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A priori Holder estimate, parabolic
Harnack principle and heat kernel

estimates for diffusions with jumps

Zhen-Qing Chen and Takashi Kumagai

Abstract

In this paper, we consider the following type of non-local (pseudo-
differential) operators £ on R%:

d
N % Z:: ( 60:5; ))
+lim [ (uly) — u(@)) I, y)dy,

{yerd: |y—z|>e}

where A(x) = (ai;())1<i, j<d is a measurable d x d matrix-valued func-
tion on R? that is uniformly elliptic and bounded and J is a symmetric
measurable non-trivial non-negative kernel on R% x R? satisfying cer-
tain conditions. Corresponding to £ is a symmetric strong Markov
process X on R? that has both the diffusion component and pure
jump component. We establish a priori Holder estimate for bounded
parabolic functions of £ and parabolic Harnack principle for positive
parabolic functions of £. Moreover, two-sided sharp heat kernel es-
timates are derived for such operator £ and jump-diffusion X. In
particular, our results apply to the mixture of symmetric diffusion
of uniformly elliptic divergence form operator and mixed stable-like
processes on R?. To establish these results, we employ methods from
both probability theory and analysis.
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1. Introduction

It is well-known that there is an intimate interplay between self-adjoint
pseudo-differential operators on R? and symmetric strong Markov processes
on R?. For a large class of self-adjoint pseudo-differential operators £ on R?
that enjoys maximum property, there is a jump-diffusion X on R? associated
with it so that L is the infinitesimal generator of X, and vice versa. The
connection between £ and X can also be seen as follows. The fundamental
solution (also called heat kernel) for £ is the transition density function
of X. In this paper, we are interested in the a priori Holder estimate for
harmonic functions of such operator £, parabolic Harnack principle and the
sharp estimates on the heat kernel of L.

Throughout this paper, d > 1 is an integer. Denote by my the d-
dimensional Lebesgue measure in R¢, and C'}(R?) the space of C'-functions
on R? with compact support. We consider the following type of non-local
(pseudo-differential) operators £ on R%:

d

(1.1) Lu(zx) = % Z aii (a”(x)agg(j))

1,j=1

+lim / (uly) — u(2))J (. y)dy,
y {yeRd: |y—z|>e}

where A(z) = (a;;(7))1<ij<a 15 @ measurable d x d matrix-valued function
on R? that is uniform elliptic and bounded in the sense that there exists a
constant ¢ > 1 such that

d d d
(12) C_l ng S Z az](x)é-zgj S 62512 for every , (517 R 7§d) S Rdv
=1 2,7=1 =1

and J is a symmetric non-negative measurable kernel on R? x R? such that
there are positive constants ko > 0, and 3 € (0,2) so that

(1.3) J(@,y) < kolw —y[™7 for v —y| < b,

and that

(1.4) sup / (Jz —yP A1) J(2,y)dy < .
r€R J R4

Clearly under condition (1.3), condition (1.4) is equivalent to

sup / J(z,y)dy < 0.
z€R? J {yeRe:|y—z|>1}



DIFFUSIONS WITH JUMPS HH3

Associated with such a non-local operator £ is an R%valued symmet-
ric strong Markov process X whose associated Dirichlet form (£,F) on
L*(R4;my) is given by
(

E(u,v) = % » Vu(x) - A(z)Vu(x)dx

(1.5) + | (u(z) —u(y))(v(z) —v(y))J (z, y)dzdy,

Rd

| F =R,
where for v > 0, £, (u,v) := E(u,v) + & [pq u(@)v(z)mg(dz).

When the jumping kernel J = 01in (1.1) and (1.5), £ is a uniform elliptic
operator of divergence form and X is a symmetric diffusion on R?. It is
well-known that X has a joint Holder continuous transition density function

p(t,x,y), which enjoys the following celebrated Aronson’s two-sided heat
kernel estimate: there are constants ¢, > 0, £k =1,...,4, so that

1 pe(t, eale — y|) < p(t,x,y) < csp(t, calz — y)) for t > 0,2,y € RY.
Here
(1.6) pe(t,r) =t~V exp(—r?/t).

It is also known that parabolic Harnack principle holds for such £ and that
every bounded parabolic function of £ is locally Holder continuous. See [15]
for some history and a survey on this subject, where a mixture of analytic
and probabilistic method is presented.

Let ¢ be a strictly increasing continuous function ¢ : R, — R, with
»(0) =0, and ¢(1) = 1 such that there are constants ¢ > 1,0 < 3; < 5 < 2
such that

(1.7) c_1<§)ﬂ1 < O(F) <c (E)ﬁ2 for every 0 < r < R < o0,

r o(r) r
and
(1.8) /07“ %ds < c% for every r > 0.

Observe that condition (1.7) implies that
P < p(r) < er forr >1

and
Tl < o(r) < cr™ for r € (0, 1].

In the sequel, if f and g are two functions defined on a set D, f < g means
that there exists C' > 0 such that C~!f(x) < g(x) < C f(x) for all z € D.
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When A(x) =0 in (1.5) and J is given by
1
|z =yl (e —yl)’

where ¢ satisfies the conditions (1.7)-(1.8), the corresponding process X is
a mixed stable-like process on R? studied in [9]. A typical example of J
satisfying condition (1.9) is

R e )

|z =yt

(1.9) J(z,y) <

where v is a probability measure on [a1,as] C (0,2) and c(a, x,y) is a
symmetric function in x and y is bounded between two positive constants
that are independent of o € [y, ap]. Under the above condition, a priori
Hoélder estimate and parabolic Harnack principle are established in [9] for
parabolic functions of X. Moreover, it is proved in [9] that X has a jointly
continuous transition density function p(t,z,y) and that it has the following
two-sided sharp estimates: there are positive constants 0 < ¢; < ¢y so that

Clpj(tv |.T - y|) S p(t,l’,y) S 02pj(t7 |.T - y|) for ¢ > Oaxvy € Rda

where

' =1\ —d t

(1.10) P(t,r) = (¢ )" A rd(b(r))

with ¢! being the inverse function of ¢. Here and in the sequel, for two
real numbers a and b, a A b := min{a, b} and a V b := max{a,b}. We point
out that, in contrast to the diffusions (or differential operator) case, heat
kernel estimates for pure jump processes (or non-local integro-differential
operators) have been studied only quite recently. See the introduction part
of [9] for a brief account of some history.

In this paper, we consider the case where both A and J are non-trivial
in (1.1) and (1.5). Clearly the corresponding operators and jump diffusions
take up an important place both in theory and in applications. However
there are very limited work in literature for this mixture case on the topics
of this paper, see [5], [6] and [14] though. One of the difficulties in obtain-
ing fine properties for such an operator £ and process X is that it exhibits
different scales: the diffusion part has Brownian scaling r +— 72 while the
pure jump part has a different type of scaling. Nevertheless, there is a folk-
lore which says that with the presence of the diffusion part corresponding
to %Zf i1 %(aij (;E)%), better results can be expected under weaker as-
sumptions on the jumping kernel J as the diffusion part helps to smooth
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things out. Our investigation confirms such an intuition. In fact we can
establish a priori Holder estimate and parabolic Harnack inequality under
weaker conditions than (1.9). We now present the main results of this pa-
per. Let WH2(R?) denote the Sobolev space of order (1,2) on RY; that is,
WEARY) = {f € L*(R%my) : Vf € L*(R%my)}. It is not difficult to
show the following.

Proposition 1.1 Under the conditions (1.2)-(1.4), the domain of the Di-
richlet form of (1.5) is characterized by

F=WWRY = {f € L*(R,ma) : E(f, f) < 0o}

Let X be the symmetric Hunt process on R? associated with the regular
Dirichlet form (&€, F). It will be shown in Theorem 2.2 below that X has
infinite lifetime. Let Z = {Z; := (W, — ¢, Xt),t > 0} denote the space-
time process of X. We say that a non-negative real valued Borel measurable
function h(t, z) on [0, 00) x R? is parabolic (or caloric) on D = (a,b)x B(zg,r)
if there is a properly exceptional set N' C R? such that for every relatively
compact open subset D; of D,

h(ta .T) =E4Y) [h’(ZTDl )]

for every (¢,z) € DN ([0, 00) x (RI\N)), where 7p, = inf{s > 0: Z, ¢ D;}.
We remark that in [8, 9] the space-time process is defined to be (Vy +t, X3)
but this is merely a notational difference. In this paper, we first show that
any parabolic function of X is Holder continuous. Recall that &y is the
positive constant in condition (1.3).

Theorem 1.2 Assume that the Dirichlet form (€, F) given by (1.5) satisfies
the conditions (1.2)-(1.4) and that for every 0 < r < o,

(1.11) inf inf / J(z,z)dz > 0.
oot w80, r/16) ) B(yo, r/16)
zg—ygl=r

Then for every Ry € (0,1], there are constants ¢ = ¢(Ry) > 0 and k > 0

such that for every 0 < R < Ry and every bounded parabolic function h in
Q(0, 70, 2R) := (0,4R?) x B(zo,2R),

(1.12) [A(s,z) = h(t,y)] < ¢ |hlloor BT (Jt = "2 + |z —y[)"
holds for (s, ), (t,y) € (R?* 4R?*) x B(xg, R), where

[Alloo,r := sup |h(t,y)].
(t,y)€[0, 4R2] x RN
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In particular, X has a jointly continuous transition density function
p(t, x,y) with respect to the Lebesque measure.

Moreover, for every ty € (0,1) there are constants ¢ > 0 and k > 0 such
that for any t, s € (to, 1] and (z;,y;) € R x RY with i = 1,2,

|p ($7xlayl) _p(tax27y2)| S
(1.13) < ety 2 (1= sV 4 gy — o] + [y — )"

In addition to (1.2)-(1.4) and (1.11), if there is a constant ¢ > 0 such
that

(1.14) J(z,y) < %/ J(z,y)dz  whenever r < %|x —y| AL, z,y € RY
r B(z,r)

we show that the parabolic Harnack principle holds for non-negative para-
bolic functions of X. (Note that (1.14) was introduced in [3, 7] and it was
denoted as (UJS)<; there.)

Theorem 1.3 Suppose that the Dirichlet form (€, F) given by (1.5) satisfies
the condition (1.2)-(1.4), (1.11) and (1.14). For every 6 € (0,1), there exist
constants c; = ¢1(8) and ¢y = co(0) > 0 such that for every z € R, t4 > 0,
0 < R < ¢; and every non-negative function u on [0, 00) xRY that is parabolic
on (to,to + 60R?) x B(z,4R),

(115) Sup u(t].? ?/1) S Co lnf u(tQ, y2)’
(t1.51)€Q- (t2,92)€Q+

where
Q_ = (to + 6R* to + 26R*) x B(wo, R)

and
Q. = (to + 30 R to + 46R*) x B(xo, R).

Note that elliptic versions of Theorem 1.2 and 1.3 are claimed in [12]
under similar assumptions, however we have some difficulty to follow some
of the arguments there. Clearly, our theorems imply the elliptic versions
given in [12].

We next derive two-sided heat kernel estimate for X when J(z,y) sat-
isfies the condition (1.9). Clearly (1.3)-(1.4), (1.11) and (1.14) are satisfied
when (1.9) holds. Recall that functions p®(t, z,y) and p/ (¢, x,y) are defined
by (1.6) and (1.10), respectively.
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Theorem 1.4 Suppose that (1.2) holds and that the jumping kernel J of the
Dirichlet form (€, F) given by (1.5) satisfies the condition (1.9). Denote by
p(t,x,y) the continuous transition density function of the symmetric Hunt
process X associated with the reqular Dirichlet form (€, F) of (1.5) with the
gumping kernel J given by (1.9). There are positive constants ¢;, i = 1,2,3,4
such that for everyt > 0 and x,y € R,

(1.16) ¢ (Y2 A (1)) A (05t ol — y]) + PP (|2 — y])) < p(t, 2, v)
<es (TP AT A (P el —y) + Pt |z —yl]) -

The following figure shows which term is the dominant term in each
region when ¢ in (1.9) is given by ¢(r) = r® with 0 < o < 2. It is worth
mentioning that there is a short-time short-distance region in ¢t < R? < 1
where the jump part is the dominant term.

R=| x- -R%
=1 xy | =R
ot R)
1 15 ;
p(t R)vp(t R
2
t=R
A -d/2 -a/2
~~/p(t, R) t t
t
N
] Ll

When A(z) = Igxa, the d x d identity matrix, and J(z,y) = clz —
y|~* for some a € (0,2) in (1.5), that is, when X is the independent
sum of a Brownian motion W on R¢ and an isotropically symmetric a-
stable process Y on R? the transition density function p(t,z,y) can be
expressed as the convolution of the transition density functions of W and Y,
whose two-sided estimates are known. In [14], heat kernel estimates for
this Lévy process X are carried out by computing the convolution and the
estimates are given in a form that depends on which region the point (¢, z, y)
falls into. Subsequently, the parabolic Harnack inequality (1.15) for such
a Lévy process X is derived in [14] by using the two-sided Heat kernel
estimate. Clearly such an approach is not applicable in our setting even when
¢(r) = r®, since in our case, the diffusion and jumping part of X are typically
not independent. The two-sided estimate in this simple form of (1.16) is a
new observation even in the independent sum of a Brownian motion and an
isotropically symmetric a-stable process case considered in [14].
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Our approach employs methods from both probability theory and anal-
ysis, but it is mainly probabilistic. It uses some ideas previously developed
in 2,4, 8,9, 7]. To get a priori Holder estimates for parabolic functions
of X, we establish the following three key ingredients.

(1) Exit time upper bound estimate (Lemma 2.3):
Ex[TB(xo,r)] < 017"2 for x € B(.To, T),

where T, ) = inf{t > 0: X; ¢ B(xo,r)} is the first exit time from
B(xzg,r) by X.

(77) Hitting probability estimate ((4.1) below):

2
P, <X7'B(z . & B, s)) < ( 0/2\7‘1)2 for every r € (0,1] and s > 2r.
’ s

(7ii) Hitting probability estimate for space-time process Z;, = (Vo — ¢, Xy)
(Lemma 4.1): for every x € R? r € (0,1] and any compact subset
AcCQ(z,r):=(0,7?) x B(z,r),

may1(A)

(r*x)
P (04 <Tr)>c3 e

where by slightly abusing the notation, o4 := {t > 0: Z; € A} is the
first hitting time of A, 7, := inf{t > 0: Z; ¢ Q(x,r)} is the first exit
time from Q(x,r) by Z and mg,; is the Lebesgue measure on R,

Throughout this paper, we use the following notations. The probability
law of the process X starting from x is denoted as P, and the mathematical
expectation under it is denoted as IE,, while probability law of the space-time
process Z = (V, X) starting from (¢, x), i.e. (Vo, Xo) = (¢, ), is denoted as
P®) and the mathematical expectation under it is denoted as E®*). To
establish parabolic Harnack inequality, we need in addition the following.

(1v) Short time near-diagonal heat kernel estimate (Theorem 3.1): for every
to > 0, there is ¢4 = c4(ty) > 0 such that for every zp € R? and
t € (0, to],

pB@o VD) (t,z,y) > cqt™¥? for z,y € B(wo, Vt/2).

Here pB(“””O"/Z) is the transition density function for the part process
X BV of X killed upon leaving the ball B(zg, V).



DIFFUSIONS WITH JUMPS 559

(v) (Lemma 4.3): Let R < 1and 6 < 1. Q = [to + 20R?/3, to + HOR?] x
B(z9,3R/2), Qs = [to + 0R?/3, to + 116 R?/2] x B(zy,2R) and define
Q_ and @, as in Theorem 1.3. Let h : [0,00) x R? — R, be bounded
and supported in [0, 00) X B(xg, 3R)°. Then there exists ¢; = ¢5(6) > 0
such that

E(“’yl)[h(ZTQl)] §c5IE(t2’y?)[h(ZTQ2)] for (t1,71) € Q_ and (t3,75) € Q4.

The proof of (iv) uses ideas from [2], where a similar inequality is estab-
lished for finite range pure jump process. However, some difficulties arise
due to the presence of the diffusion part.

The upper bound heat kernel estimate in Theorem 1.4 is established by
using method of scaling, by Meyer’s construction of the process X based
on finite range process XV, where the jumping kernel J is replaced by
J(2,y)L{jz—y/<r}, and by Davies” method from [6] to derive an upper bound
estimate for the transition density function of X through carefully chosen
testing functions. Here we need to select the value of \ in a very careful way
that depends on the values of t and |z — y|.

To get the lower bound heat kernel estimate in Theorem 1.4, we need a
full scale parabolic Harnack principle that extends Theorem 1.3 to all R > 0
with the scale function ¢(R) := R* A ¢(R) in place of R — R? there. To
establish such a full scale parabolic Harnack principle, we show the following.

(#11') Strengthened version of (iii) (Lemma 6.5): for every = € RE r >0
and any compact subset A C Q(0,z,7) := [0, v0(r)] x B(z,7),

PO () < 1) > %M

rig(r)
Here vy denotes the constant v(1/2,1/2) in Proposition 6.2.

(vi) (Corollary 6.6): For every d € (0,7, there is a constant ¢ = cg(7) so
that for every 0 < R <1, r € (0, R/4] and (¢,2) € Q(0,z, R/3) with
0 <t <0(R/3) = do(r),

ro(r)

[[D(%%(R/?»),Z)( Co d~( )’
RIG(R

OUtar) < TOQO,2R)) =

where U(t,z,r) := {t} x B(z,r).

With the full scale parabolic Harnack inequality, the lower bound heat kernel
estimate can then be derived once the following estimate is obtained.



560 Z.-Q. CHEN AND T. KUMAGAI

(vii) Tightness result (Proposition 6.3): there are constants ¢; > 2 and
cg > 0 such that for every ¢t > 0 and z,y € R? with |z — y| > cr0(t),

t(%‘i(t))d '
|z —y|4o(|lx — yl)

P, (X € Bly,erd (1)) = cs

Throughout the paper, we will define and use various Dirichlet forms,
the corresponding processes and heat kernels. For the convenience of the
reader, we list the notations here.

(Heat kernel) (Process) (Jump kernel) (Dirichlet form)
p(t,z,y) X J(z,y) (€, F) = (£, W(R?))
pB(t,z,y) XEB J(z,y) (€, FB): X killed on exiting B
p()\) (tvxvy) X()\) J(xvy)]l{|a:fy|§)\} ( ()\) Wl Q(Rd))
p()\;n)(tv'xvy) X(A;n) J(Jf,y)]l{h y| <A} (8()\ n) ]:()\ n))
Lo uyxBn)
py (t,z,y) Y k(z,y)|z —y|~* %  subordinated Dirichlet form --» (A)

@tzy) 20 Js( (
Wt zy) 2B s (

B(txyy) 2% I @y) -5 (0) (
pr<t zy) X0 T (z,y) > (D) (

56 ]:6)

£0, FoBr): 79 killed on exiting B,

g FrhBy: p=179, Xkilled on exiting B
£, ) = (601,128

5< Wl Q(Rd))

where in the above,

(A) Y is the subordination of the symmetric diffusion for V(AV), the local
part of £, by the subordinator n = {t + contV,t > 0}, where {nt(l)} is
a ((/2)-subordinator.

(B) Js(z,y) := J(2,y) L{ja—yzsy + 5@, y) |2 — y| 7P Lijy<s)-

(C) ¢B(t, z,y) = ¢ (t, z,y) = rig®Br (r’t, rz,1y),
Z7) =178

r2t)

J§T> (z,y) == r*2Js(rz,ry) for r € (0, 1].

(D) p(t,x,y) :== rdp(qNS(r)t, rT,TY),

X = X

JN @, y) = o(r)rtJ (rz, ry) for 1> 0.
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2. Heat kernel upper bound estimate and exit time es-
timate

Throughout this paper, we always assume the uniform elliptic condition (1.2)
holds for the diffusion matrix A. Let (£,F) be the Dirichlet form in (1.5)
with the jumping kernel J satisfying the conditions (1.3) and (1.4). We start
this section by giving a

Proof of Proposition 1.1. For any u € C}(R%), we have

Vu(zx) - A(x)Vu(x)dx + ||u||§ = / |Vu(x)|2dx + ||u||§ =: Cyc(u,u),
Rd

Rd

and
21 [ () = (o) PTG gy
u(z) —u(y))?J(z,y)dovdy + ci||ull3
< [ ) () )y + el

< [ a4 ul) = exCratu )

Using Fourier transform, it is well-known that
22 Cufu) =c [ (6 + Dla©Ps
R
<2c [ (6P + DIFOLAE = ciCuclu)
R

Thus we have &(u,u) < Cy o(u,u) for all u € C3(R?). Tt follows then

el
Cl,c

F=ClRY)" = IR = WH2(RY).

2.1. Preliminary heat kernel upper bound estimate

By the Nash’s inequality

(2.3 A5 < e [ 1Vua) e 12"
< €L NI for f e WH(RY,

we have, by Theorem [6, Theorem 2.9] and [2, Theorem 3.1|, that there is
a properly E-exceptional set A/ C R? of X and a positive symmetric kernel
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p(t, z,y) defined on [0, 00) x (RA\N) x (RT\N) such that for every x € R\N
and t > 0,

. F(X0] = [ plt.e.) f()maldy).

p(t+s,x,y) = / p(t,z,2)p(s, z,y) for every t,s >0 and z,y € R*\ NV,
R4

and
(2.4) p(t,z,y) < ct™4? for t > 0 and every z,y € R4\ V.

Moreover, there is an E-nest {F},, k > 1} of compact subsets of R? so that
N = R*\ UZ, F, and that for every t > 0 and y € R\ N,  +— p(t, 2, y)
is continuous on each Fj. Later, as a consequence of the Holder continuity
result for parabolic functions, p(t,z,y) in fact has a continuous version so
the exceptional set N can be taken to be an empty set.

Now, for A € Q,, where Q, is the set of positive rational numbers, let
(EXV WH2(R?)) be the Dirichlet form defined by (1.5) but with the jumping
kernel J(,y)1{jz—y<r} in place of J(z,y). Let XM be the symmetric strong
Markov process associated with (EW, WH2(R%)), and let pM (¢, z,y) be its
transition density function.

Proposition 2.1 Let

6(A) = sup/ & —nl*J(n,&)dn.

d
SERT Y (o erd. [n—g]<n)

Then, there exist c1,co > 0 (independent of A € Q) such that for any s > 0,
the following holds for allt > 0 and q.e. x,vy,

(2.5) pV(t,x,y) < et exp (=slz — y| + c2s® (L 4+ ¥6(N)) t) .
Proof. First, note that by condition (1.3), we have
(2.6) lim §(\) = 0.

A—0
We use Davies’ method to derive the desired heat kernel upper bound. From
Nash’s inequality (2.3), by the same reasoning as that for X at the beginning
of this section, the symmetric process X has a quasi-continuous transition
density function p™ (¢, z, y) defined on [0, 00) x (R?\ Ny) x (R?\ NV,) such
that

(2.7) PV (L, z,y) < ¢ 72 for every t > 0 and z,y € R?\ N,.

Note that the above constant ¢; > 0 is independent of A > 0. By (2.2), we
have 51()‘) (u,u) < Cye(u,u) < & (u,u), so aset is 51(’\)—exceptional if and only
if it is &;-exceptional.
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Thus, letting N' = Uyeg, Ny, N is a & -exceptional set. (2.7) together
with [6, Theorem 3.25] and [2, Theorem 3.2] implies that there exist con-
stants C' > 0 and ¢ > 0, such that

(2.8) PVt z,y) < et exp (—[e(y) — ()] + C A(¥)* t)
for all t > 0, z,y € R?\ N/, and for any function 1 having Ay (1)) < oo. Here
M) = [le™*Tale"]loo V 1€ Tale™] oo

where for £ € R?,
(2.9)

o v(n) — v(€)2J(n, &)dn,
)= 3l )5 (O + [%Ww%gn<m> ()27 (n, )dn

For s > 0, take

(&) :=s (€ —a|Alz—yl)  for &R
Note that |¢(n) — (&) < s|n— €] for all £, € R So for £ € RY,

O [eY](€) < e Vi (€))? +/ (1— ") 1(n, £)dn

[n—€|<A

s@f+/’ (1) — $(€))? VDOl 1 )y
[n—¢&|<A

<ot [ o ePam o
In—¢I<A

< s (14 e5(N)) .
Here ¢ > 0 is independent of A € @Q,. The same estimate holds for
e OT,[e7¥](£). So we have the desired estimate. [ ]
2.2. Conservativeness

Theorem 2.2 The process X is conservative; that is, X has infinite life-
time.

Proof. Recall the process X defined in the previous subsection. X can be
obtained from X through Meyer’s construction by adding all the jumps
whose size is larger than A (see Remarks 3.4-3.5 of [2] and Lemma 3.1 of [4]).
Note that by (1.3) and (1.4), there is a constant by > 0 such that

(2.10) sup / Lfjaeyisayd (,y)dy < boA ™" for every A € (0,1].
Rd

z€R4



564 Z.-Q. CHEN AND T. KUMAGAI

Thus, it suffices to show that X is conservative. To show this, we look at
reflected jump-diffusions with jumping kernel J(z,y)L{j.—y<x} in big balls,

n [9, Theorem 4.7]. In the following, we fix A € Q,. Let zy € R,
r, > 100\, Define B(n) = B(xg,r,) and

g1, ) = / V(@) Alw)V f(2)da
/ / ())*J (%, y) L{ja—y <npdady,
B(n) J B(n)

c‘(>\ n)

FON = {f € CY(Bn) : € ON(f.f) <00}
where EM™ (u, u) := X (u, 1) + fB(n) u(z)?dz. Clearly (EX™, FOAM) is a

regular symmetric Dirichlet form on LQ(W; dz). Let X be the Hunt
process on B(n) associated with (€&, FAm)) - Since a constant function
1 € FOM with EXM(1,1) = 0, XA is recurrent and so XA is conser-
vative. Let p™ (¢, 2, 1) be the transition density function of X*™)  Then,
similarly to the proof of Proposition 2.1, we see that p*™ (¢, z, y) exists for
allt > 0, 2,y € B(n)\ N, where N, is a properly exceptional set for X %)
and moreover it enjoys the estimate (2.5) with constants independent of n.
Using (2.5) with s = 1, for x € B(n) \ N, t € [1,2] and R < r,,, we have

P, (X — 2| > R) =/ pA(t, z, y)dy
(M\B(z.R)

< 01/ ey < cpe™ R,
B(n)\B(z,R)

where c1, co may depend on A, but they are independent of n and R. Given
this estimate, the rest is the same as that of [9, Theorem 4.7]. We will sketch
the argument. Note that for z € B,, _\\N,, X (An) has the same distribution
as that of XM before XA leaves the ball B,, . Thus, estimating as
n [9, (4.23)], we have for a.e. © € B,

P, (( > 1 and sup | XV — z| < R) > P, (sup | X — ) < R)

s<1 s<1

~R/2

>1—2ce for every R > 0,

where € is the lifetime of X, Passing R — 0o, we have for a.e. = € B,,.
(2.11) P, (XM e RY) = 1.
Taking ro T oo, (2.11) holds for a.e. x € R? by the Markov property,

IP’m(Xt()‘) € R?) = 1 for every rational ¢ > 0. Since for each rational ¢ > 0,

P71 is finely continuous and 2”1 = 1 a.e. on R%, we must have P71 = 1
q.e. on R? so that P,(¢ = o) = 1 for q.e. z € R% [ |
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2.3. Exit time estimate
For A C R%, denote by

T4 =inf{t >0: X, ¢ A}
the first exit time from A by X.

Lemma 2.3 For every xp € R? and r > 0, E, [TB(mW)] < c17? for every

x € B(xg,7) \ N.

Proof. The proof for this is nowadays standard, see for example [10]. For
reader’s convenience, we spell out the details here. Let ¢ > 0 be the constant
in (2.4). Take c3 > 0 be large enough so that

emg(B(0,1) ¢;7? < 3
Then for every r > 0, g € R? and = € B(xg,r) \ N, with ¢ := cor? we have
by (2.4),
P.(X; € B(xg,r)) = / p(t,z,2)dz < ct_d/de(B(xo,r)) < %
B(zo,r)

Since X is conservative, this implies that for every z € B(xg,r) \ N,
]P)x(TB(:co,'r) < t) > ]P)x(Xt ¢ B(-TQ,?")) > 1/2

In other words, we have P, (T, > t) < 3. By the Markov property of X,
for integer k£ > 1,

P, (T > (k+ 1)t) <E, []kat(TB(xo,T) >1); TB(zo,r) > mt] < %IP’I (TB(zO,r)ﬂ > k:t) )

B(zq,r

Using mathematical induction, we can conclude that for every & > 1,
Pm(TB(mQ,T) > kt) < 2_k,

which yields the desired estimate

]ECE [TB(xo,r)} < Zth(TB(onr) > k’t) < 017“2.
k=0

Lemma 2.4 There is are constants ag, 7o € (0, 1) so that for every x eRI\N,

IP’I( sup | X5 — Xo| < r) >1/4 for every r € (0,rg).
s<agr?
Consequently, there exists a constant a; > 0 so that for every x € R*\ N,

2

E, [TB(LT)] > ar for every r € (0,ro).
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Proof. By Lemma 3.6 of 2] and (2.10), we have for 0 <r <1,

IP’I( sup | X, — Xo| < r) > ¢~ (bor=?)(aor?) IP’I< sup | X0 — x| < r)

s<aor? s<agr?

> e~ aobo IP’I( sup |XS(’") — Xér)| < 7").

s<agr?

So it suffices to show that there is a positive constant ay € (0,1) small so
that

(2.12) aghy < boal’? < log(8/7)
and that

IP’,;( sup | X —Xér)| < r) >1/2 for every r € (0,7]NQ and z € RY\ V.

s<agr?

Taking s = 1/+/t in (2.5), we have

(2.13) p(r)(t7x7y) < Cot_d/2 exp (— |x\;£y| + Co (1 + eQT/\/ZCS(T‘))) '

Using polar coordinate,

(2.14) / cot~Y2e2¢2 exp (— i y|) dy = wycoe®™ / e "dv,
{lo—yl>r/2} Vi :

2Vt

where wy is a positive constant that depends only on dimension d. Let ag > 0
be small enough so that

wdcerCQ/ e ’dv < 1/8.
1/(2y/a0)
Due to (2.6), there exists 7o € (0, 1) so that

EVO§(ry <1 for every r € (0, rq).

This together with (2.13) and (2.14) implies that for every r € (0,7 N Q
and z € RY,

P, <|X(§2)T2 - X(()T)| > 7‘/2) = / P (aor?, z,y)dy < 1/8.
{

ly—z|>r/2}

Moreover, by [2, Lemma 3.6], we have for every s < agr® with r € (0,70]NQ,
P, (X0 — 2 <r/2) > P, <|X8(’") — ) < \/3/a0/2>
> o5 s P, (}ng/s/ao) . x} < /S/CLO/2> >

e—s JS,T’

(Ol
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where

Jor = sup /]Rd ﬂ{\/s/—ao<|x_y|§r}J(x,y)dy.

zeRd
By (2.10) and (2.12),
sJor < boag 2@/ < byay/? < log(8/7)
and so
xeiﬂgprm (IX" — 2| < r/2) > (7/8)* > 3/4.

In other words, we have

sup P, (X" —z|>r/2) <1/4  for every s < agr’.
rERNN

Now, since X (") is conservative, by Lemma 3.8 of [2],

sup P, ( sup | X0 — x{7| > r) <1/2,

TERNN s<aor?

for every r € (0,79] N Q. This proves the lemma.
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3. Short time near-diagonal heat kernel lower bound

estimate

Let X be the strong Markov process associated with the Dirichlet form
(€, F) of (1.5) with the jumping kernel satisfying the condition (1.3)-(1.4)
and (1.11). Recall that p(t, z,y) is the transition density function for X. For
a ball B C R?, denote by p®(t,z,y) the transition density function of the
subprocess X? of X killed upon exiting B. In this section we will establish

the following.

Theorem 3.1 For each ty > 0, there exists ¢ = c(ty) > 0 such that for

every xo € RY and t < to,
PPt 5 y) >t for qe. 2,y € Bluo, Vi/2)

and
p(t,x,y) > ct™Y? for g.e. x,y with |[v —y|> < t.
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This result will be used in later sections with t; = 1. For its proof, we
adopt an approach from [2] that deals with finite range pure jump processes.
But there are some new technical difficulties to overcome in our setting.

Fix 7o € R? and let a; = 12/(2 — ). (In fact, the following argument
works for any fixed a; bigger than 4V (6/(2 — (3)).) For r > 0, define

Uy (@) = e((L =Mz — zo])4)",

where ¢ > 0 is the normalizing constant such that [,, ¥,(z)dz = 1. Then
the following weighted Poincaré inequality holds. (See, for example, [13,
Theorem 5.3.4] for the proof.)

Proposition 3.2 There is a positive constant ¢, = ¢1(d) independent of ,
such that

/ (u(z) —uy, )*V,(z)dr < clr2/ |Vu(z) ]2V, (z)dr  for u € C°(R?).
B( B(

x0,r) x0,T)

Here uy, := fB(xo o u(@) ¥ (z)dz.

Let W be the symmetric diffusion that corresponds to the divergence
form operator V(AV), the local part of £. Let ) = {nt(l),t > 0} be
an ((/2)-subordinator and define n, = t + cont(l), where ¢y > 0 is a large
constant to be chosen at the end of this paragraph. Define Y to be the
subordination of W by the subordinator n = {n;;t > 0}. Note that Y is
a symmetric strong Markov process, whose continuous part has the same
law as W, and its jumping part comes from the subordination of W by
con™. By the uniform ellipticity (1.2) of the diffusion matrix A(x), the heat
kernel of W enjoys Aronson-type two-sided Gaussian estimate. It follows
that (see [16]) the jump kernel of Y is of the form k(z,y)/|x — y|?*?, where
k(x,y) is a symmetric measurable function that is bounded between two
positive constants. By taking ¢y > 0 sufficiently large, we can and do assume
that

w(z,y)
<9 gorall |z — gyl < 1.
J(.T,y) = |.%‘ _ y|d+@ or a |.%‘ y| =
For § € (0,1), set
J(x,y) for |z — y| > 4;

Kz, y)ly — x|~ for v —y| <4,

and define (£°, F%) with Js in place of J in the definition of (£, F).
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For § € (0,1), let Z° be the symmetric Markov process associated with
(&2, F°). Note that the jumping kernel for Z° differs from that of Y by a
bounded and integrable kernel. So Z° can be constructed from Y through
Meyer’s construction (see Remarks 3.4 and 3.5 of [2] and Lemma 3.1 of [4]).
Consequently, the process Z° can be modified to start from every point in R?
and Z° is conservative. Moreover by a similar proof to that in [2], we can
show that Z° has a quasi-continuous transition density function ¢°(¢,x,y)
defined on [0, 00) % R? x R, with respect to the Lebesgue measure on R
Since Y is a subordination of W, we can readily get a two-sided kernel esti-
mate on py (¢, x,y) of Y from that of . In fact, since the heat kernel of W
is comparable to that of Brownian motion, py (¢, z,y) is comparable to that
of the independent sum of Brownian motion and a rotationally symmetric
(-stable process. So by [14],

(3.2)

t
1 (t—d/Q A t—d/ﬂ) (t—d/26—62|$—y|2/t -+ t_d/ﬁ (1 A W)) S py(t, Z, y)

a4 ) (it on (1LY
r—Yy

for all t > 0 and z,y € R? Consequently, parabolic Harnack principle
holds for Y (see [14, Theorem 4.5]). On the other hand, as a consequence
of Meyer’s construction (see the proof of Proposition 2.1 of [7]) and (3.2),
there are constant to,r € (0,1) and ¢ > 1, which depend on §, so that

(33) C_le(tvxvy) S qé(t,l',y) S CpY(tvxay) for te(OJtO] and |l‘ - y| S To-

From (3.3), we can easily show that parabolic Harnack principle holds at
small-size scale for Z? and that its parabolic functions are jointly continuous
(see [7, Remark 4.3 (ii)]). In particular, ¢°(¢,z,y) is jointly continuous on
R, x R? x R

For r € (0,1], let B, = B(0,r) and let (£°,F%Pr) be the Dirichlet
form corresponding to the process Z° killed on leaving the ball B,. Let
q>B (t, z,y) be its heat kernel with respect to the Lebesgue measure in B,.
We first prove the following, which corresponds to Lemmas 4.5, 4.6 and 4.7
in [2]. The latter can be traced back to Fabes and Stroock’s simplified
version [11] of Nash’s lower bound approach to the heat kernel estimates
for symmetric diffusions. Due to the non-local nature of the operator £
of (1.1) in this paper, certain regularity issues need to be addressed before
the aforementioned method can be employed.
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Proposition 3.3 (i) For each t > 0 and yo € B,, we have

\IIT()

—— e P
qé’BT (ta ) yO)

P (t, - yo),

(i1) Fiz yo € B and let

al) = / W, () log "B (1, 2, o) do.

T

Then for everyt > 0,

Gt)=—¢ (q‘w%t, Y0 L()) |

qé’BT (tv K yO)

The following lemma plays a key role in our proof of above proposition.

Lemma 3.4 Assume 0 < § < 1/16. Let 0 < t; <ty < 0o and r € (160, 1].
There is a constant ¢y = ¢1(6,r,tg,t1) > 0 such that

q‘S’B’“(t,x,y) > ¢ (r — |x|)2(7" - |y|)2 for every t € [t1,t5] and x,y € B,.

Proof. Due to the Chapman-Kolmogorov equation, without loss of genera-
lity, we can and do assume that

t1 < 3agmin{dyr, ro}*/16,

where &y € (0,1) is the constant in (1.3) and (1.11). and @ and 7 are the
constant in Lemma 2.4.

First, since as mentioned above Z° enjoys parabolic Harnack principle at
the small-size scale, we have by the same proof as that for Lemma 4.2 of [2]
that for every v € (0, 1), there is a constant ¢, > 0 so that

(3.4) P (t,x,y) > Cy for t € [t1/12, t5] and x,y € B(0,~r).
So it suffices to prove the lemma for z,y € B, with
max{r — |z|,r — |y|} < ri:=min{ry, dr/8, t1/(4ap)}.

Let y € B, with 6(y) :=r — |y| < ri. Take yo € B(0, (1 — 360/4)r) with
ly — yo| = dor. Define T :=inf{t > 0: |Z? — Z?_| > §yr} and set so = t1/3.
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By the strong Markov property of Z?,
(3.5)
P, (2% € B(0,(1 —8/2)r) and 75, > )

> P, (T < aoé(y)2/4, Z% € B(yo, dor/16), Sug |Z;S —y| <d(y)/2
s<

and sup |Z°—2Z5| < 50r/4)

s€[T,s0+T)

> P, (T < apd(y)?/4, Z5 € B(yo, dor/16) and sup |Z° — y| < 5(@/)/2)
s<T

- inf P, su Zg—x < dor 4).
yERNN (se[050}| l ° /
Note that by conditions (1.3)-(1.4) and (1.11),

K1 = sup/ ]l{‘x_z|>5oT}J5(x,Z)dZ < oo and
xeRd J R4

Ko := inf inf / Js(x, z)dz > 0.
yEDB; CEEB(y,(S()T/].G)\N B(yo, 6o7/16)

As T is the first time the process Z° makes a jump of size no less than dyr, T’
is stochastically dominated from above by the exponential random variable
with parameter x; and at time 7', process Z° jumps to position z according
to the probability kernel

J5(Z5_,dz)
f{w: lw—2Z3,_|>éor)} Jé(Z%—a d’LU)

Thus we have

P, (T§ apd(y)?/4 and Z3 € B(yq, dor/16)

swp 20—yl < 6<y>/2)

s<TA(aod(y)?/4)
(3.6) > (1 - e—m05<y>2/4> (ka/K1) > caod(y)?.

By Meyer’s construction [2, Lemma 3.6] and Lemma 2.4,

P s |2yl <60)2)

s<TN(aod(y)?/4)

zPy( sup |20 —y| < ()2 andT2a05<y>2/4)

s<aod(y)?/4

> e~ a0d(y)*/4 ]P’y( sup |Z;S —y| < 5(3/)/2> > 1/(4e").
5<aod(y)? /4
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This together with (3.6) yields that

P, (T < aod(y)2/4, Z-€ Blyo, dor/16) and sup |28 — y]| < 5<y>/2)
s<T
(3.7) > cé(y)>

Since sy = t1/3 < ag(dr)?/16, we have from Lemma 2.4 that

nf P, (sgp 122 — 23] < 6or/4) > 1/4.
Therefore we have by (3.5) and (3.7) that

P, (Z2 € B(0,(1 —60/2)r) and 75, > s0) > c(r — |y|)>.
Now for t € [t1/2,ts], y € B, and z € B(0, (1 — d9/2)r), by (3.4)

P (t,y,2) > / 0" (50, y, w)g" P (t — s, w, 2)dw
B(0,(1-60/2)r)

> c/ ¢ (s0,y, w)dw
B(0,(1—00/2)r)

=cP, (7 € B(0,(1 - 6y/2)r) and 7, > so)
> c(r = yl)*.

This together with the Chapman-Kolmogorov’s equation

£t y) > / P (12,2, )¢ (12, 2, y)d=
B(0,(1—60/2)r)

proves the lemma. [ |

Proof of Proposition 3.3. (i) First, similarly to the proof of [2, Lemma
4.1], we have

¢ Pr (t,z,y)

(3.8) P (twy) <et™™  and ' 5

‘ < Clt—1—d/2

for every x,y € B, and t > 0. Using this, ¢*Z (¢, -,y9) € F>Pr can be proved
in the same way as the proof of [2, Lemma 4.5]. Next, by Lemma 3.4 and
by the choice of ay, for every yo € B, ¢ € (0,1) and v € (%, 1}, there is a
constant C' = C(yo, 3,0,¢) > 0 such that

(3.9) U (2)/¢*P (t,2,y) < C, for every t € (¢,¢7!] and z € B,.
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Using this, W,.(-)/2/¢*P"(t,-,50) is bounded on B,. By extending the
function

v, (z)
> (t, z, yo)
to be zero on B¢, we see that it vanishes continuously on Bf. Similar to the
proof of Proposition 1.1,

€T =

FoBr — {f € L2(]Rd;md) o f

pe =0 and E°(f, f) < oo}.

So, in order to prove hy(-) := W.(-)/¢>P"(t,-,y0) € F>B, it is enough to
prove E%(hy, hy) < oo. Let uy(-) = ¢®P (¢, -,90). In order to show

Vhi(z)A(z)Vh(x)dz < oo,
Br
it is enough to prove

/ ()Y, () — U, (2) Vs ()] () e < o,

T

since a(-) is uniform elliptic. Computing this,

|ug(2) VU, (x) — U, () Vuy(z)|?

By ug(2)*

o] S |

<2 (clcg mq(B,) + ¢ |Vut(x)|2dx) < 00,

dx

B,

where |V, /¥, < ¢; and \If}aﬂ/ut < ¢y (due to (3.9)) are used in the second
inequality. The proof of

[ [ o = wtpateatsiy 2 [ e (/

can be done similarly to that of [2, Lemma 4.6] (with a suitable change due
to the shape of Js, for example v = (2 — (3)/3 in the proof). We thus obtain
E%(hy, hy) < 0.

(1) Given (i), (3.8) and (3.9), this can be proved in the same way as the
proof of [2, Lemma 4.7]. [ |

Js(z, y)dy) dr < 0o

c
T

The idea of the proof of the following theorem is motivated by that of
Theorem 3.4 in [7] and Proposition 4.9 in [2]. However, due to the existence
of the divergence form part, various non-trivial changes are required.
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Theorem 3.5 For each ty > 0, there exists ¢ = c(ty) > 0, independent of
§ € (0,1) such that for every xo € R, t < tq,

(3.10) qé’B(“’tl/Q)(t, z,y) > ct™? for q.e. x,y € B(x,Vt/2)
and
(3.11) ¢t x,y) > ct™? for q.e. x,y with |z —y|* < t.

Proof. Fix § € (0,1) and, for simplicity, in this proof we sometimes drop
the superscript “6” from Z° and ¢°(, z, y). Also, for notational convenience,
let 2o = 0. For ball B, := B(0,7) C R?, let ¢% (t,z,y) denote the transition
density function of the subprocess ZZ of Z killed on leaving the ball B,.

Define B := B(0,1) and for r < 1, let (£, F)5) be the Dirichlet
form corresponding to {r‘lZ‘S’BT t > 0}, which is the subprocess of {Zfr> =

r2¢

r=1Z%,,,t > 0} killed on leaving the unit ball B. Define
(3.12) B(t,x,y) = Bt x,y) = rigP (r*t,rx, ry).

It is easy to see ¢Z(t,z,y) is the transition density function for pro-
cess r‘lngf’".

Set W(z) = ¢((1 — |z|)4)*, where ¢ > 0 is the normalizing constant. Let
xo € B(0,1), r <1, and define

U(t, .T) = qu(ta x,.To),
v(t,x) = qf(t,x,xo)/\lf(x)lm,

U(y)logu(t, y)dy,
U(y)logu(t,y)dy = /B U(y)logu(t,y)dy
1

3 / U () log ¥ (x)dr = H(t) + cy.

By Proposition 3.3 and the scaling, we have

U
u(t,-)

where .J; is the diffusion part and J; is the jump part of the Dirichlet form.

We first estimate the jump part. Write J§T> (z,y) == r*2Js(rz,ry). By
the same argument as in the proof of Proposition 4.9 of [2] (up to the formula

(3.13) G'(t) = —&" <u(t, ), ) = —(Ji + ),
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four lines after (4.15) there), we have

5= (utt ) 5

/ /{ DY ()2 — (W () A () (log L2 10 (4 y)dady

v(t, )
/\If(x)(z/ TP (@, y)dy ) da
// z)/? = )1/2)2J§T>(x7y)dxdy+/B\Ij(x)<2/;]§r>(x’y)dy)dx

\I’l/2 \I’l/2) < Co 7,2 ﬁg(\I]l/Q \Ijl/2) < c S(\Ifl/2 \I’l/2) < 00,

where the last inequality is due to the shape of J and the Lipschitz continuity
of ¥ (note that co&(¥, ¥) is independent of r).

We next estimate the diffusion part.

S/BVu(t,x)a(rx)V(u\D(x) )dm

5= 5<T>’C<u(t,)

(t,x)
= / V log u(t, rac)V\II( )dx
(3.14) —/ Vlogu(t, z)a(rz)Vlogu(t, )V (z)dz.
B
Note that
A\ \AY
Oﬁ/ Viogu)V¥ — —)a'" - (Viegu)VV¥ — —)dz
(T 1o )V - Y2)a - (ViogupT - T2)
= / VUa" . VOO dr + / (Vlogu)a™ - (Vlogu)Wda
B B
—2 / (Vlogu)a'™ - VWdu,
B
where a{™(-) = ). Using this and (1.2) in (3.14), we obtain

Ik
Jp <03/ Vo) | —04/ |V log u(t, z)|*¥ (x)dx
B
=5 — 04/ |V10g u(t, z) |2V (z)dx,
B

where the last equality is due to the fact |VW(x)|>/¥(z) < c55 for x € B,
which is because a; > 2 in the definition of W. Thus, using Proposition 3.2,

Jp < g — /B(log u(t,r) — H(t))*V(x)dz.
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Combining these, we obtain from (3.13),

(3.15)  G(t) = H{t) > —cs+ s /B (log u(t,y) — H(1)2U(y) dy.

Given this inequality, (2.4) and Lemma 2.4, the rest of the proof is the same
as that of [2, Proposition 4.9] (cf. also [7, Theorem 3.4]). [ |

Proof of Theorem 3.1. For any ball B C RY, let (£%F, F°5) denote the
Dirichlet form of the subprocess Z%8 of Z? killed upon leaving the ball B.
Similarly to the proof of [2, Theorem 1.5 and Theorem 2.6], we can show
that (£°,F°%) and (£%8, F*B) converge as 6 — 0 to (£,F) and (£8, FB),
respectively in the sense of Mosco, where B is a ball in R?. Therefore the
semigroup of Z° and Z%®Z converge in L? to that of X and X, respectively.
Theorem 3.1 follows from Theorem 3.5 by a similar argument as that for [2,
Theorem 1.3]. [ |

4. Holder continuity and Parabolic Harnack inequality

4.1. Holder continuity

In this subsection, the Dirichlet form (£, F) is given by (1.5) with the jump-
ing kernel satisfying the conditions (1.3)-(1.4), and X is its associated strong
Markov process in R?.

For r € (0, 1], define

Q(z,7) == (0,7%] x B(x,r).

For each A C [0,00) x R?, denote 04 := inf{t >0: 7, € A} and A, :={y €
R?: (s,y) € A}.
Lemma 4.1 There exists Cy > 0 such that for allz € R, 0 < r < 1 and
any compact subset A C Q(0,x,r),

r2.x mq 1(A)
P oy < ) 2 €0

where T, = Tz and mgy 18 the Lebesgue measure on R4+,

Proof. For 0 <r <1,

2

PP (0, < 1) > / pC*) ((r* = s, XB@n) ¢ A)ds

0
2 2
T T A
_ / / pB(m:,r)(S7 x,y)dyds > / / %dyds =c MZ()’
0 JA. |, o Ja, T r

where Theorem 3.1 is used in the last inequality. |
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We can now establish the Holder continuity for parabolic functions of X.
First, recall the following well-known formula (see, for example [9, Ap-
pendix Al).

Lemma 4.2 (Lévy system formula) Let f be a non-negative measurable
function on Ry x R? x R? that vanishes along the diagonal. Then for every
t >0, z € RI\N and stopping time T (with respect to the filtration of X ),

=E, VOT ( g f(&Xs,y)J(Xs,y)dy) dS} :

Proof of Theorem 1.2. For x € R\ N and r < 1, apply Lemma 4.2 to
f(5,9,2) = 1By (Y)1B@2r)(2) and T = Tp(z). Then it follows from (1.4)
and Lemma 2.3, for every s > 2r,

(1) P (X, ¢Bles)) =E, { /0 e ( /R . J(Xt,y)dy> dt}

< 4(s A1)2E, [/OTB(E’” (/quxt — P A DX, y)dy) dt}

<c(sN1)%E, [TB(LT)]
<cr?/(s A1)

E, | Y fs, Xo Xo)

s<T

Using this and Lemma 4.1, the rest of the proof is the same as that for the
proof of Theorem 4.14 in [8] except that the estimate for

(4'2) ZE21 [Q(Zrk+1) - CJ(Z2); o4 > Tipy1 and ZrkH € Qr—i \ Qk—i—l—z‘]
i=1

at the bottom of page 57 of [8] should be bound as follows. Take p < 7, then

k
(42) < > (e — @) Poy (X, & Qusri) + [|BlloonPoy (X, & Qo)

=1
k

< Y en® (/) + e[| Plloo,r o™
=1

< el g e it

< gt
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4.2. Parabolic Harnack inequality

In this subsection, the Dirichlet form (£, F) is given by (1.5) with the jump-
ing kernel satisfying the conditions (1.3)-(1.4) and (1.14), and X is its asso-
ciated strong Markov process in R?.

Recall that Z; := (V;, X,) is the space-time process of X, where V, =
Vo — s. The following lemma corresponds to [7, Lemma 4.2]. Noting that
the continuous component of the process does not play any role since the
function h is supported in [0, 00) X B(xg, 3R)¢, the proof is almost the same
as that of [7, Lemma 4.2]. We point out that condition (1.14) is used in a
crucial way in the proof of this lemma.

Lemma 4.3 Let R < 1 and 6 < 1. Q1 = [to + 26R?/3, ty + 50R?] x
B(z9,3R/2), Q2 = [to + 0R?*/3, ty + 110R?*/2] x B(wo,2R) and define Q_
and Q4 as in Theorem 1.3. Let h : [0,00) x R? — R, be bounded and
supported in [0,00) X B(xg,3R)¢. Then there exists C; = C1(0) > 0 such
that the following holds:

EC)[h(Z,, )] < CLE®¥)[W(Z:, )] for (ti, 1) € Q- and (ta, ) € Q.

Proof of Theorem 1.3. With the above lemma, Lemma 4.1 and the heat
kernel estimates in the previous sections, the proof is almost the same as
that of the proof of [7, Theorem 4.1] for R < 1. [ |

5. Heat kernel upper bound estimate

For the remaining two sections, we assume that the jumping kernel J for the
Dirichlet form (£, F) of (1.5) satisfies condition (1.9). For simplicity, define

o(r) :==1> A o(r).

Note that r — g(r) is a strictly increasing function on [0, 00) so it has an
inverse function ¢~!(r). Clearly,

oM (r) =2 v o7 (r),
where ¢! is the inverse function of ¢. Note that
g—l(t)—d _ t—d/2 A ¢_1(t)_d.

Theorem 5.1 There are positive constants ¢y and co such that for every
z,y € R? and t > 0, we have

(5.1) plt,z,y) < e ()N (0t colz — yl) + P (8, |z — ) -
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Before proving this theorem, we make some preparations. For r > 0, let

£ F) be the Dirichlet form corresponding to Xfr> =X >0}
o(r)t

By simple computations, we see that ) = W2(R9) and for u,v € F),

EM (u,v) = @ /Rqu(x) ~a(rz)Vu(z)dx
+ [ (ule) = ) (vla) = o) Iz p)dedy
where J (2, y) = ¢(r)r®J(rz, ry). Note that

gt _ 3(r) _ 1
) = T e o)~ o= 5%, (e = 3))

where ¢,(s) = qﬁ(rs)/g(r) (note that ¢, enjoys the properties (1.7) and (1.8)
with the constant ¢ > 0 independent of r). Clearly the transition density
function p, (¢, z,y) of X with respect to mq is given by

(5.2) pr(t, z,y) == rdp(g(r)t, rT,TY).
The following on-diagonal estimate holds for p(¢, x, y):
(5.3) p(t,z,y) < c (t_d/2 Ao ()Y, vt > 0.

If follows from the Nash inequality for the stable-type Dirichlet form ob-
tained in [9, Theorem 3.1], we have p(t,z,y) < co1(t)~% so that (5.3)
holds. Thus, using (5.2), we have

—d

(5.4) pe(t,z,y) < re <$‘1($(T)t)> =:g(r,t).

Clearly g(r,1) =1 and

g(r,t) < c <7‘d(¢(7’)t)_d/21{5(r)tg1} + Td(¢_1(¢(T)t))_d1{$(r)t>1})
d 7 —d/2,—d/2 d 7 —d —d
< ¢ (7‘ O) ™ N ey 1 Br) /ﬁgﬂ{imm}) :
For A > 0, define
TN (2, y) o= T (2, ) Ljyiany

and let (€M W12(R?)) be defined as (£, F) but with jumping ker-
nel J™N in place of J. Let X"V be the symmetric strong Markov pro-
cess associated with (£, W12(R?)). The process X" can be obtained
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from X by removing all the jumps whose size is larger than \. We will
apply Davies’ method to derive heat kernel estimate for process X ™. On-
diagonal estimate (5.4) together with Theorem 3.25 of [6] implies that there
exist constants C' > 0 and ¢ > 0, independent of A > 0 and ¢ > 0 such that

(5.5) PN (t ) < glrt) exp (—[(y) — ()] + C M)’ 1)
for all t > 0, z,y € RY\ N and every A > 0, and for some 1) satisfying
A (¥) < 00, where

Ara(¥)? = [le™ Trale]lloo V € Trale™]loo-

Here
N a ov
(5.6) I'yalv Zaw 03: ax(g)
1,7=1 ? J
s ) o€ ., ¢ e e
In—€|<A
Define

A = {6 = B supLoalil(©) < o |

£cRd
A key observation is that H(I', ) contains the cut-off distance function
given by

(5.7) W& =g (e—alnle—yl)  forgeR

where s > 0 is a parameter to be chosen later. Note that |¢(n) — ¥ (§)| <
(5/3)In — £ for all £,m € R4, So

RN < el VUOP+ [ (1= ORIy, )y
In—€|<A
2

<ol / (1) — ()2 =¥ 1)y €)ay
9 [n—¢&|<A

82 S S T
<ot g (S / I — €27 (1, €)dn
9 3 I~ s|<A

8
<c + cs?e?M3 /
< ¢T

52
< 01— + cs?e?M3

="y M

es)\
<~ 02(82 + ),

¢r(A)
for every ¢ € R?. Here we used Lemma 2.1 (ii) of [9] for the fourth inequality
and the fifth inequality is by (1.8).
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The same estimate holds for e?*©)T, \[e7¥](¢). Denote the constant
¢y > 0 by C, and define

SA
(5.8) F(r,\ s,t,R) := exp (—% +C, (32 + ¢f()\)) t) .

Then, by (5.5), with R = |x — y|, we have

(5.9) PNt 2y) < g(r,)F(r, ), 5,1, R).
Note that there is a freedom to choose s > 0 properly. We are now ready to
prove Theorem 5.1.

Proof of Theorem 5.1. By (5.3), it suffices to show that

(5.10) p(t,z,y) <o (p°(t colz —y|) + P (8, |z — y))) .

Our proof consists of considering 5 cases. Recall that R := |z — y|.

Case 1: R? <t < ¢(R) < 1.

Take r =1, A= R and s = % in (5.9). Note that in this case, g(1,t) =
ct~%? and

So

pg’\)(t,x,y) < 4=4/2 = FHCu(14e)s’t _ ¢y t=42 v

(In fact, pg’\) (t,2,y) < cit~%? in this case.) It follows by Meyer’s construc-
tion that

A
p(taxay) < pg)(taxay)+t Sup/ J(x>y)]l{\m—y\>>\}dy
xcR4 JR4

t
< ot e F/BVD 4 C1
- RiG(R)
t

“RIG(R)

The last inequality is due to the assumption that R? < ¢. So (5.10) holds in
this case.
Case 2: ¢(R) < 't.

This is a free lunch as p’(t,z,y) ~ c¢'(¢t)”? in this case and (5.10)
follows.

< ¢ t—d/2 e—RQ/(3t)+
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Let K = (5,/(72C(d + 1)) and let a = eK/c, where C, and c are the
positive constants in (5.8) and (1.7), respectively. Before we consider the
remaining three cases, let us first do estimate on F := F(r, A, s,t, R) under
two situations:

(1) KR M with R? > t. and (i) KR a¢rt(R).

Since min e”/x = e, we have
>0

i_ t 6KR2/t 5 t eKRQ/t > ¢(7")R2 e
K ¢n(R) ¢(R) KR? T o(rR)
which, by (1.7) is no less than 1/c if min{r, R} > 1 orif »r <1 but rR > 1.
So Situation (i¢) may happen only when r <1 < Rand rR < 1.
Situation (i): e/t > a(z”“ ) and R? > t.
Let H= £,/(12(d+/)). We take A\ = HR and s = (HR) ' log(e¢,(R)/t)
> 0 in (5.8). By (1.7), there is a constant ¢; > 0 such that

esA esA
t<c———t=ce.
o(N) ~ e(R)
Moreover, using the assumption,
2, _ st e (R) _ st ad,(R)
Cist = C*HRlog " —OHRlog —|—CHR1 "
< cs—t+CS—tKR2—s ci—i-E ﬁ—i—c
= PR"7"HR t "\ PR 6 4

since K = 31 /(72C.(d+ (1)) = H/(6C,). The last inequality is due to that
fact that when R%/t > 12c,,

t+R _ R+R SR
s|co=+— S{l—=+—=)=—
R 6)="\12 " 6 4
while for 1 < R?/t < 12¢,

st t or(R) Co € 190K
1 <2 ( ) =
“RT“HR? °g< / ) " e \Le “

So, by (5.8), we have

R
(5.11) F <exp (—81—2 + 3+ C'*cle)

" 1/(12H) " d/f1+1
o (@(R)e) e (@(R)) |
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Situation (ii): KR/t ‘W’“T(R).

We take A = KR/(6C,), s = R/(6Ct) in (5.8). By (1.7), there is a
constant ¢ > 0 such that

e\ o\ oKR2/t

t=c

o S a® T e m

So

(5.12) F <exp (—% + C,s°t + C’*ca)

Case 3: t <1<R.
We will take r = 1 in this case so by (5.4),

g(t, 1) = ct™¥? < et~ 451,
This case falls into Situation (7) and so we have from (5.9) and (5.11)

(N /8 t P t crt
t <t VP [ = <

where we used (1.7) in the last inequality. By Meyer’s construction, we
conclude

/ / cot
5.13 t < < .
618 o) <o (G + Fm) < Wem
This establishes (5.10) in this case.
Case 4: ¢(R) >t >
Let r=9¢7'(t) > 1, x —x/r and y' = y/r. Since R>r, |2/ —y'| > 1 so

the estimate for p,(1,2',y’) falls into Situation (i). As g(r,1) = 1, we have
from (5.9), (5.11) and Meyer’s construction

rp(o(r),z,y) = p(1,2,y)

< pg)\)(la xla y/) + sup / J<T> (.T, y)1{|x—y|>)\}
zeRd JRd

IN

1 d/B1+1 c
C(@(W—yw)) =7 — ¢
1 " Cg
o (T — g — ) | o — 71, (1 — 5]
010925(7’)
2" — |4 (Jo —yl)

Cy




584 Z.-Q. CHEN AND T. KUMAGAI

Here we used (1.7) in the second to the last inequality and the fact that
¢-(1) > 1 in the last inequality. Since t = ¢(r), we conclude that

Clot
p(t,z,y) < :
|z — yl? ¢(|lz — yl)

This proves (5.10) in this case.

Case 5: t < R*(< ¢(R)) < 1.
Let 7 = R = |z —y|, 2/ = x/r, y = y/r. Note that ¢(r) = > as r < 1
and |2’ — 3| = 1. Let ' = t/r? < 1. Note that
glr,t)) < c(t) ™V < e(t)) =P,

If e5/¥ > ag,(1)/t, then we are in Situation (i) for p,.(t',2’,y). By the
same calculation as that for Case 3, we have

d, (.24 rooro et Cllt,r2
U, x, =p(t, 2, < = ’
B T L () R P L ()

Noting t = t'r?, we obtain

Cllt
plt,z,y) < .
2 9) < T T otm = oD

If XY < ap,(1)/t', then we are in Situation (i) for p,.(¢,2',y'). So
by (5.9), (5.12) and Meyer’s construction

rip(r*t,zy) = p(t, 2 y)
< p(t, 2, y)+t sup / TN (2, 9) ey oaydy
z€eRd JRA
_ cislz’ — y'? c1at’
< et exp (— + )
t/ |x’—y’|d¢7«(|x’—y’|)

Noting t = t'r?, we obtain

—d/2 cglz — y|2) cy7l

P P Y (P X

p(taxay) S ClSt exp(—

This proves the claim (5.10).

The upper bound estimate in (5.1) is now established for every ¢t > 0
and z,y € R%. [ |
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6. Heat kernel lower bound estimate

Recall that ¢(t) := t2 A ¢(t) and so ¢~ 1(t)™% = =42 A ¢~L(¢)"% 1In this
section, we will establish the following.

Theorem 6.1 There exist positive constants ¢ and co such that
(6.1)  plt,x,y) > ¢ ()TN Pt colz —yl) + Pt |2 — yl))
for each x,y € R? and t > 0.

To prove it, we need first establish some tightness results and extend
Lemma 4.1 to all » > 0 and Theorem 1.3 to all R > 0.

6.1. Tightness and some lower bound estimate

Using the heat kernel upper bound, we can prove the following estimate of
the exit time from a ball.

Proposition 6.2 For each A > 0 and 0 < B < 1, there exists v =
(A, B) € (0, 1/2) such that for everyr >0 and x € R\ N,

]P)a: (TB(ZB,A'I‘) < 75(7”)> < B.

Proof. Let 2 € R4\ N. By the upper bound estimate in (5.1), for every
s>0andt >0,

B(z,s)¢
cy td csle — yl?
é/ o +02t‘d/2/ exp(—i?" y )dy
B(z,s)¢ |'T - yl ¢(Cl|$ - yl) B(z,s)¢ t
eyt CeS> et ert cst
<t exp(— 657\ o G 7 8

=50 R ORI TR)

The above computation is standard; see Lemma 2.1 (7) in [9] for the estimate
of the stable part in the second inequality, and [1] Lemma 3.9 (a) for the
estimate of the Gaussian part in the second inequality. Given this inequality,
the rest of the proof is the same as that of Proposition 4.9 in [9] with ¢ in
place of ¢ for the case of 71 = v = 0 there. ]

Using Proposition 6.2, one can prove the following proposition in the
same way as the proof of Proposition 4.11 in [9] but with ¢ in place of ¢ for
the case of 73 = 75 = 0 there.
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Proposition 6.3 There exist constants ¢, > 2 and co > 0 such that for
every t > 0 and every x,y € RE\ N with

t(%‘i(t))d '
|z — ylio(|lx — yl)

(6.2) P, (Xt c B(y,cla—l(t))) > ¢,

6.2. Parabolic Harnack Inequality
Denote v(1/2,1/2) in Proposition 6.2 by . For each r,t > 0, we define

Q(t,x,7) = [t,t +36(r)] X B(z,7).
The following is an extension of Lemma 4.3 to all » > 0.

Lemma 6.4 There exists C; > 0 such that for every x € R, r > 0, y €
B(x, r/3) and a bounded nonnegative function h on [0,00) x R¢ that is
supported in [0, 00) x B(x,2r)¢,

(6.3) EO0%02) (7., X)) < CLEOO) (7, X, )],
where T, = TQ(,z,r)-

Proof. The proof is the same as Lemma 6.1 in [9]. Note that the contin-
uous component of the process does not play any role since the function h
is supported in [0, 00) x B(x,2r)¢. (Note that in [9] the space-time process
is running forward in the sense that V; = V;j + ¢ there while in this paper
Vi = Vi —t is defined to run backward. Clearly there is one-to-one corre-
spondence between these two situations. Thus the estimate in Lemma 6.1
in [9] is under probability law P(*#) while here it is under P00¢(":*)  The
same remark applies in the following when [9] is cited, for example, in the
proof of the next three results.) [ |

For each A C [0,00) x R%, denote o4 := inf{t > 0: Z, € A}.

Lemma 6.5 There exists Cy > 0 such that for all x € RY, r > 0 and any
compact subset A C Q(0,z,7),

POoé(r).2) (0a<7)> 02md+71(A)

rio(r)
where T, = TQ(0,z,r)-
Proof. When r < 1, this is proved in Lemma 4.1. When r > 1, we have

o(r) = ¢(r) so the desired inequality can be proved similarly to Lemma 6.2
in [9]. [
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Define U(t, z,r) := {t} x B(z,r).

Corollary 6.6 For every 0 < < v, there exists Cs > 0 such that for every
R € (0,1], r € (0, R/4] and (t,z) € Q(0, 2, R/3) with 0 <1 < y¢(R/3) —
53(r), i
rig(r)
" RiG(R)

PO0d(R/3),2) (UU(t,m,'r) < TQ(O%R)) =

Proof. Given Lemma 6.5 and Proposition 6.2, the proof is the same as
Corollary 6.3 in [9] but with ¢ in place of ¢ there. [ |

The following extends the parabolic Harnack principle in Theorem 1.3
to all R > 0.

Theorem 6.7 For every 0 < § < 7, there exists ¢, > 0 such that for every
ze€RY R >0 qvnd every non-negative function h on [0,00) x R? that is
parabolic on [0,v¢(2R)] x B(z,2R),

sup h(t,y) <c; inf R(0,y).

(ty)€Q(5(R),2,R) YEB(2,R)
In particular, the following holds for t > 0.
(6.4) sup p(s,z,y) <c inf  p((1+9)t,z,y).
() €Q1—7)t,2,671(¢)) yeB(z,61(1))

Proof. Given Lemma 6.4, Lemma 6.5 and Corollary 6.6, the proof of this
PHI is the same as that of Theorem 4.12 in [9] plus the last paragraph of
that for Theorem 4.1 in [7]. (See also the proof of Theorem 4.5 in [14].) W

6.3. Lower bound
Lemma 6.8 There exist ¢, co > 0 such that
p(t,z,y) > e (671 (t) ™

for allt >0 and z,y € RO\ N with |z —y| < ¢3¢ 1(2).

Proof. This is already proved in Theorem 3.1 for t < 1. Given (5.1), Propo-
sition 6.2, and Theorem 6.7, the proof is the same as that of Lemma 4.13
in [9] but with ¢ in place of ¢ there. [ |
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Proof of Theorem 6.1. Let ¢t > 0. Due to Lemma 6.8, it is enough to
prove the theorem for |x — y| > ¢y ¢~ '(t). Applying Proposition 6.3 with
t. = (1 — )t in place of t, we have

t(67 (L))"
|z =yl (csle —yl)
As mg(B(y, 197 (t,))) < ca(971(t,))4, the above implies p(t,,z,2z) >

cst/ (| —y|?o(cs|lz —y|)) for some 2z € B(y, c1¢7(t.)). By applying (6.4) as
before, we have

P,(X. € By, 16 '(t.)) = &

t
To = vl — )’
For (6.1), the exponential decay appears on its right hand side only when
t < r*(< ¢(r)) < 1 (Case 4 in the upper bound), where r = |z — y|.
So, the only case left is this case. In this case, choose N € N so that
s:=t/N < (r/N)? (so N < r?/t). Then, p(s,z,y) > cs~%?, by Lemma 6.8.
Thus the usual chain argument gives p(t, z,y) > ct~%? exp(—c'r?/t). [ |

p(t,z,y) >
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