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Cluster solutions for the
Schrodinger-Poisson-Slater problem

around a local minimum of the potential

David Ruiz and Giusi Vaira

Abstract

In this paper we consider the system in R?

(0.1) { —&2Au+ V(x)u + é(z)u = uP,
' —A¢p = u?,

for p € (1,5). We prove the existence of multi-bump solutions whose

bumps concentrate around a local minimum of the potential V(z).

We point out that such solutions do not exist in the framework of the

usual Nonlinear Schrodinger Equation.

1. Introduction and main results

Recently, many papers have studied different versions of the Schrodinger-
Poisson-X“ problem:

h? 1 .
(1.1) —%Au + V(x)u + (u2 * m) u=|ulf"'u, z € R’

where V' (z) is an external potential and p € (1,5). The interest on this
problem stems from the Slater approximation of the exchange term in the
Hartree-Fock model, see [24]. In this framework, p = 5/3; however, other
exponents have been used in different approximations, which have been
referred to as X® type approximations, see [21]. From another point of
view, this equation has been proposed in [5] under the name of Schréodinger-
Maxwell equation. For more information on the relevance of this model and
its deduction, we refer to [5, 6, 7, 8, 21, 25].
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From the mathematical point of view, problem (1.1) presents an interac-
tion between two different kind of nonlinear terms: a repulsive nonlocal term
and an attractive local term. This, and related problems, have been much
studied recently by using variational methods, see [3, 4, 9, 10, 16, 17, 22, 23,
26, 27].

If we define ¢, = u? x 2 and &% = %, the equation (1.1) can be

4|z|
rewritten as a system in the form:

—2Au+ V(x)u + ¢(z)u = |ulPu,
(1.2) { —A¢ = u?.

In this paper we are concerned with the semiclassical limit for the sys-
tem (1.2), namely the problem of finding non trivial solutions (u,¢) €
H'(R?) x D"?(R?) and studying their asymptotic behavior as ¢ — 0. Such
solutions are usually referred to as semiclassical states.

A large number of papers study the semiclassical states for the following
nonlinear Schrodinger equation

(1.3) —2Au+V(z)u = |ulfu, r € R3.

For the problem (1.3) spike solutions are found around the critical points of
the potential V', see for instance [1, 20]. These are solutions that concentrate
(as € — 0) around a unique point, and tend to zero uniformly outside a ball
centered at this point. For instance in [20] Yanyan Li proved the existence
of positive solutions concentrating near C! stable critical points of V.. More-
over, Li proves also the existence of multi-bump solutions, namely, solutions
concentrating around different critical points of V. Other results in this
direction were given in [13, 14]. However, in the previous papers the bumps
are well separated and so the interactions among the different bumps are
neglected.

In [15] the authors prove the existence of multi-bump solutions for (1.3)
whose bumps tend to a point of local maximum of V. Here the interactions
among the bumps do play a role. In a certain sense, each bump has an
attractive effect on the other bumps, whereas the potential has a repulsive
effect (around its local maximum). The multi-bump solution exists due to
a balance between the two effects. The authors also show that multi-bump
solutions do not exist around nondegenerate local minima. In this case, both
effects would be attractive and no balance could be possible.

With respect to (1.2), the existence of single-bump solutions near critical
points of V has been recently proved, see [19]. Other concentration phenom-
ena have been proved for this system even with the absence of the potential,
see [11, 12].
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In this paper we prove the existence of positive solutions with K intera-
cting bumps around local minima of the potential V. These solutions appear
because of the effect of the Poisson term in our equation. Indeed, the Poisson
term implies a repulsive effect among the bumps which balance the attractive
effect of the potential V.

We assume that:

(V1) V has a local strict minimum point in Py, namely there exists a
bounded open set U such that Py € U and

V(P) = rmnelg V(z) < V(P), VPeU\{PF}

Up to a translation and dilatation, we can assume Py = 0, V(0) = 1.

(V2) V(z) =1+ |g(x)|* for any x € U, where g : U/ — R is a C*! function
and o > 2.

In particular, there holds:
(V2) V(z) <1+ Clz|* for x € U and some C' > 0.
(V3) inf V > 0.

Observe that under the above conditions the local minimum must be
degenerate. We point out that conditions (V1)-(V2’)-(V3) are sufficient for
most of our arguments. We need condition (V2) for technical reasons, to be
able to rule out possible undesired oscillations of the derivatives of V' near 0.

Let us denote by U the unique positive radial solution in H'(R?) of the
problem (see [18]):

(1.4) —-AU +U =U".
Our main result is the following.

Theorem 1.1. Assume that V satisfies (V1), (V2) and (V3) and suppose
p € (1,5). Then for any positive integer K € Z, there exists ex > 0 such
that for any e < ek there exists a positive solution u. of (1.2) with K bumps
converging to 0. More specifically, there exists Q5, ... Q5 € R? such that:

1. Q5 — 0, e HQ5| — +oo as e — 0.

2. Defining ti.(x) = uc(ex), we have that i.(x) = S0 Uzx — e'Q%) +
o(1), ase — 0.

The proof uses a singular perturbation method, based on a Lyapunov-
Schmidt reduction. We point out that the distance between the bumps is
different from that of the multi-bump solutions of [15], and this is caused
because the different balance involving the Poisson term.
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The paper is organized as follows. Section 2 is devoted to some notations
and to the variational setting of the problem. In Section 3 we introduce the
Lyapunov-Schmidt reduction and solve the auxiliary equation. Finally, in
Section 4 the reduced functional is studied, solving the bifurcation equation.
This completes the proof of Theorem 1.1.

2. Preliminaries

As mentioned in the introduction, we denote by U the unique positive radial
solution in H'(R?) of the problem

—AU +U =U".
This solution satisfies the following decay property (see [18]):
lim U(r)re" =C >0, lim U(r) =—1, r=]lz|
r—-o00 r—+oo U(r)

for some constant C.
The function U is a critical point of the C? functional I, : H'(R?) — R
defined as

2.1) Io(w) = gl =~ [ Jul o,

where || - || denotes the usual norm in H 1(R?). Furthermore the solution U
is nondegenerate (up to translations). More speaﬁcally, there holds:

Lemma 2.1. Define the operator Q : H'(R?) — R as
Q] = I;(U)[v,v] = /11{3 [|V7/|2 + v —pUP 1| da.
We denote U, = aU. Then there hold:
e QU= (1- )||U||2<0~
. Q[%] =0, 7=1,2,3.
e Qv] > C|lv||? for all v LU, I/J_gTL;, j=1,2,3.

For a proof see for instance [2, Lemma 8.6].
It is convenient to make the change of variable x — ez and so we arrive
to the problem:

(2.2) —Au+ V(ex)u + %P u = uP, u € H'(R?), u > 0.
Here ¢, € DY?(R3), and

2 2
[voie= [ suar= [ [ W 4y,
R3 R3 s Jrs 4m|T — Y
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In general, given f € L%5, the solution of the problem —A¢ = f belongs
to DM2(R3) and:

/ Vo Vi = / £ < 1ol o < Cllbllpasllfllos.
R3 R3

Therefore, ||¢|/p12 < C| flle/s-

Moreover, it is well-known (see [5], for example) that the solutions of (2.2)
correspond to positive critical points of the C? functional I, : H'(R?) — R,

(23) L) =
= 1/ [|Vul]® + V(ez)u?] d;lc+i Gu () do— 1 lu|PT da
2 R3 4 R3 “ p+ 1 R3 ’
Finally, let us compute the derivatives of V. By using (V2)
V. (x = alg(z)|*2%g(x) g, (2),
(2.4) () 9(2)[**g(%) g, (7)

Vaiay () = ala = 1)[g(@)[*gx,()gx, (x) + alg(2)|*9(2) ga, 2, ().
In particular V' € C%7(U), where v = min{1, o« — 2}.

3. The Lyapunov-Schmidt reduction. The auxiliary equ-
ation

In this section we begin the Lyapunov-Schmidt for the proof of Theorem 1.1.
This will be made around an appropriate set of “approximating solutions”.
For any K € N, we define

A :{P R P — Py > ettt i £, V(P)<1+eati® P e u}

where 6 > 0 is chosen small enough so that j—i‘l — 0 > 2 (this is possible
since a > 2). Observe that Z‘TLI + 06 < 0 and A. is not empty for € small
enough.

Fix P = (Py,...,Pk) € A.. Setting zp, () = U(zx — P,), we define the

manifold of “approximate solutions”:

Z = {zP(x) = zi{:ZP(x) : Pe AE}.

This section is devoted to the proof of the next result:

Proposition 3.1. Assume that V satisfies (V1), (V2) and (V3) and suppose
p € (1,5). Then for any positive integer K € 7, there exists e > 0 such
that for any € < ek there exists a positive solution u. of (2.2), and z. € Z
such that |Ju. — z.|| = O(&?).
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It is easy to check that Proposition 3.1 implies Theorem 1.1.

The proof uses a Lyapunov-Schmidt reduction. For every z € Z, we
define W =W, . = (T.2)" and P : H'(R?) — W the orthogonal projection
onto . Our approach is to find a pair z € Z, w € W, ||w|| = O(¢?), such
that I(z + w) = 0. Equivalently:

a) PI(z+w) =0,
(3.1)

b) (Z — P)I.(z +w)=0.
The first equation above is called auxiliary equation, and the second one
receives the name of bifurcation equation.

Our intention now is to find a solution w € W of the auxiliary equation
for any z € Z. We begin with some estimates:

Proposition 3.2. There exists C = C(K) > 0 such that for all e > 0 small
and any P € A, we have

(3.2) I (zp)|| < C&*.

Proof. Taking into account that zp, are solutions of (1.4), we have:

I (zp)[v] = /3[V(€x) —1)zpvdz +&* | ¢.p2pvdr
R v e

1) 1)
K
— zp|P — 22 lvdx
P P;
R3 i=1
(1)

Let us evaluate separately the various terms. The second term can be easily
estimated (see Section 2):

(3.3) (11 <zl [loll < C K |Jv].

For (I), it suffices to estimate

/,[V(ex) — 1]zpvdx S/([V(ax)—V(aPi)]ZPiv dx —i—/([V(ePZ-) —1]zpvdzr.

(4) (B)

By the definition of A., we get that (B) = o(¢?). Let us estimate (A) by
splitting the integral in two parts:

/]RS V(ex) —V(eP)]|zpvdz :/ V(ex) = V(eP)]|zpvdx

‘:B—P¢|>€71
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Since V' is bounded in L*°, we use Holder estimate and the change y = z— P;,
to conclude

[ Wenvierized <c( [ vway) ol = ool

z—Pi|>e~! y|>et

for any M > 0, thanks to the exponential decay of U.
Observe that if |z — P;| < ¢!, eP, belongs to U and d(ex,U) < 1. We
use a Taylor expansion:

(3.4) / | V(ex) — V(eR,)|zp,|v|dx <
|m—Pi|<€*1
< / (e|]VV(eP)| |z — Bi| 4+ Ce*|lz — PJ?) zp,|v| dx.
R3

Again by the exponential decay of U, ||z — P;|"zp,||r2 is uniformly
bounded for any m > 0. So it suffices to estimate |VV (e F;)|.
Recall that eP; € A., and so V(eP) = 1+ [g(eP)|* < 1+ gt 0,
By (2.4),
Ve (@)] < Clg(a)|*™" < Celafi0) s,
Observe that a?’—fl — 0 > 2> -2 Therefore, VV (¢F;) = o(¢).
Finally we consider (III). These estimates have been done in [15]; we

sketch here the proof for the sake of completeness. Let us define p. = carit?
and divide R? in K + 1 regions:

Q={zeR’:2z—P|<p} fori=1...K, Q=R (ULQ).

We now use the C7 regularity of the function f(u) = u?, where o =
min{1l,p — 1}:

[0y -S|l
SRR i
S/ {mgl(Z'ZB) +C<ZZH)HU+Z£}J [v] da
% i#j i#j it
SO/Q (Zzpi>|v|dx.

i i
The last inequality is due to the fact that in €}, zp, < 1. Indeed, defining
Pe = cari ™ and using the exponential decay of U, we have

/92123(37) dzx < /

J 2|z|>pe

U?(y) dy < C/ e Wdr =Ce .

2r>pe
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On the other hand,

K , X K
[ (o) =S afwi<c [ 3
Qo " =g i=1 Qo =1

/ z?;f(x) dr < / U?(y) dy < Ce PPe,
Qo 2[z[>pe

This concludes the estimate (III). |
Now we are concerned with the invertibility of I”(zp) on W = (T, (Z))*.
First we observe that T, Z is spanned by the functions 2; ; := %(m - P),
J
with ¢ = 1,..., K and 5 = 1,2,3. Recall that P denotes the orthogonal
projection onto W; me decompose: W = A @& B where

A= {{Pzp}i=1. k) and B=(A® TZPZ)l

Proposition 3.3. For ¢ small and any P € A, PI/(zp) : W — W s
invertible and ||[PI"(zp)]7}|| < C.

The above result follows directly from the following lemma (see [2]):

Lemma 3.4. For all ¢ > 0 sufficiently small there exist two positive con-
stants C, Cy such that

(@) I(ep) 6] < —Crllull, for all u € A;
(b) I!(zp)[u,u] > Collul|?, for allu € B.
Proof. Let be u € A. Then

K
UZZAZ'PZPN NeER, i=1,... K.
i=1

Fori=1,..., K, Pzp, are orthogonal to T.,(Z). Hence we can write
PZpi:Zpi—wi, Zzl,,K
where 1); are given by
: 21,5
vi= Y (2psh) =L
- Tl
I#i

The functions % ; satisfy —AZ; ;+2,; = pz%_l,éu. Since for ¢ # 1, |P,— B)| —
+00 as ¢ — 0, after an integration by parts, we get (zp,, 2, ;) = o(1) as e — 0.
This implies ||¢;]] =o0(1) ase — 0fori=1,..., K.
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We now apply the bilinear form given by I”(zp) to obtain

K K K K
L)luu] = ()| 3o Nz Y Aize ]+ 2(e) | 2 A Y A
=1 i=1 i=1 =1

' '

(I (I7)
K K
121" (z2p) [Z Nep Aiwz} .
=1 =1
(111)

We observe that I”(zp) maps bounded sets onto bounded sets, then since
zp 1s bounded

K K
(I1) < 2 Gze)ll ) ANl < © Y Allwal® = o(1).
=1 =1

In the same way we obtain

K K
(L) < 2ol D Nllwll> < C Y Al = o(1).
=1 =1

Furthermore, by making simple computations one finds

K
(1) =Y [ 19+ 25— et as)
=1

+ ;i: )\?g/]RS[V(ex) —1)z3, dx)

>l

(4)
+2 Z Aid; </ [Vzp,Vzp, +V(ex)zp zp,] dx)
i#j RR3 g
] (B)
K 2 _ K
+52 /RS ¢ZP<;)\'&ZP¢> d$+252 R3¢-ZP<;)\ini>dx
(©) n3
K p—1 K 2 K
_p/ U ZZPi (ZAiZPz‘) - Z)\?Z%jl} dx
F e i=1 i=1

~”

(E)

where 5 solves —Ag = (Zfil )\Z‘Zpi)ZP.
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Reasoning as in the proof of Proposition 3.2, we obtain that (A) = o(1),
(B) =0(1), (C) =o0(1), (D) = o(1). Moreover
K
By <) [ [Pt =3 do

R3 i=1

Then (E) = o(1) as € — 0 (see Proposition 3.2). At the end
I’ (zp)[u, u] Z)\Q p,)|zp,, 2] + o(1).
Therefore, using Lemma 2.1 we have, for £ small, that

I’(zp)[u,u] < (1—p Z)\Q 2< () <0.

So I”(zp) is negative definite on A. We now prove that [”(zp) is positive
definite on B.

Choose an arbitrary u € B. For simplicity, assume that [ul| = 1. We
denote by ¢ the solution of —A¢ = zpu. Since zp and u are bounded, it is
easy to see that, for € small enough,

g /R3 [¢zpu2 + 2$2pu] dr = / [V (ex) — 1] u*dx = o(1).

R3
Then
I (zp)[u,u] = / |Vu|2~|—V (ex)u® + 2. u? + 2e%p2pu — p2 1u2] dx
R3
= / [[Vul?> + u? — pzl 'u?] dz + o(1).
R3

As done in Proposition 3.2 it can be proved that

/ZP u2dx—/ ZZP "ulda + o(1).

RS R3 *

Hence

(3.5)  I!(zp)[u,u] = / [|Vu|2+u —pZzP u}dm%—o(l).

We need to estimate the integral in (3.5). In order to do this, we use the
following technical result:
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Claim: for ¢ small there exists R € (eg, %59), with § = i‘T‘J{ +0 <0, such
that

K

(3.6) 3 / (Vuf? + v dx < 4~
R<|z—P;|<R+1
To prove this we remark that from ||u|| = 1 it follows
3 > / IVuP +udz <1 ReN.
i—1 R<|z—P;|<R+1
Re(s2 Le

. 0 o .
Since, for e small, the above sum has more than % summands, then, it is

always possible to choose R € N, R € (63, %5‘9) such that the claim holds.

Let us fix R such that (3.6) is satisfied and define the smooth cut-off
functions y; : R — [0,1],7=1,..., K by setting

1 |t — P| <R
Xi(x):=4¢ 0 v —P| >R+1
[Vyi(z)] <2 VreRs.

Define also
K
r)=1-> xi(z)
i=1

K
Then we can decompose u = ).,

that for ¢ # j (u;,u;) = o(1). Thus

u; where u; = wy;. From (3.6) it follows

K
L= lul® = llusll® + o(1)
=0

Using again (3.6), we obtain that (zp,,u;) = o(1) for ¢ > 0, i # j. Since
u € B we have (zp,u) =o0(1). Then fori=1,..., K

Mw

(zp,,u (zp,uj) = (zp,, u;) + o(1).

Jj=0

Hence (zp,,u;) = o(1). Finally, for i = 1,..., K, since u_lZ; ;, reasoning as
above, we find also (2; ;,w;) = o(1) for all ¢, 7, [.
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By using the above properties and Lemma 2.1 we obtain

K
I (zp)[u,u] = / [|Vu|2 +u® — pz z’l’gi_luﬂ dz + o(1)
R? i=1

K
= > [ 9w+ = pat 4] de ol + o)
i=1 /R

v

K
C Y luill® + lluoll* + o(1)

=1

> cz(ﬁ i) +o(1)

> (Cy>0.
|

With this estimates in hand we can now solve the auxiliary equation.
Consider z = zp € Z fixed, and define

Be={ueW:|ul| <20|I(2)|},

where C' is the positive constant given by Proposition 3.3. So, the solutions
of the auxiliary equations are fixed points of the map S, : W — W

S.(w) =w — [PI"(2)] PI.(z + w)].

It is easy to check that ||S.(0)|| < C||I.(z)||. We now compute the derivative
of S.:

S (w)[e] =v—[PI ()] PL(z4w)o] = [PIL ()]~ (PLL(2)— PIL(= + w)) [o].
Now observe that 1/ is uniformly continuous in bounded sets, so
IPIZ(z +w) = PI/()| =0 (e —0)

uniformly in z € Z and w € B, (recall Proposition 3.2).

This implies that ||SL(w)| = o(1) for any w € B.. Therefore, S; is
a contraction and, by using the mean value theorem, S.(B.) C B.. We
make use of the Banach contraction theorem to find a unique fixed point
w = W, , € B. of S;.. Moreover one has

(3.7) lwe || < 20| IL(2)|| < Ce?
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4. The reduced functional

In this section we will find a solution for the bifurcation equation among the
set of solutions of the auxiliary equation, which is:

Z={2+w.,:2€Z, w,., solves (3.1)(a), and satisfies (3.7)}.

By the Implicit Function Theorem it is easy to check that Z is a C!
manifold. Moreover, it is well-known (see [2], for example) that Z is a
natural constraint for I, for € small. In other words, critical points of I.| s are
solutions of the bifurcation equation (3.1) (b), and hence solutions of (2.2).

So, let us define the reduced functional as the restriction of the func-
tional I. to the natural constraint Z, namely ®. : A, — R, ®.(P) =
I.(zp + we p), and we look for critical points of ®.. Using the informa-
tion on ||w. .,||, we will be able to find an expansion of ®.(P).

First of all, since I/ maps bounded sets onto bounded sets, we have

O.(P) = I.(2p) + IL(2p)[we ] + O([|wep?).
Using Proposition 3.2 and (3.7) we deduce
(4.1) ®.(P) = I.(zp) + O(e).
So we have to compute I.(zp). Preliminary lemmas are in order.

Lemma 4.1. For 3= 1,2 and F : R® — R such that (1+|y|**H)F € L'NL>®

set
1

VP = [ =P d

Then there exist two positive constants C' = C(3, F') and C' = C'((3, F) such
that

(4.2)

C C’

For a proof see [11]. Now, thanks to the the exponential decay of U the
following estimate holds (see Lemma 2.1 of [15]):

Lemma 4.2. For ¢ sufficiently small and P € A, we have

/ 2 zp, dx = (n+ of1))e” =P
RS

where
n= / UP(x)e " dz > 0.
R3
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We are now in position to find an expansion of I.(zp).

Proposition 4.3. For any P = (Py,...,Px) € A. and € > 0 sufficiently
small we have

(4.3) L(zp) = 00+ecl+022vep + 05y

i=1 i#]

P — P |
where

1 1
Co=K-(= [ |[VUPde ——— [ U dz),
2 R3 p+1 R3
K [ U2)U?(y)
4 Jgs v —yl

1
OQZE/Ude,

and Cs s a positive constant given by Lemma 4.1, which depends only on U.

C, = dz dy,

Proof. We compute

-(zp) Z[ zp,) + Z/ VzPinpj + V(ex)zPiZPj] dx

i#]
. Z/ bu Bl = Z/ b2
ll#]
+ — Z Pmzpzpd 96—— [|Z i Z|2P ]
K
Z (zp, —i—Z/ ZPZPdm+ Z/ gzﬁzpzpdac
i#j i#j
+ = Z/ G jzpdr + — Z/ G2pzp2p,dx
lwfj i#j
1 3a
- zpPT — 2p, ]dx—l—oea_ﬂ_‘s.
1 e Z| (570)
Here ¢;; are the solutions of —A¢;; = zp2p,, i # j. Let us evaluate

separately the various terms.
Claim: There holds:

(4.4) L(2p) = Cy + €2Cy + CoV (eP,) + o(e51 )
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where

1 ~ 1
VU|P2dx — —— UPtid O, == U?d
Rd| o= | WPz, Ci=g | éuUPde,

2
Cg Z/Rgde

It suffices to estimate:
/ V(ex) — V(eP)U2(x — P,) do.
R3
First, we split this integral expression in two terms

/]R3 [V(ex) — V(eP)|zp, do = /| . _T[V(ex) — V(eP)]zp, dx

+/w Pil<e Wer) = V(eh)]zp, dv,

for some positive constant 7 to be determined. Since V' is bounded in L,
we use the change y = x — P;, and the exponential decay of U to conclude

[, Wen-verhase [ U=

ly[>e~T

for any positive M.

We use a Taylor expansion:

<

‘ / V(ea) — V(eP) — eVV(P) - (x — P)] 2,
4 5 |z— P\<E—T
< Zmax{ DV ¢~ Pl <) [ o= PPt do
R3
By using the radial symmetry of U,
/ VV(eP)  (x — P)U(x — P,)* = 0.
|z—P;l<e~T

So, it suffices to estimate ||D*V (§)|| for |£ —eP;| < e'~7. First, observe
that if 7 < 1 and ¢ is small enough, £ € U.

Moreover, by the definition of A., V(eP;) =1+ |g(eP;)|* < 1+ gat1 0
From this and (2.4) we have that

Via, (eP)| < Clg()|*? < Ce™2* (35179),
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On the other hand, since V' € C?7 (recall, v = min{1, o — 2}):

Vii; (€) = Vi, (ePy)| < C707T),

Therefore, (

[Vaio, (§)] < Cemn®& (@r=0) 20,

By direct computation, 2 + 0‘;2 (a?’—fl — ) > a—+1 — 0. Moreover, 2+ 1 =
3> and2+a—2= a > =% Then, we can choose 7 > 0 small enough
such that 2491 —-71) > - 6 This concludes the proof of the claim.

We now continue the estlmates of the remaining terms. From Lemma 4.2
(4.6) / 2p zp;da = (n + o(1))e!Pi=Fil = o(eM)

R3
for any M > 0. Now, by using the notations of Lemma 4.1, we have
1
bur, = =WV — P).

If i # j, by (4.2)
2 1 2 2
/ Gup 2p dr = —/ U, [U*|(z — P)U*(x — P;) dx
R3S 7 AT Jrs

1
s [y + P — PJ?

1
= 03/ U(z — Pj)dz + O(1) U?(y) dx

= C3Uy(U)|P; = Py + O()|P; — |2,

From the definition of A, and since o > 2, |P,— P;| 7 = (5a+1 %). Further-
more

¢.p2p2p; dr < C’/ zp,zp;dr = 0(6M) (1 # j).
R3 R3

and, consequently,

¢i,j2123i dx = —/ ¢i,jA¢zPi = —/ Agi ¢zPZ. :/ ¢ZpiZPiZPj dx = 0(€M)
R3 R3 R3 R3

for any M > 0. Since P € A, we have that for ¢ # j
2 2 2

19 19 3o
— ; d Cy——-—-o-Fe?O(|P—Pj| %) = O3 ——— at1 %),
1 R3¢P2P T = SIH—Pj|+€ (] %5 7) 3|Pi—Pj|+0(€ )
Finally, arguing as in Proposition 3.2, we obtain

(4.7) /Rd IS i

=1

] dr = o(e™)

for any M > 0. All previous estimates imply the expansion (4.3). |
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From (4.1) and (4.3) we have the following expansion for the reduced
functional

(4.8) ®.(P)=Cy+e Oﬁ—CgZV (eP) +O3€QZW o(easr ),

=1

Proposition 4.4. For ¢ sufficiently small, the following minimization pro-
blem

(4.9) min {®.(P) : PeA.}
has a solution P, € A..

Proof. Since ®.(P) is continuous in P in a compact set, the minimization
problem has a solution. Let ®.(P¢) be the minimum of ®. where P¢ is in
the closure of the set A.. We prove by energy comparison that P is not on
the boundary of A.. In order to do this, first we obtain an upper bound for
¢ (P¢). Let us choose

PP = caiiX,
where X;, 7 = 1,..., K are the K vortices of K—polygon centered at 0
Then for € small it is clear that sPJQ € U. Moreover
|Pz'0 - Pj0| = 5ﬁ|Xi — Xl
and ,
V(eP)) <1+ CleP)|* <1+ Cenrr.
Therefore, PO = (P, ..., Py) € A.. Hence by (4.8) we obtain

(410)  @.(P%) = min &.(P) < @.(P°) < Co + £°Cy + KCy + Chenir.

If now P* is such that |Pf — Pf| = o117 for some i # j, then
(4.11) D.(PF) > Cy + £2C) + KCy + Cyeati™®

If, instead, P¢ is such that V(ePf) =1+ 17 for some i, then
(4.12) ®.(PF) > Cy + £2Cy + KCy + Cheati ™®

But both (4.11) and (4.12) are in contradiction with (4.10).

We remark that we have not considered the case eP¢ € dU, because this
3a
would be in contradiction with V(eP5) <1+ ga+i° for & small. [ |
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