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Construction of multi-soliton solutions
for the L*-supercritical gKdV
and NLS equations

Raphaél Cote, Yvan Martel and Frank Merle

Abstract

Multi-soliton solutions, i.e. solutions behaving as the sum of N
given solitons as t — o0, were constructed for the L? critical and sub-
critical (NLS) and (gKdV) equations in previous works (see [23], [16]
and [20]). In this paper, we extend the construction of multi-soliton
solutions to the L? supercritical case both for (gKdV) and (NLS)
equations, using a topological argument to control the direction of
instability.

1. Introduction

1.1. The generalized KdV equation

We consider the generalized Korteweg-de Vries equations:
(gKdV) U+ (Uge +uP), =0, (t,z) € R xR,

where p > 2 is an integer. See Section 3.1 for more general nonlinearities.

Recall that the Cauchy problem for (gKdV) in the energy space H' has
been solved by Kenig, Ponce and Vega [14]: for all ug € H'(R), there exist
T = T(||uol| 1) > 0 and a solution u € C([0,T], H*(R)) to (gKdV) satisfying
u(0) = ug, unique in some sense. Moreover, if 77 denotes the maximal time
of existence for u, then either 77 = 400 (global solution) or 7} < oo and
then ||u(t)|| g1 — oo as t T T (blow-up solution).
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For such solutions, the mass and energy are conserved:
(1.1) /u2(t) - /u2(0) (L? mass),
_ l 2 _ 1 p+1 _
(1) B() =5 [w0) ~ g [w" ) = Bw(0)  (eneray).

Now, we define Q € H', Q > 0 the unique solution (up to translations) to

Qu+Q"=Q, ie Qz)= (LJ o

2 —
2 cosh? (2
1

Let Qe (7) = ¢§ " Q(/Gor) and let

Rco,ﬂ:o(tv .I') = CEQ(\/E(‘%‘ — col — .T()))
be the family of soliton solution of the (gKdV) equation.
It is well-known that the stability properties of a soliton R, ,, depend

5_
on the sign of £ [Q? . Since [Q? = cTr D [ (2, we distinguish the

Cle=co
following three cases:

e For p < 5 (L? subcritical case), solitons are stable and asymptotically
stable in H' in some suitable sense: see Cazenave and Lions [3], Wein-
stein [30] , Grillakis, Shatah and Straus [12], for orbital stability, and
Pego and Weintein [27], Martel and Merle [17] for asymptotic stability.

e In the L? critical case, i.e. p = 5, solitons are unstable, and blow up
occur for a large class of solutions initially arbitrarily close to a soliton,
see Martel and Merle [18], [19].

e In the case p > 5 (L? supercritical case), solitons are unstable (see Gril-
lakis, Shatah and Straus [12] and Bona, Souganidis and Strauss [2]).

Now, we focus on multi-soliton solutions. Given 2N parameters defin-
ing N solitons with different speeds,

(1.3) 0<c <---<en, xp,...x5y €R,

we call multi-soliton a solution u(t) to (gKdV) such that

(1.4) lim

t—+4o0

= 0.

u(t) — ﬁ_vjl Re, ., (t)‘

Hl
Let us recall known results on multi-solitons:

e For p =2 and 3 (KdV and mKdV), multi-solitons are well-known to
exist for any set of parameters (1.3), as a consequence of the inverse
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scattering method. Moreover, these special explicit solutions describe
the elastic collision of the solitons (see e.g. Miura [24]).

e In the L2-subcritical and critical cases, i.e. for (gKdV) with p <5 (or
for some more general nonlinearities under the stability assumption
€ lec_c_ > 0 for all j), Martel [16] constructed multi-solitons for

-

any set of parameters (1.3). The proof of this result follows the strat-
egy of Merle [23] (compactness argument) and relies on monotonicity
properties developed in [17] (see also [21]). Recall that Martel, Merle
and Tsai [21] proved stability and asymptotic stability of a sum of N
solitons for large time for the subcritical case. A refined version of the
stability result of [21] shows that for a given set of parameters, there
exists a wunique multi-soliton soliton satisfying (1.4), see Theorem 1
in [16].

In the present paper, we extend the multi-soliton existence result to the
L?-supercritical case, i.e., in a situation where solitons are known to be
unstable.

Theorem 1 (Existence of multi-solitons for L?-supercritical (gKdV)). Let
p>5H. Let 0 < cy < ---<cy and xy,...,xy € R. There exist Ty € R,
C, 00 > 0, and a solution u € C([Ty, 00), H) to (gKdV) such that

N

Ve Too0),  |ult) = Y Ropu(t)] <
i=1 m
Remark 1. As in the subcritical case, the proof of Theorem 1 is based on a
compactness argument and on some large time uniform estimates, however,
it also involves an additional topological argument to control an instable
direction of the linearized operator around each @),. The proof relies de-
cisively on the introduction of L? eigenfunctions of the linearized operator,
constructed by Pego and Weinstein [26] by ODE techniques. Note that
in [26], the existence of such eigenfunctions for @, is proved to be equiva-
lent to <& ng|c:co < 0.

It is possible that other methods of construction work for some range of
parameters 0 < ¢; < --- < ¢y, but due to the instable directions, the use
of such a topological argument is probably necessary to treat the general
case (1.3).

Finally, note that the solution u(t) of Theorem 1 belongs to H*®, and that
the convergence to -4 R, ;. (t) holds in H*, for any s > 1 (see Proposi-
tion 5 of [16]).

We refer to Section 3.1 for a similar existence result for (gKdV) equations
with general nonlinearities.
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1.2. The non linear Schrédinger equations

Now we turn to the case of the non linear Schrodinger equations:
(NLS) iy + Au+ [ufPfu =0, (t,x) e Rx R4 w(t,x) € C,

where p > 1, for any space dimension d > 1. Concerning the local well-
posedness of the Cauchy problem in H', we refer to Ginibre and Velo [10].
Recall that H' solutions satisfy the conservation laws

/|u|2(t) =/|u0|2, Im/(avu)(t) - Im/aovuo,

%/|Vu(t)|2 — jz%/|U|p+l(t) = %/Wuo(t)ﬁ _ L/|u0|p+1.

p+1
Consider the radial positive solution @ € H'(R?) to

(1.5) AQ+QP=0Q,

which is the unique positive solution of this equation up to translations.
We refer to [9], [1] and [15] for classical existence and uniqueness results on
equation (1.5). Given vg, 2o € RY, 79 € R and ¢y > 0, the function

- .
R o020 (t, q;) = Cé’le(\/%(x — vt — xo))el(%vom—i\\voH2t+cot+w)

is a soliton solution to (NLS), moving on the line z = xg + vyt.

We recall the following classical results (for any d > 1):

e For 1 < p < 1+ 4/d, (L? subcritical case) Cazenave and Lions [3]
proved that solitons are orbitally stable in H'. Multi-solitons (defined

in a similar way as for (gKdV)) were constructed in this setting by
Martel and Merle [20].

e In the L? critical case, p = 1 + 4/d, solitons are unstable, however
multi-solitons were constructed by Merle [23], as a consequence of the
construction of special solutions of (NLS) blowing up in finite time at
N prescribed points.

e Forp e (1+ %, jl“_r—g) (ford =1,2, p > 1+ %): solitons are unstable

(see [12]). Recall that p = “2 corresponds to the critical H' case.

We claim the following analogue of Theorem 1 in the context of the L?
supercritical (NLS) equation.
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Theorem 2 (Multi-solitons for L? supercritical (NLS)). Let p € (1+13, 42)
(p > 1+%f0rd: 1,2). Letcr,....,en >0, 71,...,79v €ER, z1,...,2n € RY,

and vy, ...,vny € R? be such that

Vk#.]v Uk%vj‘

Then there exist Ty € R, C,00 > 0, and a solution u € C([Ty,o0), H')
to (NLS) such that

< Ce % 1t
Hl

N
Ve [To,00) U)X By, ()
j=1

Remark 2. The condition on p means that the problem is L? supercritical
but H' subcritical (for d > 3). In the present paper, we do not treat the H'
critical case — recall that solitons then have only algebraic decay.

The proof of Theorem 2 is completely similar to the one of Theorem 1, see
Section 3.2. Note that similarly to the (gKdV) case, we need eigenfunctions
for the linearized operator around ). For the (NLS) case, see Weinstein [29],
Grillakis [11] and Schlag [28].

In Section 1.3, we present an outline of the proof of Theorem 1. A
complete proof of Theorem 1 is given in Section 2. Next, extensions of this
result to (gKdV) equations with general nonlinearities are presented without
proof in Section 3.1. Finally, a sketch of the proof of Theorem 2 is given in
Section 3.2. In the Appendix, we gather the proof of two technical lemmas.

1.3. Outline of proof of Theorem 1

For simplicity, we consider only positive solitons and pure power nonlinear-
ities for (gKdV). The proof follows a similar initial strategy as in the works
of Merle [23] or Martel [16]. Set
N
Rj(t> .T) = ch,xj(t7 -T)a R(t’x) = ZRj(t> .T),
j=1
and consider a sequence S,, — +0o0.

In the subcritical case ([16] and [20]), one considers the sequence (u,,)
of solutions to (gKdV) such that w,(S,) = R(S,). The goal is then to
obtain backwards uniform estimates on u,(t) — R(t) on some time interval
t € [To, S,], where Ty does not depend on n. From these estimates, one can
construct the multi-soliton soliton by compactness arguments. To obtain the
uniform estimates, one uses monotonicity properties of local conservation
laws and coercivity property of the Hessian of the energy around a soliton:

Lv = —v,, — pQP~ v + v.
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Indeed, in the subcritical case, it is well-known (see [30]) that (Lv,v) >
AMv]|%: (A > 0) provided that (v,Q) = (v,Q,) = 0. These two directions
are then controlled by modulation with respect to scaling and translation.

In the supercritical case, one cannot obtain uniform estimates in the
same way, since the previous property of L fails. It is known that (L-,-)
is positive definite up to the directions szll and ().; the direction (), can
still be handled using modulation in the translation parameter, but the
even direction Q% cannot be controled by the scaling parameter as for the
subcritical case (this is of course related to the instable nature of the soliton).

At this point, we need the L? eigenfunctions Z% of the operator Ld,:

L(ZF) = +eg 2%, ¢y >0,

constructed by Pego and Weinstein [26]. Following Duyckaerts and Merle [5],
we prove that (L-, ) is positive definite up to the directions Z* and Q, (see
Lemma 1 in the present paper). The direction Z~ being in some sense a sta-
ble direction, it does not create any difficulty. For the instable direction Z7,
we do need an extra parameter, which cannot be controlled by a scaling
argument. Thus, instead of considering the final data u,(S,) = R(S,), as
in [16], we look at solutions u, to (gKdV) with final data:

Jm=yg 0

un(Sn) = R(S)+365,25,  where  ZF(t,x) = 77 ZF(\ /55 (a—cst—a;)),
g+

and b,, = (bfn)jzlw,N;i belongs to some small neighborhood of 0 in R?Y. A
topological argument then allows us to select, for all n, a value of b, so that
a uniform estimate of ||u,(t) — R(¢)||z: holds on some interval [T, S,,].

2. Proof of Theorem 1

2.1. Preliminary results
Consider the operator
Lv = —v,, — pQP v + 0.

For p > 5, it is known from the work of Pego and Weinstein [26] that
the operator 0, L has two eigenfunctions Y+ and Y~ (related by Y~ (z) =
Y*(—x)) such that

(LY®), = +eqY ™, where ¢y > 0.

In contrast with the (NLS) case (see references in section 3.2), the existence
of Y* is not obtained by variational arguments, but by sharp ODE tech-
niques. Note that [26] provides a complete description of the spectrum of 0, L
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in L? for any p > 1 ; in particular, the existence of such eigenfunctions re-
lated to +eq with ey > 0 is proved to be equivalent to super criticality (i.e.
p > 5 in the present case).

Next, we observe that Z* = LY* are eigenfunctions of Ld, (adjoint
to —0,L). Indeed,

L(ZF) = +egZ*.

The functions Z* are normalized so that |Z%|;2 = 1. Moreover, we re-
call from [26] (standard ODE arguments) that Z* Y+ € .#(R) and have
exponential decay, along with their derivatives. Let 1y > 0 such that

Ve eR,  |Z%(@)|+1Z7(2)| + |2 (2)] +|Z; (z)| < Ce ™M,
Following [5] (concerning the (NLS) case), we claim the following coer-
civity property of L (for f,g € L?, (f,g) = | fg denotes the scalar product
in L?).
Lemma 1. There exists A > 0 such that

(0777 4 0,277 + (0.0

Proof. The proof is similar to the one of [5, Lemma 5.2]. It is given here
for the reader’s convenience.
First we recall the following well-known result.

Yo e HY,  (Lv,v) > A||v||3: —

Claim. There exists v > 0 such that
1 p+1
(1)  VeeH', (Lv,o)zvlllin = ((1,Q)° + (0.QF ).

Indeed, @), and Q%i are two eigenfunctions for L, namely

p p 1 2
LQ,=0 and LQ% = /AQQ%, where pg =1 — (%) < 0.

The claim then follows from Sturm-Liouville theory.

To prove the Lemma, it suffices to show that
(2.2) if (v,Z27)=(v,Z27) = (v,Q,) = 0 then (Lv,v) > \||v|/%.
Let v satisfy the orthogonality conditions in (2.2) and decompose the func-
tions v, Y* L? orthogonaly in Span(QgE,szil)l and Span(Qm,Q%) (the
notation L is here related to L? orthogonality).
v=wtaQT, Y=yt 4 8Q +9QF, YT =y +0Q. + Q"

By the symmetry Y7 (—z) = Y~ (z) and uniqueness of the orthogonal de-
composition, note that 6 = —3, n =~ and y™(—x) =y~ (z).
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We claim that the functions y™, y~ are linearly independent. Indeed,
decompose into even and odd parts

yI=y Yy =y Y
As Y*, the functions y*, y° and y° have exponential decay, along with their
derivatives.

Let us prove that y© # 0 and y° # 0 ; we observe from (LY "), = eV ™+
that

e o M e o i
(Ly)a + (LY®)z — p07(QF )a = eoy® + oy’ + €03Q + e07Q 2
e o m o e &
(Ly)e = eo(y” + BQw) — 1oV (Q 2 )ay  (Ly°)e = oy +7Q 7).

If y° = 0, then y® = 0 and v = 0, hence 3 = 0, and thus Y* =Y~ =0, Wthh
is a contradiction. Now, if we assume y¢ = 0, by (Ly°), = eo(y° + ’yQ )
and fQ% # 0, we obtain v = 0. Thus, from 0 = (Ly®), = eo(y° + 5Qx),
we get 4° = 0 and 8 = 0, so that Y™ = Y~ = 0, a contradiction. From
the property y¢ # 0 and y° # 0, one deduces that ay™ + by~ = 0 implies
a=b=0, hence y* and y~ are linearly independent.

We now go back to the proof of coercivity. Note that

(LY*,Y*) = +e, ' (LY*, (LY ®),) = 0.

We compute

0=(v,2%) = (v, LY") = (Lv,Y*) = (Lw,y") + ap||Q"= |32,
0=(v,27) =(v,LY") = (Lv,Y") = (Lw y7) + apey | Q" |2,
= (LY*,Y") = (Ly", ") + 72 0ollQ"F ||2,
= (LY",Y") = (Ly . y") + 7210l Q"F 2.
Hence
(2.3)

(Lw,y")(Lw,y")
@yt (Ly=y)

(Lv,v) = (Lw, w) + 0| Q" |22 = (Lw, w) —

Counsider

a= sup
weSpan(y*,y~)\{0}

(Lw,y ") ' (Lw,y7) ‘
V(Lw,w)(Lyt,yt) (Lw,w)(Ly=,y7)

p+1

Recall (L-,-) is positive definite on Span(Q,, Q"= ) ; applying Cauchy-
Schwarz inequality to each of the two terms of the product above, we find
a < 1. Furthermore, if a = 1, there exists w # 0 such that these two
Cauchy-Schwarz inequalities are actually equalities, but this is not possible
since y* and y~ are independent.




MULTI-SOLITON SOLUTIONS FOR GKDV AND NLS EQUATIONS 281

Therefore, W(Elhave proved that a < 1. Using L orthogonal deco+rr11position
on Span(Q,, Q" )+, we also obtain that for all w € Span(Q,, Q" z )",

‘ (Lw,y* Lw JY7)
V(Lyt, y+ (Ly=,y~)
Hence, by (2.3) and next (2.1),
(Lu,v) = (1 = a)(Lw, w) 2 (1 — a)|[w]p >0,
and so (Lw,w) = |Mo|02HQ ”L2
Thus, for C' = X max(%, -1 Tl Q=

< a(Lw,w).

p+1

p+1 || p+1

||L22) we get

2 Q™
C(Lv,v) > C(1 — a)(Lw, w) > c—<Lw w) a?|Q" |13

> 2fwlf +20%QF 3 > |lw +aQ™F HHl = [lvlzn-

2.2. Main Proposition and proof of Theorem 1
We denote

1

(2'4) Rj(t’ 33) cp IQ(\/E('T — ¢t — xj))’ R(t> 'T) = jz_:l Rj(t’ 33),

Z>(t,x) = chlZi(\/c_j(x — ¢t —x5)).

Let S, — oo be a increasing sequence of time, b, = (b5,,);+ € R*N be a
sequence of parameters to be determined, and let u,, be the solution to

Unpy + (unmm + uﬁ)m - 07

2.5)
( () = RS+ Y bEZE(S,).
jed{l1,...,N}+
Let
1 .
(2'6) Op = 1 min {770\/51, 63/3017 C1,C2 —C1y...,CN — CN—l} .

Proposition 1. There exist ng > 0, Ty > 0 and C > 0 (independent of n)
such that the following holds: For each n>ny, there exists b, = (bfn)j,i eRY

with ”»
S

and such that the solution u, to (2.5) is defined on the interval [Ty, S,], and

satisfies
Vi€ [Ty, S, Ilun(t) = R(E) 0 < Ce0
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Assuming this Proposition, we now deduce the proof of Theorem 1. The
proof of Proposition 1 is postponed to Section 2.3.

Proof of Theorem 1 assuming Proposition 1. It follows closely the
proof of Theorem 1 in [16]. We may assume ny = 0 in Proposition 1 without
loss of generality.

Step 1: Compactness argument. From Proposition 1, there exists a sequence
uy,(t) of solutions to (gKdV), defined on [T}, S,| and Cy, 09 > 0 such that
the following uniform estimates hold:

(27)  VneN, Vte [Tn, S, [unlt) = R(E)||m < Coe™ ",

We claim the following compactness result on the sequence wu,,(7p).

Claim.

lim su u?(Ty, x)dx = 0.
A—’OOneg z[>A n(To, @)

Proof. Let € > 0, T'(¢) > Ty be such that Coe_US/QT(E) < /e and n large
enough so that S,, > T'(¢). Then

[ () = RTE)P <
Let A(e) be such that Jiz/>4) R(T(e)X(x)dx <  ; we get
/I:v|>A(s) un(T(e), v)da < 4e.

Let g(z) € C? be such that g(z) = 0if x < 0, g(x) = 1 if z > 2, and
furthermore 0 < ¢'(z) < 1, |¢"(z)| < 1.
Recall that for f(z) € C3, we have (Kato’s identity [13])

4 2f = 2 2 2_p/ p+l

For C(e) > 1 to be determined later, we thus have:

oo [ (o) e ) ()

+
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For t > Ty > 0, u,, satisfies ||u,(t)|| g1 < Co+ N 1Qe; ||t < C°, and so:

£ faeon(5)

1 2p -1
< 3 [uad(t)+ [t + ol [
< o (2wt + [0+ 2 [
1 2 2p — p+1
< 3C07 4 om0
— C(e) ( p+1
Now choose C'(g) = max {1, @ (36’02 + %2(7’_1)/200”1)}, so that

i e (7557 = 1w

By integration on [7p, T'(¢)]:

) ) x— Ale)
uy (1o, x ﬁ/unT,x — | < be.

/33220(6)-1—14(6) (To, ) T )g( C(e) )
—A(e)—xz
C(e)

Now considering £ [ u2(t,z)g ( ), we get in a similar way

/ u?(Ty, ) < 5e.
<—2C(e)—A(e)
Therefore, setting A. = 2C(e/10) + A(¢/10), we obtain:

Vn € N, / u?(Ty,z) < e.
|z|>Ac

|

By (2.7), the sequence (u,(7T)) is bounded in H', thus we can extract a

subsequence (still denoted by (u,,)) which converges weakly to ¢y € H'(R).

The previous compactness result ensures that the convergence is strong in
L*(R). Indeed, let ¢ > 0 and let A be such that [, 4 ¢5(z)de < ¢ and

Vn € N, / u?(Ty, x) < e.
2> A
By the compact embedding H'([—A, A]) — L*([=A, A]), [j,j<a lun(To,z) —
wo(z)|?dz — 0 as n — +oo. We thus derive that

lim sup [un(To) — ol T2y < 4e.
ne

Since this is true for all & > 0, u,(Ty) — ¢o in L*(R) as n — +oo. By
interpolation, u,(7Ty) converges strongly to ¢q in H* for all s € [0,1).
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Step 2. Construction of the multi-soliton u*. Denote u*(t) the solution to

ug + (uz, + (u7)P)e = 0,
U*(T()) = ©0-

Due to [14], the Cauchy problem for (gKdV) is locally well-posed in H*® for
s > 1/2: we will work in H'/? (which is not a critical space) and H'. Let
u* € C([Ty, T*), H') be the maximal solution to (gKdV). Recall the blow up
alternative: either 7% = 400 or T* < oo and then ||u*(t)||g: — oo ast T T™*.

Since the flow is continuous in H'/2, for any t € [Ty, T*), u,(t) is de-
fined for n large enough and w,(t) — u*(t) in H'? as n — +oo. By the
uniform H' bound, we also obtain w,(t) — u*(t) in H'-weak. Hence, using
Proposition 1,

Ve [To,T7),  [lu'(t) = ROl < lminf fu,(t) — R(8)| g < e,

In particular, we deduce that
* * —03/2t al
VEe [Ty, T7), [lw'®)llm < Ce™™ "+ ROl < C+ D _[1Qc, |-
j=1

The blow-up alternative implies T* = oo. Hence u* € C([Tp, o), H') and
moreover |[u*(t) — R(t)||g < Ce= " for all t > Ty, n

2.3. Proof of Proposition 1

The proof proceeds in several steps. For the sake of simplicity, we will drop
the index n for the rest of this section (except for S,,). We possibly drop the
first terms of the sequence S, so that for all n, S, is large enough for our
purposes.

Step 1. Choice of a set of initial data.

Lemma 2 (Modulation for time independent function). Let0 < ¢; <...<cy.
There exist C,e > 0 such that the following holds. Given (o)1, n such
min{|a; — | i # j} > 1/e, if u(x) € L? is such that

<e

Y

Hu—é@cj(x—aj)

L2

then there exist modulation parameters'y = (y;)j=1,.. N such that setting

.....

N
v :u_chj(x_O‘j _yj)v
i=1
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the following holds

N

28) |rvHL2+Z|yJ|<cHu— Qyx ~ a)

7=1

(2.9) and Vj=1,...,N, / 2)(Qe;)z(z — a5 — y;)dr = 0.

LQ’

Furthermore, u — (v,y) is a smooth diffeomorphism.

Notation. For b small, from (2.5) and continuity in H', u(t) is defined
and modulable (in the sense of the previous lemma) for ¢ close to S,. As
long as u(t) is modulable around R(t), we denote by y(t) = (y;(t));=1
the modulation parameters, and

R;(t) = R(t,x — y;(1), R(t) = ) Ri(t), Z;(t,x) = Z (t,x — y;(t))
o(t) = u(t) — R(t) sothat ¥j=1,...,N, / V() (R;)(t) = 0,
a*(t) = (a(t));=1, ., where af = / “ (¢, 2)da.

We also set L; = —0,, — pRY (1) + ¢;.

We consider RY equipped with the ¢ norm. We denote by Bg(P,r)
the closed ball of the Banach space B, centered at P and of radius » > 0.
If P =0, we simply write Bg(r). Finally, Sgn(r) denotes the sphere of
radius 7 in RV,

In view of Lemma 1, we have to control the functions a®(¢) on some
time interval [Tp,S,]. Since Z* and Z~ are not orthogonal and because
of the interactions between the various solitons, the values of a*(S,) are
not directly related to b. The next lemma allows us to establish a one-to-
one mapping between the choice of b in (2.5) and the suitable constraints
at(S,) =at, a (S,) =0, for any choice of a™.

Lemma 3 (Modulated final data). There exists C' > 0 (independent of n)

such that for all a® € BRN(e_(3/2)”g/2S”) there exists a unique b with ||b]| <

Clla™|| and such that the modulation (v(S,,),y(S.)) of u(S,) satisfies
at(S,)=a" and a (S,)=0.

Proof. See Appendix. |

Let Ty to be determined later in the proof, independent of n. Let a® to
be chosen, b be given by Lemma 3 and let u be the corresponding solution
of (2.5). We now define the maximal time interval [T'(a™),S,] on which
suitable exponential estimates hold.
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Definition 1. Let T'(a™) be the infimum of 7" > Tj such that the following
properties hold for all t € [T, S,]:

e Closeness to R(t):
[ut) = R@t)[[ g <e.
In particular, this ensures that w(t) is modulable around R(t) in the
sense of Lemma 2.

e Estimates on the modulation parameters:
3/2, 3/2,
e’ “u(t) € B (1), €% ‘y(t) € Brn(1),
3270 = (1) € Ban (1), ®29 ta* (1) € Byn(1).
Observe that Proposition 1 is proved if for all n, we can find a™ such

that T'(a*) = To. The rest of the proof is devoted to prove the existence of
such a value of a™.

We claim the following preliminary results on the modulation parameters
of u(t).

Claim.
B N N dy B
(2.10) v+ (vm +W+ R =3 ?) =2 R =0,
=1 e =1
+ dy —253/? t
ey vee[@),8) || <l + e
(2.12)
i . d%i 3/2 + 2 —302/%
vt € [T(a®), Sul, Vi |- (8) £eociay (8)] < Cllo(@) [ + Ce™

Proof. The equation of v(t) is obtained by elementary computations from
the equation of u(t). Taking the scalar product of this equation with R;_,
we see that y;(t) satisfy

d . N\ - dy; .
Qe 5= [ ( 0+ R -3 Rz) Ry, - ( + —dy;) [ vk,
k=1 z

For t > T; large enough ’f vR;

Jxx

< Qe lle vl < Cemno™ <
QHQ%H 72. Using integration by parts to have all the derivatives on R;_
and using Cauchy-Schwarz inequality, we get (2.11).

Now, we prove (2.12). First, note that [ R;_ Zi = 0 follows from

(2.13) /szi te; /Qm L(Z%) = iegl/L 0.7 =
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Using the equation of v(#) and next the equations of Z*,
%(t) = /’UtZ:'t +/UZ7—L
= —/ Uy + (v + R =S RY
2
LT Ay /kazi (c; + %)/vzjix
— /(vm +pR M), Z-i — ¢ /vZf373

—/ v—i—R ZRP pRﬁ-’_lv)iji

d , .
+y yk/kaZi tf/uzfx

k#j
== [ +/ (o By - S0 ol

iy 4
= Feoc2a( +/ (tv+ Ry = S RL=pR) )27,
/R Zi y] t
k#] ’

Using (2.6), for k # j,
|Ri(t, 2)|(1 25 (8, 2)| + | ZE_(t,2)]) < Ce2vollomentitlomest)

(2.14) < Qe300 “temvalo—st]

Hence we have

N 3/9
Jlo+ R+ B) = 3 B = pRT)ZE, < Cllo@)ffn + Ce ™,
k=1

dy’“ / Ri, 73
k#]

< Ce~ 30y tHv( Nz + 06_4"0

/
< COlfo(t) |2 + Ce*"t
The term % va]im is controlled using (2.11). [ |
Step 2. Conditional stability of v and y under the control of a*.

We claim the following improvement of the estimates for v(¢) and y
on [T'(a™),S,].
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Lemma 4 (Control of v and y). For Ty large enough (independent of n)
and for all at € BRN(e_(3/2)US/QS"), the following holds
(2.15) Ve [T(a*), S, |Jut) — R{#)|m < Cet < e0)2,
3/2 3/2

(2.16) e’ u()|[m <1/2, e y(@)] < 1/2.

The proof of Lemma 4 is postponed to the end of this section. It is very
similar to the proofs in the subcritical case (see [16] or [20]).
Step 3. Control of a™(t).
Lemma 5 (Control of a=(t)). For Ty large enough (independent of n) and
for all a™ € BRN(e_(3/2)”3/25"), the following holds

Vi€ [T(a*),S,], @27 a=(1)]| < 1/2.
Proof. It follows from (2.12), (2.16) and a; (S,) = 0 that for all ¢ €
[T'(a”), Sl
3/2

_ 3/2, (Sn_ 3/2 o 3/2 B B
la; (t)] < Ce™% t/ e 0% ° (e 20078 4 3% 8) ds < Ce™™

t

3/2
0 t.

Hence, for Tj large enough,

3/2 1 3/2
Vi€ [T(ah),S,], [a ()] < Ce 2™t < > o (3205t
|

Step 4. Control of a*(t) by a topogical argument.
Finally we turn to the control of a®(¢) which will provide us with a
suitable value of a*. This is the new key argument of this paper.

Lemma 6 (Control of a®(t)). For Ty large enough, there exists
at € BRN(e_(3/2)”g/25”) such that T(a%) =T,.

Proof. We argue by contradiction.
Assume that for all a* € By (e~(3/29°52) one has T'(a*) > Tp. From
Lemmas 4 and 5

w(T(a")) = R(T(a%)) € By (20/2), €7 T@y(T(a%)) € By (1/2),

e Ty (T (%)) € Ban(1/2), @27 T a™(T(a%)) € Bax(1/2).
Hence by definition of T'(a™) and continuity of the flow, one must have
(2.17) e/ T@) 3+ (T (a+)) € Sga(1).

Let T' < T(a™) be close enough to T'(a™) so that the solution wu(t) and
its modulation are well-defined on [T, S,]. For t € [T, S,], let

(2.18) N(a*(t) = N (1) = || /27 ar o).
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Then, by (2.12) and (2.16), we have
dN 3/2tz <3 3/2 d +)a4-'
dt dt J

o/t Z (303/ — 2600?/2) |a;r|2
J

30’0

+ 0 (ol + e 87)).
In view of the definition of oy (see (2.6)), for all j,
26063/2 — 303/2 > eoci’/2 > 46003/2.
For t € [T'(a™), S,], due to the bound on ||v||g1, we have
e at (o) + 70 ) < Cem A N ).

Hence we get

dN
dt

3/2

—(t) < —degay PN (t) + Ce™ /27t N (2).
We consider this estimate at ¢t = T'(a™) > Tj (so large that Cle—(1/2)0t <
2600-3/2), and USIHg N(T(a+)) = 1’ we get

(2.19) Vat € Ban (e /2% 5, CZ;/ (T(a*)) < —2eqay’>.

From (2.19), a standard argument says that the map a* +— T(a™) is
continuous. Indeed, by (2.19), for all & > 0, there exists § > 0 such that
N(T(at) —¢e) > 1+ 06 and, for all t € [T(a™) + ¢,5,] (possibly empty),
N(t) < 1— 4. By continuity of the flow of the (gKdV) equation, it follows
that there exist 7 > 0 such that for all ||a* — a™|| < 7, the corresponding
at(t) satisfies |N(a*(t)) — N(a™(t))| < /2 for all t € [T(at) —¢,5,]. In
particular, T'(a*) —e < T(a") < T(a™) +e.

Now, we consider the continuous map

at s e 3/20 d/2(5 —T(a*))a—i-(T(a-i-))'

Let at € Sgpw(e” (3/2)0/ “S»). From (2.19), it follows that T(a*) = S, and
3/2

so M(a*) = a*, which means that M restricted to Spn (e~(/290""57) is the

identity. But the existence of such a map M contradicts Brouwer’s fixed

. . . /
point theorem. In conclusion, there exists a™ € Bgn (e=(/ 2)er) 2S") such that
T(a™) = T. [ ]
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The end of this section is devoted to the proof of Lemma 4.

Proof of Lemma 4. Let ¢ be defined by

Y(z) =0forz < -1, ¢(z)=1forax>1,

1 = __1_
P(x) = —/ e s dy forx e (—1,1),
1

Co J—

where ¢y = [ e_#dy Then 1) € C*(R) is non—decreasing and 0 < ¢ < 1.
Define m;(t) = 3 ((¢; + ¢j41)t +xj + xj41) for j=1,...,N —1 and

forj=1,...,N -1, ¢;(t,z) =¢ (%(m —mj(t))> , Un(t) =1
for j=2,....N ¢; =v; =1, é1=1;
220) M) = [0y, Ei(t) = [ (322 - =) 005(0)

p+1

By the decay properties of Rk(t), and the support properties of ¢, and
its derivatives, we have
(221) Vi £k, (Rt 0)] + |(Re)ao(t, 2)])|6(t, 2)] < Ce30 temvVamlru 0,
(222) V), (IR;(t,0)| + |(R))alt, 2) )yt ) — 1] < Cem tevaleu I,
(223) Vi ko |Bi(t,0)[(1, (8 2)] + 105,,,(t 2)| + |05, 2)]) <
- % ~303/ 2t aalo-u (0]

(2.24) W), |65, (£ 2)] + |y, (1 2)] + |65,(t 2)] < %

We begin with some technical claims.

Claim.

/
)% + Ce3o0

Z30)] < St
220 53 (B0+200) | < S + o

(2.25)

3/2 ¢

Proof. By direct computations,

d
%/’LRQS]’ = _3/u§¢3z +/U ¢Jmmm+¢3t + 1/ p+l¢]z
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Thus, expanding u(t) = R(t) + v(t), and using (2.23) and (2.24), the first
two integrals are estimated as desired. For the last term it suffices to ob-
serve additionally that [Ju(t)|[z~ < C(|lo@®)||gr + [|[R#)||z) < C. This
proves (2.25).

Estimate (2.26) is a consequence of (2.25), the conservation of energy
and N, ¢, = 1. [ ]

Claim.
(2.27) ’(Ej(t)Jr%Mj(t)) ( (Qc;) + CJ/Q ) ‘
< Cem¥"t 4 e o ()12,

where Hj(t) = [ (2(t) = pRy ™ (E02(1) + co™(8)) 0, (0).

Proof. First, we claim

(2.28) ’Mj(t) - (/ Q. +2/v(t)]§’j(t) +/v2(t)¢j(t)>‘ < Qe300

B;(0) — B(@Qe) — (5 [ @30 — pR 0020050 — i [0 R,0))|

(2.29) < Ce3 4 e o (t)| 3,
Indeed, expanding u(t) = v(t) + 3, Ri(t) in M;(t) and E;(t), we get

Mj(t):/u2¢j(t) :/<02+2v]:2+ (ﬁ: ) )

E;(t) :/<%(v§+2v£m+ﬁi) —p+1(v+R)”“> ¢;(t)

[ (A2 p 2)¢j+/( - i) o0
—/v (Row + RP)0 /Rv%

p+1/< (v + R)P™ + RPTY) + (p4 1)vRP + (p;nRP”>¢J()

Now, estimates (2.21) and (2.22) give (for k # j)

[ Bt~ [ Qi)+ [ Rioye) ‘ /( - RPH)@() £(Q.,)

3/2,

< 06—300
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By Q. + QF = @), we have
[0 Bes + )0 = 5 [ 0) s (1) + O™,
Using also (2.23) and for k& > 3

Jle@Fo;0) < w2 [ o) < G oz,

we obtain (2.28) and (2.29).
Estimate (2.27) is obtained by summing (2.28) and (2.29). Note that in
particular that the scalar products [v(t)R;(t) cancel. [ |

Claim. For Tj large enough, there exists K > 0 such that for all t € [Tp, S,.],
. 2 . 2
230) Il < K SH 0+ K2 (( [o0Z70) +( [20Z0) ).
J J
Proof. Estimate (2.30) is a standard consequence of Lemma 1 and [ vf%jm =0.
See e.g. [21, Lemma 4]. [ |

Now, we finish the proof of Lemma 4. Let ¢ € [T'(a"),S,]. Integrat-
ing (2.26) on [t, S,],

%{QM&J+%MNM)—QMﬂ+%MﬁDHg

j=1
_ 03/2 Sn ds
< 04 0 [ o)
From (2.27), we get:
N
Zum&»—m@ws
j=1
—3052/%¢ -0 2 2 Sn 2 ds
< Ce 3"t 4 e (|l ()HLz+|Iv(Sn)HLz)+C/t IIU(S)HHI%.

Note that from Lemmas 2 and 3, and from the definition of T'(a™),
Hy(S)| < Cllo(Sa) 30 < Cllb|> < Ce™i™ and Jlo(@)|3: < e
By (2.30) and the above estimates
N
l@lfn < K 32 H;(t) + K2 Zaf(t)Q
=1 :
< e oY +0/ lo(s HHlT

C 3/2
0 6—200 t'

3/2
2.31 < Che 3%t 4
( ) > Gp€ \/Z
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Hence, for Tj large enough so that 006_03/2T0 < 1/8 and Cy/Tp < 1/8
we get

3/2
e? o) ||m < 1/2.
By (2.11) and (2.31),

_o3/2
ly: (1) < Ce 70" + Cllo(t)]| 2,

3/2
Sn _ J32, e §
Iyl < lly(Sl+C [ ( e )ds

S/Qt @ 3/2,
t1/46 ’

(2.32) < Ce @0

and we deduce e"g/QtHy(t) | < 1/2 by possibly taking a larger T,. Finally, we
have:

lu(t) = R@)|m < [R(E) = RO + [[o@®) ][ < Clly@)] + [[o()]
(2.33) < Ce "t < gy/2,

by possibly taking a larger 7. This concludes the proof of Lemma 4. |

3. Generalizations

3.1. The gKdV equations with general nonlinearities

We now present extensions of Theorem 1 to a more general form of the KdV
equation, i.e.

(gKdV) U+ (tgr + f(u)e =0, (t,2) e RXR.

In order to have both local well-posedness in H! from [14] and the exis-
tence of eigenvalues for the linearized operator in the instable case from [26],
we assume

(3.1) fis C* convex on Ry, and f(0) = f/(0) =0,

but these assumptions can probably be relaxed. Concerning the solitons, we
consider velocities ¢; > 0 such that

a solution Q). of (Q.)zs + f(Q.) = cQ. exists for all ¢ close to ¢;

Then, combining the proof of Theorem 1 and [16], we claim the following
extension of Theorem 1.



294 R. COTE, Y. MARTEL AND F. MERLE

Theorem 3. Let 0 < ¢y < -+ < ¢y and x1,...,xxy € R be such that
for all j, (3.2) holds. There exist Ty € R, C,o9 > 0, and a solution u €
C([Ty,00), H') to (gKdV) such that

N »
vt € [To, 00), H u(t) — Z Re, 4, (t)‘ < Coodt
j=1 H!
Remark 3. The critical case % IQE‘C:C, = 0 is treated in [16] for the pure

power case. We leave open the case where for a general f(u), 4 [ Q(2:|c—c- =0
-

for some c;, but it probably can be treated by similar techniques.

From the techniques developped in [25], [7] and [8] concerning the (BBM)
equation

(BBM) (U —Upg)r + (u+uP), =0, (t,x) e RxR,

and from the construction of suitable eigenfunctions of the linearized equa-
tion by Pego and Weinstein [26] (see page 74), one can also extend the results
obtained in this paper to the (BBM) equation for any p > 1.

3.2. The non linear Schrodinger equations

In this section, we sketch the proof of Theorem 2. It is an extension of the
proof of Theorem 1 in the present paper and of the main result in [20].
3.2.1. Preliminaries

Let v = vy + vy, we define the operator £ by

(3.3) Lv=—L_vy+il v,

where the self-adjoint operators L, and L_ are defined by

(3.4)  Lyvy = —Avy +v; —pQP vy,  L_vy := —Avy + vy — QP g,

From [29], [11] and [28], there exist ¢y > 0, Y= € S(R) (Y* = Y),
normalized so that ||[Y*]|;2 = 1 and such that

(3.5) LYF = +egY™

moreover, for some K > 0, for any v = v +ivy € H' ((f,g) = Re [ fg)
2
(36) ol < K(Lyor,vn) + K(Lov, ) + K2 [(VQ)m)

+ K2 (/Qv2>2 4 K2 <Im/Y+U>2 + K2 <1m/y—u)2.

See [5, 6] for the proof of (3.6).
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3.2.2. Proof of Theorem 2 assuming uniform estimates

We denote

N
R(t,x) =Y R;j(t,x) where R;(t,x) = Re,n, v, ),
(3.7) j=1

L .
YE(t2) = I YE(SG (@ — vjt — a))el5orailePtretin)

Let S,, — oo be an increasing sequence of time. We claim the existence of
final data giving suitable uniform estimates.

Proposition 2. There exist ng>0, 09 >0,T5>0,C >0 (independent of n)
such that the following holds. For each n > ny, there exists b = (bfn)j,i €

RN with ||b]] < 6_03/25", and such that the solution w, to

Uy + Aty + |Un [P, = 0,

(3.8) u(S) = R(S,) +i > b5,Y5(S,)

je{lzvN}vi

is defined on the interval [Ty, S,), and satisfies

/
VtE [To, S, lun(t) = R(E)] g < O™,

The proof of Theorem 2 assuming Proposition 2 is completely similar to
Section 2.2 in the present paper and to Section 2 in [20], thus it is omitted
(note that for this part, as in [20], we use the local H* Cauchy theory due
to Cazenave and Weissler [4]).

3.2.3. Proof of the uniform estimates

We are reduced to prove Proposition 2. We only sketch the proof since it
is very similar to Section 2.3 of the present paper combined with Section 3
in [20].
The first step of the proof is to reduce (without loss of generality) to the
special case where
V11 <21 < - < UNT,

where v, (j € {1,..., N}, k€ {1,...,d}) represents the k — th component
of the velocity vector v; € R% Tt is a simple observation, based on the
invariance by rotation of the (NLS) equation, see [20, Claim 1, page 855].
Next, in the (NLS) case, modulation theory for u(t) close to R(t) says
that there exist parameters y(t) = (y1(t),...,yn(t)) € (RN and p(t) =
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(pa(t), ..., un(t)) € RY such that

Ry(t) = Rj(t,x —y;(1)e™V, R(t) = > Ry(t),
j=1
Vit ) = Vi (o — y;(1)e ),

and v(t) = u(t) — R(t) satisfies
Vj=1,...,N, Re/u(t)(vzéj)(t) — Im/v(t)ﬁj(t) — 0.

Note that the parameter j;(t) is used to control the direction Im [ v(t) R;(t).
In view of (3.6), we are led to set

a*(t) = (a*(t));o1..n, where aF(t)=1Im / VF(t, 2)(t, 7)da.

J

For given a™ € RY, we define b € R? as for the (gKdV) case in Lemma 3.

We define T'(a™) as in Definition 1, with the additional requirement et ()
€ Bgn~(1). By standard computations, the following holds on [T'(a™), S,].

Claim. For some oy > 0,

d d _9p3/2
(3.9) d—i(t)HnLHd—’l;(t) < Clo(t) 2+ Ce ',
da; 3/2 + 2 —303/%
(3.10) W(t) + eocy’ "ai ()| < Cllo(t)||72 + Ce™0 "

Proof. The proof follows from the equation of v

i+ Ao+ Y (| B + (p— 1)| Ry [P Re(Ryv))
J
3/2 dy; ~ duj ~
+O([[oll + e = PR, S TR =,
J

and direct computations using the definition of Y*. |

Now we follow exactly the same strategy as in the proof of Theorem 1,
by proving analogues of Lemmas 4, 5 and 6.

For the proof of the estimate on v(t), we use a functional adapted to
the (NLS) equations, as in [20] and [22]:

1

G(t) = % [ / (gw - mwvm) 2

J
. M 24 o = .
+ ¢+ 1 |u| ¢; —vj-Im [ uVug;

)
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lt0) = 0 Jlior =m0 (0 = S0+ 1)t 5+ 5000
o1 =11, ¢j = — .

Note that G(t) controls the size of v(¢) in H' up to a*(t) as a consequence
of (3.6). As for (gKdV), the following claim allows us to prove the estimate
on |[v(t)]| g

Claim.

dg ¢ 2 —300/%t
= < — 1 0 .
0] < ol + e

The estimates of a®(t) are exactly the same as in Lemmas 5 and 6,
using (3.10).

A. Appendix

Proof of Lemma 2. We use the following notation y = (y;) ;=1

.....

[
=
&
&

Rj(z) = Q.,(z — aj), R(7)

.
Il
-

j

=
&
I
] =
=

Rj(z) = R;(z — y;),

<.
I
—

Let w = u — R small in L?. Consider
o: I2xRY — RV
(w,y) — (/(w + R — fi)fi]x)

J=1, N

.....

N
(dy@(w,y).2); = Y 2 [ Biolis, = 2 [(w+ R= B)R;,,

k=1

= 2i1Q0,, I + O X ez ) + Ol wllz2) + O Iyl
[y

Hence

(A1) dy®(w,y) = diag(|| Qe [I72) + O el =) +-O(||w]| 12) + O(|ly})-
k7]
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Therefore, if min{|oy,—a;|, 7 # j} is large enough then dy,®(0, 0) is invertible.
Since ®(0,0) = 0, by the implicit function theorem, it follows that there
exists € > 0, € < n and a C'! function ¢ : B;2(0,¢) — Bgn(0,7) such that
O(w,y) = 0in Br2(0,e) x ¢(Br2(0,¢)) is equivalent to y = ¢(w). Finally

we set v =v(w) =w+ R— YN, R;(- — ¢(w);). [ |
Proof of Lemma 3. Consider the maps:
7:R*N 5 H! ©:V— H' xRV S:H! xRN — RN
b Y652 (S we () (v.y) = (JoZf), |

where, in the definition of ©, (v,y) represents the modulation of u = w +
R(S,) and V = Byi(e) (e being defined in the proof Lemma 2), and in the
definition of S, we have set Zji(x) = Zf(Sn,x — ;).

Then Z(0) = 0, ©(0) = (0,0) and S(0,0) = 0. Recall also from Lemma 2
that

[ollz + ly | + 175 (Sn) — £;(Sn) [ < Cllw]ze.
To prove Lemma 3, we claim that ¥ = § 0 © o 7 is a diffeomorphism on a

fixed neighbourhood of 0 € R?" by computing d¥ = dS o d© o dZ. Indeed,
we claim

Claim.
A ([ZTZ7)A

w6 = (g 5iymya VL) 0w e

5—p
where A = diag(([|Z;]17.);) = diag((c;”™"),).
Remark 4. Note that if N = 1 (only one soliton), with e.g. ¢; = 1, then
the map W is represented by the matrix

(2% [z
B = ( [ 747 2y ) = Gramm(Z7).

Indeed, the functions Z* are orthogonal to @, so that y = 0 in this case
and W is linear. Since Z* are linearly independent (see proof of Lemma 1),
the matrix B is invertible.

The claim means that for the general case N > 2, we obtain a similar
behavior around each soliton plus small terms due to the interaction of the
various solitons.

Proof. We start with the computation of differentials of Z, ©® and S. First,
7T is affine so that dZ(b) = Z for all b. Second, for h € H', z € RY,

(dS(v,y).(h.2));0 = —2; / vZE + / hZt.
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Finally, we consider ©. Let ® and ¢ be defined as in the proof of the
Lemma 2 above for R(S,). Then, by (A.1), dy®(w,y) is a diagonally domi-
nant matrix and thus it is invertible. Denoting by M its inverse, it follows
from (A.1) that

. -~ 32,
M = diag((/|Qc;,[173);) + O(lwll 2 + [ly ]| + =7 5").

Differentiating ®(w, ¢(w)) = 0 with respect to w, we find dp = —M o d,,®.
Since (d,®(w,y).h); = [ hR;_(S,) and

O(w) = (w + R =3 Rj(Sn, - = $(w))), cb(w)),

we obtain

dO(w).h = (h — Z(ij(sn)((M 0 dy®).h);, —M o d,®.h)

N
= (h+ X IR, (Sn) :
( ]z::l / QCJ'IH%Q ”QC]xH%2

_32g,
+ O([IRllz2 (€775 + [Jw] r2)).

J hR; () (_Ihﬁ’jx(Sn)> )

.....

Let b € R2V. Since 7 is linear, we have
d¥(b).b = dS(O(Z(0))).(dO(Z(b)).Z(b)).
By the previous computations, we derive

dO(Z(6)).Z(b) =

- (26)+ S 50

[ Z(b)R;,(Sn) (_II(E)RJI(Sn)> )
1Qc, 172 L

~ 32,
+O([[b][ (e +[[b]])).

=l,..,

Inserting the expression of Z(b), using ||y|| < C|b|l, f Z*Q, = 0 and the
decay properties of the functions ) and Z, we get

~ ~ ~ 3%,
dO(Z(b)).Z(b) = (Z(b),0) + O([[b]|(e™70 " + [[b])).
Therefore, using the expression of dS, we finally obtain
dW(b) = Gramm((ZF);+) + O(e™ 5+ [[b])) = P+ O™ + ]

where Gramm((Z;");+) is the Gramm matrix of the family (Z);+

Gramm((Z;");.+) (r,1), (arke) = /Zjillzjjf’
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and
P A (JZTZ7)A
-\ (JZTZHA A ’
5—p
where A = diag(([|Z;||3.);) = diag((¢;*™");) (recall that || Z*|| 2 = 1). This
finishes the proof of the claim. ]

Since P is invertible (Z* and Z~ are independent, see proof of Lemma 1),
we deduce that dW is invertible on some ball Bgan(n) (n > 0 independent
of n for n > ny large enough). As a consequence, ¥ is a diffeomorphism
from Bpgen(n) to some neighbourhood W of 0 € R?V. Let 6 > 0 be such
that Bgen(0) C W. For any a® € Bgn(0), there exist a unique b = b(a™) €
Bgan (1) such that U(b(a™)) = (a™,0) and [[b(a™)|| < C|la™]|. [ |
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