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Exploding solutions for a nonlocal

quadratic evolution problem

Dong Li, José L. Rodrigo and Xiaoyi Zhang

Abstract

We consider a nonlinear parabolic equation with fractional diffu-
sion which arises from modelling chemotaxis in bacteria. We prove
the wellposedness, continuation criteria and smoothness of local solu-
tions. In the repulsive case we prove global wellposedness in Sobolev
spaces. Finally in the attractive case, we prove that for a class of
smooth initial data the L7°-norm of the corresponding solution blows
up in finite time. This solves a problem left open by Biler and Woy-
czynski [8].

1. Introduction and main results

In this paper we consider the following evolution equation on R?:

{(Zu = —v(=A)2y —V - (uB(u)), 0<a<?2,

(1) u(0, ) = up(x),

where v > 0 is the viscosity coefficient. Physically meaningful solutions
of (1.1) are nonnegative functions u : R? x R™ — R which represent the den-
sity of particles in R%. The term B(u) is a linear integral operator given by

(1.2 Bu)(w) = n [ T —tu(wdy

and p = £1. When p = —1 we will call B an attractive kernel, while the
case ;1 = 1 corresponds to a repulsive kernel. By explicit computation it is
easy to see that B(u) has an equivalent expression:

(1.3) B(u) = —Cip(—A) "'V,

where C] > 0 is an absolute constant.
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Throughout the paper, we shall use both expressions of B(u) whenever
it is convenient. The fractional Laplacian (—A)®/2 is defined via the Fourier
transform: .

(—=A)2u(§) = [§]"a(8),
where 4 denotes the Fourier transform of w.

Equation (1.1) describes many physical processes involving diffusion and
interaction of particles (see for example [9] and [8]). When a = 2, the at-
tractive case ;1 = —1 models the evolution of particles in a cloud interacting
via gravitational attraction (see [23] for more details). In this case (1.1) can
also be regarded as a simplification of the classical Keller-Segel model [14].
On the other hand, the repulsive case y© = 1 models the Brownian dif-
fusion of charged particles with Coulomb repulsion (see [2]). The regime
0 < a < 2 was studied in [8] and it corresponds to the so-called anoma-
lous diffusion which in probabilistic terms has a connection with stochastic
equations driven by Lévy a-stable processes. As mentioned in [8], an im-
portant technical difficulty lies in the fact that non-Gaussian Lévy a-stable
(0 < a < 2) semigroups have densities which decay only at an algebraic rate
|z| 727 as |z| — oo while the Gaussian kernel o = 2 decays exponentially
fast. Equation (1.1) shares a similar form with several other models with dif-
ferent choices of the kernel B. For example, if one takes B(u) = (—A)~!'Vtu,
where V4t := (—0,,u, 0,,u), then equation (1.1) with this choice of B and
v = 0 is the 2D Euler equation in vorticity form for which global solu-
tions exist under rather general conditions on the initial data (see for ex-
ample [20]). Another closely related model is the surface quasi-geostrophic
equation for which B(u) = (—=A)"Y2V1y ([10]). We refer the interested
reader to [1, 12, 15, 16, 17, 18, 19, 21| where other equations with frac-
tal type diffusion have been considered. We also mention that analogous
problems of (1.1) in bounded domains were studied in [2, 3, 4, 5, 6, 7].

The main goal of this paper is to study in detail classical solutions of (1.1)
in the unbounded domain R?. Depending on the sign of the interaction
kernel B, we investigate conditions for global in time existence or finite time
blowup. Part of the results obtained here complement those of [8], where
blowup in the case @« = 2 and u = —1 was obtained. In particular we solve
a problem left open by Biler and Woyczyriski [8], namely the existence of
blowing-up solutions in the case p = —1 and 0 < a < 2 (see, for example, |8,
Proposition 4.1] and preceding remarks there; see also Theorem 1.10 below).
In the case @ = 2 and p = —1 considered in [8], the existence of blowing-up
solutions is proved by a virial argument. More precisely one studies the
evolution of the integral [wu|xz|*dz and proves that the ODE associated to
its evolution generates a negative solution in finite time for sufficiently large
initial data. This argument no longer works in the fractal case 0 < a < 2



NONLOCAL EVOLUTION PROBLEM 297

since the weight function |z|* makes the linear term too strong to be con-
trolled by the nonlinear part. To solve this problem, we use a truncated virial
argument choosing the same weight function but multiplied by a smooth cut-
off function. We then control the remainders by proving a mass localization
lemma (see Lemma 7.4) which prevents the mass from evacuation for a short
time. For a properly chosen time interval and sufficiently localized initial
data, we show that the truncated virial expression which is nonnegative
becomes negative in finite time and thus obtain a contradiction.

We now state more precisely our main results. The first theorem estab-
lishes the local wellposedness of (1.1) in Sobolev space.

Theorem 1.1. (Local existence and uniqueness of solutions). Let y = £1
and v > 0. For any up € H(R*) N LL(R?) with s > 3 and 1 < q < 2, there
exists T = T(||uo|| r2r2), [0l Lam2y) > 0 and a unique solution u of (1.1)
in C([0,T), H:(R?) N LL(R?)). Moreover we have u € C*([0,T), H:(R?)),
where s = min{s — a,s — 1} > 1.

Remark 1.2. In the local theory we do not assume that ug is nonnegative.
The assumption s>3 in Theorem 1.1 can be weakened further although we
shall not do it here. We chose these conditions simply for the sake of conve-
nience. If v = 0, the constructed solution is in fact in C*([0,T), H:71(R?)).

Remark 1.3. The analysis here should be compared with the case a = 2
in [8]. There (see [8, Remark 3.2]) it is mentioned that a small data result
can be proved by using a perturbation argument. A conditional result for
classical solutions is also proved there for bounded domains with no-flux
boundary condition (see [8, Section 6]).

The next two results establish the continuation criteria of solutions and
further properties of the solutions.

Theorem 1.4. (Blow up —continuation of solutions criteria). Let p = +1
and v > 0. Let ug € H:(R?*) N LI(R?) with s > 3 and 1 < q < 2. Assume
we C([0,T), H:(R?) N LI(R?)) is the mazimal-lifespan solution obtained in
Theorem 1.1. Then either T' = 400, in which case we have a global solution,
orT < o0, and we have

t—T

t
lim/ u(8)| oty ds = +oo.
0

Theorem 1.5. (Further properties of solutions). Assume p = £1 and
v >0. Let ug € HE(R?) N LL(R?) with s > 3 and 1 < ¢ < 2. If ug > 0, then
the corresponding solution obtained in Theorem 1.1 remains non-negative,
ie. u(t) > 0 for any 0 < t < T. If in addition ug € LL(R?), then
(@, D)Ly r2) = [Juoll Ly re2) for any 0 <t <T.
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Remark 1.6. If ug € H:(R?)NLL(R?) for some s > 3 and ug > 0, then by an
elementary argument vy € H3(R?)NLL(R?) for any 1 < ¢ < co. Theorem 1.5
asserts that we can obtain a solution in C'([0,7), H:(R?) N LL(R?)) in any
1 < g < 2. Note that although we prove that the L. norm of u is preserved,
the additional strong continuity in C([0,7"), L}) is not shown here. We
conjecture this is the case.

The following theorem deals with the case u = 1, proving that the solu-
tion to (1.1) is global.

Theorem 1.7. (Global well-posedness in the repulsive case). Assume u =1
and v > 0. Let uy € H:(R?*) N LI(R?) with s > 3, 1 < q < 2 and ug > 0.
Then the corresponding solution obtained as in Theorem 1.1 is global. More
precisely, if 1 < q¢ < 2, then u € C([0,00), H3(R?) N L4(R?)). If ¢ = 1,
then u € C([0,00), HS(R?) N LL(R?)) for any 1 <r <2 and ||u(t)| 11 r2) =
ol 1 (r2y for any t > 0. In all cases (v > 0) and for all 1 < r < oo, the
L -norm of w is non-increasing, i.e., for any 0 < t; <ty < oo, we have

)z = llu)llz@)-

In the inviscid case (v = 0), with ¢ = 1 we have more precise estimates.
They are as follows. For any 1 < p < oo, we have

—(1-1
ol ez (1 + Culluoll e rayt) ™" 7% < ()| ez <
1 1—1 _(1-1
10 < ol - ol jsey - (1+ Cilluolliet) 4, Ve >0,
where C is the same constant as in (1.3).

Remark 1.8. Note that the estimate (1.4) shows that in the inviscid case
(v = 0), the LP-norm of u decays only algebraically fast. In particular for
1 < p < oo the estimate is sharp and the LP-norm of u decays at a rate

exactly proportional to = (1=3) (provided, of course, that the initial data ug
does not vanish identically). More precisely we have the following theorem.

In the case with no diffusion and 4 = —1, we expect the blowup of
solutions for generic initial data (even for initial data that are not necessarily
nonnegative).

Theorem 1.9. (Blowup in the attractive case with no diffusion). Assume
p=—1 and v=0. Let up € H(R?) N LL(R?) for some 1 <q< 2, s> 3 (ug
is not necessarily nonnegative) and u be the corresponding mazimal-lifespan
solution. Assume the set {y € R? : uo(y) > 0} is nonempty and define the
blowup time T by

1
T .= inf ,
yeR2,u(y)>0 Cu (y)

where C is the same constant as in (1.3).
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Then the mazimal lifespan of u is exactly given by [0,T). More precisely, we
have v € C([0,T), LL(R*) N HE(R?)) and the following sharp estimate holds:

1 1
5 < ez < max{lwollze, 5—F—p )

(L5 7= Cr(T—1)

for allt <T. In particular this implies that lim_p [|u(t)] Lo (r2) = 00.

The last result gives the existence of blowing-up solutions for a class
of well-chosen initial data. Here As,; denotes a class of functions defined
precisely below (Definition 7.1).

Theorem 1.10. (Finite time blow up in the attractive, diffusive case). As-
sume = —1 and v > 0. Let ug € H:(R?*) N LL(R?) with s > 3 and uy > 0.
Then there exists an open set of parameters 6,a,b such that if uy € Asqp,
then the corresponding solution of equation (1.1) blows up in finite time.
More precisely, there exists T' < oo, such that

T [ (1) ey = +00.

Outline of the paper. This paper is organized as follows. In Section 2 we
collect some basic estimates and preparatory lemmas. Section 3 is devoted
to the proof of local wellposedness in Sobolev spaces (Theorem 1.1). The
proofs of Theorem 1.4, 1.5, 1.7 and 1.9 are given in Section 4, Section 5 and
Section 6. Lastly in Section 7 we prove the existence of blowing-up solutions
(Theorem 1.10).

2. Preliminaries

In this section we compile the notation, auxiliary results from harmonic
analysis and other lemmas used throughout the paper.

Notation. Throughout the paper we denote by LP = LP(R?) | for
1 < p < o0, the usual Lebesgue spaces on R2. For s > 0, s being an integer
and 1 < p < oo, WP = W2P(R?) denotes the usual Sobolev space

wpr = {f e S®): |l = 3 102f iz < o0}
0<|j[<s

When p = 2, we write H = H:(R?) = W2*(R?) and || - || gy as its norm.
We will also use the Sobolev space of fractional power H*(R?), s € R, which
is defined via the Fourier transform:

17l = 11+ I F)




300 D. L1, J.L. RODRIGO AND X. ZHANG

For any s > 0, the space Cy ([0, T); H:(IR?)) consists of functions which are
continuous in the weak topology of H:, i.e., u € Cyw([0,T); H:(R?)) if and
only if for any ¢ € H$(R?), the scalar product (¢, u(t))s is a continuous
function of ¢ on [0,7), where

(@u)e = | SO +[e])*de.

Finally, for any two quantities X and Y, we use X < Y orY =2 X
whenever X < CY for some constant C' > 0. A constant C' with subscripts
implies the dependence on these parameters. We use X ~ Y if both X <Y
and Y < X holds.

2.1. Basic harmonic analysis

Let ¢(£) be a radial bump function supported in the ball {¢ € R? : [¢] < 13
and equal to 1 on the ball {£ € R?: |[¢] < 1}. For each number N € Z, we
define the Fourier multipliers

Py F(€) == 027V f(£)
Pon (€)= (1= p(27V€) f(€)
Pyf(€) = (27N f(€) = (p(27VE) — (27 VHe)) f(€)

and similarly P.y and Psy. We also define

Pye<n = P<y — Py = E Py
M<N'<N

whenever M < N.
Lemma 2.2. (Bernstein estimates). For 1 <p < ¢ < oo,
H|v|isPNfHLg(R2) ~ 2:|:SN||PNf||Lp RQ
| Pn fl Lo ey M Py fll 2 r2),
1P 1| L2 (r2) N1 Py £l o ey

Lemma 2.3. (Commutator estimate). For any f,g € S(R?), consider the
commutator

2N
q
-2)N
q

9(3-
2
o2

AR AN

[P.D, flg = P.D(fg) — fPDg.
We have, for any 1 < p < o0,

1[PeD, flgll w2y S 1D S| oo @)l 9] 2 (m2)-
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Proof. We have

(PeD(fg))(x)— f(m)(PkDg)(x)) N

/RQ 2% (D) (2" (x — y))g(y) (f (x) — F(y))dy
<D f e /

y 222"z — y||(DY) (2" (x — y))llg(y)Idy

Define ¢, () = |#|(Dv)(z), then by Minkowski’s inequality we have

1[P:D; flgll ez S D fllee@llill s 19l @z S Dl e @29l Lo @)-

|
Lemma 2.4. Let s > 0, then
22%5 / P.D(uf)Pyudx| <
k>0 R?
< (lull zgoey + 1D fll Lo me) 1 Po—a0tll s oy + 1l po ey | Po—20 f 751 oy -

Proof. By frequency localization, we have
/ P.D(uf)Pyudx =
R2
= /R? Py.D(uf<p—s)Prudx + /IR2 PyD(uf>g—4)Prudx
= /]R2 [PiD, f<r—s|uPyudz + . f<k—5(PrDu)Pyudx
+ /}R2 PeD(ufs—4)Prudz
= /R2 [PiD, f<p—sUp—9 ko Prudr — %/ (D f<p_s)|Peu|®dx

RQ

+/ PkD(uf[k_47k+8})Pkudx + / PkD(uka+9)Pkud.T
R2 R2

The assumption s > 0 will be needed in the estimate of D,. We begin with

Estimate of A;. By Lemma 2.3, we have

| Ak S 1D f || oo 2y [t r—0,k+9| 22 (2 || Pre|| £2 (m2) -
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Clearly then

> 2% Al S 1D azeqe 3 2 (lupemsussal Bz eny + 1| Pl )
k>0 k>0

SIDfllz@ D 2| Peullizee).
k>—10
This will be enough for us.

Estimate of Bj. This is rather straightforward. We have

> 22|Bil S IDfllr ) Y 2 Pl e
k>0 k>0
which will suffice to complete the proof.

Estimate of (. By integration by parts and Bernstein’s inequality, we
have

Z 22ks|0k| _ Z 22ks

k>0 k>0

S 2%l porry | fip—anssi |2 e2) 25| Prel r2 )
k>0

/ U flk—a,k+8] P,?Dudx
]RQ

S HUHLgo(R2) Z 2% ((Zka[k—zx,kJrS]HLE(RQ))Q + Hpku”%g(ﬂg%)
k>0

S HU||Lg°(R2) Z <22k(s+1)||Pkf||%g(R2) + 22ks||PkU||2Lg(R2)> :

k>—10

This is again sufficient.

Estimate of Dj. By frequency localization, we have
Dy, = / Py D(usk+3forro) Prudz
R2

R2 R2

G>k+9,5 >k+3 J>k+9,5' >k+3
l7—3'1<1 li—3'1<1

By Bernstein’s inequality, we then have

Del S D lugllzzeellfill 2 e 28wl o e
j>k+9,5' >k+3
i—i<1
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Therefore, interchanging the sums over j and k (here we use the fact s > 0
to get Do ke, 2k(2s+1) < 21(2s+1)) we obtain

dSRIDY > 2% > Pluplae I fill e lulle @)

k>0 k>0 i>k+9, 5/ >k+3
li—3"1<1

< Z 2%7° - 27 ||uge || 2 w2y || £l 2 rey ]| oo m2)
3>9,5'>3
li—3'I<1

S lullzgeme) Z (22j(8+1)Hfj|’%g(R2) + 22j8”“j”%g(W)) :
7>0
This is clearly good for us. The lemma is proved. |
Lemma 2.5. Given u € H*(R*)NLY(R?), for s > 1 and 1 < ¢ < 2, we have

H3(R2) S

1
s 2
(22) Slullzge + (3 2 Pallfaguey)

k>0

[ull oo @) + 1D B(w)l| Lo 2y + [l

with B as in (1.2).

Proof. The proof is elementary. We only sketch the main ideas. For k£ <0,
by Bernstein’s inequality we have (using that ¢ < 2)

sy S (2F + 25 ull g re)-

| Prul| oo w2y + [|PeD B(u)|| Lo w2y + || Pru
For k > 0, we also have
|| Pett]| oo 2y + || PeDB(w) || oo 2y < 2707 - 289 B[ 12 ) -

Note that the high frequency part of the [ 2 norm is already bounded by
the RHS of (2.2). Summing over all k£ € Z and applying Cauchy-Schwartz
quickly yields the result. |

Lemma 2.6. Given u € H*(R?) N L™(R?), let Bu be as in (1.2). We have
IDB(u)]| Lo r2) S log(e + [[ull gy (1 + [[ull oo zy) + [l 22y

Proof. Let ky be a number to be chosen later. By Bernstein’s inequality
we have

IDB(u)l L) S Z 2_k||PkU||H3(R2) + ZQkHPkUHLg(R?)
k>ko k<0

+ > Paulleee)
0<k<ko

S 27" ull g2y + lullzee) + Kollull oo re)
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If [Jul| 2 (ge) < 2e then just choose ko = 1.

Otherwise choose ko = [log, ([|u| 72(z2))] (here [z] denotes the integer part
of x) and this quickly yields the result. [ |

Lemma 2.7. (Positivity lemma). Let 0 < a < 2, T > 0. Denote Qp =
(0,7] x R%. Let u € C2(Qr) N CP.(Qr) N LY (Qr) for some 1 < p < .
Assume g: R2 >R, ge C(R?), f: Qr > R? and f € C’g;}(QT) are given
functions and the following conditions hold.

1. u satisfies the following inequality pointwise:

O+ V- (fu) = —v(=A)*u,  (t,x) € Qr,
u(0,z) = g(x), = €R%

Here v > 0 s the viscosity coefficient.

2. u, together with its derivatives, is bounded: there exists a constant
My > 0 such that

sup(|Oyu| + |Du| + | D*u|) + sup |u| < M; < oc.
QT QT

3. g > 0 and there exists a constant My > 0 such that

sup |div(f)| < My < 0.
Qp

Under all the above assumptions, we have u > 0 in Q.

)6_2M2t

Proof. We will argue by contradiction. Consider v(t, z) = u(t, x and

assume that there exists a constant é > 0 such that

inf v(t,z) = -4 <O.
(t,x)eQr
Such a constant  exists since by our assumption v is bounded. It is not
difficult to see that the infimum must be attained at some (t*,2*) € Q.
If it were not true, then there exist (¢,,z,) becoming unbounded such that
v(ty, r,) — —d as n — oo which is a contradiction to our assumption that
u € LP(Qr) and u has bounded derivatives in (¢,x). It is evident that
0 <t* <T. But then we compute

(O)(t*, %) = —2Mu(t*, ) + (Dpu) (£, %) e~2M2t"
> (=2My — div(f))v(t", x*) — y((_A)Oé/Q,U)(t*’ ).
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Since v attains infimum at (¢*,z*), we have

(2.3)  —((=A)2) (", 2") = C, P.V./ ot y) = ol ah) b s,

R2 |y - $*|2+a

where C, is a positive constant. The integral representation (2.3) is valid
since we are assuming wu is bounded and has bounded derivatives up to
second order (in space). We now obtain

(Opv) (t*, ™) > Moo > 0.
But this is obviously a contradiction to the fact that v attains its infimum
at (t*,2*). The lemma is proved. [ |

The following pointwise estimate for fractional derivatives is proved in[13]
and represents an improvement of an earlier estimate by Cérdoba and Coér-
doba [11].

Lemma 2.8. (Pointwise estimate). Assume f € S(R?), 0 < a < 2 and
B > —1. Then the following pointwise inequality holds:

a/2 1 a/2 +2
(@) f(2)(= D)2 f () = m(—ﬁ) P f ()74,

Proof. See Proposition 3.3 of [13]. [ |

3. Local wellposedness and continuation criteria

3.1. Basic a priori estimates

We first derive some a priori estimates needed later for the contraction ar-
gument. Throughout this subsection we assume u € C([0,00), L4(R?) N
H:(R?)), v € C([0,00), LLR?) N HE(R?)) for some 1 < ¢ < 2 and s > 3 and
they satisfy the equation

(3.1) Ou+V - (uB(v)) = —v(=A)

(Mo}

u,

where v > 0 and 0 < a < 2 are same parameters as in (1.1). Assume also
that at t = 0, we have

u(0,7) = v(0,7) = ug(z), VaecR?

where ug € H:(R?*) N LL(R?) is a given function. We shall estimate the
LP (¢ < p < o0) and H? norms of u in terms of those norms of v. Such
estimates will be used later in the contraction argument (specifically we will
be taking v = uy41, v = up, cf. (3.28)). To simplify the presentation, we
divide the estimates into three steps.
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Step 1. L estimate for ¢ < p < oco. Let € > 0 be a small number.
We first take p such that ¢ < p < oco. Multiplying both sides of (3.1) by
|u|P~2u - e~1*l and integrating, we obtain

1d
pdt R2 |u|p6_6xdx—/ Jul”” *udyue ~elel gy
V- (uB(U))|u|P—2u6—e|a:|dx _ I// (—A)a/2u|u|p_2u6_e‘m‘dx
R2 -
= —/ (V . B(U))|u|1’e—elm|dx _/ B(U) . (vu)|u|p—2u€—e\m\dx
R2 2
— 1// (_A)a/2u|u|p—2ue—e|x|dx
R2
1 —e|z| € X —ela|
—(1—==) [ (V-B)|ulPe™"de — = | (B(v) - —)|ulPe”"dx
D Jgr2 P Jre |z
3.2 — U —A O‘/Qu U p—2ue—e|m|dx
(3.2) (—A)
RQ
C- (”UHLgO(]RQ) + GHB(’U)HLgo(RQ)) /R2 |u|p€_€‘x‘dx
3.3 —v A2 P2~ gy
(3.3) (—A) 7
RQ

where the last inequality follows from the fact that V - B(v) = Const - v
(see (1.3)). By! Lemma 2.8, choosing 3 = p — 2, we have

1
— /RQ(_A)a/2u|u|p—2ue—e|xldx < _1_) /RQ(—A)O‘/Q(|u|p)e_e|x|d$

1
(3.4) = —— | JulP(=A)*2 (e~ dx.
P Jr2
Now choose r € R such that
2
—<r<oo, if0<ac<l,
«Q
and

2 .
2<r< , ifl<a< 2.
a—1

We can then bound
1(=A)*2 (e FN) || r ey < € [[(=A)* (eI 1 re)

(e}
< €*7r - const - H( €]

L+[¢P)3

_r _
L{7H (R?)

LStrictly speaking, in order to apply Lemma 2.8, one needs to assume that u € S(R?).
But this can be easily fixed by a standard density argument.
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where C'is a constant depending on («,r). It is not difficult to check that
the last integral in £ converges due to our choice of the number r. By this
last inequality and Holder, we obtain

(3.5) IRHS of (3.4) | < —Hqu o €T

L7 T(R?)
Plugging this estimate into (3.3) and integrating in time, we get

1
— | |u(t)|Peldr <
p ]R2

t
HuoHLp (R2) +0/ (lo(m) )l zge @2) + €l B)(T) ]| ge @) ()17 p oy A

+7/_/ (PP o dre* .

LI T(R2)

Now since ||B(v)||zeem2) S ||vl|zame) + [|v]|Leem2) and therefore is bounded,
taking € — 0 gives us

1
)y < Sl + € / o) g - ()2 oy dr

Gronwall then yields

t
(36)  lul®)lzee < luollze - exp (o / vaHLgo(Rz)dT) .
0

This is the first estimate we need. Now taking p — oo in (3.6) gives us

t
(3.7) [u(®)]lzee@2) < ||tol| oo me2) - exp <0/ ||U(T)||Lg°(R2)d7) :
0
Now assume 7" > 0 is such that
log 2
. o < ——
(3:8) T max flo(®)llze < =7

then clearly

T
exp (C’/ ||U(T)||Lgo(]R2)dT> <2
0

Plugging this estimate back into (3.7) and we obtain

sup [Ju(t)|| oo 2y < 2ol oo (m2)-
0<t<T

Using the last two estimates and (3.6), we finally get
(3.9) sup |[u(?)||zze) < 2[luollzz@e), Vg <p < oo.
0<t<T

This concludes the LP estimate.
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Remark 3.2. In the L? estimate above, we need to use the function e~ as
a cut-off to make the integral containing the diffusion term converge. More
precisely, for 1 < ¢ < 2, the integral

/ (=A)*ulu|t%udx
R2

may not converge since we are only assuming that v € HS(R?)NL4(R?). This
is the reason why we use this regularization instead of multiplying directly
by |u|P~%u.

Step 2. H? estimate for s > 0. Since the low frequency part of the H?
norm of the function u can be readily controlled by its L? (¢ < 2) norm,
it suffices for us to derive a priori estimates for the high frequency part of
the H; norm of the function u, i. e., the quantity

(3.10) [u(®)]

Veme) = Z 225 || Pru(t) |72 m2y -

k>0

Applying the projector Py to both sides of (3.1), multiplying by Pyu and
integrating, we have

ld

2t

(3.11) . / PV - (uB(v)) Poudz.
RQ

| Pew| 72 g2y + V”(—A)QMPWH%;(R% =

By Lemma 2.4, we have the bound

Z 22ks

k>0

/ P,V - (uB(U))Pkudx‘ <
R2

2-
H3(R?)

< (lull @) + 1D B(0)] 132 | Po—ao
e P 0 BO) s
< (lullzgee) + IDB() o)) | Po—ao]

(3.12) + llull Lge 2) | P> 200

2.
H3(R?)

2.
H3(R2)?

where the last inequality follows from (1.3) and the fact that the Riesz
operator |V|7'V is bounded on L2(R?):

[P —20B(v)]

ey S 1Ps—20 VI n2@e) S [[Ps—200] 17 ey
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Therefore by (3.10), (3.11) and (3.12), we obtain

1d < o
SO ey v 32PN P(—A) e S
k>0
< (lull i) + 1 DB) e o) | Po 20l e
(3.13) ) 1P =200

Step 3. Conclusion of the estimates. Taking s = 2 in (3.13) and using
Lemma 2.5, we have

d
Tlu®y2@e) S (u®)llg @) + 1DB©) ]l @2)-

(Ol 2g gy + Nt B eny) + | P00 g
S (lu(@)llzgeme) + 0@l La@e) + [v(E)lly2@2)-
(3.14) (el 7a @) + 1w 32@2) + el g @) [ Po—200l 7oy
By (3.9) and choosing T satisfying (3.8), we then have

d
Zlu® e S Clluollzz) + lo@llyze) + lo(®)]g@2)-

- (Aluoll7s g2y + () 12@2)) + 2lluoll Lo ) | Po 200172 g2
S (luoll @2y + lluollyz@e) + [v®)lv2@2) + lv()]lLo@)-
(3.15) (ol Zggey + 1) F2@2) + luoll 22 125200 Gz g2y

where the last inequality follows from Lemma 2.5 and Sobolev embedding.
Now choose T such that

1. T satisfies (3.8).

2. The Y? and L4 norm of v on [0, 7] is not too large:

(3.16)  max ([lo(t)lly2(e2) +[[0()l]Lsze) <4 (lluolly2qe2) + luollae))-

3. T also satisfies

C
(3.17) T < : )
|uol| r2(r2) + I|uoll g r2)

where the constant C; depends only on ¢, v, a and will later be made
suitably small.
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Then for any t < T, we have

RHS of (3.15) <
S (lluoll e g2y + lluolly2ee)) - ([[woll7e gz + [u(t)[[32g2))
+ (luoll 2 ey + lluolly2(z2))?
S (woll g @ey + lluolly2(r2)) ||U(f)||2y2(R2) + (luoll L) + luolly2e2))®.

By the assumptions on T, (3.17), choosing C sufficiently small , a simple
Gronwall argument yields

(3.18) sup |[u(t)|lyzmz) < 2+ ([[uollare) + lluollvze))-
0<t<T

By (3.9), this implies

(3.19) S (u®)lla@2) + lu@®)lly2ee) <<4- (luollvaz) + lluollLs@2)) -

This ends the estimate for s = 2. By the assumptions on 7, (3.8), (3.16)
and Lemma 2.5, it is not difficult to see that

sup. ([[u(®) 2y + IDB(0 () 1)) <

0<t<T
(3.20) <Cs - ([luolly2(2) + [luoll L2re)),

where C is a constant depending on ¢. Plugging the estimate (3.20) in-
to (3.13), we obtain for any ¢t < T and s > 2:

1d
57 e Ve@e) S (lolly2e) + lluollzgee)) - 1P>—20u(t)]

2-
H3(R?)

+ [luoll oo 2y - [[0(8) |7z (g2
S (Juolly2ey + lluoll Larey) - (lu(?)]
+ (|luolly2@ey + ||U0||LZ(R2))3-

vo@2) T 103 @2)

Now a simple Gronwall argument gives that for any ¢t < T,

lu®)]

égt'(”uo”ys(RQ)-'_HuO”Lg(RQ)) .

- (lhuol

+ 2(luollyaa) + voll gcey) - mass [0 ey )

2
yeme) S €

v + 2t (Juollvae) + uollrzge))®

where Cj is a constant depending on the numbers (s, ¢).
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Choosing T" as in (3.17) and letting the constant C) be sufficiently small,
we then have

max [|u(t)[[y2(gz) <

0<t<T
1 1
< Aol ey + g ollyacesy + uollageey)? + 5 - gmass oG8 e
1
< 2{[uol 2YS(]R2) + ||u0||2Y2(]R2) + ||u0||%g(R2) + B '01235% lo()]3 Y's(R2)

Now if we assume that

Rax [|v |v(t)]

2Ys(]Rz) < 4|ug] 2YS(]R2) + 2||U0||2y2(11§2) + 2”“0”%2([&2)7

then we obtain

Dax |u(t))

%/s(n@) < 4 juo| %s(n@) + 2HU0H§/2(R2) + QHUOHig(R%

Next plugging this estimate together with (3.16), (3.9) and (3.20) into (3.13),
we obtain for some constant Cy > 0 depending on ( ||ug|

H3(R2); HUOHL%(RQ) ),

1d ,

) _
thHu( Mys@e) + viu(t)] 18 @) < (4,

where we have used the fact that the low frequency part of the Hj+%(R2)
and H:(R?) norms of u can be controlled by its LZ(R?)-norm which in turn
is bounded by (3.9). Integrating on [0, 7] and we get

T
v [ IO g < Co,

(R?)

where Cj is another constant depending on (| uq|

H(R2), |[toll 2 (re))-

Finally, we summarize the basic a priori estimates as follows. There exist
a constant ¢ > 0 depending on the numbers (g, s) such that if T" satisfies
the following conditions:

(i) The L% and Y2 norms of v are not too large:

(3.21) OfgaX(HU( MNzg ey +llv@)ly>@2) < 4-([uoll L@z +luolly2@2);

(74) The Y* norm of v is not too large:

(3.22) max |lv(t)|

0<t<T

2YS(]R2) < 4|uo| 2Ys(ﬂv) + 2||U0||§/2(R2) + 2||“0||ig(R2)§
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(ii7) T satisfies the bound?:

C1

(3.23) T < s
[wollm2re) + [luoll e m2)

then for the function u we have the following:

(a) The L4 and Y? norms of u are not too large:

e ()]s ) + ()l y2en) <

(3.24) <4 ([luollLa ey + [[uolly2@2));

(b) The Y* norm of u is not too large:

(3.25) max ||u(t)]

0<t<T

%/s(n@) < 4fjuo| %s(n@) + 2|’U0”§/2(R2) + ZHuOH%Z(RQ);

(¢) The following bound also holds:

(3.26) sup |[|u(t)]

0<t<T

T
e+ [ @y, e < D

(d) For any t < T,

ys(2) + Dst).

(3.27) () lys(e2) < eP2(|luol

Here Dy, D, and Ds are positive constants depending on ||ug|
|0/ Lg(r2). Note that for the control of the Y*-(semi)norm of u, the esti-
mate (3.27) is slightly better than the mere boundedness in (3.26). We shall
need (3.27) later to show the continuity of w in H*-norm at t = 0 (see (3.38)).

H3(R2) and

Remark 3.3. As indicated before the above estimates will be used in the
contraction argument. We remark that (a) and (b) above ((3.24) and (3.25))
are the same estimates as the ones assumed for v, (3.21) and (3.22). This will
be required later to guarantee that the estimates obtained for the sequence
of approximate solutions u,, are uniform in n.

*Note here by the Sobolev embedding inequality || f||zs®2) < I|f]#2®2), the condi-
tion (3.8) can be taken care of by making ¢; sufficiently small.
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3.4. Contraction arguments

We assume that the initial data ug € LZ(R?) N HE(R?) for some 1 < g < 2
and s > 3. We will construct a sequence of functions {uy}72 in the following
manner. Define uy (¢, z) = ug(x). We define u,+1 (n > 1) as the solution of

(3.28) {&%HY+V’WM+BWH):—W—Aﬁﬂmwh

Up+1 (0) = Ug-

Since we are assuming high regularity on the initial data, no regularization
is needed in this approximation scheme.

Step 1: Properties of solutions to the linear problem. For all n > 1, we
have u,, € C([0,00), H:(R?) N L4(R?)). This can be shown by an induction
on n. The claim obviously holds for n = 1 since u;(t,z) = uy and uy €
H:(R?)N L4(R?). Assume the statement is true for u, with n > 1. Then for
Uny1, using the fact that u, € C([0,00), H3(R?) N LL(R?)), it is not difficult
to show that (3.28) has a unique solution in C([0,00), Hi(R?)). To show
Unr1 € C([0,00), LL(R?)), we use (3.28) and Duhamel’s formula to write
Up4+1 AS

t
un+1a>::e—vﬂ—ﬁf”2uo-—t/“e‘”“‘T“‘A’””<7-<un+1cr>8<un>@a>d7.
0

We note that the above expression for wu,,;, with the obvious interpre-
tation, can be used for the case v = 0.

Now use the fact that

—ut(—A)e/2
le™ A fllizmey S 1 llzee)

forany t > 0, 1 < p < oo, we quickly obtain

o Mt (7)o ) ltm(7) g ey )

t
smwmm+/w%HM|
0

ms@®2) [l un(7) || g 2y dT,

where the last inequality follows from Sobolev embedding. This estimate
shows that the LZ norm of w,; is bounded on any finite time interval.
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By a similar argument we can show the strong continuity (at any finite ¢
including right continuity at ¢ = 0) of w, ;. Therefore we conclude u,; €
C([0,00), LL(R?)).

Step 2: Uniform estimates on the sequence w,. We claim that there
exists a constant ¢; > 0 depending only on (a, ¢, v), such that if

C1

(3.20) 0<T< :
|uol| r2(m2) + [|uoll L2 m2)

then for any s > 2, ¢ < p <00, n > 1, we have

2
H?%(RQ)dt = Dy,

(3-30) sup ([Jun(t)l|pr2) + l[un(t)]

0<t<T

T
mewe)+v [ )
0

and for any ¢t < T,

(3.31) [un (2)]

YS(RQ) S eDQt(||u0| YS(RQ) + Dgt).

Here Dy, Dy and Ds are positive constants depending on |lug||gs @2y and
|0/ g (r2y. This claim can be proved using the a priori estimates derived
earlier and an induction on n. Specifically take 7" > 0 such that

€1

T< )
|uol| r2(m2) + [|uoll 2 m2)

where ¢; is the same as in (3.23). Then for n = 1 the claim obviously holds
since uq (t, ) = ug. Forn > 2, the claim also holds by induction (note that as
pointed out in remark 3.3 the estimates (3.21) and (3.24), (3.22) and (3.25)
are consistent with each other). We leave the details to the interested reader.

Step 3: Contraction in C([0,7"], L(R?)) for some T" < T. Here we
need to show the convergence of the whole sequence in order to pass to the
limit in (3.28). Denote wy+1 = tp1 — uy,. Using (3.28), a direct calculation
shows that w,. satisfies

(3.32)  Owpi1 + V- (Wns1B(uyn)) + V - (unB(wy)) = —v(=A) 2w,

Let € > 0 be a small number which we will send to 0 later. Multiplying both
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sides of (3.32) by |w, 417 2w, 16! and integrating, we obtain

1d
1|76l d = /

-2 —e€l|x
[ W1 T W1 0pwp 1€ Il g
2

qdt Jg R
- —elal
- = V- (wn+lB(un))|wn+1|q an—i-le dx
RQ
- \VAR (unB(wn))|wn+1|q_2wn+16_ellldx
RQ

—u/ (—A)O‘/anﬂ|wn+1|q_2wn+1e_6|x|da:
RQ

=—-C1-(1— %)/ Up | Wy i1|%e” V" da
R2

—/ AV (unB(wn))|wn+1|q72wn+1eielmldx
RQ
€ x
- B(uy,) - —)|w.q|%e*ld
<[ (Bl - e
—u/ (—A)O‘/anﬂ|wn+1|q_2wn+1e_dz‘d9§
R2

5 (||un||L§°(R2) + ||B(un)||Lg°(R2)) /2 |wn+1|qe—€|m|dx
R
- /(_A)a/2wn+1|wn+1|q_2wn+1e_e3’dx
R2

—elz|

q—2
_Cl/ UpWp|Wny1| Wppe  dx
R2

- / (B(wn) - Vitg) [t 1" 21016~z
RQ
= A1+A2+A3+A4.

We estimate each term separately.

Estimate of A;. By the inequality
1B ()| Lgem2) S MtnllLger2) + lunll g (re)

and using the uniform estimate (3.30), we obtain

(3.33) |A1|§/ |wn+1|q€—e\x\dx7
R2

315

where the implicit constant depends only on (||uol/remr2) and [lug|| m2(2))-
The same convention will be used below in the estimates of Ay, A3 and Aj.
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Estimate of A. (Notice that in the inviscid case this term is 0). We
can repeat the argument used in estimating (3.4) (see estimate (3.5) ). Us-
ing (3.30), we then get

SN

_2 —
(3.34) Al S il e, et S e

where r is a positive number satisfying

2
—<r<oo, if0<a<l,
o

and

2
2<r< , ifl<a<?2.

a—1
Estimate of Ajs. By Holder’s inequality and (3.30), we get

q—1

e q
|A3| S./ Hun”Lgo(RQ) : H’LUnHLg(RQ) . (/R2 |wn+1|q€ quxdx)
gq—1

335 Sl ( [ ol ar)
R2

: q
since =3 > 1.

Estimate of A,. Using Sobolev embedding, Holder’s inequality
and (3.30), we have

IVt - Bwn) || agey S [Vl 2@ | (=2) 7 V|| 20

Ly 7 (R?)

(3.36) S Nunllmz@e)llwnlla@e) S lwnllrgwe).-

Hence Holder gives us

q—1

q

(3.31) 401 S Nl - ([ il
R

Collecting the estimates (3.33), (3.34), (3.35) and (3.37), we finally obtain

d

— Wyq (D)|2e” " dg <
G | ool e <

q—1

q
</ |wn+1<t>|qe-f'f'dx+Hwnng(Rz)-( / |wn+1<t>|qe-”dx) e
R2 R2

2
p

3o

S [ om0+ () ey +

where the last step follows from Young’s inequality. Here the implicit con-
stants depend only on ¢, [[uol|gz®2) and |lu|| L1 (r2)-
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Now by choosing 7" < T sufficiently small (but still depending only on
ol f2(r2), w0l L3 (r2) ) and using a Gronwall argument it is easy to see that
(note that w,(0,x) = 0)

—€|x a—2
sup |wpga(t, )| 7elde < 7 sup (”wn(t)”qm(m) +er),
0<t<T" JR?2 0<t<T" *
where 0 < § < 1 is a constant which is independent of e. Taking ¢ — 0
gives us

sup |[wn 1 ()|l ame) <0 sup |lwn(t)]| g e)-
0<t<T" 0<t<T"
This shows that (u,),>; forms a Cauchy sequence in C([0, 7], L1(R?)).
Therefore there exists a limiting function v € C([0,7"], LZ(R?)) such that
Up — U AS N — 00.

Step 4. Properties of the limiting function u. By using the interpolation
inequality:
/ %—1+s’

1f] Fll e

H3(R?)
which holds for any 0 < ¢’ < sand 1 < ¢ < 2, and using (3.30), it is easy to
see that u, — u also in C([0,7"], HZ' (R?)) for any s’ < s. Therefore we have
u € C([0,T"], H¥ (R?) N LI(R?)) for any s’ < s. By a standard argument u
is a classical solution to (1.1). We still have to show u € C([0,T"], H:(R?)).
It is clear that u € C,([0,7'], H:(R?)). By (3.31), it is not difficult to
show that

S—S
2_1+
H' (R2) S ||f||ng(R2;

(3.38) lim [u(t)|

YS(RQ) = ||UO| YS(RQ).

Together with the fact that u € C([0,T"], L4(R?)), this implies

i (|u(t)]| g2y = [lwoll mg ),

and therefore the strong continuity of u at ¢ = 0 is proved (since u €
C,([0,T"], H:(R?))). To show the strong continuity at any 0 < t < T,
we discuss two cases. In the inviscid case (i.e. v = 0), then this case is
rather simple and one can repeat the argument for ¢ = 0 to prove the strong

continuity at ¢. In the case with diffusion (i.e. v > 0), we use (3.30) to
conclude that u € L?HZ+%([O, T'] x R?). Consequently for any 6 > 0 there
exists t—9 < to < t such that u(ty) € H;Jr%(Rz). Taking u(ty) as initial data
we obtain a solution in C([te, T"], HZ (R?)) for any s’ < s+ 2. Here the time
of existence 1" — t, depends only on (||u(to)|| m2r2) and [|u(to)|| La®2)) and
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therefore has a uniform lower bound independent of ¢;. By uniqueness of the
solution and interpolation inequality (since s + § > s) we obtain the strong
continuity of u at time ¢. Therefore we conclude u € C([0,7"], H:(R?)).
Finally we need to show that u € C*([0,7), H:°(R?)) with sy = min{s —
a,s — 1}. This is rather straightforward. Let 0 < 79,7 < 7", by using (1.1)
we then estimate

<

1(9ru)(T) = () (70) || 1120 (2 <
< IV ((u(r) = u(r0)) VI + u(T))|
HV-(u(r0) (VE* (u(r) —u(n)))

H0 (R?)

)|

FI(=2)2 (u(m) ~u())|

HEO (R2 HZO (R2)
< () — o) VE 5wl e
+ lu(ro) (VE * (u(r) = w(mo)D i o) + VIu(70) = ()] 2042 g2
Using the fact that H”(R?) is an algebra when r > 1, we have
1(@ru)(T) = () (70) | 120 2y S
< u(r) = () s gy | VK 5 0P ot
) o1 g V55 (1) =70 gz0+3 gy + 21(7) =) gz

S Cllu(r) = u(mo)]

as we take 7 — 7. Therefore dyu € C([0,T"), H:°(R?)) completing the proof
of Theorem 1.1.

Hs(R2) — 0,

4. Proof of Theorems 1.4 and 1.5

Proof of Theorem 1.4. Let ug € H:(R?) N L4 (R?) with s > 3 and 1 <
q < 2. To prove the theorem it suffices to show the impossibility of the case

when u is the corresponding maximal lifespan solution in C'([0,T"), L4(R?*) N
H:(R?)) with T' < oo and

T
/ |(8) | Loo m2yds < 0.
0

We shall derive a contradiction from the above assumptions. By Theorem 1.1
we can continue the solution as long as we have a priori control of the
H2(R?*)+ L%(R?*)-norm. Since [[ul m2mr2) S |ullza e + [|ully2re) (see (3.10)),
it suffices to control the Y?(R?) + LZ(R?)-norm. By (3.6) (taking v = u),
we have for any ¢ < p < 00

(4.1) sup u(t)||zzmey < C1 < o0,
0<t<T

where C is some constant depending on 1y and 7.
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Therefore we only need to control the Y?(R?) norm of solution. By (3.13)
and using the fact that

[P —20u ()] rarey S [w(®)llyvemey + [lu(@)] 22y S [[w)lly2ee) + Ch,
we have for any 0 <t < T,

d
@@y S (@)l @) + DB @) (w32 @) + C1).

By Lemma 2.6 and (4.1), we have
[IDB(u(t))l|Le@2) S logle + [lul)l| g2 @) (1 + ()l e ) + [lul)]] L2 @)
S log(Co + [[u(@)lly2e2) (1 + [u(t)|| e @2)) + Cs,
where Cy > e, (3 > 0 are constants, and we have used the fact that
[u(O)ll 22y S Nlu@)lly2@2) + [u®)lz@e) S Nu)lly2me) + Cr.
Thus we obtain the following inequality
d
Z (Catllu(®)[Fa@e)) <
< Cs(1+ [Ju(t)l 2o m2) (Ca + [u()[F2(ge)) 1og(Ca + [[u(t) 32 g2y )

where Cy > e, C5 > 0 are constants. Now a Gronwall argument shows that
forany 0 <t < T,

t
) ) < exp (exp (05 / 1+ Hu(s)HLgo(Rz»ds)) (Co+ Tologas):

This shows that ||u(t)||y22) can be controlled up to time 7" and therefore
we have obtained a contradiction. The Theorem is proved. |

Proof of Theorem 1.5. We divide the proof into two steps.

Step 1. Nonnegativity of the solution. Let uy € H2(R?) N LI(R?) for
some s > 3 and 1 < ¢ < 2. Assume ug > 0 and let u be the corresponding
maximal lifespan solution obtained in Theorem 1.1. Let 0 < 7" < T and
denote Qp = R? x (0,7"]. By Theorem 1.1 we have u € C([0,T"], H:(R?) N
Li(R*)) N CY([0, T, H:(R?)) with sp = min{s — a, s — 1} > 1. By Sobolev
embedding we have

w€ Cy Q) NCY(Qp) N LY (Qp).
It is not difficult to check that ug € C*(R?), f = VK % u € C,; () with

sup |div(f)| = sup [AK x u| S ||ull e s,y < 0.

T’ T’
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Also we have

sup(|dyu| 4 |Dul 4 |D*u]) + sup [u| < [Jull Loz 2,) < 0.

QT’ QT’

Therefore by Lemma 2.7, we conclude u > 0 in Q.. Since T is arbitrary
we conclude u(t) > 0 for any 0 <t < T.

Step 2. LL(IR?) conservation of the solution. Assume that uy € H3(R?)N
LL(R?) with s > 3 and ug > 0. This easily implies that uq € H3(R?)NLL(R?)
for any 1 < ¢ < oo. Let u be the corresponding maximal life span solution
obtained in Theorem 1.1. Then clearly u € C([0,T), H:(R?) N L1(R?)) for
any 1 < ¢ < 2. By the result of step 1 we obtain u(t) > 0 for any 0 <t < T.
To prove L} conservation, it is enough to prove the statement on any interval
[0,7"] for T" < T. By the fact that u € C([0,T"], L1(R?)), we have

(4.2) sup |[u(t)|| g2y < C1 < o0,
0<i<T’

where C] is a positive constant. Now take 1 € C°(R?) such that o (z) =1
for |z] <1 and ¢ > 0. Take R > 0, we then compute by using (1.1),

- '—/RQV-(uB(u))zﬁ(%)dx—V/ (—=2)*2u(t, 2)y(§)de

]RQ
1 1
_ 'E / B (V) (R)dr —vpe | ult 2)(=8)"0) (5)ds
1 2(a—
< R ) s |V, 1B
1 2(q—1
e R ult) e | (D)0 s,

L‘I* ®2)’

where we will take ¢ = 1 + € with € > 0 sufficiently small. Since u €
C([0, 17, H3(R?) N LL(R?)),

(4.3) 1B(u)llze@e) < ClIVIT*Vull ey S (lullpae) + llul

H;(RQ)) 5 027

where C is a constant. By (4.2) (4.3) and taking e sufficiently small, we
have for any 0 <t <1717,

(4.4) % /R ult,m) ()| <

where C3, C; are constants.
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Using (4.4) and integrating over the time interval [0, ¢] with 0 <t < T,
we obtain

C:- C

where we have used the fact that ¢» > 0 and ¢(z) = 1 for || < 1. Since u is
nonnegative, sending R — oo and using Lebesgue’s Monotone Convergence
Theorem we immediately obtain

Ju(®)l @2y < lluollzyz2)-

On the other hand, by using (4.4) again and integrating over [0,t] gives us

sy = [ ult. oo > [ e = T(G + &)
sending R — oo gives us [lu(t)||r1@2) > [[uol 112y and therefore the L]
conservation is proved. The theorem is proved. |

5. Proof of Theorem 1.7

Proof of Theorem 1.7. Assume uy, € H:(R?*) N LL(R?) with s > 3,
1 < q < 2and ug > 0. Let u be the corresponding maximal-lifespan
solution. By Theorem 1.4, to prove that u is global it suffices for us to
control the L°-norm of . By Theorem 1.5 we have u(t) > 0 for any t > 0.
Now let 1 < p < oo be arbitrary, by a similar calculation as in the a priori
estimate in Section 3 (see equation (3.2)), we have

1 d
—— lulPe~l*ldz =
pdt R2
1 € T
— =Y [ jupre g — € / (B(w) - -5 ufPelda
' P Jr2 P Jr2 |z]

—1// (=) 2ulu|P2ue !l dx
R2

€ » C a2 up
51) < SIBrgen bl + 5 vter
where the last inequality follows from (3.5). Let 0 < ¢; < t5 be arbitrary but
in the lifespan of u. By Theorem 1.4 we have u € C([0, 5], L4(R?) N HE(R?)),
and this gives

sup (1B Ol - [6(t) [y ) +C - lu@®)] )) <

0<t<ts LI T (r?

< O(||luoll Lareys [[uoll s @2y, ta) < oo
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Plugging this estimate into (5.1) and integrating on the time interval [¢;, 5],
and we get

1 1
- |U(t2,$)|pe—6\m‘dx < - (tl’x)|pe—e|z|dx + 0(6 I 60‘_%)’

|u
P Jr2 P Jr2

where the term O(e + ¢ 7) — 0 as e — 0. Taking ¢ — 0 in the above
expression, we immediately obtain

(5.2) lulta)llp@e) < lult)llzs @),

for any 1 < p < co. By Sobolev embedding we know ||u(t)]| s (r2) < oo for
any 0 <t <ty. Taking p — oo in (5.2), we finally get

u(to)|lpoemey < l|u(ty)|lpoemey, ¥t <ta.

This estimate shows that ||u(t)|| oo (r2) is under control for any ¢ and therefore
our solution is global. The same estimate also shows that ||u(t)|1r&2), 1 <
r < oo is a non-increasing function of t. The rest of the statements of
Theorem 1.7 except the estimate (1.4) now follows easily from Theorem 1.5.
Therefore it remains for us to prove the estimate (1.4). For this we will use
the method of characteristics. Define the characteristic lines X (¢, «) which
solve the following ODE:

d
%X(t, a) = B(u(t))(X(t,a)),

X(0,a)=a, a€cR”:

Since our solution u € C([0, o), L4(R?) N H:(R?)), it is rather easy to check
that X (¢,«) are well defined for all time. Denote a(t, o) = u(t, X(t, @)).
Then by the definition of the characteristics, we have

(5.3) %ﬂ(t, a) = —Chi(t, a)?,

where (' is the same constant as in (1.3). It is rather straightforward to
solve the ODE (5.3) and this gives us

up () '

(5.4) w(t, o) = Cru(a)t £ 1

We then have

HUOHLgO(R?)

5.5 w(t) || poo(rey < sup u(t, a) < .
I ™ A e oo ey
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Interpolating this L bound with the trivial L! bound, we get for any
l<p<oo,

1 1-1
()l ey < Mol 7y gey (O] poc'ze
= (R?) 2 (R?)
1 1—1 (11
< Nlwoll 7y ey - lluoll potmay - (1 + Cilluol|zge me)t) =),

This finishes the proof of the upper bound in Theorem 1.7, equation (1.4).
For the lower bound we compute directly the L2-norm of v for 1 < p < oo as

1d 1
_%H ( )HLp (R2) = _Cl ’ (1 - E)H ( )Hi—:il(RQ
1
>—Ci-(1- ];)Hu(t)HLgo(RQ)HU( Mo g2y

Integrating in the time and using the upper bound of [|u(t)|| zec(r2) in (5.5),
we get

1 t
@)l zzee) > lluollpzes) - exp (—cl (1-) / Hu(T)HLgo(Rz)dT)
0

N 1 ol
> |lu pgexp(—0'<1__>/ y o
[uoll £z m2) ! p/ Jo 14 Cilluollzeo@yT

(11
> luol| Lz r2) (1 4+ Cil|uol| Loo(r2)1) =),

This gives the lower estimate for 1 < p < co. The corresponding estimate
for p = 1 is trivial. For p = oo, just observe that the inequality in (5.5) is
actually an equality. The theorem is proved. |

Remark 5.1. We again point out that the role of the function e~“*! used in
the proof of Theorem 1.7 is to regularize the integral involving the fractional
diffusion in the case 1 < p < 2. In fact if 2 < p < oo, we do not need to use
this regularization and directly compute by using Lemma 2.8,

1d 1
uPdz = =Ch - (1 - —) |ulP* d — V/ (—A)*ufulP?udx
pdt R2 p R2 R2
1
<=0 (1=2) [ Jurtide <o,
P/ Jr2

Note that in the case 2 < p < oo the integral involving the fractional
diffusion term converges since

(=82 agey S 1~ A)ul o [l e

S Clllull gy, [lul

H;(RQ)) < Q.
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6. Proof of Theorem 1.9

Before we present the proof of Theorem 1.9, we establish a slightly weaker
proposition which uses a virial argument. The actual proof of Theorem 1.9
uses a different argument. The proof of Proposition 6.1 can be compared
with the proof of Theorem 1.10 where a truncated virial argument is used
(see Section 7).

Proposition 6.1. (Blow up in the attractive case with no diffusion: virial
argument). Assume p= —1 andv = 0. Letug € H:(R*)NLL(R?) with s > 3
and ug > 0, with ug not identically 0. Assume further that |z|*uy € LL(R?),
then the corresponding solution u blows up in finite time, i.e., there exists
T < oo such that

tim () - g2 = o0

In particular, any solution with smooth compactly supported initial data
(nonnegative and with nonzero mass) will blow up in finite time. More-
over on the time interval [0,T), for any 1 < r < oo, the norm ||u(t)|| - =2
18 a non-decreasing function of t.

Proof of Proposition 6.1. Let uy € H:(R?*) N LL(R?) with s > 3. Assume
ug > 0 and |z|*ug € LL(R?). Let u be the corresponding maximal lifespan
solution obtained by Theorem 1.1. By Theorem 1.4, to prove the finite time
blowup of L°-norm of u, we only need to show that u cannot be a global
solution. Indeed assume this is the case. We first prove that for any ¢t > 0,
|z|?u(t, ) € LL(R?). Let 0 < e < 1 and T > 0 be fixed but arbitrary. We
then compute for 0 <t < T,

— [ u(t,z)afe e =~ | V- (uB(u))|z’e” " dx
dt Jre -
= / uB(u) - 2xe *ldy — e/ uB(u) - x|x|e_6|x|dx
R2 R2

< / U(|B(u)|2 + |x|2)e_e|x|dx + HB(U)HL?(RQ) / ult, $)|x|26—e|x|dx
R? 2
< IB(u)||7 o 2y 1ol L2y + (1 + 1B(w) | 120 r2)) /R u(t, ) |zl2e= 7 da,
where the last step follows from the L. preservation of u. Now we have

IB(w)] g2y S (=)' Vaullpe@e) S lulle @) + lullyee)
<

C(T, HUOHL%E(]RQ)? ”’LLO| H;(]RQ)) < Q.
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A Gronwall argument then yields that

sup / u(t, x)|x|2e_€‘x‘dx < C(T, |Juoll £y (r2), [|wol
R?

0<t<T

H;(]RQ)) < Q.

Letting € — 0 and using Lebesgue’s Monotone Convergence Theorem imme-
diately we conclude that |z|?u(t,z) € LL(R?). To prove finite time blowup,
we compute by using (1.2),

Lk u(t, x)|z|*dx = —/ V - (uB(u))|z|*dx
dt Jro

= -9 drdy = — 2
L L () vemodady =l e

where the last step follows from symmetrizing the integral in  and y. It is
now clear that the integral [, u(t, z)|z|*dz must become negative in finite
time. This is a contradiction and thus we have proved the finite time blowup.
Lastly to show the monotonicity of [lu(t)||rrr2), 1 < r < oo, before the
blowup time 7', we calculate for any 1 < p < oo,

1d 1 1
Pl = (1 - = V-B Pr =(1— = CuPtdx > 0.
i [ e = (1=3) [ 9 Bpras=(1-3) [ cornar >

Therefore we conclude that for any 0 < ¢ < to < T, |lu(ty)|p@ey <
|(t2) || L2 (r2). Taking p — oo quickly yields the result.

Proof of Theorem 1.9. Instead of using the virial argument, we will use
the method of characteristics which yields slightly better results. Define the
characteristic lines X (¢, ) which solve the following ODE:
d
dt
X(0,0)=a, a€R:

- X(t, @) = B(u(t))(X(t, o)),

It is not difficult to check that X (¢, ) are well defined on a time interval
[0,7") as long as the corresponding solution v € C'([0,7"), L%(R?) N H:(R?)).
By a slight abuse of notation we denote u(t, o) = u(t, X (¢, @)). Then by the
definition of the characteristics, we have

(6.1) u(t,a) = Cru(t, a)?,

dt
where (' is the same constant as in (1.3). It is rather straightforward to
solve the ODE (6.1) and this gives us

(6.2) u(t, o) = %.
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Now define
M = sup up(a).
a€ER?
Since by assumption uy € LZ(R?*) N H:(R?) and the set {y : uo(y) > 0} is
nonempty, we conclude that 0 < M < oo and there exists o* € R? such that
up(a*) = M. Let T' = ﬁ We first show that the maximal lifespan of u is
given by [0,7). Assume the lifespan of u is given by [0,7”). Clearly 7" < T
since
lim sup ||w(t)|| Lo w2y > lim u(t, a™) = oo,
t—T t=T

where the last equality follows from (6.2). On the other hand if 7" < T,
then by (6.2) we have

UO(OZ) ') < ||u0HL§°(]R2) - o0

11— C’luo(oz)t -

1HHSHPHU(UHLf@@)ESHH1$H)<Sup
! T

t—T t—T’ a€cR?
This is obviously a contradiction to the blowup criteria and we conclude that
the maximal lifespan of u is precisely given by [0,7"). It remains for us to
verify the blowup rate (1.5). The lower bound is a consequence of (6.2) and
the fact that u(t, a*) = ﬁ For the upper bound we discuss two cases.
If o is such that ug(cor) < 0, then by (6.2) we obtain |u(t, o)| < ||ug|| e (r2)-
If « is such that ug(a) > 0, then again by (6.2), we have

1 1 1 1

O I G Tw
1 Chruo(a) —t 1 —t

u(t, o) <

where the last inequality follows from the fact that ug(a) < up(a*) = ==.
The theorem is proved.

7. Proof of Theorem 1.10

To prove the formation of finite time singularities, we introduce the following
set of functions.

Definition 7.1. (Admissible initial conditions). Let 0 < § < 1,a > 0,b >0
be constants, the set As,; consists of nonnegative functions f € L1((1 +
|z|?)dz) satisfying the following conditions:

1. The L! mass of f is localized near the origin:

)
| @ < 0l
21> 5
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2. f satisfies the following inequality:
/ f(@)[zPdz — allfllz, +b <.
R2

Remark 7.2. The first condition in the above definition quantifies the fact
that the initial mass of the solution is concentrated near the origin. The
second condition is a technical condition which we need to prove by contra-
diction the existence of finite time singularities (see (7.9)).

Lemma 7.3. Forany 0 <6 <1,a>0,b>0, the set A5, defined in 7.1
is nonempty. Moreover, As,, N L' N H® is nonempty.

Proof. This is almost trivial. Let 0 < < 1, a > 0, b > 0 be given. Take a
function ¢ € C°(R?), ¢ > 0 such that

vl
[l +1

Then consider the rescaled function () := e 21 (x/€). This scaling trans-
formation leaves the L. norm unchanged. Then consider f = .. For
sufficiently small € > 0, it is not difficult to see that the first inequality in
Definition 7.1 is satisfied for f = ¢.. For the second inequality, just note
that

(7.1) +b<0

[ wdaar = [ w@laPdr—o
R2 R2

as we take € — 0. This together with (7.1) and the fact that ||[¢c||p = [|9] 12
proves the second inequality in Definition 7.1 for ¢).. The lemma is proved. B

We are going to take ¢ € C>°(R?) with 0 < ¢ < 1, and

72) mwzﬁ’ﬂié

Lemma 7.4. (Mass localization for short time). Let ug € LL(R?) N H2(IR?)
for some s > 3. Assume ug € Asqp for somea >0,b>0,0<§ < 1. Let
u be the corresponding solution and assume it s global. Then there exists a
constant C' = C(5, ) > 0 and

1)
C - (|luoll L1 r2) +v)

T =

such that

sup / u(t, z)dr < §llug| L.
|z| =6

0<t<T
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Proof. We take ¢s(x) := ¢(22/0) where ¢ is defined in (7.2). Then since
the Ll norm of the solution is preserved, we have by using (1.2),

% 5 u(t, ) (1 — gs(a))dx = —% u(t, z)¢s(x)dx

:/V-(uB(U))¢a(x)dx+u/(—A)a/2u¢5dx
:/R2 /RQ u(t,x)u(t,y)L% - Vos(z)dzdy + 1// u(t, z)(—A)2psd.

|x—y| R2

Symmetrizing the last double integral in x and y gives us

d u(t,z) (1 — ¢s(x))dx

dt Jgo
1 — ) (Vos(a) -V
+v / w(t, ) (— A 205 (2)dx
RQ
(7.3) < Nuoll7s - Coll0sdssll e + vllwoll oo | (=2)*? 5| ze,

where C} is a positive constant. The quantity ||(—A)*/?¢;| 1 can be easily
bounded through its Fourier transform and therefore is finite due to our
assumption on ¢:

(7.4) 1(=2)""sl| e < 11€]°Gs(€) ]2 < o0

Putting together the estimates (7.3) and (7.4), we obtain
d
(7.5) 7 | ult:2)(1 = ¢5(@))de < Co - (JJuollzy + vluolles),
R2
where Co = C5(]|0;0;@s]| o<, ||(—A)*/%¢5|| 1) is a positive constant. Now it
is not difficult to see that if we take
0l|uollzy

T = ,
2C; - ([JuolZ1 + vl[uol 1)

then for any 0 < ¢ < T, by (7.5) we have

)
/mzéu(t, x)dx S/Rzu(t’ z)(1 = ¢s(x))dx g/ uo(w) (1 = d5(w))der + 5 [luoll .y

RQ

)
< / wo(@)dz + fuolliy < Slluolos,
j2l>3 2

where the last inequality follows from our assumption on uy. The lemma is
proved. |
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Now we are ready to prove Theorem 1.10.

Proof of Theorem 1.10. We argue by contradiction. Assume the initial
data uy € H:(R?) N LL(R?) for some s > 3 and wg is nonnegative with
nonzero L! mass. Assume ug € Asap for some 0 < 6 < i, a>0,b6b>0
whose values are to specified in the course of the proof. Let w(x) = |z|?¢(z)

where ¢ is defined in (7.2). We first compute the truncated virial integral
d a/2
— [ u(t,x)w(x)de = | uB(u) -Vwdr —v | u(—A)Y wdzx

R2 R2

/ / (t,x)u ( —v): vsu(x)dxdy — 1// u(—A)*wdx
R2 JRR? |x - y| R2

o _/R/R wlt, 2t ) T (Vw(x)_V“’(y))dxdy—u/Rg(—A)a/?wdx,

|z — y|?

where the last equality follows from symmetrizing the integral in x and y.
We now break the last double integral into two parts. Denote

1
le{(xy)€R2xR2 |x|< lyl < - }

On ©; we have w(z) = |2|*> and w(y) = |y|*> due to our assumption on ¢.
Therefore

/Q u(t,x)u(t,y) (.T - y) i (V’LU(.T) — V’LU(y)) dl‘dy

|z —y|?

(7.7) _ 2/91 w(t, 2)ult,y) daedy — 2(/mS

For those pairs (x,y) ¢ 4, we have

u(t,x)dx)2.

1
1

[Vw(z) = Vu(y)| < Ci|0:0;wl| |z -yl

where 'y is an absolute positive constant. Therefore we have the estimate

/R2 . u(t,x)u(t, y) (.T - y) ) (V’LU(.T) - Vw(y)) dmdy‘

|z —yl|?
< C’l||(9z-(9jw||,;go/ u(t, z)u(t,y)dxdy
RQXRQ\Ql
|| >

1
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Collecting the estimates (7.6), (7.7) and (7.8), we have

sl u(t,x>w<x>dxs—( / ) u(t,x>das)2

+ C1l|0:05w] e [|uoll £y / Cu(t z)dz + vlfuol oy [|(—2)* 2wl

|$|21
By Lemma 7.4 and the choice of T', we then obtain for each 0 <t < T,
d

i | u(t, r)w(x)dr <

< (=(1 = 8)* + 005w 1=0) uoll7y + vII(=2)**w]l 1 [[uoll 1.
Integrating over [0, 7] gives us
/ w(T, z)w(x)dr <
R2

0 (=(1=0)? + C1[|0,0;w]| 10) l[uoll7,
C'- (fJuolly +v)

< /}RQ uo(z)w(x)dr +

8[| (—A)*"2w]| e o] 21
C - (Juollzy +v)

where the constant C' is the same as in Lemma 7.4. Now let § be sufficiently
small such that

Y

1

We can choose such a § because C is an absolute constant and w is a fixed
function. With this choice of §, we have

/R (T 2)w(e)de <

J SII(=A) 2w pee
(7.9) < /RQ uo(x)w(x)dr — —20||u0||L310 + Il é lzs
(7.10) < /]R2 UQ($)|.T|2d$ _ ZCHUOHL}C H( é ||Lz

(7.11) <0,

where the last inequality holds as long as we choose our initial data ug €
3l(=2)F wl| g

e . But this is a contradiction since

Ajap with a = 25 and b =

/IR? uw(T, z)w(x)dz > 0.

Finally it is easy to see that the set of values (6, a,b) is open for which our
previous argument goes through. The theorem is proved. |
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