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Aronson-Bénilan type estimate and the
optimal Holder continuity of weak
solutions for the 1-D degenerate

Keller-Segel systems

Yoshie Sugiyama

Abstract

We consider the Keller-Segel system of degenerate type (KS),,
with m > 1 below. We establish a uniform estimate of 92u™! from
below. The corresponding estimate to the porous medium equation
is well-known as an Aronson-Bénilan type. We apply our estimate
to prove the optimal Hélder continuity of weak solutions of (KS),,.
In addition, we find that the set D(t) := {z € R;u(x,t) > 0} of
positive region to the solution u is monotonically non-decreasing with
respect to t.

1. Introduction

We consider the following Keller-Segel system of degenerate type:

Oyt = Oy (Bxum — uq_lﬁxv), reR, t>0,
(KS),, 0= 0% — yv + u, reR, t>0,
u(z,0) = up(x), z € R,

where m > 1, v > 0, ¢ > 2m. The initial data ug is a non-negative function
and in L' N L®(R) with u{~' € Wh=(R). This equation is often called
as the Keller-Segel model describing the motion of the chemotaxis molds.
See e.g., Childress—Percus [8] and Keller-Segel [15].

As we have seen in Sugiyama—Kunii [22], our equation (KS),, has a local
weak solution (u,v) under the assumption that m > 1 and ¢ > 2. In
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addition, (KS),, has a global weak solution (u,v) on [0,00) with the decay
property as t — oo if ¢ > m + 2 and if HUOHL%(R) is small enough.

Concerning the regularity of the weak solution w, it is proved in [23] that
9 u™ ! is uniformly bounded on Rx (0, T'). See also Luckhaus-Sugiyama [19]
and Sugiyama-Veldzquez [25].

The aim of this paper is to show more regularity for u™ ! so that
O?u™~1 is uniformly bounded from below on the region Dy := {(x,t) €
R x (0,7); u(x,t) > 0} of positive part of solution u. Such an estimate was
first obtained by Aronson—Bénilan [4] for the porous medium equation:

(PM), oU(x,t) = O2U™(z,1).

So far, there have been a lot of applications of the Aronson—Bénilan type
estimate to investigation of solutions of (PM),,. See e.g., Aronson [1] and
Véazquez [26]. (PM),, may be regarded as the principal part of (KS),,.
As for (KS),,, we shall establish our Aronson-Bénilan type estimate with
its applications. Indeed, we show that u(x,t) is Holder continuous not only
in the space variable x but also in the space and time variables (x,t). More
precisely, u™!(z,t) is Holder continuous with the exponents 1 in z and %
in ¢, respectively. We expect that this is the optimal Holder exponent since it
coincides with the same optimal one as (PM),,. On the other hand, we show
that 9,u™ '*° is continuous in both space and time variables for all § > 0.
Our result makes it clear that the power m — 1 to u exhibits the borderline
in the sense that d,u™ ! € L®(R x (0,T)), while 9,u™ 1+ € C(R x (0,T))
for all 6 > 0.

Next, we find that if u(z,ty) > 0 for some (xg,t9) € R x (0,7, then
has the property that u(zg,t) > 0 for all ¢y < ¢ < T. This implies that the
support of the weak solution wu(t) is monotonically increasing with respect
to t. Namely, for D(t) := {x € R;u(z,t) > 0}, it holds

(].].) D(to) C D(tl) for every O<ty<ti <T.

In other words, the interface curve £(t) has the property of monotonicity in
t € (0,7T), where &(¢) is an expression of the boundary of D(t).

Further application of the Aronson-Bénilan estimate stems from the con-
crete characterization of the interface curve of (KS),,. We see that (KS),,
can be rewritten to the following differential equation of the first order:

(1.2) Oyu + 0, (uV) =0,
where

(1.3) V= —Llamum—l +u?20,v.

m —
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As is well-known, if V € C*(R x (0,7)), then the interface curve £(t)
of (KS),, is determined by the ordinary differential equation

(1.4) §t) = V(g 1)

Indeed, we can solve (1.4) with £(s) = z uniquely for an arbitrary = € R,
provided V€ C'(R x (0,7)). Hence the mapping X, .(z) : z € R —
Xis(x) = &€(t) € R is well-defined, which yields the explicit representation
of u as

(@, ) = uo(Xo(x)) exp (— /0 OV (Xa(), s)ds) |

This is the well-known method of characteristics for the linear hyper-
bolic equations of the first order. So, from this representation we see that
u(z,t) = 0 and u(z,t) > 0 hold if and only if uo(Xo+(x)) = 0 and ug(Xo+(x))
> 0 hold, respectively. This implies that the mapping X ,(x) gives the in-
terface curve of (KS), . However, C'-regularity of V' cannot be expected in
the same way as for (PM),,. Indeed, 8,U™ " belongs to L>°(R x (0, 7)), but
not even to C'(R x (0,77)) in general. Therefore, it is not obvious whether
limg_¢(r)—0 O, U™ ! (, t) does exist or not.

To overcome such a difficulty, for (PM),,, both Aronson [3, page6|
and Knerr [16, Theorem 7.2] introduced the Aronson-Bénilan type estimate,
which states a uniform estimate of 9?u™ ' from below, and proved that
lim,_gt—0 O,U™ (z,t) does exist. See Remark 2 (ii) below. For (KS),,,
our approach to assure the existence of lim, ¢ O;u™ ' (x,t) is similar
to that of them and makes it clear that, so far as the case ¢ > 2m, their
method is applicable to (KS),,. It does not seem to be obvious whether
the case of ¢ > 2m can be treated as the perturbation from (PM),,, and it
may be an interesting question whether the case ¢ = 2m exhibits a critical
phenomena or not. As a result, we can characterize the interface curve £(t)
as the solution of the ordinary differential equation (1.4) in the following
sense:

(1.5) ) = r_}gg_o V(z,t).

See [24, Theorem 2.4] for more details.

Throughout this paper, we impose the following assumption:

Assumption. Let the exponents m > 1, ¢ > 2m and v > 0. The initial
data ug is a non-negative function satisfying

ug € L'NL>®(R)  with ug™' € W'°(R).
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Our definition of a weak solution to (KS),, now reads:

Definition 1 Let the Assumption hold. A pair (u,v) of non-negative func-
tions defined in R x [0,T) is called a weak solution of (KS),, on [0,T) if

(i) we L>®0,T;L'N L*(R));

(i) 9,u™ € L*0,T; L*(R));

(iii) v e L>(0,T; H'(R));

(iv) (u,v) satisfies the following identities:

T
/ / ((‘Lum cOpp —uT O - O — - (9tg0) dxdt :/ uo(z)p(z,0) dx,
0o Jr

R

/ (00 - Optp + yotp —uh)dx = 0 a.a. t€10,7T)
R

for all ¢ € HY0,T;L*(R)) N L*(0,T; HY(R)) with (-, T) = 0, and all
Y € HY(R).

2. Main Results

Concerning the time local existence of the weak solution to (KS),,, the
following result was obtained by the author [22], [23, Proposition 1.1, Theo-
rem 1.2].

Proposition 2.1 ([22],[23]) Let the Assumption hold. There exist Ty and a
weak solution (u,v) of (KS),, on [0,Ty) with the mass conservation law:

(2.1) lu(®)l iy = |lwollrw for all 0 <t < Tp,

and with the additional properties:

(22) u™ € O((O,To), LZQOC(R))?
(2.3) (O, u™)(-,t) € C(R) for almost all t € (0,Tp);
24) sup 0,0 Bl < C < o0,

0<t<Top

where C' = C'(m, 7y, q,ug). Such an interval Ty of local existence can be taken

as Ty = (||uollr=r) +2) ", and the weak solution u(t) above satisfies the
following estimate:

Hu(t)”L"O(R) S HUOHL‘X’(R) + 2 for all ¢ € [0, TQ)

Our first result is on the Holder continuity of the weak solution u and
the continuity of 9,u™ 9 for all § > 0.
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Theorem 2.1 (Hélder continuity) Let the Assumption hold. In addition,

we assume that u(;nTl € W2°(R) for 1 < m < 2 and uy € W**(R) for
m > 2, respectively. Suppose that (u,v) is the weak solution of (KS),, on
[0,T) given by Proposition 2.1 with T = Ty. Then, we have the following
properties (1) and (2):

(1) There ezists a positive constant C' depending only on ug,m,q,7y such
that

(25) |u(m2, tg) — u(ml, t1)| S O(|.T2 - .T1|u + |t2 — t1|%)

for all x1,29 € R and 0 < t1,ts < T, where p := min{1, ﬁ},

(2) For every d > 0, 0,u™ 1% is a continuous function on R x (0,T) and
satisfies the property that d,u™ 17 (x,t) = 0 at the point (x,t) € R x (0,T)
such that u(z,t) = 0. Furthermore, in the case of 1 < m < 2, we have
Oyu(z,t) =0 at the point (z,t) € R x (0,T) such that u(z,t) = 0.

Remark 1. (i) In our previous paper [23], we found that for each fixed
0<t<T,u(-t)is a Holder continuous function in the space variable with
the same exponent 1 as Theorem 2.1(1) by the fundamental inequality:

1/m—1 —m m— m—
e, ) —uly, t)| < Sl Lo [ () —u™ (g, )], 1<m <2,
’ T e s ) — um (g, ) m>2

for all x,y € R and almost all 0 < ¢ < T. From Theorem 2.1, we obtain
more regularity in such a way that u is the Holder continuous with respect to
both space and time variables. Theorem 2.1 says that u™~!(-, ) is Lipshitz
continuous in R with 9,u™! € L>°(R x (0,T)). On the other hand, it holds
that 9,u™ % € O(R x (0,T)) for all § > 0.

(ii) The restriction on ¢ such as ¢ > 2m stems from the technical hypothesis
for application of the maximum principle to 9*u™!. Indeed, to obtain a
lower bound of §2u™~!, we derive from (KS),, a certain non-linear parabolic
equation of the second order with respect to 9>u™!, which includes the term
d,uz~! as its coefficient. The application of the maximum principle requires
that the coefficients are uniformly bounded in R x (0,7"). Since we have the
only information that d,u™ ! € L>®(R x (0,T)), it is necessary to assume
that £ —1 > m — 1. This is the technical reason why we impose ¢ > 2m.

(iii) The Holder continuity of solution of (PM),, has been studied intensively
for the last 30 years. In this direction, see Aronson [2], Kruzhkov [17],
Caffarelli-Friedman [7], Gilding—Peletier [14], Gilding [13], DiBenedetto [10],
Bénilan [6], Aronson-Caffarelli [5] and DiBenedetto-Friedman [11].
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Our second result is on the uniform estimate of 9?u™~! from below in a
generalized sense.

Theorem 2.2 (Aronson-Bénilan type estimate) Let the Assumption hold.

In addition, we assume that u:Tl € W2®([R) for 1 < m < 2 and ug €
W2(R) for m > 2, restrictively. Suppose that (u,v) is the weak solution
of (KS),, on [0,T) given by Proposition 2.1 with T = Ty. There ezists a
positive constant B depending only on ug, m,q,y such that

(2.6) /T/ (ﬁgp — Oum 89390) dzdt > 0
0o Jr

for all ¢ € CYH(R x (0,T)) with the property p(x,t) > 0 for all (z,t) €
R x (0, 7).

Remark 2. (i) Our estimate (2.6) implies that if 9,u™ ! (z,t) is differen-
tiable in x for some sub-domain K7 C R x (0,7), then it holds

Pu"Hx,t) > —f for all (z,t) € K.
On the other hand, there is a solution U of (PM),, such that

1 . .
ilzlir(l) E(@U Hxo + hyto) — 0,U™ (wo — to)) = +o0.

This example of (PM),, inspires us that there exists no upper bound of
O2u™! for weak solutions u of (KS),,. Hence, such an estimate from below
as (2.6) may be reasonable.

(ii) For weak solutions u of (KS),,, it is well-known that uw € C*°(Dr), where
Dy :={(x,t) € Rx(0,T);u(x,t) > 0}. Since d,u™ € L*(Rx (0,7)), it is
an interesting question whether or not the limit lim,_¢—o O,u™ (2, t) does
exist, where £(t) denotes the interface curve of u, i.e., that the expression
of the boundary 0Dz of Dr so that 0Dy = {(£(¢),1);0 < t < T'}. Based
on (2.6), we see that the function

Oy (z,t) + 2Bz

is monotonically increasing along x — £(t) — 0, which guarantees the exis-
tence of the limit
lim  9,u™ '(z,1) forall0 <t <T.
x—E&(t)—0
This plays an important role in characterization of the interface curve £(t)
as in (1.5). See Aronson [3, Proof of Theorem, page 6] and Knerr [16,
Theorem 7.2] for (PM),,.

(ili) Our method for the Aronson-Bénilan type estimate is based on the
comparison principle, which is rather technical compared with that in [4].
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Our third purpose is to show growing-up of the support of the solution
u(t) as the time t increases. More precisely, we prove that once the solution
u(zo, to) of (KS),, becomes positive at some (g, ) € Rx(0,7T), then u(xg,t)
never vanishes after ¢,.

Theorem 2.3 Let the Assumption hold. In addition, we assume that u;nTIE
W2>(R) for1 <m < 2 and ug € W**(R) for m > 2, respectively. Suppose
that (u,v) is the weak solution of (KS),, on [0,T) given by Proposition 2.1
with T = Ty. If u(zo,to) > 0 for some (xg,tg) € R x (0,7T), then the point
o has the property that

(2.7) u(zo,t) >0 for all to <t <T.
An immediate consequence of Theorem 2.3 is the following corollary.

Corollary 2.4 Under the same hypothesis of Theorem 2.3, the support of the
weak solution u(t) given by Proposition 2.1 is monotonically non-decreasing
with respect to t. Namely, for D(t) := {x € R;u(x,t) > 0}, it holds

D(ty) C D(t1) for every 0 <ty <t; <T.

Furthermore, the interface curve £(t) of u is either monotone non-decreasing
or monotone non-increasing function of t € (0,T), where & is defined in
Remark 2 (ii).

Remark 3. In (PM),,, a similar property of growing-up of the support
of U(t) was obtained, for instance, by Dahlberg—Kenig [9, Theorem 3]. In
comparison with (PM),,, even in 1-D case, (KS),, posses a solution which
blows up in a finite time. Hence our Corollary 2.4 seems to be useful to
investigate the mass concentration phenomena of blow-up solutions, which
will be discussed in a forthcoming paper.

3. Proof of Theorem 2.1

3.1. Approximate equations
We introduce the following approximating equations of (KS),,:
Opus(z,t) =0y Op (u42)" — (uc+€) " 2u.-0pv.), (z,t) € R x (0,7),
(KS). 0=0%v, — Y. + U, (z,t) € R x (0,7,
us(x,0) =g (), r e R,

where € > 0 is a positive parameter. Let us impose the following assumption
on the initial data ug, with ¢ > 0.
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(A.1) wpe(x) >0 for all z € R and up. € LP(R) with

sup |[uoel|ery < [luollzrry  for all p € [1, 0c],
O<e<1

(i) For 1 <m < 2,

|woe — uol|Lrey = 0 ase—0 forallpe 71,00);
m—

(ii) For m > 2,

|woe — uollLrey — 0 ase — 0 forall pe[l,o00);

m—1
(A.2) (i) For 1 <m <2, uy2 € W?»>*(R) with

m

m—1 —1
sup [[ug” [lweem < lug? [lwzeem;
<e<1

(ii) For m > 2, ug. € W?*(R) with

sup HUOEHWQW(R) S HUOHWQW(R)-
0<e<1

Remark 4. We can concretely construct ug. satisfying the above (A.1)-
(A.2)(1) (resp. (A.1)—(A.2)(ii) ) by taking

m—1
* pg)% (resp. ugs = U * pe)

upe = (g2

with the standard mollifier p..

When the weak derivatives d,u,d?u and dyu are in LP(Qr) for some
p > 1, we say that u € W>'(Qr), i.c.,

W2(Qr) i={u € L/(0, T; W**(R)) N W'(0, T; L'(R));

lullyzry = el o@r) + 19l zo(ry
+102ulian + N0ullnar < o0},

where Qr =R x (0, 7).

Definition 2 We call (u.,v.) a strong solution of (KS). if it belongs to
W2t x W2 (Qr) for some p > 1 and (KS). is satisfied almost everywhere

iD,CQT.
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For the strong solution, we consider the case p = 3 and introduce the
space W (Qr) defined by

W(Qr) = Wi x Wi(Qr).

The existence of strong solution of (KS). was proved in [20]-][22]. The mass
conservation law of u. was established in [21, Proposition 7.1].

Proposition 3.1 (local existence of approximating solution) Let m > 1,
v >0, ¢ > 2. We take Ty := (||uollzem®) + 2)"%. Then, for every ¢ > 0
and every initial data ug. satisfying the hypothesis (A.1)—(A.2), (KS). has
the unique non-negative strong solution (u.,v.) in W(Qr,). Moreover, u.(t)
satisfies the following a priori estimate

3D el < ol +2 and [ wletids = [ wle)de
R R

for allt € ]0,Ty) and all € € (0, 1].

It is important to deal with the velocity potential w. of (KS)., where

m _
we 1= 1(u5+5)m L

We first obtain a uniform L*°-bound of 0,w..

Lemma 3.1 (23, Lemma 8.1)) Let the Assumption hold and let ¢ > 2m.

We assume that u;nT € W2*(R) for 1 < m < 2 and uy € W>>*(R) for
m > 2. For every € > 0, we take uo. so that the hypothesis (A.1)—(A.2) are
satisfied. Then the strong solution u. of (KS). on [0,Ty) given by Proposi-
tion 3.1 has the following property:

(3.2) sup < sup ||(9mw€||Loo(R)) < C,

0<e<l MNO<t<Top
where C' = C(ug, m, q,7).

Remark 5. (i) It should be noted that the time interval [0,75) of the
existence of the strong solution (u.,v.) can be taken uniformly with respect
toe > 0.

(i) The weak solution (u,v) of (KS),, on [0,Tp) given by Proposition 2.1
can be constructed as the weak limit of (u.,v.) as ¢ — 0, where (u.,v.)
is the strong solution in Proposition 3.1. More precisely, by choosing a
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subsequence of (u.,v.) which we denote by (u.,v.) itself for simplicity, we
have

u. —u  weekly — star in L>°(0, Tp; L*(R)),
u™ —u™  weekly in L?(0,Ty; H'(R)) and strongly in C([0,Tp); L2 .(R)),
ve—v  weekly — star in L>(0, Tp; H*(R))
as ¢ — 0. In what follows, we assume that the sequence of approximating
solutions (ue,v.) satisfies the above convergence.

(ii) The strong solution (u.,v.) € W(Qr,) is more regular. Indeed, for
every € > 0, it can be shown that u.,v. € C*°(R x (0,7p)).

We next establish a uniform L>-bound of 9%w, from below.

Lemma 3.2 (Aronson-Bénilan type estimate) Let the Assumption hold

and let ¢ > 2m. We assume that u:Tl € W»*(R) for 1 < m < 2 and
ug € W*(R) form > 2. For everye > 0, we take ug. so that the hypothesis
(A.1)—(A.2) are satisfied. Then the strong solution u. of (KS). on [0,T))
giwen by Proposition 3.1 has the following property:

There exists a positive constant B depending only on ug, m,q,y but not
on € such that

(3.3) Pw.(z,t) > —
forallz e R and 0 <t <T.

Proof of Lemma 3.2. Firstly, multiplying the first equation of (KS). by
m(u. + €)™ 2 and then rewriting the result identity by w., we have
Ow. = (m—1)w.- 02w+ |0,w.|*~ ((q—2)(u5—|—6)q_3u5+(u5+5)q_2)-8mv6 -0y w,
(34)  —(m—1)(uc +¢)" u, - 0%, - w..
Differentiating (3.4) once and twice with respect to x, we have by (3.2) that
0,0, w. = (m — Nw, - Pw. + (m + 1)dw, - 2w,
35) - <(q — ) (e + ) B+ (e + g)q—2) Oy - BPw. + by,
0,0%w. = (m — 1w, - Otw. + 2md,w, - 2w,
- <(q - 2)(u5+€)q_3u5+(u5+6)q_2> - 0pVe- 02w+ (m+1)(0%w.)?
(36) -+ bg . @fwg + b3
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with the estimates

(3.7) sup sup  |bi(ue, ve, e, Opwe)| < C, i=1,2,3
0<e<1 (z,t)eRx[0,T)
for some positive constant C'=C'(ug, m, q,7), where b; =b;(u., ve, Opve, Opw;)
(1 =1,2,3) are functions depending only on u., v., 9,v., Opwe.
Let R be an arbitrary positive number, and let us take the cut-off func-
tion n such as

1 for —2R+0 <|z| <2R -9,
n(x) =< exp(l—72—) for 2R—0 < |z <2R,
0 for |z| > 2R,

where ¢ is sufficiently small constant. Then, it holds that

c c
IR SR G RO
' c

|(9§7](x)| < W'U(x)l_e

for all z € R and all 0 < ¢ < 1, where ¢ is an absolute positive constant,
which yields that

@:m)? ¢ ., OO _
7 SWUI 2@7 Tgﬁnl 2@7

[

3.9
(3.9) 0, - 0277 c Yy
< .
n — 6854 n

for all x € R and all 0 < ¢ < 1, where ¢ is an absolute positive constant.

Using the above cut-off function 7, we obtain from (3.5), (3.6) and (3.7)
that

00 (wen) = (0 05w)n + 2(0,05we) Dy + (Spwe) I
= (m — Dw.(we)n + 2(m — 1w (IFwe)duny
- <2m8mws — (¢ = 2)(uz + &) ue + (ue + 8)‘1_2)33;05) Pwe -1
+ (m + 1)(0%w.)?n + [bgn +2(m + 1)(9,w.) 01
—2((q — 2)(ue + ) ue + (ue +)7%)0pv: - Oun
(3.10) +(m— 1)w50§17] B2w. + bod2n + 2619 + by
with the estimate

sup  sup  |bo(ue, Ve, Opve, Qpwe)| < C
0<e<1 (z,t)eRx[0,T)

for some positive constant C' = C(ug, m, q, ), where by = by (ue, vz, Opve, Opwy)
is a function depending only on u,., v., 0,v., O, w,.
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On the other hand, it holds that

(32105)77 = 3§(ws77) - 3(332;@05)39:77 - 3(3st)3§77 - wsaiﬁ,
(Opw2)n = 0, (wen) — 4(Fgw:)0en — 6(05w.) 020 — 40,w:03n — w.d,n

Oy
= O (wen) — 4% (O3 wen) — (03w 0en — B(0r) O — .03
— 6(0%w,.)0%n — 40,w.0n — w.0Mn.
Combining the above identities with (3.10), we have
0.

0:0; (wen) = (m — Nw.0, (wen) + 2(m — w0, (wen) -

+ <2mc9mw6 — ((¢ = 2)(us + &) Pu. + (uc+e)772) 0,0,

OuN\ a3
— A(m = . - =20 )

+ i + Jo02w. + bo02n + 2b10,m + bsn

(3.11) + 12(m — Vw0, w. + 4(m — Dw; p

where
Jy = (m +1)(0%w.)?n,
o _ a2 (0un)?
Jo = (m 1)wg( 5020 + 6= 1= )
+ <(—4m+2)8xw5—|— ((q—Z)(uE + &) 3ut (u5+€)q_2)8xvs> 0xn+ bam.

By (3.1), (3.2) and (3.9), it holds that there exists a positive constant M,
depending only on ug, m, g, such that

n%—é 77%_24 T]%_é 1 1 1 1
T Mo(Gogr+ g + Ty )0 S A
provided 0 < £ < }—U which together with the Young inequality yields that
9 m+1,.5 5 4 Mo\ 2
(3.12) B, < T (@R + (W) .

Thus, from (3.11) together with (3.1), (3.2), (3.9) and (3.12), we find that
there exists a positive constant M; depending only on ug, m,q, ", 9, ¢ such
that

0,02 (wen) > (m — l)wsai(wgn) — M, + <2m01w5 — ((q — 2)(ue + E)q_?’uE

+ (ue +€)77?)dpve — 2(m — Dw, - amn)ﬁi(wgn).
n
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Now let us define the parabolic operator P by

P(h) == —8h + (m — D, - 8*h — M; + (Zmast

— ((q = 2)(ue + €)*Pue + (ue +€)*7?) Opv. — 2(m — Dw, -

We choose a comparison function fs, (¢).

f5.(t) = —My(t+1)+ inf 9} (w.n)(x,0) + inf O?*(wen)(—2R+ 6., s)
,2R) s€(0,T)

z€(—2R,2

+ inf &*(w.n)(2R—96,,s), 0<t<T.
s€(0,T)

Here, for a small number §, with 0 < J, < R, we consider the following
domain:

Dsg=Isax[0.T), Ig = {rcR —2R+d. <z <2R—0.}.
Then, we have
P(02(w.n)) < 0= P(f5.(t)) for all (x,t) € Ds, .
In addition, since it holds that

0y (wen)(@,t) > f5.(t)
for all (x,t) € 9Ds, 7\{(y,T); —2R+ 0. <y < 2R — 4.},

by applying the comparison principle to the parabolic operator P, e.g., Fried-
man [12, Theorem 16, page 52] or Lieberman [18, Lemma 9.4], we have

Oz (wen)(z,t) > fs.(t) forall (z,t) € Ds, r,
which yields that
(3.13) DPw.(x,t) > f5(t) forall —R<z<R.
Now, letting d, tend to 0 in (3.13), we have

2 S . 2
(3.14) Pwe(x,t) > —M (T +1) —|—ye(_1£11£72R) 0% (w:n)(y,0)

forall —-R<x < R,and 0 <t <T.
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We estimate the term infye_2r2r) 92(w.n)(y,0) independently of & from
below. Indeed, it holds by (3.8) that

. 2 >
e uf O (we(w, 0)n(x)) >

> inf )(agwe(x, 0))n(x)

z€(—2R,2R

inf 2 inf 2
+ ze(—lgR,QR) (Opwe(2,0))0:m(x) + me(_lglR’QR)wg(x,O)amn(x)

> inf  (QPw.(z,0))n(z)

e Bham = i (I Oll =@y + 10502, 0) o))

for all 0 < ¢ < 1, where c is is an absolute positive constant. Since it holds
that

(w0 + &)™ Moo < 27 Hluge " +e™ Hizee < 27 (Juolfe g + 1),
and since it holds by (A.2) that

102 (uoe + 5)m_1HL°°(R) = (m — 1)||(uoe + 5)m_28xu06HL°°(R)

< (m — 1)||U67§_23zU05||L00(R) for 1 <m < 2,

T (m =12 (ugr? + e ) puoe || o) for m > 2,
||8mug§‘1||Loo(R) for 1 <m < 2,

= = 1272 (g 4 U e ) 10uttoe| ey for m > 2,

||amu6n_1||L°°(]R) for 1 <m < 2,
= =127 2 (2 4 U e ) 10attol| ey for m > 2,

we obtain a positive constant My depending only on wug, m such that

Cc

(3.15) inf 92 (w(z,0)n(z)) > inf (Bw.(z,0))n(z) —

z€(—2R,2R) ze(—2R,2R) (45272
for all 0 < ¢ < 1, where c is is an absolute positive constant.
In addition, for 1 < m < 2, it holds that
(3.16) O2(up- +¢)™ ' =
= —(m — 1)(2 = m)(uoe + &)™ > (Opupe)? + (m — 1) (uge + &)™ 20%uq.
> —(m — 1)(2 — m)up?(0pup.)? + min{0, (m — Dud20%ug. }.
Since it holds that

m=1 m—1 —1)(3 —
(m—Duft ?Rue: = 2uy> - Oug?  + (m —1)(8 —m)

USZ_?’ (am Uoe ) 2 )
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and since —(m —1)(2—m) + W > 0, we have by (3.16) and (A.2)-(i)
that

02 (uge + €)™t > —(m — 1)(2 — m)ug " (Opup:)?
Oe

m—1 m—1 —1)(3—
anin {0, (2007 - g 4 ENETI a2
A2-m), , =2 o mot
_—WHQ:UOE H%OO(R)_QHUOE HLOO(R)H6§UOE [ oo ()
4(2—m)
> 0,007 ey — 2o e 2un? .

(m—1)
Thus we obtain that

(3.17) inf 07 (w.(z,0))n(z) >

z€(—2R,2R)
m  (4(2—m)
= m—l((m )Ha g ”LoooR +20lug T e |0Pug ™ HLoo(R>,

As for the case of m > 2, we have by (A.2)-(ii) that

inf 02 (we(z,0))n(z) > inf  m(m —2)(ug. + )" (Opuoe) *n(x)

2€(~2R,2R) 2€(~2R,2R)
* xe(_11211£,2R) m(uoe + g)m_2a§u0577($)
> —m|[(uf? + 1)|| e (—2r2m) |02 00 | Lo (—2R.2R)
(3.18) > —m||(ug' ™% + 1)l L (ry 10310 | Lo~ (k) -

Thus we find by (3.15), (3.17) and (3.18) that there exists a positive con-
stant M3 depending only on ug, m such that

. 2 ¢
. > - - 459
(3.19) xe(—lgzg,zR) 0% (we(z,0))n(x) > —Msy 1452 M,

for all 0 < ¢ < 1, where ¢ is is an absolute positive constant. Combin-
ing (3.14) with (3. 19) and taking ¢ = 7, we have

(3.20) Pw.(r,t) > —M(T+1)— My — —

for all —R < x < R, and 0 < t < T, where 3 is a positive constant
independent of 0 < ¢ < 1. Since [ is independent of R, we establish (3.3).
Thus we complete the proof of Lemma 3.2.
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3.2. Proof of Theorem 2.1

Proof of Theorem 2.1(1). We apply a similar argument to that in
Caffarelli-Friedman [7, page 111, Remark 1]. Using (3.1), (3.2) and (3.3),
we shall show (2.5). We have by (KS). that

(3.21) O ((ucl,t) + )" ) = —Cluc(a,t) + &)™

for all x € R and 0 < t < T with some positive constant C' = C(ug, m, q,7)
independent of 0 < € < 1. Indeed, it holds that

Or(ue +)™ 1 =(m — 1) (ue + )" *du,
(3.22) = (m—1)(uste)™? (ag (ue + £)"—8, ((ug+g)q—2u5.axvg)) .

It is easily seen that

Po(ue +e)™ =

mn 1(uE +e) - Pluc+e)™ " + mue + )" 3(0pu.)?

m —_—
> _ .92 m—1
> m_l(ug—i—e) 05 (ue: + ¢€)
mf
. > —
(3.23) > ———(u- +e),
_ q—2 . _ q— 2 q—m—1 . . m—1
Oy ((uE + &) u, &cvg) ] (uste) Ug + 00z - Op(ue + €)

(e + €)™ - Opv; - O (e +2)™

m—1
— (ue + €)1 2u, -y, + (ue +2)7 % (ug)
(3.24) > —C(u: +¢)

2

for some positive constant C' = C(ug, m,q,) independent of 0 < e < 1,
where 3 is the same one as in (3.3). Substituting (3.23) and (3.24) into (3.22),
we obtain (3.21).

We now integrate (3.21) with respect to the time variable, which with
the aid of (3.1) yields that

(3.25) (ue(x,ta) + &)™t > (uc(w,ty) +e)" ' — Cylty — t4

for all x € R and 0 < t; < t3 < T with some positive constant C; =
C1(ug,m,q,7) independent of 0 < ¢ < 1. On the other hand, it holds
by (3.2) with T" = Tj that

(3.26) [us(w1, 1) + )" — (ue(m2, 1) + )" < Colzg — 24|
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for all 1,29 € R and 0 < t; < T with some positive constant Cy =
Cy(ug,m, q,7y) independent of 0 < ¢ < 1. As a result, combining (3.25)
with (3.26), we obtain that

(327) (ua(l‘g,tQ)—i—&)m_l Z (ua(l‘l,t1)+€)m_1—(01+02)(|t2—t1|+|$2—$1|)

for all X1, T9 ceRand 0<t; <ty <T.
1

2m||u. +6||T;(1QT)

Next, taking ¢, as ¢, = , we have

8§(u5 + e)m_l — O (u. + &)™t =
m

= ai(ue + €)m_1 (1 — C*m(ua + €)m_1> — C*m

(0, (uz + )™ 1)
(3.28) +@@n—n@%+@m4@(w{+QW%gz%)

As for the first term in the above, noting that 1 <1 —c,m(u. +¢)™ ! <1,
we have by (3.23) that

0 for  02(u.+¢e)™' > 0;

2 m—1 m—1
Oa(ue + ¢) O_&W%+@ )2{—6 for  92(u. + )™t <0,

which together with (3.28) implies that there exists a positive constant Cs
depending only on ug, m, g and v such that

(329) ag(ua(x> t) + g)m—l - c*at(ua(xa t) + 5)m_1 2 _03

foralze Rand 0 <t < T.

Let us now chose R > 1 arbitrary large and take the cut-off function 7
such as

1 for |z|] <R,
(3.30) f(z) =< exp(l — 57—) for R <|z| <2R,
0 for |z| > 2R

for all 0 <t < T. Then, it holds that

(3.31) |@m@|g%, Pi(x)| < = for all z € R,

- R?
where ¢ is an absolute positive constant. We have by (3.29) and (3.31) that

(3.32) 02 ((uc(z,t) +&)" "i(2)) — .0, ((ue(z, t) + )" '(x)) > —C5 — =

forall z € Rand 0 < ¢t < T with some positive constant Cy = Cy(ug, m, q,7).
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Let us take ¢; in (0,7) and introduce the following semi-linear equation
with the initial time %;:

(H) 02 z(x,t) — c.0pz(x,t) = —2C5 — %, reR, t>t,
2(z,t) = (ue + )"z, ty), r €R.
Then, it holds by (3.26) that
(3.33) 12(z,t) — z(z1, 1) < Csllz— 1| + [t — t1]2)

forallz € R and t; <t < T with some positive constant Cs =C5(ug, m, q,7).

Now let us define the parabolic operator P on the domain D Rt DY

C
P(h) = —c.8h+0h+2Cs+ f,

where
Dy, = {(x,t) ERx (t,T); 2R <z < zR}.
By (3.32) and (H), we have

P((uc4+¢)" ') > 0 = P(z) forall (z,t) € Dgy,.

In addition, noting that z(z,t1) = (us + &)™ *(z,t;) of (H) and z2(z,t) > 0
for all (z,t) € R x (t1,T), we have that

(uete)" ') (z,t) < 2(x,t) for all (v,t) €0Dr, \{(y, T); —2R < y < 2R}.

Hence, applying the comparison principle to the parabolic operator ]3, e.g.,
Friedman [12, Theorem 16, page 52] or Lieberman [18, Lemma 9.4], we
obtain

(ue +&)" ') (z,t) < z(z,t) forall (z,t) € Dgy,,
which yields that
(3.34)  (uc(x,t) +e)" ' < z(x,t) forall —R<x <R, t;<t<T.
Combining (3.33) with (3.34), we have by (H) that

(Ue(wa, ty) + &)™ — (uc(wy, ty) +)™ 1 < 2wy, to) — 2(21, 1)
(3.35) < COsllay — x| + [t — t1]2)

for all —R < x1,29 < R and 0 < t; < ty < T, where (5 is the same one as
in (3.33).
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By virtue of (3.27) and (3.35), it holds that

[ue (22, t2) — ue(wy, 1) =

= ‘ ((ue(xQ, to) + 6)m_1) T — ((ua(xl, ) + 6)m_1) wT

< |(ue(ma, ta) + &)™t — (ue(wy, t1) + 6)m_1|ﬁ for m > 2,
T Col(uc(za, ta) + )™ — (ue(zy, ) + &)™t for 1<m<?2

(3.36) < (CI" T+ Co)(|ma — m| + [t2 — ta]2)"

for all —R < 21,29 < R and 0 < t; < ty < T with some positive constant
Cs = Cs(uo,m,q,7), where = min{1, —L-}. This implies that {u.}.~¢ is
a family of equi-continuous functions in —R < x < Rand 0 <t < T. Hence
by the Ascoli-Arzela theorem, there is a subsequence of {u.}.~q, which we
denoted by {u.}.s¢ itself, such that

(3.37) us(x,t) — u(z,t) as € — 0

uniformly in every compact set of (=R, R) x (0,7'). Now letting ¢ — 0
in (3.36), we have by (3.37) that

(338) |u(m2, tg) — U($17t1)| S (Ogn—_l + 06)(|.T2 — .T1| + |t2 — tllé)/‘

for all —R < x1,22 < R and 0 < t1,t5 < T. Since R can be taken arbitrary
large and since the constants C5 and Cg are independent of R, we observe
that

_1
(s, ts) — u(an, )| < (CI T+ Co)(|wa — @] + [t2 — t1]2)"

for all z1,20 € R and 0 < ¢y, < T. Thus we complete the proof of
Theorem 2.1 (1).

Proof of Theorem 2.1 (2). By [23, Theorem 1.2 (ii)], it holds that
0,u™ 119 is a continuous function with respect to = with the property that
Opu™ 10 (2, t) = 0 at the point (z,t) € Rx(0,T) such that u(z,t)=0. Hence
it remains to prove that d,u™ ' is a continuous function with respect to ¢
with the property that d,u™ *°(z,t) = 0 at the point (x,t) € R x (0,T)
such that u(z,t) = 0.

First of all, let u(xo,t9) > 0. Then we see by the standard argument that
O, u™ 117 is a continuous function in a neighbourhood of (7, ty). Therefore,
for fixed # € R, it suffices to prove that 9,u™ '*°(z,-) is a continuous
function in a neighbourhood of t; such as u(x,t;) = 0 with the additional
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property that d,u™ *°(z,¢,) = 0. Therefore, by (3.38), there exists ag > 0
such that

< (CIT + Cg)a”

0 <wu(z,t) <|u(z,t) —ulz, t)| + u(z,t)

holds for all ¢t € I,(t1) := {t € (0,T); |t — t1] < a} and for all 0 < a < ay.
For every § > 0, we have by (2.4) that

|0 (2, )] = ﬁ| *(2,1)]|0pu™ " (, 1))

< Ca“‘s, 0<a<ag

for some positive constant C' = C(ug,m,q,7). Hence we have by letting
a — 0 that

Dpu™ 0 (2,41) =0

which implies that 0,u™1*%(x,#,) is continuous at ;. Since ; can be taken
arbitrary in such a way that u(z,t;) = 0, we conclude that 9,u™ +°(z, )
is a continuous function in (0,7") for all x € R with the additional property
that 9,u™~'*°(z,t) = 0 for the point (z,t) such as u(z,t) = 0.

Concerning 1 < m < 2, by [23, Theorem 1.2 (ii)], it holds that d,u is a
continuous function with respect to x with the property that d,u(z,t) = 0
at the point (x,t) € R x (0,7) such that u(x,t) = 0. Hence it remains to
prove that d,u is a continuous function with respect to ¢ with the property
that d,u(z,t) = 0 at the point (z,t) € R x (0,7) such that u(z,t) = 0.
This can be handled in a similar manner as above. Indeed, we conclude that
O,u(x,t1) is a continuous function at ¢; for all x € R with the additional
property that d,u(x,t) = 0 for the point (x,¢) such as u(x,t) = 0. Thus we
complete the proof of Theorem 2.1 (2).

3.3. Proof of Theorem 2.2

By (3.2), (3.37) and the weakly-star compactness of L*(R x (0,7)), there
exists a sequence of {u, }.~o, which we denote by {u.}.~q itself for simplicity,
such that

Op(ue +)™ 1 — gpu™? weakly —star in L>(R x (0,7)).
This together with (3.3) in Lemma 3.2 yields that

// By — 8um101g0>dxdt>0

for all p € C3(R x (0,7)) with the property o(z,t) > 0 for all (z,t) €
R x (0,7). Thus we complete the proof of Theorem 2.2.
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3.4. Proof of Theorem 2.3

The proof of Theorem 2.3 is based on the standard argument. For
reader’s convenience, we shall give the proof.

It holds by (3.21) that
6tus(x>t) Z _C(us(x>t) + 5)7

which yields that
8t<log(u5(x,t) + €)> > —C

for all z € R and 0 < ¢t < T" with some positive constant C' = C(ug, m, q,7)
independent of 0 < € < 1. Integrating both sides with respect to ¢ from ¢,
to t, we have that

log < us(z,t) + ¢

> —C(t — to) = log e~ ¢t10)
ue(x, to) +6) = —C(t—t) =loge

for all x € R and 0 < tg < t <T'. This implies that
(3.39) u(z,t) +e > (uc(x, ty) +e)e 10

for all z € R and 0 < typ < t < T. Now, letting ¢ tend to 0 in (3.39), we
have by (3.37) that

u(a,t) > u(x,to)e” ")

for all z € R and 0 < ty < t < T, which yields the desired result. This
completes the proof of Theorem 2.3.

The proof of Corollary 2.4 is obvious, so we may omit it.
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