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The (L', L') bilinear Hardy-Littlewood

function and Furstenberg averages

Idris Assani and Zoltan Buczolich

Abstract

Let (X, B, u,T) be an ergodic dynamical system on a non-atomic
finite measure space. Consider the maximal function

J(T"2)g(T*")

R*:(f,g) € L' x L' — R*(f,g)(z) = sup

We show that there exist f and g such that R*(f,g)(z) is not fi-
nite almost everywhere. Two consequences are derived. The bilinear
Hardy-Littlewood maximal function fails to be a.e. finite for all func-
tions (f,g) € L' x L'. The Furstenberg averages do not converge for
all pairs of (L', L') functions, while by a result of J. Bourgain these
averages converge for all pairs of (LP, LY) functions with 1 —|— <1

1. Introduction

The bilinear Hardy—Littlewood maximal function was introduced by Alberto
Calderén in the 1960’s. It is defined for f, g measurable functions as

M*(f, ) () —sup—/ f(+ 5)glz + 28)ds.

Our purpose is to prove that M* is not always a.e finite when the functions f
and g are in L',

Theorem 1. There exist functions f,qg both in L' for which the bilinear
Hardy-Littlewood maximal function

M*(f, ) () —sup—/ f(o+ 5)glz + 28)ds

1s not a.e. finite.
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To prove this theorem we use Ergodic Theory. The Ergodic Theory
version of the bilinear Hardy—Littlewood maximal function is defined for
f.g>0as

N

> f(Ta)g(T ),

M(f,9)(x) = SUD 5

where T' is an ergodic measure preserving transformation of a non-atomic
probability measure space, f € LP, and g € L. They are called Furstenberg
averages. They appear in H. Furstenberg’s paper in 1977 [5].

A transference argument shows that the class of functions in LP x L, for
which M* and M are a.e. finite is the same. For f, g > 0 we have

F(TNa)g(T* )
2N +1 ’

M(f,9)(@) = sup

the tail of the averages M(f, g)(z). We consider the maximal function

R () (0) — sup LT )

n n

In [1] we showed that for all p,q > 1 such that % + % < 2, R* maps
LP x L9 into L" as soon as 0 < r < 1/2. This implies that R*(f,g) is finite

q LT

almost everywhere an — 0 for a.e. x as n — oo.

In this paper we show that for p = ¢ = 1, R*(f, ¢)(x) is not finite almost
everywhere for all f and g.

Theorem 2. Let (X, B, u,T) be an ergodic measure preserving transforma-
tion on a finite non-atomic measure space. Then there exist functions f,g
both in L1 (X) for which the mazimal function

f(Tra)g(T* )

n

R*(f,9)(x) = sup

s not finite a.e.

The example of the identity map shows that Theorem 2 is false without
the ergodicity assumption.

Theorem 2 gives us three conclusions. First it solves an open problem
in Ergodic Theory. Indeed, a deep result of J. Bourgain, [2]|, showed that
the Furstenberg averages converge a.e. as soon as the Holderian duality is
respected, (i.e. % + % < 1). Theorem 2 shows that these averages do not
converge for all pairs of (L', L') functions as the tail of these averages does
not converge a.e. to zero for some functions f,g € L'. This is the content
of the following result
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Theorem 3. Given an ergodic measure preserving transformation T, on a
nonatomic probabilty measure space, we can find functions f,qg € L' for
which the Furstenberg averages

f(T"2)g(T*"x)

] =

1
N

Il
=)

n

do not converge a.e.

Secondly, by transference the unboundedness of M(f, g)(z) implies the
same result for the bilinear Hardy Littlewood maximal function in (L' x L)
and gives a proof of Theorem 1.

A third consequence of Theorem 2 is that 1/2 is an optimal bound for R*.

In view of all these three consequences we just need to focus on proving
Theorem 2.

For some further results and recent progress related to the bi- and trilin-
ear Hardy—Littlewood maximal function we also refer to [7], [8], [3] and [4].
Let us fix some notation. Given ¢ : R — R, periodic by p we put

[o- %/0%(9;)019;.

Given a Lebesgue measurable set A, periodic by p we put
— 1
A(A) = EA(A N[0, p)).

For a function ¢ : R — R, we will denote by spt (¢) the set of those
x’s for which ¢(x) # 0. This notation differs slightly from the support of
a function. The functions for which we will apply it will be constant on
intervals of the form [k, k + 1), k € Z and hence spt ¢ differs only by some
endpoints of these intervals from the set which is usually considered to be
the support of a function.

2. Main Results

We want to prove Theorem 2. To this end we introduce the following defi-
nition.

Suppose that P C N is an infinite set, % <p<l,0<e< eodéfl/l[),
s, o € N. We also suppose that M > 2, M € N

We will define the functions ¢;, ¥, : R — R so that if A is any of these
functions then A(z) = A(|z]).

We fix the parameters p, € and M.
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Definition 1. An o — P — s-family with ¢-interval [a,w] consists of an
integer ng and of non-negative functions ¢;, 1 = 1,...,ng, Yr, k = a,...,w
which are periodic by an integer p, € P, ps > w and

(2.1) A< max max > oicy Gi(@ + Dby (2w + 21) .-
' ' ke[avw] lSps l el
> mi s(M —1)e2~M
ST 2088 ’

(2.2) s-27M-1 < Z/¢ < 5.2 M+
=1

(2.3) pe < Z/wk < e
k=a

Note that in this definition « is predetermined but w is not. The num-
ber w depends on « and on other objects of our construction like the func-
tions ¢ and .

The next lemma shows that the notion of a« — P — s-family is “generic”
among infinite sets P of positive integers in the following sense: if we can
find one o« — P’ — s-family then for any other infinite subset P we will be
able to find an a« — P — s-family. This lemma allows us to restrict the proof
of the existence of such families to infinite set of integers consisting only of
powers of two.

Lemma 4. Suppose that P' C N is an arbitrary infinite set and there exists
an o — P’ — s-family with '-interval [o,w]|. Then for an arbitrary other
infinite set P C N there exists an o — P — s-family with -interval [o, w] as
well. Moreover,

ey [on [on infu (1-2) [o [os [o

and

25) o~ [ in et (1-2) Jeis [ues [u

where ¢, ;. belongs to the “old” o —P' — s-family and ¢;, 1y to the “new”
a — P — s-family and these families are periodic by pl, and ps, respectively.

Proof. Suppose we have ¢}, i = 1,...,ns, ¥}, k = «,...,w periodic by

Pl € P, pl, > w satisfying (2.1-2.3). Since P contains infinitely many terms
there are arbitrarily large elements p, € P. We will select a sufficiently
large ps > pl.
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To define ¢;, ¥y periodic by ps it is sufficient to define them on [0, p;)
and then extend their definition onto R by periodicity. If x € [0, |ps/p.] - p)
then set ¢;(x) = ¢i(x), i = 1,...,ns and Yi(z) = Y, (z), k = a, ..., w. lf x €
[|ps/DL] - P, ps) then set ¢;(x) =0 = ¢Yp(x) fori =1,....,ns and k = a, ..., w.
Since in (2.1-2.3) concerning A and [ there are strict inequalities it is not
difficult to see that (2.1-2.3) hold for ¢; and v, if p; is sufficiently large. For
example, we show that (2.3) and (2.5) hold. We have

o 1 1
(2.6) /mz—/ o= L oL
Ds J(0,ps) Ds Jio,|ps/p.)pL)

IRV NVAT A RINAT .
_ . g = el Pl [
ps  ps/DIPs S0, 1w i) Ps

From this and

o o
27) Ps =Py _ Lps /PP, <1
DPs Ps

it follows (2.5) and adding these inequalities for &k = a to w we obtain (2.3)
when p, is sufficiently large. |

The next simple “independence lemma” will be useful later.

Lemma 5. Suppose t,n,m,m9,01,05 € Z, 01,05 > 0. Consider two sets
Xy, Xy C [t27, (t 4 1)2") with the following properties:

a) They are “periodic within” [t2" + 6, (t + 1)2" — 63) by m and m, respec-
tively. This means that fori = 1,2 if x,x + m € [t2" + 61, (t + 1)2" — 65)
then x € X; iff v + m € &j.

b) They consist of integer intervals. This means that x € X; iff |z| € &;
fori=1,2.

Then for relatively prime 7 and m we have
A A (X
(2.8) A N X)) < 2%

if 2" is much larger than max{my, ma, 61, 0s}.

Proof. Set X; =X\ NZ, Xy = X, NZ. Since the sets X} and X5 consist of
integer intervals A(X;) = #X;, (i = 1,2) and A\(X; N Xy) = #(X; N X5).
Suppose ¢ € {1,2} and

Then

7 def #(X; N [kmy, (k4 1))

Uy
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does not depend on the choice of k as long as (2.9) is satisfied. If n — oo
with 7y, m, 6; and 0y fixed then

AL 2m
Therefore, if 2" is much larger than my, 7, #; and 6y then
%
(2.10) L < V2 (Qn ) olds for i = 1,2.
Suppose

2" + 91 < kmme < (k‘+ 1)’/T17T2 —1< (t+ 1)2” — 92.
Since m; and w9 are relatively prime

#(Xl N X2 N [k”]ﬁ’/’(z, (]{ + 1)7T17T2))
T179 ’

LyLy =

If n — oo with 7, m, 61 and 65 fixed then

A(X N AXy) _ #(X1 N Xy)
2n 2n
Therefore, if 2™ is much larger than my, 7, #; and 65 then
A(X N A)
2n

— LlLQ.

< L LyV/2.

By using (2.10) we have

MUNY) v < (2 20) (2 2%2) v

and after multiplying by 2" this implies (2.8). [ |

Theorem 2 is a consequence of Theorem 6. The proof is quite long.
Therefore we have divided it into two steps and several substeps (14 SUB-
STEPS). STEP 1 contains six substeps that correspond to the first induc-
tion step for s = 1. In STEP 2 we finish the induction argument on s. In
Section 2.15 we show how this result allows us to derive a proof of Theo-

1 1

rem 2. We recall that the parameters 5 < p < 1,0 <€ < 75 = €, and

M € N, M > 2, are fixed in the definition of an a« — P — s-family.

Theorem 6. Suppose that P C N is an infinite set. Then for every o, s € N
there exists an o — P — s-family.

Proof. We do mathematical induction on s. By Lemma 4 we can suppose
that P consists of powers of 2.
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2.1. Step 1: The s =1 case
Substep la: Interval supports

First we show that for any possible choice of o, P, 5 <p <1,0<e< 10,
and M € N, M > 2, one can find a« — P — 1—families

We will select later a suitably large n; and for ¢ < n; we set ¢;(z) =0
for all z € R. To define ¢,,, and the functions ¢y, k = «,...,w one could
come up with a somewhat simpler definition but to help the reading of the
more technical later steps of our induction we introduce already at the first
step some of the features used later.

We choose integers 0 = kg < ky < --- < kj; so that k& > a.
The interval support of ¢,, at level k is defined as

(2.11)  ispty(dn,) = [_J{I(t — 1)2m T 12m ) .
t € Z, spt(¢n,) N[(t — 1)2MTF 12m+k) £ ¢}

t2nl+kj—1

/

| [ | [ | [ | [ | [ ]
[ [ ] [ J [ J [ J [ J

(t — )2k

t/2n1+k'
(t — 1);“%—1 ]

Figure 1: One component of ispt, (én,)

Outside its support ¢,,, will vanish, so by giving its interval support at dif-
ferent levels we can define it. We zoom in during this definition. (This means
that we define our interval supports as nested sets consisting of intervals and
first we define the larger sets and then we define the smaller ones. This is
similar to the procedure of defining the triadic Cantor set as the intersec-
tion of closed sets at level k consisting of 2¥ many intervals of length 37F.
Though in our construction we will use only finitely many steps of zoom-
ing in.) We set

lsptklw (¢n1) — R

For j € {1,..., M} an interval [(t—1)2"+"-1 ¢2M+h—1) C ispty, (én,)

(2.12) belongs to iSptkj_1(¢n1) if and only if ¢ is even.
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(See Figure 1.) This implies

(2.13) Nisptr, (6.0 = (5)

and

(2.14) X(iSPtkj,l((/ﬁm)) = X(iSptkj(¢n1) \ isptkj,l(ﬁzsm)) = %)\(iSptkj((/ﬁm))

It will be useful to keep in mind for further reference that t — 1, which
corresponds to the left endpoint of a support interval is odd.

2.2. Substep 1b: Definitions of ¢,, and Wz;

We will define ¢, so that it will be periodic by 2"+ € P,
If [(t — 1)2™,12™) C ispto(¢n,) = ispty, (¢n,) then

(2.15) (@) =2 ifz € [(t—1)2", (t —1)2™ + 1), and
(216)  ény(x) =0ifx € [(t—1)2™ +1,¢-2™).

From (2.13) and (2.14) used with j = 1 it follows that

(2.17) 7§: b; = 7%1 —9o—M

Set ki = a.
For any k # k7, k € N and x € ispt, (¢,,) we set ¢p(x) = 0.
For x & ispty, (¢n,) We set 1y () = 0, that is,

(2.18) Yy is supported in ispty, (¢n, ).

We will choose ¢/ so that it is constant on intervals of the form [n, n+1)
for all n € Z, it is periodic by 2™+ its range is {2*1,0} and

1
(2.19) e

€-2M < / Yy (v)dr < 2™,
[(t-1)271+1,¢2m1 +1)

provided [(t — 1)2™,12™) C ispty, (¢5,). Inequality (2.19) can be achieved
if 2™ is sufficiently large.

Suppose j > 2 and we can also suppose that o < k; < ... < k.
We will choose n; so that ny > ks and k; such that k;_; < k;défk'j_l +

10 < k;. Our constants will be selected by induction in the following order:
ki, ki, ko, .. kj_1, K}, kj, ..., kar, my. Assumptions about kj’s and k}’s are
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given in Section 2.3, we emphasize that in (2.26) the value of the fraction
does not depend on n;. While we make assumptions about n; at (2.19),
(2.22), (2.24) and (2.43).

The function

(2.20) Yy, will be supported in ispt; (¢n,) \ ispty,_, (&n,)-

At the s = 1 case one nonzero ¢k; is sufficient, that is, we set 1, (x) = 0 for

all x € isptk]- (¢n1) \ isptkj_1(¢n1)7 ke Na k 7£ k;
To each t € Z we associate a period 7(t) > 2 +1 5o that

(2.21) if t # ¢ mod 2" then (7 (t),7(t)) = 1.

These periods can be different primes. We suppose that if 7* = max, 7(t)
then

(2.22) 2m > (7*)km and

(2.23) if z,x 4+ m(t) € [(t — 1)2™ + 1,t2™ + 1) then Ui, (x) = U (x + 7 (t)).

This means that ¢y is “periodic” by m(¢) within [(¢ — 1)2™ 4 1,22™ + 1).
We will choose 1/%; so that it is constant on intervals of the form [n,n + 1)
for all n € N, it is periodic by 2™+ its range is {20} and

€-2"M < / Y (z)dr < 2™,
[(t—1)2n1 41,271 41)

provided [(t —1)2™,$2") C ispty, (én,) \ ispty, , (¢n,). Inequality (2.24) can
be achieved if 2™ is sufficiently large.
We need to say something about the points where

O (4 Db (o +21)

I+p

(2.24)

(2.25) l >
Since ¢, (z +1) = 2" if z +1 € spt (¢,) and thy (z + 21) = 2k if o + 2l €
spt () we need to consider [ < grth;

A few words about our general plan. We will be interested in certain
intervals [to2", (to +1)2™) C ispty, (¢ny) \ 18Pty _, (#n,), the exact assump-
tion about these intervals will be given in (2.29). In these intervals [t;2"!,
(to +1)2™) we consider sets X, satisfying (2.48). These sets are unions
of the subsets X, see (2.46). For the sets Ay, ; we have (2.40). For
fixed ¢y but different ¢;’s the sets &}, are sufficiently independent, so we

have (2.43). Based on this we can obtain a lower estimate of the measure
of X, see (2.44), (2.45) and (2.47).
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2.3. Substep 1lc: The auxiliary sets X'(j,ni + k}), X(1/2,3/4,7),
X(1/2,3/4,j,e) and X (1/2,3/4,j,0)

We can suppose that k; > ki = k; ;1 + 10 is so large that for most points
T e isptkj (¢n1) \ isptkj—1(¢n1) we have [.2?, r+2- 2n1+k; + 2711) - isptkj (¢n1)
We denote the set of these z’s by X'(j,ny + k}). Hence, if k; is sufficiently
larger than £} then

(5 /
(2.26) | oo MECGmAE)) >
A(ispty, (¢ny) \ ispty,_, (&n,))
We remark that our construction implies that in (2.26) the choice of k; does
not depend on the choice of ny, which means that one can choose a K such
that for all k; > Ko we have (2.26) for any n;. Denote by X(1/2,3/4, j)
the set of those = for which there exists ¢ € Z such that
3

1
(2.27) x € [(t + 5)2”14-]‘7]'—17 (t + Z)Qm-l—kj_l)'

We split X (1/2,3/4,j) into two subsets depending on the parity of .

If (2.27) holds and ¢ is even then z € X(1/2,3/4, j,e), while for odd ¢’s
z € X(1/2,3/4,,0).

Suppose

DN | —

r,y € X(1/2,3/4,7), x <y, v € X(1/2,3/4,j,¢), y € X(1/2,3/4,7,0),

and [ = |y]—[xz] > 0. Then, as the reader can verify, |z| € X(1/2,3/4, 7, e),

yEr 1€ X(1/2,3/4,7,0) and z+21 € [2¢/ - 2mFki=1 (2 4 1)2m+ki-1) with

at' € Z. Hence,

if v € X'(j,n1 + k) N X(1/2,3/4,,¢e) and
(2.28) ye X(1/2,3/4,5,0), 0 <l =|y] — |z] < 2" then
y' =x+1€ispty,  (¢n,) and x + 21 € ispty, (¢n,) \ ispty,_, (&n,)-

2.4. Substep 1d: Estimate of the measure of those points where (2.25)
holds in one 2™ grid interval, definition of the sets &}

Suppose

(2.29) [to2™, (to +1)2™) C X'(j,n1 + k) N X (1/2,3/4, j,¢).

We want to obtain an estimate of the measure of those x’s for which (2.25)
holds. By (2.29) there exists ¢, € Z such that

1 3
(230)  [t02", (to+1)2") C (2t + 5)2mTE (20 + kit ).
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Suppose

(2.31) y e X(1/2,3/4,7,0) Nspt (¢n,) with 0 < [ = [y] — |z] < 2M+H.
Then ¢, (y) = 2™ and by (2.15)

(2.32) there exists t; € Z such that y € [t12",£;2™ + 1).

Moreover, | = t12™ — |z| and ¥/ = x + 1 € [t12™,£,2™ + 1) as well which
implies ¢, (z +1) = ¢, (v') =2™ and |y —¢'| < 1.

I3*(x)

[;i1,1/2,3/4(3/)

L ST i T

(t5() — 12 t(aom

75;—1,1/2,3/4(3/)27“%]'_1

Figure 2: Notation related to I5*(x)

Denote by
(2.33) Ij**(x) :[(t*(x) _ 1)2n1+k]-7 t;($)2n1+kj)

j
the component of ispt,, (¢, ) containing .

By the definition of X'(j,n; + &}) the points y' = 2 + [, and x + 2I belong
to [7*(x), that is, =, ¥’ = x + [, and = + 2[ belong to the same component
of ispty,, (¢n,). Moreover, by (2.28), y' =z +1 € ispty,_ (dn,) and x + 21 €
ispty,, (@n,) \ ispty,_, (¢n,). We introduce the notation

j—1,1/2,3/4(y) = [(tj—1,1/2,3/4(y) + 5 )2 1k (%’-1,1/2,3/4(1/) + 1 )2 1+kj_l)

for the interval containing y € X(1/2,3/4,5). Then ¢/ € [;i1’1/273/4(y) holds
as well. On Figure 2, I;i171/273/4(y) is the tiny interval containing y, its
length is marked by a short line segment above y. Keep in mind that we
supposed that 7 > 2. By our construction if

1 3
(2.34) I :[(t* + 3 J2mthion (1 4 1 )2”1+kj—1) is a component of
ispty, ,(én,) N X(1/2,3/4,j) then

(2.35) A(ispty(ém,) N I) = (%)Hw*) _ (%)j_lznﬁka’—l—?.
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This implies that there exist exactly

N
(2.36) (5) 2Ki-172 many ¢,’s such that [t;2™,¢,2™ + 1) C spt (¢n,) N I*

We denote the set of these t;’s by 77(I*).

We still assume that ¢, satisfies (2.29). By (2.12) in the interval [ty2™ +
gtk =1 oom 4 9mFk)Y there are 2875172 many I*’s satisfying (2.34). De-
note the set of the corresponding t*’s by 7*(to). Finally, denote by 77 (to)
the set of those ¢; which belong to a 7;(/*) with I* of the form in (2.34) and
t* € T*(tp). Then by (2.36)

(2.37) ST (1) = (%)J T ghi—2gki—ky -2 _ (%)J ok -3,

Next suppose t; € 7;(to) is fixed. If y € [t12™,¢12" + 1) then by (2.36)
On, (y) = 2™. For x € [tp2™, (to+1)2™ ) set I, = 112" —|z| = |y]—|z] and
Y =x+1y,. Then ¢, (+lpty) = Ony (V') = @0, (y) = 2™ From t; € Ty(to)
it follows that [t,2™,#,2™ 4 1) C [te2™ + 2™ K571 152" + 27K This and
x € [t2™, (to + 1)2™) implies

(2.38) 0 <lps, = 12" — |z < (0 —1)2" < omtky — omitha
We have ¢, (€ + l,4,) = 2™ and

(T 4 Loy )0k (T 4 21 4,
D, ( ) ( ,t)>1

(2.39)
lﬂj,t1
if &+ 2054, € spt(¢y). For ty € Ti(to) denote by Xy, the set of those
x € [to2™, (to + 1)2™) for which = + 21, ,, € spt (@Dk;)- This means that

(2.40) for x € Xy 4, C [t02™, (to + 1)2™) there exists [, 4, such that
' (2.39) holds and ¢/ = x + l,.4, € [t12™,612" + 1).

2.5. Substep le: “Periodicity and independence” of the sets X}

Observe that if x € [tg2™, (to + 1)2™) then |z] € [te2™, (to + 1)2™ — 1]
and x + 20,4, € [(2t; —to — 1)2™ + 1, (2t; — t9)2™ + 1), moreover by (2.23)
spt (1) is “periodic” by 7(2t1 — to), this implies that

if z, o+ 7m(2t —to) € [te2™, (to + 1)2™) then

2.41 .
( ) x € Xt07t1 iff + 7T(2t1 — t(]) S Xto,tl'
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[t2m, t2m 4+ 1)

| | || | |
[ e = [l L — — 1

Xto,t’l support of ¢k§
T (to +41)2n1
to2™ l
I T lpy, T+ 2y,
= u I —
Xto,tl [t12n1’ 2™ 4 1) support of Qﬁk;

Figure 3: Sets &, , and Xy, 4

From (2.24) it follows that
1 / !
(2.42) %J’% 2™ < N Xy py) < €278 2m

In (2.43) below it will be useful to keep in mind that the “density” of Xj, ; in
[t02", (to +1)2™) is A&y, )/2™ and (2.42) holds for ] as well. By (2.21),
(2.38) and (2.41) for t1,t) € Ty(to), t1 # t} the “periods” of X}, ;, and Xy, 4
are relatively prime, see Figure 3. By Lemma 5 if n; is sufficiently large
these sets are independent in the sense that

)‘(Xto,tll)

o < 2627 I\ ( Xy 1, )-

(243) A(Xt07tl N Xt()yt/l) < A(Xt07tl)2

Hence, using (2.37) and (2.43) we infer

(244) Mo\ U ) > (1—26.z—kg-(%)jgk;—s)A(xto,tl)

t) #t1, t1€T1(to)

This, (2.37), and (2.42) imply that

1) AU He) >y O M)

t1€7—1(t0) t1 ET(to)
1 / 1 -7 / € 1 .7
- 2—]{?- . 27‘Ll <_> . 2k~—3 — _27‘Ll (_) .
T ST
This means that in each interval I(to) = [to2™, (to + 1)2™) satisfying (2.29)
we could find a set

(246) Xto = U Xto,tp

t1€71(to)
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such that
e r1\J
(2.47) M) > =(5) M (ko))
and
(2.48) forz € &y, A < omtka guch that ( )l kj( ) > 1

2.6. Substep 1f: Conclusion of the s =1 case

Denote by Z(j) the union of all intervals in ispt; (¢n,) \ ispty,_, (¢n,) which
satisfy (2.29). Using (2.13), (2.14), (2.26) and (2.27) we obtain
1

(2.49) NEZ()) > TN ispt, (60,)) = 7527

Denote by X(j) the set of those x € ispt, (¢n,) \ ispty, ,(¢y,) for which
there exists [ such that (2.48) holds. Then (2.47) and (2.49) imply that

— = e (1\J , €
2. () > =5 (5) 27 = o2
The sets Z(j) Cispty, (Gn)\ispty, |, (6n) and F(7) Cispty, (Ga)\ispty,,(6n)
are disjoint when j # j" and hence using (2.50) for j = 2, ..., M one can see
that (2.1) holds with s = 1. We set w = k. From (2.17) it follows (2.2)
when s = 1. From (2.18), (2.19), (2.20) and (2.24) it follows (2.3).

2.7. Step 2: The general step of the induction
Substep 2a: usage of the functions from step s — 1 of the
induction

Next we turn to the general step of our induction. Suppose that for any
possible choice of @, P, p, 0 < € < ¢y, and M one can find & — P — (s — 1)-
families. In case in (2.1), M.} > € holds for an a — P — (s — 1)-family
then one can define an @ — P — s-family by choosing an almost arbitrary
Gn. 141 = On, so that (2.2) holds. So we can assume that we work with
a — P — (s — 1)-families for which in (2.1), M.} < € holds. We define ¢,,,
analogously to ¢, .
The interval supports are defined by

(2.51)  ispty(én) = {[(t q)gnetk gonathy .
t € Z, spt(dn,) N [(t — 1)20+E p2mstk) £ @}.
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We set
iSptkM (¢ns) - R

For je€{1,..., M} an interval [(t — 1)2"+hi=1 ¢2"*ki-1) Cispty (¢y,)

(2.52) belongs to ispty, (¢, ) if and only if ¢ is even.

This implies

(2.53) Xispty, (6n,)) = (;)M

and

(259) Nispty,_, (60,)) = Xispt (60.) \ D, (60.)) = 5 Mispt, (90.)

It will be useful to keep in mind for further reference that t — 1, which
corresponds to the left endpoint of the support intervals is odd.

We will define ¢,,, so that it will be periodic by 2"=+km € P,
If [(t — 1)2",12") C ispty(@n,) = ispty, (dn,) then

(2.55) On(x) =2 ifx € [(t—1)2",(t—1)2" + 1), and
(2.56)  dn.(x) =0if x € [(t—1)2™ +1,¢-2™).

From (2.53) and (2.54) used with j = 1 it follows that

(2.57) 7%5 =27M

We need more assumptions about ky < - -+ < kjps. Set a; = . Choose
an a; —P — (s—1)-family with ¢-interval [ay, w;] periodic by p1 s—1 € P. Re-
call that P consists of powers of 2 and hence p; s_; is also a power of 2. As we
remarked earlier we can suppose that for this family in (2.1), AM{.} < € holds.
We denote the functions corresponding to this family by ¢11,..., 010, ,,
Viars - Yiw,- For other parameters belonging to this family we adopt
a similar subscript notation. We choose ki so that ki1 > pi,-1 > wi.
If © € ispty (¢n,) then we set ¢;(z) = ¢1(x) for i = 1,...,n1,; and
Yp(z) = Yy () for k = ayq, ..., wy, moreover, for other k’s we set ¢,(z) =0
and for i =ny g1 +1,...,ns — 1 we set ¢;(z) = 0. If ky is sufficiently larger
than p; ,_; then the length of the components of ispt,, (¢,,) will be a multiple
of p1s—1 and hence (2.2) and (2.3) will stay valid “relative to” ispty, (¢n, ).
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By this we mean the following:

ng—1—x

(2.58) (s — 1) - 27" X(ispty, (¢n.)) < Z/qbl}lspt (6ns)

< (s —1) - 27" X (ispty, (6n,)),

and

(2.59) pG)\(ISptkl Pn,)) < Z /¢k}1spt (fns)

kaq

_ Z / Uelispt, (g < AP, (60,))
k=a

Suppose j > 2 and k;_; is defined. Let o; = k;_; + 10 and choose
an a; — P — (s — 1)-family with ¢-interval [a;,w;]. Again, as we remarked
earlier we can suppose that for this family A{.} < e holds in (2.1). Denote the
corresponding functions by @; 1, ..., @jn; .15 Yja,s - Vjw; Periodic by pj 1.
We will choose k; > p; 1 > w;.

We repeat the above steps for j = 2,..., M and obtain

(2.60) K> puso1 > wn > an > k>
>ki>pjsazwi o> k> >k > prs > wrh.

The t)-interval of our « —P —s-family will be defined by o = a; and w = wy,.
In the end we choose n, so large that

(2.61) ns >max{n;s_1:j=1,...,M}.

Similarly to the s = 1 case our parameters are chosen in the order @ = ay,
Wi, P1,s—1, k‘l, ey kj—la Qj, Wi, Pjs—1, kj, ey k‘M, and then we choose some
new parameters, the m(t, j)’s and finally we fix a large n,. At the j’th step
we have a k;_; which determines o; = k;_1+10. The a; —P — (s —1) family
provides w; and p;s_1. If we have the value of p;;_; then we choose k; so
that (2.83) holds. We emphasize again that, similarly to (2.26), (2.83) does
not depend on the choice of nj.

Since P consists of powers of 2 all p; ,_; are powers of 2. To each j =
1, ..., M and each interval of the form [(t—1)2",¢2"*), (t € Z) we assign a set
P(t, j) consisting of infinitely many odd numbers such that if 7 (¢, j) € P(t, )
then

(2.62) m(t,7) > 2"Mpy, o

and

(2.63) if ¢ ;7§ t' mod 2k]V[+1’ :( ) e 'P(t j) ( ’]) e 'P(t,,j)

then (7 (£, 7), 7(t', 7))
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On the other hand,
(2.64) if t =t mod 2" then P(t,j) = P(¥,5),
moreover

(2.65) (w(t,5),n(t',j") = Vit j # ', =(t,§) € P(t,j), =(t',j) € P(,5).

We have already defined for x € ispt;, (¢n,) the values ¢;(x) for i = 1,...,n,
and i (z) for all k.

We also want to define these functions when z ¢ ispt,, (¢,,), that is,
there exists a j > 2 such that = € ispt, (¢s,) \ ispty,_, (¢n,)-

Suppose j > 2. For any t € Z from P(t, j) choose and fix a number 7 (¢, j)
such that by Lemma 4 applied to the o — P — (s — 1)-family with ¢-interval
laj, w;] we can select an a; — P(t, j) — (s — 1)-family with ¢-interval (o, wy]
periodic by 7(t, 7). Denote the corresponding functions by ¢ 1, ..., ¢t jn; .1,
Yt jajs - Ut jw;- BY (2.64) we can suppose that

if t = ¢ mod 2"+ then n(t, j) = w(t, j),
(2.66) Grji = Qv jifori=1,...,n;, 1,
and 1/)t,j,k = ¢t',j,k for k = Qg .oy Wy

We also have (2.62). By (2.63) and (2.65)

if t 2 ¢ mod 2**! then (n(t,5),m(¥,5)) = 1, moreover

2.67
(2.67) (mw(t,j),n(t',5") = 1if j # 5/, for any choice of ¢ and t'.

Based on (2.5) we can suppose that the 7 (¢, j)’s are chosen so large that
(2.68) / Vi jk & / Yjk, forall ¢, j, k.

By using pe < Z;:iaj ij,k < € and (2.68) we can obtain for large 7 (¢, j)’s
wj —_— wWj -

(2.69) pe < kz: mtin /¢t,j,k < kz: max /1/)t,j,k <€
:aj :Oéj

Similarly, based on (2.4) we can suppose that the 7(¢, j)’s are chosen so large
that

(2.70) /¢t,j,i ~ /qﬁj,i, for all ¢, 7, 1.
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By using (s — 1)27M~1 < Y0 [o; < (s — 1)27M+1 and (2.70) we can
obtain for large 7 (¢, j)’s

Njs—1 —F Njs—1 —F
(2.71) (s—1)27M < Y- mtin/@w <>y mtaX/QSt,M < (s—1)27M+
i=1 i=1
We suppose that

(2.72) if 7" = max m(t,7) then 2" > (7*)*M
"]
(this means that n, should be sufficiently large).

2.8. Substep 2b: Definitions of ¢;, ¢ =1,...,n, -1 and ¢y, k = o, ..., w;
Suppose
(2.73) z € [(t—1)2" + 1,£2" + 1) N (ispty, (¢n,) \ ispty,_, (én,))-

Set

¢i(x) = ¢rji(x) for i =1,...,n; 1, and
Up(x) = Y ji(x) for k = oy, ..., w;.

For other k’s set i (x) = 0.

(2.74)

(2.75) We also put ¢;(z) =0 for nj ;1 <i < n,.

See Figure 4. It is also clear that by the definition of interval supports we
have

(2.76) ¢n,(x) = 0 for any x € ispty, (dn,) \ ispty,_, (én,)-

By the periodicity assumptions about our corresponding s — 1 families
we have

if 2,2+ 7wt §) € [(t — 1)2% + 1,2 + 1)N
(isPty, (6n.) \ I8Py, , (én.)) then vi(x) = bl + (2, ).

If n, is sufficiently large then by our induction step about a; — P(¢, ) —
(s — 1)-families we have

(2.77)

(2.78) A {x © max maxzzil Gix + Dpu(w + 2) > 1}

kE[Oél,w]\/[] lSW* l

(s —1)(M — 1)e2~M
2048
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[(t —1)2% +1,12™ + 1) ispty,_, (¢¥n,)
| I } I % [T

Y [ I [ I [
FTTT TTT1

]
[ TTT1 ITTTI J

k— Ytk

Figure 4: Definition of ¢; and ¢, in one component of ispt,, (¢n,)

By choosing n; sufficiently large and keeping in mind (2.75), (2.76) we
have a version of (2.70) and (2.71) with respect to ispty, (éy,) \ ispty,_, (¢n,)

(279) (s — 1) - 27"\ (ispty, (¢n.) \ i5Pty,_, (60,)) <

ns—1
< (5 —1)- 27" X (ispty, (dn,) \ ispty, , (6n,)),
and

(280) pGX(ISptk] (¢n5)\isptkj,1(¢ns)) < Z /wk‘lsptk(¢n5)\lSptk_1(¢n5)

k=o1

=3 [ klispt, fonnispts, o) < NP (00) VDt (90,)
k=« N

2.9. Substep 2c: Definitions related to ¢,,, the sets X'(j,ns + w;),
X(1/2,3/4,5), X(1/2,3/4,j,¢) and X(1/2,3/4, j,0)

We need to say something about the set of those x’s where

(2.81) e D@+ D (@ +20)

k’e[aj,wj} l -

1.

We split the above set of x’s into subsets of those x’s where

[

Since @y, (x + 1) = 2™ if 2 4+ 1 € spt (¢n,) and Y (x +21) = 2K if v + 21 €
spt (¢5) we need to consider | < 27s+F

(2.82) > 1, with w; >k >a; > k;_y.
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More words about our general plan. We will be interested in certain
intervals [to2", (to + 1)2") C ispty (¢n,) \ isPty,_, (#n,), the exact assump-
tion about these intervals will be given in (2.86). In these intervals [ty2",
(to+1)2") we consider the sets X} satisfying (2.120). By (2.117) these sets
will be the unions of the auxiliary sets A} ,, defined in (2.114) via the sets
Xy 1 2 and Xy s—1. For the sets Xy, ¢, with a; < k' < w; we have (2.101).
For fixed t, and ¢; by (2.100) there can be at most one &’ for which an
Xio 114 1s defined. For fixed ¢y but different ¢,’s and k"’s the sets X, 4, i are
sufficiently independent, so we have (2.106) and (2.107). It is a new feature
that we also need to consider the sets X, s—; defined in (2.109). These sets
take care of points coming from the (s — 1)-families of earlier steps of the
induction. They will also be sufficiently independent of the sets X, &/,
see (2.112) and then (2.113-2.118). Hence, in (2.119) we obtain our lower
estimate of the measure of the sets & . By (2.121) these sets are disjoint
from X} s_1.

Now we return to the details of the proof of Theorem 6. One can assume
similarly to the one family case the following: Suppose that k; > w; > k'
is so large that for most points of x € ispt, (¢n,) \ ispty, (én,) we have
[0 — 2%, 2 + 2 270 4 27) C ispty, (¢n,). We denote the set of these 2’s
by X'(j,ns + w;). If k; > w; then

(2.83) | MXG +wy)) >
)‘(isptk]- (Pn) \ isptkj_l (Pn,))

N

Similarly to (2.26) this estimate does not depend on the choice of n,. Denote
by X(1/2,3/4,7) the set of those = for which there exists ¢ € Z such that
x € [(t+5)2m TRt (¢4 3)2mFhi-1) We split X (1/2,3/4, j) into two subsets
depending on the parity of t. If ¢ is even then x € X (1/2,3/4,j,¢e) and if
t is odd then x € X(1/2,3/4,j,0). Suppose z,y € X(1/2,3/4,7), v < vy,
x € X(1/2,3/4,j,¢e), y € X(1/2,3/4,7,0) and 0 < | = |y| — |z]|. Then,
as the reader can verify, |z| € X(1/2,3/4,7,¢e), |y|] € X(1/2,3/4,3,0),
y&r+ile X(1/2,3/4,4,0) and x + 21 € [2t' - 2m=Thi-1 (2¢' + 1) - 2nathi-1)
with a t' € Z.
Hence,

ifxe X'(j,ns + )N X(1/2,3/4,7,¢e), y € X(1/2,3/4,j,0), and
0<l=|y|—|z] <2m+F < 2mF«i then

YIS isptk]- (¢ns) \ isptkj_1(¢ns)> y/ =zr+le isptkj_1(¢ns)> and
T + 21 € ispty, (én,) \ isPty_1 (Pn,)-

(2.84)

Moreover, from x € [(t + 3)2mThi—1 (¢ + 2)27Thi-1) with ¢ even it follows
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that
(2.85) [0 — 2"z 2" 4 1) C [E2 TR (4 1)2n R
C isptkj(qﬁns) \ iSptkj,l(fﬁns)-

2.10. Substep 2d: Estimate of the measure of those points where
(2.82) holds in one 2" grid interval, definition of the sets

Xiot1 1/
Suppose
(2.86) [to2™, (to + 1)2™) C X'(j,ns +w;) N X (1/2,3/4, j,¢).
By (2.85) used with z = t,2" we have
(2.87) [(to — 1)2™, (fo + 1)2" + 1) C ispty, (n,) \ isDty, , (Pn,)-

We want to obtain an estimate of the measure of those x’s for which (2.82)
and hence (2.81) holds for a suitable [.
By (2.86) there exists ¢ € Z such that

(2.88) [t02", (to + 1)2™) C [(2t6 + %)2””’%‘1, (Ztg + Z)QHSJrkjl)'
Suppose
(2.89)  ye X(1/2,3/4,5,0), 0<1=|y| — |z] < 2K < 2mF¥i and
y € spt (¢n,)-
By (2.89), ¢n.(y) = 2" and by (2.55)
(2.90) 3ty € Z such that y € [t;2",,2" 4+ 1).

Moreover, | = 12" — |z] and 3/ = = + 1 € [t,2™,t12" + 1) as well, which
implies ¢y, (x 4+ 1) = ¢n,(y') = 2". Denote by

(291) Ij**(x) — [(t;“(x) _ 1)2ns+kj7 t;($)2n5+kj)

the component of ispt;, (¢n,) containing z.

By the definition of X'(j,ns + w;), ¥’ = v + 1 and = + 2[ are in [*(z),
that is, x, ¥y = x+1[, and 2+ 2[ belong to the same component of isptk,j(gzﬁns).
Moreover, by (2.84), y' = z +1 € ispt),_ (¢n,) and x + 21 € ispt, (¢n,) \
ispty,, , (#n,). We introduce the notation

*ok * 1 ne+ki * 3 Ntk
ioy23(y) = [(tj—171/2,3/4(y) + 2 )2 thi-1, (tj—1,1/2,3/4(y) + 1 )2 +k]_1>
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for the interval containing y € X(1/2,3/4,7). Then 3/ € I;ﬁ17l/273/4(y)
holds as well. Recall that we still suppose j > 2. By our construction, see
Section 2.1 and the second paragraph of 2.7 we have

(2.92) if I* = [(t* + %)2””’“71, (t* + %)2””’“1) is a component of
ispty,, , (¢n,) N X(1/2,3/4,7) then

(2.93)  Alispty(dn,) N I*) = (%)j_l)\(l*) _ (%)j_lznﬁ’%—l—?

This implies that there exist

(2.94) (%)j_IQkﬂ'l_Q many t;’s such that [t12",¢,2" + 1) C spt (¢n,) N ™.

We denote the set of these t1’s by 73 (I*). In the interval [ty2ms2ms+k =1 9ns
+27+k") there exist 28 ~%-172 many I*’s satisfying (2.92). Denote the set of
the corresponding t*’s by 7 *(to, k’). Finally, denote by 7i(tg, k') the set
of those ¢; which belong to a 7;(I*) with I* of the form in (2.92) and
t* € T*(to, k'). Then

(2.95) BT, (to, k) = (%)j Tlghiim2 gk ka2 _ (%)jz’f’—?’.

Next, suppose t; € T1(tg, k') is fixed. Then, from y € [t12™, 12" + 1) it
follows that ¢, (y) = 2". For © € [to2", (ty + 1)2™) set

(2.96) log, = 112" — |z = [y] — |=].

Then ¢, (z + lpt,) = O, (V') = ¢, (y) = 2™. From t; € T (to, k') it follows
that

(2.97) (127, 4,27 + 1) C I* C [to2" 4 2"+ ~1 g2 4 2neth')

with a suitable I*. This implies

(298) 0. < 012" — (tg + 1)2" + 1 < Ly, <8927 + 20HH — 2" = 2F,
We have ¢, (x4 [;4,) = 2™ and

d)ns (l‘ + lﬂﬁ,f&)wk’(m + 2lﬂ?,t1)

lx,tl

(2.99) > 1

holds if = + 21,4, € spt (Y ).
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(to + 1)2715
t02”5 l
¢| z T+ lyt, z + 2,4, 1
P————| *l A
Xio 1/ [t127, 2™ + 1) support of 1y

Figure 5: The set X; 4, i
Denote by X, & the set of those z € [tp2™, (ty + 1)2™) for which
@+ 2,4, € spt (Ypr). By (2.97)
(2.100) for fixed tg, t; there can be at most one k' for which ¢; € 71 (tg, k).
Moreover,

(2.101) if & € Xy o C [t02™, (fo + 1)2") then(2.99) holds
and x + lm,tl € [t12ns, t12ns -+ 1)

Dividing (2.98) by 2™ and rearranging we obtain that for t; € 7;(to, k')

0<t1—t0§2k'+1—27,

since t; and ¢y are integers recalling (2.60) and (2.82) we have

(2.102) 0<ty—ty<2F <29 <ok,

2.11. Substep 2e: “Periodicity and independence” of the sets X, ;, 1/

Observe that if x € [to2", (to + 1)2™) then |z] € [to2", (to + 1)2™ — 1]
and by (2.96), x4 21,4, € [(2t1 —to — 1)2™ + 1, (2t; — t9)2™ + 1), moreover
by (2.77) in this interval

(2.103) Yp is “periodic” by w(2t; — to, 7).
This implies that

if z, 2 4+ w(2t1 — to, j) € [to2™, (to + 1)2") then

2.104 ) .
( ) xr € Xto,tl,k’ iff x + 7T(2t1 - th]) € Xtoﬂfl,k"

The “periodic density” of the measure of the support of 1, ¢, i
(2t —tp—1)2" 41, (2t1—1p)2™ +1) equals Q_klf%tl_to,j,k/- So the measure of
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this support in an interval of length 2"+ is approximately ( ngtl o, )27k 2ms
provided 2" is much larger than m(2t; —to, j). Hence, we have by (2.5) that

(2.105) ( / A W) 2~ Kogns ( / %trtod’k,) 9k gns
~ )\(Xt(),tl,k/) < 2 </w2t1—t0,j,k”) 2_]6’2715.

Suppose t; € Ti(tg, k'). Denote by K(to,t1, k") the set of those (t},k") #
(t1, k") for which ¢} € Ty(ty,k”). Observe that if ¢t; = ¢ then from (2.100)
it follows that for k" # k' we have t; € 7i(to,k"”). Hence for (t},k") €
K(to,t1,k") we have ] # t;. By (2.63), (2.102) and (2.104) if (¢},k") €
K(to,t1, k') then the “periods” of Ay, ¢, 1 and Xy, 1 x» are relatively prime and
these sets are “independent” in the sense that, using (2.105) and Lemma 5
for large n, as well, we have

A(Xto,tll,k”)
2.

<4.27% (/%tg—to,g‘,k"))\(Xto,tl,k’)-

(2.106) M &gty bt O gt 1) < MXigty h) - 2

Using (2.69), (2.95), (2.100) and (2.106) we obtain

(2.107)

A(Xtoﬂfl,k’ \ U Xto,t’l,k”) >

(t, k’")E’C(to t1, k")

7 "_ 3
<1 — Z 4.27" (max/wt]kn) Qk S)A(Xto,tl,k/) > ZA(Xto,tl,k')-

k'=a;

2.12. Substep 2f: Estimates of the measure of points where the max-
imal operator is large for the (s —1)-functions, the sets X}, ;4

We recall that by (2.84), (2.86) and (2.87)
[t02ns7 (to + 1)2n5 + 1) C isptkj (¢n5) \ isptkj,1(¢ns)'
By (2.73), (2.74) and (2.75)

(2.108)  on [te2™ + 1, (to + 1)2" + 1) the functions
i, Ut =1,..,ns1,k = o, ...,w; are the restrictions of an
—P(to+1,j) — (s — 1) — family periodic by 7(ty + 1, 7).
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Set

Xto,s—l = {.T € [tanS, (to + 1)2”5) .

(2.109) max max Lizi " ¢ilw + Dyle +20) > 1}.

kel w;] 1< l

These are the “old” points in [tg2", (to + 1)2™) where the inequality
from (2.109) holds. We will need those “new” points from the sets Xy, 4,
which do not belong to these “old” sets X;, s—1. By (2.108)

if 2,04+ mw(tg+1,7) € [to2" + 1, (to + 1)2™ — 27*) then

2.110 )
( ) r € Xy s iff x+m(tog+1,75) € Xy so1-

In (2.72) we supposed that m(ty + 1,j) < 7* < 2™ so for most part of
[t02"s, (to + 1)2") the set Xy, s—1 is “periodic” by m(ty + 1, j).

By our assumptions for our a;; — P(tg+ 1, ) — (s — 1)-family A{.} <€ <
€ = % holds in (2.1) therefore, for sufficiently large ng

1
(2.111) AMXpys—1) = MXpys—1 N [to2", (to + 1)2™)) < §2"5.

2.13. Substep 2g: Independence estimates of “old” and “new”
sets, that is, of X}, ;1 and A&}, »». Estimates of the “new
contribution” set X}

By (2.110), X, s—1 is “periodic” by m(to + 1, j) while by (2.104), X}, ¢, & is
“periodic” by m(2t; — tg, 7). By (2.60) and (2.102)

Hence by (2.63), m(to+1, j) and 7(2t; —to, j) are relatively prime and the sets
Xy, 1, 4 ave sufficiently “independent” of X, s—;. By (2.111) and Lemma 5
for 2" > 7(ty + 1, j) we have

1
(2112) )\(Xto,tl,k, m Xto,s—l) < EA(XtOﬂfl:k,)’

Using (2.105), (2.107) and (2.112) we infer

(2.113) A (xto’thk, \ (Xto,s_l U U Xio st k))

(tll ,k’")EIC(t(),tl,k”)

1 1/ . [ i
> iA(XtO:tlvk') > g <mt1n /1/)t,j,k’) 2 k 2Ms,
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This estimates the “new contribution” of X} ;, »» to the set of points where
(2.82) holds. Set

(2114) X .= (Xto,thk,\< U Xto,tE’k//UXto,s_l)).
)

t1€71 (to,k’ (tll,k”)elc(to,tl,k/)

From k' # k" and z € &} ., N A} ;. it follows that x € Xj 4, o With ¢, €
7-1(t07 k’/) and x € Xto,t’l,k” with tll S 7-1(t0, k’”), that is (tll, k’”) € K(to,tl, k’l),
but this contradicts (2.114). Hence

(2115) tho,k/ N tho,k” = @ for k'/ 7£ k”.

. e N N
(mtm / wm,k/)2 ¥ )(5) o' ~3

1/ . L 1N
:6—4<mt1n/¢t7j,k/)2 S<§> .

(2.117) Xy = U, Xy g

By (2.95) and (2.113)

(2.116) A&, ) >

|~

Set

Then by p > 1/2, (2.69), (2.115) and (2.116)

(2.118) A& > i]: 6i4 (mtin7¢t,j,k') 2”s<%>j

k’:a]-
1<K T YA R R
:6—4(,;%1“ Jose () > g (5)

Hence in each interval I(ty) C [to2", (to + 1)2"*) satisfying (2.86) we have
found a set &} such that

(2.119) A&, > %8(%)3(1(150))

and for z € X}

On (2 + D3k, w2

(2.120) 31 < 2™* such that l >

Moreover,

(2.121) XN Xy o1 = 0.
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2.14. Substep 2h: Conclusion

Denote by Z(j) the union of all intervals in ispt), (¢n,) \ ispty, _, (¢n,) which
satisfy (2.86).

Then by (2.53), (2.54), (2.83), and the definition of X (1/2,3/4, j,¢) we
have

_ 1 1 e
(2.122) MZ(5)) > —=A(ispty,. (¢n,)) = —27 1.
16 J 16

Denote by X (j) the set of those x € ispty, (én,) \ (isptk],_l(¢n5) UlU,, Xigs-1)
for which there exists [ such that (2.120) holds. Then (2.119) and (2.122)
imply that

(V[ € NI oomij € oo
(2.123) NEG) > 3 e(5) 274 = g2 ™
When j # j' the sets X (j) Cispty (¢n,) \ispty, , (¢n.) and X (j') Cispty,, (én,)\
iSptkj,fl(%s) are disjoint from each other and from the sets U &} . ;. Us-
ing the estimates (2.123) for j = 2,..., M and (2.78) we obtain that (2.1)
holds with s as well. Inequality (2.2) follows from (2.57), (2.58), and (2.79).
Inequality (2.3) follows from (2.59) and (2.80). [

2.15. How to derive Theorem 2 from Theorem 6

We define the dynamical system (Y, By, A, Tp.) where Y, = [0,p,), T), :
x — = + 1 modp,, B, is the o-field of measurable subsets on Y, and A, is
the normalized Lebesgue measure on [0, p;).

By Theorem 6 we have

{”3 %%XZM:Z W ) 2 1} >min{6’ SE(M284?2_M}'

k=a i=1

Dividing by the norms of the sums of the non-negative functions
and ¢; we derive the estimate

@z () (T2 (z)) 1
{x ““ZZ || @H = ol = T ¢Z-||1sz_awk||1}

S€ (M - 1)2_M}
2048

For 0 < € < ¢ fixed, one can pick s and M such that % > 1.

Actually we will choose s to be equal to L2048 2MJ + 1. We can observe that
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with this choice for M > 2 we have |22 2MJ +1< 220482 . Using the
estimates (2.2) and (2.3) we have

A (2))ibe (T2 () 1
{x ?i%?zz || @n 1> ol = esz-Mﬂ} -

k=a i=1

Z?—S ¢Z def Zk a
and G,=
|| S ol [pyre a¢k||1

B { F(T, () Gu(Th(x) 1 }> .

Therefore, if we set F = then we have

A4 T max
1<ps [ T es2— M+l

5 — L2048 oM

As we have assumed that | + 1, the last inequality implies

Fy(T,, (2))Gs(T(x) _ ( )
< z Iy 20486} -

(2.124) Xs{x : max L 2 >

To simplify further the notation we set C' = 81926 This constant depends
only on €, a fixed positive number. We introduce different values of M with
the sequence M; = (j + 1)°. To these values the subsequence s; of natural

. . . +1)°
numbers is automatically associated, where s; = L%J + 1. We define
now the measure preserving system

o0

H(}/;ﬁ BSj ) ij’ Tpsj)

J=1

and the functions
W(?/1>?/2, <oy Yn, ) :Z V ﬁjFSj(yj)7 Q(yla Y2, 45 Yn, ) :Z V ﬂjGSj(yj)
j=1 j=1

where the constants (; will be specified a bit later. The space is ¥ =
H;’;l Y,,, and the measure preserving transformation acting on Y is the
map U defined as U(y1, Yo, -, Un,--) = (Tp., (1), Tpu, (Y2), s Ty, (Yn), ---)-
The invariant measure under U, is denoted by u, and it is the product of the
measures ij. We have for any positive number z,

u{y e Y o W(Ul(y))lQ(U”(y)) > Z}

Fo (T, ()G, (T3 (y5)) - Z}
; > 2.

> ij{yj €y, : 5 sup
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We can select now the terms 3;. We put 3; = (%2 —1)72(j + 1)~*. Observe
that this guarantees that the functions W and @ have norm 1 in L'(p).
We also have lim;(M; — 1)3; = co. With these conditions we can conclude
without difficulty. For each j we have

W(U' (1)QU*(y))
l

> CB;(M; — 1)}

F, (Tésj (y;))Gs; (Tﬁfj (y))
)

,u{yEY:sup
!

zxsj{yje}/;j : sup zC(Mj—l)} > €.
!

Therefore, we have found a complete non-atomic measure space, a measure
preserving system and functions W and @ with L! norm 1 such that

W (U )QU(y)) _ oo} _
l

,u{yEY:sup
l

Thus Theorem 2 holds for this measure preserving system. By using the
disintegration of i into ergodic components i.e. du = du.dc and for a.e. ¢
and U with respect to p. is ergodic we have

/Hc{y e Y cow W(Ul(y))lQ(U”(y)) _ Oo}dc -

Therefore there exists at least one ¢* such that

W (U (y)Q(U*(y)) _ oo} > €.

e {y eyY: SLllp 7
To duplicate this for any ergodic measure preserving system we can use
Halmos’s result [6] on the density of the conjugates of an ergodic measure
preserving system for the weak topology. We have for any ergodic measure
preserving system (B,F,m, D) on a complete non-atomic finite measure
space, for any j

sup m{b : sup f(D'b)g(D*) > M’}

j
[f1l1=1, llgll=1 ! [

W (U'y)Q(Uy)
l

> sup uc*{er:sup >MJ’} > €.
!

Wlh=1,[Qlh=1

The details are omitted here. Similar details are given in the appendix of [3]
in the case of the averages associated with the triple a.e. recurrence and
these arguments apply to the situation considered here.
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