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Threshold solutions for the focusing 3D

cubic Schrodinger equation

Thomas Duyckaerts and Svetlana Roudenko

Abstract

We study the focusing 3d cubic NLS equation with H' data at the
mass-energy threshold, namely, when M [ug] E[uo]=M [Q]E|[Q)]. In ear-
lier works of Holmer-Roudenko and Duyckaerts-Holmer-Roudenko,
the behavior of solutions (i.e., scattering and blow up in finite time)
was classified when M [up|Eug] < M[Q|F[Q]. In this paper, we first
exhibit 3 special solutions: e®@Q and Q*, where Q is the ground
state, QT exponentially approach the ground state solution in the
positive time direction, QT has finite time blow up and Q~ scat-
ters in the negative time direction. Secondly, we classify solutions at
this threshold and obtain that up to H'/2 symmetries, they behave
exactly as the above three special solutions, or scatter and blow up in
both time directions as the solutions below the mass-energy thresh-
old. These results are obtained by studying the spectral properties
of the linearized Schrodinger operator in this mass-supercritical case,
establishing relevant modulational stability and careful analysis of
the exponentially decaying solutions to the linearized equation.

1. Introduction

We consider the 3d focusing cubic nonlinear Schrédinger (NLS) equation on
a time interval I C R (0 € I)

(L.1) {i@tu +Au+ |ufu=0, (v,t)€R*xI

Upn=0 = Uy € Hl(Rg)
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The Cauchy problem (1.1) is locally wellposed in H', see [12]. We denote
the forward lifespan by [0, 7", ) and the backward by (7_,0]. If 7', (u) < +o0
lor T_(u) > —oo], then ||u(t)|| 1 tends to +oo as t tends to T [respectively, ¢
tends to 7| and it is said that the solution blows up in finite time.

The solutions of (1.1) satisfy mass, energy and momentum conservation
laws

Elul(r) = / Vule, )P dr — / fu(e, )| dz = E[u](0),
Mu)(t) = / fu(e, )P = Mu](0),
Plul(t) = Tm / (e, ) Ve, ide = Plu)(0).

Furthermore, this NLS equation enjoys several invariances. If u(¢,x) is a
solution, then

by scaling invariance: so is Au(Az, \*t), A > 0;

by spatial translation: so is u(x + xo,t) for zg € R3;

by time translation: so is u(z,t + to) for ty € R;

by phase rotation invariance: so is e'®u, 0, € R;

by time reversal symmetry: so is u(x, —t).

Observe that all these transformations leave the H'/2-norm and the mo-
mentum invariant. In what follows the solutions will be considered up to the
(H'/2-) symmetries of this NLS equation meaning up to the above mentioned
invariances.

A transformation of solutions to (1.1), which does not leave the H'/Z2norm
nor the momentum invariant, is the Galilean transformation: if u is a solu-
tion, so is

eir€o o~ itlEol*y, (z — 260t, 1), & € R®.

Consider a general focusing NLS equation
O+ Au+ |[ulftu =0, (z,t) € R x R,

with the nonlinearity p > 1 and the dimension d such that 0 < s. < 1, where
Sc = %— z%‘ The case when s, = 0 is referred to as mass (or L?)-critical, the

case when s. = 1 is called energy-critical, and in our case, the NLS equation
in (1.1) has s. = 1/2, and thus, is referred to as H'/2-critical.
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The focusing mass-critical NLS equation (for example, cubic NLS in 2d)
with H' initial data was originally studied by Weinstein [32], who showed
that there exists a sharp threshold, which splits the behavior of solutions:
(i) if M[u] < M[Q], then the solution exists globally in time and (ii) if
Mu] > MI[Q)], then the solution may blow up in finite time. Here, @ is
the ground state solution of —Q + AQ + |Q[*?Q =0, Q = Q(r), r = |z|,
x € R?. In the first case the scattering was known for the initial data in L?
and of finite variance (it follows from the pseudoconformal conservation law,
e.g., see [32], [3]). The scattering for radially symmetric solutions with L?
initial data was recently established in [20] for 2d, and in [22] for higher
dimensions. For general L? initial data scattering is still an open question.

Note that the solution u(z,t) = e*Q(x) (it has M[u] = M[Q)]) exists
globally in time (in fact, it is time-periodic), but does not scatter. Under
the pseudoconformal transformation this solution can be mapped into a fi-
nite time blow up solution (of the same mass). Merle has shown that all
finite time blow up solutions of minimal mass M[u] = M|[Q)] are pseudocon-
formal images (up to phase, translation, scaling and Galilean invariances) of
eQ(z), see [26] for radial H' data with finite variance and [27] for general
H' data. Furthermore, he characterized all H' solutions of finite variance
with the threshold mass M[u] = M[Q]: a solution can be a scaled ver-
sion of the time periodic solution eQ(x), or a blow up solution which is
a pseudoconformal image of e?Q(z) (a “self-similar solution”), or a glob-
ally defined solution with quadratically decaying in time L*9*2? norm which
implies scattering as t — 4o0.

The focusing energy critical NLS equation (for example, cubic NLS in 4d
or quintic NLS in 3d) was recently studied by Kenig-Merle [16]. They showed
that (in dimensions 3,4 and 5) a sharp splitting takes place for the Cauchy
problem with A, initial data and an a priori condition Efug] < E[W]: (i)
if |Vugl|zz < ||[VW]|L2, then the solution exists globally in time, moreover,
it scatters; (ii) if || Vuol|r2 > [|[VW]|| 12, and uy € L?, then finite time blow up
occurs'. Here, W is the stationary solution of (1.1) in H', given explicitly

by W(r)=1/(1+ d(;iQ))(d_Q)/Q, r = |z|, z € R% A similar result (but not
necessarily for radial initial data) is established by the same authors for the

energy-critical focusing nonlinear wave (NLW) equation in [17].

Observe that the above characterization is obtained only if Elug] <
E[W]. What happens if this condition is removed? The case of the critical
level of energy, i.e., E[ug] = E[W], was recently studied by Duyckaerts-Merle
in [8]. Richer dynamics for the behavior of solutions as ¢ — oo are exhib-
ited. Besides the stationary solution W which exists globally but does not

Under the above a priori condition the gradients of vy and W can not be equal.
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scatter, there are two more special solutions W~ and W™ which approach
W in H' in one time direction, but in the opposite time direction W~ scat-
ters and W blows up in finite time?. The deciding factor is the gradient
size: [|[VW |2 < ||VW||L2 and [|[VW |2 > ||[VW]|12. Moreover, the clas-
sification of all (radial) solutions at the energy critical level is given (up to
the symmetries of the equation): if ||Vugl|r2 < ||[VW||2, then the solution
is W= | if ||Vug| 2 > [|[VW]|z2 (with the additional technical assumption
that wg is in L?), then the solution is W, and when ||Vug||z2 = |[VW]| 2,
then the solution is W. A similar result is obtained for the energy-critical
focusing NLW equation for general initial data in Duyckaerts-Merle [9)].

The results on global existence or finite time blow up for the mass-critical
NLS and energy-critical NLS equations can be linked by studying the NLS
equation with 0 < s, < 1 considered in Holmer-Roudenko [14, Section 2],
see also [15, Section 7]. For the purpose of this paper we will state the
result only for the physical cubic equation (1.1), i.e., when s. = 1/2. The
scattering result in the following theorem was established initially for the
radial H' data in [15] and the radiality assumption was removed in [7].

Let @ be the ground state, that is the unique positive radial solution of
the equation —Q + AQ + |Q]*Q = 0 (see Subsection 2.1 for the details).

Theorem 1 ([14, 15, 7]). Let u be an H* solution to (1.1). Suppose
(1.2) Mluo] Eluo] < M[QIE|Q].
- If luoll2[[Vuoll 2 < QI 2[IVQIl 12, then

luoll 2 V()] 2 < 1@l 22l V Q|22

for all t in the interval of existence of u, and thus, the solution u is globally
defined; moreover, it scatters in H*.

- If uoll 2 [[Vuoll 2 > QU2 [IV Q| 2, then
[uol L2 [Vu(@)|2 > QI 2 IV Q]| 2

for all t in the interval of existence of u, and, if either ug is radial or has a
finite variance, i.e., |x|ug € L*, then the solution u blows up in finite time.

As in the preceding cases, the determining quantities
MTu]Efu] and ||luol| z2[| Vuol| 2

are invariant by the scaling of the equation.

2The blow up is shown for d = 5 and conjectured for other dimensions.
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Techniques employed above are based on the approach of Kenig-Merle
in [16] and [17]. In particular, scattering is established by the profile decom-
position method by Gérard [10], which is a refinement of the concentration-
compactness method of P.-L. Lions [24, 25]; see previous applications to
NLS by Merle-Vega [29] and Keraani [19], and to NLW equation by Bahouri-
Gérard [1]. For other recent applications of profile decomposition we refer
the reader to the works of Gérard [11] on the 3d cubic wave equation, and of
Kenig-Merle [18], who established scattering of solutions for the defocusing
cubic NLS in 3d (equation (1.1) with a minus sign in front of the nonlin-
earity) with H'/?2 initial data provided H'/2 norm stays bounded globally
in time (see also Colliander-Keel-Staffilani-Takaoka-Tao [6] and references
therein for previous results on defocusing problems).

Coming back to Theorem 1, we would like to describe the behavior of
solutions to (1.1) at the “critical” mass-energy threshold, i.e., when

(1.3) MTu]E[u] = M[Q]E[Q].

First, we establish the existence of special solutions (besides ¢"Q) at the
critical mass-energy threshold.

Theorem 2. There exist two radial solutions QT and Q~ of (1.1) with
initial conditions QF such that QF € Nyer H*(R?) and

a. MIQ"] = M[Q7] = M[Q], E[Q"] = E[Q7] = E[Q], [0, +00) is in the
(time) domain of definition of Q* and there exists eg > 0 such that

vVt > 0, HQi(t) — e"tQHH1 < Ce ot

b. [VQyllz2 < [IVQ|l2, @ is globally defined and scatters for negative
time,

c. [IVQE|le > [IVQIl2, and the negative time of existence of QT is finite.

Remark. The best constant —eq in (a) is given by the negative eigenvalue
of the linearized operator associated to (1.1) around the periodic solution
e™@Q. Furthermore, the construction of Q% gives an asymptotic expansion
in all Sobolev spaces for all orders of e~¢! of Q* as t — +o00. Such precise
information is not available for negative times. In particular, we are not
able to describe the behavior of Q near the blow-up time, except for what
is already known for general blow-up solutions of (1.1) (see [28], [14]).

Next, we characterize all solutions at the critical mass-energy level as
follows:
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Theorem 3. Let u be a solution of (1.1) satisfying (1.3).

a. If [|Vuoll2]|uolla < ||VQ|2||Q||2, then either w scatters or u = Q= up
to the symmetries.

b. If [Vuoll2l|uoll2 = [VQ|l2]|Qll2, then uw = €™Q up to the symmetries.

c. If ||Vuoll2|luolle > [|VQI2IIQIl2 and g is radial or of finite variance,
then either the interval of existence of u is of finite length or u = Q"
up to the symmetries.

Note that as a consequence of (1.3), the assumptions ||[Vu(to)||2||u(to)||2<
IVQI2/IQll2 and [Vu(to)|2]u(to)ll2 > IVQI2[|@Ql]2 do not depend on the
choice of the initial condition (see §2.3).

Remark. It is worth linking the H'/2critical equation (1.1) with the cor-
responding mass-critical and energy-critical once again. The proofs of The-
orems 2 and 3 will show that the behavior of the solutions of (1.1) at the
threshold is very close to the one of the energy-critical equation described in
the radial case in [8]. In particular, in both cases, the existence of the special
solutions @* (W* in the energy-critical case) derives from the existence of
two real nonzero eigenvalues for the linearized operator around the periodic
solution €@ (respectively around the stationary solution W). On the other
hand, in the mass-critical case, the only eigenvalue of the linearized oper-
ator is 0 (see [33]), and the blow-up solution at the threshold is given by
the pseudo-conformal transformation, which is specific to the mass-critical
equation.

Note that results in this paper are more complete than those in [8], which
are restricted to radial solutions® and the blow-up of the special solution W+
is shown only in the space dimension 5. This is due to the fact that we
have more freedom in our setting than in the energy-critical one: the set of
solutions of (1.1) is stable by the Galilean transformation and the ground
state () decays exponentially at infinity.

We next give a formulation of Theorems 1 and 3 that takes the Galilean
transformation into account. Let u be a solution of (1.1). Applying to u, as in
[7, Section 4], the Galilean transformation with parameter £, = —Pu]/M[u],
we get a solution v of (1.1) with zero momentum which is the minimal energy
solution among all Galilean transformations of u. Precisely,

1 Plu)?
i

Plug)?

Mv] = M[u], E[v]= E|u] Mg

IVvollZz = [ VuollZ. —

3See [21] for a nonradial generalization of [16] in dimension 5 and higher that should
extend to the energy threshold.
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Applying Theorems 1 and 3 to v, we get

Theorem 4. Let u be a solution of (1.1) satisfying

Then

a. If |Vuo|l3]luoll—Plu]” < [IVQIIIQI3, then either u scatters oru=Q~
up to the symmetries.

b. If HVuoﬂgHung — P[u]2 = HVQH%HQH%, then v = €“Q up to the sym-
metries.

c. If ||[Vuo|3lluolls — Plu)® > |[VQ|3|QI3 and uo is radial or of finite
variance, then either the interval of existence of u is of finite length or
u= Q" up to the symmetries.

In the preceding theorem, up to the symmetries of the equation means
up to the H'/?-symmetries and the Galilean transformation. If E[u]M[u] <
E[Q|M]Q)], our results actually show that the condition

IVuol3lluollz > [VQIEIQI

implies the stronger bound
Vo2 ]|uollz — Pluol*>[IVQIIQIL.

The paper is organized as follows. In the next section we recall the prop-
erties of the ground state @), small data theory for Cauchy problem (1.1)
and the spectral properties of the linearized (around the ground state so-
lution €”@Q) Schrodinger operator. Under the condition (1.3) we identify
a quadratic form associated to the linearized Schrodinger operator which
can measure closeness to e and find subspaces of H! where this form is
positive, avoiding thus vanishing and negative directions.

In Section 3 we construct a family of approximate solutions using the
knowledge about the discrete spectrum of the linearized operator and then
with a fixed point argument produce candidates for the special solutions )~
and QT, thus, proving Theorem 2 except for the negative time behavior
of Q.

In Section 4 we discuss the modulational stability near the ground state
solution. Here, we identify the spatial and phase parameters which con-
trol the variations from e”(Q) (on the subsets where the above mentioned
quadratic form is positive) while the entire variation being small in ! norm.
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In Sections 5 and 6 we study solutions with initial data from Theorem 3
part (a) and (c), respectively. Our main goal is to obtain exponential con-
vergence for large (positive) time of the gradient variation (4.16) which then
will imply exponential convergence in (positive) time to @ (up to spatial
translation and phase rotation), see Lemma 4.4. We also finish Theorem 2
for negative time behavior.

In Section 7 we first analyze exponentially small solutions of the lin-
earized Schrodinger equation and then establish the uniqueness of special
solutions. We finish the section with the classification of solutions result.

Appendix contains the proof of coercivity of the quadratic form intro-
duced in Section 3 where we follow Weinstein [33] and a useful inequality,
the original idea of which is due to Banica [2].

Notation

Let S denote the space of Schwartz functions, i.e, the topological space of
functions v satisfying

Va, N, |vllan = sup |(1+ |z[)N0%(x)| < oo,
z€R3

with the topology given by the family of semi-norms || - ||a,n-

By H® we denote the usual Sobolev space of smoothness s in spatial
(on R?) variable. Let H>® = [,z H®. We denote by || - ||, the LP-norm in

spatial variable.

A pair (¢,r) is H*-admissible when 2 + % = % —sand 2 < ¢q,r < 0.

Consider the following Strichartz norm for functions u of space and time

||u||5(H1/2) = _ sup ||U||L§,L;7
(g,r) H'/2 —admissible
4+ <g<00,3<r<6~
where 6~ < 6 (respectively 4T > 4) is an arbitrary fixed number, close to 6
(respectively, to 4). We will also write, if I is an interval and x; is the
characteristic function of I,

ulls(rarey = Ixrulls sz -

If a and b are two positive functions of ¢, we will write a = O(b) wh
there exists a constant C' > 0 (independent of ¢) such that a(t) < Cb(t), for
all t, and a ~ b when a = O(b) and b = O(a).

Throughout the paper, C' denotes a large positive constant and ¢ a small
positive constant, that do not depend on the parameters and may change
from line to line.
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2. Preliminaries

2.1. Properties of the ground state

We recall some well-known properties of the ground state and refer the reader
to [5], [32], [23] as well as [4], [31, Appendix B], [15, §3] for more details.
Consider the nonlinear elliptic equation

(2.1) —Q+AQ +|QIPQ = 0.

The H' solutions of this equation can be enumerated by their mass (L?
norm) and the minimal mass solution, @, is called the ground state. The
function @ is radial, smooth, positive, exponentially decaying at infinity,
and characterized as the unique minimizer for the Gagliardo-Nirenberg in-
equality: if u € H'(R?),

(2.2) Julld < Conl|Vull3llull,  1QIF = Can|IVQIBIQ-,
and
(2.3) ||u||1l = C’GNHVquHqu = I\ € C, Jz€R?: u(z) = XQ(z + x9).

The above characterization of () and the concentration-compactness prin-
ciple (see [24, Theorem 1.2]) yield:

Proposition 2.1. There exists a function €(p), defined for small p > 0,
such that lim, ,oe(p) =0 and

vue H' il = QU] + [llulls = Q1| + [Iwell: — 1VQI| <
— 39y € R, z € R3, Hu — Q- — xO)HH1 < e(p).

We will make the statement of Proposition 2.1 more precise in §4.

We will also need the following equalities, consequences of Pohozhaev
identities (see e.g [15, §3]):

(2.4) QI =41QlI; and [[VQIS = 3]|Q]5.

2.2. The Cauchy problem (1.1)

Here, we briefly recall global existence and scattering results for (1.1), for
more details see [15]. The small data theory states that there exists a small
€sq > 0 such that if

(2.5) HeitAuoHS([O,—i-oo),Hl/Q) < €sd,

then the solution u of (1.1) has T, (ug) = +o00 and

(2.6) 3C>0: HUHS([O,JFOO);HW) < CHeitAuOHS([O,-i—oo);Hl/Q)'
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Next, if u(t) is a solution which is globally defined for positive time, then
it scatters in H' as t — 400, meaning that for some ¢ € H*,

lim [Ju(t) — ™ @|lm =0,

t——+o0

if it has a uniformly bounded H ! norm for ¢ > 0 and a finite Strichartz
S([0, +00); HY/?) norm. Similar statements hold for negative times.

2.3. Gradient separation

Lemma 2.2. Consider (1.1) and suppose (1.3) holds.

a. If Jluoll2l|Vuollz = |Ql2|VQ||2, then u = e*Q up to the invariance of
the equation.

b. If ||uoll2||Vuoll2 < [|Q]l2]| VQ||2, then u is globally defined and

[uoll2Vu®)ll2 < [|QU=AVQIl2 for allt.

c. If luoll2[[Vuolls > [1Qll2[[ V@Il then [[uollal[Vu(®)lls > [|QIIVQ2

for all t in the domain of existence of .

Proof. Without loss of generality we can assume M [u] = M[Q] and Efu] =
E[Q] due to scaling: if M[u] = aM|Q)] for some a > 0, then define u(x,t) =
au(ax, o*t) which is also a solution of (1.1), and observe that

and also
M[QIE[Q]

Elu] = aFu] =« M

= E[Q].
Case (a) is given by the variational characterization (2.3) of @ and the
uniqueness of solutions of (1.1).

For case (b) we show that if | Vu(t)|2 < ||VQ||2 holds for ¢ = 0, then it
does for all t. To the contrary, suppose (by continuity) there exists ¢; such
that ||Vu(ty)||2 = ||[V@Q]l2 . Then by case (a) with the initial condition at
t = t1, the equality holds for all times ¢ contradicting the condition at ¢ = 0.
Hence, such t; does not exist and the gradient of u(t) is bounded as claimed.
By the finite blow-up criterion wu is globally defined.

Case (c) is similar to case (b). [ |
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2.4. Spectral properties of the linearized operator

Consider a solution u of (1.1) close to €@ and write u as
u(,t) = Q) + hiw, 1)).

Let hy = Reh and hy = Im h. We will often identify C and R? and consider

h = hy +ihy € C as an element <Zl) of R%. Note that h is a solution of
2

the equation

(2.7) Oh + Lh = R(h), L= < 0 _L-) ,
L. 0

where the self-adjoint operators L, and L_ and the remainder R(h) are
defined by

(2.8) Lihy = —Ahy + hy —3Q%*hy, L_hy = —Ahy + hy — Q*hs,
(2.9) R(h) :=iQ (2|h|* + h*) + i|h|*h.

The spectral properties of the operator £ are well known and for the fol-
lowing proposition we refer to [13, Theorem 3.1 and Corollary 3.1] and [33,
Proposition 2.8].

Proposition 2.3. Let o(L) be the spectrum of the operator L, defined on
L3(R3) x L*(R3) and let oos(L) be its essential spectrum. Then

Oess(L) ={i&: £€R, || > 1}, o(L)NR ={—ep,0,+e0} with ey > 0.

Furthermore, ey and —eq are simple eigenvalues of L with eigenfunctions Y
and Y_ =Y, in S, and the null-space of L is spanned by the four vectors
0:,Q, j =1,2,3 and iQ.

Remark 2.4. Let Yy = Re)Y, =Re)Y_and Yo =ImY, = —Im)Y_. Then
L Vi =e€), and L_Y,= —epd).

Remark 2.5. Proposition 2.3 implies that the null-space of L, is spanned
by 0,,Q, 0.,Q and 0,,() and the null-space of L_ is spanned by Q.

Remark 2.6. It also follows from Proposition 2.8 of [33] that [(L_f)f >0
for all real-valued h in H'. Together with the preceding remark, we get

vf € H'\ {AQ, A € R}, /(L_f)f>0.
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Consider the linearized equation d;h + Lh = 0. Multiply by i9;h and
take the real part to obtain

(2.10) 8t/(L+h1) I + 8t/(L_h2) hy = 0.

Define @, a linearized energy, by

(2.11) /|h|2 /|Vh|2 /Q2 (3h3 + h3)
2/(L+h1)h1+2/(L ho) ho.

From (2.10) it follows that ® is conserved for solutions of the linearized equa-
tion d;h+ Lh = 0. By explicit calculation (see the beginning of Appendix A
for the details),

(2.12) ElQ + h] = E[Q] and M[Q + h] =

/thl oty [

which shows that |®(h)| < c||h||3 for a threshold solution u = e¢*(Q + h)
of (1.1) which is close to Q. To take advantage of this, we next study the
sign of ®(h).

We denote by B(g,h) the bilinear symmetric form associated to @, i.e.,
for g,h € H'(R?)

(2.13) B(g,h) = %/(L—i-gl)hl + %/(L—gz)hz-
By Remark 2.5,
(2.14) Vhe H'(R?), B(0,,Q,h) = B(0,,Q,h) = B(0,,Q,h) = B(iQ, h) = 0.

Furthermore, by (2.4)

21)  e@ = [laP+; [Ivar -3 [at=-1 [ @' <0

Together with (2.14) we get

Vh € span{0,,Q, 0.,Q, 0.,Q,1Q,Q}, P(h) <0.
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We next define two subspaces of H' where ® is positive. Consider the
following orthogonality relations:

216 [@.Qm= [©.Qm = [@,Qm= [ Qh =0
(2.17) / AQhy =0,

(217’) /yl hg - /yg hl - 0

Let G be the set of h € H' satisfying the orthogonality relations (2.16)
and (2.17) and G'| the set of h € H' satisfying (2.16) and (2.17"). Then

Proposition 2.7 (Coercivity of ®). There exists a constant ¢ > 0 such that
(2.18) Yhe GLUG, ®h)>c|hl3.

Unlike the energy-critical case, where the stationary solution W is ex-
plicit, we cannot rely on explicit computations to prove Proposition 2.7. The
main tool of the proof, which is postponed to Appendix A, is the Gagliardo-
Nirenberg inequality (2.2).

Observe that as a consequence of Proposition 2.7,

(2.19) /Ale £0.

Indeed, assume [AQY; = 0. Then by (2.1) and direct computations,
[ LyQY: = 0. By Remark 2.4 we obtain [ QY> = 0 which shows that @ is
in G'/, contradicting (2.15).

Remark 2.8. In [33] Weinstein gives a sharp description of the semi-group
e~*£ for the mass-subcritical and mass-critical focusing NLS equations. In
both cases, one may decompose H' as a direct sum S @ M, where S and M
are stable by the flow of e7**, S is finite dimensional and contains the eigen-
functions of £, and ® is equivalent to the H! norm on M, which implies that
e *£hy is bounded in H' if hy € M. It is not clear whether such a convenient
decomposition exists for the mass-supercritical NLS equation. Note that the
vector space G'|, which will play the roles of M in the sequel, is not invariant
by the flow of the semi-group e **. However, Proposition 2.7 is sufficient for
our needs, namely the description of the dynamics of exponentially decaying
solutions of the linearized equation (see Subsection 7.1).
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3. Existence of special solutions

The aim of this section is to construct the solutions Q" and @~ of Theorem 2.
Namely, we will show:

Proposition 3.1. Let A € R. Iftg = to(A) > 0 is large enough, then there
exists a radial solution

UA € O“([to, +oo), H°°)
of (1.1) such that

(3.1) YoeR, 3C>0: Vt >ty we have
HUA(t) . eitQ . Ae(i—eo)ty_l_HHb < 06_260t.

Remark 3.2. Note that by (3.1), the conservation of mass and energy, we

have
MIU*] = M[Q), and E[U7] = E[Q].

Furthermore, again by (3.1),
}|VUA(t)H§ = IVQ|; + 2Ae‘60t/vc2 VYL 4+ O(e7 ), t — +oo.
By (2.19), replacing Yy by —). if necessary, we may assume
/ VOV, >0,

which shows that HVUA(t)Hz — [|[VQII3 has the sign of A for large positive
time. Thus, by Lemma 2.2, HVUA(tO) H; — HVQH% has the sign of A. Letting

Qt(z,t) = e U (z,t +1ty), Q (x,t) =e U Ha,t+1o),
we get two solutions satisfying

ElQ] = E[Q7], MI[Q] = M[Q™],
IVQT(0)[5 > [[VQIZ,  [IVQ~ ()5 < [IVQII3
and
HQi — eitQ“Hl < Ce ! t>0.

To conclude the proof of Theorem 2, it remains to specify the behavior of Q*
and @)~ for negative ¢, which we will do in Remark 5.2 and §6.4.
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Remark 3.3. We will see in §7.3 that all solutions U4, A > 0 (respectively
A < 0) are equal to QT (respectively 7) up to a translation in time and a
multiplication by a complex number of modulus 1.

The proof of Proposition 3.1 is similar to the one of Proposition 6.1
in [8]. We start with the construction of a family of approximate solutions
o (1.1) that satisfy (3.1), and then prove the existence of U# by a fixed
point argument around an approximate solution.

3.1. A family of approximate solutions

Proposition 3.4. Let A € R. There exists a sequence (Z');>1 of functions

in S such that Z{* = AY, and, if k > 1 and V{! .= Z?:l e‘jeOtZJ’»“, then as
t — 400 we have

(3.2) OVt + LV = ROV + O (emHDet) jin S,

where the linear operator L and the nonlinear term R are defined in (2.7).
Remark 3.5. Let U := ¢*(Q + V). Then U is an approximate solution
of (1.1) for large t and satisfies (3.1). Indeed, as t — +o0, we have

iU + AUL + UL UL = O (e70+Deot) in S,

Proof of Proposition 3.4. We prove this proposition by induction. For
brevity, we omit the superscript A.
Define Z;, := AY, and V; := e ' Z,. Then

OV1+ LV1 — ROV1) = —R(Vi) = —R (e *'Z,),

which yields (3.2) for k = 1.

Let £ > 1 and assume that Z,..., Z; are known with the corresponding
Vi satisfying (3.2). Expand the expression of R(V) by using (2.9), and
observe that R(V}) is of the form Zi’iz e~Jet £, with f;’s being in S. Thus,
by (3.2), there exists U1 € S such that, as t — 400, we have

O Vi + LVy = R(Vy) + e ETi 1+ O (em*F") in S.
By Proposition 2.3, (k + 1)eg is not in the spectrum of £. Define
Zk—i—l = - (£ - (k + 1)60)_1Uk+1.

It is classical that Z,.1 € S (e.g., see [8, Appendix 7.2.2] for an elementary
proof in a similar setting). Then we have

(33) at (Vk’ + e k+1)60tz ) + E (V + e~ k’+1)60tZ )
= R(Vy) + O (e~ 21} ip S,
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Denote Vyy1 := Vi +e *tDeot Z, 1 By (3.3), Viy1 satisfies, as t — +oo,
(34) (9th+1 + 'CVk—i-l - R(Vk_H) == R(Vk) - R(Vk+1) + O ( —(k+2) eOt) in S

Since we have, as t — 400, V; = O(e ") in S for j = k,k + 1 and
Vi — Veg1 = O(e"+De0t) in S we obtain (using the explicit expression
of R),

R(Vi) — R(Vps1) = O (e”*F2ot) in S,

as t — +o0o which shows, in view of (3.4), the desired estimate (3.2) for k1.
This completes the proof. |
3.2. Construction of special solutions

Next we prove Proposition 3.1. We will construct a solution U4 such that
there exists t; € R

(3.5) VbeR, 3C >0: Vt>tyand VkeN,
HUA(t) —e"(Q + V,?(t))HH,, < Qe kHDeot

Let b > 3/2 and write
U4 = ¢t (Q—l—hA).

First, by a fixed point argument we construct a solution of (2.7) h* €
CO([ty, +00), H®) for k and t; large and such that

(3.6) V>t [[RA(E) = VI ||y < e BTt

Next, we show by uniqueness arguments that A% does not depend on b
and k. Estimate (3.5) will follow from (3.6). For brevity we again omit the
superscript A.

Step 1. Reduction to a fixed point problem. The equation (2.7) may
be written as a Schrodinger equation

(3.7) i0,h+Ah—h = —=S(h), S(h) :=2Q*h+Q*h+2Q|h|*+Qh*+|h|*h.
For k € N define

(3.8) er(t) =10V + AV — Vi + S(Vg).

By Proposition 3.4, as t — +00,

(3.9) ex(t) = O(e”*tDeoty ipy S,
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Let v := h — Vj, and subtract (3.8) from (3.7) to obtain

(3.10) 10w+ Av—v=—-SVp+v)+S(Vg) — e
The solution of (3.10) is given by the equation

(3.11) v(t) = M(v)(1),

where

M()(t) = —i /t " 9D 51 () + 0(s) — SVs)) + eu(s)] ds.

Note that (3.6) is equivalent to ||v(t)||ge < e~ (kta)eot for 4 > ty,. Thus, we
must show that M is a contraction on B defined by
B = B(ty, k,b) = {v e E, |lv||p < 1},
E = E(ty, k,b)
= {v € O, +00), 1), ol = sup e+ u(t) |y < o0 }.

t>15

This is the object of the following step.

Step 2. Contraction argument. We show that M is a contraction on B
for b > 3/2, and k and ¢, sufficiently large?.

Throughout this proof, we denote by C' a constant depending only on b,
and Cy a constant depending on b and k. Both constants may change from
line to line. Note that H’ is closed under multiplication and conjugation
for b > % In view of the identities

F?—G*=(F-G)(F+G), |[FP=|GP=Re((F-G)(F+@Q)),
|[F|’F — |GI°G = FRe ((F — G)(F + Q) + |GI*(F — G),
we obtain that for I, G € H® there exists a constant Cy > 0 such that
(312)  [IS(F) = S(G)l|w < CollF = Gl o (14 [[E1[30 + |G12) -

Let v € B. Observe that for all t € R, ¢®~1) is an isometry of H’. By the
definition of M, and applying the bound (3.9) on ¢, and the estimate (3.12),
we get

(3.13) Vit >tg, [[M(t))|m

+00
=C / o)l (1 + Vel + o) ds+Ca / e+ D20 .
i t

4Note that the condition b > 3/2 is not restrictive: if (3.5) is shown for some by, it
follows for all b < bg.
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By the construction of Vi, ||[Vi(s)|ge < Cre . Furthermore, since v € B,
[0(s)|| o < e~ *+2)0s . Hence,

Wzm,/‘Hva<+WM$mﬁwvlm)%
<

2 < (k+2)eos+c o (bt 2)503) ds
(3.1

M)l <

l\')l»—\

ke—260t> e—(k-‘r%)@ot‘

Therefore, M(v) € E, and from ) we obtain

C
k+3

2

1
+ Che™ 390t

First, choose k so that kf < %; next, take t; such that Cke_%eotk < %
Then M maps B = B(ty, k, ,b) into itself.
It remains to show that M is a contraction. Let v,w € B. By the

definition of M and (3.12), we have
+0o0
[M(@)(E) = M(w)(®) < /t [SVi(s) +v(s)) = SVi(s) + w(t))]| yods

+o0
< / (C’ + Cke_%os) |lv(s) —w(s)|| grds
t

C 1
< + Cpe—2e0t e_(k+5)t v —wlg.
<(mr+o o~ wile

Choosing if necessary a larger k, then a larger t;, we may assume that

k+1 <3 Land Cre 200t < %, showing that M is a contraction on B. Hence,

Step 2 is complete.

Step 3. End of the proof. By the preceding step with b = 2, there exists
ko and ty such that there exists a unique solution U4 of (1.1) satisfying
UA € CO%[tg, +o0), H?) and for all t > t,

—(ko—‘,—%)eat‘

<e

(3.14) |UA(t) = e"Q — e Vir (1)]] 2 <

Note that the fixed point argument still holds taking a larger t,, so that the
uniqueness remains valid, for any ¢, > to, in the class of solutions of (1.1)
in CO([t}, +00), H?) satisfying (3.14) for all ¢ > .

Next, we show that U4 € C°([ty, +00), H®) and that (3.5) holds for
any b € R.
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Since U is a solution of (1.1), it is sufficient to show that U is in
C%([tg, +00), H®) for any b; the smoothness in time will follow from (1.1)
and Sobolev embeddings. Let b > 2. By Step 2, if k; is large enough, there
exists t; and U4 € C°([t;, +00), H®) such that

Vit >ty HI?A —e'Q — eitvg‘l (t)‘ < o~ (kit5)eot
H

Of course, we may choose k; > ko+ 1. Using that by the construction of V!,

Vi = Vil < Ceorner,
we get
Vit >t H(NJA —e"Q—e"Vi| <
(3.15) < @_(k1+%)60t + O~ (ko+1)eot < (e~ (ko+1)eot

In particular, U4 satisfies (3.14) for large ¢. By the uniqueness in the fixed
point argument, U4 = U4, which shows that U4 € CO([t;, +00), H), b > 2.
By the persistence of regularity of equation (1.1), U4 € C°([to, +00), HY),
b > 2 (and thus for any b € R). Finally, we note that (3.15) implies (3.5)
with kg replaced by k, which concludes the proof of Proposition 3.1. |

Remark 3.6. The estimate (3.5) yields an asymptotic expansion of U# in
terms of e~ "

4. Modulation

For uw € H* define
_ ' [ var - [ 1w

By Proposition 2.1, if
(4.1) Mlul = M[Q], Elu] = E[Q)],

and 0(u) is small enough, then there exists 0 and X such that e_wu(-%—f( )=
Q + @ with ||@]|gn < (6(u)), where £(6) — 0 as 6 — 0. Recall that any
solution such that (1.3) holds may be rescaled to a solution satisfying (4.1).
The goal of this section is to choose parameters 6 and X, when w is a solution
of (1.1), in order to obtain linear estimates of these parameters and their
derivatives in terms of 0(u).
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Lemma 4.1. There ezist 69 > 0 and a positive function €(0) defined for
0 < 6 < &g, which tends to 0 when & tends to 0, such that for all u in
H'(R3) satisfying (4.1) and 6(u) < b, there exists a couple (o, X) in R x R3
such that v = e "u(- + X) satisfies

(4.2) o — Qi < £(0),
(4.3) Im/szo, Re/@kavzo,kzl,Q,?).

The parameters o and X are unique in R/Z’]TZ x R3, and the mapping u
(0, X) is CL.

Proof. Let us first show the lemma when u is close to @ in H'. Consider
the following functionals on R x R3 x H!:

Jo: (0, X, u) — Im/ u(r+ X)Q,

Ji i (0, X, u) — Re/e‘“’u(m +X)0,,Q, k=1,2,3.

Denote J = (Jy, J1, J2, J3). The orthogonality conditions (4.3) are equivalent
to the condition J(o, X, u) = 0.

Note that J(0,0,Q)=0. Furthermore, by direct computation and using
that since @ is radial, [0,,Q0,,Q = 0 if j # k, one can check that

(g_g, oL DL ;_)g) is invertible at (0,0, Q). By the Implicit Function The-

orem there exists 9,19 > 0 such that for u € H*
lu— Qg <eo = Mo, X), |o|+|X|<n and J(o,X,u) =0.

If u is as in the Lemma, we reduce the proof to the previous case by choosing
6 and X as in the introduction of this section, so that e=?u(- + X) is close
to @ in H'. The assertions on the uniqueness of (o, X) and the regularity
of the mapping u +— (o, X) follows from the Implicit Functions Theorem. W

Let u be a solution of (1.1) satisfying (4.1). In the sequel we will write

Let Ds, be the open set of all times ¢ in the domain of existence of u such
that 0(t) < do. On Ds,, by Lemma 4.1 we can define parameters o(t), X (),
which are C! functions of t. In the forthcoming sections, we show under
the additional hypothesis that w is close to €@, up to constant modulation
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parameters, and thus, we rather work with the parameters X (¢) and 6(t) =
o(t) —t. Write

(4.4) e POyt + X (1) = (1 +a(t))Q(z) + h(t,2),
— Re e 0= [Vu(t,x + X (1)) - VQ(x)dx B
a(t) =R f VQ|? L

Observe that « is chosen such that h satisfies the orthogonality condi-
tion (2.17). By Lemma 4.1, h also satisfies the orthogonality conditions (2.16).

We next obtain a first estimate on the parameters.

Lemma 4.2. Let u be a solution of (1.1) satisfying (4.1). Then, taking a
smaller oy if necessary, the following estimates hold for t € Dy, :

(15) IN‘/th ' 1Bl =~ 6.

Proof. Let 0(t) := |a(t)| + 6(t) + ||h(t)|| 51, which is small when §(t) is
small (see (4.2)). The equality M[Q + a@Q + h] = M[u] = MI[Q] implies
[1aQ +h]*+2a [Q*+2 [ Qhy = 0, and hence,

+0(5).

Furthermore, by definition of ¢ and the orthogonality condition (2.17)
on h, we obtain

(46) o] = 370 \ [an

- | 1w @+ aq+ k-

— ‘(2a+a2)/|VQ|2+

which yields

(4.7) ol = gy 6+ 0 (32).
Note that the orthogonality condition [ V@ - Vh; = 0 implies with equa-

tion (2.1) that [Q*hy = [Qhy. Thus, B(Q,h) = — [ Qhy, where B is as
n (2.13). By (2.12),

*®(Q) + ®(h) — 2a/Qh1

= |2(aQ + 1) = O (o + [[hll7n) ,

@8) ) =ale@)]+20 [ Qm+0 (0" + ).



22 T. DUYCKAERTS AND S. ROUDENKO

By Proposition 2.7 and (2.12), ®(h) =~ ||h||%:. Combining this and (4.8),
we get

(4.9) |hllg = O (|a| + ‘/th' + 53/2) .
Substituting (4.6) into (4.9) we get |||l g1 = O (Ja|+6%?) and thus, with (4.7),
6 = O(|a|), which shows that (4.6), (4.7) and (4.9) imply (4.5). m

In the sequel we denote by ’ the derivative with respect to .

Lemma 4.3 (Bounds on the time-derivatives). Under the assumption of
Lemma 4.2, taking a smaller éy if necessary, we have for t € Ds,

(4.10) || + | X'| + 16| = O(0).

Proof. Let 6*(t) = 0(t) + |/ (t)| + | X ()| + |¢'(t)]. The equation (1.1) and
Lemma 4.2 yield for ¢ € Dy,

(4.11) i0th + Ah +id'Q — 0'Q —iX'-VQ = O(J + §6*) in L.
Note that by orthogonality relations (2.16) and (2.17) on h, we have

(4.12)  Vt€ Dy, Re/aij{?th =0,j=12,3,

and Im/Q@th = Re/AQ@th =0.
Multiplying (4.11) by Q, integrating the real part on R?, we get by integra-
tion by parts (and using that by (2.17) Re [ hAQ = 0),
(4.13) 10'] = O(6 + 66%).

Similarly, multiplying (4.11) by 0,,Q, j € {1,2, 3}, and integrating the imag-
inary part on R?, we obtain (using that by Lemma 4.2, [ Ah9,,Q = O(9)),

(4.14) | X! = O(8 + 66%),
where X = (X7, Xo, X3). Multiplying (4.11) by AQ and taking the imag-
inary part we get (noting that [, QAQ = 0 and that by Lemma 4.2,
J Ahd,,Q = 0(6)),
(4.15) || = O(8 + 66%).
Summing up (4.13), (4.14) and (4.15), we obtain
=06+ 66%),
which yields the result if dy is chosen small enough. [ ]

We conclude this section by showing the following Lemma, needed in the
next two sections.
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Lemma 4.4. Let u be a solution of (1.1) satisfying (4.1). Assume that u
is defined on [0, 4+00) and that there exist ¢,C > 0 such that

+o0
(4.16) V>0, / 5(s)ds < Ce.
t

Then there exist 0y € R, zp € R?, ¢, C > 0 such that
|u — Q. — zo)|| g < Ce™.

Proof. First observe that (4.16) implies that there exists {t,}nen with
t, — +oo such that
(4.17) lim_3(t,) = 0.
If not, there exists € > 0 such that 6(t) > ¢ for a.e. ¢ > 0, which would
contradict (4.16).

Fix such {¢,},en. Next we show that §(¢) tends to 0 as ¢ tends to +oc.
If not, there exists a sequence {t/, },en which tends to +oo such that §(¢)) >
g1 > 0 for some €; > 0. Now we can choose {t! }, extracting subsequences
from {t,} and/or {t/,} if necessary, with the following properties:

(4.18) Vn, t,<t,

(4.19) o(t)) = e,

and

(4.20) Vit € [ty t)) (t) <e.

On [t,,t,] the parameter «(t) is well defined. By Lemma 4.3, |o/(t)| =
O(6(t)), so that by (4.16), [/ |o/(t)|dt < Ce~". Hence,

(4.21) lim |a(t,) — a(t,)] = 0.

n—-+4oo

By Lemma 4.2, we have |a(t)| =~ §(t). As a consequence, (4.17) implies
that |a(t,)| tends to 0, however, (4.19) implies that |a(t])| is bounded from
below as t tends to +oo. This contradicts (4.21) and shows as announced

(4.22) lim 6(t) = 0.

t—+o00

To conclude the proof of Lemma 4.4, in view of the decomposition (4.4)
of u, it is sufficient to show that there exists 0, X such that

(4.23) VE> 0,  6(8)+|a(®)]| A |1+ X (1) — Xoo| +]0(t) — O] < Ce
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Note that by (4.22) and the estimate |a(t)| ~ d(t), a(t) tends to 0 as ¢
tends to +oo, and thus, a(t) = — [~ a/(s)ds. By (4.16) and the estimate
|a/(t)| = O(0(t)), we get the bound on «(t) in (4.23). Since by Lemma 4.2,
la(t)] = [|h(t)| g = d(t), we deduce the bound on ¢ and h. From Lemma 4.3,
we get | X'(t)| 4 10'(t)| < Ce . Thus, there exist X, 0 such that | X () —
Xoo| +10(t) — 05| < Ce™, concluding the proof of (4.23). [ |

5. Convergence to () in the case ||Vugl|a||ug||2>||VQ|2]| Q]2

In this section, we show the following proposition, which is the first step in
the proof of case (c) of Theorem 3.

Proposition 5.1. Consider a solution u of (1.1) such that

(5.1) M[u] = M[Q], Elu] = E[Q],
(5.2) [Vuollz > [[VQ[2,

which is globally defined for positive times. Assume furthermore that ug is
either of finite variance, i.e.,

(5.3) /|x|2|u0(x)|2 dz < oo,

or radial. Then there exists 0y € R, xog € R, ¢,C > 0 such that
HU — eiH—ieOQ(‘ — .Z'Q)HHI < Ce_Ct.

Moreover, the negative time of existence of u is finite.

Remark 5.2. The last statement of Proposition 5.1 shows that the radial
solution QT constructed in Remark 3.2 has finite negative time of existence.

5.1. Finite variance solutions

In the finite variance case, Proposition 5.1 relies on the following lemma.
Lemma 5.3. Let u be a solution of (1.1) satisfying (5.1), (5.2), (5.3) and
(5.4) Ty (up) = +o0.

Then for all t in the interval of existence of u,

(5.5) Im/x -Vu(z,t)u(x,t)de > 0,

and there exist ¢,C' > 0 such that

(5.6) Vit>0, / §(s)ds < Ce°t.
t
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Let us first assume Lemma 5.3 and prove Proposition 5.1 in the finite
variance case.

By (5.5), Im [« - Vu(z,t) u(z,t) dz > 0 for all ¢ in the interval of exis-
tence of u. Now assume that u is also globally defined for negative times,
and consider the function v(z,t) = w(z, —t). Then v is a solution of (1.1)
satisfying the assumptions of Lemma 5.3. Thus, by (5.5), for all ¢ in the
domain of existence of w,

0< Im/a: -Vo(z, —t)v(x, —t) = — Im/x -Vu(z, t)u(x,t) de,

which contradicts (5.5). Hence, the negative time of existence of u is finite.
The other assertion of Proposition 5.1 follows from (5.6) and Lemma 4.4.

To finish Subsection 5.1, we must prove Lemma 5.3.

Proof of Lemma 5.3. Let y(t) := [ |z|?|u(z,¢)|*dx. Then by equa-
tion (1.1) and direct computations, we have, for all ¢ in the interval of
existence of the solution u

(5.7) y'(t) = 4Im/x -Vuudz.

Furthermore, y”(t) = 8 [ |[Vu|* =6 [ |ul*. By (2.4), |Q[|i = 5/|VQI[3. Using
that Elu] = E[Q], we get 8 [ |[Vu|* — 6 [|u]* = 4(|VQ|5 — || Vul3), and
thus,

(5.8) y"(t) = —44(t) < 0.

Step 1. We first show (5.5), which is equivalent to

(5.9) y'(t) > 0.

If not, there exists ¢, such that y/(¢;) < 0. By (5.8), if ty > t; we obtain

(5.10) YVt >to, y'(t) <y'(to) <O.

As T, (up) = 400, this shows that y(¢) < 0 for large ¢, yielding a contradic-
tion.

Step 2. End of the proof. We first note that

(5.11) (' (1) < Cylt) (v (1))

Indeed this is an immediate consequence of (5.7), (5.8) and the following
claim, in the spirit of [2, Lemma 2.1], proven in Appendix B.
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Claim 5.4. Let p € C*(R?) and f € H'(R?). Assume that [ |f]*|V|? is
finite and

(5.12) 1= IQll,  ELf) = FLQ)
Then
(5.13) 'Im [@e-vn3| <caw [19epir.

Taking ¢(z) = |z|* in the above Claim, we obtain (5.11).

Now, for all ¢ in the interval of existence of u we get y/'(t) > 0 and
y"(t) <0 (see (5.9) and (5.8)). Thus,

y'(t) p
(5.14) 0 < —Cy'(t).

Integrating between 0 and ¢ > 0, we get
Vy(t) = Vy(0) < =C(y'(t) — y'(0)) < Cy'(0).

This shows that y(t) is bounded for ¢ > 0. From (5.14) we deduce

y'(t) < =Cy"(t),

which shows
y'(t) < Ce .

y'(t) = — /t ) y"(s)ds =4 /t - §(s)ds.

Hence, we obtain (5.6), concluding the proof of Lemma 5.3. |

Now

5.2. Radial solutions

Assume that w is radial, satisfies (5.1) and (5.2), and that it is globally
defined for positive time. We will show that u has finite variance, which will
yield Proposition 5.1 in the case of radial solutions also.

Let ¢ be a radial function such that

0<p(r), ¢"(r<2 0<r<l=or)=1r} 2<r= ¢()=0.

Counsider the localized variance

yr(t) = /3290 (%) |u(z,t)|*dx.
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We know that (5.1) implies 8 [ |Vul? — 6 [ |u* = 4(||VQ||3 — [|Vull3) (see
the computation before (5.8)). By explicit calculations, (1.1), (5.1) and the
radiality of v and ¢ we get

(5.15) () = 2le/av¢ (%) v

510) () =4 [ 190 = [ 1V0P) + Anfu(0) = ~16(0) + An(utt),

where

(5.17) An(u(t)) :4/ (¢" (%) - 2) Ivup

[ (e ()0t~ [0 e
Step 1. Concavity of yr. We first claim
(5.18) ARy > 0, VR > Ry, yr(t) < —24(t).
By (5.17), we must show that there exists Ry > 0 such that for R > Ry,
(5.19) Ag(u(t)) < 260(t).

The proof is close to [8, Claim 4.3] and we will only sketch it.

Using that (@ is a solution of (1.1) such that the corresponding yz(¢) is
constant and the corresponding () is identically zero, we get Ar(e”Q) = 0.

Recall the parameter dy of Section 4. First assume that ¢t € Dy, (i.e., that
d(t) < 61), where 6; € (0,6p) will be chosen later. By Lemma 4.2, denoting
v=a@ + h, we get

u(t) =e"(@Q+v(®),  Iv@®)llm < o).

Noting that ¢"(z/R) — 2 = Ap(z/R) — 6 = A?¢(z/R) = 0 for |z| < R,
we get

|[Ar(u(t))| = |[Ar(Q +v) — Ar(Q)|
< c/ (Qlo] + ol + [V QI Vo] + [Vol? + Qo] + |of?) do.
|z|>R

In view of the exponential decay of (), we obtain
|Ar(u(t))] < C (e=Fo(t) + 6°(t) + 6*(1)) ,

which shows that there exists R; > 0, 6; > 0 such that (5.19) holds for
R > Rl, t e D(gl.
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We now fix such a d; and assume §(t) > 0,. Note that by our assumptions
on ¢, [|Vul*(¢”—2) < 0. It remains to bound the two other terms. We have

CM[Q]
51 ‘

C :
5:20) 77 [laPA%p(a/B) < 2o MIQ)V< 61 < 6(0), it R R
Recall that by Strauss Lemma [30], u(t) being radial, it is bounded and

Vo € R\ {0}, |u(z,t)| < H O I1Vu@)]5.

Hence,
st -o|<c [
|lz|> R
C C
< CIRIVal < MG /o0 + VAR

Using that §(t) > 1, we get that there exists a constant Cs,, depending only
on ¢; and such that

'/|u| (Ap(z/R) —6)‘ < (]f; 5(1).

If R> Ry =+/Cs,, we get

(521) ' [ et/ - 0) < 50

By (5.20) and (5.21), we get (5.19) for R > max{ Ry, R3} in the case 6(t) > J;
also.

Step 2. Proof of the finite variance of ug. Let us fix R> Ry, where Ry is
given by Step 1. We first show that for all ¢ in the domain of existence of u,

(5.22) ye(t) > 0.

If not, using that for all ¢, y”(t) < 0, there exists t;, € > 0 such that for
t > t1, yr(t) < —e, which contradicts the fact that y is positive and that u
is globally defined for positive time.

From the fact that y} is positive and decreasing, we deduce that it has
a finite limit as ¢ goes to infinity. But then the integral [ oo yh(t)dt is
convergent, which by (5.18) implies

+o0
/ d(s)ds < 0.
0
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Thus, there exists a subsequence ¢, — +o00 such that §(¢,,) — 0. By Proposi-
tion 2.1, extracting if necessary, there exists 6y € R such that u(t,) — €% Q
in H'. By (5.22), yg is increasing, and thus,

yr(0) = / R2 () R)|uof? < / R2o(z/R)|Q[

Letting R go to infinity, we get

/ 22luol? < oo,

which shows that we are in the finite variance case, already treated in sub-
section 5.1. ]

6. Convergence to () in the case ||Vugl|a||uo|2<||VQ]2]| Q]2

The main purpose of this section is to prove

Proposition 6.1. Consider a solution u of (1.1) such that
(6.1) Mfu] = M[Q],  Elu] = E[Q], [[Vuol2 < [[VQ2-

which does not scatter for positive times. Then there exists 0y € R, 2y € R?,
c,C' > 0 such that

Hu . eit+i90Q(_ o xO)HHl < CG_Ct.

We start by proving, in §6.1 that a solution w of (1.1) satisfying (6.1) is
compact in H' up to a translation z(t) in space. In §6.2 it is shown by a local
virial identity, that the parameter §(¢) = |||Vul|3 — [[VQ||3| converges to 0
in mean. In §6.3, combining the results of the earlier subsections §6.1-6.2,
the estimates of Section 4, and a localized virial approach with a spatial
control, we conclude the proof of Proposition 6.1. Finally, §6.4 is dedicated
to the behavior of the special solution ()~ constructed in Proposition 3.2 for
negative time, concluding the proof of Theorem 2.

6.1. Compactness properties

Lemma 6.2. Let u be a solution of (1.1) satisfying the assumptions of
Proposition 6.1. Then there exists a continuous function x(t) such that

(6.2) K = {u(z + z(t),t), t € [0,+00)}

has a compact closure in H'.
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Sketch of the proof. We only sketch the argument and refer to the proofs
of [16, Prop 4.2], [15, Prop 5.4] and [8, Lemma 2.8] for detailed proofs in
similar contexts.

It is sufficient to show that for every time-sequence 7,, > 0, there exists
(extracting if necessary) a subsequence x,, such that u(x+x,, 7,) has a limit
in H' (see e.g. [7, Appendix]).

By the nonradial profile decomposition [7, Lemma 2.1], there exist fam-
ilies of profiles ¢/ € H', and of sequences 7 and t/ such that

N
w(w, ) = D eI (@ — ad) + W (x),
7=1

itA M . _
g B I Wall sy =

(6.3) nl_lgl |20 — 2F| + [t} —tF| = +oo.
The crucial point is to show that there is exactly one nonzero profile. Indeed,
if for all j, ¢’ = 0, then u must scatter by the local Cauchy problem theory
for (1.1).

On the other hand, if at least two profiles are nonzero, then by the
Pythagorean expansions properties of the profile decomposition (see (2.3)
and (2.8) in [7]) there exists € > 0 such that for all 7,

(6.4) M[|E[e™4¢7] < MIQIE[Q]—, [[¥/2|Ve7[l> < QI VQll2—e.

Recall that by [15, 7], a solution of (1.1) with initial condition vy € H' such
that HUOH2HVUOH2 < HQHQHVQHQ scatters as t — +o00. By the existence of

wave operators for equation (1.1), there exists for all j a function v} in H*
such that the corresponding solution v’ of (1.1) satisfies

lim |4y~ =o.
Hl

n—-+oo

Using the arguments of the proof of [15, Prop 5.4], one can show, as a
consequence of (6.3) and the scattering of v/, that for large n, the solution
u(z,t+7,) of (1.1) is close (for positive times) to the approximate solution
Zj.v:l v/(x —xd t+ ) of (1.1) (where N is large). Therefore, the solution
u must also scatter for positive time, which yields a contradiction, showing
that there is only one nonzero profile.

As a consequence,

u(@,r,) = e APz —al) + Wi(z),  Lim [[e"AW | g2 = 0.

n—-+00
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Furthermore, lim,, ., ||W,}||g: = 0. If not, for some € > 0,
E emtayt| M |emtayt| < BlQIMIQ) -,

and one can show by the preceding arguments that u scatters.

It remains to show that ¢! is bounded (and thus, converges up to ex-
traction). If not, we may assume that t, — +o0 or ¢, — —oo. In the first
case,

HeitA ei(t—t;)A¢1

+ o,(1)

S((—oo,O];Hl/Q)

= [0 gy D)

)l gy = |

which goes to 0 as n goes to oo, showing that u scatters for positive time, a
contradiction. Similarly, in the second case
itA itA ) 1

e’ u(Tn)HS([O,—i-oo);Hl/Q) = [le" v HS([—t}L,—i-oo);Hl/Q) +on(l) — 0.

n—-+4o0o

Thus, u(7,) satisfies the analogue of (2.5) for negative times, which shows
that u scatters for negative and (by the analogue of (2.6)), ”“”s((—oo,m};ﬂlﬂ)
goes to 0 as n goes to co. Since 7, > 0, we get that u = 0, contradicting

our assumptions. [ |

Let u be a solution of (1.1) satisfying (6.1). Let x(¢) be the translation
parameter of Lemma 6.2. Consider d; > 0 as in Section 4. The parameters
X(t), 0(t), a(t) are defined for t € Ds, = {t |d(t) < d}. By (4.4) and
Lemma 4.2, there exists a constant Cy > 0 such that

Vi € D, / |Vu|2+|u|22/ VQP + QP — Cos(t).
le—X(t)|<1 lz|<1

Taking a smaller d, if necessary, we can assume that the right hand side
of the preceding inequality is bounded from below by a strictly positive
constant €3 on Ds,. Thus,

Vt € Dy, / V(e + o))+ [z + 2()2 > 2 > 0.
le+az(t)—X (t)|<1

By compactness of K, it follows that |x(t) — X (¢)| is bounded on Dj,. As a
consequence, we may modify x(t) so that K defined by (6.2) remains pre-
compact in H' and

(6.5) Vt € Ds,, x(t) = X(t).

It is classical that one may choose the function x to be continuous (see [16,
Remark 5.4] and [7, Lemma A.3]). Therefore, we have shown
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Corollary 6.3. Let u be as in Proposition 6.1. Then there exists a contin-
uous function x(t) such that (6.5) holds and the set K defined by (6.2) has
compact closure in H*'.

We will also need the following;:

Lemma 6.4. Let u be as in Proposition 6.1, and x(t) be defined by Corol-
lary 6.3. Then

(6.6) Plu] = Im/ﬂVu dr = 0.
Furthermore,
(6.7) lim —= =0.

Proof. Assume P[u] # 0 and consider, as in [7, Prop. 4.1], the Galilean
transformation of u, w(x, t) = e el y (2 —2¢,t, ). In order to minimize
Elw], we take £, = —P[u]/M]u]. Then M[w] = M|[u] = M[Q)], and by the
choice of &, Flw| < E[u] = E[Q]. By the result of [7], u scatters in H'
which contradicts our assumptions, showing (6.6).

For the proof of (6.7) see [7, Lemma 5.1]. [ |

6.2. Convergence in mean

Lemma 6.5. Let u be a solution of (1.1) satisfying the assumptions of
Proposition 6.1. Then

(6.8) lim — [ 4(t)dt =0,

where as in Section 4, §(t) = ‘HVQH% - HVu(t)H%)
As an immediate corollary we get

Corollary 6.6. Under the assumptions of Proposition 6.1, there exists a
sequence t, such that t, — 400 and

lim §(t,) =0.

n—-+4oo

In the sequel we will assume, extracting if necessary, that for all n,
I+ tn S tn—i—l-



3D cuBic NLS 33

Proof of Lemma 6.5. Let ¢ be a C* positive radial function on R3 such
that p(x) = |z]? if |z] < 1 and p(x) = 0 if |z] > 2. Consider the localized
variance

_ 2 (T 2
(6.9) mlt) = [ R () lute. )P
Then by explicit computations and (1.1),
/ — € /
(6.10) YL (t) = 2R Im / TV <E> Vu, |y4(t) < CR.

Furthermore, y%(t) = (8 [ |Vu|?> — 6 [ |u[*) + Ag(u(t)), where
8u ou
(6.11)  An(u _42/033]8;1% 8:15] oxy,

+4Xj:/ <6—x§ E> —2) 0, uf
e [ (30 (2) o)

Using as in the proof of Lemma 5.3, that Efu| = E[Q] and M[u] = M[Q)],
we get

(6.12) Yh(t) = 45(t) + Ag(u(t)).

Note that if [y| < 1, (A%p)(y) = 0, J;,¢(y) = 2 and Ap(y) = 6. Thus,

1
(6.13) | Ar(u(t))] < C/ [Vl + Jul* + 25 ul.
el R

Let z(t) be as in Corollary 6.3 and K be defined by (6.2). Let ¢ > 0.
By compactness of K, there exists Ry(g) > 0 such that

(6.14) Vi >0, / Vul? + Juf + ul* < e.
|z—2z(t)|>Ro(e)

Furthermore, by (6.7), there exists to(¢) > 0 such that
(6.15) Vit > to(e), |x(t)] < et.

Let
T >to(e), R:=eT+ Ro(e)+1, tEe€lto(e), T].
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Let us bound the terms in (6.13). Using that |x(t)| < eT and Ry(e)+eT < R,
we get

1
(6.16) (Vul? + |u)* + = |ul? < |Vul? + |u|* + |ul?
R2
|z|>R |le—a(t)|+a(t)| >R

g/ IVl + Juf* + [uf? < e.
|z—=(t)|>Ro(e)

By (6.10) and (6.12), we obtain
T

| 1460+ Antu@))ae = [ yie)it < (D) + (o) < O

o(e) to(e)

Thus, by (6.13) and (6.16), we have, for some constant C > 0, independent
of T and &,

/T 3(t)dt < C(R+Te) < C (Ry(e) + 1 +eT).
to(e)

Hence,

LT L [O C ~
— < = — .
T/o (t)dt < T/o (t)dt + T(Ro(s) +1)+Ce

Passing to the limit superior as T" — +o0o, then letting € tends to 0, we
get (6.8). [ |

6.3. Exponential convergence

In this section we prove Proposition 6.1. We refer to [8, Subsection 3.3]
and [9, Subsection 3.3] for similar arguments.

The two ingredients of the proof of Proposition 6.1 are the localized
virial argument (Lemma 6.7) and a precise control of the variations of the
parameter z(¢) (Lemma 6.8).

Lemma 6.7. Let u be a solution of (1.1) satisfying the assumptions of
Proposition 6.1, and z(t) be as in Corollary 6.3. Then there exists a constant
C such that if 0 <o <T

(6.17) / "sdt < ¢ {1+ sup |x(t)|} (6(c) + (7).

o<t<t

Proof. Consider the localized variance yg(t) defined by (6.9). By (6.10)
and (6.12)

(618)  yy(t) = 2RIm / TV (5) Vu, y(t) = 45(6) + Anul),

where Ap is defined in (6.11).
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Step 1. Bound on Ar. We claim that if ¢ > 0, there exists a constant R,
such that

(6.19) V20, |zl = R(1+[x(t)]) = |Ar(u(t))] < €6(2).

To prove (6.19), we distinguish two cases.

In the case when §(t) is small, we use the estimates from Section 4.
Consider 0y > 0 as in Section 4 (such that the parameters 0(t), X (t), a(t)
are well-defined for ¢ € Ds,). Let d; to be specified later and such that
0 < 01 < dp. Assume that t € Ds,. Let v = h + a@), then from (4.4) and
Lemma 4.2, we get

(6.20) u(z,t) = D [Qz — X (1) + v(z — X (1), 1)]
and  [[o(t)]|m < CS(2).

Note that if §y and X are fixed, then e Q(- + Xy) is a solution of (1.1)
such that the corresponding yg(t) does not depend on ¢ and also §(t) = 0.

As a consequence, Ag(e®eQ(- + Xj)) = 0 for any R and t. By the defini-
tion (6.11) of Ag with the change of variables y = x — X (¢), we obtain

|[Ar(u)] = [Ar(u) — Ar (0 Q (x - X(1)))]

<c /| o (|vcz<y>| Vo(y)| + [Voly)|
QW) o) + )P + |v<y>|4) dy
e (| W v v(y)|?
gc{/mm (IVo(y)] + o)) + [o()P)

# TR+ )P+ ) |
ly+X )=k
By Lemma 4.2, ||v(t)||gn < C4(t), and hence, for some constant Cy > 0,
we get
(6.21) R > Ro+|X(t)| = |Ar(u(t))| < Co [ (5(t)+6(t)*)+5(t)*+6(2)"] -

Choosing Ry and d; such that Coe ™ < £ and Co(e 067 + 6 + 63) < &,
we get

(6.22) R > Ry + |X(1)] and 6(t) < 8, = |Ap(u(t))| < 28(t).

Finally, by (6.5) x(t) = X () on Ds,, which shows that (6.22) implies (6.19)
for 5(t) < 51.
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Now assume that §(¢) > §;. Then by (6.11), there exists a constant C' > 0
such that

Vi >0, [Agp(u(?))] <C e (IVu@)® + [u®)|* + [u®)]?)

<C (IVu@®) + [u()]* + |u(t)) .
[e—a(0)]> Rz

By the compactness of K, there exists R; > 0 such that
(6.23) R > |z(t)]| + Ry and 6(t) > 6 = |Ar(u(t))| < edy < ed(t),

hence, (6.19) for 6(¢) > 61, which completes Step 1.
Step 2. End of the proof. By (6.18) and (6.19), we get that there exists
Rs > 0 such that

R > Ry(1+ |z(t)]) = ygr(t) > 25(t).

Let R = Ry(1+ sup |z(t)]). Then
o<t<t
(6.24) 2 / 5(t)dt < / Y0t = () — (o)

Note that if §(t) < do, then by (6.18), (6.20) and the change of variables
E=x— X(t), we get

i) =2 [0 (S5 var

+2mm/Q(§)w (%) - Vu(§)

+2RIm/E(§)Vgp (Lg(t)) - Vu(§),

which yields, by Lemma 4.2, [y5(t)] < CR(d(t) + 0(t)?) < CR4(t). This
inequality remains valid if §(¢) > dy by the straightforward estimate |yz(t)| <
CR||Vu(t)||2]|u(t)||2- In view of (6.24), we get

/ "5(t)dt < CR(5(0) + 8(r)) < CRy (1 + sup |;1:(t)|) (6(c) + 6(7)),

o<t<t

which concludes the proof of Lemma 6.7. |
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Lemma 6.8 (Control of the variations of x(t)). There exists a constant
C > 0 such that

(625)  Vor>0 with o+1<7 |o(r)—a(0)| < c/ 5(t)dt.

Proof. The proof is very similar to the one in [9, Lemma 3.10]. We sketch
it for the sake of completeness. Let 9y > 0 be as in Section 4. Let us first
show that there exist d5 > 0 such that

(6.26) V1 >0, inf 0(t) >3dy or  sup O(t) < do.

te[r, 7+2] te[r, 7+2]
If not, there exist two sequences t,, ¢/, > 0 such that

6(t,) — 0, (t) > o, |tn—1t,] <2

n—-+4oo

Extracting if necessary, we may assume

(6.27) Jim t, 1, =7 €[-2,2)

By the compactness of K, u(t,, -+ x(t,)) converges in H' to some vy € H'.
By assumption (6.1) and the fact that §(¢,) tends to 0, Efv] = E[Q)],
Mlvg] = M[Q] and ||Vvo|la = [|[VQ||2- By Proposition 2.1, vy = e®Q(- — o)
for some parameters 6y € R, xo € R3. As a consequence, the solution of (1.1)
with the initial condition v is /**%)Q(- — x4). By continuity of flow and
(6.27), u(t!, - +z(t,)) tends to 7T Q(- — z4) in H!, which contradicts the
fact that §(t)) > do, completing the proof of (6.26).

We now show (6.25) with the additional condition that 7 < o + 2.
By (6.26), we may assume that sup,c(, 1 6(t) < do or inficjpr(t) > 02. In
the first case, recalling that by the assumption (6.5), z(t) = X (¢) on Ds,, we
get (6.25) by time-integration of the estimate | X'(t)| < Cé(t) of Lemma 4.3.
In the second case, we have [T d(t) > 0, and (6.26) follows from

JC >0, Vs,t >0, |t—s| <2=|X(t)-X(s)| <C,

which is a straightforward consequence of the compactness of K in H! and
the continuity of the flow of equation (1.1).

To complete the proof of Lemma 6.8, it remains to divide [o, 7] into
intervals of length at least 1 and at most 2 and stick together the previous
inequalities to get (4.3) without the assumption 7 < o + 2. [ |

We are now ready to prove Proposition 6.1. Let us first show that z(t)
is bounded.
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Consider the sequence {t,}, given by Corollary 6.6. Recall that ¢, goes
to infinity, that 1+4+¢, < t,41, and that §(¢,) tends to 0. By Lemma 6.7 and
Lemma 6.8, there exists a constant Cy > 0 such that if N < n,

1 bty <t<t, = |a(ty) — z(t)| < 00(1 + osup |;1:(s)|) [6(tx) + 3(ta)].

tNSSStn

Choosing t € [ty + 1,t,] such that |z(t)| = sup;, <.« [2(s)], we get

sup_[2(s)| < C(N) + o1+ sup_ [a(s)]) [oltn) +3(t)],

tn+1<s<tn tn+1<s<tp

where C(N) = |z(ty)| +Co  sup  |z(t)| (we assumed d(tx) + 6(t,) < 1).
te[tn tn+1]

Fix N large enough such that Cyd(ty) < % Then as soon as t,, >ty + 1,

1 1
S s fa(s)]| SO+ 5+ Go(1+ sup fa(s)]) ().
2 tny1<s<t, 2 tn+1<s<tn

Letting n tend to infinity and using again that §(¢,) tends to 0, we get that
|z(t)| is bounded on [ty + 1, +00), and thus, by continuity, on [0, +00).
We will now show that

(6.28) de,C >0, Vo >0, / d(t)dt < Ce™

which will yield, together with Lemma 4.4, the conclusion of Proposition 6.1.
By Lemma 6.7 and the boundedness of x(t),

Vo,7>0 suchthat 0<o <7, / d(t)dt < C(6(o) + (7)) .

Fix o and take 7 = t,,, where the sequence (t,),, given by Corollary 6.6 is
such that lim, d(t,) = 0. Letting n tend to oo, we get that ["°°8(¢)dt is
finite and for o > 0, f;oo i(t)dt < Cé(o). Gronwall’'s Lemma yields (6.28),
concluding the proof of Proposition 6.1. |

6.4. Scattering of ()~ for negative times

In this paragraph, we conclude the proof of Theorem 2 by showing by con-
tradiction that the special solution )~ constructed in Proposition 3.1 and
Remark 3.2 scatters as t — —o0.

If not, applying the arguments of §6.1-6.3 to the solutions @~ and ¢t —
Q(z,—t) of (1.1), we get that there exists a parameter x(t), defined for
t € R and such that K = {Q (- +(t),t), t € R} has compact closure
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in H'. By the argument at the end of §6.3, z(¢) is bounded and 4(¢) tends
to 0 as t — do00. A simple adjustment of Lemma 6.7 gives

— 0o <o<T1T<+4+00
— / Syt < ¢ {1 + sup. p:(t)@ (8(0) + 8(r)) < C(5(c) + 5(7)).

Letting o go to —oo and 7 to 400, we get [, 8(t)dt = 0, thus, 6(¢) = 0 for
all ¢, contradicting the assumption ||Vugll2 < [[VQ]|2.

7. Uniqueness

In this section, to conclude the proof of Theorem 3, we show the following
uniqueness statement:

Proposition 7.1. Let u be a solution of (1.1), defined on [ty,+00), such
that Elu] = E[Q], M[u] = M[Q] and

(7.1) 3¢,C>0:  |u—e"Qllg < Ce™ VYt >t

Then there exists A € R such that u = U*, where U* is the solution of (1.1)
defined in Proposition 3.1.

The proof of Proposition 7.1 relies on a careful analysis of solutions of
the linearized equation (equation (7.2) below), that decay exponentially as ¢
tends to +o00. This analysis, carried out in §7.1, relies on the spectral prop-
erties of £ described in §2.4. In §7.2 we finish the proof of Proposition 7.1,
and in §7.3 we gather the results of Sections 5, 6 and 7 to show Theorem 3.

7.1. Exponentially small solutions of the linearized equation

Recall the notation of Section 3, in particular the operator £ and its eigen-
values and eigenfunctions. Consider

ve ([to, +00), Hl) and g€ C° ([to, +00), L2)

such that

(7.2) ow+Lv=g, (x,t)€R®x (ty,+00),
(7.3) Jo®)||m < Ce™™, lg(t)lm < Ce™, ¢ > t,
where

0 <y <.

For any 7 € R, denote by 7~ a positive number arbitrary close to v and
such that 0 <y~ < 7.
We now prove the following self-improving estimate.
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Lemma 7.2. Under the above assumptions,
a. if v2 < eq, then [[v(t)||m < Ce 2t

b. if 2 > eg, then there exists A € R such that v(t) = Ae™ 'Y, + w(t)
with ||[w(t)|| g < Ce 2.

Proof. In this proof we work with the real L?-scalar product, denoted

by ('7')7
(u,v):Re/uU:/ReuRev—i-/ImuImv.

We first normalize the eigenfunctions of £. Denote

o iQ L 9,Q
Y=L YT el

From §2.4 recall the quadratic form on H', ®, and its associated bilinear
form B. From (2.14) we have

Vji=0,...3, Vhe H', B(Q;h) =0, [Ql>=1

Recall that ®(Y,) = ®(Y-) =0 and B(Y;,Y-) # 0. Normalize the eigen-
functions Y, Y_ such that B();,Y_) = 1. We have

heG| < Vi, (Q;,h)=0and B(Yy,h)=DB(V-,h)=0.
Indeed, if hy = Reh, hy = Im h, in view of (2.13) and Remark 2.4,
o o
BOsh) = Z| Vahn) = Oha) |, BOZ ) = Z| (Vo h) + ko) |.
which shows that the orthogonality condition (2.177) is equivalent to the
condition B(Y,,h) = B(Y_,h) = 0.
Next, write
3
(74)  v(t) =as(OVe +a (HY-+ ) B;(1)Q; +vilt), v €,
=0

(7.5) where a(t) = B(v(t),Y-), a_(t) = B(v(t),V+)
(7.6)  VieA{0,...,3}, Bi(0)=(v(t), Q) = ()(Vs, Q) —a-(1)(V-, Q).

By the radiality of Yy and @, we have (Y4, Q;) = (V-,Q,) =0forj =1,2,3,
but we will not need this property in the sequel.
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Step 1. Differential equations on the coefficients. Let us show

(7.7) o’ () — epa(t)| < Ce ™', |/ (t) + epay ()| < Ce .
(7.8) vi€{0,....3% B < C (lvr@®)l2 + )
(7.9) d @(v(t))‘ < e~(mAm2)t

dt

First note that £ is antisymmetric for the bilinear form B. Indeed, for
g,h € H?

1 1
B(g, Lh) = §(L+91, —L_hy) + §(L—92,L+h1) = —B(Lg,h).
By (7.2) and (7.5), we have

a’(t) = B(Ow, Y4) = B(—Lv +g,Y+)
= B(U7‘Cy+) + B(gay—i-) - eoa—(t) + B(gay—i-)
In view of assumption (7.3) on g, we get the inequality on a_(t) in (7.7).

The inequality on () follows from the same argument.
By (7.6), we obtain

BJI = (atU — o/+y+ — O/_y—, Q]) = ( —Lv — O[:,_y—I— - O/_y—ij) + (ngj)
= ( —o LY —a LY —a Yy —a Y, Qj) - (EUL, Qj) + (ga Qj)

Applying (7.7), the first term above is estimated as
‘( —a LY, —a LY — o/+y+ —-ad Y, Qj)} < Ce 2,

The assumption (7.3) implies |(g, Qj)| < Ce !, Furthermore, (Lv,Q;) =

(v, £*Q;), where L* := (_% L0+) is the L?-adjoint of £, which shows

the estimate |(Lv,,Q;)| < C||vL],, completing the proof of (7.8).
It remains to prove (7.9). We have

%@(U(ﬁ)) =2B(0w(t),v(t)) = —2B(Lv,v) + 2B(g,v).

As B(Lv,v) = —B(Lv,v), we get that B(Lv,v) = 0, which yields (7.9),
using again the assumption (7.3) on g, and hence, completing Step 1.

Step 2. Let us show

(7.10) la (t)] < Ce ™t if 45 < e,
(7.11) JAER, |ai(t)— Ae @ < Ce™™  if 95 > ep.
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Indeed, by the second inequality in (7.7), we obtain

(7.12)

a
dt

(eeotoz+(t))‘ < Celeo—)t,

First assume that v, < eg. Then by (7.12), for ¢ > t,

otoq, (tg) + Cel0™2 if g5 > 7y
80t0a+(t0) + O(t — to) lf €o = 72, ’

‘e@otaJr(t)‘ < {e
e

which gives (7.10).
Now assume ~, > €y. Then ftzo elco=1)dt < oo. By (7.12), we get that
e®’a, (t) has a limit A as ¢t — oo and

| e“a(t) — A < Celeomn)t

implying (7.11).

Step 3. Conclusion of the proof in a reduced case. Let us conclude the proof

when 7, < eg, or when v, > ¢y and A = 0. In both cases we have, in view
of (7.7), (7.10) and (7.11),

(7.13) VE > ty, o (t)] + o ()] < Ce ™.

By the first inequality in (7.7),

d
‘a(e_eota_(t))‘ < Celeotn2)t,
Integrating between ¢ and +oo, we get |a_(t)] < Ce ! and by (7.7), it
follows that
(7.14) Vt > to, Ja_(t)] + | ()| < Ce .

By the decomposition (7.4) of v, and recalling that as v, € G'|, we have
B(y—i-avi) = B(y—va) = 07 and that B(y—i-vy—) = ]-7 B(y—i-ay—i-) =
B(Y_,Y_) =0, we get

®(v) = B(v,v) = B(v,vy) + 20,
By (7.9), (7.13) and (7.14),

d

—B(UL,UL)

- < O(e—272_t + e—(71+72)t) < Ce~(m+mn)t
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Noting that B(v,,v,) — 0 as t — 400, and integrating the previous in-
equality between ¢ and 400, we get |B(vy, v, )| < Ce~1+72)t By Proposi-
tion 2.3, we obtain

(7.15) V> to, oLt < Cem (PR
Let j € {0,...,3}. By (7.8), and (7.15),

o)< C (e ey < e (T

Integrating again between ¢ and +o00, we get

(7.16) Vit >to, |5;(1)] < Ce (PR

In view of the decomposition (7.4) of v, the inequalities (7.13), (7.14), (7.15)
and (7.16) imply

21+72 )t

VE>to, o) < Ce (5

Thus, v and g satisfy the assumptions (7.3), with 7, replaced by 7] = 2332

An iteration argument yields
(7.17) o) ||z < Ce 27,

which concludes the proof when vy < eq or A = 0.

Step 4. Conclusion of the proof in the case vo > ey, A # 0. Note that if
Y1 > eg, we must have A = 0, so that we may assume v; < eg. Let

o(t) = v(t) — Ae” MY, .

Then
Oo(t) + Lo(t) = g(t), [[o(t)|m < Ce™™,

and by (7.11),
lim e“'a, (t) =0,

t—+o00

where a,(t) = B(0(t),Y_) is the coefficient of ), in the decomposition
of 0(t) analogous to (7.4). Thus, 0(¢) and ¢ satisfy all the assumptions of
Step 3. Hence,

[o(t) = A= Vil < Ce2,

which concludes the proof of Lemma 7.2 in this case also. |
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7.2. Uniqueness

Let us prove Proposition 7.1. Let u satisfy the hypothesis and write u =
e(Q+ h).

Step 1. Improvement of the decay at infinity. We start with showing that
if e, is any positive number such that e; < ey,

(7.18) Yt >to,  ||h(t)||g < Ce o,

Indeed, we have 9;h + Lh = R(h), where the remainder term R(h), defined
in (2.9), is a sum of quadratic and cubic terms in h. By the assumption (7.1),
Strichartz estimates and Sobolev embeddings, ||h(t)]], < Ce™ for every
p € [2,00], which yields the bound [|R(R)||gn < Ce™ 2. Thus, h satisfies the
assumptions of Lemma 7.2 with g = R(h), 71 = ¢, 72 = 2¢. If 2¢ > eq, the
proof is complete. If not, we get ||h(t)|| 7 < Ce™2!, and the result follows
from an iteration argument.

Step 2. Consider the special solutions U4 constructed in Proposition 3.1,
and write U4 = ¢"(Q + h?). Let us show that there exists A € R such that
for all v > 0,

(7.19) 3C >0, YVt >ty, ||h(t) — hAt)||m < Ce,

According to Step 1, h fulfills the assumptions of Lemma 7.2 with 7, = ¢,
72 = 2¢, . Thus, there exists A € R such that

(7.20) |A(t) — Ae™ Y, ||, < Ce0",

P

By the asymptotic development of h* obtained in Section 3,
I0) = Ae0 |,

Thus, (7.20) yields (7.19) for any v < 2e9. We next show that if (7.19) holds
for some v > eq, it also holds for v/ = v+ %eo. Note that h —h? is a solution
to the equation

S Oe—Qeot.

Oy(h — b + L(h — h*) = R(h) — R(h™).
By the explicit expression of R, and Sobolev inequalities, we get
(k) — B, < Cllb— 5 s ([l + 1 e+ Rl + 1 ).
If (7.19) holds for some 7y > ey, then
|R(h) — R(h™)|, < Ce™ 0+t

which shows that h — h* fulfills the assumptions of Lemma 7.2 with 7, = 7,
Y2 =7 + e, yielding (7.20) with v + %60 instead of 7. Step 2 is complete.
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Step 3. Uniqueness arqgument. We are now ready to finish the proof of
Proposition 7.1. Let v := h — h*. We must show that v = 0. We will use
that v is a solution to the following Schrodinger equation

(7.21) 10w + Av — v = —2Q% — iQ*T + M,

where M (t) = iR(h(t)) — iR(h*(t)). By Hélder’s inequality and the decay
of h and h* at infinity, there exists a constant C; > 0 such that

(7.22) Vt > to, [[M(t)|less < Cre=|v(t)])2.

Let t; > tg, 7 > 0 and I = (t1,t; + 7). By Strichartz estimates, there exists
K > 0 such that

[Wllzmzzy < K {llo(t + 1)l + Q%0 ez + M)l 2r;005) } -

Integrating in time on I the square of (7.22), we get

cy .
HM(t)”LQ(I,L6/5)§\/%e OtlHU”L"O(I,LQ)'

Furthermore,
1Q%]| L1 1,2) < TN Q*|ooll 0l Low 1,L2)-

Hence,

¢
ol oerize) < K{nv(tl )+ (719 + e ||U||L°°(LL2>} -

, choose T > t; such that CTleoe_e‘JT < 5. Then for t; > T,

_ 1
Let 7 = sxqgeme V2

lo@)llz < l[ollzerzy < 3Kt + 7).
By induction we get
BE)"[v(T)ll2 < lv(T + n7))|l2,
which contradicts (7.19) if «y is large enough, unless v(7") = 0. Thus, h(T) =

hA(T) and by uniqueness in (1.1), h = h*, and thus, v = U*, concluding
the proof of Proposition 7.1. [ |
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7.3. Proof of the classification result

In this subsection we prove Theorem 3.

We first show that if A # 0, U4 is equal to Q* (if A > 0) or Q~ (if
A < 0) up to a translation in time and a multiplication by a complex number
of modulus 1. Indeed, by (3.1) and the definition of @Q* in Remark 3.2, we
have

(7.23) QE(t) = e"Q £ e =Ny, 4 O (e7") in H.
Fix A > 0 (the proof is similar when A < 0). Let t; = —t; — —log A, so

€o
that e~(o+t1) = A By (3.1) and (7.23), we obtain

(7.24) e ™MQT(t+t,) =e"Q + ecoltott)genteity) (e—2eot)
=UA +O0(e7 " in H'.

As a consequence e~ QT (t +t;) — €"Q tends to 0 exponentially in H' as
t — +o0o. By Proposition 7.1, there exists A such that e"™ Q¥ (t+t,) = U4
By (7.24) we have A = A, which shows that U4 = e~ Q™ (t + t,).

Let u be a solution of (1.1) satisfying the assumptions of Theorem 3.
Then M[u]Eu] = M[Q]|E[Q]. Rescaling u we may assume

If ||Vugll2 = ||[VQ||2 (case (b)), then by the variational characterization
of Q (see §2.1) up(x) = e Q(x — o) for some parameters 6y, zo, and thus,
by uniqueness of the Cauchy problem (1.1), u(z,t) = Q) (x —xy). Thus,
u is equal to €@ up to the symmetries of the equation, yielding case (b).

Assume next ||[Vuglla < [|[VQ||2 (case (a)). By assumption, u does not
scatter for both positive and negative times. Replacing u(z,t) by u(z, —t)
if necessary, we may assume that u does not scatter for positive times. By
Proposition 6.1, there exists 6, € R, xy € R?, and ¢, C > 0 such that

|u(t) — Q- — xo)|| ) < Ce™', t>0.

Hence, v(z,t) = e~ "%u(x+x, t) satisfies the assumptions of Proposition 7.1,
which shows that v = U4 for some A. As [|[Vugllz < |[VQ||2, the parameter
A must be negative proving that v (and thus u) is equal to @~ up to the
symmetries of the equation. Therefore, case (a) of the theorem follows.
The proof of case (c), combining Proposition 5.1 and Proposition 7.1, is
similar to the proof of case (a) and left to the reader. |
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A. Coercivity properties of the quadratic form

This appendix is dedicated to the proof of the results of §2.4. Before proving
Proposition 2.7, we show (2.12). Consider h € H' and assume E[Q + h| =
E[Q] and M[Q + h] = M[Q)]. Expanding E[Q + h] in terms of @ and h,
we get

ElQ+h] = /VQ Vhy — /Q3h1+ /|Vh|2

— §/Q2(3h§+h§) —/Q|h| hy — Z/|h|4.

Since E[Q + h] = E[Q)] and

[va-vh- [@h=- [@a+@m=- [on

by (2.1), we obtain

/th + = /|Vh|2 /Q2 (3h3 + h3) — /Q|h| hy — /|h|4.

Furthermore, M[Q + h] = M[Q] implies 2 [ Qhy + [ |h|? = 0, yielding

(A1) o) = [ Qi+ g [ 1nl

which gives (2.12).
The remainder of the Appendix is dedicated to the proof of Proposi-
tion 2.7.

A.1. Coercivity of ® on G|

Let us prove (2.18) when h € G (see [33, 34], [31, ex. B11-B14] for similar
proofs for mass-subcritical NLS). We divide the proof into two steps.

Step 1. Nonnegativity. We show, as a consequence of Gagliardo-Nirenberg
inequality (2.2), that if h € H' satisfies (2.17), then

(A.2) B(h) > 0.
For u € H', let

[VullBlulla

A. = “olr
(A3) 1) =150k ~ 1ar
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By (2.2), I(u) > 0. Take h € H', @ € R and compute the expansion of
I(Q + ah) in « of order 2. By (2.17), we have [ VQ - Vhy = 0, and thus,

</|V Q + ah)| ) </|VQ|2) <1+— 2f||§gl|22+0(a4)>.

Furthermore,

(Jiawmt)”
-([e) (

ULE 1L
iyl 3 Lo ))

([ ) (1o @ L0 TR o)

Substituting above quantities into (A.3), we obtain that I(Q+«ah) is equal to

LI [Qh 1L JIHE 1 (@
(143 f|VQ|2)<H “Ter TR e (fQ2)2>
_ af Q3 1 a2f6Q2h%+2Q2h§ ol
<1+ ror 7o )*O()

Since 1(Q) = 0 and I(Q + ah) > 0 for all real «, the linear term in « in the
previous estimate is zero, and the quadratic term is nonnegative. Applying

[IVQ?=3[Q%and [Q*=4 [ Q? we get
3JIVHE | JIRE 6] QN

2IVQE 2 Q2 @
C2f@hy (JQm) e (JQm)’

fQ4 Z(IQ2)2_IQ2 2(fQ2)2207

which implies (A.2).
Step 2. Coercivity. We show that if h fulfils (2.16) and (2.17), then for

some ¢,

(A.4) @(h) = el A7
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Note that ®(h) = @y (hy) + Pa(hs), where

/|wLI|2 /h2 /Q2h2 /L+h1)h1,
/|v112|2 /h2 /Q2h2 /L ho) ho.

By Step 1, L, is nonnegative on {AQ}+ and L_ is nonnegative. We will
deduce (A.4) from Remark 2.5 and a classical argument (see the proof of
Proposition 2.9 in [33]).

We claim that under assumptions (2.16) and (2.17), there exists ¢ > 0
such that ®;(hy) > c||h1||3,. For this we first show that there exists ¢; > 0
such that

(A5) / 00,y = / 0@ b
— /amQ hy = /AQ hi = 0= ®1(h1) > ci|| lulf3-

Following the proof of [33, Proposition 2.9], assume that (A.5) does not hold.
Then there exists a sequence of real-valued H'-functions {f,}, such that

(A.6) lim ®(f,) =0, |fuz=1 and

an AQf::O](@le)fn - [@.Q11 = [@,Q)1, =0

In particular,

(a8) 5 [1V52 = =5 [1nP+5 [@fvo) = —5+5 [@fi+on

Thus, [ |[V/.[?<C | full2=C, and hence, {f,}, is bounded in H'. Extract-
ing, if necessary, a subsequence from { f,, },,, we get that there exists f, € H!
such that

(A.9) fn — f. weakly in H'.

n—-+o0o

Since () is decreasing at infinity, we have

3 2 £2 3 2 £2
(A.10) S [ s e
By (A.8), it follows that

(A11) [ar=s

QD |
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and, in particular, f, # 0. Furthermore, limsup,, ||fullzr < ||fl|m1, and
thus, lim sup,, ®;(f,) <limsup,, ®;(f,). By (A.6), limsup,, ®;(f.) <0. By the

weak convergence, [AQf, = [(0,,Q)fs = [(0:,Q)f = [(0:,Q)f. = 0.
In particular, by Step 1, ®1(f,) > 0. Therefore,

(A12) 3 [ = =0,

and f, is the solution to the following minimization problem

oo JE S S S f. e B, where

Ifllz reevoy [Ifl2

E = {feHl, /Asz/(am@)fz/(am@f:/(amg@)fzc)}.

Hence, for some Lagrange multipliers \g, ..., A3, we can write
(A.13) Ly fo=XAQ + X\0:,Q + X20,,Q + X30,,Q.

By the symmetry of @,

Jo.@o.0=0i25 [aoo.e=o

By Remark 2.5, we have L,0,,QQ = 0 for ¢ € {1,2,3}, which from (A.13)
gives

0= [ £L.0.Q) = [(Le100.0 =N [ 10,01
showing that A\; = Ay = A3 = 0. Hence,
(A.14) Lifo =200 =X (—-Q*+ Q).
Denote @ =Q +x-VQ. Let us show that

A ~

(A15) L (3Q-) =M@+ Q) = L.
Indeed, L.Q = —2Q3. Furthermore, if Q\(z) = AQ(Az), then Q :=
Z (@) _y- Differentiating the equality —X\*Qx + AQ\ + Q} = 0 with

respect to A at A = 1, we obtain L+é = —2(@), which produces (A.15).
By Remark 2.5 and (A.15), there exist py, u2, 13 such that

A ~
f* = ?O(Q — Q) + 1 ale + [ amgQ + us3 a(EgQ
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Next, note that [ é@x]@ = 0 (indeed, [ Q0,,Q = 0 by integration by parts,
and [ x;0,,Q0,,Q = 0 by the symmetry of Q). Using that [ f.0,,Q = 0, we
get py = po = p3 = 0. Hence,

Ao

(A.16) fo= 2@~ Q) =P VQ

By straightforward calculation, (A.14) and (A.16), we obtain

w(5) = [wesan == [aew-vo) =3 [vor.

By (A.12), A¢ = 0, and therefore, f. = 0, which contradicts (A.11) and
concludes the proof of (A.5).

By the explicit expression of ®;, we have that for ¢ > 0 small enough,
e®(hy) > 5 [|V|> — % [ hi for any hy € H', where ¢; is the constant
n (A.5). Adding to (A.5), we get that for some constant ¢ > 0,

/&lehl = /6x2Qh1 = /6x3Qh1 = /Ath =0= (I)l(hl) > CthH%Il

To conclude the proof of Proposition 2.7, it remains to show that for some
constant ¢ > 0,

/QhQ =0= (I)Q(hQ) Z C||h2||12ql

The proof is similar to the previous and we omit it.

A.2. Coercivity of ® on G'|
We first show

(A.17) Vhe G\ {0}, ®(h)> 0.

If not, there exists h € H'\ {0} such that
(A.18) /(aij)le =0, j=1,2,3,

/Qi@:/yjzg :/ygﬁl =0 and @(ﬁ) <0.
Recall that by Remark 2.5,

Vhe H', B(9:,Q,h) = B(0:,Q,h) = B(3:,Q,h) = B(iQ, h) = 0.
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Furthermore, by (A.18),

(A.19) B(Vy,h) = /(L+y1)l~11+%/([/_y2)712

1 ~ 1 -
=§€O/y2h1—§€o/y1h2:0>

so we have that 0,,Q, j = 1,2,3,1Q, YV, and h are orthogonal in the bilinear
symmetric form B. Noting that ®(iQ)) = ®(9,,Q) = ®(¥;) = 0 and that

®(h) <0, we get

N —

Vh € E := span{d,,Q, 0,,Q, 0:,Q.,1Q, Y., h}, ®(h) <O0.

We claim that dimg F = 6.
Assume that for some real numbers o, 3, 7, J, we have

3
(A.20) D 005,Q + BiQ + Yy + 6h =0,

j=1

By Remark 2.6, B(Y.,YV_) = —eo (L_Y5,Ys) # 0. Furthermore, the same
computation as in (A.19) shows that B(h,Y_) = 0. From (A.20) we get that
v B(Y4,Y-) = 0, which implies v = 0. Since d,,Q, iQ and h are orthogonal
in L? we also get that a; = 8 = ¢ = 0. Thus, dim E = 6.

We know that ® is definite positive on G| (a subspace of codimension 5
of H'), hence, cannot be non-positive on FE, yielding a contradiction. The
proof of (A.17) is complete.

It remains to show that if h € G'|, ®(h) > c||h||%:. Let us sketch the
proof. As before, it is sufficient to show

(A.21) e >0, YVhe G', ®(h)>c|h|3
If not, there exists a sequence h,, € G’| such that

(A.22) lim ®(h,) =0, and Vn, ||h,||5 = 1.

n—-+o0o

Extracting a subsequence from (h,) if necessary, we may assume h, — h*
weakly in H'. The weak convergence of h,, implies h* € G’|. By (A.22) it is
easy to check that h* # 0 and ®(h*) = 0, which contradicts (A.17), showing
as announced (A.21). [ |
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B. Proof of a Cauchy-Schwarz type inequality

Let us prove Claim 5.4. Let d(f) = [ |[VQ|*— [ |V f]? (so that 6(f) = [d(f)])
and A\ € R. Then He”“"f“2 = ||@Q||2- By the Gagliardo-Nirenberg inequality

V(e ) |2 1QIE > IV QIE | £1I2-

Raising the previous inequality to the power %, and expanding HV (ei’\‘P f ) H;,
we get

_ VO
X VeIV P+ 2 (Vo v T+ [ v - iR S g,
/ / / Yol

Using elementary properties of quadratic inequalities (in A), we obtain

2
VO
g( |W|2|Vf|2)( VAP A1 )
/ / Yol

IVAz = IVQI; = d(f)

and, by assumption (5.12), we have

1£11Z = QT — 2d(f),

‘Im/(W-Vf)T

We have

so that

I ﬁHVQB

Ql; Qi
4d(f)
31IQIH

s |[VOI?
[z ”H 9 9@l - a() - (10l - 20(5)

= [VQIz —d(f) = IVQIz +

IVQIlz + O (Id*(/)]) -

Recalling that [|Q||3 = 3[|VQ||3, we obtain

g [VOI?
[rosi =12 = o e,
ol

concluding the proof of the claim. |
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