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Holder exponents of arbitrary functions

Antoine Ayache and Stéphane Jaffard

Abstract

The functional class of Holder exponents of continuous function
has been completely characterized by P. Andersson, K. Daoudi, S. Jaf-
fard, J. Lévy Véhel and Y. Meyer [1, 2, 6, 9]; these authors have shown
that this class exactly corresponds to that of the lower limits of the
sequences of nonnegative continuous functions. The problem of de-
termining whether or not the Hélder exponents of discontinuous (and
even unbounded) functions can belong to a larger class remained open
during the last decade. The main goal of our article is to show that
this is not the case: the latter Holder exponents can also be expressed
as lower limits of sequences of continuous functions. Our proof mainly
relies on a “wavelet-leader” reformulation of a nice characterization
of pointwise Holder regularity due to P. Anderson.

1. Pointwise regularity

Our purpose is to determine how general the pointwise Holder exponent of
a locally integrable function can be. Let us recall the definition of pointwise
regularity mostly used.

Definition 1 Let f € L} (RY), let xg € R and a > 0; f € C%(zg) if there
exist R >0, C' > 0, and a polynomial P of degree less than o such that

(1.1) if |x—xo] <R, then |f(x)— P(x —x0)| < Clz — 0]
The Holder exponent of f at xqg is
(1.2) hy(zg) =sup{a>0: feC%z)}.

If the set {a > 0: f &€ C%xg)} is empty (i.e. if f is bounded in no
neighbourhood of xq), then the supremum in (1.2) is taken on the empty set,
and therefore hy(xg) = —00.
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Let B(zo,7) denote the open ball centered at xy and of radius r. The
definition of C*(xy) can be rewritten as follows: There exist R > 0, C' > 0,
and a polynomial P of degree less than « such that

(1.3) Vr < R, sup |f(x) — P(x —xo)| < Cr®.

z€B(zo,r)

The Holder exponent takes the value —oo at xzq if and only if f is bounded
in no neighbourhood of xy. It follows that

F={o: hy@) = —o0)

is a closed set. The following lemma shows that this closed set can be
completely arbitrary.

Lemma 1 Let A be a closed subset of RY. There exists f € L'(R?) such
that Ve € A, hg(x) = —o0 and Vo ¢ A, hy(x) = +oo.

Indeed, let x,, be a dense sequence in A, and let

{|x|d/2 if |z]<1
w(z) =

B 0 otherwise;

then the function

gr) = 3" 5wl )

clearly satisfies the requirements of Lemma 1.

In view of the fact that in the L' setting, functions are implicitly de-
fined almost everywhere; it may be seem more coherent to replace the space
C*(zo) by the space C*(x¢) defined in the following way.

Definition 2 Let f : R? — R, be a locally integrable function, let zo € R?
and a > 0; f € C*(xg) if there exist R > 0, C > 0, and a polynomial P of
degree less than o such that

(1.4) Vr <R, Esssup |f(x)— P(x—uz9)| <Cre.

z€B(zo,T)

Here Ess sup means that the supremum is taken outside a set of vanishing
measure; therefore C*(zy) € C*(x). Note that Definition 2 differs from
the notion of approzimate Hélder regularity where (1.4) is assumed to hold
except on a subset of B(zg,7) whose measure is a o(r?), see [4].

Let us now explain the reason why it is not really necessary to replace
C*(xo) by C*(zy). First we need to prove the following lemma.
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Lemma 2 Let f € L (RY) and let f be the function defined, for each
zo € R?, as
. 1

(1.5) f(zo) = lirgl_)ionf Vol(Bo) /B(Iw) f(z)dz.

Then f = f almost everywhere, moreover for any xo € R% and a > 0, one

has f € C*(xo) if and only if f € C*(x).

Note that the way to define f so that Lemma 2 holds is not unique: Any
value between the liminf and the limsup in (1.5) would do. Surprisingly, in
some cases, values outside of this range can also lead to the same conclusion,
as shown by the following example.

Example. Let f : R — R be such that f everywhere has a left and a right
limit. Define the jump of f at x by

Jp(a) = f(@™) = @)+ [f(z) = f(=7)].

Let I be a closed bounded interval. Clearly, for any € > 0, the set of points
x € I where Js(z) > ¢ is finite; and J¢(x) = 0 means that f is continuous
at x. It follows that f is continuous except on a countable set, and (1.5)
holds everywhere: The corresponding liminf actually is a limit which is equal
to (f(z) + f(x7))/2. Therefore f coincides a.e. with a cadlag function;
but the standard convention in probability theory for cadlag functions is
different and consists in redefining f so that f(z) = f(2™); nonetheless,
Lemma 2 remains true in this case.

We now prove Lemma 2. It follows from a classical result of Lebesgue
(see for example [15, page 138]) that, f = f a.e. let o be fixed, let  be
such that (1.4) holds, and let x € B(xo,r). There exists 7’ small enough
such that, if B = B(x,r’), then:

e B C B(xg,r),

* iz L foty - )

e Vye B, |P(y—xy)— Pz —ux)| <1<
Using (1.4) and these estimates, it follows that

|f($) — P(x — 20)|

< |70 =y LI+ iy [0 = P = sy
+ V%(B) /B |P(y — z0) — Pz — xo)|dy < C'r°.

<re,
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The following result shows that the setting supplied by C*(zg) is more
general than the one supplied by C'“(x). Therefore, it justifies that we will
stick to the C*(xy) setting.

Remark 1 It follows from Lemma 2 that any f € L}, (R?) satisfies the
following property: There exists f € L} (R?) such that f = f almost every-
where, moreover

oo R, hp(zo) = hy(o),

where hy denotes the Holder exponent of f in the sense of Definition 1 and ﬁf
the Holder exponent of f in the sense of Definition 2.

Let us now give the main motivations of our article and state our main
result. Determining the Holder exponent of a function, or of a signal, can
be of interest in its own right, or as an intermediate step in the context of
multifractal analysis (in which case the goal is to determine the Hausdorff
dimensions of the sets where the Holder exponent takes a given value). Even
if f is a smooth function, its Holder exponent can be very irregular. There-
fore, an important question is to determine how “bad” it can behave. When
f satisfies a uniform Hoélder regularity condition (i.e. if there exists € > 0
such that f € C¢(R?)), this problem was considered by S. Jaffard in [9] and
by K. Daoudi, J. Lévy-Véhel and Y. Meyer in [6]. They proved that the
Holder exponent of such a function f is a lower limit of a sequence of non-
negative continuous functions. Furthermore, they gave explicit constructions
showing that, conversely, any lower limit of a sequence of nonnegative con-
tinuous functions is indeed the Holder exponent of a continuous function.
These constructions were of different types: Explicit wavelet expansions,
variants of the Weierstrass functions, or variants of the Takagi function. An
important improvement was later obtained by P. Andersson in his PhD The-
sis: He showed that this condition actually characterizes Holder exponents
of the larger class of continuous functions, see [1, 2]. (See also [3] and ref-
erences therein for recent results concerning Holder exponents of stochastic
processes). Additional results concerning pointwise Holder regularity were
obtained by Y. Meyer in [14] and by P. Andersson in [1]. However the prob-
lem of determining whether the Hélder exponent of discontinuous (and even
unbounded) functions can belong to a larger class of functions remained
open during the last decade. The purpose of the present paper is to prove
the following statement, which answers this question.

Theorem 1 Let f € Li (RY). The Hélder exponent of f is the lower limit
of a sequence of continuous functions.

Conversely, any function h(z) which is the lower limit of a sequence
of continuous functions and takes values in RY | J{—o0, 400} is the Holder

exponent of a function f € L} (R).
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2. Proof of Theorem 1

The proof is a consequence of a characterization of pointwise Holder reg-
ularity which is based on the local rate of approximation of f by smooth
functions. First note that, since the result is local, we can assume without
loss of generality that f actually belongs to L*(R%). Let ¢ € S be such
that ¢(§) vanishes for || > 2 and is identically 1 for [{| < 1. The “smooth
approximation” of f at the scale j is

Sif=fxyp; where 0i(r) =2%p (271)..
P. Andersson proved the following result in [2].

Theorem 2 Let f € L*(RY), and let a > 0; f € C%(xo) if and only if the
following condition holds:
(2.1) JC,R>0:if 277 + |x — x| < R,

then | f(z) — (S;f) ()] < C(277 + |z — wo|).
Remark 2 If f is bounded in a neighbourhood of xy, then the sequence

[ —(S;f) is uniformly bounded in j in a neighbourhood of xo, so that the
criterion given by Theorem 2 extends to the case o = 0.

We will start by rewriting this criterion in a way which will be more
convenient to handle. First, we recall a few classical definitions. Let k =

(k1,...,ka) € Z% and j € N; A (= A(j,k)) denotes the dyadic cube

N LS AN TR
Co|27 2 217 2 )7
If 7o € R X\(z0) is the only dyadic cube of width 277 which contains z.

If K >0, KX denotes the cube of same center as A\, but K times wider i.e.

kit K ki+; K kat; K kit K
95 9+l 9j 9j+1 2i it i 27+1

K=

Definition 3 Let A C R?; the oscillation of f at scale j over A is
(2.2) Osc;(f, A) = sup [f(z) — (S f)(@)].

§'>j, z€A
Note that S;f is a regularization of f at scale j; therefore f — S;f
measures a “high frequency” part of f, and Osc;(f, A) thus measures its
oscillations at scales larger than j. Definition 3 is not the standard definition
of the oscillation of a function over a set; in particular, it depends on the
function ¢ which is chosen in the definition of the smooth approximation.
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Lemma 3 Let f € LY(RY), and let a > 0; let K > 3 be given; then (2.1) is
equivalent to:

(2.3)  3C >0 such that, for all j €N, Osc;(f, K\j(z)) < C27%.

Remark 3 This equivalence is in the same spirit as the “wavelet leader”
reformulation of the two-microlocal conditions C“~*(xy), see [10].

We now prove Lemma 3. Assume that (2.1) holds. Let 2 and j be given.
If j > j and x € K\;(x), then 277" + |2 — x| < (KVd +1)-277 and (2.1)
implies that .
|f(z) = (Sjrf)(@)] < €27,
so that (2.3) holds.

Conversely, let 7 € R? and assume that (2.3) holds. Let j € N and
x € R? be fixed. We suppose that

(2.4) 279 + |z — x| < 1/4.
Observe that (2.4) implies that

(2.5) j>2and x € K\o(x9).
First case: We assume that

(2.6) |z — x| <3277

Then using (2.6) and the fact that K > 3, it follows that x € K\;_o(zo).
Therefore (2.2) implies that

(2.7) |f(2) = (53 ) (@)] < Osc;(f, KXj—a(x0)).
Next, putting together (2.7) and (2.3) (we replace j by j —2) we obtain that
f(x) = (S;)(x)] < C27°072),

which proves that (2.1) holds.

Second case: We assume that
(2.8) |z — x| >3- 277,
Let

(2.9) l=sup{0<m<j: xe€ K\y(x)}.
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In view of (2.5), [ is well-defined. Moreover (2.3) implies that
(2.10) Osci(f, K\i(z)) < 027

Let us now prove that (2.1) holds when [ < j—1. If this condition is satisfied,
then it follows from (2.9) that x ¢ K \;11(zo), which entails that

(2.11) |z — w0 > 327175,
Using (2.2), the fact that j > [, (2.10) and (2.11) we get that
[f(2) = (S 1) (@)] < Oser(f, Kd(wo)) < C27 < Cla — o,

which means that (2.1) is satisfied. Finally, following the same method
as before and using (2.8) instead of (2.11) we obtain that (2.1) also holds
when j = 1.

We now prove Theorem 1. We define a family of continuous functions
Oscj(x), which will essentially extrapolate these local oscillations at scale j.
First, we define them at the dyadic points 277k:

(212)  if A=A(j k),  Osc;(277k) = inf (27, Osc;(f,5M) + 277"

The purpose of taking an infimum with 2/ * is to deal with bounded quantities
even when the oscillation is infinite (i.e. when f is not locally bounded) and
adding 277 ’ prevents the quantity defined by (2.12) to vanish; note that both
modifications do not alter logarithmic orders of magnitude when j — oo.
The function Osc;(x) is then interpolated on R? in a continuous way, and
so that its value at any point x lies between its values at the extreme points
of the cube \;(z). An interpolation scheme which satisfies these continuity
and monotonicity properties will be called a regular interpolation in the
following. The precise method used is not important; however, in order to
fix ideas, one can choose the following standard polynomial interpolation
which we state for j = 0 and A\ = [0,1]%. Let Py(z) = 1 — 2 and Pi(z) = x;
then the interpolation of a function f defined at the 2¢ extreme points of

the unit cube A is
1@ =3 1) T] P (o),
i k

where the sum is taken on all d-uples i = (iy,. .., i, ...iq) € {0,1}¢ (note
that, if d = 1, this interpolation method boils down to the standard lin-
ear approximation). The interpolation formula follows for all cubes and all
scales, by translation and dilation, and one easily checks that it satisfies the
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regularity properties mentioned above. In particular, each function Osc;(x)
is continuous. Since

277" < Oscj(z) < 27" 977",

each function log(Osc;(z))/log(277) is also continuous.

Let 2 be a fixed point of R¢. If f is not bounded in any neighbourhood
of zy then, because of (2.12), for each point k277 which is at a corner of
a dyadic cube of width 277 which contains z, Osc;(277k) = 27°, so that
Osc;(z) = 27" at o, and

Oscj(xo) ,
log <W — —00  when j — 4o00.

Else, f is bounded in a neighbourhood of zo; let (wj;);—.. 04 be the 2¢
extreme points of the cube A;(zo). By the regularity of the interpolation
method,

irllf(Oscj(ij)) < Oscj(xg) < Sl;p(OSCj (wjn))-

But, by (2.12),

sup(Osc;(w;1)) < Ose;(f, (o)) + 2777,
l

and '
irllf(Oscj(ij)) > Osc;(f,30(x0)) + 2777,

therefore
(2.13)  Osc;(f, 30;(20)) + 277" < Ose;(xo) < Ose,(f, TAi(w0)) +277.

It follows from Theorem 2 and Lemma 2 that

. log(Osci(f, K\j(w)) +2777)
: > d = ’ = '
(2:14) YK >3, Yoo €R?, hy(ao) = lim inf log(27)

Therefore, (2.13) and (2.14) imply that
.. log(Oscj(zo))
R? h = lim inf ———1""2
o €KL el =i )
and the Holder exponent hy has thus been written as a lower limit of a
sequence of continuous functions.

Let us now prove the second part of the theorem. It is a local version
of the proof which was obtained in [9] in a particular case. We consider
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a function h which is the lower limit of a sequence of continuous functions
hy(x), and we assume that h takes values in RT | J{—o0, +o0}. We define

(2.15) A*® ={x: h(z) = —o0}.

Let ¥’ € S(RY) be the generators of an orthonormal wavelet basis,
see [12]. This means that the

2U/2y1(x — k),  jE€Z, keZ' i=1,...,2"-1

form an orthonormal basis of L*(R?). The wavelet coefficients of f are
denoted

= 1) = [ T2 @ - Rds (e Z, ke,
R
We note C'°8 the class of functions such that: For all j > 2, k € Z¢,
i=1,...,29 -1,
(2.16) |Ci | < C273/1o8d

It is a slightly stronger asumption than uniform continuity, but it implies
no uniform Hoélder regularity, see [9].

The first step of the proof consists in constructing a function f; € L'(RY)
such that

(2.17) % = A%,

where A% was defined by (2.15) and A® = {r : hy(r) = —oo}. Let
(Jn, kn) € N x Z be such that the adherence values of the sequence k, 277"
are exactly A®. Then clearly the function

file) =D jut' (20" — ky,)
n=0
belongs to L!; since the wavelet coefficients are bounded in no neighbour-
hood of any point of A% it follows that
Vo e A®,  hy(r) = —o0
and one easily checks that
Vo ¢ A, hy (z) = 400,
so that, in particular, (2.17) holds.
The second step of the proof consists in constructing a continuous func-

tion on R? (denoted by f;) whose Hélder exponent equals h on the comple-
ment of A*°. To this end, we will use the following result of [9].
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Proposition 1 Let f € L'(R?). Suppose that f € C*(xo); if |k277— xo| < 5
then
(2.18) CL Ll < C279 (14 |20 — k)™

Conversely, if (2.18) holds for all j,k such that |k277 — zo| < 279/0023),
and if (2.16) holds for k277 in a neighbourhhod of xo, then there exists a
polynomial P of degree less than o such that

(2.19) |f(z) — P(z — x0)| < Clz — 20|*(log |z — x0|)*.

Let F,, be the complement of A* 4 B(0,1/n); F, is a closed set; since
the result is local, we can assume that the F;, are uniformly bounded, so
that the h, are uniformly continuous on Fjs,. Since their lower limit is
nonnegative on each Fj,, there exist nonnegative C'! functions g, such that
SUP,er, |gn(®) — hn(x)| — 0; let B(n) =n+sup,cp, |Vgn(x)|; we define the
wavelet coefficients of f, as follows. If j is one of the numbers [B(n)], and
if k277 € F},, then

C]’k = inf(279/ 1087 Q—jgn(k2*j))
else C’;k = 0.

Finally let us give the last step of the proof. Set f = f; + f2. Since
the wavelet coefficients of f; are bounded and those of f; are unbounded, it
follows from the definition of f; that for all x € A* one has hy(z) = —oo.
Let ¢ A™; since the wavelet coefficients of f; vanish for k277 in a neigh-
bourhood of x, we only have to consider those of f;. The direct part of
Proposition 1 implies that

k
h < lim inf n | =
rla) < [szjfzfljrf}ezll}ﬂ'Jrzfﬂ']az g (27)
< liminf g,(z) + 277 B(n) = liminf h,(z),
so that hy(z) < h(x). In order to prove the converse estimate remark that f

satisfies (2.16) locally, so that we can use the second part of Proposition 1.
We have

C]i'k — inf(279/1087 2=Im(b27)) < inf(I/lesd  9—ion(x)gile—k2 | B(n)y

Since |k277 — x| < 279/0080)* it follows that 2/1#=%2771B() < 2 for n (hence j)
large enough and Proposition 1 implies that

h¢(z) = liminf g,(x) = liminf h, (z) = h(z).
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3. Concluding remarks

The Holder exponents of stochastic processes are themselves stochastic processes.
In order to be able to deal with them, a preliminary requirement is to deter-
mine their measurability properties. Let X = {X(t)},cre be a real valued
jointly measurable real valued stochastic process ie. (t,w) — X(t,w) is
a measurable function from (R¢ x Q, £, ® A) into (R, B) where L, is the
Lebesgue o-field on R?, B the Borel o-field on R and (€2, A) the underlying
probability space. For each w € Q and t, € R%, hx(ty,w) denotes the Holder
exponent of the function t — X (t,w) at to. We will show that {hx (t9)}4,erd
is a jointly measurable stochastic process when the process X is separa-
ble and its trajectories almost surely belong L} (R?). The separability is
a weak condition (see [7]). It means that there exists a countable dense
subset D of R? and a negligible event N satisfying the following property:
For any closed subset ' of R and any open subset U of RY the two sets
{weQ: X(tw)e F,teU}and {weQ : X(t,w) € F,t € UnN D} differ
by a subset of A. This property and (2.2) imply that for any dyadic point
277k the quantity Osc;(277k) = inf(27°, Osc;(X,5))) + 277" is a random
variable i.e. a measurable function from (£2,.4) to (R,B). Next by using
the fact that for each w € Q, ¢, — Oscj(tp,w) is a continuous function
on R, it follows that (tp,w) — Osc;(to,w) is a measurable function from
(RYx Q,L;® A) into (R, B). Finally, the equality

.. o log(Oscj(wg,w))
hx(xg,w) = l;riljgf log(2 1)

implies that (tp,w) + hx(xg,w) is a measurable function from (R? x €,
Lq® A) into (Rt U {—0c0, 400}, B), where B denotes the Borel o-field of
R U {—00,400}.

Our second remark concerns multifractal analysis. Assume that f is a
locally integrable function. The spectrum of singularities of f is the func-
tion dy defined for any H € R* U {—o00, +0o0} as

di(H) = dim({x € R*: hy(x) = H}),

where dim denotes the Hausdorff dimension. An important open problem
in multifractal analysis is to determine how general the spectrum of singu-
larities of an arbitrary locally integrable function can be, see [8] for partial
results on this problem; the same question arises for arbitrary locally inte-
grable Holder homogeneous function (f is Holder homogeneous if, for any
nonempty open set O, dim({x € O : hy(x) = H}) is independent of O)
where the problem is completely open. Theorem 1 shows that the spectrum
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of singularities of arbitrary locally bounded functions will be the same as for
continuous functions. Therefore Theorem 1 implies that the general prob-
lems we mentioned are not altered if one makes this additional regularity
assumption, which, for instance, allows to use wavelet expansions in such
constructions.

Our third remark concerns extensions of the result of this paper to other
local exponents. Another local definition of regularity has been considered:
[ € C (x0) if there exists ¢ € D(RY) such that ¢(x¢) = 1 and fp € C*(R?).
The local Holder exponent of f is

hlfoc(:co) =sup{a: f e (x)}

J. Lévy-Véhel and S. Seuret proved that the local Holder exponents of contin-
uous functions are exactly the nonnegative lower semi-continuous functions
(see [13]). Note that a p-exponent (fitted to the L” setting) has been pro-
posed by Calderén and Zygmund, see [5] and an abstract general extension
has also been proposed in [11]. In all these cases, a natural question is to
determine what are the most general exponents.

We thank the referee for pertinent remarks which improved the presen-
tation of this paper.
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