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On some maximal multipliers in L”

Ciprian Demeter

Abstract

We extend an L? maximal multiplier result of Bourgain to all L?
spaces, 1 < p < oo.

1. Introduction

Consider a finite set A = {A\1,..., Ay} C R and let D > 0 be the separation
constant

D:= min |\ — |

1<i#j <N

For each k € Z with 2¥ < 1072D define R, to be the collection' of all
intervals of length 2* centered at some element from A. The following result
was proved in [1].

Theorem 1.1. For each f € L*(R),

(1.1)

| [ e 2’”5%[5‘“ (tog V)|,

In [4] it was proved that at least a factor of (log N)*/* is needed on the

right hand side. Inequality (1.1) found multiple applications in the work
of Bourgain on various ergodic averages, see for example [1], [2] and [3].
Lacey [13] has used the inequality to prove bounds for the bilinear maximal
function. More recently, it has become apparent that variants of (1.1) play
a significant role in the analysis of maximal truncations associated with
modulation invariant operators, see [6], [7] and [8].

2000 Mathematics Subject Classification: 42A45.
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'We will abuse notation and also denote by Rj the union of the intervals in the
collection.
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For each 1 < r < oo and each sequence (z)rez in a Hilbert space H,
define the r-variational norm of (zy)rez to be

kv ey = sup 2l + llollvr g
k

where V' (H) is the homogeneous r-variational seminorm

M 1/r
lonlsgon =, w0 (3 o = onailh)

M, ko<k1<---<kpnr m—1

If 'H is the set of complex numbers C, then the dependence on H will be
suppressed. The only other instance that will occur is when H = [?(N)
(i.e. RY with the euclidean inner product). In that case we will use the
notation V;"(N) and V;'(N). Also, |zqllvr ey, Will refer to the variational
norm of a sequence ¢ indexed by some quantlty () that takes dyadic values
between v; and vs.

For each interval w € Ry, let m,, be a complex valued Schwartz function

adapted to w, that is, supported on w and satisfying
[0%melloe < |w|™®, a € {0,1}.

Let (wy)wer, be a collection of complex weights. Define

Akf Z / wwmw 27”€xd§a

wERY
and also
lwollvre = max {2 An € wi € Ri},, ,
e lfvee = max {[{me, () :

The following weighted version of (1.1) was proved in [§]

Theorem 1.2. For each r > 2 and f € L*(R) we have the inequality

|

with the implicit constant depending only on r.

S NV wglvre (1 + [Imglvee)
L2(R)

18010

2k<10—2D

[ Fll2,

Theorem 1.2 was one of the tools needed to prove the following extension
of Bourgain’s Return Times theorem:
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Theorem 1.3. ([8]) Let X = (X, X, u,7) be a dynamical system, and let
1 <q<oo0andp > 2. For each function g € LX) there is a universal
set Xo € X with w(Xo) = 1, such that for each second dynamical system
Y = (Y, F,v,0), each f € LP(Y) and each x € Xy, the averages

N D)

converge for v-almost every y.

In [8], Theorem 1.3 was proved in the case p = 2, and the case p > 2
followed immediately due to the nestedness of LP(Y') spaces. If one wants
to extend the approach from [8] to generalize Theorem 1.3 even further, to
the case p < 2, then an LP version of Theorem 1.2 needs to be proved. We
achieve this here, see Theorem 1.5 bellow. This result gives hope that the
following conjecture can be proved, and it is a first step in the direction of
its resolution:

Conjecture 1.4. Theorem 1.3 holds whenever 1 < p,q < oo and
1 1 3

p g 2
Theorem 1.5. For each 1 < p < 2, each € > 0 and each r > 2 we have the
mequality

| sup (8@ S N el (1 o)
2k<10—2D

[ fllps

with the implicit constant depending only on r, € and p.

2. Where the difficulty lies

Theorem 1.5 would typically be applied to the Conjecture 1.4 with r very
close to (but larger than?) 2, in which case the exponent of N approaches
1/p—1/2. On the other hand, this is also the best possible exponent one can
hope for in Theorem 1.5. This was already observed in [8], and it suffices to
consider a single scale. We reproduce the construction for completeness.

Proposition 2.1. For each N € N and p € (1,2) there is a choice of signs
(€n)1<n<n such that if fx = 1y N then

> NYP2) fll ey
LE(R)

N-1
H /J?N(g) Z Enlnni)(€)eX™0dE
=0

2The weights w,, are typically averages at scale |w|~! of the weight function g; the r
variation of these averages is only bounded when r > 2.
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Proof. It immediately follows that

I fxllzomy ~ N1V,

N-1
n=0

Khintchine’s inequality ends the proof. |

~ N1/2.
LE(R)

It is worth mentioning that Theorem 1.5 also holds in the case p > 2,
with the bound® N2~ ¢ but the proof in this case is immediate. Indeed,
due to interpolation with the L? result in Theorem 1.2, it suffices to achieve
the crude bound N'/2 for each p > 2. To get this, note that by the inequality
of Cauchy-Schwartz we have

N 1/2
/
S0, AT @] < Mol (S04 (5))?)
where
ful) = / Fle)eicde,
|E=An|<D/10

and M(f) denotes the Hardy-Littlewood maximal function of f. The result
then follows from a combination of the Fefferman-Stein inequality [10] and
Rubio de Francia’s result [17] on the L” boundedness (p > 2) of the square
function

SQUf) () = (i IACH

The main difficulty in proving Theorem 1.5 is that the square function
SQ(f), while it has L? — LP norm independent of N in the case p > 2,
it will have a norm of magnitude N'/?P~1/2 in the case p < 2. To over-
come this deficit, what we will do instead is relate || sup,, |Axf(2)][z®) to
a more complicated square function, V' f, without the use of the Cauchy-
Schwartz inequality (and thus without any further loss in powers of N).
Most of the paper is then devoted to proving that V' has essentially the
same LP/1 < p < 2 operator norm as S@ (see Theorem 5.1). This itself
is a result of independent interest, and we use time-frequency techniques to
prove it. It would be interesting to know whether one could use a more stan-
dard approach, via interpolation with an L' — LY result. In particular, it
is not clear whether the operator norm ||V||z1_ 1. is also of order N/P=1/2,
Our approach seems to shed no light on this issue.

3Note that the argument above also shows that this bound is essentially best possible,
when r is close to 2 and ¢ is close to 0.
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We mention that both Theorem 1.1 and Theorem 1.2 have variants in [1]
and [8] respectively, in which the separation restriction on A, is eliminated.
In each case, the boundedness of the unrestricted operator supyg; |A f] fol-
lows from the boundedness of the restricted version and by using techniques
related to the Rademacher-Menshov theorem. A similar approach can prob-
ably be pursued with Theorem 1.5 here, too. One would first have to bound
locally the LP norm by the L? norm and then apply Rademacher-Menshov
type arguments to the localized operator. These local contributions are then
summed over the whole real line, to produce the desired estimate. We refer
the interested reader to the proof of Theorem 8.7 in [8] for details.

3. A variational inequality

The following simple inequalities will be useful throughout the rest of the
paper.

Lemma 3.1. For each k, let ag, b, be some complex numbers. Then, for
each r > 1,

larbrllve < llawllve l|bxllvr -

Lemma 3.2. Let {¢; := (C](fn))lgngj\[ : k€ Z} CI*(N). Then

= 2 |2
leellveon < (3 1™ 13)
n=1

Lemma 3.3. Let (xy)g,<k<k; € C and let ko < ky < --- < k. Then

L—1
||$k||V1:0gk<kL < Z ||xk||vl:l§k<kl+1‘
=0

There is an extensive literature on variational estimates in Harmonic
Analysis and Ergodic Theory. We confine ourselves to mentioning only a
few such papers: [5], [11] and [12].

For each! z € R and k € Z denote by I(z, k) the unique dyadic interval
of length 2=% which contains z. Let ¢ be Schwartz functions with Fourier

transform adapted to [—%, %] For each interval I of length 27*, define

or(y) = |17| (k)<7y _|IC|(I))

4We can ignore the dyadic points, since they have measure zero.
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Lemma 3.4. We have for each 1 < p < oo and each r > 2

16t dreeave| , S (14 16BO) vy ) 151

L
with the implicit constant depending only on ¢, r and p.

Proof. Consider the dyadic martingale

Eo(f)(2) = (/. mlmm-

A result of Lepingle [14] implies that

HHEk(f)(x)Hv,g

By using this and Lemma 3.1 we get that

[16P OB @ |, S 16EO) g 11

Ly

It suffices now to note that the difference operator can be bounded as
follows

60 (0
H 1</, %11(1@@ — r(ha))|

<
vel o, =

) 0 1/2
= H (Xk: 182 %11(&1) — Ol(kz)) }2)

The first inequality holds since r > 2, while the second one is a consequence

of the Littlewood-Paley theory, since ¢; — ‘z’(T;'(O) 1; has mean zero (when

1] = 274, ]

S 1l
Ly

4. Time-frequency interlude

The purpose of this section is to prepare the ground for the proof of Theo-
rem 5.1 in the next section.

To prove Theorem 1.5, it will suffice by scaling invariance to assume that

(4.1) | Join AN — A\l = 1.

We will do so throughout the rest of the paper.



ON SOME MAXIMAL MULTIPLIERS IN LP 953

Definition 4.1. A tile s = s(I,n) will be a rectangle of the form
s(I,n) =1 x [\, —2"1 A, + 271,

where 1 < n < N, while I is a dyadic interval of length 27% > 100. We refer
to I, := I and w, := [\, — 271, \, +2%71] as the time interval and frequency
interval of the tile s.

The collection of all tiles will be denoted by S. We define S,, to consist
of the collection of all tiles s € S such that A, € ws. Note that (S,)"_,
forms a partition of S.

Definition 4.2. A collection S" C S will be referred to as convex, if when-
ever 5,5 € S, s €8S, \, € ws Nwy Nwgr for some n and I, C Iy C Iy,
these also imply that s’ € S'.

Definition 4.3. A tree (T, T") with top T € S is a convex collection of tiles
T C S such that I, C Ir and wr C w, for each s € T.

Note that each tree is entirely contained in some S,,.
We will denote by T, the Fourier projection associated with the multi-
plier m:

T, f(x) = / Feym©)eede.

We will use the notation

wle) = (1 2N

Definition 4.4. Let f be a L? function and let S’ C S. We define the size

size(S’) of S’ relative® to f as

: L.
size(S') 1= sup sup = [ X (2) Ton, f (@) | 2,
seS’ ms |IS| /

where m, ranges over all functions adapted to 10w;.

For a fixed tile s, the quantity

: Lo
size(s) = sup WHX}S(@TmSﬂ@HLg,

ms

is an approximate measure for the L? norm of the portion of f that is
localized in time-frequency in s.
We need some notation and results from [16].

5The function with respect to which the size is computed will change throughout the
paper; however, it will always be clear from the context.
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Definition 4.5. Let (T,T) be a tree, and let Iy be the collection of all
maximal dyadic intervals I C I which have the property that 3/ does not
contain any of the intervals I, with s € T. For an integer j with 277 < |I7|
let F; be the union of all intervals I in Ip such that || < 277

For an integer j with 2=7 > |Iy| we define E; = ().

The sets Ej obviously depend on the tree T, but we suppress this de-
pendence.
We recall the following Lemma 4.12 from [16].

Lemma 4.6. Let €); be the collection of connected components of Ej. Then
Q; 1s a finite collection of dyadic intervals each of which has length equal to
an integer multiple of 277.
For each I € Q;, let % and 2% denote the left and right endpoints of I,

and let Ijl- and I denote the intervals

I]l- = (oh — 2797 ot — 27972

IT = (o] + 2772 a7+ 27771,
Then the intervals I]l- are disjoint as j varies in the integers with 277 < |I|

and I varies in ;.
Similar statements hold for the I7.

Recall also the weight function from [16].

pim(w) =y 270N (1 g 2T — )T
j

yEBE‘j

An important role in our future investigation is played by the function

Wle) =3 45 [ o ) i

seT

where |I,| = 2790,
In the same Lemma 4.12 from [16] it was proved (and this is an immediate
consequence of Lemma 4.6) that

> 2 #OE; < |Ix.
J
This in turn automatically implies that

/WT(;E)d;E < Izl
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We will need a stronger result, namely that
[ Walado <1
J

for each dyadic J C [Ip. This however also turns out to be an easy conse-
quence of Lemma 4.6. We leave the details to the reader. The following is
then a standard corollary.

Corollary 4.7. We have
||WT||BMO 5 17

where || - [[smo stands for the dyadic BMO norm.

The following result is a simplified version® of Proposition 7.4 from [16].
In its current form, it appears essentially in [9].

Each tree T defines a region in the phase-space domain. The operator V
from Theorem 5.1 will receive a contribution from all the trees. The lemma
below will show that for each tree, the most important contribution comes
from the part of the function f, denoted by Ilr(f), that essentially lives in
the region defined by T.

Lemma 4.8. (Phase-space projections) Let (T, T) be a tree and f € L*(R)".
There is a function Iyp(f), called the phase-space projection of f on the
tree T, satisfying the properties:

e (i) (Control by size) Ilp(f) is supported in 2Ir and satisfies the L™
bound

M (f)lloe < size(T).

As a consequence, for each 1 <t < 00,
(4.2) T ()l S [Er[*/*size(T)
with the implicit constant independent of T or f.

e (i1) (Ilx(f) approzimates f on 'T) For each s € T with |w,| = 27, each
m adapted to ws we have

(43) [ (1L161) T (e (f) = )|, S size(T |f|1/2/ (@) () da

60ne of the simplifications arises from the simpler definition of size from Definition 4.4.
"Since we only want an L? estimate in (ii), there is no need for the extra assumption
Ifllso <1 from [9] or [16].
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Assume that for each &k € Z we have n functions ¢§’“), e *) whose

Fourier transforms are adapted to the interval [—1/2,1/2]. Define also the
modulated versions

A i (k) .T—C([) TIAR T
(4.4) brn(z) = |z|¢’n <7III )e2 ,

whenever |I| = 27%. Also, if s € S, define ¢, := ¢7,,. We will assume
throughout the rest of the section that

(k)
max||¢n” (0)]

V’f‘
k,2—k>100

If (T,T) is a tree and r > 2, define
Ve f(x) := |1, (2)(f, ¢s)

As a consequence of Lemma 3.4, Corollary 4.7 and Lemma 4.8 we have

Proposition 4.9. Let (T,T) be a tree and let f € L*(R) N LY(R), for some
1 <t<oo. Then

” .
VSET

(4.5) Ve flle S [r|"'size(T).
Proof. Triangle’s inequality implies
Ve flle < [[Velle ()l + (Ve (f — De(f)]e

Since the first term above is well controlled by Lemma 3.4 and by (4.2),

it suffices to control the second term. Note that by (4.3) and the fact that bs
is supported in w,, we have for each s € T

(= T1x(9) 6] < [ 161, (@) T, (f = Tx(1)) (@)l da
S 2161, Ty, (7 = T (D) ) [l (L] 62)
Ssire(DILI [ @ (o)

where m; is an appropriate function, adapted to ws and equal to 1 on the
support of ¢.

Next, by using the above and the trivial estimate ||z ||y < |[zk][n(z), we
obtain the following pointwise estimate

Ve (f = (f))(@)] < size(T)Wr(z).

The claim is now immediate from Corollary 4.7 and John-Nirenberg’s in-
equality. [ |
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The following lemma is immediate.

Lemma 4.10. If (T, T) is a tree and let f € L*(R) N L=(R) then

size(T) < sup inf M f(x).

SET Iels
We now show how to split S into trees with special properties.

Lemma 4.11. Let S’ C S be a finite convex collection of tiles and let f €
L*(R) N L=(R). Then we can split

= J Sw
2—m<2size(S’)
where S, is the union of disjoint trees
Sn=J T
TEFm
with size(T) < 27™ for each T € F,, and moreover
(4.6) > il S 22MIF1E.
TEFm

This lemma is obtained by iterating the following lemma

Lemma 4.12. Let S’ C S be a finite convex collection of tiles, and assume
size(S') < 2.
Then one can split
S'=S|US,,
where S is the union of disjoint trees
si=T
TeF

with
> Il S AL,

TeF

while
size(S,) < \.

Proof. The proof is entirely standard. We briefly sketch the argument.
e Step 0: Set S := 8’ and F := 0.
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e Step 1: Select a tile T" € § with maximal time interval I7 such that
there exists mr adapted to 10wy satisfying

1 .
(4.7) WHX}Q(@TmTﬂx)HL% > A

If there is more than one tile having a fixed (maximal) time interval
that qualifies to be selected, just select any of them. Construct the
maximal tree T in S having top 7. Reset F := FU{T} and § := S\T.

If there is no such tile to be selected, stop, the algorithm is over.
e Step 2: Go to Step 1.

After the algorithm stops, set

Si==[JT and S,:=8\8,

TeF

and note that size(S5) < A, as desired.

Observe also that the rectangles (It X 10wr)resr are pairwise disjoint.
Indeed, if T, T” have the tops T and 7" in the same S, (1 < n < N)
then I and I will be disjoint by maximality. If 7" and 7" belong to
distinct S,, and S,/, then, while their time intervals may intersect, the fre-
quency components 10wy, 10wy will be disjoint, due to (4.1) and the fact
that |wT|, |wT/| < ﬁ

Finally, inequality (4.7) combined with this pairwise disjointness implies
via a (now) very standard 77 argument (see for example Corollary 7.6
in [15]) that

> Izl S A1

TeF ]

Remark 4.13. Note that if S’ is convex, then each S,, is convex.

5. A square function estimate for the variational norm
Let as before ¢§k), e *) be Schwartz functions whose Fourier transforms

are adapted to the interval [—1/2,1/2], and let ¢;, be defined as in (4.4).
For r > 2 define

N ) 1/2
Vix) = (Z 117 (2){f, ¢I,n>||v;‘,‘>wo> :
n=1
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Theorem 5.1. We have for each 1 < p < 2 and each € > 0

(5.1) IVl S N (1 ma 6 (0)]

k,2—k>100

s

with the implicit constant depending only on r, p and €.

Proof. We can and will assume that

—

max |6 (O) vy, , <1

k,2—k>100 —

The inequality when p = 2 (with € = 0) follows immediately from Lemma 3.4
and by orthogonality. By interpolating with the L? bound, it suffices to

prove (5.1) with the bound N'/2 rather than Np—2te

We rephrase the inequality to be proved in terms of tiles. We are to

prove that
1/2
Ve f( (Z 117, (z){f, &s) HV’“ )

satisfies
1/2
Vs fllp < N2 f s
uniformly over all finite S C S which in addition are also convex.
Also, by restricted type interpolation, it suffices to prove
|

(5.2) [{z e R: Vo lp(z) > N N2} < VR

for each F' C R with finite measure and each € > 0, with an implicit constant
depending just on p and e. Moreover, due to the L? result, it suffices to
prove (5.2) for A < 1.

Consider the exceptional set
E:={zxeR: Mlp(z) > CA},

with C' large enough, independent of F'. Since

| F]
pl2 |
|E| <2C YR
it further suffices to prove
F|

{z e R\ E: Velp(z) > N N2} S l)\p
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Obviously, on R\ E only the tiles s € S’ with I, N (R\ E) # 0 will
contribute to Vg 1p. Thus we can assume S’ consists only of such tiles. Note
that S’ remains convex. Lemma 4.10 implies now that size(S") < \/2,if C'is
sufficiently large. Here, the size is computed with respect to the function 1p.

Recall now the decomposition in Lemma 4.11. For each 27 < A\ and
each T € F,, we define the exceptional set

Er:={zx €Iy : Vrlp(zx) > )\%_62_’"/2},
and we note that due to Proposition 4.9,
|Ex| S A1GT927m 2 Iy

Furthermore, due to (4.6) we get that

r_ —t(2—e)9—mt/262m ﬂ
‘E._U UET),iZ)\ e
2-m<\ TEFm 2-m<)

assuming

9 _
t>max{4, p}‘
€

As a consequence, it further suffices to prove that for z € R\ (F U E')
we have

|Vs/1F(.T)| S )\l_eNl/Q.

Observe that each = € R belongs to at most N time intervals I of tops T’
of trees in S,,, for each 27 < . For each m, at most one of these trees is
in each S,, (1 < n < N). Call these trees Ty, ..., Ty, where we allow
some of them to be empty. Then

Vorta(e) = (Ve 1))

n=1

By the triangle inequality in Lemma 3.3 (possible since each S,, is con-
vex) combined with the triangle inequality for the norm of I2(NV), it follows
that whenever x € R\ (F' U E’) we have

Volp(z) < D Vs, (@) < Y NYV2Az—e27m/2 = N N1/2,

2—m N\ 2=m N\
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6. Proof of Theorem 1.5

We first use Fourier series to rewrite the maximal function sup, |Axf| as a
maximal expression involving sums of exponentials with variable coefficients.
We then estimate the L? norm by the L? norm, on each dyadic interval of
unit length. The L? norm of these maximal exponential sums will then be
estimated by using the metric entropy method, see Lemma 6.1 below. The
result is that the local contribution, | supy |Axf|||zr(s), will be bounded by
|V fll»(s)- These local contributions are then summed up and Theorem 5.1
finishes the argument.

The idea of reducing matters to maximal exponential sums goes back
to [1]. The advantage of dealing with expressions of the form

N
sup | Z ck,neQ’”"\"y|
k n=1

resides both in the almost orthogonality of the exponentials, but also in the
finite dimensionality of the coefficient space, [*(N). In [1], the reduction
to exponential sums is performed via an averaging procedure, that relies
crucially on Plancherel’s theorem. However, in our case, this type of argu-
ment is not available, since we deal with LP estimates. We will instead use
windowed Fourier series expansions. The key is the fact that we can reduce
matters to L? locally, without further loss in the constants.

The following lemma essentially appears in [1]. Its current formulation
is taken from [8].

Lemma 6.1. ([8, Lemma 8.4]) For each set C = {cx} C I*(N) and each
r > 2 we have

N

Jsup | 3 x>
k _
n=1

with the implicit constant depending only on r.

< N1/2—1/r|
L2([0,p-1)) "

ek llve v

Proof of Theorem 1.5. By rescaling, we can assume that the separation
constant D = 1.

Let ¢ : R — C be a smooth function such that 1Z is supported on [—1, 1]
and equals 1 on [-1/2,1/2]. For each dyadic interval I := [I/2% (I + 1)/2"]

denote by :
L r—=c I) TiAn T
Grn(z) = mmw,*<T)€2 Ant
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where w is the unique interval in Rj, that contains A, m,, . is the rescaled,
shifted at the origin version of m,,, that is

mw7*<5 _ )\n> =my(§).

wl

Assume now w is centered at some \,,. By using windowed Fourier series
on w we can write

7 i i 5
F&m [ [ Foymamentnag) s
|w| %Z: } < |w] )
so that
mu(§) F(©)e™ g = > M b ().
T
where 0
xr—c
vla) = o).
1]
Let now J be a dyadic interval of unit length. For each 2F < ﬁ and

each [ € Z denote by I(J, k,1) the unique dyadic interval of length 2% such
that (27% + I(J, k, 1) contains J. We have

HSUp|Akf |HLP S

<ZHsup} Zemhx Iy O1( k)0 Wi ) V1 (2 ”

IEZ n<N La(J)
< 22 1007 lsup‘ Z €2m)\nx f ¢I Tk, >’LUk n} LP(J)’
IeZ n<N *
where wy,, = w,, given that w is centered at A, and has scale 2% By

invoking standard rescaling arguments it suffices to analyze the case [ = 0,
so any further dependence on [ will be suppressed. We can now invoke
Lemma 6.1, Lemma 3.2 and Lemma 3.1 to get

H Sup } Z T ( f ,¢1(J,k),n>wkm}
k n<N

<
LE()

_HSUP‘Z XA f L 11k m) Wh ‘

n<N L&)
1/2—1/r S V2
<N mT?XHwk,nIIVIg(Z [f, Dram), >HV’“)
n=1

= N2V lwy ||y Vi f,
where V; f denotes the (constant) value of V' f(x) on J.
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By raising to the p'* power and by summing up over all dyadic J of unit
length, it suffices now to prove that

(6.1) IVl S Nv 725+ mllvee) L1l o
This however was proved in Theorem 5.1. ]
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