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Riesz transforms on forms
and LP-Hodge decomposition

on complete Riemannian manifolds

Xiang-Dong Li

Abstract

In this paper we prove the Strong LP-stability of the heat semi-
group generated by the Hodge Laplacian on complete Riemannian
manifolds with non-negative Weitzenbock curvature. Based on a pro-
babilistic representation formula, we obtain an explicit upper bound
of the LP-norm of the Riesz transforms on forms on complete Rie-
mannian manifolds with suitable curvature conditions. Moreover, we
establish the Weak LP-Hodge decomposition theorem on complete
Riemannian manifolds with non-negative Weitzenbock curvature.

1. Introduction

1.1. Background

It is well-known that the Riesz transforms R; on R", defined by the principal
value of the singular integrals

R;f(x) = W/nﬂy)%

d?/? j:1?"'7n7

are weak (1,1) and are bounded in LP(R™, dx) for all p > 1, see e.g. E. M.
Stein [64]. In recent years, there has been considerable interest in finding
the exact value or obtaining a good estimate of the LP-norm of the Riesz
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transforms. In 1972, Pichorides [57] proved that the LP-norm of the Hilbert
transform on the real line

ﬂ)

i) = 5 [ £

is given by
s
||H||p,p = cot (2—1)*) s Vp > 1.

Here and throughout of this paper, we denote

gty
P’ =max p,

In 1996, Iwaniec and Martin [34] proved that the LP-norm of the Riesz
transforms R; is also given by

m
1.1 R; = cot , =1 ....n.
(L) I = cot (57

In [10], Banuelos and Wang gave an alternative proof of (1.1) and proved
that for all p > 1 the LP-norm of the vector Riesz transform V(—A)~Y/2 =
(R1,...,R,) has an explicit and dimension-free upper bound

(1.2) [V(=2)"2 <20 - 1).

One of the motivations of the above study can be seen in Donaldson
and Sullivan [20] and in Iwaniec and Martin [33, 34|, where it has been
pointed out that the knowledge of the exact value or a good estimate of
the LP-norm of the Riesz transforms can lead important applications in the
study of quasi-conformal mappings and related nonlinear geometric PDEs
as well as in the LP-Hodge decomposition theory. In their 1993 Acta Math
paper [33], using the LP-boundedness of the Riesz transforms, Iwaniec and
Martin proved the following version of the LP-Hodge decomposition theorem
on R™.

Theorem 1.1 Let w € LP(R", A*R"), 1 < p < oo, and k = 1,...,n— 1.
Then there is a (k — 1)-form « and (k + 1)-form (3 such that

w = da+ d*f

and
do, d*3 € LP(R™, A*R™),

where d* denotes the L*-adjoint of d with respect to the Lebesque measure
on R"™.



RIESZ TRANSFORMS ON COMPLETE RIEMANNIAN MANIFOLDS 483

Moreover, da and d*3 are unique,
a € Kerd* N LE(R", A*'R™), B € Kerdn LE(R", A¥R™),
and there exists a constant C,(k,n) > 0 such that
iz @y + 18l p ey < ok, ) |wl,

where LY (R™ A*R™) denotes the homogeneous Sobolev space of k-forms on R™
whose first order derivatives are LP-integrable with respect to the Lebesgue
measure on R", on which ||wl|p@ny = [|dw]l, + [|d*w]],.

It might be interesting to point out that, in his 1858 C'relle’s paper [32],
in order to solve boundary value problems arising from the study of hydro-
dynamic systems, Helmholtz formulated a result on the splitting of vector
fields into vortices and gradients, which can be understood in a suitable
form of what is now called the “Hodge decomposition”. In his fundamental
paper [38], Leray used the L*-orthogonal projection P = Id + V(—A)~ldiv
to study the Navier-Stokes equations. So far, it has been well-known that
the LP-boundedness of the Riesz transforms and the LP-Hodge decompo-
sition theorem have important applications in the study of elliptic and
parabolic PDEs [26], the Navier-Stokes equations [47], boundary valued
problems [55], quasi-conformal mappings and related nonlinear geometric
PDEs [20, 33, 34, 58] as well as in stochastic differential equations [67].

1.2. Motivation

To what extent can the classical analysis on Euclidean space be extended
to complete Riemannian manifolds? This is an important issue in analysis
on complete non-compact Riemannian manifolds. Let (M,g) be a com-
plete non-compact Riemannian manifold, n = dimM, v the Riemannian
volume measure, i.e., dv(z) = y/det g(x)dz. For any k = 1,...,n, we use
Cse(AMT*M) to denote C5°(M, A¥T*M). Let dj, be the exterior differential
on k-forms, di the formal L?-adjoint of dj, with respect to v. The Hodge
Laplacian on k-forms is defined by

Oy = dyrd;_y + didy.

Inspired by the Witten deformation of the Morse theory [69], we consider
more general weighted Hodge Laplacians on complete Riemannian mani-
folds. More precisely, let M be a complete Riemannian manifold equipped
with a weighted volume measure

dp = e ?dw,
where ¢ € C*(M).
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Let dj, the formal L2-adjoint of dj, with respect to u, i.e., for all o €
CSe(APT*M) and 3 € Cg°(AMT*M), we have

/ <da,6>du:/ < a,dy > dp.
M M

The weighted Hodge Laplacian on k-forms with respect to the weighted
volume measure u, also called the Witten Laplacian on k-forms with respect
to u, is defined by

O x = di—1dj . + dg 1. dk.
When ¢ = 0, we have d(’ik = dj and Uy = Ui, £ = 0,1,...,n. For
all p > 1, let LP(A*T* M, 1) be the completion of C§°(A*T* M) with respect
to the LP-norm || - ||, defined by

Jwll? = /M (@) Pdp(z)

By|[15, 65], it is well-known that [Jj, is essentially self-adjoint on L A*T*M v).
Similarly, we can prove that [y ;. is essentially self-adjoint on L?(A*T*M, p).

The purpose of this paper is to study the following fundamental prob-
lems.

Problem 1.2 Under which conditions on a complete non-compact Rieman-
nian manifold M and ¢ € C*(M), the Riesz transforms dll,, k/2 and dj, 1/2
are bounded in LP with respect to the weighted measure du = e~ ®dv for some
orallp>17?

Problem 1.3 Under which conditions on a complete non-compact Rieman-
nian manifold M and ¢ € C*(M), the Weak LP-Hodge decomposition theo-
rem holds for some or all p > 17

When ¢ = 0, Problem 1.2 was originally raised by Strichartz in his 1983
celebrated paper [65] and sometimes is called the Strichartz problem by
people working in harmonic analysis on complete non-compact manifolds.
In [65], Strichartz has implicitly pointed out the deep relationship between
the above two problems. When p = 2, using Gaffney’s 1ntegrat10n by /parts
formula, it is well-known that the Riesz transforms dlJ, k % and dyl] are
always bounded in L?, and the Weak L?-Hodge decomposition theorem is
always true on all Complete Riemannian manifolds with C%-weighted volume
measures, see e.g. [19, 65, 12]. However, for p # 2, the situation is very
complicated. Since 1983, many people have studied the above problems
on complete non-compact Riemannian manifolds with various geometric or
analytic conditions, see e.g. [65, 48, 5, 62, 71, 72, 16, 17, 2, 14, 49, 41, 42]
and reference therein.
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1.3. Previous results

We now describe some results of Bakry [5]. Using a martingale approach
to the Littlewood-Paley-Stein inequalities, Bakry [5] proved that, for any
diffusion operator L = A — V¢ - V on a complete Riemannian manifold M,
where ¢ € C?(M), if the Ricci curvature associated with L is bounded
below by —a, i.e., Ric(L) = Ric + V?*p > —a, where a > 0 is a non-
negative constant, then for all p > 1 the Riesz transform V(a — L)_l/ 2 s
bounded in LP with respect to the weighted volume measure dy = e~®dv
and its LP-norm is bounded above by a universal constant depending only
on p. In particular, if Ric(L) > 0, then the Riesz transform V(—L)~'/2
is bounded in LP for all p > 1 and its LP-norm is bounded above by a di-
mensional free constant. This recaptures an earlier famous result due to
P.A. Meyer [53] on the LP-boundedness of the Riesz transforms associated
with the Ornstein-Uhlenbeck operator on finite or infinite dimensional Gaus-
sian spaces. In [5], Bakry also proved that, if M is a complete Riemannian
manifold with W), > —a and W1 > —a for some positive constant a > 0,
where W}, denotes the k-th Weitzenbock curvature on (M, g), then the Riesz
transforms d(a-+;)~'/? associated with the Hodge Laplacian Oy, is bounded
in L? for all p > 1, and there exists a universal constant C,; > 0 which is
independent of n = dimM and a, such that for all w € C°(A*T*M),

(1.3) ld(a + 00~ 20||, < Cpllwly, -

—-1/2

Under the same conditions, the Riesz transform d*(a+ Ug1) is bounded

in LP for all p > 1. Moreover,
(14) (@ + D) ™|, < Cpallwl,

It is very natural to ask whether the Riesz transforms dD,;l/ ? and d*D,;i{Q

are bounded in L? for all 1 < p < oo if M is a complete Riemannian manifold
with non-negative Weitezenbock curvatures W; > 0, i = k, k + 1. Whether
or not this result is true is very important to obtain an affirmative answer
to the Strichartz problem and to prove the Weak LP-Hodge decomposition
theorem on complete Riemannian manifolds with non-negative Weizenbock
curvatures. When k£ > 1, it seems that one cannot find an explicit state-
ment of this result in [5] even though it can be derived from Bakry’s LP-
estimates (1.3) and (1.4) with universal constant. Indeed, (1.3) is equiva-
lent to

(1.5) Hdw“p < Cpill(a+ Dk)1/2w“p, Yw € C5°(A*T*M).
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Using Lemma 5.2 in [5], there exists a constant A > 0 independent of a
and p such that

(16) [(a+ 0020, < A(Vallwl, + 10 %0lp), Ve € C(AMT"M).

Since the universal constants C),; and A are independent of a > 0, one can
take the limit @ — 0 in (1.5) and (1.6), and deduce that

ldwll, < AC, k|0 *w|lps Vw € C&(AFT*M).

Thus, the Riesz transform dD;l/ ? is bounded in L? for all p > 1 on complete
Riemannian manifolds with non-negative Weitezenbock curvatures W; > 0,
1 = k,k + 1. By duality argument, under the same conditions, the Riesz
transform d*D,;if is bounded in L? for all p > 1, Moreover, for all p > 1
and k=1,...,n, we have

—1/2
1d0, ), < ACp4,
wr——1/2
||d Dk—i-{ ||/p,p < AOp,k'

Inspired by the above mentioned results due to of Pichorides [57], Iwaniec-
Martin [34] and Banuelos-Wang [10] on the LP-norm estimates of the Riesz
transforms on Euclidean space, it is very natural to ask what is the asymp-
totic behavior of the constant C),; when p — 1 and p — oo for all & =
0,1,...,n. In our previous paper [42], we developed a new probabilistic
approach in the study of the Riesz transforms on complete Riemannian
manifolds and proved that, if the Bakry-Emery Ricci curvature associated
with L = A — V¢ - V is non-negative, i.e., Ric(L) = Ric + V¢ > 0, then
the LP-norm of the Riesz transform V(—L)~'/? with respect to the weighted
volume measure j satisfies

(1.7) IV (L) < 20" — 1), Vp > 1.

In particular, on all complete Riemannian manifolds with non-negative Ricci
curvature, we proved in [42] that

(1.8) IV (=2) "2 ]lpp < 200" = 1), ¥p> 1.

These can be considered as a refinement of the above mentioned result
of Bakry [5] and a natural generalization of the above mentioned results due
to Pichorides [57], Iwaniec-Martin [34] and Banuelos-Wang [10]. Moreover,
using the results of Iwaniec-Martin [34], Banuelos-Wang [10], Arcozzi [1] and
Larsson-Cohn [37], we pointed out that the above estimates (1.7) and (1.8)
are asymptotic sharp when p — 1 and when p — oo. Now, it is very
natural to ask whether one can extend the above estimates (1.7) and (1.8)
to the Riesz transforms associated with the Witten Laplacians on complete
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Riemannian manifolds with non-negative Weitzenbock curvature. In this pa-
per, we study this problem and establish the Weak LP-Hodge decomposition
theorem on complete Riemannian manifolds with non-negative Weitzenbock
curvature.

1.4. Notation and assumption

Let (M, g) be a complete non-compact Riemannian manifold, v the Rie-
mannian volume measure, n = dimM. Let V be the Levi-Civita connection
on TM or the Levi-Civita covariant derivative operator on AT*M. Let
¢ € C*(M), and dy = e~®dv. The Hodge Laplacian and the Witten Lapla-
cian on k-forms are denoted by [, and [y, respectively. When acting on
k-forms on M, k =0,1,...,n, we denote

Ay = A = Vyy,

where A = trV? is the covariant Laplace-Beltrami operator on (M, g). In
particular, when k = 0, we use L to denote Ay Coo (M) More precisely,

L=A—-V¢-V.
Note that, for all f, g € C§5°(M), we have the integration by parts formula

/M <Vf,Vg>du=— /M(Lf)gdu =— /Mf(Lg)du-

In other words, L = —[, . Similarly to the case ¢ = 0 as in [15, 65], L and
(g are essentially self-adjoint on L2(M, ) and L2 (A*T*M, ), k =1,...,n.

Fix x € M. Let ey, ..., e, be a normal orthonormal basis of T, M neat x
such that V.e;(z) =0 for all i,7 = 1,...,n, and let e}, ..., e} be its dual
basis. By definition, the k-th Weitzenbock curvature associated with the

Witten Laplacian [y on k-forms, is defined as a symmetric endomorphism
on A*T*M, and is given by

W¢,’k(x) = Z 6: A ie].R(eZ-, Gj) + dAkVQ(b,
2

where R the Riemannian curvature of the Levi-Civita connection V on
(M, g), ic; denotes the interior multiplication induced by the contraction
of the vector field e; on AF(T*M), V2¢ denotes the Hessian of ¢ with re-
spect to the Levi-Civita connection V, and dA¥V?¢ is defined by

k

AN*N2p(vy A A g) = Zvl.../\vng(vi).../\vk, vy,..., 0, € TM.

i=1
For simplicity, we make use the convention that Wy = 0 for £ = 0,n + 1.
When ¢ = 0, we denote Wi, = Wy, E=0,...,n+ 1.
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Throughout this paper, we make the following basic assumption:

(A) The heat semigroup e'* is a Markovian semigroup in the sense that
el1(x) = 1 for all z € M. In other words, the heat semigroup el is

stochastically complete.

In the case ¢ = 0, Yau [70] proved that the heat semigroup e® is Marko-
vian if M is a complete Riemannian manifold with Ricci curvature bounded
from below. More general criterion for the stochastical completeness of
the heat semigroup e were given by Kanp-Li [36], Li-Schoen [39], and
Grigor’yan [27, 28]. In the case ¢ # 0, Bakry [4] proved that, if the Bakry-
Emery Ricci curvature Ric(L) = Ric + V?¢ is bounded from below by a
negative constant, then e’ is Markovian. More general criterion for the
stochastical completeness of the heat semigroup eZ are due to Sturm [68]
and the author [40, p. 1306, Theorem 1.4].

1.5. Main results

To state the main results of this paper, we first recall the rigorous definitions
of the Riesz transforms and the Riesz potentials associated with the Hodge
Laplacian on complete Riemannian manifolds.

Definition 1.4 ([65]) Let M be a complete Riemannian manifold, O, ; be
the weighted Hodge Laplacian with respect to the weighted volume mea-
sure dy = e ®dv. For a > 0, the Riesz transforms d(a + Oy ) "Y/? and
dy(a+Ogr)'/2 as well as the Riesz potential (a 4 Oy ) /% are defined as
follows:

(i) A k-form w € LP(A*T*M, p) is in the LP domain of d(a+ g )2 if

d(a+Opp) Pw = L lim Nde_t(aJrDM)wﬂ
ST R(1/2) M= o Vi

exists in LP(AMTYT* M, ).
(ii) A k-formw € LP(AFT*M, 1) is in the L domain of dj(a+0y ) /2 if

N
! lim d;,e_t(aJrDM)wﬂ

[(1/2) N=o Jg o

d;(a + Dd,,k)_lmw =

exist in LP(A*=YT*M, p).
(i4i) A k-form w € LP(AFT*M, ;1) is in the LP domain of (a+0gy) /2 if

N
-1/2 1 lim e—t(a+D¢,k)wﬁ

Sk v F(1/2) N—oo J \/'E
exists in LP(ART* M, ).

(CL + Dd),k)
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Now we state the main results of this paper. The first result of this paper
is the Strong LP-stability of the Hodge Laplacian on complete Riemannian
manifolds with non-negative Weitzenbock curvature operator. It seems that
neither an explicit statement nor a proof of it can be found in the literature.
It plays a crucial role in this paper.

Theorem 1.5 Let M be a complete Riemannian manifold, ¢ € C*(M).
Suppose that
Wd),k > 0.

Then the heat semigroup e 'Der and the Poisson semigroup e 'V Dox are
LP-strong stable in (KerOy ) N LP(AFT*M, 1), i.e.,

Jim [l rw — Hywl, = 0, Vo € LP(AYT"M, p),

t Dqﬁ,k

lim ||~ w—Hw|,=0, Vwe LP(A*T*M, p),

t—oo

where
H, : LP(A"T*M, i) — (KerOy ) N LP(ART*M, )

denotes the LP-Hodge harmonic projection.

The second result is a refinement of the above mentioned result due to
Bakry [5].

Theorem 1.6 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M).
Suppose that the heat semigroup e'* is conservative, and Wy; > —a, i = k,
k + 1, where a is a non-negative constant. Then, there exists a constant
Cy > 0 such that, for all 1 < p < 0o, we have

ld(a + Opr) ™ 2|lpp < Crlp* — 1)*2,
(@ + Opps1) ™y < Cr(p™ — 1)*2.

In particular, if the k-th and (k + 1)-th Weitzenbdck curvatures are non-
negative, i.e.,
Wsi >0, 1=Fkk+1,

thenlth]ew Riesz trc;cnsfozns d?;}f and d;’;[l;;/fl are bounded in LP for all
p > 1. Moreover, for allp > 1,

140, *llpp < Ci(p* — 1)%2,

w——1/2 "
||dd>D¢,k/+1||p,p < Ci(p® — 1)*2.
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The third result provides us with a reasonable condition on the Weitzen-
bock curvatures under which the asymptotically sharp LP-norm estimates
(1.2), (1.7) and (1.8) extend to the Riesz transforms associated with the
Witten Laplacians on k-forms. See also Remark 6.5.

Theorem 1.7 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M).
Suppose that e'* is conservative, Wy, = —a and Wy 41 > —a, where a > 0
1s a non-negative constant. Then, there exists a constant Cy, such that for
all 1 < p < o0, we have

ld(a+Opp) " ?|lpp < Cu(p™ — 1),
(@ + Opr1) ™ llpp < Cu(p™ = 1),

where Cy, is a positive constant depending only on k =0,1,...,n.

Moreover, at least on the Fuclidean spaces, an upper bound of the order
O(p*—1) for the LP-norm of the Riesz transforms associated with the Hodge
Laplacian is asymptotically sharp when p — 1 and when p — oo.

By Gallot-Meyer [25], on the hyperbolic manifold M = I'\H"(—1) of con-
stant sectional curvature —1, where I' is any torsion-free discrete subgroup
of G = SO*(n,1) (the group of isometries on H"(—1)), we have

Wy = —k(n — k)Id.

From this and Theorem 1.7 we have the following result which is also new
in the literature.

Theorem 1.8 Let M = I'\H"(—1) be the hyperbolic manifold of constant
sectional curvature —1, where I' is any torsion-free discrete subgroup of G =
SO*(n,1). Then, for k = ”T_l,...,n ifnis odd, k = %,...,n if n is even,
and for all p > 1, we have

ld (k(n = k) +8) ™ [lpp < Crlp® = 1),
ld” (k(n = k) + D)™ [lpp < Cilp” = 1),

where Cy, 1s a universal constant depending only on k.

Finally we establish the following Weak LP-Hodge decomposition the-
orem on complete Riemannian manifolds with non-negative Weitzenbock
curvatures, which is a natural extension of Theorem 1.1.
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Theorem 1.9 Let (M, g) be a complete Riemannian manifold, ¢ € C*(M).
Suppose that et is conservative, and the Weitzenbick curvatures are non-
negative:

Wy >0, i=k—1kk+1.

Then, for all 1 < p < oo, every w € LP(AKT*M, 1) has a unique decomposi-
tion i LP:
w=Hyw+ dd;D;lw + d:’;dD;lw,

where H, : LP(A*T*M, ) — Ker(yx N LP(A*T*M, 1) denotes Hodge har-
monic projection.

1.6. Remarks

Remark 1.10 As far as we know, we cannot find an explicit statement of
Theorem 1.5 and a proof for it in the literature. The LP-contractivity of the
heat semigroup e ‘™% on differential forms plays an important role in the
above proof. In [66], Strichartz studied the problem of the LP-contractivity of
the heat semigroup e "= on differential forms and the LP-contractivity of the
Hodge-Kodaira projection on complete non-compact Riemannian manifolds.
He pointed out that the heat semigroup on k-forms is always L2-contractive
but one cannot expect that the LP-contractivity of the heat semigroup is
always “yes”. In [66, p.353], he wrote: “If e'® were LP contractive then by
taking the limit as t — oo we would obtain that the Kodaira projection op-
erator T" onto the harmonic k-forms is LP-contractive.” Here, according
to the notation in [66], A denotes the negative Hodge-de Rham Laplacian
on k-form.

Remark 1.11 By [57, 33, 10],

_ m -1/2 *
1Bl = cot () and [V(=2) ]y < 20" 1), ¥p > 1

From these one can derive that, for all K =0,1,...,n, and for all p > 1,
2, ., ~1/2 .
—(r" = 1A +o(1)) < [ld0; " lpp < Culp™ = 1),

2 * * - >k

~(r" = D+ 0(1) < ATy < Coa (7 = 1),

where the left hand sides make sense when p — 1 or p — oo. This can be
viewed as an particular example of Theorem 1.7. It also indicates that at
least in the case of Euclidean spaces, an upper bound of the order O(p* —1)
for the LP-norm of the Riesz transforms dD,;l/ * and d*D,;l/ ? is asymptoti-
cally sharp when p — 1 or p — oco. For details, see Example 6.6. However,
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it is still an open problem to determine the exact value of the LP-norm of
the Riesz transforms V(—A)~/2 as well as dJ; "/* and d*00;"/? for n > 2
and p # 2.

Remark 1.12 To prove Theorem 1.6 and Theorem 1.7, we will first prove
a probabilistic representation formula of the Riesz transforms on differential
forms, cf. Theorem 5.3 below. In the proof of Theorem 5.3, we use the
Littlewood-Paley identity. However, the proof of Theorem 1.6 and Theo-
rem 1.7 does not need to use the Littlewood-Paley-Stein inequalities. The
proof of Theorem 1.7 is inspired by the argument used in Banuelos-Wang [10]
for the estimates (1.1) and (1.2). Se also Remark 6.5.

Remark 1.13 In [44], using a probabilistic approach which is different from
the present one, we proved that, under the condition W, > 0, the singular
integral operators dd*(J;;' and d*dJ;.! are bounded in L? for all p > 1. This
further implies that the Weak LP-Hodge decomposition theorem holds on
LP(ART*M) for all p > 1 providing that Wy > 0.

1.7. Applications

The method and the main results of this paper will be used in three forth-
coming papers [45, 43, 46]. In [45], we use the main results of this paper to
prove the Strong LP-Hodge decomposition theorem and to prove some van-
ishing theorems of the LP-cohomology on complete Riemannian manifolds
with suitable geometric conditions. In [43], we use the main results of this
paper to prove some Sobolev inequalities on differential forms and to prove
some vanishing theorems of the LP9-cohomology on complete Riemannian
manifolds with suitable geometric conditions. In [46], we use the method
of this paper to prove the LP-boundedness of the Riesz transforms associ-
ated with the complex Kodaira-Hodge Laplacian on complete Kahler mani-
folds with non-negative curvature operator, and use this result to prove the
LP-estimates and existence theorems of the d-operator on complete Kéhler
manifold with suitable curvature conditions. The main result in [46] can
be viewed as a non-trivial extension of the famous Hormander-Andreotti-
Vesentini L*-estimate and existence theorem of the d-operator on complete
Kahler manifolds with semi-positive curvature.

The rest of this paper is organized as follows. In Section 2, we recall
the well-known probabilistic representation formulas of the heat semigroup
and the Poisson semigroup generated by the Hodge Laplacian or the Witten
Laplacians on forms on complete Riemannian manifolds, as well as the well-
known semigroup domination inequalities. In Section 3, we prove the strong
LP-stability of the heat semigroup and the Poisson semigroup on forms on
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complete Riemannian manifolds with non-negative Weitzenbock curvature.
In Section 4, we formulate the Burkholder sharp LP-inequality for martingale
transforms on complete Riemannian manifolds. In Section 5, we prove the
probabilistic representation formulas for the Riesz transforms and the Riesz
potentials on forms on complete Riemannian manifolds. In Section 6, we
prove Theorem 1.6, Theorem 1.7 and Theorem 1.8. In Section 7, we prove
the Weak LP-Hodge decomposition theorem (i.e., Theorem 1.9) on complete
Riemannian manifolds with non-negative Weitzenbock curvatures.
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2. Heat semigroup and Poisson semigroup on forms

2.1. The weighted Bochner-Weitzenbock formula

We first recall the weighted Bochner-Weitzenbock formula which has been
well-known to experts. To sake the completeness of the paper, we give a
proof for it.

Theorem 2.1 Let V be the Levi-Civita connection on (M,g), ¢ € C*(M).
Let

Ay=A—Vgy

be the covariant weighted Laplace-Beltrami operator, where A = TrV? is the
covariant Laplace-Beltrami operator on k-forms. Let

Wor = Z ef Nie, R(e;, e5) + dA"V?¢
i,J

be the weighted Weitzenbock curvature, where ey,...,e, 1S a normal or-
thonormal basis at T,M fory € M near x € M such that Ve;(x) =0, V3¢
denotes the Hessian of ¢ with respect to the Levi-Civita connection V. Then

(21) D(f),k - —A¢ + Wk@.
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Proof. By definition, the L2-adjoint of dj, with respect to the measure ,
denoted by dj , : Cg°(A**'T*M) — L*(A*T*M, 1), satisfies

/ <dkw,77>du:/ <w,dgn > dp.
M M ’
Standard argument based on integration by parts formula shows that

where iyg4 denotes the interior multiplication induced by the contraction of
the vector field V¢ on A*¥*1T* M. This yields

Opr = d(d" +ive) + (d" + ivg)d = (dd* + d*d) + (dive + ived).
Using the Cartan identity
div¢ + iv¢d = Lv(z,,

we obtain

(2.2) Ugr = U+ Lyg.

By the standard Bochner-Weitzenbock formula, we have
(2.3) O=—A+) e Nie,Rleg ;).

i<j
We now prove the following identity
(24) Lv¢w = VV¢UJ + dAkV2¢w
To prove (2.4), notice that V. i, = 0 holds at the point z. Hence
div¢w = Z 6; VAN Ve].(< ngS, €; > ieiw)
(2]
= Zvej <Vo,e; > e; A le,w + Z <Vo,e; > e;f Nig,Ve,w
(2] (2]
= Z V2¢(ei, ej)e; Nie,w + Z <V, e; > e; Nie,Ve,w,
(2] (2]
and

ivodw =Y < Vo,e; > ice] AVew

Z‘?j

= Z <Vo¢,e; >V ,w— Z <V, e; > € Nig,Ve,w
i,J 1<J

= VV¢W - Z <Vo,e; > 6; N ieiveju).

i<j
Combining the above identities, we obtain (2.4). From (2.2)-(2.4), we ob-
tain (2.1). [ |
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2.2. Heat semigroup on forms

In this subsection we recall the well-known probabilistic representation for-
mula of the heat semigroup on forms and the semigroup domination inequal-
ities.

Let X} be a diffusion process on M with infinitesimal generator L = A —
Vye and with Xy = 2. By Ito’s theory of diffusion process on Riemannian
manifolds, there exists a Brownian motion W; on R", such that

X() =,

where U; € End(T, M, Txz M ) denotes the stochastic parallel transport along
the path {X? s € [0,t]} with respect to the Levi-Civita connection, and is
the unique solution to the following covariant SDE along { X7, s € [0, t]}:

VoaxpUp =0, Uy = Idy,u,

where od denotes the Stratonovich stochastic differentiation.

By Ito’s formula and the weighted Bochner—Lichnerowicz-Weitzenbock
formula, and using the same argument as in the proof of the Feynman-Kac
formula for vector valued function on R", we have the following well-known
probabilistic representation formula of the heat semigroup generated by the
Witten Laplacian Uy, on k-forms:

(25) e Pori(z) = B [Myw(X7)]

where My ;. € End(A*T; M, A*T%, M) is the solution of the covariant differ-
ential equation

V
(2.6) aMt,k = Wy (X)) My, Mog = Idprrsnr,
where % = Ut%Ut_l denotes the covariant derivative operator with respect
to the Levi-Civita connection along the path of {X* s € [0,t]}. For a proof
of (2.5), we refer the reader to Elworthy-Le Jan-X.-M. Li [21].

We have the following well-known semigroup domination inequality, cf. [21].

Theorem 2.2 Let M be a complete Riemannian manifold, ¢ € C*(M).
Suppose that Wy > a, where a € R. Then, for all w € C(A*T*M),

(2.7) }e‘th’»kw(x)} < e etlw|(x), Vo€ Mt>0.

Remark 2.3 In the case £k = 0 and ¢ = 0, the probabilistic representation
formula (2.5) of the heat semigroup e and the semigroup domination
inequality (2.7) can be traced back to Malliavin [50].
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2.3. Poisson semigroup on k-forms

Using the Bochner subordination formula, for all w € C§°(A*T* M), and for

all (z,t) € M x R*, the Poisson semigroup e~V a5k on one-forms can be
defined as follows

e~tVarbory(z) = L/ e_%(Hukv‘l’)w(aﬁ)e_“u_lﬂdu.
VT Jo

In the case k = 0, for all f € C°(M), the Poisson semigroup e V=L on
functions can be given by

_t\/ f _ / G_E(a L )G_UU_1/2CZU.
\/_

We can also give the probabilistic representation formulas for the Poisson

semigroup e~ *V?~L and the Poisson semigroup e 'V a+D¢ To do so, let B,

be the Brownian motion with infinitesimal generator 4 d—2 instead of 1 d = and

starting from By = y > 0, which is independent of Xf, and let
= inf{t > 0: B; = 0}.

Then it is well-known that for all A > 0, we have
E, [e_)‘Ty] = vV,

This leads us to the following probabilistic representation formula for the
Poisson semigroup on functions

e Wi f() = E, [P f ()] = E, [e‘“TyE[f(Xfy)]} '

That is
ek f(z) = By [ f(XE)] .

Similarly, for any w € C5°(AFT*M), the Poisson semigroup e ¥V *FHesy(x)
can be represented by

e"vVattory (1) = E, [e=@TEha)my(2)] = B, |e [ TEIML w (X7
Let E(,,) denote the expectation with respect to the law of (X[, By). Then

VIR () = Bloyy [0 (X))
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3. Strong LP-stability of the heat semigroup and the
Poisson semigroup

In this section we prove the Strong LP-stability of the heat semigroup and
the Poisson semigroup on complete Riemannian manifolds with non-negative
Weitzenbock curvatures. This result will play a crucial role in the proof of
Theorem 1.6.

We first prove the following result which is essentially due to Bakry [5].

Theorem 3.1 Let M be a complete Riemannian manifold. Suppose that
Wy i > —a, where a > 0 is a constant. Then, for all p € [1,00] and t > 0,
we have

(3.1) H@—t(a—l—D¢,k)pr < 6—2111111{%71—%}@’
(3.2) H@—t\/mupp < e2minll- et

Proof. Using the semigroup domination inequality (2.7) and the fact that etX
is LP-contractive, under the curvature condition Wy, > —a, we have

et Betlul, < et ol < llwlls Vo € [1,00],2 > 0.

Therefore
He_ta-I—D¢k ||pp< 1, VpG [1700]7t>0'

This proves (3.1) for p = 1,00. On the other hand, for allw € L*(A*T*M, i),

9 He‘tuoﬁ’ka; = —2/ < Ogpe Dok, e Mok > dy < 0.
M

Hence
le™x 0], < llwlle.

This yields
He_t (a+Us ) ”22 S €_at, Vit > 0.

By the Riesz convexity interpolation, for all p € (1,2), letting 6 € (0,1) be
such that 1/p=0/1+1—-0/2,1e., 60 =2/p— 1, we have

—t(a+0y.1) H —t(a+0p 1) —t(a+Ug k) H L

0
I lle
2(p—1)at

< e U=0at — =7 g > ().

le < e
pp —
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Similarly, for all p € (2,00), letting 6 € (0,1) be such that 1/p=1—-0/2 +
0/oc0, ie., 0 =1—2/p, we have

—t(a+0p 1) H t(a+0g.1) H9 —t(a+0, 1) H1—9

le le

—
< g~ =0)at — e_%, vt > 0.

These finish the proof of (3.1) for all p € [1,00] and ¢ > 0. Similarly, for all

p € [1,00] and t > 0, we can prove (3.2). [ ]

We would like to point out that Theorem 3.1 plays a crucial role in
Bakry’s proof of the LP-boundedness of the Riesz transforms d(a+ ;) ~Y/?
on complete Riemannian manifolds with Wy, > —a and Wy 41 > —a for
some positive constant @ > 0. According to [22], Theorem 3.1 says that,
under the condition Wy > —a with a > 0, the heat semigroup e ot 0o k)

and the Poisson semigroup e "V ok are exponentially stable when ¢t — oo.
In particular, we obtain the following

Corollary 3.2 Under the same conditions as in Theorem 3.1, for allp > 1,
we have

t(a+0y 1) H — 0’

lim He

t—oo

lim [|e~'Vo Por||

t—oo

p,p

Remark 3.3 In the case where M is a complete non-compact Riemannian
manifold with non-negative Weitzenbock curvature Wy, > 0, if we do not
assume some additional condition on M, we cannot prove that the heat

semigroup e T+ and the Poisson semigroup e_t\/m are exponentially
stable. This might be the most important reason why we cannot find an
explicit statement in [5] saying that the Riesz transform dD ? is bounded
in I? for all p > 1 if M is a complete Riemannian mamfold Wlth Wy >0
and W¢7k+1 2 0.

An important observation of this paper is that, even though the heat
semigroup e 7¢# and the Poisson semigroup e Dok are usually not ex-
ponentially stable on complete Riemannian manifolds with non-negative
Weitzenbock curvatures Wy, > 0, they are strong stable in L? for all p > 1
in the sense of Theorem 1.5. It will play a crucial role in the proof of Theo-

rems 1.6, 1.7 and Theorem 1.9.

Proof of Theorem 1.5. Using the semigroup domination inequality (2.7),
as Wy > 0, we have

e Borw(z)| < ePlw|(z), Yw € LP(A'T*M, p),x € M,t > 0.
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L

Since €' is a Markovian semigroup, it is LP-contractive. Therefore

le™ k0|, < flwllp, vt > 0.
By Bochner subordination, we have

le™VEerwll, < Jlwll,, Yt > 0.
Slightly modifying the argument used in the proof of Theorem 1 in E. M.
Stein [63, p.67] or Theorem 4.2.12 in Jacob [35, p.293], using the fact that
Ok is a self-adjoint operator on L2(A*T*M, 1), and that e ®Pox is LP-

contractive for all p € [1,00], we can prove that e 'Her has an analytic
continuation from the sector Xy, to LP(A*T*M, ), where

2
Zg(p):{zEC:|arg(z)|<g(1—‘z—9—1')}, p> 1.

By the theory of analytic semigroups, see e.g. Theorem 4.2.7 in Jacob [35],
there exists two constants d € (0, 5) and M > 0 such that

n
Sx s = {)\ €C:fargh| < Z + 5} U{0} € pp(Tn),

and

_ M
A=) Hlpp < =

|)\|7 VA€ E%-I—J \ {0}7

where p,(C, ) denotes the resolvent set of Oy in LP(A*T* M, 1). Equiva-
lently, the LP-spectra of U, ;, satisfies

Up(lj¢>,k) NiR C {0}

By a theorem of Arendt-Batty-Lyubich-Va, see [22] (Ch. VI Theorem 2.21,
see also Example 2.23(i) of Ch. VI), we obtain

tliglo e~k — Hyw||, = 0, Yw € LP(AFT*M, ).

This proves that e "o is strong stable in (Ker( )" N LP(A*T* M, p1). Sim-

ilarly, we can prove that the Poisson semigroup e "V Hor g strong stable in
(KerOy x)* N LP(A*T*M, i1). The proof of Theorem 1.5 is completed. W
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4. Martingale transforms on complete Riemannian ma-
nifolds

In this section, we formulate the Burkholder LP-sharp inequality for mar-
tingale transforms on complete Riemannian manifolds. For this, we borrow
some ideas from Banuelos-Wang [10] and Arcozzi [1].

Let F; be the filtration generated by the n-dimensional Brownian mo-
tion W;. Let Y; be a real-valued L2-martingale on the Brownian filtration ;.
Then

t
Y, = E[Y}] +/ H - dWs,
0
where H, is a predictable process with value in R". Let A € M(n,R) be

an n X n real matrix-valued predictable process. Define the martingale
transformation

t
(AxY), = / A(s)Hy - dWs.
0
Let

114N} = sup JlA(s)l], where |lA(s)]| = sup {IA(s)vllre : v € R, vl < 1}

Then
<AxY >, — <AxY >, <||A|IP <Y > —|[|A||P <Y >s.

According to [13, 10, 1], this means that (A*Y"); is differentially subordinate
to ||| A[[:.

The following theorem is essentially due to Burkholder [13]. Tt gives the
best constant in the LP-inequality for the differential subordinate martin-
gales.

Theorem 4.1 ([13, 10, 1]) LetY and AxY be as above. Then, for anyp >1,
we have

[A Y, < (" = DINAIN Y[l

and the constant (p* — 1)|||A||| is the best possible here.

Let M be a complete Riemannian manifold, n = dimM, and ¢ € C?(M).
Suppose that the L-diffusion process X; is stochastically complete, i.e., the
lifetime of the L-diffusion process is infinite. By Ito’s SDE theory, we have

dXt = Ut O th - V¢(Xt)dt,
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where W; is the standard Brownian motion on R", U, denotes the stochastic
parallel transport along the trajectory of { X : s € [0,t]}, i.e., U; satisfies the
following covariant SDE on the orthonormal frame bundle O(M) over M:

VodXt Ut - 0

Note that the Brownian filtration F; coincides with the filtration generated
by X;, since we can reconstruct the R"-valued Brownian motion W; from
the M-valued L-diffusion process X; in the following way:

t t
W, = / Ut odX, —|—/ U7 'V (X,)ds,
0 0
where odX, denotes the Stratonovich differential along the trajectory of
{Xs, s €10,t]}.

Definition 4.2 Let F' be a vector bundle over M, < -,- > be an inner
product over F. Let E = AT*M @ F. Let UF : Fx, — Fx, be the
stochastic parallel transport along the trajectory of {X; : s € [0,¢]}. An
End(E)-valued martingale transformer over the L-diffusion process X; on
M is a bounded and continuous process A; such that

Let ¥, be a continuous, bounded process with values in £ = AT*M ® F
over X. The martingale transform of the Fx,-valued Ito stochastic integral

t
(Iy); = / Ur=1 U, dW,
0

by the martingale transformer A € End(FE), denoted by (A * Iy);, is the
Fx,-valued martingale defined by

t
(AxIy), = / UB=T AW, U d W
0

The following theorem is a straightforward extension of a result due to
Arcozzi [1] where F' is a trivial vector bundle over M, i.e., F' = R.

Theorem 4.3 Let X; be a stochastically complete L-diffusion process on M.
Let A; be a martingale transformer over X;. Suppose that

I Al = sup sup || As(w)[lop < o0,
5>0 weN
where || Ay(w)lop denotes the operator norm of Ay(w) € End(A Ty M ®FX,).

Then
A Tyll, < (0" = DAl [ Lw]l,-
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Proof. By Theorem 4.1, we need only to prove that A x [y is differentially
subordinate to Iy. The covariance process of the martingale transformation
A * [\Il is

¢
< Ax Iy >= / Tr(A U, @ AW, )ds
0

Let eq,...,e, be an orthonormal basis of T, M, and let fi,...,f; be an
orthonormal basis of Fy, ). Then {ei®fj, 1<i<n,1<3< l} is an ONB
of Ex, () = A'T)*(S(W)M ® Fx, (). By definition, we have

n l

Tr(A0, © AW,) (X,(w) = )Y <AV (e ® f;), AV (e ® f;) >5,

i=1 j=1

nool
— ZZ| <AV, 6@ fj >y, i

i=1 j=1
— A < HARIIR < AP, -

w) —

Hence
t
< Axly > AP [ 10, ds = AN < To >
0
This yields that A x Y is a differential subordination to Y, i.e., we have

<Axly > — < Axly > < |||A||| < Iy > —|||Al|| < [y >5, VO < s < t.

The proof of Theorem 4.3 is completed. |

5. Martingale representation of Riesz transforms and
Riesz potentials
5.1. Background radiation process

From this section, let X" be the diffusion process on M whose infinitesimal
generator is L and whose initial measure is u, and let B; be a one-dimensional

Brownian motion starting from By = y with infinitesimal generator %
(instead of %%) and independent of the horizontal diffusion X}'. Note that

dB; - dB; = 2dt (instead of dB; - dB; = dt). Following P. A. Meyer [52]
and Gundy [30], we introduce the so-called background radiation process on
M x R as follows

Zi = (X, By).
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In fact, {Z}',t € [0, 7]} is a diffusion process on M x R* whose infinitesimal
generator is L+ % and whose initial distribution is y ® d, supported on the
hypersurface M x {y} at time ¢ = 0. The process {Z}',t € [0, 7,]} terminates
at time t = 7, upon hitting the boundary M x {0}.

Let P, be the probability law of the process Zf = (X[, B;) starting
at (z,y) € M x R*. We define the measures {P,,y > 0} on the path space
C(]0,00), M x R) as

P,(Z € B) = /M Py (27 € B)dp(a),

for all Borel sets BC MxR*. Let E, be the expectation corresponding to P,.

In the sequel, to simplify the notation, we use 7 to denote 7, and use X,
(respectively, Z;) to denote X|* (respectively, Z%').
5.2. Covariant It6’s calculus

The following proposition will be used in the proof of the results of the next
sections.

Proposition 5.1 For all w € C(A*T*M) and all a > 0, we have

(5.1)

e (X, )= e "M wa(Zo) + / e“(T‘S)M:"lM:(V, aﬁ)wa(zs) (U, dWy, dBy).
0 Y

where

wa(z,y) = e WV y(2), V(z,y) e M x RT.
Proof. By (2.6), we have

v * *
a(Mt ) - _Mt W¢>,k(Xt)-

Using the covariant version of the Ito formula acting on differential forms,
cf. Elworthy-Le Jan-X. M. Li [21] and Norris [56], we have

V(e " Mw(X;)) = — ae” " M;w(X;)dt + e~V M w(X;)dt
+ e "M/ (Vw)(X;) 0 dX,
= — e_atMt* ((l + Wd),k(Xt))W(Xt)dt—FG_atMt*(vu))(Xt)dXt
+ e MV w(X;) (d Xy, dX).

Note that
dXt = Ut 9] th - V¢(Xt)dt
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Hence
V2w (X)) (dXe, dXo) = V2w(X)(Ues, Use;)dWidW
2
= Z V2C¢J(Xt)(U6i, Uej)él]dt
2
= TrV2w(X,)dt

This yields that

V(e "M w(X;)) = e "M/ (Vw)(X;)dX;
+ e P MF(A — Wy (X)) — a)w(X,)dt
= e "M/ (Vw)(X;) U;dW;
+ e "M (A = Vy, — Wy r(Xy) — a)w(Xy)dt
= M (Vw)(X)UidW,
— e "M (—Ay + Wy i(Xy) + a)w(X,)dt.

By the weighted Bochner-Weitzenbock formula (2.1), we obtain
V(e ™ M;w(X;)) = e M (Vw)(X;) UdW; — e M (a + Og 1 )w(X;)dL.
Therefore, for all w € Ker(a + 0O,), we have
V(e " M;w(Xy)) = e “ M} (Vw)(X,)U;dW;.

Integrating from s to t along the trajectory of the diffusion process X we get
t
M w(X,) = e~ Mrw(X,) + / e M (Vi) (X)) U d IV,

Replacing X; by the background radiation process Z; = (X, B;), and re-
placing the (a + Oy)-harmonic form w € Ker(a + O,) on M by the Poisson

semigroup wq(z,y) = e YV ek (z) on M x R, we get
! 0
e " Mfw,(Zy) = e_aijwa(Zs)+/ e "M (V, (9_) wa(Zy)- (U dW,.,dB,).
s Y

In particular, at t = 7 and s = 0, we get

0

Ww(X,)=e" M wo(Zo)+ / ERED VA V (v, a%) wa(Zs)-(UsdW,, dBy).

The proof of Proposition 5.1 is completed. |
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5.3. A probabilistic representation formula of k-forms

The formula (5.1) in Proposition 5.1 gives a probabilistic representation
of k-form in terms of the time derivative and the covariant derivative of
its Poisson semigroup composed with the background radiation process on
M x R*. In this subsection we prove a probabilistic representation formula
of k-forms which uses only the time derivative of the Poisson semigroup.

Theorem 5.2 Suppose that Wy, > —a, where a is a non-negative constant.
Then, for all w € C(AKT*M), we have

1 T 0
(5.2) -w(z) = lim E, / e CTIM M —w,(XP, B,)dB, | X! = x|,
2 y—oo 0 oy
where
wa(,y) = eIV w(z), ¥ (2,y) € M x RY.
Proof. Let n € C°(A*T*M). By Proposition 5.1, we have
i 0
n(X,) :eaTM:’_lna(Xo,Bo)+/ea(T_S)M:’_1M:<V,a—y) n(Xs,Bs) - (UsdWs, dBs).
0

Hence

/ <Ey { / ea<s—T>MTM;13wa(XS,Bs)st
M 0 dy

= Ey |:</ 6‘1(5—7')M7Ms_1%00a(X5aBs)st, 17(XT)>}

0

X, =a] o)) duto)

= [1 + [27
where
T 0
I = E, K/ e MM —w,(X,, B,)dBs, e“TM:"lna(Xo,Bo)ﬂ :
0 dy
T 0
I,=E, K / e MMt —w, (Z,)dB,,
0 dy

/ ea(T—s)M:’_lM:(v, ay)na(Zs) ’ (USdW57 dBS)>:| :
0

Using the martingale property of the Ito stochastic integral, we have

L-E, K/ easMs—lagywa(Xs,Bs)st, na(Xo,Bo)H
0

T 0
=F E / e“SMS_l—wa X,, B,)dB,
Y {< { 0 Oy ( )
=0.

(Xo, BO)] , Na(Xo, BO)>}
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By the L2-isometry of the Itd stochastic integral, we have

L= By | [ (M 203700 2 )
[ (az, M v 0 (2 Y ds
Y 0 ay a\4s), a Ta\ 4

5, [ [ (gan(z). Sz )as].

The Green function of the background radiation process is given by 2(y A z).
Thus

B [ (gpentaBa, (x5 as| -

=2 [ [Twna(ghede) o)) dedua)

Using the spectral decomposition, we have the Littlewood-Paley identity

i [ e ( Seato o) gt 2) Yasdnto) = [ (o(ontohduto)

Therefore
(w, M) 12 = 2 lim <Ey{ / e MM
0
a—wa(XS, By) - dBs| X, = x} ,17(3:)> du(x).
Y
Since the above identity holds for all n € C°(M, A¥T*M), we get
w(z) =2 lim E, [/MM_ (XS,BS)~dBS|XT:x}.
y—oo

The proof of Theorem 5.2 is completed. |

5.4. Representation of Riesz transforms on k-forms

Following [65, 5], we consider the Riesz transforms d(a+0g ) ™"/2 and d) (a+
Og.x) /2 associated with the Witten Laplacian on k-forms. To simplify the
notations, let

RYOyp) :=d(a+ Oy p)"Y? € End(A*T* M, AFF1T* M),
R2(0p) = dj(a + O p)~"? € End(APT*M, AT M).
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We have the following probabilistic representation formulas of the Riesz
transforms on k-forms.

Theorem 5.3 For all w € C(AFT*M), a > 0, let
Qraw(z,y) = e WVt ek (2), Ve M, y>0.

Then, for all x € M, we have

1 : ! a(s—1 —
53 5RO = i B, | [ e,
0

Yy—oo

dek@(w)( )dB

Yy—o

1 T
(5.4) —iRi(D¢’k)w(x) = lim £, {/ ea(S_T)MT,qu;kl_l
0

dj;),ka,a(W)(Zs)st

r=|.

Proof. By Theorem 5.2, for all w € COO(AkT*M) we have

1

Sw(e) = lim E, VO TIMM 0 Q! Z, DB, | X, =a|.

1/2

Replacing w by di(a + Oy k)~ "*w, we obtain

1 3 T alsS— 7'
—§R¢11(Dd>,k)w($) = lim E, {/ e™ M 41 sk+1\/ a+ Oy k41Qk+1,a
0

Yy—oo
(=)

di(a + Oy ) 2w (Z,)dB,

Using the commutative formula

dk\/a + D¢7kw = \/a + D¢7k+1dkw,

we obtain
1 : T a(s—T
§R¢11(D¢,k)w(x) = — lim Ey |:/ € ( )MT,k-i-lM k+1Qk+la
0

Y—00
. 4

Using again diQg .o = Qk+1,0dk, we prove (5.3). Similarly, we can prove (5.4).
|

Remark 5.4 When k = 0, the formula (5.3) was proved in [42]. It is a natu-
ral extension of the well-known Gundy-Varopoulos probabilistic representa-
tion formula of the Riesz transforms on R" [31] and Gundy’s representation
formula of the P. A. Meyer Riesz transforms on the Weiner space [30].

dkw(Zs)st




508 X.-D. L1

5.5. Representation of Riesz potential on k-forms

In this subsection we give a probabilistic representation of the Riesz potential
D;}g/ ? and the Bessel potential (a+ ) ~"/2 on k-forms, even though we do
not need it in the study of the Riesz potentials on Riemannian manifolds.

Theorem 5.5 Under the same notations as in Theorem 5.3, for all a > 0,
we have

. B = —lim F e —1,—Bsy/at+O
’ 2 k = - 5.
(5.5) 2(a+[|¢7 )20 (2) lim E, {/ e T)M,kMs,;ie o/ Dok
0

Yy—00

w(Xs)dBs

XT:;E}

In particular, for a = 0,

1__ . i 1
(56) QD(Z),}C/QW('T): - yli)rElOEy |:/0' MT,kMs’]ie B D(P’kW(Xs)st XT - x:| .
Proof. Applying the general representation formula (5.2) to (a + D);}g/ 20,
the formula (5.5) follows. Taking a = 0, we get (5.6). [ |

6. Proof of Theorem 1.6 and Theorem 1.7

In this section we prove Theorem 1.6 and Theorem 1.7. It would be inter-
esting to ask whether one can give an analytic proof of Theorem 1.6 without
using “the magic world of Brownian motion”.

6.1. Proof of Theorem 1.6

In this subsection, we prove Theorem 1.6. More precisely, we prove the
following

Theorem 6.1 Let M be a complete Riemannian manifold, ¢ € C*(M).
Suppose that et is conservative, Wy > —a and Wy i1 > —a, where a is a
non-negative constant. Then, there exists a constant Cy > 0 such that, for
all p > 1,

(6.1) d(a+ Ops) ™|l
(6.2) 15 (@ + Ogport) ™l

CAx(p* —1)*2,

<
< CAp -1,

where C' > 0 is a constant independent of p and k, A denotes the uniform
norm in the following inequality

ldw]|se < Al Vewllee, Vo € C(AFT*M).
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Proof. In the case p = 2, it is well-known that, using the Gaffney integration
by parts formula [23], the Riesz transform d(a + (O, ) ~*/? is bounded in L?
on all complete Riemannian manifolds and its L2-norm is less than 1. Below,
we consider the case p # 2.

For all p > 1, since conditional expectation E[- | X, = z] is contractive
in LP we have

ld(a + Op) 2wy

T p
:2”/ lim |E, [/e“(s_T)MT,kHMS_,inQa,kw(XS,Bs)st |XT=x} du(x)
MY 0 ’
T p
< 2P lim inf / Ey{ / e TN, ML dQq (X, By)d B, szx}d,u(x)
y—oo Jpr 0 ’
T p
S 2 lim inf Ey |:/ ea(S_T)Mr,k-l-lMs_kl-l—lan,kw(XsaBs)st } )
Yy—00 0 ’

where in the second step we have used Fatou’s lemma. Let
I, = / ' "My A M dQaw (X, By)dB.
0
Then
(6.3) ld(a+Op) 2wl < 2lim inf [|2,]],.

We now estimate ||I,||p. Notice that, at any fixed point x € M, for all
w € L(A'T*M @ R),

n

dw(m, ) = Z 6? A veiw(‘r7 ')7

i=1
where e, . .., e, is a normal orthonormal basis at T, M such that V.e;(xz)=0
foralli,j=1,...,n,and e}, ..., e’ isits dual basis. Let V = VIM®R Then,

for all w € T(A*T*M ® R), we have

0 .. 0 ... 0 o\ Ve
n . e e e e o e o e vew
dw(z,y) :Z e;AVew(x,y)=[ 0 ... 0 ... 0 0 ().
* * * Venw
VAN VA S AU O,

Let A denote the (n+1) x (n+ 1) operator-valued matrix before (Vw, d,w).
Then B
dw(z,y) = AVw(z,y).
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Hence, the Ito integral I, can be reformulated as a martingale transform
given by

6.4) I,= / eI My i M AV Quuw (X, By) - (UsdW, dBy).
0

By the Burkholder-Davies-Gundy inequality, we have

Hyll» < Gy

Y

) 1/2
{/ |ea(5_7)MT,k+1M;13+1A|2|an,kW(X87 BS)|2dS}
0

p

where (cf. Shigekawa [61, p.50])

(w2

dw
A, = ||A|| = sup ldwllo
WwED(ART* M), Vw0 VWl

N

Note that

< 400

is a positive constant depending only on £ = 0,1,...,n. Moreover, under
the curvature assumptions Wy ;11 > —a, we have

sup ”ea(S_T)MT,k-l-lMs:k1+1H <1
s€[0,7]

Therefore

(6.5) 1yl < ArCpllJyllp

where

. 1/2
J, = { / WQG,W(XS,BS)FOZS} .
0

Proposition 6.2 Let p > 1. Then, for alla > 0, w € LP(A*T*M, p) (with
additional assumption Hyw =0 if a =0 ), we have

(6.6) lin inf [, < Byl
where ( )1/2
2p
— € (1,2),
(p_ 1)3/27 p ( 9 )
Bp - < 1’ p = 27
p
, p>2
( V2(p—2)
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Proof. Let w,(z,y) = Quirw(z,y). By the Bochner-Weitzenbéck formula,
as Wy > —a, we have

0? 9
— + L
(57 + 1) ot
__ 82
= zlvwa(xa y)|2 + 2 <(a—y2 - Dd),k + W¢,k) wa(x>y)>wa(x>y)>
= zlvwa(xa y)|2 +2< (a + W¢>,k)wa($>y)>wa($a y) >
> 2[Vw,(z, y)[*

Therefore

V2J, <

Y

{/T ( : | ( )|2 )
L) Wy XS,BS dS}
o0y?
0 Y »

Let Ny = |wo(Xoat, Brnt)|? — |wa(Xo, Bo)|?>. Then N is a continuous sub-
martingale with the Doob-Meyer decomposition N; = M; + A;, where M, is
the continuous martingale

TAt 62
Mt = Nt - / (W + L) |wa(Xsa Bs)|2d$>
0 Y

and A; is the bounded variation part of IV, given by

TAL 82 )
A :/ (——i—L) we(Xs, By)|7ds.
= | (5 +E) ko B

(1) Let p=2. By Doob’s stopping time theorem, we have
E[Ax] = E[Nx] = |wa(Xr, B )ll3 = [wa(Xo, Bo)l3 < [[w]lo.

This proves (6.6) with By = 1.
(17) Let p > 2. By the Lenglart-Lépingle-Pratelli inequality, we have

E [Aéo] <p°E {sup |Nt|g}

t>0

Moreover, using Doob’s martingale inequality, we have

E[sup|Nt|g] g( p/2 )%E[|Nw|5}.

>0 p/2—1
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Hence

2
A2} < =5 Nl

2
p 2 2
= —— |||w(X:)]" = [wa(Xo, Bo)|"|| »
s Ml = e (o, Bo)
< (Pl + llwalXo, Bo) Pl
_p_2 T 5 a 0, L0 5
p2
-2

p2
-3 (g v

(lw (XAl + llwa(Xo, Bo)ll,)

By Theorem 3.1 and Theorem 1.5, we can therefore deduce that

Ly 1/2
{/ (a—y2 + L) |wa(X8, BS)|2d8}
0
p

(6.7) lim inf J, < Llim inf

Y—00 \/§ Y—00
p
< ———||w|yp.
< gl
This proves (6.6) with B, = \/ﬁ for all p > 2.
o

(i)  Let 1 < p < 2. By [71, p.641, Lemma6.1] or [41, p.622,
Lemma4.5], we have

2
foate )P tim inf (3154 1) QX BP 4 22

2
|Vwa(x,y)| S 0 ayQ

p(p—1)

This implies

1 T o2
J, < — b/‘<pa)g,£g 2=Plim inf <———4—L)
YT el —1) H{ 0 oo ) e—0 \ 0y?

1/2
(|wa( X, Bo)[* + 62)gd8}

2—p T 82
sup |we (X, Bs)| 2 liminf | =— + L
upli (X, )7 { [T ing (7 1)

1/2
(Jwa(Xs, Bo)|* + 52)%}

p
1

p(p—1)

p



RIESZ TRANSFORMS ON COMPLETE RIEMANNIAN MANIFOLDS

Using the Hélder inequality to 2/(2 — p) and 2/p, we get

1 2-p
(6.8) Jy S—====Isup [wa (X, By)|[l5"
p(p—1) 520
T o2 . 1/2
/0 limsigfo (a—y2 + L) (Jwa( Xy, Bs) |2+ €2)5ds 1

We need to prove two preliminary results.

Proposition 6.3 For all1 < p < 2, we have

(6.9) lim inf

Yy—oo

T 2
/0 limsigfo (66—3/2 + L) (|wa(Xs, Bo)|* + 52)§d8

P
p
<2 (E) [Jwl]?.

1

513

Proof. Similarly to Yoshida [71, p. 644], we set f(z,y) = (|wa|?(z, y)+&2)P/2,
and N, = f(Xy, B;). Then Ny = M, + A, is a P, ,)-submartingale, where

M, is the martingale part given by

t 82
Mt:Nt_NO_/ (—2+L) f(XsyBS)dSa
o \0y

and A; is the bounded variation part given by
tAT 82
Ay = /0 (8—3/2 + L) f(Xs, Bg)ds.
By the Lenglart-Lépingle-Pratelli inequality, we have

EJA;] <2FE {Sup |N;y — NO@

t>0

=2F {sup (Jwal|*(X¢, By) + 82)})/2} +2F [(|wa|2(Xo, By) + 62);7/2] .

t>0

Using the elementary inequality (a + b)P/2 < a?/? + b°/2 for p € (1,2), and

a,b >0, we have

E[A] < 2E [sup ol (X, B»} 12 [Jwl? (X0, Bo)] + 4.
>0
By Doob’s martingale inequality, we have

B [sup o’ (Xe B)| < (%)E lenl? (X, B,)].

t>0
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Therefore
p
EA;] <2 (Ll) E[|wa|P (X7, Br)] 4 2F [|wa|P (X0, Bo)] + 4€”.
p p—
Taking ¢ — 0 and using Fato’s lemma, we have
. T (0 2 2\p/2
E |lim inf Ew) + L) (|wa(Xs, Bs)|> + %) ds
0 Y

e—0
< 11 1 il | 1; —2 + L (lu) (.X B )|2 82)p/2 dS
— 9 2 a S S

e—0

IN

p \" ) e
’ (ﬁ) E [|wal”(X+, B.)] + 2B [|wa|”(Xo, By)]

p Y . o P
2 (ﬁ) (X2 + 28 [P (Xo, Bo)]

p
_9 (%) w2+ 2E [[wa|”(Xo0, Bo)] -

By Theorem 3.1 and Theorem 1.5, for all w € LP(AMT* M, ) (with Hyw =0
in the case a = 0), we have

lim E [[wa|"(Xo, Bo)] = lim He yy/a Do, H

y—o0

Hence

liminf F [lim inf/T(a—2 + L) (Jwa(Xs, B)|* + 62)p/2d$} < 2<L)p|]pr.
y—00 =0 Jo \ Oy? p—1 P

This completes the proof of (6.9). [ |

Proposition 6.4 For all1 < p < 2, we have

p
(6.10) I sup |wa(Xs, Bo)lllp < ——=[[wllp-
5>0 p—1

Proof. Using the semigroup domination inequality (2.7), as Wy > —a, we
have
le~Dory(z)| < etetl|w|(z), Yo e M,t>0.

From this and using the Bochner subordination, we get
wal, )| = [V Poro(@)| < V(@) = fwl (2, 9),
This yields that
H sup |wa(Xs, Bs)|Hp < H sup |w| (X, BS)HP :
5>0 s>0
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Since
w|(z,y) = e Llw|(z)

is a (% + L)-harmonic function, |w|(X;a, Brae) is a martingale. By Doob’s
martingale inequality, we have

p

p
Xty By < ——|[lwl(X7, B:)l, = :

The maximal inequality (6.10) is proved. [

End of Proof of Proposition 6.2. It remains to prove (6.6) for 1 < p < 2.
Combining (6.8), (6.9) and (6.10), for all 1 < p < 2, we have

(6.11) \/7—1’/ _1 wup.

This completes the proof of (6.6) for all 1 < p < 2 with

(2p)'/?
(p—1)32 n

End of Proof of Theorem 6.1. By (6.3), (6.5), (6.6) and Proposition 6.2,
we have

B, =

20C, A
L ll,,  Vp> 2,
2(p—2)

20, (2p)Y/2 A,
(v~ 1)

o= {0 ()}

Therefore, for all p > 2,

ld(a + D)0,

d(a+ Ogr) " wll,

IN

|wllp, V1I<p<2.

Note that

2pCp p \'pp—1) (0 — 11¥2(1 4+ 0
s =[5 B < Vil = 17 o)

and for all 1 <p < 2,

Tt 2 (t) = () e

This finishes the proof of (6.1) in Theorem 1.5.
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It remains to prove (6.2). Let ( )} denote the L*-adjoint of the operator
in () with respect to du = e~ ?dv. Then

gy (a+0pp) 2 = ((a+ Opr) " Pdia)ly = (dr—r(a+ Ogpmr) )5
Using the duality argument, for all p > 1, we have
(6.12) 1 -1 (@ + Bp )™ lpp = (@ + Oop) ™ 2dia g
= lldi—1(a+Op 1)l
Indeed, for all w € LP(A*T*M, i) and all n € LY(A*=1T*M, 11), we have

W0 D)™l = [ 0o+ D)™ >
Nllg=1J M

= sup / <w,(a+ D¢,k)_1/2dk_m > du
Inllg=1J M

< s [+ o)™ docarll
Miq=

< [l(a+ Op) ™2l llgq 1l
= lldk-1(a +Opp-1)™llgq -

Thus
I r (@ + Og) ™2l < Nedkr (@ + D)™l

Similarly, we can prove that

ldk—1(a+ Og 1) llgq < I x_1(a+ 0pi) ™ [lpp-
This proves (6.12). By (6.1) and (6.12), we finish the proof of (6.2) in Theo-
rem 1.5. |
6.2. Proof of Theorem 1.7 and Theorem 1.8

By (6.4), the It0 integral I, can be reformulated as a martingale transform
on M x R:

I, = / eI M, i Mt AUUL 'Vwa (X, By) - (UdWs, dB).
0

By the Burkholder sharp LP-inequality for martingale transforms, cf. The-
orem 4.3, we get

1Ll < (" —1) Sl[zp] Hea(S_T)MT,k-HM;li—HAUSHOP
se|0,7

X

/ U 'Vw. (X, By) - (U, dW,, dBy)
0

p
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Under the curvature assumption Wy ;41 > —a, we have

Sl[’l)p} Hea(S_T)MT,k—i-lMs_’]i_HAUS”op < Ak
se|0,7

Therefore

(6.13) ||1y||pg(p*—1)AkH / U~'Vwa(Xs, By) - (UsdW,, dB,)
0

p

By Ito’s formula, we can prove that

Ut wa (X, Br) — wa(Xo,Bo) = / U 'Vwa (X, By)(UydWy, dBy)
0

T 2
_ /0 Us_l (aa_y2 + A — vaZ)) u)a(Xs, Bs)dS.

By the Bochner-Weitzenbock formula Uy, = —Ay + Wy i, we have

82
(6—3/2 + A — VV(i)) wa(x, y) = (D¢7k +a+A— VV¢) wa(x>y)

= (—A¢ + W¢7k +a+ A — Vv¢) wa(x, y)
= (a + Wy r)wa(z,y).

Therefore, as Wy, = —a, it holds that
(6.14) / U 'Vwo(Xs, By)(UpdWy, dBy) = U= wo (X5, Br) — wa(Xo, By).
0

Combining (6.3), (6.13) with (6.14), we obtain

| Ra(Bop)wllp < 2(p" = 1) Ag lim inf |U wa(Xr, Br) — wa(Xo, Bo),

2(p* — 1) A liminf | U w(X,) — w(Xo, Bo) |,
y—00
< 2(p" = DAy lim inf [l (X0) [l + [lwa(Xo, Bo)lly -

Since X, has the law u, we have

o (X lp = [lllp-

On the other hand, by Theorem 1.5 and Theorem 3.1, for all p > 1, and
w € LP(A*T*M, i) (with the additional condition Hyw = 0 when a = 0), we
have

(6.15) lim [|wa(Xo, Bo)l, = lim He—yx/a+ﬂ¢mH ~0.
y—00 y—00 P
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Thus
1R (Op)wlly < 200" — 1) Agllw],.
This implies that
ld(a+Bs) " llpp < 245(0" - 1).
From this and using (6.12), we have
1 (a+ Oges1) ™ llpp < 24k(p* — 1).

The proof of Theorem 1.7 is completed. Note that when £ = 0, we have
Ao =1.

In the particular case where M = I'\H"(—1), we have W}, = —k(n—k)Id.
From this and using Theorem 1.7, we can easily prove Theorem 1.8. |

Remark 6.5 In general, using the weighted Bochner-Weitzenbock formula,
we have

T 2 T
/Ugl(aa—y2 + A —VW,) wa (X, Bs)ds:/ U7 (a+ Wyr)wa(Xs, Bs)ds # 0
0 0
except that Wy = —a. Under the assumption of Theorem 1.6, one cannot
prove that its LP norm is dominated by Cy(p* — 1)||w||,- This explains
why we claimed before the statement of Theorem 1.7 that W41 > —a
and Wy, = —a give us a reasonable condition to extend the asymptotically
sharp bound of the form O(p*—1) to the Riesz transforms associated with the
Hodge (or Witten) Laplacian on forms on complete Riemannian manifolds.

6.3. Examples

Example 6.6 Let M = R", ¢ = 0, and du(z) = dz. Then ||d3; |,
Cp(p*—1) forall p > 1and k = 0,1...,n. Let w = wrdz’, where I

I IA

(i1, .. ix), 1 <ip < -+ <ip < n. Then Hyw = —Awrdr!, and
- 0 .
dd, V2 = d(=A)"Mwda’ = Z a—xj(—A)_l/ledx] Ada’.

i¢l

By the estimate (1.1) of Pichorides [57], Iwaniec and Martin [34] and Ba-
nuelos-Wang [10],

_ A2 R:wy T
5y = sup I sap 50—, — con (7).
w

]l w0 @l 2p*
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Thus, when p — 1, we have

2

AoV > 2
H k Hp,p 7Tp— 1

(1+0(1)).

Combining this with [|d0|,, < Ck(p* — 1), when p — 1, we have

Ck
-1

2 1 —1/2
— (1 1)) < ||dOd <
2 (1 of1) < [ <

Similarly, when p — oo, we have

Z(p— 1)1 +o(1))

—1/2 m
4 = oot (57) =

Hence 5
~(p = D1 +0(1)) < 3, < Cilp — 1),

By (6.12), we have ||d*D,;1/2||p7p = ||dD,;_1{2||q7q. The above estimates for

dD,;l/ ? lead to similar estimates for the LP-norm of d*D,;/ ?. More precisely,
when p — 1,

2 _ _
Z(p = 1)1+ 0(1)) < Ty < Ciap— 1),
and when p — oo,
2 w——1/2
—(p =1 A +0(1) <Dy llpp < Cralp = 1)

Thus, in the Euclidean case, an upper bound of the order O(p*—1) of the LP-

norm of the Riesz transforms dD;l/ ? and d*D,;l/ * are asymptotically sharp
when p — 1 and when p — oo.

Example 6.7 Let M = R", ¢(x) = H’;”Q, and p be the standard Gaussian

measure on R". Then L = A — z - V is the Ornstein-Uhlenbeck operator.
The k-th Witten Laplacian on the Gaussian space is given by
Upr =k — L, k=0,...,n,
and the k-th Weitzenbock curvature is
Wor =k, k=0,...,n.
By Theorem 1.6, for all p > 1 and all a > 0, we have

ld(a+ Og) 2 (|pp < Cr(p™ — 1)
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On the other hand, taking again w = wrdz! as in the above example, we get

0

1/2 _
dO5,*w = d(k — L)™wda’ = Z 95

i¢

(k — L)"Ywda? A da?,

from which we get

1dTT, 5 %wll, o2 (k = L)~ 2w,
7>su

140, >
a w0 ||W||p wr#0 HWIHP
— a (k_ L) 1/2
axﬂ D,p

For n =1, let D = d/dx. Then L = D? — xD. By Larsson-Cohn [37], for
any a > 0, taking f,(z) = z/a for |x| < a and f,(z) = sign(x) for |z| > a,
where z € R, we have

: ID*(—=L) Y fallp 2 1

lim sup > — 1+o0(1)).

S 7N TETR

Notice that D?(—L)~Y2f, = D(1 — L)"'2f". Taking w;(zy,...,x,) =
fa(xj), we can prove that when p — 1,

— 2 1
143, Yl > == (14 0(1)).

TP —
Therefore, when p — 1, we have
2 1 ~1/2 Cy
P (1+0(1)) < [0} < TESEE

Similarly, we can prove that, when p — oo, we have [|d0J, 1/2||pp >
2(p—1)(1+ o(1)). Hence

2(p = 1)1 +0(1)) < 4T,y < Chlp — 1)

By (6.12), we have ||d30] _1/2pr = HdD_l/Qqu The above estimates for

dD;ll/ ? lead to similar estimates for the LP-norm of dZD;,lz/ 2 More precisely,
when p — 1,

2 _ -
~(p =17 1+ 0(1)) < 055" lpp < Calp = 1),
and when p — oo,
2 ‘0
~(p=1) (1+0(1) < 0,5 | < Cr(p = 1),

It would be very interesting to know whether we can replace (p — 1)3/2,
(p — 1)73/2 in the above estimates by (p — 1), (p — 1)~' respectively.
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7. L’-Hodge decomposition

In this section we prove the Weak LP-Hodge decomposition theorem on
complete Riemannian manifolds with non-negative Weitzenbock curvatures.

Let M be a complete Riemannian manifold. By spectral decomposition,
cf. [44], we can prove that

N
dd;0;'w = lim | ddje " wds
N—oo J
exists in L? and hence p-a.s. Similarly,

N
d;dD;lw = lim d(’;de_sumds

— 00 0

exists in L? and hence p-a.s. This yields the Weak L?(u)-Hodge orthogonal
decomposition formula
w = Hw + dd:’;[];lw + d;d[];lw,

where Hw denotes the harmonic projection of w from L2(A¥T*M, i) to
Ker(y, N LA(A*T*M, ).

By duality argument, we can prove that, if the Riesz transform dl]
is a bounded operator from LP(A*T*M, ) into LP(A*IT*M, 1) for a ﬁxed
p > 1, then D_l/2d* = (dD 1/2)¢ is bounded from LI(A*T*M, 1) into

.k
LA (AkT*M 1), Where q = -Z. Moreover,

1/2

||<dm‘”2> o = 143 3l
Since d;Dd) }c/—‘fl = D_1/2 * , we obtain

* —1/2 —1/2
ud¢m¢,k/+1up,p = 1d0;,% |0

Suppose that the Riesz transforms dD; /% and dld,, k/ ? are bounded in LP(y)
and in L7(u), where %—{—% =1,1< p,q < co. Then, for allw € Cg°(A*T*M),
we have

lddwll, < 140, llpp 1355yl
= ||dD;}c/—21||p,p ||d;’;, 1/2W||p
< 1A o 105053 oo 1020 2wl
= 110, % Nl 140552 M0 10y ol
Equivalently,
ldd; 053wl < 140,52 s 11405 32 lgqllwllp-
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Similarly, we have
* * —1/2 1/2 * —1/2 1/2
I dwll, < 15055 e 10K dwll, = 15053 2 o 10 7wl
* —1/2 —1/2 1/2—1/2
< 1505 2l 140353 2 o 11020 2wl
* —1/2 —1 2
= 1145053 Iy 14053 % ll00 ||D¢kw||p
Equivalently,
—1/2 —1/2
||d¢dD¢kW||p < ||dD / 5.0 ||dD / lgqllwllp-
Therefore
(7.1)
—1/2 —1/2 —1/2 —1/2
oo = Heollp < {10532 i 132 g + 1405 i 140355 ] 1l

Now we are able to give the proof of Theorem 1.9.
Proof of Theorem 1.9. By Theorem 1.6, for all p > 1 and ¢ = -5, we get
p
. —1/2 ~1/2
I3, keolly < 4032 o 140532 lag Nl
< Cia(p” = D)*2(¢" = 1)*2|wll, = G (0" = 1D |wll-
Similarly, we have
* —1/2 -1/2
Id5d0 wllp < 14055 s 14054 g llwlly < CE(" = 1wl

Therefore, the operators alal;El;’}f and dj;)dD;’}c are bounded in L” for all
p > 1. Note that

N 00
dd;0, ' w — /0 ddje™*Fowds = /

ddje " Fwds = / dd;e N5t
N 0

= / ddje" (e How — Hw) dt = dd;0," (e ¥ w — Hw)
0

which yields

N
/0 ddje™ " wdt — ddy0; ' w

p—lld% o (e —HW) |,

< ||ddz ;|| e VDo — Hpr.

ol

Similarly,

N
/0 dide” " wdt — dyd0; 'w

p

<|

d;d[];l (e‘ND‘f’w - Hw) ||p

G0y, e w1,
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Since W}, > 0, by Theorem 1.5, J&im e VHow — Huwll, = 0. As dd;D;}c and

dd;D;}g are bounded in L?, we have

N
(7.2) lim ‘ / ddje " Fowds — dd;0,jw| = 0,
o0 0 p
N
(7.3) dim ‘ /0 dide " Fowds — didd w| = 0.
p
Now

t
0
e Do —w = / —e~*Dowds in LP(ART*M, p).
o Os
Taking ¢ — oo and using %e_suﬁw = —D¢e_sm¢w, we get
w—Hw = / (ddy, + dz,d)e_tu¢wds.
0
Combining this with (7.2) and (7.3), we obtain the Weak LP-Hodge decom-
position
w = Hw + dd;D;}Cw + d;dD;}Cw.
Finally, from (7.1) we can deduce that
1T = Hwll, < (CF_y + CO@" = 1)*[wl,.
Thus, the Hodge harmonic projection
H: LP(AFT* M, p) — (KerOg)™ N LP(AFT* M, p)
is bounded. The proof of Theorem 1.9 is completed. ]

The argument used in the proof of Theorem 1.9 goes back to [65]. It
can be considered as a natural extension of the heat equation approach
initiated by Milgram-Rosenbloom [54] for the Hodge decomposition theorem
on compact Riemannian manifolds and developed by Gaffney [24] for the L2-
Hodge decomposition theory on complete Riemannian manifolds.
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