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Bernstein-Heinz-Chern results in

calibrated manifolds

Guanghan Li and Isabel M. C. Salavessa

Abstract

Given a calibrated Riemannian manifold M with parallel calibra-
tion 2 of rank m and M an orientable m-submanifold with parallel
mean curvature H, we prove that if cos # is bounded away from zero,
where 0 is the Q2-angle of M, and if M has zero Cheeger constant, then
M is minimal. In the particular case M is complete with Ricci™ > 0
we may replace the boundedness condition on cosé by cos > Cr—7,
when r — 400, where 0 < 8 < 1 and C' > 0 are constants and r is the
distance function to a point in M. Our proof is surprisingly simple
and extends to a very large class of submanifolds in calibrated man-
ifolds, in a unified way, the problem started by Heinz and Chern of
estimating the mean curvature of graphic hypersurfaces in Euclidean
spaces. It is based on an estimation of ||H|| in terms of cos @ and an
isoperimetric inequality. In a similar way, we also give some condi-
tions to conclude M is totally geodesic. We study some particular
cases.

1. Introduction

E. Heinz [18] in 1955 introduced the problem of estimating the mean curva-
ture of a surface of R? described by a graph of a function f : R> — R. He
proved that if f is defined on the disc 2 + y? < r? and the mean curvature
satisfies [[H| > ¢ > 0, where ¢ is a constant, then » < 1. Thus, if f is
defined in all R? and || H|| is constant, then H = 0. Later, this result was
extended for the case of a map f : R™ — R by Chern [9] and independently,
by Flanders [15]. This problem was generalized by the second author in her
Ph.D thesis ([29], [30]) in 1987, for submanifolds of a Riemannian product
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M = M x N of Riemannian manifolds (M, g;) and (N, h), that can be de-
scribed as a graph I'y := {(p, f(p)) : p € M} of a smooth map f: M — N,
that we recall as follows. On any oriented Riemannian manifold (M, g) it is
defined an isoperimetric constant, the Cheeger constant

i A(0D, g)
(1) h(M,9) =gt 1o,

where D ranges over all open submanifolds of M with compact closure in M
and smooth boundary (see e.g. [7] and Section 4), and A(0D, g) and V (D, g)
are respectively the area of 9D and the volume of D, with respect to the
metric g. We call such D by compact domain. The Cheeger constant is
zero, if, for example, M is a closed manifold (we abusively take the same
definition for the closed case), or if M is a simple Riemannian manifold,
that is, there exists a diffeomorphism ¢ : (M, g) — (R™, <, >) onto R™ such
that \%¢g < ¢* <, >< p?g for some positive constants A, u. Another large
class of Riemannian manifolds with zero Cheeger constant are the complete
Riemannian manifolds with non-negative Ricci tensor (see Section 4). Hence,
zero Cheeger constant is a quite interesting condition.

Theorem 1.1. ([29, 30]) If f : (M, g1) — (N,h) is a smooth map whose
graph T’y has parallel mean curvature H, then for each compact domain
D C M we have the isoperimetric inequality

iA(aDa gl)
m V(Da gl) ‘

Thus || H| < £4(M, g1). In particular if (M,g1) has zero Cheeger constant
then I'y 1s a minimal submanifold of M x N.

1] <

We may also handle this problem in the context of calibrated manifolds.
A calibration on a Riemannian manifold M of dimension m + n is a closed
m-form Q with comass one, that is, for each p € M and any orthonormal
system X; € T,M, |Q(X1,...,Xn)| <1 holds, and equality is achieved at
some system (see [17]). If F : M — M is an oriented immersed submanifold
of dimension m, it is defined the Q-angle of M, 6 : M — [0, ], given by

cosf = Q(Xq, ..., Xn),

where X is a direct orthonormal frame of T,M. We give to M the induced
metric g = F*g. The submanifold is said to be §2-calibrated if cos@ = 1. This
is equivalent to € restricted to M is the volume element of M. Calibrated
submanifolds are minimal, for they minimize the volume of any domain D
among all variations F; : D — M, t € [0,1], of Fy = F that fixes the
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boundary 0D. Let dV; be the volume element of (D, g, = F/g). Assuming Fy
is calibrated, integration over D of

cos 01dVy — dVy = F{Q — FiQ =dr

where 7 = fol Fr(Q(9E,))dt is a (m — 1)-form that satisfies 7}, = 0, gives

Vi(D) 2/

cos b1dV; = / dVo = V(D).
D D

This inequality shows Fj is minimal. Furthermore, if F also minimizes the
volume on the homotopy class of a calibrated submanifold, then F} is a
calibrated submanifold as well. On the other hand, a stable minimal sub-
manifold F may not be Q-calibrated. This is the case M has two different
m-calibrations and F' is calibrated only for one of them. A pertinent ques-
tion is to ask when is it true that stable minimal submanifolds are in fact
calibrated for some calibration. This is true at least locally, for hypersur-
faces in Euclidean spaces, or more generally for submanifolds under certain
integrability conditions (see Subsection 5.2).

The simplest examples of Riemannian manifolds with a calibration are
the Riemannian products M = (M x N, g; X h), with the volume calibration

(1.2) QUX1, Y1), (X, Yin)) = Vol (X1, - - Xin).
If M is a graph submanifold I'y : M — M x N then
cos = (det(g; + f*h))™? >0,

where the determinant is with respect to the metric g;. Reciprocally, a m-
dimensional submanifold of M x N is locally a graph if cos# > 0. The graph
is a calibrated submanifold if and only if f is constant, that is, the graph
is a slice. The condition cosf > 7 > 0, 7 a constant, is equivalent to the
boundedness of ||df||*>. The induced metric on the graph M is the graph
metric ¢ = g; + f*h on M and so, under the above condition the metrics g
and ¢; are equivalent. In this case, (M, g) has zero Cheeger constant if and
only if (M, g1) has so.

In this paper we will obtain the result in Theorem 1.1 from a general
result for any calibration €2, but with an extra condition on cosf at infin-
ity. This means that this approach for graphs is not so good has the one
in [29, 30], although they are very much related to each other. In both ap-
proaches we use a suitable vector field Z;, naturally defined on all M using
the calibration, but in Theorem 1.1 we consider the divergence of Z; with
respect to the metric g; of M, while in next theorem we consider the diver-
gence with respect to the induced metric g of M. On the other hand, we will
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provided a unified way to obtain a Heinz-Chern result for submanifolds with
parallel mean curvature in a very large class of ambient spaces, the class of
calibrated manifolds.

Examples of calibrated manifolds are the Kéahler manifolds with the
Kahler calibration, the Riemanniam manifolds with special holonomy, name-
ly, the Calabi-Yau manifolds with the special Lagrangian calibration, the
quaternionic-Kahler manifolds with the quaternionic calibration, the hyper-
Kéhler manifolds (with many calibrations), G, manifolds with the associa-
tive and co-associative calibration, and Spin(7) manifolds with the Cayley
calibration (see [22]). These special spaces are Einstein manifolds, and ex-
cept the quaternionic-Kéahler case, they are all Ricci flat. If n = 1, a paral-
lel 2 defines a non-zero global parallel vector field (¥Q)* on M and so, if M
is simply connected then it splits as a Riemannian product M = M x N*,
where N! is one dimensional, and € is the volume element of M. More
generally, for n = 1, a divergence free vector field X on M, defines a closed
m-form Q = %X, where * is the star operator on M. This form is a cali-
bration if | X|| = 1. This is the case of a Riemannian manifold M with a
codimension-one transversally oriented foliation by minimal hypersurfaces,
for, in this case the unit normal X to the leaves defines a divergence free
vector field of M that calibrates the leaves. For foliations of any codimension
see Section 5.

In what follows, (M, g, ) denotes a calibrated (m+n)-dimensional man-
ifold with a calibration  of rank m > 2, and F : M — M is an immersed
oriented submanifold of dimension m, induced metric g, volume element dV/,
normal bundle N M, mean curvature H and (2-angle . We consider the fol-
lowing morphisms ® : TM — NM, ¥ : A>’TM — A?2NM, such that for
X, Y €eT,M, UV € NM,,
9(®(X),U) = QU »X),

(WX AY)UANW) = QUAW,xX AY),
where * : TM — A™'TM and * : A2T'M — A™2TM are the star op-
erators and (,) is the usual inner product in A2NM. For m = 2, set

(U(dV),UANW) = QU ANW), where dV is the volume element of M. Our

main results are:

(1.3)

Theorem 1.2. (The integral Q-isoperimetric inequality). On a compact
domain D of M, with boundary 0D with volume element dA, the following
inequality holds

/(—mcose||Hy|2+<vLH,q>>)dv+/vHQ ‘ g/ sin 0 || H]|dA,
D D oD

where (,) is the Hilbert-Schmidt inner product in TM* @ NM.
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From now on we assume (2 is parallel. Theorem 1.2 leads to:

Theorem 1.3. If F : M — M is immersed with parallel mean curvature
and cos@ > 0, on a compact domain D of M, the following isoperimetric
inequality holds:

1
IH|| < —
m

supyp siné\ A(0D, g)
inf p cos 0 V(D,g)

In particular:
(1) If cos® > 7 > 0 where T is a constant, then || H|| < £ Y= §(M, g). In
this case, if M has zero Cheeger constant, then M is a minimal submanifold.

(2) If cos® =1 on OD for some domain D then F is a minimal immersion.

Corollary 1.1. If M is closed with parallel mean curvature and cosf > 0,
then M 1s minimal.

Corollary 1.2. If M is closed, 1>|cos 0| constant, and ||P(X)||<psin 6| X,
where 0 < p < 1 is a constant, and | H || not identically zero, then

i o IV-H | dV
Vi [y [HV

Equality holds iff  is a homothetic morphism with coefficient of conformality
u?sin®6 on the orthogonal complement of the distribution defined by the
kernel of VYH, and VH = ®((X)) where ¢ : TM — TM s a linear
morphism.

We will see that ||®(X)|| < sinf | X|| always hold. The conformality condi-
tion on ® is not an uncommon condition. In a 8-dimensional quaternionic
Kahler manifold, almost complex 4-submanifolds define a morphism ¢ with
coefficient of conformality (1 — cos #)(cosé — §). Four dimensional submani-
folds with equal Kahler angles of a Kahler manifold of complex dimension 4,
define ® with coefficient of conformality (1 — cos @) cos@ (see Section 5).

lcot 0| <

We can slightly improve Theorem 1.3 in case Ricci™ > 0 and M is
complete. In this case, if we fix p € M, there is a constant C; > 0, such
that (see Section 4)

C
(1.4) h(M) < §(B,(p)) < —  forall r € (0,+00).

r
Theorem 1.4. If F : M — M is a complete immersed oriented m-dimen-
sional submanifold with parallel mean curvature, and Ricci® > 0 and the
Q-angle satisfies cos > Cr=" > 0 when r — +o0, where 0 < f < 1 and
C > 0 are constants, and r is the distance function in M to a point p € M,
then I is a minimal submanifold.
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An application of Theorem 1.1 is the following:

Proposition 1.1. If (M, ¢,) is a complete Riemannian manifold with Ri-
cci™91) > 0, then any graphic submanifold with parallel mean curvature
F=T;:M— (MxN,g xh), where f : (M,g1) — (N,h) is a smooth
map, is a minimal submanifold.

It is fundamental some nonnegativeness on the curvature tensor of M to
obtain such Heinz-Chern results. If M = H™ x R where H™ is is the m-
hyperbolic space, there are examples of entire graphic hypersurfaces, and so
complete, with non-zero constant mean curvature ¢ and with cos# bounded
away from zero, as can be shown by the following proposition. Note that
h(H™) = m — 1. The function r(x) = In ((1 + |z|)/(1 — |z|)) is the distance
function in H™ to 0, for the Poincaré model, and v = (=V f,1)/y/1 + ||V f]]?

is a unit normal to I'f:

Proposition 1.2. [29, 30, 32] For each |c| < m—1, f. : H™ — R defined by:

f’”(f”) Wfor(sinh tym=1qt
0 — :
\/1 - (W fo (sinh t)m—ldt)

is smooth on all H™, and for each d € R, I's,44 C H™ X R has constant
mean curvature given by g(H,v) = <, and cos > \/(m — 1 —|c[)/(m — 1).
Furthermore, {T'(sya(x) : € H™, d € R} and {T'(s.ya(x) : x € H”,c €
[1 —m,m — 1]} define (partial) foliations of H™ x R by hypersurfaces with
the same constant mean curvature c, and with constant mean curvature pa-
rameterized by the leaf, respectively.

fe(x) = dr,

A related classical problem is the Bernstein-type problem, that deter-
mines when a minimal submanifold must be totally geodesic. In 1927, Bern-
stein [6] proved that any minimal surface of R?® defined by the graph of an
entire map f : R? — R is a linear plane. This result was generalized to R™*!
for m < 7 by De Giorgi [11] (m = 3), Almgren [2] (m = 4), and Simons
[36] (m < 7), and to higher dimensions and codimensions under various
growth conditions by many others, as for example Hildebrandt, Jost, and
Widmann in [19], Ecker and Huisken [13], Wang [37], and more recently some
attention is given to Bernstein theorems in curved Riemannian product or
warped product spaces by Alias, Dajczer and Ripoll [3]. In higer dimension,
and mainly in higer codimension, Bernstein-type results tend to be more
difficult and complicated to formulate. Some Bernstein results have been
obtained for stable minimal hypersurfaces by Do Carmo and Peng [12], Mi-
randa [27], Fischer-Colbrie, Schoen, Simon and Yau [14, 35], and for leaves
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of transversely oriented codimension one foliations of Riemannian manifolds
by Barbosa, Kenmotsu, Oshikiri, Bessa and Montenegro [5, 4], where Chern-
Heinz inequalities are derived, as well the stability of the leaves.

In this paper we obtain some Bernstein-type results using the same phi-
losophy of the Chern-Heinz inequalities, applied to submanifolds immersed
in calibrated manifolds, and under certain conditions, allowing us to ob-
tain this type of results in any codimension. They are derived from the
expression of Acosf. This Laplacian involves the covariant derivative of
the mean curvature, a quadratic term on the second fundamental form B
and a curvature term of M that we have to analyse. We should have in mind
that if F' is totally geodesic then 6 is constant. Let Bg a 1-form on M and
N2B : N*TM — AN2NM given by

Bs(X) = 3, 9(B(X;, X), ®(X;))

(1.5) /\QB(X/\Y) — ZZ.B(XZ',X)/\B(XDY)?

where X; is any orthonormal basis of T,M. We consider the following
quadratic forms defined for any m-calibration 2 and F : M™ — M sat-
isfying cosf > 0, and applied to tensors B’ € @2 TM*® NM

Qa(B') = Qa(B') + g Bsl?
Qa(B) = | B — 25(¥. A2B).
Qq (or Qq) is said to be d-positive at B’ if Qq(B') > §||B'||?, where § > 0.
This is the case, with § = 1, when (U, A2B’) < 0, as it is the case n = 1.
The quadratic form Qq was defined in [37] for the case M = M™ x N"
and €2 the volume element of (M, g1) and F' = I'y with f : (M, ¢1) — (N, h) a
smooth map. Forn > 2, one has to require \;A; < (1—9), for i # j and some
constant 0 < d < 1, where A\? > ... > A2 > 0 are the eigenvalues of f*h, to
have QQq d-positive at any B’. This condition gives bounds to the components
of the calibration {2 in a convenient basis X; of TM and U, of NM, namely
on the components (¥ (X; A X;), Uy A Ug) = cos 06,403\ \; (see Section 5).
In general, this condition on () or on Qq, can be a quite restrictive condition
for the higer codimension case, and it holds for calibrated submanifolds only
if these are necessarily totally geodesic (see Proposition 1.3). But it holds
for certain kind of submanifolds, as for example, if F' is sufficiently close
to a totally umbilical submanifold (i.e. satisfy B = Hg). For the Ké&hler
calibration we will find in Proposition 5.3 that d-positiveness is quite unlike
to hold on minimal 4-submanifolds with equal Kéhler angles unless M is
a Calabi-Yau 4-fold. In Lemma 5.5 for almost complex submanifolds in
quaternionic Kéahler manifolds, we give a natural condition that ensures ¢-
positiveness of Qq(B).

(1.6)
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For calibrated submanifolds we have:

Proposition 1.3. If F': M — M is Q-calibrated then Qq(B) = Qqo(B) = 0.
Thus, if Qq 1s d-positive, then F is totally geodesic. This is always the
casen = 1.

Theorem 1.5. Assume M has parallel mean curvature, cosf > 0, and
Qa(B) > 6||BJ||? for some constant 6 > 0 and

(1.7) > R(XG X, X, (X)) > 0.
Then the following inequalities hold for any compact domain D:

|V logcos || < y/mtané || B,

1.8
(18) / IB|2dV < @/ tan 0 | B|ldA.
D 6 oD

Moreover:

(A) of tan@ | B| is integrable on M and M is complete, then F is totally
geodesic;

(B) if infyrcosf =7 >0, and ||B|| is not identically zero, then

. 2 B 2dV /1 —_ +2
infy [|B]]* <inf <3CDH7”) < @!MM)
supy 1B =B\, 1BldA) =75 =

In particular, if || B|| is constant, then

81 < Y=g an)

In this case (since | B|| #0), h(M) # 0.

(C) If the sectional curvatures of M are bounded from below, M is complete,
| B|| is bounded, then either infy; cos@ = 0 orinfy, ||B]| = 0.

d-positiveness of Qq(B) and (1.7) imply Alogcosf < —4||BJ?, and (A)-(C)
are consequences of this. Parallel submanifolds (i.e. VB = 0) have parallel
mean curvature, ||B|| is constant, and equality to zero at (1.7). We will see
in Section 5 that (1.7) holds for example for almost complex submanifolds in
quaternionic space forms with nonnegative scalar curvature. If n =1, (1.7)
is equivalent to »_, Ricei™(X;, ®(X;)) > 0, that holds for M an Einstein
manifold.

For M noncompact surface, using a criteria for parabolicity we prove
next theorem:
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Theorem 1.6. Assume F' : {\/[2 — M is a minimal complete immersed
surface with cos® > 0, and K o F' > 0 away from a compact set of M,
where K denotes the sectional curvatures of M. If (1) or (2) below holds:

(1) M is a space form of dimension 3;
(2) Qa(B) > 4||BJ?, cos® > 7, with 7,8 > 0 constants and (1.7) holds;
then M 1s a totally geodesic submanifold.

The previous theorem applied to graphs gives (simpler proofs) of the classical
Bernstein results:

Corollary 1.3. (1) [6, 10] If a smooth entire function f : R? — R defines a
minimal graph in R, then f is linear.

(2) [37] If a smooth entire function f : R? — R™ defines a minimal graph
in R™2 with | A2 df]] = |[MAa| < 1—=6,1>6 > 0 constant, and ||df||
bounded (or equivalently, cos® > 1 > 0), then f is a linear map.

An application of Theorem 1.5 gives the following Bernstein-type results for
graphic submanifolds:

Corollary 1.4. (3) Let f : (M™, g1) — (N", h) defining a minimal graph on
M =M x N with [,,tan@ ||B||dV < +oo. We assume (M, gy) is complete
with sectional curvature Ky and Ricci tensor Ricciy and (N™, h) has sectional
curvature Ky satisfying: (a) for n = 1, Ricciy > 0; (b) forn > 2, f*h <
(1=0)g1, 1 > 6 >0, and at eachp € M and two-planes P of T,M, and P of
TN, either Ky(P) > Ky(P')", or Ricciy(p) > 0 and Ky(P') < =K, (P).
Then f is totally geodesic. Furthermore if at some point Kyi(p) > 0 (or
Ricciy > 0) then f is constant, and I'y is a slice.

For immersed hypersurfaces in the Euclidean space we have:

Corollary 1.5. Assume M is a complete minimal immersed hypersurface
of R™TY such that for some parallel calibration Q of R™™!, we have cos > 0
on all M (and so, M is locally a graph). If [, sin6|B||dV < +oco, then M
18 a linear hyperplane.

In Section 2 we derive the fundamental properties of the morphism ®
and prove Theorem 1.2 and Corollary 1.2. In Section 3 we discuss when F
is totally geodesic, describe the formula of the Laplacian of cosf and give
the proof of Proposition 1.3, Theorems 1.5 and 1.6, and Corollaries 1.3, 1.4
and 1.5. In Section 4 we obtain some properties of the Cheeger constant,
and prove Theorem 1.4 and Proposition 1.1. In Section 5 we specify to some
examples of submanifolds in calibrated Riemannian manifolds, namely in a
foliated space, in Kahler and quaternionic-Kéahler manifolds.
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2. The morphism ¢

Given 2 a m-calibration on M, we consider the TM-valued (m — 1)-form
Qf - AITM — TM, g(Qﬁ(Xg o Xm), X1) = QX4 ..., Xp), where
X; € 71, M. Let F : M — M be an immersed submanifold of dimen-
sion m Wlth normal bundle NM, and Q-angle §. We denote by V, V
and V71 the respective covariant derivatives of M, M and NM, and by
B(X,Y) = VxdF(Y) the second fundamental form of F', defined by the
following equations for X, Y vector fields on M and U section of NM

VY =(VxY)', (kYY) =BX)Y), VU = (VxU)*,

where (-) " and (-)* are the orthogonal projections into 7'M and N M respec-
tively. The mean curvature is H = %trace B. We consider the morphism
® = g : TM — NM defined in (1.3), ®(X) = (Q(xX)):. Recall the
covariant derivative and the co-differential of ® are given by

Vxd(Y) = VE(O(Y)) = &(VyY), 60 =—3 Vyd(X,).

Lemma 2.1. If X € T,M and U € NM, are units, then |g(®(X),U)| <
sin 6.

Proof. Let X; be a direct o.n. basis of T,M with X; = X. Consider the
function

d)(t) - Q(ef/(%]aX% cee 7Xm) -

where € = £1 s.t. ecosf = | cos .
Since € is a calibration, ¢(t) < 1 for any t. We may assume cos 6 # 0.
At =20 ) \/00829+g( (X),U)?<1. [ |

| cos 6]

\/11? | cos O] + = §(2(X),U)

Lemma 2.2. For X; and U, d.o.n. basis of T,M and N M, respectively, we
have
6® =mcosO H -3, (Vo) (X1, .., Xon)Uq
(V®, B) = —cos 0 Qa(B) + 31 (Vx, (X, ..., B(Xj, Xt) s - - -+ Xom)
Proof. Let U a section of NM and Z € T,M. We may assume VLU(p)
VXi(p)=0. At p, g((VzU)", X)=—gG(B(Z, X) U), VzXi(p)=(VzXi(p))* =
B(Z,X;), and
JVB(X).U) = Z-§(®(X,).U) = d(QU. Xa. ... X,))(2)
= VzQU, Xg, ..., Xm) + Q(VZU), Xo, ..., X))
+ 00U, Xo, . VX X))
= VU, X, ..., X)) + UNVZU) ", Xo, ..., Xin)
+5500 (U (X, .. B(Z,Xy), ..., X)), U).
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That is
Vz0(X)) = S VU, Xo, ..., XU, — cos0 B(Z, X,)
3 (V(Xa, . B(Z, X)), .., X))
We have «Xj, = (=1)* X7 A ... A Xp A... A X,,. Hence,
Ve®(Xp) = S (1) QU Xy, ..., X, ... X)) Us — cos B(Z, X))
i (DA (X, L B(Z, X, X X))t
A e (CDFHQA(X, o Xy, B(Z,X0), -, X))
Therefore,
SV, @(Xp) =S — dQUUys, X1, ., XUy
+ 3, (V. (X1, -, XUy — 32, cos 0 B(Xy, Xi)
S (D) (B(X g, X0), Xy Xy Xy, X))t
S (DTN (B( X, X)), X1, Xy ooy Xy oo, X))

Interchanging ¢ by £ in the later line and using the symmetry of B and that
d) = 0 we prove the first equality of the lemma. The computation of the sec-
ond equality is similar with (V®, B) = >, §(Vx, ®(Xy), B(X}, X)), recall-
ing the definition in (1.6), where (U, A*B) =3, _, > (W(X;, X}), B(Xj, X;) A

B(X;, X3)). |
Proof of Theorem 1.2. Consider the vector field Z on M defined by
(2.1) 9(Z,X)=qg(®(X),H) VX eTM.
Using Lemma 2.2 we have

div(Z) = —g(6®,H) +¥,5(®(X;), V. H)
(2.2) = —mecosO ||H|*+ (VI H,®) + VyQXy,..., Xn).

Assume Z # 0. Take X = Z/||Z|| and U = ®(X)/||®(X)]||. By Lemma 2.1,
|D(X)|?=g(®(X),U)?<sin? . From this inequality and applying Schwartz
inequality in (2.1) we get

(2.3) | Z]] <sinf ||H].

If v denotes the outward unit of D, integration of (2.2) on D and (2.3)
gives

‘/(—mcoseuHHM<VLH,q>>)dV+/ vHQ'
D D

/(Z,y)dA'g/ sind || H||dA
oD oD

<
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Theorem 1.3 and its Corollary 1.1 are an immediate consequence of The-
orem 1.2.

Proof of Corollary 1.2. By Theorem 1.2,
mcos9/ | H||?aV :/ (VEH, ®)dV.
M M

We use Schwartz and a geometric-arithmetic inequality to obtain

<V H|psing < /musin 6| V-H|,
where X; is any orthonormal basis of 7, M.
If equality holds, then ®(X;) = o;Vx H or Vx H = 3;®(X;), and if

Vx,H # 0 we must have ||®(X;)| = psin6, where oy, 3; € R. Since
psin @ # 0 we must have Vi H = ®(4(X;)), Vi. [ |

3. Acos@

In this section we are assuming ) is parallel and F' : M™ — Mjﬁn is an
immersion with cosf > 0. We use the curvature sign convention R(X,Y) =
—[Vx,Vy] + Vixy). Thus, R(X,Y,Z, W) =g(R(X,Y)Z, W).

Lemma 3.1. Vcosf = Bé and

Acost = —cos Q(B) + m{V'H, ®) — S R(X;, X;, X;, ®(X;))
Alog(cos0) = —Qa(B) + 25(V'H, @) — L5 R(X;, X, X;, ®(X;))

cos 6 ¥l

A(colse) = 5(Qa(B) — 225(V*H, @) + ﬁzin(Xijina@(Xj)))

where Qa(B) = Qa(B) + —44|Bsl|>. Moreover,
|V cosd|> < m sin?0||B||*> and ||®|* < m sin?4.

Furthermore, if n =1, |®||*> > sin® 6. In the later case if m =2 and H =0,
then

1 1
IV cos8]* = SIBIP(IQI° = cos™6) = S| BI*l|]*
Remark. In this lemma the expression of A cos6 is still valid for cosf

with any value in R, since, at points where cosf = 0, cos HQQ(B) means
2(¥, \’B).
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Proof. For a local orthonormal frame X;, and where (j) denotes “place 57,
deosO(Xy) = Y, X0, ., Vi, X oo Xon)
SQXL, o B(Xk X)) ys oy Xon) + S,0(X0, -, Vi X
= ZjQ(Xl, ooy B(Xk, X))y - - - Xm) = Ba(Xy),
where we used in the last equality (Vx, X;, X;) =0, and Q(Xy,..., Xy, .-,

X,,) vanish for k # j. Differentiation of the later equation at p, and using
that

Vx, B(Xy, X;) = Vx, B(Xy, X;) — 3,9(B(Xy, X;), B(Xk, X;)) Xi
Y Vx B(Xk, X;) = 3, Vi, B(X;, Xi) = mVg, H — 3, (R(X, X;) X5) ™,

where in the latter equality we used the Codazzi’s equation for B, Vx, B (X,
X)) = Vx,B(Xy, Xi) — (R(Xk, X;)Xi)*, we have
Acost =3, Vx,dcosO(Xy)
=3k 2eei 22X, -, B(X, Xi) oy -5 B(XG, Xi) gy -5 Xom)
+ 20k UX - VX B( X, X)) -+ o5 Xim) =08 0G(B(Xy, X;), B(Xy, X;))
= Yo o 2(W( X, Xj), B(X,, Xi) A B(X;, X)) +m{VH, @)
—cos 0| B> = 2 R(Xx, X, X, (X))

The lemma now follows from the expressions of Alogcos and A(—) in
terms of Acosf. Next we estimate ||V cosf||? and |®||. By Lemma 2.1,
|®(X,)|| < sinf, and so ||®||*> < m sin?#. Now, from the first equation in
this proof,
IVeosOl* = || Ball* < 3 5in” 0| Bis | || B
sin? ¢ ,
< Xy 1By * + 1Bikl*) < msin®6 || BIJ*,

where B;; = B(X;, X;). Note that [|Q2|> > 1, because there exists a cali-
brated subspace. Consequently, if n = 1, 1 < [|Q]|* = cos? 0 + ||®||* what
implies ||®]|2 > sin®#. Finally in case m = 2 and n = 1, let v be a unit
normal to M and set B;; = §(B(X;, X;),v). From minimality of F
IV cos 0| = Q(B(X1, X1), Xs)* + Q(B(X,, X1), X1)?
+ Q(B(X1, Xs), X)? + Q(B(Xs, X3), X1)?
= B}, Q(v, X5)* + BLQUv, X1)? + BLQ(v, X2)® + Bo,Q(v, X1)?

1 1
= SIBIP(Q(v, Xo)* + Q(r, X1)?) = SIBIP(IQ* = (X1, X2)?).
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An immediate consequence from the last equality of Lemma 3.1 follows
next:

Proposition 3.1. If m =2 andn =1, F is minimal and cos @ is constant,
then either F' is a calibrated submanifold or it is totally geodesic.

Proposition 3.2. If F' is a parallel submanifold then (1.7) = 0 holds.

Proof. From proof of Lemma 3.1
>V, B(Xk, Xj) = mVx, H = 3 (R(Xy, X5) Xp) "
Since VB = 0, then >, (R(X}, X;)X;)* = 0. |

Proof of Proposition 1.3. Since F' is calibrated, F' is minimal, and by
Lemma 2.1 ® = 0. From Lemma 3.1, 0 = Qq(B) = Qq(B),andso B=0. &

Recall the average value of a function f on a domain D and on 0D is
given by:

1 1
Jéf v v<D>/Df Yo 11 ey J, !

Proof of Theorem 1.5. Using Lemma 3.1 we obtain the first inequality
of (1.8), and under the assumptions of the theorem we have

(3.1) Alogcos < —Qq(B) < —4||B|>.

Thus, applying Lemmas 2.1 and 3.1, we have after integration of (3.1),

5/ ||BH2§/ —g(Vlogcosd, v)dV < [ /msuptan|B||ldA
D oD oD

oD

and second inequality of (1.8) is proved. If tan || B|| is integrable on M, then
so it is V log cos @, by the first inequality of (1.8). Since —logcos# is a sub-
harmonic function by (3.1), then applying the Stokes theorem for complete
manifolds in the version given by Yau ([38] Corollary page 660), we conclude
Alogcosf = 0. From (3.1), this implies B = 0 on D, and (A) is proved. (B)
follows immediately. To prove (C) we use the Omori-Cheng-Yau maximum
principle. Under the assumptions, by Gauss equation Ricci is bounded
from below. If we assume inf;; cosf > 0, then we take a sequence p; such
that u(pr) — supy, u, Vu(pr) — 0 and limg Au(pg) < 0 when k£ — +o0,
where u = log(cos@)~!. This implies by Lemma 3.1 that Qq(B)(xx) — 0,
and so infy, || B|| = 0. [ |
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Proof of Theorem 1.6. Recall that if a surface is parabolic, any nonneg-
ative superharmonic function is constant. By Gauss equation, the sectional
curvature of M satisfies Ky = R(X1, Xs, X1, Xs) — 3| BJI*>. Let C be a
compact set of M such that K o FF > 0 away from C. (1) Since M is 3-
dimensional, Qqo(B) > || B||* and by Lemma 3.1, ||V cos6||> > £|| B||? sin* 6.
Again, by Lemma 3.1 and the assumptions of the theorem we have A cos <
— cos 6||B||? and so

B 1 |V cos0)||?
Alog(1l+cosf) = (15 cosd) (A cos 6 (15 cos 0))
1 |V cos b
2 < (= 9|B||*> — ————) <
(32) - (1—|—cos€)( cos 0| B (1~|—cos€)>_

We consider on M the complete metric § = (1 + cosf)Pg, where we choose
p > 2. This metric has sectional curvature K that satisfies on M ~ C

~ 1 -~ 1 P
K = ————(R(X1, X2, X1,X2) — || B||> = 5Alog(1 0
(1~|—COSH)P(R( 1 X, Xy, Xo) 2“ I 5 og(1 + cosd))
1 1 p 1 |V cos 6])?
> (= SIBI? + 5 (cos 0| BI* +
B (1+C039)p< 2” | +2(1+C039)(COS 1Bl +(1+C039)))
! 1 p cosd p sin6
_m<_§+§(1+0089)+Z(1—|—cos€)2>” I
__P=2 L ppe
B 4(1+0080)P|| I”

Note that dV = (1 + cosf)?dV and so S K=dV < +o0, where K~ =
max{—K,0}. This implies that (M, §) is parabolic, and so it is (M, g), since
A = (1+cos)PA. From (3.2) we have cos constant and since cos 6 > 0,
we conclude that B = 0. (2) We consider on M the metric § = coss Og. This
metric is complete because 1 > cosf > 7 > 0, and by Lemma 3.1 and the
assumptions on the theorem, the sectional curvature satisfies on M ~ C|

1 _
K = cos™3 O(Ky — %Alogcos 0) > cos™3 OR(X1, X2, X1,X5) >0

and A (L2 — 1) > 2| B||2. By the same arguments as in (1), B=0. B

cos 6 T cos 6

Proof of Corollaries 1.3 and 1.4. First we note that the graph I'y of a
map f : (M, g1) — (N, h) defines a complete submanifold of (M x N, g; x h)
provided (M, g1) is complete. We are considering €2 the volume calibration.
(1) is a result of Theorem 1.6(1), since graphs satisfy cosf > 0. (2) is a con-
sequence of Theorem 1.6(2), because the eigenvalues of f*h satisfy |[AjAg| <
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1 — 6, what implies Qqo(B) > 6||B||?> and cos > 7 = (1 +C + (1 — §)?)~1/2,
where ||df||* < C' (see Subsection 5.1). To prove (3) we use Theorem 1.5 (A).
Since \? < 1 —§ (case n > 2), Qq is d-positive. Now we only have to
check that (1.7) holds. Using X; and X,,,, suitable orthonormal frames of
(T'M,g = g1+ f*h) and of (N M, g) respectively (see Section 5), we have

ZR(Xi,Xj,Xz‘,(D(Xj)) =

i#]
\2
(33) = COSQZ 3 J 3 R{W(ai,aj,ai,aj)
oy (T+X) 1+ A7) (
- )‘?RN(GH—mv Aj1my Qitm, aj—i-m))
22
= cosf — K (a;, a;)
23 gt
A2 )\2
- — (Kl(aiva') +KN(ai+mva'+m))
g e )
A
(3.4)  =cos Q(Z ey Ricciy(aja;)
j j
A2\
- Vel (K1(as; a;) + Kn(igm, Qjm))
Z (T+ A7)+ A2 I J )

J#i
If n =1, \; = 0 for i > 2 and the last term of (3.4) disappears. For
n > 2, if we assume at each point p € M and two-planes P of T,M and
P of Typy N, K1(P) > Kn(P')" = max{Kx(P'),0} (or Riccii(p) > 0 and,
Kn(P') < —K;(P) respectively) then we get

> R(X;, X, X;, ®(X;)) =0

]
from (3.3) (from (3.4) respectively). This implies by Theorem 1.5, that I'f
is a totally geodesic submanifold of M, on therefore f : (M, g1) — (N, h) is
also totally geodesic (see [30] or [25, 32]), and so we have equality to zero
in all above equalities (see Proposition 3.2). In this case all \; are constant.
Moreover if at some point K (p) > 0 (or Ricci; > 0 respectively) then A\; =0
for all j, and f is constant. |

Proof of corollary 1.5. We have cosf > 0, Qo(B) = Qq(B) > ||B|?
and (1.7) holds as well. In this case we use a modified version of the proof of
Theorem 1.5 (A), by considering A cos# = — cos #Qq(B) < 0. Integrability
of ||V cosf|| < sin@||B|| implies A cosf = 0, and so || B|| = 0, that is M is a
hyperplane. |
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4. The Cheeger constant of a submanifold

In this section we estimate the Cheeger constant (1.1) of a Riemannian
manifold (M, g). It OM # 0 then D satisfies 9D NOM = (. If M closed we
may let D = M.

Proposition 4.1. [39] If M is complete simply connected and the sectional
curvature satisfies Ky < —K, K a positive constant, then

h(M) > (m - 1)VK.

The proof is based on the use of the comparison theorem to obtain Ar >
(m — 1)V K where r is the distance function to a point, and integration on
a domain D.

Proposition 4.2. If M is complete and Ricci™ > 0 then h(M) = 0.

Proof. If we assume the Ricci curvature of M satisfies Ricci® > 0, follow-
ing [3] for m = 2, by a result due to Cheng [8] the first eigenvalue of the
Dirichlet problem on a geodesic ball B,.(p) is less than or equal to the first
eigenvalue of a geodesic ball of the same radius of R™, that is C /r? for some
constant C7 > 0 that does not depend on r. Therefore \(B,(p)) < Cy/r?,
for 0 < r < +00. By a well known inequality due to Cheeger (Theorem 3
p.95 in [7]), we get b2(M) < b2(B,(p)) < 4\ (B,(p)) < 45 This implies
for M complete that h(M) = 0. [ |

Given a smooth function f: M — R and a regular value of |f|, t € Ry,
the sets

Dit)={peM:|f(pl>t}, D;(t)={peM:|f(p)l<t},
Si(t)={pe M :|f(p)| =t}

define smooth submanifolds with (9Djf (t) = Xf(t). Set Vi(t) = V(Djf(t))
and A(t) = A(Xf(¢)). Then Vi(t) are smooth on Ry and the co-area
formula (see e.g. [7]) states that for any nonnegative mensurable function h

(or h € LY(M)),
+0o0
/MhHVfHdV = /0 dt/zf(t)hdA(t).

Applying the co-area formula to h = ||V f||7'X4, with A = DF(s) for s
regular value, where X4 is the characteristic function of a set A, one obtains

Vi(s) = + / VA aAG)
f S
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Lemma 4.1. If D} (s) is compact for s < sup|f| (s > inf|f| resp.), then

Foreo IV Fllav

h(M) < + .
i

Proof. Using the co-area formulas for f restricted to the interior of D7 (s)
(at regular values s), and that h(M) < A(t)/V_(t), Vt < s, we have

/ eiav = / “atar= [ panyv-oar
an(ev-o), - [ 07w)
(sv = [ N )
M) (sV-(s) —/ F@)lav)

Dy (
where in the last equality we use the co-area formula for h = b Similarly

V£l
for D} (s). Note that the functions

S ty
s—][ |f|dV:/ V. (#)dt and —s+][ |f|dV:/ V. (8)dt,
D% (s) 0 D}L(s) s

where t, = sup,, | f|, are increasing on s. [ |

Corollary 4.1. The Cheeger constant of M wvanish if there exist a smooth
function f such that DJI(S) is compact Vs < sup,, | f| = +o00, and for some
constants 0 < «,0 < 1, we have JCDJT(S) IVf|dV < 5%, and f»D;(s) If] <

(1 —9)s, when s — 400.

Let r be the distance function to a point p. Recalling that |Vr| = 1, we
have

Corollary 4.2. If r? is smooth for r < s, then

h(M) < ]is@) 2rdV | (32 —][ erv).

Bs(p)

In particular, if f—BS(p) r?dV < (1 — 68)s?, where 0 < § < 1 is a constant,
(M, g) is complete, and r* smooth on M, then h(M) = 0.
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Note that in the previous corollary,

][ rdV < (7[ rde) v <V (1—=9)s,
Bs(p) Bs(p)

and D7 (s%) = By(p). Thus, if h(M) # 0, then lim,_ ;o S%J%S(p)ﬂdv =1.If
M =R™, in corollary 4.2 we may take 0 = 3.

If M is a submanifold of a (m + n)-dimensional Riemannian manifold
(M,g) we can also estimate the Cheeger constant of M under certain con-
ditions. Recall ([29, 28]) that a vector field X on M is strongly convez on a
open set U of M if

Lzg>2ag

where o > 0 is a constant. Examples of such vector fields are 1V7? = r%
on a geodesic ball of M of radius R and center p that does not intercept
the cut locus at p and /&R < m/2 where £ = max{0,supp, ., K} and K
are the sectional curvatures of M. A strictly convex function f on M with
Hess f > ag defines a strongly convex vector field V f. Positive homothetic
no-Killing vector fields are strongly convex. In R”™*™ the position vector field
X, = z is such an example. If F : M — M is an immersed submanifold
let Xz denote the vector field X along F'.

Lemma 4.2. If M carries a strongly convex vector field X on a neighbour-

hood of an immersion F : M — M then
— -1 11
(sup [ XFl) " < =(—

M

a(m

In particular if M is minimal and has zero Cheeger constant then Xp is
unbounded.

h(M) + sup [H1]).

Proof. By an elementary computation (see [21] or [29]) for any immersion F’
mg(H, Xr) = divg(X}) — Ltry Lxg

where XTI is the projection of X onto TM. Integration on a domain D

gives

amV (D) < / (X, 0)dA / m §(H, Xp)dV
oD D

< sup Xl (4(0D) + [ m|H]av)

D
where v is a unit normal to 0D. Thus
_ -1 _ 1,1 A®8D) ][
X < (= H||dV
(sup 1 %rl) ™ = (o + 1, 114V,

with f, [|H||dV < supy||H||. Taking the infimum on D we obtain the
proposition. |
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Corollary 4.3. If F : M — R™™ s a minimal immersion with zero
Cheeger constant, then F' is unbounded.

Proof of Theorem 1.4. Using Theorem 1.3, on each ball B,(p), and for
any domain D C B, (p), |[H|| < =(infp, () cos 0)_1’4“,(?[%), and so, taking the
infimum for D C B,(p), m||H|| < (infp, ) cos 0)"'h(B,(p)). By assumption
of the theorem infp ) cos# > Cr=", and (1.4) leads to ||H| < CrP~* for
some constant C' > 0 that does not depend on r. Thus, letting r — +oo we

obtain ||H|| = 0, and theorem 1.4 is proved. [ |

Proposition 1.1 is an immediate consequence of Proposition 4.2 and The-
orem 1.1.

If under certain conditions we have Acosf < 0, (as in Theorem 1.5)
and 6 is not constant, by the maximum principle, for any regular value of
cosf, D~ (e) = {p : cosf < €} cannot be a compact domain. Next we
assume for € > 0, the set DT (e) = {p: cos@ > €} to be compact. The next
proposition is an attempt to understand what happens if one replaces the
assumption Q(B) > 4||BJ|? by the weaker condition Q(B) > 0. .

Proposition 4.3. Assume cos > 0, and D" (¢) is compact Ve € (0,1].
Then:

(a) If there exists constants a,d € (0,1) such that

1 1
][ (cos§)~1dV < (1—6)~ and][ sinf cos 02| B]| < (1), for e — 0,
D+ (e) D+ (e

€ ) E
then h(M) = 0.

(b) If M is immersed with parallel mean curvature,
Qa(B) + (cos )| Bg||* > 0

and (1.7) holds, and for some constant a > 1,

/ (cos 8)~+2) sin || R||dV < +oo,

M

then

either / (cos )~ B||2dV = +o0, or M is compact.
M

Proof. By Lemma 3.1, f = 1/cosf in (a) satisfies JCD+(E) IV < (),
and in (b) Af > 0 and f > 0. Then (a) follows from Corollary 4.1. Now
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we prove (b). For each s fixed we consider the compact sets D} (s) and
Y ¢(s) and follow close the proof in [26, Lemma7.1] replacing r by f. We
take a cut off function ¢(f) : M — RS where ¢ : RS — [0,2] is a smooth
nonnegative bounded function satisfying ¢(t) = 1if t < s, ¢(t) = 0if t > 2s,
and (¢')? < Cs™2 and |¢"| < Cs™2, C > 0 a constant that does not depend
on s (see for example, [26, Lemmas 7.1 and 6.1] and [38, p.661]). Assume
2s € Ry. Then integrating A(¢*(f)f*'f) on D} (2s), applying Stokes and
using that Af*! > 0 we have

0< / G fIAf AV
D;(Qs)

< /D . —(26(HAG() + 2V (S()I2) f2dV

;

- (e 0T ), T 4 2 (), 9 v

’
Hence,
2 [ (P ve <
D7, (2s)
< [ 2@ DIV + S (DAL sy
Dy (2s)

= 2UF U 20 = Dol (6(1). V1147 av

f

4 / S(FN(G(f)), VL) F2 1 dV
Dy (25)

f

C
<[ QIR Carsr@-n e
Df(25)3

s a0, I,
D7 (2s)

where C' > 0 denotes a constant that does not depend on s. On the other
hand

—4(f) 7NV (O()), V) = =4 FEV(6(f)), £ 6(f)V])

<22 IV IPF + e IV AIR).
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This implies

/ (o — 1) 2|V fIPdV < / (o — V() f* |V 2V
D} (3

Dy (2s)

g 2 ra g «a
: /1:)(25) (82va|| frrgart Jav

f

01 C 9 4
o — (kv +
/Df_(2s) (( 1)f S ” f” (a - 1)

IV A )av,

Assuming Co‘fﬂz 7 integrable on M, by Lemma 3.1 [ Vf[|*f* and so || Vf|[*f*",
are integrable, and under the condition of integrability of —2f_||R|| we ob-

tain the integrability of Af f¢. Making s — 400, from the above inequality
we have

[ ta=ngwspay = tm [ @D esEav o
M S0 D (s)
and f is constant, what is impossible unless M is compact. |

5. Some calibrations

5.1. The volume calibration

We consider in a Riemannain product M = M x N of two Riemannian
manifolds (M, g;) and (N, h) the volume calibration (1.2), and M a graph
submanifold F' =1y : M — M x N of amap f : M — N. The graph metric
on M is the induced metric g = g1 + f*h by the graph map I't(p) = (p, f(p))-
We take a; a diagonalizing g;-orthonormal basis of f*h with eigenvalues
A > A3 > > A2 > 0. Let k such that A7 > 0 and A7, = 0, and consider
the orthonormal system of Ty, N, @14m, - - - @14 defined by df (a;) = Nitiym,
and extend to an orthonormal basis ai ., ..., aptm- Then fore=1,... m,
a=1,...,n (where \, =0 fora > k+1)

dl's(a;) _ai+ NG, X ~ Aala — Gagm
VI+A2 1+ e T AL

define respectively an orthonormal basis of (T(, s)I's, ) and of (NM,,g).
The sign of A; can be chosen such that X; is a direct basis of I'y. Then
considering ® as a morphism from T{, s,y to N M, we have

O(X;) = cosON; Xiim, cosf = (IL;(1 + )\3))_1/2
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and as a morphism from TM, ®(a;) = cos §((df'df (a;), —df (a;)), where df*
is the adjoint map. For B=> .. h%. X, a=m+1,...,m+n we have

ja 1)
IBI? = 330 (hip )% = Sics (i) + (B2 + i ()2,

If n =1, Qo(B) > ||B|*>. For n > 2 if we assume |[\\;| < 1—6 for i # j,
where 0 < § < 1, the quadratic form Qq(B) is also d-positive. Indeed, we
have ([37])

Qa(B) = | BIP + X a N (h )% + 25 sy NN hi ™
= 0| BI* + (L = )| BI? + Sy A (hi+)? + 25 sy ids b hi ™
> OIBI + (1= ) (Sicy (i) 4+ (™)) + S (™))
— (L= ) (R ™)? = 2(1 = )X, hig 7 IR = 6]l B
Moreover, cos? 6 (32,02) < sin?8 < (m — 1) cos? 6 (33,\?), for

sin?f = 1 —cos® 0 = cos® O(I1;(1 + A7) — 1) = cos® (3, A7 + Zi<j)\?)\§ +...).
We denote by Vdf the Hessian of f : (M, ¢1) — (IV,h). Let g;; = g(a;,a;) =
0;;(1 + A?) and consider the section W of f~'TN and the vector field Z;
of M:

W = trace,Vdf = Zijgidef(ai, aj), Zy =349 (W, df (as))ay.

Then (see [30])) mH = (—=Z1,W — df(Z;)). Assuming H is parallel with
¢ = ||H||, the vector field Z we used in the proof of Theorem 1.2 can be
expressed as Z = —207, We have the relations || Z|,, < mec, divy, (Z) =
m2c?, || Z)|, < |sinflc, divy(Z) = —mc? cos §. Integration on D of divgy, (Z1)
gives Theorem 1.1.

5.2. The foliation calibration

Assume 7 : M — N is a transversally oriented m-foliation of an oriented
Riemannian manifold (Mm+n, g) onto a set N with M = UyeyM,, where
the leaf at y, M, = 7~ *(y), is an oriented m-submanifold, and such that for
each = € M, we have a split T,M = T,M & Trﬁh where the vertical space
T.M = T, (My(s)) is orthogonal to the horizontal space T, xﬁh, defining
smooth oriented vector subbundles of T'M. If N is a smooth n-manifold, 7
is a fibration if Vz, Kerndn(z) = T,M' and dr(x) : Txﬁh — Tr()N is an
isomorphism, and it is Riemannian if N has a metric h such that dm(x) is
an isometry for any . We define for X; vector fields of M

AXy, .., X)) = Vol (XY, ..., X))
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where Vol is the volume element of the leaf at p = w(x). Let e,, a =
1,...,m+n, be alocal orthonormal frame of M withe;, i = 1,...,m, vertical
and e,, @ = m+1,...,m+n, horizontal. We denote by BZ(e;, ;) = (V,,e;)"
the second fundamental form of the leaf M) and H; the mean curvature
at x. We assume e; is a direct basis of the leaf. Now we have

Ve, Uea, €1, s iy ey ) =—Q(Veaea, €1y oy €4y oy ) = (—1)'G(Vegea, €).
From this equality and other similar ones, follows the following lemma:

Lemma 5.1. All components of VQ and of dQ) vanish except for the follow-
ing where i, 7 <m, a,>m+1

vejQ (Car€1s.eyCiyesen) = (=1)HG(BY(e;,€:),€q)

Ve (eare1, ..o 6. em) = (—1)'G(Ve eq, €)

dQ (eq, €1, .-y em) = —mg(H", ey)

dQ (a8, €15y iy rem) = (=1)'G([ea, €s], €;)

<

So, dQ = 0 iff H* = 0 and [TM,TM"] € TM', and VQ = 0 iff B* = 0
and (@TMhTMh)” = 0. Therefore, we can conclude:

Proposition 5.1. Q is a calibration in M, that is dQ = 0, if and only
if the leaves are minimal and the horizontal subspace defines an integrable
distribution T of rank n. In this case ) calibrates the leaves and conse-
quently they are stable minimal submanifolds. It defines a parallel calibration
if and only if the leaves and the integral submanifolds of TM" are all totally
geodesic.

Corollary 5.1. If n = 1 and 7 defines a foliation of M by minimal hyper-
surfaces, then € defines a closed calibration and the leaves are stable. ) is a
parallel calibration if and only if the leaves are totally geodesic and the unit
normal X to the leaves satisfies VX = 0. This is the case when for some
function f: M — R, Y = fX defines a nondegenerated Killing vector field
with f constant along each leaf.

Proof. We only have to prove the last statement. From integrability of the
leaves, one easily sees that

0= g([eia ej]a}_/) = Zg(eia vej}_/) - _QQ(Bv(ehej)a}_/)'
MOI‘@OVGI‘, fg(@XXJ ei) - —g(@elY,X) = _df(ez) u

If n = 1 the mean curvature and the second fundamental form of the
leaves have been studied by Barbosa, Kenmotsu, Oshikiri, Bessa and Mon-
tenegro in [5, 4], for the general case Q closed. The above Corollary 5.1,
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using the fact €2 is a closed calibration, gives an elementary proof of the
stability of the leaves (see introduction) proved in [4] using more classical
stability arguments involving eigenvalue problems and maximum principles.

Corollary 5.2. Let (N, h) be a Riemannian manifold and G a Lie group
and N' C G a subset that acts transitively and freely on N as a group of
isometries, and f : M — N a smooth map defining a minimal graph I'; of
M x N. If the orbit (Idy x N') NM of the normal bundle of L'y defines
an integrable distribution of M x N, then I'y is stable. Furthermore, if
G =N=N', and g = T.G, e the identity element, then the later condition
is equivalent to ¢ = —df* : g — C°(T'M) is a Lie algebra homomorphism.
In particular all minimal graphs in M X R are stable.

Proof. This argument is used in [4] for N = G = R to construct a fo-
liation in M x N. Let af(p) = Lo(f(p)), where @ € N’ C G acts on
the left of N, and a on T,N acts as (L,).,. Since the action is free and
transitive then M x N = Uycql'ys is a foliation, and since each a is an
isometry, I'ys is a minimal submanifold. Now, the normal bundle of I';; is
just given by (Id x (La)«)(NM) = {(=df}(Y), (La)ssn)Y) : Y € Ty N},
and we get the integrability condition on the orbit. If G = N = N’, this
means {(—df;()}f(p)), Y,),Y € g,y € G,p € M} is an integrable distribution,
where Y, = (L,)+(Y.). We easily sce this is equivalent to [¢)(X),¥(Y)]y =
(X ,}7]), where 9(X) defines a vector field on M, that at p € M values
_df;(Xf(p))' u

Remark. In the previous corollary, if m = n, M = R” and f = V¢
where ¢ : R” — R is a smooth function, defining a minimal Lagrangian
graph in R™ x R, then 9(9;) = Hess ¢*(9;). The stability condition means
D3¢(Hess ¢*(;), 0, 0x) = D3*¢p(Hess ¢*(9;), 0;, 0x). This seems to be quite
different from the condition of special Lagrangian graphs. Minimal La-
grangian graphs are calibrated by the special Lagrangian calibration ([17]),
and may not satisfy the above condition, that is related to a different cali-
bration.

Corollary 5.3. Any minimal submanifold M™ of R™™, with n = 1, is
locally stable and locally a calibrated submanifold. The same also holds for

n > 2 if for a local representation as a graph of a map f : R™ — R”,
= —dft : R" — C°(TR™) is a Lie algebra homomorphism.

Proof. Let p € M and D a compact neighbourhood of p where it is de-
fined v,, an orthonormal frame of NM defined on D. We identify L = T,M
with R™. Now dr(p) is the identity map of T,M where 7. (¢) = ¢ —
>, 9(¢, Va(p))Va(p) and we may assume 7y, is a diffeomorphism. Thus, D
is the graph of a map f : R™ — R™. |
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Next we generalize the main result of [5] (Proposition 2.14) for any codi-

mension. We assume T is an integrable distribution and consider the
maximal horizontal integrable n-submanifold Y passing at a given pont
x € M, with second fundamental form B!(e,,e3) = (V.. e5)?, and mean
curvature H = 13~ Bl(e,,e,). Let s” be the scalar curvatures of the
leaves and s the ones of the horizontal integrable submanifolds, and Ricci
and 5 the Ricci tensor and scalar curvature of M, respectively. H" defines
a vertical vector field of M, and consider its divergence in a fiber and in M
respectively:

div(H") = Zg (Ve,H" ¢;), div(H") = Zg CH" e,)

Similarly for the horizontal vector field " we may take its divergence along
an horizontal integrable submanifold ¥, divs(H") = > (V.. HY, €q).

Lemma 5.2. Assuming T M is an integrable distribution
div(H") = div(H") —n|| H"||*
div(H") = divs(H") —m||H"|*
ndiv(H") + mdivs(H") = Y,Ricci(e;,e;) — s° +m?||H"||* + || B"|?
= Y, Ricci(ea, ea) = s" +n? | H"|* + || B||*.
2n div(H") 4 2m divs(HY) =
=5—s" ="+ m?|H|]* + 0’| H"||* + | B*|* + || B||*.
Proof. We may assume at a point x, (V,ei(7))’ = (Ve,eq(2))* = 0,

Ya,i, . The first two equalities are obtained by an elementary computation.
At x

ndiv(H") = 3;a0(Ve(Veaea)")s€) = Liad(@((Veaea)'s i) (e)
= Yia d(G(Veneari))(er) = >, 00(Ve;Ve,€a€i)
= g( R(eaaez)ea + Veav ;€ + v[e ea]ea y € )

and

Zig(?ea?eieaaei) =2 i@ea( (e ’Vi ei)) = (ea,mveaH”)
g(?veieaea y Gi ) = ng(v_ejea ) )g(vezea » €5 )
Q(VVeaeiea , €4 ) = zlgg(veﬂea s )g(veaez , €8 )

leading t0 37, ,§(Vie,cal€a » € ) = || B"[|* + || B”[|?, and consequently,

ndiv(H") = S ail(€as € €ar ) + | B"|? + || B°||* — m divs(H").
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Now > .. R(ea, €, €q,€i) = >, Ricci(e;, e;) — Zij R(ej, ei, €5, e;) and using
Gauss equation with respect to a leaf, we obtain the first expression for
ndiv(H"). Writing Y. R(ea, €i,€q,€;) = Y, Ricci(eq, q) — Y as R(eq, s,
eq,e3) and applying Gauss equations with respect to ¥ we get the second
expression for n div(H"). Summing the previous two expressions we obtain
the last one. |

Proposition 5.2. Assume M is closed, TM" is an integrable distribution
and H" 1s a divergence free vector field along each horizontal integral sub-
manifold. Then H' = 0, i.e. the leaves are minimal and d€) = 0. Further-
more:

(1) If H" is also a divergence free vector field along each leaf, the horizontal
integral submanifolds are minimal as well.

(2) If Ricci > 0 and s < 0 for all the leaves, the horizontal integrable sub-
manifolds are totally geodesic and Ricci vanish in the direction of all leaves
and s* = 0.

(3) If Ricci > 0 and s" < 0 for all horizontal integral submanifolds 3, then
they are minimal and the leaves of m are totally geodesic and Ricci vanish
in the direction of all horizontal vector fields and s" = 0.

(4) If 5 > 0 and s* + s" < 0, all the leaves and the horizontal integrable
submanifolds are totally geodesic, and 5 = s* + s" = 0.

Consequently, if 3 > 0 (Ricci > 0 resp.) and 5 > 0 (Ricci > 0 resp.) at
some point x, then either the leaf My or (and resp.) the horizontal in-
tegral submanifold at some y € 7~ (x) must have positive scalar curvature
somewhere. In particular, in the later case, n > 2.

Proof. If divg(H") = 0 for each ¥, integration of div(H") on M of the
second formula of previous lemma gives H” = 0. Similarly for (1), using the
first formula. To prove (2) (3) and (4) we integrate the last three formulas
of Lemma 5.2, with H" = 0, along each leaf M, that is compact. |

If n =1 and H" is constant, with the same constant for all fibers, then H"
is a divergence free vector along each horizontal integral submanifold, giving
the case in [5].

5.3. The Kahler calibration

On a Kihler manifold (M, J, g) with Kéhler form w(X,Y) = g(JX,Y) it
is defined the Kahler calibration {2 = “’k—f, that calibrates the complex sub-
manifolds of complex dimension k. If 61, ..., 60, are the Kahler angles of M,

cosfy > --- > cosf, > 0 and e, = X;,Y; a diagonalizing o.n basis of F*w,
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that is F*/LU(XZ,XJ) = F* (Y;,Y}) = 0, Fw (XZ,Y;) = COS 91‘51‘]', then
cosf = ecosby ---cosby, e==+1

and ®(X;) = —ecos 0(J(5))", @(Y:) = ecosO(J(25))*". A submanifold
M is said to have equal Kahler angles, if ¢ = 1 and §; = 0 Vi (see [34]). It
is a complex (resp. Lagrangian) submanifold iff cosd = 1 (resp. cosd = 0).
We assume M and M are of real and complex dimension 4 respectively
and M has equal Kihler angles. We recall that (F*w)* : TM — TM and
®: TM — NM (with respect to the Kéhler calibration) are conformal mor-
phisms with coefficient of conformality cos?+) and sin? ¥ cos? ¥, respectively.
Note that ® = —®'o (F*w)? with ®'(X) = (JX)*, given in [34, 33]. We have
|®'(X)]|? = sin? || X]||%2. We can write (F*w)* = cosdJ, where J,, is the
almost complex structure of M, defined where cosd # 0 by J,(X;) = Y.
Similarly we get a polar decomposition for w* = cosd?J*, the restriction
of w to the normal bundle. The orthonormal frame of the normal bundle
Uy = ®'(25), Vi = J*U; = (%) diagonalizes w. We have

sin 19

sin 19

Q(X;,Y;,Up, Vi) = (cos? 0+ sin® 96,1)0:;0ks
Q(X17X27‘/17‘/2) == Q(ifl,}/Q,Ul,Ug) = —Sin2’l9

and all the other components of €} in this basis vanish. Then it follows the
condition Qq(B) > §||B||* is very restrictive. Consider the complex and

anticomplex parts of B with respect the almost complex structures J,, of
TM and J* of NM:

(B(X,Y) — J-B(J,X,Y)),
(B(X,Y) + J'B(J,X,Y)).

NI— N

Then Q(B)=|| B> + (cos ) (| B*|I* — | B°||*) + p, where

o] < 45 S chell Bleas o)l | Blew, ec)| < 125252 (| B,

cos 6 cos 0
Using this upper bound, for cosf € (&, 1], if
3—cos 9(13—4))
(5.1) B > i B B, with 0 <6 < 13eesfll <

we have Q(B) > 6||B||*>. Note that if M is a complex submanifold, .J, =
Jt = J, sin?Y = 0, B is a complex bilinear form, and Q(B) = 0. So, cali-
brated submanifolds may not be totally geodesic. Theorem 1.5(A) gives (3)
of next proposition
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Proposition 5.3. Let F': M? — M be a 2k-submanifold immersed with
parallel mean curvature H and with equal Kdahler angles into a Kahler man-
ifold of complex dimension 2k and scalar curvature s.

(1) [34] Assume H = 0 and M is Einstein. If k = 2 and 5 # 0, then F
1s either a complex or a Lagrangian submanifold. If k > 3, 5 < 0, and M
closed, then F 1is either complex or Lagrangian. If k > 3, 5 = 0, and M
closed, then 0 is constant.

(2) B1] If k = 2, 5 < 0, M closed and |H|*> > —(5/8)sin®4, then F is
either a complex or a Lagrangian submanifold.

(3) If k =2, cosf > 0, (1.7) holds and (5.1) is satisfied for some § and
cosO € (13, 15), and M is closed, then F is totally geodesic.

If M is a complex space form of sectional holomorphic curvature v then for

UeNM,

= 3
Rleas e1: ea,U) = Sw(ea, @)3(® (ca), V),

and 9k
S R(eas e, eq, ® (ep)) = Ty cos? 1 sin? 1.

Note that v has the same sign has s, but for £ = 2 and v > 0 (5.1) in (3)
does not hold because of (1). Hence, d-positiveness of Q) can be expected
only when § = 0. (2) is related to a result obtained by Kenmotsu and Zhou
in [23], and Hirakawa in [20] where a classification of surfaces with parallel
mean curvature in a complex space forms is obtained using the Kahler angle.

5.4. The Quaternionic calibration

This calibration is not so well understood in the literature so we will describe
in some detail. Let (V,I,J, K, g) be an hyper-Hermitean vector space of
dimension 4n, where I, J are two anti-commuting g-orthogonal structures.
For each z = (a,b,c) € S? it is defined a g-orthogonal structure .J, =
al + bJ + c¢K and its Kéhler form w,(X,Y) = ¢(J,X,Y). Then V is a
right-quaternionic vector space with X¢ = (X — J,X =: JzX where ¢ =
(Co,z) € H and J, is extended linearly for x € R®. The right-quaternionic
linear group of isometries of V' is Sp(n) = Sp(V) = {{ € O(V) : &J, =
J.&,Vr € §*} € SO(V). Let Sp(1) = {¢ € H : [¢|] = 1}. The inclusion
Sp(V) - Sp(l) = Sp(V) x Sp(1)/ £ (Id,1) C SO(V) is given by (£,()X =
(X)L Moreover, for P = (£,()

P(JX) = {(JX) T = =E(X)¢ N a¢Th = T, (E(X)CT = Jr, P(X)

where 7 : $* C H — SO(3) € SO(4) is the double covering map 7¢(v) =
CvC. A subspace T is a complex subspace if J,T C T for some x € S?. It is
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a quaternionic subspace if it is J,-complex Vx. The fundamental 4-form of
V' is defined by

(52) Q:%(’LU]/\UJ[—FUJJ/\’LUJ—FQUK/\’LUK).

For each X € V, let HY = span{IX,JX KX}, Hy = RX & HY%. Each
P € SO(V) acts on Q as PQ(X,Y, Z,W) = QP X, P-'Y, P~ Z, P~'W),

and we have
Lemma 5.3. Hg:={P € SO(V): P-Q=Q}=5Sp(V)-Sp(1).

Proof. If P = ((,§) € S*xSp(V) then P = (&, () satisfies P(Hx) = Hp(x).
Note that VX,V € V, w;(IX,IY) = wi(X,Y), wy(IX, 1Y) = —w,(X,Y).
If P=(&q) € Sp(V)-Sp(1) one can prove directly that P-Q = Q (see [24]).
Then Sp(V) - Sp(1) € Hq. Now if P € Hg, from the above consider-
ations P(Hy) = Hp(x). Thus, Vo € R® P(J,X) = Jax,)P(X), with
A(X, ) € SO(3) necessarily in case | X| = 1. We extend A(X,\) = A,
for A € R € H. Since YA € R, P(J,AX) = AP(J,X) we get ANX,x) =
A(X,z). Now we assume || X| = 1. From P(J,,X) = P(J.(J,X)) we
have A(X,zy) = A(J,X,2)A(X,y). Let x = pa’ + Ay, where 2/ Ly is a
unit of R®. Then A(X,2’ x y) = A(X,2') x A(X,y), and so A(J,X,z)
AX,y) = A(X,zy) = pA(X, 2" xy) — Md = pA(X,2") x A(X,y) — \d,
implying A(J, X, z) = pA(X,2") + NA(X,y) = A(X, ua’ + \y) = A(X, z).
Finally let XY units with Hx ® Hy and Z = ;554 Then Hpix) @ Hpy).
From P(Jm(X—i-Y)) = JA(Z@)P(X—{—Y) we get JA(X@)P(X)—F(]A(Y@)P(Y) =
JazoyP(X) + Jaze)P(Y), and so A(X,z) = A(Z,x) = A(Y,z). Then
A(X,z) = A(x) VX, that is A does not depend on X. We have proved that
P(J.X) = Jr ()P(X), where A = 7, for some ¢ € Sp(1) (unique up to a
sign). Define & : V — V by £(X) = P(X)¢ = J:P(X). Then P = (€,¢) and
€ e Sp(V). [ |

The fundamental 4-form induces a symmetric endomorphism Q4 : A2V —
A2V, defined by (Q2(X AY), Z AW) = Q(X,Y, Z, W). For each oriented
orthonormal system B = {X;, X5, X3, X4} of V, we define the bivectors
A = AF(B), by

Af = L (XA Xo+ X3 A XY),

V2
Ay = 5 (N A Xy F XA Xy),
Ay = 5 (XA X £ X0 A X).

If X is a unit, AF(X) is defined as above w.rt. X; = X, Xy = I X, X3 =
JX,X, = KX. Note that AX¥(X) = A*(J,X) for any z € S% Set for
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any X,Y and i = 0,1,2,3, r = 1,2,3, and €, = € = e} = 2 = +1,
= :—17

@

(X Y) =L XAY + 6 IXATY +EJX AJY + €KX AKY).

satisfying Oy (J, X, J,Y) € span{©4(X,Y),s =0,...3} and for J, = I, J, K,
Oy (X, J.X) either is zero or gives AT(X) for some s. If Hx, Hy, Hy are
orthogonal quaternionic lines, and X, Y are units we have for any z,y, z € S?

QX, X, J, X, J.X) = (x,y X 2),
(5.3) QX, XY, JY) = %(x, y),
(X, J,X, J,X,Y) = QX, J,X,Y,Z) = 0.

We take an orthonormal basis X; of V the form {e,, le,, Jes, Ke,},
a=1,...,n. We have Q2(¢) = ZK]. Q& X NX;)X; AX;. An orthonormal

basis of eigenvectors of Q2 is given by the 2n(4n — 1) vectors, where o, 3 =
1,....,n,r=1,2,3,

(5.4) (1/v/n) 3og Af(ea),  Ar(ea),  1/V2(Af(en) — Af(ea)) a<n
' Os(eqn,leg), ©Osleq, Jeg), Osleq,Keg) a<fB, s=0,1,2,3

The corresponding eigenvalues, that range {2”; L +1,41/3}, are given as
follows where 1 = 1,2,3, L =1id,I,J, K

Q2 (Af (ea)) = Af (ea) + Zﬁ;ﬁa 3AS (ep) Q2 (3, Af(ea)) = 25 (2, At (ea))
Q2 (Af (ea) — A+(€ﬁ)) $(AS(ea) = Af(es)) QA7 (ea)) = —A; (ea)
Q2(B¢(ea; Leg)) = O (ea,Leﬁ) 02(Oi(eas Leg)) = —5Oi(ea, Lep)

Given a k-dimensional T subspace of V we consider the restriction Q7 :
AN*T — A?T, symmetric endomorphism with eigenvalues vy, . .., arx—1 that
2

we call the nonnormalized quaternionic angles of 7.

From now on we restrict our attention when 7" is an oriented four dimen-
sional subspace with direct orthonormal basis (X7, Xs, X3, X) and V' eight
dimensional.

Proposition 5.4. The fundamental form €2 defines a calibration that cal-
tbrates the quaternionic 4 dimensional subspaces. The quaternionic angle
of an oriented 4-dimensional subspace T* is defined by the number cos =
X1, Xy, X3,Xy) € [=1,1]. T and T+ have the same quaternionic angle
and there are only two eigenvalues o; = £ cos O each with multiplicity three.

Proof. To see that € is a calibration, we set ¢(z) = ((wy);r A (wz)r, Volr),
where (w, )7 is the restriction of w, to T'xT. If cos 67, cos 03, with 67 € [0, 7],
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are the J,-Kihler angles of T w.r.t. J,, then for any o.n.b. z,v, z of R3,

(0(2) + ¢(y) + ¢(2))

(€, cos 07 cos 05 + €, cos 0 cos 0y + €, cos b5 cos 03)

cosf = Q(T) = ¢
(5.5) =3

where ¢, = £1 depending if (w,)r defines the same or the opposite orien-
tation of 7. From (5.5) we see that |¢(u)] < 2 and so |Q(T)] < 1, and
T) ==+1iff ¢, = £1 and cosf* = 1, s = 1,2, that is T" is a J,-complex
subspace, Yu = x,y, z, or equivalently, T" is a quaternionic subspace. Since
the J,-Kéhler angles of T' and the ones of the orthogonal complement of T+
are the same, then Q(T) = Q(T4). [ ]

Proposition 5.5. IfV is 8-dimensional and T is a 4-dimensional subspace
Jz-complex for some x then % < cosO(T) < 1, with equality to % if and only
if T is a totally complex subspace, that is T' is a J,-Lagrangian subspace
Yy Llx. Moreover, if two complex subspaces T and T" of V' have the same
quaternionic angle, then there exist an element P € Sp(V') - Sp(1) such that
T = P(T).

Proof. If T is a J,-complex subspace of V' then T is Cayley subspace of
(V,g,J,) for all y € S%. To see this we take an orthonormal basis of T of
the form B = {X;} = {X, J,X, Z, J,Z}. We have ¢(J,J,X, X) = —(y,z) =
g(‘]y‘]rzv Z), g(JmeZ, X) = _g(Jva JoZ), g(‘]yzv S X) = —g((]yme, Z),
and g(J,J,Z, J,X) = g(J,X,Z). A basis for the self-dual 2-forms on T is
given by JP = Af(B). Then we see that (wy)r = cos6¥(p)JP where v =
H< y,x >,9(,X, Z),9(Jyxa X, Z)) € $* and cos@¥(p) =t = ||(J,X) "],
proving that (w,)r is self-dual, that is *(wy);r = (wy);r. This is just the
same as to say the J,-Kahler angles of T" are equal, that is T"is a Cayley
subspace. Therefore 0} = 03 =: 0" and so cos 0 = %(14—0082 Y +cos® %) > %,
with equality if and only if cos? #¥ = cos? §* = 0, that is T'is a J,-Lagrangian
subspace for any ulz. If T and T’ have the same quaternionic angle, we
use the canonical frames given in (5.8) below for 7" and for 7" and define P
by P(B) = B, P(B*) = B'". Then PJ, = J,P for (u,u) = (z,2'), (y,y)
or (z,2'), and P(X) = X', P(Y) = Y’, and taking ¢ € Sp(1) such that 7,
maps (2,9, z) to (2, y/, 2'), we get £(-) = P(-)¢"' € Sp(V), what proves that
P =(&¢) € Sp(V) - Sp(1). u

Some further algebraic considerations. Let T be a Euclidean space of
dimension 4. For each linear map [ : T — T we define A%l : AT —
AT, N2l(u Av) = L(u) Al(v). If N; > 0 are the eigenvalues of vIT1 (also
called the singular values of [) and B = {e;} a corresponding orthonormal
basis of eigenvectors, let é; defined by I(e;) = A& whenever \; # 0, and
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extend to an orthonormal basis é; of T'. Using Newton inequalities we have
23 cicica NNy < 3(AF 4 -+ A]) with equality iff A = A; Vi, j. Each
direct orthonormal basis B of T and B+ of T+ define respectively a direct
orthonormal basis AX = AX(B) of AZT, and Z* of ALT+. We consider the
two hyper-Hermitean structures of 7' (denoted by JI, when we choose one)
JB = Af, JB = AZ. We note the following: If u,v is an o.n. system of
vectors of T" then

(5.6) [(uAv,AT)| <1, with equality to 1iff v = +J7(u).
and similar for A7. We define
QFl=-Ly JloloJ], H*l = L1+ 3Q%)

where & depends on JI = JP or JP. Note that H* : Skew(T) — spy(T)
gives the orthogonal projection of I onto a (JI)-hyper-complex linear map
(does not depend on the oriented basis B). We also have (I,Q*(l)) =
3 LIN2(AF), AF) and that

r=1,2,33

[(APHAT), AT < = (Mo + Ashy),

[(APLAZ), A < 5 (Mds + Aa),

| =N DN

[(APHAS), A < = (AMida+ A2dg),

2
and [[[||* = AT + A3 + A\] + A, Moreover,
NQ™UP = 3P —2,(J o loJ7, 1) = 3[1U* + 6(Q*1.1),

and so
0 <16 B*1* = (|2 +6(Q*1.1) + 9]Q*1|])
= 4|l]|* + 12(Q*1, 1) = 16(H"1,1).

Consequently 3(Q*1,1) > —||l||*>. If equality holds, then H*l = 0, and so
L € spi(T)* = A2T = span{J!'}. Newton inequalities and (5.6) prove that
=3Il <AQFL D) < U],

(5.7) (Q*1,1) = ||| iff I is hyper-complex,
(QFL 1) = —3||ll||* iff 1 € AAT = span{JI}

Furthermore, if [ is hyper-complex then [ is conformal. The singular values
of A%l are \;\; for i < j. We can split

Nl=nflenTTe N le AL
where Al : A2T — AZT and ATL: A2T — ALT.
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A%l is self dual (resp. anti-self-dual), i.e. A2lx = x A%[ (resp. A%lx = —xA?)
iff the anti-self dual part A7I®AT] vanish (resp. the self-dual part ATIBAZL
vanish), iff either A%l = (0, what means at least 3 of the singular values vanish,
or [ is an orientation preserving (resp. reversing) conformal isomorphism.

If (M, g,Q) is a quaternionic-Kihler manifold of real dimension 4n and
fundamental form €2, the quaternionic 4m-submanifolds, are necessarily to-
tally geodesic ([16]). Some attention have been drawn to a more general
type of submanifolds, the almost complex submanifolds in the quaternionic
context, and their minimality have been studied. This includes the quater-
nionic submanifolds as well the totally complex or the Kéahler submanifolds.
See for example [1] and their references, where some examples can be found.
Most of these submanifolds are also proved to be totally geodesic. We will
show some use of the quaternionic angle in the study of almost complex
submanifolds with parallel mean curvature.

An immersed submanifold F : M — M is an almost complex submani-
fold if there exist a smooth section Jy; : M — @ such that, for each p € M,
Ju(p)(T,M) C T,M. If n = 2 and m = 1, the quaternionic angle satisfies

1

% < cosf) < 1 with equality to 5 at totally complex points and to 1 at

quaternionic points. Since cosf > % we conclude from Theorem 1.4:

Proposition 5.6. If (M,g,Q) is a quaternionic-Kdihler manifold of real
dimension 8 and M is an almost complex complete submanifold of real di-
mension 4 and with parallel mean curvature and Ricci® > 0, then M is a
mainimal submanifold.

For an almost complex 4-dimensional submanifold, ® : TM — NM is
a conformal morphism with coefficient of conformality (1 — cos @)(cos — 3)
([33]). To see this we first note that we can take canonical orthonormal basis
B of T,M and B* of NM, of the form

B = {X,J,X,cJ,X +sY,cl.X +sJ,Y} = {X;}

B8 Bl (LY. LY,V — s8I X, cLY — sI.X} = {U3)}

where ¢*+s? =1, z,y,2 = z X y is an o.n. basis of R? with J, = Jy;(p) and
Y € HL. Then
1

3 3
cosf = ( 3% ), S 2( cosf), ¢ 2(0059 3),

and using this basis we see that ®(B) = —2scB*.

Next we use the formula of A cosf to obtain some nonexistence results
for almost complex submanifolds, and in particular to give a “calibration”-
type proof of the above mentioned result of Gray [16], for the case n = 2 and
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= 1. We take for basis of NM,, that is reordering B+, B"* = {U}}, U] =
U3, U, =U,, Uy = Uy, Uy = U,, and consider the Correspondmg basis = ti,
of /\2NMp. The matrix of ¥ : A2T'M — A2NM, with respect to the basis
AT AT AT AT AL, AS of A°T'M and the basis _’f, = BT BB By of
A?N M, is given by

52)

wno

SO O
Wl

SO OO

(5.9) U =

o
SN\
SO umw SO0

ol
Sy DO O

82

coococo4
WO ©O O OO

Note that wy; = V2 AJr and wyy = \/_ 2='T are the respective Kahler forms.
U applies AZTM into A2 NM and denotlng the corresponding restriction
U, /\ftTM — /\ft(NM), and defining ¥/, := U, — 2(1 — cos6)¥,, where
Uy : A°T'M — A2NM is the linear morphism given by Wo(wys) = wyyr and
zero on the orthogonal complement of Rwj,, then W/, and W_ are conformal,
with [P (n)[|* = (cos® — 3)*[Inl?, ¥n € ALTM, and [[T_(n)|* = (1 -
cos0)?||n||?, ¥n € A2TM. Thus, if M is immersed with no totally complex
points the bundles A2TM and A2MN are isomorphic. If M is immersed
with no quaternionic points, then A2TM and A2 MN are isomorphic. If
there are neither quaternionic nor totally complex points, then ® : T'M —
NM is an isomorphism.

If X; is a direct o.n. basis of T,M and Y; € NM, are any vectors, then

S UX L Yy Yy X ZQ (A7 AT (Y)) = QA AL(Y)

> Iy’

with *A~ = —A_, and where AX(Y), Y = (Y},...,Y}), are formally defined
in the same way as AZ(B). Thus, we consider the two components of A?B,
NB : NNT,M — N NM, and AZB : N2 T,M — A2NDM,, and say that
A?B is self-dual iff A2B = ATB® AZB and it is anti-self-dual if the self dual
part vanish. Therefore, from lemma 3.1

Acosf = —cosO||B|*>+2(V, ATB) +2(¥_, A\ZB)
(5.10) +m(VH, ®) — 3 R(X;, Xi, X, ©(Xy))

Now we prove the classic result on quaternionic submanifolds in [16] reducing
it to a linear algebra problem:

Proposition 5.7. If M is a quaternionic submanifold of M then M is
totally geodesic.
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Proof. We identify T,M = Hx = Hy = NM,, through the canonical ba-
sis B = {X, J,X,J,X,J.X} = {X;} and (B")* = {Y, J,Y,J,Y,J.Y}, and
set Iy = B(Xy, ) : T,M — NM, = T,M. We have ® = 0 and V_ = 0,
U, = 2Id. Then (5.10) is 0 = S Q% (), L) — |lk]|?. By (5.7) each I
is hyper-complex, that is B(Xy, J.Z) = J.(B(X, Z)), Vo € S%.  Conse-
quently, B(J,Z, J,W) = J2B(Z,W) = —B(Z,W), for any x. But then
B(ZW) = -B(J,Z,JW) = B(J,J,Z, J,JW) = B(J,Z,J,W), for any
o.n. basis 2,7,z =2 x y of R? and so B = 0. |

At p consider the canonical frames B = {X},} and Bt = {U}}, and the
linear isometry L : NM, — T,M, L(U;) = X;. We define |, = Lo B(X}, ) :
T,M — T,M, and [}, =l 0 S" and [}, = I, 0 S”, where S, S” are orientation
preserving isometries, by

B(X1) =le(X0), B(X2) =1k(X2), 1p(Xs)=—1k(Xs5), [.(Xa)=—1r(X4)

Ue(X1)=0(X1), U"k(Xa)=—1k(X2), I"1(X3)=—1(X3), I"p(X4)=U(Xy4).

Then, [[l[| = [kl = lltell = [[B(Xk, -)Il, and we have

N LAY) = NL(AY), NLAT) = = A2 IR(AT), APL(AT) = — AP Ik(AF),
A (AY) == A2 1(AT), A1V(AS) = — A2 1(AF), AH"R(A) = AL(AD).
Set

(5.11) D = Y(lll® = (@t k) > 0
(5.12) A = Y QM) + HLl*) >0
(5.13) E = (@711 + ) >0

Note that A’B = >, A%, and is antiselfdual iff >, ATl & ATl = 0.
By (5.7)

Lemma 5.4. At p, 0 < D, A, E < 3||B|*. Furthermore, D = 0 iff
Alor E) = B> iff B =0. If A =0 (E = 0 resp.) then A’B is self-
dual (resp. antiselfdual).
Now we investigate when Qq(B) > || B||?. Using the matrix (5.9)
(5.14) cos0Qq(B) = cosb||B||* — 2(V,,ATB) — 2(V_, A_B)

= ~Si(Srmias HAL AHAD) — 1)

— (BT A2AD) — HAF A2(AD) — HAT A2 (AD))
FHAT AAD)) + 507, A2 (A7) — $(A7, A2 (A7) + 3llall?)

(5.15) — (D + s2E) — s2(A + 2| B|]).
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Lemma 5.5. Assume at p, for each k, ||H || < €||ly|| where 0 < e <1,
and 0 < 7 < @ such that (1 —cos0) < 7. Then, at p,

COSHQQ(B) > c5||B||2

where § = w > 0.

Note that we assume cos > g. Lemma 5.5 includes the case cosf = 1, that
implies [, hypercomplex, giving ¢ = 1 and 6 = 0, as in proof of Proposi-
tion 5.7.

Proof. The condition on H*l; implies
Q1 1) + 51U’ < gellel.

Then 4
D= Zk§||lk”2 — Gl + QT Ik, Ik)) = 3(1 — )| B,

Using the bounds in lemma 5.4 and (5.15), we obtain

cos 0 Qo(B) > H=9=8 |2

that proves the lemma. [ |

Note that (1.7) can be satisfied. If M is a quaternionic space form of
reduced scalar curvature v = s /32, then

R(X,Y, Z, W)=Y ((XAY, ZANWHS (. X ALY, ZAW)+(J. X, Y (], Z,W))

and so

(5.16) S RB(Xi, X, Xi, ©(X)) = 9v(cos0)(cos 0 — ) = dvs*c?

Proposition 5.8. Assume F : M — M is a closed almost complex im-
mersed submanifold such that (1.7) holds.

(1) If there ezist constants 0 < ¢ < 1, 0 < 7 < 4(1 —€)/9, such that
(1 —cos®) <7 and at each point p € M there exist canonical frames B and
B such that ||[H || < €||l||, then F is totally geodesic.

Furthermore, if M is a quaternionic space form then:

(2) If F : M — M s parallel and v # 0 then either F is a quaternionic
submanifold or a totally complexr submanifold.

(3) If M s closed, F' has parallel mean curvature and N*B is anti-self-dual
then F' is totally geodesic and if v > 0 then either F is totally complex or a
quaternionic submanifold.
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Proof. (1) follows from previous lemma and Theorem 1.5(A). If we assume

T< @, it guarantees 6 > 0. (2) From the proof of Proposition 3.2,

S (R(Xe, X)) X))t =0

and by (5.16),
4vs*c® = 9u(1 — cosf)(cosf — 1) = 0.

(3) We have
Acos = —4v s*c* — cos0||B||> < 0,

what implies cos# > % is constant and so —4v s*c? — cos6||B||* = 0. ]

Proposition 5.9. Assume M is a closed almost complex submanifold with
parallel mean curvature on a quaternionic space form M. Then F is totally
geodesic if (1) or (2) below holds:

(1) v >0 and ||B|* < 3v(cosf — 5)
(2) v <0 and || B|?* < —%v(cosd — 3)(1 — cosb).

Proof. We may write A cosf given in (5.10) and using (5.15) as
As? = 6vsic® + 4chj(VXLjH, U;) — 3s*(A+ 2||B|]*) + 3(D + s°E).
(1) The conditions imply
$5°(A+2||B|?) < 6vs’c®

and so As? > 0.
(2) Under the assumptions,

3(D+s°E) <2(1+s*)|B|* < 4||B|]* < —6s*c’v,

and we have As®> < 0. In both cases (1)(2) we conclude that s is constant,
and again that As? = 0. This implies in case (1)

D+ s*E =0,

and in case (2)
s*(A+ 3| BII") =0,

what leads to the conclusion in the proposition (see Lemma 5.4). |
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5.5. The special calibrations

The special Lagrangian calibration. Let (M, g, J, p) be a Calabi-Yau mani-
fold of complex dimension & with holomorphic volume element p € A9 M,
Then Re(p) is the Lagrangian calibration and calibrates the special La-
grangian submanifolds. On M it is also defined the Kéhler calibrations. If
k = 4, there is also a S!-family of Cayley calibrations

1
Qy = —§w2 + Re(ep),

that calibrates the Cayley 4-submanifolds.

The Cayley calibration. If (Ms, g,2) is a Spin(7) 8-dimensional manifold,
then it is defined a Cayley calibration Q. Given a Spin(7)-frame e; that
identifies TPM with the space of octonions R®, € is the 4-form defined by
Qx,y, z,w) = (x,y X z X w), where the cross product of three vectors is
defined in R®. A Calabi-Yau 4-fold is also a Spin(7) manifold and any Cayley
calibrations defined above corresponds to this definition. If F': M* — M is
an immersed 4-submanifold, then ®(X;) = (X, x X3 x X,)*, where X; is a
d.o.n. basis of T,M.

The associative and the co-associative calibration. Let (M7,§, ¢) be a G
Riemannian manifold with a closed Gy 3-form ¢. Identifying 7,M with
R” = I'm(R®) by a Go-frame, ¢(x,y, 2) = (z,yz) where on the right hand side
it is considered the octonion product. This is the associative calibration. The
co-associative calibration is ¢ = *¢ and satisfies ¥ (z, y, z, w) = %(x, [y, z,w])
where [y, z, w| = (yz)w—y(zw) is the associator operator. The forms ¢ and
calibrate respectively the associative 3-dimensional submanifolds and the
co-associative 4-dimensional submanifolds. If F' : M — M is an immersed
3-submanifold, ®4(X;) = (XoX3)t, where X;, X5, X3 is any d.o.n. basis
of T,M. If F is an immersed 4-submanifold, ®,(X;) = [Xq, X3, Xy]*. If N
is a Calabi-Yau 3-fold, then N x S* or N x R are Gy-manifolds with

1
¢ =1"ANw+ Re(p) and ¢:§w/\w—1*/\lm(p).

If N is a Gy manifold, then N x S' or N xR with Q = 1* A¢+1 are Spin(7)
manifolds.
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