
Conjecture 1.2).

Remark 2.8. When S is replaced by the lower third of the sphere, the
analogous results to Theorems 2.1 and 2.5 hold, which will be accomplished
in Section 5. This is essentially due to the common geometric property of
non-vanishing Gaussian curvature shared by the sphere and the paraboloid
and the fact that the sphere locally resembles the paraboloid, which can be

seen from the Taylor expansion /1 — |£[2 ~ 1 — ¢(|¢])|€]? when |¢] is small.

Remark 2.9. It is well known that the adjoint restriction estimates are
closely related to the Strichartz estimates for the nonlinear dispersive equa-
tions such as the Schrédinger equation and the wave equation, see e.g., [16]
and [14]. We will establish this connection in our case in Section 6.
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This paper is organized as follows: Section 3 is devoted proving Theo-
rem 2.1 and constructing counterexamples to show the linear estimates are
sharp. Section 4 is devoted proving Theorem 2.5 and constructing coun-
terexamples showing the bilinear estimates are sharp. In Section 5 we will
establish analogous results for the cylindrically symmetric functions sup-
ported on the lower third of the sphere or the cylindrically symmetric and
compact hypersurfaces of elliptic type. In Section 6 we will interpret the
restriction estimates in terms of solutions to the Schrodinger equation to
establish the Strichartz estimates.

3. Proof of Theorem 2.1: linear estimates and examples

For any cylindrically symmetric function f on the paraboloid, we set F'(|£])=
(€2, €). We observe that (fdo)Y(t,x) is also a cylindrically symmetric
function. To begin the proof of Theorem 2.1, we first investigate the behavior
of (fdo)Y on {|x| < 1} via the following proposition.

Proposition 3.1. Suppose f € Ly. Then for any1 < p < 0o, ¢ > max{2,p'}
and R <1, we have a sharp estimate

(3.1) 1(fdo) Nz, S R [ fllzes)
Proof. If we change to polar coordinates, the left-hand side of (3.1) is

do)||pa = )" EtE g el dtd
I1(fdo) |1z (/R// /5 5' tx)

_ < )Sn—Ze—its2/ Qeirswd,u(w)ds
Sn—

where I = [1,2]. Then we change variables back s — a

(.1

where I’ = [1,v/2] and e; = (1,0,...,0) € R".

Then by the Hausdorff-Young inequality when ¢ > 2 or the Plancherel
theorem when ¢ = 2, changing s — a = s? and the fact that ||(dp)¥||e <1,
the left-hand side of (3.1) is further bounded by

n—2 R 1/q n—1
o q -
B ([ 1Pl ar)  ~ R 1P,

Then by the Hélder inequality and the fact ||F||ory ~ || f]lzr(s), (3.1) fol-
lows.

1/q

dt r"_er) ,

R/2 JR

1/2 to majorize it by

q 1/q
dt r"2dr) ,

[ R ) e e
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Now we will construct a counterexample to show the estimate (3.1) is
sharp when 1 < p < oo and ¢ > max{2,p'}. We take

FAER.€) = F€D = el P Lagigene™ ",
where ¢y € R. Then the left-hand side of (3.1) reduces to

q 1/q
< dt r"2dr) .

We choose r and t satisfying that

efi(tfto)s2 / eirswdu(w)ds
I Sn—2

R/2 JR

r € [R/100, R/50], |t — to| < 1/100.

Then the left-hand side of (3.1) 2 R and its right-hand side < R"T.
Hence (3.1) is easily seen to be sharp. [ |

Before investigating the behavior of (fdo)Y on |z| > 1, we shall exploit
the spatial rotation-invariant symmetry of f in the following proposition.

Lemma 3.2 (Fourier-Bessel formula). Suppose f is a cylindrically symmet-
ric function supported on the paraboloid. Then

(fdo)”(t,z)

=T /F(s)snTaai(”'532)d3+cn7’nT2 /F(s)s T e milrstis) g g
I I

+ / F(s)s"2em 0 / ey T [(y +20)"T — (20)°T Jdyds
I 0
(3.2)
— / F(s)s" 2 tirs / ey T [(y — 20)"F — (—2i)" |dyds,
I 0

where r = |x| and I is the projection interval in the radial direction.

Proof. We first expand (fdo)Y in the polar coordinates,
(o) (t0) = [ (R = [Pl () rsen)ds.
{l€lel}

where du is the surface measure of the sphere S"~2.
On the one hand, the inverse Fourier transform of du is given by

(dp)* (€) = enl€] " Juzs (€]),

where Ja_s is the Bessel function of order 223 see e.g. [14] or [15].
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On the other hand, by using the same argument as proving [15, Lemma 3.11],
we obtain that, for fixed m > 0,

ir —1
e —e 2m— 2m—1

I (1) = Cm i + cmrme"/ e Ty [(y + 21’)Tl — (QZ)T] dy
0

2m—1 2m—1

— cmrme"/ e_ryy% [(y —2i)7 7 —(=2i)" 2
0

]dy.

Hence (3.2) holds after we combine these two estimates and set m="25%. W

Therefore we define the error term of (fdo)¥ by

5f(t7 I) = :l: Cp, /F(S>Sn_2€—it82:|:irs %

I

x / ey T (y £ 20) T — (£2i0)"2 |dyds,
0

where by + we denote a sum of two terms where + and — appear alter-
natively. Heuristically, one should think of £f as a term comparable to
rn/2 [; F(s)snT%e*““’zds, which comes from estimating the error term of
Bessel function J,,(r) by »—%/2. At the first approximation, this simplifica-
tion is easy to deal with and intuitively provides what the bound involving
the error term should be. However in this paper we will establish it rigor-
ously in the following proposition, which shows that the information about
its contribution to the linear estimates when |z| > 1. It is acceptable com-
pared to the main term estimates established in the next propositions.

Proposition 3.3. Suppose f € Li. Then for any ¢ > max{2,p'} and any
dyadic number R > 2 and f € L*(95),

_nyn—1
(3.3) €A, SR N fllores)-
Proof. We set

Blr) = /O ey (g 4 20) 5 — (4£20) " dy,

For r > 1, we first estimate E(r) by repeating the proof of [15, Lemma 3.11]
for readers’ convenience.

1
|Evﬂsg/erw%ﬂ@izw%é—uﬁw%ﬂ@+
0

+/’a”ffM+%ff—mW*uy
1

= I1+1I
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For I, where 0 < y < 1, by the mean value theorem we have |(y & 2i)"z —
(£2i)"2" | <. For I, where y > 1 we take Y out and then use the mean
value theorem to obtain |(y = 2i)"2" — (+2i)"2 | < y"2 . Then combining
these estimates above,

1 [e'e)
BO) < [ ey Tays [ ety
0 1
57“_"/2/ e_yyg_ldy—l—r_("_?’)/ e Yy dy.
0 T

By the definition of the Gamma function T,

Then using integration by parts n — 4 times when n > 4 and y=! < r!
when n = 3, we obtain (3 froo e Yy tdy <e"rt

Since e~"r~'*% is continuous on [1,00) and decays to 0 as r — oo,
e "r~' < r~% holds for r > 1. Therefore

(3.4) |E(r)| < r /2.

Next let us turn to the estimate (3.3). By changing to polar coordinates,
the left-hand side of (3.3) is comparable to

(3.5) (

n 2 7zts $zrsE<T8> ds

1/q
dt r"2dr) ,

where I = [1,2]. After changing variables s = a'/# (3.5) is comparable to

R q 1/q
</ / dt r"_er) ,
r/2 JR

where I’ = [1,4/2]. Then by the Hausdorff-Young inequality when ¢ > 2
or the Plancherel theorem when ¢ = 2, changing variables back a = s? and
s ~ 1, the left-hand side of (3.5) is further majorized by

a/q’ 1/a
/|F (rs)|¥ ds|  dtr"2dr :

Since rs > 1 for any r € [R/2, R] and s € I, (3.4) and the Holder inequality
give R0 ||F||to(r). Since |F||rery ~ ||| zos), (3.3) follows. [ |

R/2

1/2

/ F(al/Q)aansE(ra1/2)e¢ir“1/26_it“ da
I/

R/2
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When |z] > 1, we are left with estimating the main term of (fdo)Y,

(3.6) Mf(t,x) = cnr_n22/F(s)swei(im—tﬁ)d&

1

where by + we denote the summation of two terms. We call it the heuristic
approzimation of (fdo)Y. We are going to prove the positive part “esti-
mates” of Theorem 2.1 in the following four propositions. In the remainder
of this section, we will prove its negative part “sharpness” by certain coun-
terexamples.

Proposition 3.4 (¢ = 2 line). Suppose f € L1. Then forq=2,2 <p < o0
and R > 2, we have a sharp estimate

(3.7) 1(fdo)"lle, S BY2(flloacs

Proof. We observe that it is sufficient to estimate the term of M f with +
sign. In the propositions followed, we will make the same reduction unless
specified. Hence by the heuristic approximation (3.6) of (fdo)Y with +

sign, changing variables and then the Plancherel theorem in ¢ followed by
the Holder inequality,

2
mmUngz(ém“@/|mgt$|mm9

) 1/2
~ ( rtT /F(S)Swei[rs_tsﬂds dtr"_2dr>
I

1/2
= < dt dr)

R 1/2
z(ANWMmW> < RY2)| Lz S RN luncs),
2

R/2

326 et ds

R/2 JR

where I = [1,2], 2 < p < co. Hence (3.7) follows. [ |

Now let us deal with the estimates on the line ¢ = 4. The estimate
L* — L* is the endpoint of two dimensional (n = 2) linear adjoint restriction
conjecture and hence the classical TT™ approach, namely the Carleson-Sjolin
argument used in Proposition 3.6, unfortunately fails because we can not
apply the Hardy-Littlewood-Sobolev inequality at one step. Instead, we
can perform a Whitney-type decomposition to I to create some frequency
separation. Similar arguments can be found in [20], [22], [23].
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Proposition 3.5 (¢ = 4 line). Suppose f € L1. Then forq=4,4 <p < o0
and € >0 and R > 2, we have a sharp estimate up to R,

(3.8) 1(fdo) s, Se B2/ £l s

Proof. By the same reasoning as that used in the proof of Proposition 3.4,
we will only prove the estimate when p = 4. By the heuristic approxima-

tion (3.6) of (fdo)Y with + sign,
A 1/2
dt dr) ,
where [ = [1,2].

We set (F'do)Y = [, F(s)s 27 ¢llrs=ts"l]s which can be regarded as

the inverse Space—tlme Fourier transform of f(r,€)|¢|"2" restricted to the
parabola. To prove (3.8), it suffices to prove that, for any ¢ > 0,

R 1/2
(3.9) (/ /|(Fda)V(Fda)V|2dtdr> <. R*||F|%..
R/2 JR

Next we will perform a Whitney-type decomposition to I =[1,2]. For each
J = 0 we break up I into O(27) dyadic intervals 73 of length 277, and write
Tg v 77, if 77 and 7}, are not adjacent but have adjacent parents For each

j >0, let F =Y F/ where F] = F1;. Then

S e ez(rs ts?) dS

I(fdo)Y |7y ~ R™272 (

R/2 JR

(Fdo)Y(Fdo)Y => " Y (Fldo)"(Fdo)".

I ke,

From the triangle inequality, the left-hand side of (3.9) is bounded by

SIS (Fldo)Y(Fdo)” +
21<R kk':ijTg, L%}r(RXR)
Fldo)"(Fldo)" = A+B.
+Y Y |y ey, A

21>R | KT JmTk,

We will first estimate A. By the quasi-orthogonality property of functions
among (Fjdo)Y(F],do)"[23, Lemma 6.1],

1/2
Asz< 3 ||<dea>V<F,z,da>v||ig,T(RXr>) -

2<R k,k’:’rgﬁfrg,
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By using the Plancherel theorem and the Cauchy-Schwarz inequality and
s;~1fori=1,2,

I do)* (Fdo) Iz gy S IR0 1R i) ldor, + o || =,

where do?, and dai, are two arc measures of the parabola {7 = |£|*} in R xR
supported on 77 and 73, respectively.
On the one hand, from the geometric properties of the paraboloid,

||d0£ * dO'i/HLoo <27,

On the other hand, by the Holder inequality, ||F,g||L2(Ii) < 2*1’/4||F]g||L4(I£).
Thus after combining these estimates,

1/2
A'SZ ( Z ||F]||L4I] ||F]’||L4I] ) .

29<R k,k’:rﬁrrk

We also observe that for each k, there are O(1) k' such that T]z Sa T]z/. Hence
by the Cauchy-Schwarz inequality, for any ¢ > 0,

A< (log R)|| Fll7s Se FE||F .

~E

Next let us estimate B. On the one hand, by the Cauchy-Schwarz inequality,

[(FLdo) Nz, S 2921 F s

On the other hand, by the Plancherel theorem in ¢,

R 1/2
||<F,zda>V||Lgr<RxAR>:( /R / / |<F,zda>V|2dtdr) < RV F oy
2

Since there are O(1) k" such that Tg ) Tg, for each k, by using the Cauchy-
Schwarz inequality,

BSREY Y 2P e 1 Fl ooy S BY2 D 2772 FlZ.
2>R k7 J:T;, 21>R

Thus summing in j and using the Holder inequality, (3.9) follows. |

In contrast to the proof of the estimate L* — L* in Proposition 3.5, the
estimates [P — L% when ¢ = 3p’ and 1 < p < 4 can be proven by the
Carleson-Sjolin argument or equivalently the 77" method. Such arguments
can also be used to prove the non-endpoint Strichartz estimates as in [8].
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Proposition 3.6 (¢ = 3p’ line). Suppose f € Ly. Then for 1 < p < 4,
g =3p' and R > 2, we have a sharp estimate

(3.10) 1(fdo)" |y, S ROV fllogs).

Proof. By the heuristic approximation (3.6) with + sign,

n== z(rs ts?) dS

1 1 q 1/q
(fdo) g~ RO-2GD ( dtdr) |

R/2

where I = [1,2].

Setting (Fdo)Y(t,r) == [, F(s)s"2 es=5))ds  we see that it suffices to
prove

(3.11) (

Squaring (Fdo)Y, we obtain

—5 7,7“3 ts2 dS

1/q
dtd?“) 5 ||F||Lp(s).

R/2

{(Fdo)¥(t,r)}* = / F(s1)F (2)(s182) "2 e/ (1+s2)=t3+59) g s,
IxI

which is an oscillatory integral with a phase function r(s;+sq9)—t(s?+s3). Its
Hessian is 2(s — 1) which vanishes when s; = so. But we can make a change
of variables (s, s9) — (a,b) with a = s1 + s9, b = s} + s3. It is easy to see
that the Jacobian is 2(sg — s1). Let € be the image in R >< R of I x I under
such change of variables. Then {(Fdo)Y(t,r)}* = [, F(a,b)e'"*®dadb,

where F(a,b) = F(s,)F(s2)(5152)"2 /|s1 — s is a functlon of s1 and sa.
Setting ¢ = 2r’. Since r’ > 2, by the Hausdorff-Young inequality and
s;~1fori=1,2,

I(Fdo) (. ) Loan) < I{Fdo)’ (7)1 o @)

~ 1/r
< ( / |F<s1,52>|*dsld52)

|F sy F(s2)]"

~

1 1/r
———ds1dsy
|51 — Sy |r—1

1/r
(/lF S1 | /|F 82 |$1—32|1 =) d82d81>

i n ey ><sl>dsl)w,

Y
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where I5_, is the Riesz potential of order 2—1r defined via the spatial Fourier
transform by LF(€) = [¢|"*£(€). Since [|f[1» ~ [ Fllzo(r), it then suffices to
prove that

1/r
([1Frr i) S 1P,

By the Holder inequality, we obtain
/I|F|T12—T‘(|F|r)dsl < H|F|THLP/T(I)HI2_T(|F|T)HLl/(lfT/P)(I)'

. 1/r .
Since [[[F7|[1y = I Fllw. it suffces to show Lo (1) o-m <
1|l Lo/r(ry Which will follow from the Hardy-Littlewood-Sobolev inequal-

ity. Hence the inequality (3.11) follows. [ |

Proposition 3.7 (¢ = oo line). Suppose f € L. Then forq=o00,1<p < o0
and R > 2, we have a sharp estimate

(3.12) 1(Fdo) g, S B2 Fllos)

tx N

Proof. By the heuristic approximation (3.6) of (fdo)" with + sign and the
Holder inequality, for any p > 1,

/F(S)snTQei(”ts2)ds) .

I

||(fd<7)v||L§f;c ~ R*(n—2)/2 _ § Ri(ni2)/2”f||L1’(S)-

t,r

Now we see that the restriction estimates in Theorem 2.1 follow from
Propositions 3.3, 3.4, 3.5, 3.6 and 3.7.

The remainder of this section is devoted constructing counterexamples.
In view of the propositions above, we will use the main term of (fdo)V,

Mf(t,z) = Car T F(s)snTﬂei(ﬂs*tﬁ)ds,
I
since the bound B given by the error terms are much smaller than that by
the main terms when R is sufficiently large .

Our first counterexample is of Knapp-type, which is designed to show the
estimates in the region I in Figure 1 determined by the estimates L? — L?,
L* — L* and L' — L* are sharp. The strength of the standard Knapp
example or its variants lie in the idea of using both spatial localization and
frequency localization. In this example, we will only show that the estimate
L? — L? is sharp since the computations for others are similar.
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Example 3.8 (I). If R > 2, the L? — L? estimate goes back to (3.7) in
Proposition 3.4. We take

—(n— —ir ito|€|?
FUER.€) = F(lg]) = 1€l 2)/21{1§\§\§1+R*1/2}6 olel+itolel”,

where ro € [R/2, R] and t, € R. Thus the left-hand side of (3.7) is compa-

rable to
R
[

where by &+ it denotes a summation of two terms. We observe that

1+R™1/2
/ e[fi(tfto)s2+i(:|:r7ro)s} ds
1

1/2

1+R1/2 :
/ el=ilt=to)s®+i(Er—ro)s] 1| d¢ dr )
1

Y

1+R~1/2
/ =i (1=t0)(s=1)2=[(Er—ro)—2(t—t0)|(s—1)} g
1

and hence choose r € [R/2, R] and t € R such that

R/100 < t — ty < R/50,
|(r — o) — 2(t — to)](s — 1)] < RY?/100.

Thus r and ¢ are in the intersection region of two tubes whose size is of
RY2 x R.

With this choice of r and ¢, [(t — to)(s — 1)>=[(r — ro) — 2(t — to)](s — 1)
is less than a small number, say 7/6. Then by direct computations, the term
with + sign will be bounded below by RY*. However for the term with —
sign, given this choice of r and ¢, we see that the roots of the quadratic
polynomial, (t — to)(s — 1)* = [(r 4+ ro) + 2(t — to)](s — 1), will be strictly
less than —1, which consequently are not located in the interval [0, RY/2].
Thus by the principle of non-stationary phase, we see that the term with —
sign will be bounded above by On(R™) for any N > 0. Then by choosing
N sufficiently large, from the triangle inequality the left-hand side of (3.7)
> R'Y4. Also it is easy to see that its right-hand side < RY*. Thus we see
that the estimate L? — L? when R > 2 is sharp.

Our second counterexample is to show that the estimates in the region 17
in Figure 1 determined by the lines ¢ = 2 and ¢ = 4 are sharp. In this
example we will only show the estimates on the line ¢ = 2 in Proposition 3.4
are sharp by using the principle of stationary phase.
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Example 3.9 (IT). If R > 2, the estimate LP — L? when 2 < p < oo goes
back to Proposition 3.4. We take the example

FUER.€) = F(E]) = 6177 Lugigaze ook,
where 79 € [R/2, R] and t, € R. Then the left-hand side of (3.7) is compa-

rable to
5 1/2
dt dr) .

(]

We choose r € [R/100, R/50] and ¢t € R such that (r —r9)/2(t — t) € [1,2].
Then

/ o=l (t=t0) (s—1)?—[(Er—ro)—-2(t—to)](s=1)} g ¢
I

(’f‘ + ’I“()) —|— Q(t — to)
2(t —to)

< -1
Then from the principles of stationary phase and non-stationary phase,

> R71/2’

/ =i (t=t0)(s=1)2=[(r—r0)—2(t—t0)](s=D)} g
I

-N
S,N R )

/ il (t=to)(s=1)2+[(r+ro) +2(t—t0)](s=D)} g
I

for any N > 0. Then if choosing N sufficiently large, the triangle inequality
gives

(.

Its right-hand side < RY2 for 2 < p < co. Thus we see that the estimates
on the line ¢ = 2 when R > 2 are sharp.

9 1/2
dt dr) > RY2,

/ il 1=t0) (s=1)2—[(Er—ro)—2(t—to)] (s—1)} g
I

The third counterexample shows that the estimates inside the region 71
determined by lines ¢ = 4, ¢ = 3p’ and ¢ = oo in Figure 1 are sharp. In this
example, we will only carry out the computations for the estimates LP — L4
on the line ¢ = oo in Proposition 3.7.

Example 3.10 (III). If R > 2, the estimate L? — L* when 1 < p < o0
goes back to Proposition 3.7. We take

FUEP€) = F(E]) = [6]77 Tasjegaaye oItk

where 1y € [R/2, R] and t; € R. They are chosen such that ||(fdo)"|rs,
can be realized at (to, zg) with rq = |zo].
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Hence the left-hand side of the inequality (3.12) is comparable to

/ei(:troro)sds
I

Since ro € [R/2,R], |[,e"™*"*ds| < R™" holds for any N > 0. Then the
triangle inequality yields R UI ei(ir‘)*"o)sds} pe R="2". On the other
hand, the right-hand side of (3.12)< R="=2/2 for 1 < p < co. Hence the
estimates on the line ¢ = co when R > 2 are sharp.

For lines ¢ = 4 and ¢ = 3p/, the estimates go back to (3.8) and (3.10).
We choose r € [R/2, R] and ¢ such that 2 <r—ry <4, 2 <t—ty < 4. Then

by the same reasoning as Example 3.8, these estimates are sharp.

n—2

R =2

Thus the proof of Theorem 2.1 is complete.

4. Proof of Theorem 2.5: bilinear estimates and exam-
ples

For f € £y and g € Ly with 0 < M < 1/4, we set Iy = [1,2], Iy = [M,2M]
and F(|¢]) = f(I€)%,€), G(€]) = g(J€]*,€). In the bilinear case, 1 and 1/M
will bring in two natural separation scales in the physical space. In light
of the proof of Theorem 2.1, we will have the following permutations of the
product (fdeoy)Y(gdos)".

e when |z|=r>1/M,

|(fdo1)(gdoz)”| = IMf Mg+ MfEg+ MgEf + EfEq|.
e when 1 < |z|=r <1/M,
|(fdor)" (gdos)"| = | M [f(gdas)” + & f(gdos)”|.

e when |z| < 1, |(fdo1)Y(gdoz)Y| remains unchanged.

We are going to prove the “estimates” part of Theorem 2.5 via the following
three propositions and its “sharpness” part by building counterexamples in
three cases followed.

Proposition 4.1. Suppose f € L1 and g € Ly with 0 < M < 1/4, and
R <1 1s a dyadic number. Then we have sharp estimates

e forq=1and 2 < p < o0,
(A1) [[(fdor)Y(gdos)" ||y, S RM

n

-1
7 fll ol gl zees)-

e for ¢ > max{2,p'},

n—

n—1 1
(4.2) I(fdor)" (gdos) |2y, S BT M| fllwosnllglleess)-
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Proof. If we change to the polar coordinates, the left-hand side of (4.1)

reduces to
R
[

(4.3) x/ G(s2)e ™3 (dp)Y (rsqer ) sy~ 2dsy | dir™2dr.

I

/F(sl)e_m%(dﬂ)v(rslel)s?_stl><
I

We use the Cauchy-Schwarz inequality and the Plancherel theorem in ¢ to
bound (4.3) by

(4.4) R M2 F || 2y M2 Gl 2
Then by the Holder inequality, (4.4) is bounded by

_ n—2-1-1
RIM" 25| fllzoes gl zoess)-

Hence the inequality (4.1) follows.
To prove (4.2), by the Holder inequality,

I(fdor) (gdo2)"Ilg, < (fdor)”llzg, I(gdo2)” |z,

On the one hand, by Proposition 3.1,

1(fdon)¥llee, S B ([ fllznsy-

On the other hand, by the Holder inequality,

n—1
1(gdoa) [z, S M #" ||gllLres,)-
Hence the inequality (4.2) follows. [ |
The following proposition concerns the case where 1 < |z| < 1/M.

Proposition 4.2. Suppose f € L1 and g € Ly with 0 < M < 1/4, and
2<R<1/M. Then
e forq=1and 2 < p < o0,

n

n o —1
(4.5)  [I(fdor)"(gdo) |z, S REM || fllunisollgl os.)-

o for g = max{2,p'},

n—1
(4.6)  [(fdo1)"(gdo2)" Iz, S IR |wo—ra M7 (| fllosi 9l Loiso),

where ||R*||pr—ra denotes the operator norm of f — (fdo)Y from
LP(S) to L{, given by Theorem 2.1.
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Proof. To prove (4.5), it suffices to prove the following inequalities by
Lemma 3.2,

R —1
A%@ww@mﬂWMQWmMMﬁﬁﬁwSRmr“ﬂnﬂm@mwm@,
2

and

n

R —1
/bﬂwwnmwm@wmnmww"%fRa%r”wummwwmmﬁ
R/2JR

These two estimates above can be proven along similar lines as proving (4.1).
We choose to prove the second. The Holder inequality yields,

I(fdo1)" (gdo2)"llre, < I(fdor) llne [1(gdo2)” |l e,

Then by using the same reasoning as in the proof of (4.2), the inequality (4.6)
follows. We note that the error term £f gives a better decay estimate as
expected. |

Next let us concentrate on the case where |x| > 1/M. As indicated at
the beginning of this section, we will have to deal with estimates involving

IMfMgl|, IMfEg|, |EfMyg| and |E fEg.

Proposition 4.3 (Bilinear main term estimates). Suppose f € L; and
g€ Ly with0< M <1/4, and R > 1/M. Then

o forq=1 and 2 < p < o0,
n=2_n-1
4.7)  |(fdor)"(gdo2) (|, S RM 2~ 7 || fllzosy 9]l ogsa)-

e forq=2and 2 < p < o0,

n—1_n

_n=2 n=1l_mn—1
(4.8)  N(fdo1)"(gdo2) [z, S R™T M=~ || fllzosy gl oesy)-

o for g > max{4,3p'} and 1 <p < oo,
(4.9)
% _n—=2 n_n—1
1(fdo1)"(gdo2)"|lns, SIR | Le—palt™ > M27 " || fllLosy) gl oese)-

Proof. To prove (4.7), it suffices to prove the following inequalities

(4.10) IMFMglly, S BRMT 5| fllzoeso gl rss.
IEFEGl ., S RMT 5 || Fll w9l ogsa-
MGy, S M™T =5 | fllzocsnllgloiss-
l€fMglly, S M™% 75 | Fllocsnllglriss)-
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In what follows we will only prove (4.10) since other estimates involving
error terms will follow similarly. In fact these inequalities give better decay
estimates than those given by (4.10). By the heuristic approximation (3.6)
with + sign, the left-hand side of (4.10) reduces to

n-2 )
(4.11) / / / (s1)s Z(ml —ts )dsl/ G(s2)852 e 527153t dr,
R/2 I

I
After changing variables and using the Cauchy-Schwarz inequality and the
Plancherel theorem in ¢, we see that (4.11) is bounded by

RM"= ||F||L2 wmlGllzzy) ~ RM™ 2||f||L2(51 gl z2¢s2)-

Then from the Holder inequality, the inequality (4.10) follows. Similarly, to
prove (4.8), it suffices to prove the following inequalities

(4.12) MMy, SR M fllzsollgl s

n2_no1
1EfEGlL2, S R M™ ||f||LP sollgllze(s,)-
_n_ 1 n—2 n—1
[MfEgllz, S R ST ||f||LP(sl)||9||LP(Sz)-
_n_ 1 n_n=1
[EfMyllrz, S R 2 M2 || flleesn 9l oess)-

Since the estimates above involving error terms give better decay estimates
than (4.12), we will also only prove (4.12). We rewrite its left-hand side as

R (/R/ / /” (51)G(52)%

L ) 1/2
X (3132)72e’(r(sﬁ‘”)_t(s%+s%)d31d32‘ dtdr) :

Setting x := s; + sp and y := s? + s3, we observe that the Jacobian ~
|1 — M| ~ 1 provided M < 1/4. From the Plancherel theorem both in ¢
and r, the left-hand side of (4.12) is further majorized by

n—2

_n=2 n—2 _n—2
R M7 [ Fll 2 |Gl 2y ~ B2 ([ f 2y 19l 2es,)-

By using the Holder inequality again, we see that (4.12) follows. Finally we
prove (4.9). In fact, it suffices to prove the following two inequalities

I(fdor) " Mglirs, < 1B oo B2 M5 || asiy gl ocss
I(fdon) Egllrs, SN (lprpaREME! TN s lgllzass)-

The first follows from the Holder inequality and the linear estimate in The-
orem 2.1, and the second follows along similar lines. |
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Therefore the restriction estimates in Theorem 2.5 are obtained from
Propositions 4.1, 4.2 and 4.3.

In the remainder of this section we will construct counterexamples to
show these estimates are sharp or nearly sharp up to R®. Since the error
terms give much better decay estimates, we will use the heuristic approxi-
mations (3.6) of (fdoy)" and (gdos)” when computing these examples. We
will distinguish them into three cases as follows.

Case 1: R>1/M.

We start with a common example to show the estimates in the region [
in Figure 3 determined by L? x L? — L', [? x [? — L[? and L' x L' — L™
are sharp by using the idea coming from standard Knapp example. In the
following example, we will only do the computations when p =2 and ¢ = 1.

Example 4.4 (I). If R > 1/M, RM~= is best possible in the following
inequality

_1
(4.13) I(fdoy)" (gdoa) |y, S RM ™2\ £l z2gsi)llgllz2ss)-
We take
_n=2 (—r
FUER€) = F(lg]) = |¢| "7 /ol 0k 1 ecinmo1anys
_n=2 2(—mr
g([n2,m) = G(nl) = |n|~ "= ol pey,

where rg € [R/2, R] and ¢, € R. By the heuristic approximation (3.6), the
left-hand side of (4.13) is comparable to

R I+R™*M ) M+R™ .
/ / / 62[(:|:r—m)51—(t—to)sl]dsl / 62[(:|:r—m)sg—(t—to)52}ds2
R/2 JR

1 M
which we understood is a summation of four terms. For the integral on
(1,14 R~ M], we will choose 7 and ¢ such that R/100 < r —ry < R/50 and
RM~1/100 <t —ty < RM~'/50. Then we have

dt dr,

[(r—70) = 2(t — to)](s1 — 1) = (t — to)(s1 — 1)°

(r+ro) +2(t — o) r—Tp 1
T :‘(12a—m)¢”3 M)

<1

Y

Hence the integral on [1,1 + R™'M] with + sign is > R™'M while the
one with — sign <y R~ for any N > 0. Similarly for the integral on
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[M, M + R™'] with this choice of r and ¢. Then if N is sufficiently large, the
triangle inequality gives

R 1+R'M
/ / / ei[(iT*TO)Sl*(t*to)S%]dSI
R/2 JR |J1

M
></ ei[(ir—ro)sr(t*to)sg}d32 dtdr 2 1.
M—R-1

Then by direct computations, the right-hand side of (4.13) < 1. Thus we
see that the estimate L? x L? — L' is sharp when R > 1/M.

By modifying the above “narrow” Example 4.4, namely taking a linear
combination to create a “spreading-out” example, we will show that the
estimates in the region /7 in Figure 3 determined by the lines ¢ = 1 and
q = 2 are sharp by using the Khintchine inequality. A similar construction
by Lee and Vargas can be found in [10] to show the sharp null form estimates
for the wave equation. In the following example we will only do computations
for the estimates on the line ¢ = 1.

Example 4.5 (II). If R > 1/M, RM®=2/2=(n=1/p ig best possible in the
following inequality

n=2_n-1
(4.14) 1(fdor)" (gdo2) ||y, S BRM =~ % || fllzoesn 9l ogsa)

where 2 < p < 0.

We define two index sets J:={j € Z:1<j <[RM'|} and K :={k €
7 :1 <k <[RM]}, where [z] denotes the biggest integer which is less than
or equal to x € R. For each j € J k € K we define

n=2 i(—r 2
Fi(1€17,€) = F(|€]) = €] 2 e!(~rollHHol¢] )1{1+(j71)R*1M§|§|§1+jR*1M}a

gr(In2n) = Gr(|nl) = =2 om0l L o <<arsir-y-

Also we set f =3, ;¢&;f; and g = >, Exg, where {e; : j € J} and
{ék : k € K} are sets of i.i.d. (independent identically distributed) random
variables taking £1 with an equal probability 1/2. Note that f; and g are
“narrow”, disjoint and in the form of Example 4.4; but f and g “spread out”
and support on the whole set S; and S5. By the Khintchine inequality, we
estimate the left-hand side of (4.14) by

(115) B ([I(fdo)(9o2)" sy, ) ~ IO 1) (guddo)* 1) .
i,k
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where E(X) denotes the expectation of the random variable X. By the
heuristic approximation (3.6), the right-hand side of (4.15) is comparable to

R
(A
2 1/2
) dt dr,

by
(4.16) X / Gl((59)!lFr—ro)sa—(t=to)s3] o
b —R~1
where a; = 1+jR™*M and b, = M+kR™!, and by + we denote a summation
of four terms. We choose r and ¢ such that R/100 < r —ry < R/50 and
RM~! <t—ty < RM~'/50. By this choice of r and ¢ and similar discussions
as in Example 4.4, the triangle inequality gives,

/aj Fj(Sl)ei[(ir_ro)sl—(t—to)ﬁ]dslX
aijflM

/aj Fj(51)ei[(ir—ro)sl_(t_tO)S%]dslX
aj—R-1M

% /bk Gk(82)ei[(irfro)ST(tfto)S%}d52 > R2M.
by —R~1

Then (4.16) is bounded below by R2M~(|J||K|)Y?R™2M, i.e., (|J||K]|)*/2.

Here |J| ~ RM~! denotes the cardinality of the index set J, similarly for

|K| ~ MR. Hence we obtain that the left-hand side of (4.14) is 2 R. On

the other hand, the right-hand side of (4.14) < R for 2 < p < co. Hence

the estimates on the line ¢ = 1 when R > 1/M are sharp.

The following example shows that the estimates in the region I1] in
Figure 3 determined by the lines ¢ = 2 and ¢ = 4 are sharp by the principle
of stationary phase. We do computations when ¢ = 2.

n

Example 4.6 (III). If R > 1/M, R M =" is best possible in the
following inequality.

n—1

_n—2  n—1_n-1
(4.17) 1(fdor)"(9do2) ||z, S B™Z M7 % || fllzeesnllgleesy)

where 2 < p < o0.
We take

n=2 g
FEP, €) = €]~ eromitsele o
9(|77|2,77) = |77|_n772€i(—7’0|77\+t0|77\2)

where 7o € [R/2, R] and t, € R. By the heuristic approximation (3.6), the
left-hand side of (4.17) is comparable to
) 1/2
dt dr) .

n—2 R
(L
R/2 JR

Lip<ini<amy,

/ei[(irro)sl(tto)s%}dsl/ ei[(:l:rfro)@f(tfto)s%]d82
Iy

Ins
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We choose r € [R/2, R] and t such that M~1/100 < r —ro < M~'/50
and (r —rg)/2(t —tg) € I;. Then from the principles of stationary phase
and non-stationary phase, for any N > 0,

/ el—rosi—t-)s3 gg. | > A1/
I

/e—i[(r+ro)81+(t—t0)8ﬁdsl <N MN,
I

/ ei[(r—m)sz—(t—tO)sg}dS2 > M,
so~M

/ efi[(r+ro)32+(t7to)s§}d82 gN MN.
so~M
Then from the triangle inequality, the left-hand side of (4.17) 2> R M2

By direct computations, the right-hand side of (4.17) < R~ M2, Thus

the estimates on the line ¢ = 2 when R > 1/M are sharp.

The next example will show that the estimates in the region IV in Fi-
gure 3 determined by L? x L? — L% L*x L* — L* and L' x L' — L™
are sharp up to R° by using the idea of Knapp example. We will only do
computations for the estimate when p = ¢ = 2.

Example 4.7 (IV). If R > 1/M, R™"%" is best possible in the following
inequality.
_n=2
(4.18) I(fdor)* (gdo2) |lz, < B [ fllzzesnllgllzecsy)-
We take

_n=2 (=7 2

FUER, € = 1€ okl L eicayairey,s
—-n22 i(—r

g(Inl?,n) = || =2 ool ony,

where 7o € [R/2, R] and t, € R. By the heuristic approximation (3.6), the

left-hand side of (4.18) is comparable to
1+M%~ 2 . 2
/ 62[(:|:r—m)51—(t—to)sl]dsl/ 62[(:|:r—m)sg—(t—to)52}ds2
1

([
R/2 JR In

We choose r € [R/2, R] and t € R such that
|(r —r0) = 2(t — to)| < M2,
|(r —1o) — 2M(t — to)| < M1,
M71/100 <t —to < M~1/50,

2 1/2
dt dr) .
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i.e., 7 and t are located in the intersection area of two tubes which has size
M~" x M~Y2_ Then by similar discussions as Example 4.4, the left-hand
side of (4.18) > R~(=2/2\f3/%; by direct computations the right-hand side
of (4.18) < R~(»=2/2)13/%. Hence we see that the estimate L? x L? — L2
when R > 1/M is sharp.

The next example shows that the estimates in the region V' in Figure 3
determined by the lines ¢ = 4, ¢ = oo and ¢ = 3p’ are sharp. In this
example, we will do the computations for the estimates on the line ¢ = oo.

Example 4.8 (V). If R > 1/M, R-"2 x M2~ "% is best possible in the
following inequality

n__

(4.19) 1(fdor)" (gdo) lleze, S B2 M2 || fllzaesyllglzose

where 1 < p < 0.
We take

_n=2 . 2
FUER€) = g7 ol ol <oy,

—n=2 i(—r 2
g(Inl?,n) = In| =7 e ORI Gy cony,

where ro € [R/2, R] and ty € R satisfying the L> norms ||(fdo)" ||z mxap)
and [|(gdo)V|| Lo (rxap) can be realized at (to,xo) with |zo| = ro. By the
heuristic approximation (3.6), the left-hand side of (4.19) is comparable to

/ ez(iro—ro)sldSI/ ez(:l:r()—r())sgds2
L Ins

Then by the same reasoning as Example 3.10, the above > R~("=2) M. On
the other hand, the right-hand side of (4.19) < R~""2 M. Hence the esti-
mates on the line ¢ = co when R > 1/M are sharp.

For lines ¢ = 4,4 < p < oo or ¢ =3p',1 < p < 4, the estimates go back
to (4.9). We will choose r € [R/2, R] and t such that 2 < r — 17y < 4 and
2 <t —1ty <4. Then by similar reasoning, the estimates on these lines are
sharp.

R (n=2)

Case 2. 2< R<1/M.

In this subcase, we will construct counterexamples to show the restriction
estimates in Theorem 2.5 are sharp when 2 < R < 1/M. As in the Case 1,
we will start with a “narrow” example which shows that estimates in the
region I in Figure 3 determined by L? x L? — L', [? x L? — L? and
L' x L' — L are sharp. In this example, we will do computations for the
estimate L? x L? — L',
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Example 4.9 (I). If 2< R<1/M, R M"2" is best possible in

n o, n=3

(4.20) H(del)\/(ng'g)\/||Lt17z S R:M = Hf||L2(51)Hg||L2(S2)-
We take

FUER €) = |g] =77 elrolel+tole®)

n— Z 2
g(|nl?n) = ||~ Dty

where ry € [R/2, R] and ty € R. By the heuristic approximation (3.6) only
for (fdo)Y, we see that the left-hand side of (4.20) is comparable to

n—2 R
|
R/2 JR

We choose r € [R/2, R] and t € R such that

La<ig<i+m2y,

1+M? ) A )
/ el((i’"_m)sl_(t_t“)sl)d51/ €_Z(t_t0)s2(dﬂ)v('f’861>d82 dt dr.
Iy

R/100 <7 — 1o < R/50, M~2/100 < t — to < M2 /50.

Then we have |[(r — 79) — 2(t — t0)](s1 — 1)| < ¢ with a small ¢ > 0 and

—% < —1. From the principle of non-stationary phase and the

triangle inequality, the left-hand side of (4.20) > Rz M. On the other hand,
the right-hand side of (4.20) < R>M. Thus the estimate L? x L? — L!
when 2 < R < 1/M is sharp.

In the next example, we are going to show the estimates in the region /7
in Figure 3 determined by the lines ¢ = 1 and ¢ = 2 are sharp. In this
example, we will do computations for the estimates on the line ¢ = 1.

Example 4.10 (IT). If 2 < R < 1/M, REM ™7 is best possible in the
following inequality

n o n—1
(4.21) I(fdor)"(gdo2)" Iy, S B2 M= || fll oy 9l os),

where 2 < p < co. We define an index set J := {j : 1 < j < [M~?]}. For
each j € J, we set

_n=2 i 2
Fi€127,6) = Fi(Ig]) = |€] 777 ol ol L cig<ariaey .
Then we define
—(n—=2) i 2
/= Z%f], (Inf*,m) = [n "D eitolny,

where {¢; : j € J} is a set of i.i.d. random variables taking +1 with an equal
probability 1/2.
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By using the Khintchine inequality, we obtain

B (J1(fdon)" (9d0)" a3 weany ) ~ 13 1) (9d0) 1) 13 _igany
J

where E(X) denotes the expectation of the random variable X. By the heu-
ristic approximation (3.6), the right-hand side of the above is comparable to

A

/Cj ei[(:l:r—m)sl—(t_to)sﬂdsl X
M2

o\ 1/2
) dt dr,

where ¢; = 14 jM?. We choose r € [R/2, R] and t € R such that
R/100 <r —ry < R/50, M~2/100 <t —t, < M2 /50.

This gives |[(r —70)2(t —t0)](s1 —¢;)| < ¢ and —% < —1. Then by
the principle of non-stationary phase and the triangle inequality, the above is
bounded below by RM~2|.J|*/2M?, where |J| ~ M~? denotes the cardinality
of the set J. Hence the left-hand side of (4.21) > R™? and the right-hand
side of (4.21) < R"? for 2 < p < oo. Thus the estimates on the line ¢ = 1

when 2 < R < 1/M are sharp.

o / efi(tfto)f"% (dlu)v(TSQ(fl)dS?
I

M

In the following example, we will see the estimates in the region 11 in
Figure 3 determined by the lines ¢ = 2 and ¢ = 4 are sharp in the case
2 < R<1/M. We will do computations for the estimates on the line ¢ = 2
below.

Example 4.11 (ITI). If 2 < R < 1/M, RY2M®™=Y/P" is best possible in the
following inequality.

(4.22) I(fdo1)Y(gdo2)" |z, S RY2MOD| fl| sy lglzase)

where 2 < p < 0.
We take

n—2 -
FUEPR €) = |e| 7T il tole) 1 ey oy,
—(n—2) 2
g(In?,n) = [n|~ "Dty

where 79 € [R/2, R| and t; € R. Then by the heuristic approximation (3.6),
the left-hand side of (4.22) is comparable to
) 1/2
dt dr) .

(.

/ei[(irro)m(tto)sﬂ dsy / Tl (dﬂ)v (7’3261)d52
1

e
I Ing




SHARP LINEAR AND BILINEAR RESTRICTION ESTIMATES 1159

We choose r € [R/100, R/50] and t € R such that sy € 1. Then r
and t are in the region of size ~ R?. The principles of stationary phase and

non-stationary phase again give, for any N > 0,

/ ei[(rfro)slf(tfto)s%]dsl / efi[(rqtro)sht(tfto)sﬂdsl
I

I
With this choice of r and ¢, we have )fl it=t0)s3 () v (ZTSQ(U)dSQ) 2 M.

Hence from the triangle inequality, the left-hand side of (4.22) > R'Y2M.
On the other hand, the right-hand side of (4.22) < RY2M. Thus we see
that the estimates on the line ¢ = 2 when 2 < R < 1/M are sharp.

1
> Rz, <y RN,

The next example will show that the estimates in the region 7V in Fi-
gure 3 determined by L? x L? — L? L* x L* — L* and L' x L' — L™ are
sharp. We will do the computations for the estimate L? x L? — L?.

Example 4.12 (IV). If 2 < R < 1/M, RY/?M®=Y/2 is best possible in the
following inequality:.

(123) [(fdon) (gdow) iz, S REMT | lsacsn gl sy
We take
FUER,€) = [g] "% eilrolel+tolel)

n— Z 2
g(|n|%n) = n|~"Detoln1,

where ry € [R/2, R] and ty € R. By the heuristic approximation for (fdo)V,
the left-hand side of (4.23) is comparable to

Locjei<irr-12y,

) 1/2
1+R™1/2
. 2
ez[(ﬂm)sl(tt‘))sl]dsl/ —i(t—to) s2(d,u) (irsqeq)dss|dt dr

Ins

R/2 JR

We choose r € [R/2, R] and t € R such that
|(r — o) — 2(t — to)| < RY2/100, RY?/100 < t — ty < RY?/50.

Then r and ¢ are located in the intersection area of two tubes which has size
of Rx R'Y2. Hence the left-hand side of (4.23) > RY4M. On the other hand,
its right-hand side < RY/*M. Thus we see that the estimate L? x L? — L?
when 2 < R < 1/M is sharp.

The following example will show that the estimates in the region V' in
Figure 3 determined by the lines ¢ = 4, ¢ = oo and ¢ = 3p’ are sharp.
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Example 4.13 (V). If 2 < R < 1/M, R-"=2/2)f(*=D/P" ig best possible
in the following inequality

_m2 ono1
(4.24) I(fdo1)"(gdo2) |z, S B2 M7 || fllecsy 9l negsa).

where 1 < p < 0.
We take

—n=2 i(—p 2
FUER€) = [g] 77 ol it ooy,
g(In*,n) = |~ Dettob1,,
where 79 € [R/2, R] and ty € R. They are chosen such that ||(fdo1)"|rs,

and [|(gdoy)"||Lse can be realized at (to, zo) with |zo| = 7. By the heuristic
approximation (3.6),

n—2

R =2

/ei(imm)sld&/ (d,u)v('rSQ(Bl)dSz .

Iy Ing

Then from the triangle inequality, the left-hand side of (4.24) > R~("=2)/2)[
On the other hand, its right-hand side < R=™=2/2)/ for 1 < p < oo. Thus
the estimates on the line ¢ = oo when 2 < R < 1/M are sharp.

When ¢ = 4,4 < p < oo, or ¢q=3p,1 <p <4, the estimates go back
to (4.6). We choose r € [R/2, R] and ¢t € R such that 2 < r —ry < 4 and
2<t—ty <4

Case 3: R< 1.

In this subcase, we will construct counterexamples to show the estima-
tes (4.1) and (4.2) are sharp. We will omit the computations for simplicity.

The following example shows that the estimates in the region I deter-
mined by L? x L? — L', [? x L? — L? and L' x L' — L™ are sharp.

Example 4.14 (I). We take

—(n—-2) i 2
f(|f|27f) = F(|§|) = |§| (n=2) gitol¢] 1{1§|g|§1+M2},
—(n—-2) i 2
g(nf*n) = G(Inl) = nl~"=2e 1y,
where tp € R. The r and ¢ are chosen such that g <r < R and W <
t—1tp <

1 _
50M2

The next example shows that the estimates in the region I/ determined
by the lines ¢ = 1 and ¢ = 2 are sharp.
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Example 4.15 (IT). We define an index set J := {j: 1 < j < [M~?]}. For
each 7 € J, we set
Fi1€1%,€) = Fy(&l) = 16172 L opprecig<ree).

Then we define

n=2) i 2
f Z‘g]fjv |77| ) |77| (n=2) gitoln| 11M7

where {¢; : j € J} is a set of i.i.d. random variables taking £1 with an
equal probability 1/2; and the r and t are chosen such that R/2 < r < R
and 1/2 <t —ty < 1.

The third example shows that the estimate (4.2) is sharp. Hence the
estimates in the regions /171, IV and V when R <1 are sharp.

Example 4.16 (III, IV, V). We take

FUER €) = F(lg]) = g Deitolel L,
g(nl?n) = G(nl) = |n|~ " Detol*y, |

where ty; € R. The r and ¢t will be are chosen such that g <r < R and
1<t—t <1

Thus the proof of Theorem 2.5 is complete.

5. Connection with the restriction estimates for the
sphere or the hypersurface of elliptic type

In this section we are concerned with whether the analogous results of The-
orems 2.1 and 2.5 remain valid if S is replaced with the lower third of the
sphere S™~! or a cylindrically symmetric and compact hypersurface of ellip-
tic type.

Let us first consider the case where the paraboloid is replaced by the
sphere 8"~ ! in R™. Suppose f is a cylindrically symmetric function sup-
ported on a compact set of 8" S = {(—/1— |3 eR xR : M <
€] <2M}, where 0 < M < 1/6. Then

B U= [ eI R e

where dp is the surface measure of the sphere and F'([€|) = f(—+/1 — [£|%,€).
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Since f is cylindrically symmetric, we see that (fdu)" is also cylindrically
symmetric. Then if we change (5.1) to the polar coordinates to obtain

(5.2) (Fdp)“(t,7) = / F(s)e= ™I ()Y (rsey )s™2ds,
I
where I = [M,2M]. By the Taylor expansion of /1 — s? at s = 0,

1
(5.3) —V1-8=-1+4 552 + C(s)s?,
where C}(s) ~ 1 for all s € I. Then from (5.2),

(5.4) (fd,u)v(Qt,r)) = /IF(S)eit(52+0254)(d,u)v(rsel)s"_zds ,

where Cy(s) ~ 1 for all s € I. The factor “2” in (fdu)¥(2t,r) is artificial
since we are going to integrate ¢t in R. We make two key observations similar
to those we used in Theorem 2.1 and 2.5 as follows.

e Since 0 < M < 1/6,
d(s? + Co(s)s*) d?(s* + Cy(s)s*)

~ S’ ~ 1

ds d?s
Heuristically, this condition means that if we change variables s% +
Cs(s)s? — a, it is almost like changing s> — a. Hence the analogous

result to Proposition 3.6 will hold for the lower third of the sphere.

e Form the geometric properties of the sphere,

[dpy * dpa| e S O(1),

tor N

when dpy and duy are the canonical Lebesgue measure of two arcs
of size O(1) supported on the sphere S' but separated by a distance
O(1). Hence the analogous result to Proposition 3.5 will hold.

Those observations enable us to run all the arguments in Theorems 2.1
and 2.5.

We now turn to the case where S is replaced by a cylindrically symmetric
and compact hypersurface S of elliptic type, i.e., S is of the form

(5.5) S:={(r,) ERxR" .7 =[£]* +e¢(€)}

where the error function ¢(§) is radial and smooth, and ¢ is a sufficiently
small parameter depending on the smooth norms of ¢ and on the size of S,
or more generally on the separation of S; and S;. In other words, S is the
small perturbation of the standard paraboloid. By similar observations we
made on the sphere, we can establish the analogous results to Theorems 2.1

and 2.5 for the cylindrically symmetric functions compactly supported on S
defined in (5.5).
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6. Connection with Strichartz inequalities of the Schro-
dinger equation

6.1. Linear Strichartz estimates

The restriction problem is closely related to that of estimating solutions
to linear PDE such as the wave equation and the Schrodinger equation.
Strichartz first observed this connection in [16], which initiated the inten-
sive study on various Strichartz estimates. In this section we will interpret
our restriction estimates regarding (fdo)Y in terms of the solutions to the
Schrodinger equations.

Suppose f(7,£) is a function supported on the paraboloid S in R x R™ L.
Functions of the form u(t,z) := (fdo)", where do is the canonical Lebesgue
measure on S, can be easily seen to solve the free Schrodinger equation

(6.1) iug + Au =0, u(0,x) = up(z),

where the spatial Fourier transform ao(£) = f(|£]% €). It is easy to deduce
that f is cylindrically symmetric on R x R" ! if v is radial on R"~!. By this
interpretation, the linear estimate L” — L9 or the bilinear restriction esti-
mate LP x [P — L9 will correspond to certain Strichartz estimates. For
instance, the Tomas-Stein restriction estimate L? — L2+D/(=1) implies
the Strichartz estimate
le* ol 2uen S llwollz2@e-1y,
Lg~' (RxR1)

where we have denoted u by e®®ug(z) = [, , €@ Go(¢)d¢. This is
known to be best possible simply by the scaling property associated to the
Schrodinger equation. In fact, we have the following optimal result called
the linear Strichartz estimates [8],

(6.2) HeitAuOHLfL;(RX]R"*l) S ||Uo||L2(RH)
if and only if
2 n—1 n-1

(6.3) -+ =5 q>2,r>2, (q,rn)#(2,00,3).
q r

A natural question arises: if we assume that 4, is radial and supported on
a compact set U := {£ e R"1: M < |¢] < 2M} with dyadic M > 0, do we
have further estimates available? The answer is confirmed in Corollary 2.3.
In particular, we have

4An—2
2n—37

Corollary 6.2. Suppose ug is defined as above. Then for any q >

i n=1_ntl
(64) ||€ZtAUQ||L;1’x(RXRn71) 5 M = q ||UQ||L2(]Rn—1).
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Remark 6.3. For such functions, one can easily extend the current ran-
ge (6.3) for the linear mixed norm Strichartz estimates (6.2) by interpolating
them with the estimate (6.4).

In another direction, one can also obtain various weighted Strichartz
estimates. This type of estimates for radial data has proven very useful
in establishing the global well-posedness and scattering results for certain
Schrodinger equations, see e.g., [24]. In [26], Vilela showed that, assuming
up € L*(R™™1) to be radial,

(6.5) HDienAUoHLgxqmra) S lluoll 22,

if and only if « =2(1 — s), 1l <a <n—1and n > 3, where D} f is defined
via the spatial Fourier transform by lj,f:\f (&) = |€]°f(€). The “only if” part
is given in [26] by the decay estimate of (do)" and scaling. Here we will
give another proof of the “if” part by using the linear dyadic restriction
restriction estimates given by Theorem 2.1.

Proof. We first assume that ug has dyadically localized frequency, i.e., g
supported on the set {¢ : M/2 < || < M} with dyadic M. Then we set
(€13, €) = ao(ME), ie., f € L£1. Then from the estimate L?* — L? in
Theorem 2.1, we obtain, Ve > 0,

H|x|7(1+€)/2(fd0->vHLQ(RX{|:0|21}) Se Hf”LQ(R"*l)-

If we restrict 0 < &€ < n — 2, by the Plancherel theorem in ¢,

H|x|_(1+8)/2(fdo-)vHLQ(RX{|:0|§1}) Se 1 fllze@n1).-

Hence
121~ 272(fdo) || 2 g egn-1y Se 1F 2@y,
By re-scaling by M,

H|$|—(1+a)/2M(1—8)/26itAu0HLQ(Ran,I) Se |luoll L2gn-1).-

By the weighted Hormander-Mikhlin theorem [24, Lemma 2.2],

DY B 0| Loy avery Se ol z2@n-1y.-

Setting s = (1 —¢)/2 and a = 1 + ¢, we obtain (6.5) for frequency local-
ized ug. Then we follow the approach of using the Khintchine inequality
to prove the Littlewood-Paley inequality and use the weighted inequalities
for singular integrals[14, Chapter 5, Corrollary 4.2] (|z|~* is a Ay weight) to
obtain (6.5). |
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6.4. Bilinear Strichartz estimates

Form the linear Strichartz estimates (6.2), we see their bilinear analogues,
(6.6) e uoe” vol| s @xrn-1) S o]l L2@n—1)llvoll L2@n1y

if and only if

n—1

(6.7) 2y

=n-—1; q,m > 1; (q,r,n) # (1,00, 3).
q r

For the necessity of excluding the endpoint (1, 00, 3), see [21].

The estimate (6.6) becomes more interesting when we assume ug and vy
are compactly supported and separated by a distance comparable to O(1).
In this case, we expect that there are more estimates available. For instance,
when ¢ = r, Klainerman and Machedon [9] conjectured that (6.6) holds if
and only if ¢ = r > (n + 2)/n. The exponent (n + 2)/n is best possible,
see e.g., [23], [20]. This conjecture has been verified by Tao in [20] up to
the endpoint (n + 2)/n. The analogous results in the cone setting were
established by Wolff in the non-endpoint case [28] and Tao in the endpoint
case [19].

As shown in Corollary 2.7, we have further estimates available if we
assume that 7 and vy are radial functions and compactly supported on U; =
{€eR"™ M /2< || < M} and Uy = {(€ € R My/2 < |€| < My},
respectively. Here M; > 0, My > 0 are dyadic numbers satisfying My <
M, /4. For instance, as a corollary of Theorem 2.5, we have the following
bilinear Strichartz estimates by interpolation and summing in dyadic R.

Corollary 6.5. Suppose ug, vy are defined as above. Then
o for 5 < q <2,

2n—1 n+41
2

. . _1 nrl
HeztAquztAvoHL?@(RX]RRA) < M; M, * luol| 2@n—1y|lvol| L2@n-1y.-

2(2n—1)
o for2<q< —on—3 ’

A Y e
M, ||u0||L2(]R"*1)||U0||L2(R”*1)-

HeitAquitA'UO||L§71(R><]R"*1) S M

o forq = 25,

n—1_ n+1 —
it A\ i 2 g Lzl
"B yes <M M

" Fuge UOHL;{I(RxRH) ~ 2 llwoll 21 llvoll Logn-1).
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Remark 6.6. It is clear that, V¢ > —"<, n > 3 and My, My ~ 1,

which improves g >

le" S uoe™ ol g mxmn-1) S Ilutollz2@n—1) o]l 2oy,

n+2

P

Remark 6.7. When ¢ = 2 and n > 3, we have the following sharp estimates
for ug, vy defined as above,

. . 1 n=2
e uoe™ ol 2 @mn-1y S My > My ol 21 [voll z2zney,

which generalizes Bourgain’s following estimates to all dimensions

eitA

' _1 1
||€ZtAU0 UOHL?’x(RXRQ) SJ M, 2M22||u0HL2(]R2)HUOHL?(R?)a

4 4 _1
||€ZtAu0€ZtA,UO||L%@(RXR3) S M, 2 Ma|luol| L2 sy || vol| 2ms) -

But we remark that Bourgain’s estimates are for general uy and vy without
the radial assumption, see [2], [4].
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